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Abstract: The sandpile group or critical group of a graph is an Abelian group whose order
is the number of spanning trees of the graph. In the paper, the order of the sandpile group

of infinite complete expansion regular graphs is obtained.
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81. Introduction

The sandpile group or critical group K(G) of a graph G is an isomorphism invariant that comes
in the form of a finite Abelian group; its order the complexity x(G), that is, the number of
spanning trees in G. The interested reader can find standard results on the subject in [2,Chapter
13] and in [3,4].

We explore here the order of sandpile group of infinite expansion transformation graph.
The concept of expansion transformation graph of a graph was given by [5](Fig.1 is a simple
example), and complete expansion graph of a graph G is the special expansion graphs of G(see
Fig.1), that is the line of subdivision of G. Subdivision graph sdG, obtained from placing a
new vertex in the center of every edge of G, and the line of sdG is complete expansion graph,
we denote it as EX P(G).

Lr )
:m expansion af Ko complete expansion of K,

Fig.1 K4, an expansion and complete expansion graph of K,

Hence graph G and EX P(G) are both special graphs of the expansions graph of G. We said G
be an ordinary expansion of G. The complete expansion of EX P(G), we denote as EX P?(G),
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that is, EXP%(G) = EXP(EXP(G)), similarly, m € N, EXP™(G) = EXP(EXP™1(G)).
We call {EXP™(G)}, m = 1,2,---, be an infinite complete expansion of graph G, simply
denoted by ICEG.

Let 3(G) denote the number of linearly independent elements in the cycle space of G. The

present paper refer to following results [6,7].

lemma 1.1(Sachs, Cvetkovié) Let G be a connected with lineG regular.

If G is d-regular, then

K(lineG) = dP(@~228(G), (1.1)

If G is bipartite and (dy, d2)-semiregular with bipartition V1, Va, then

B(C)
w(lineG) = BRI (il . (1.2)
dyds dy

Lemma 1.2 Let G be a connected graph. Then

K(sdG) = 22D k(@). (1.3)

These results suggests some close relationship between the sandpile group K(G) and
K(lineG) in either of these situations.

§2. Main Results and Proofs

Theorem 2.1 Let G be a k- reqular graph with n vertices, € edges, then Ym € Nym > 1,

(1) EXP™(G) have 2k™~ e vertices and k™ edges;
(2) SAEXP™(G) have 2k™ e + k™e vertices and 2k™e edges.

Proof We use n,e to denote n(G),e(G) in the following, and show that the results by
induction for m. Since subdivision graph sdG obtained from G placing a new vertex in the
center of every edge of G, hence n(sdG) = € + n,e(sdG) = nk = 2, and so the linesdG have
2e vertices and ke edges, that is, n(EXP(G)) = 2e,e(EXP(G)) = ¢k, the result is true for
m = 1.

Assume that result is true for m—1, that is, n(EX P"~1(Q)) = 2k™2¢, e(EXP™1(G)) =
ek™~1. Then subdivision graph sdEXP™ (@) obtained from EXP™ }(G) placing a new
vertex in the center of every edge of EXP™ (@), hence n(sdEXP™ 1(Q)) = ek™ 1 +
2k™m~2¢ (sdG) = ek™~1. The details of the direct proof refer to the table below.
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ICEG of k regular graph Gy

graphs vertex-number edge-number Remarks

0| Go n €
0 | sdGp n+e 2¢ subd Gy
1| Gy = EXP(Gy) 2e ek linesubd Gy
1 | sdG1 = sdEX P(G)) 2e + ¢k 2¢ek subd G
2 | Gy = EXP?%(Gy) 2¢k ck? linesubd G
2 | sdGy = sdEX P%(Gy) 2ek + ek? 2ek? subdG,
3| Gs = EXP3(Gy) 2ek? ek? linesubd Go
3 | sdG3 = sdEX P3(Gy) 2ek? 4 k3 2ek3 subd G3
m—1 | sdGp_1 = sdEXP™ (Gy) | 2ek™ 2 4 k™! 2ekm 1 subd G, 1
m | Gm = EXP™(Go) 2ekm1 ek™ | linesubd G,,—1

Remark subdG denotes subdivision of graph G; linesubdG denotes the line graph of the

subdivision of the graph G.

O

Theorem 2.2 Let G be a k- regular graph with n vertices, € edges, then Ym € N;m > 1, the
order of sandpile group of EXP™(G) equals to

el (k—2)+1
1

gm(w—1) (24 k) e

e—n+mw . k

Ml (k—2)41
F—1

(2.1)

Proof The proof is by mathematical induction on m. If m = 1, by (1.3) (sd(G)) =

2¢7H@ L 1(@), and by (1.2)

k(linesd(GQ)) =

Put k(linesd(Q)) = &
925+ into the (2.2),

K(EXP(G)) =

that is

2k 2

e—n+w
(2 + k) . (E)s—n . 2E—n+UJK/(G)7

2k 2

- k(sd(Q))

K(EXP(G)) =272+ k)F " k5 15(Q),

hence (2.1) is true for m = 1.

(2.2)

(EXP(G)) and ((sdG) =2¢ — (n+¢)+w =¢ —n+w and k(sd(G)) =

Now assume (2.1) be true for m — 1. Since k(EX P™(G)) = k(linesdGp,—1), and

k(linesdGp,—1) =

@+ RPCIGm) |
2k

2

)E(Gm—l)_n(cm*]) . /{(SdGm—l)v

(2.4)
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we have

B(sdGr—1) = e(Gr-1) = (G1) +w,
e(Gm1) = 2ek™ 1 n(Gp1) = 2ek™ 2 + k™1,

and by inductive hypothesis £(sdGp,_1) = 2°Cm=1) . k(Gp_1),

EMT2(k—2)+1
F—1

K(G1) = g(m—1)(w—1) 2+ k)f&-’ﬂ-‘r(m—l)w Tk

EMT2(k—2)+1
F—1

a—n—(m—l)K(G)'
Substitute all of above into the (2.4), we get that

kTl —2ek™ 2 4w
T e

K(EXP™(G)) = - .

mfl),

that is,

kM1 (k—2)+1
F—1

R(BXP™(G)) = 27D (2.4 )i e

kMl (k—2)+1
F—1

(e} O

Corollary 2.1 Let G be a k- regular graph with n vertices, € edges, if G is connected graph,
then Vm € Nym > 1

Em Ll (k—2)41 m—1_o)41
k—1 k—1

K(EXP™(Q)) = (2+ k)™ "1 = ntm. k" ETTMR(G). (2.5)
Specially, if k =2, then
K(EXP™(G)) =2"-k(G) (2.6)
and if k = 3, then
K(EXP™Q)) =5 = entm  g¥ythemnomy o) (2.7)
if m=1, then
K(EXP(G)) = (24 k) k51 k(G), (2.8)
if m =2, then
K(EXP2(Q)) = (2 + k)(k=Demnt2  plk=De—n=2 (g, (2.9)

Proof Let w =1 in (2.1), we have (2.5) at once; and k = 2,3 in (2.5) obtained (2.6) and
(2.7); m = 1,2 in (2.5) obtained (2.8) and (2.9). O

§3. Examples

Example 3.1 Let G be a loop, then x(G) = 1, and EXP(G) = C5.[C; denotes t-cycle] By
(2.6), the order of sandpile group of EX P(G), that is,

K(C2) = K(BEXP(G)) = 2.

Similarly
EXP?(G) = Cp,k(Cy) = k(EXP*(Q)) = 2%
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EXP™(G) = Cam, k(Cam) = k(EXP™(G)) = 2™.

Example 3.2 Let 6 be a 6-graph, then k() = 3, and EX P(0) is a Prism(see Fig.2). Then by
(2.7), we have
k(EXP(9)) =532t .337271 .3 — 75, (3.1)

and
32-141

2—1
K(EXP2(0) =5 =z 32F2.3% = 3-2-2.3_ 491875, (3.2)

or by (2.8) , (2.1) and graph EX P(0), we also have

k(EXP*(0))
2+ k)s(EXP(G))fn(EXP(G))Jrl . E(EXP(0))-n(EXP(6)-1 k(EXP(9))

— 59-6+1 39-6-1 75 _ 491875.

0 graph EXP(0) EXP'(0)

Fig.2 #-graph , 1th and 2th complete expansion graphs of the 6-graph

Generally, if G is a multiplicity k’s edges graph, that is, G have 2 vertices and k edges no loop
connected graph, then by (2.5),

m—1p_9y41 pm+1—2E"" 41
R(EXP™(Q)) = (2 + k) o h=2am B —m, (3.3)
By (2.1),
m=1= k(EXP(G)) = (2+k)F2. k1 (3.4)
and
m=2= k(EXP%Q)) = (2 + k)F= Dk . (h=Dk=3 (3.5)

Example 3.3 Let G be Ky, then x(K4) = 4%, and EX P(K,) as Figure 3. By (2.5), we have
K(EXP(Ky)) = 55741 . 30741 (K,) = 5% . 3. 4% = 6000 (3.6)
and by (2.9)

R(EXP2(Ky)) = (2 + 3)0G-D=442 . 366-1-4-2 42 _ 11390625 x 10%,
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or by (2.8) and (3.6) we have

k(EX P?(Ky))
(2 + k)s(EXPED))—n(EXP(K)+L | pe(BXP(K)—n(EXP(K))=1 . (DX P(Ky))

= 55+1.35-1.6000 = 11390625 x 10*.

Fig.3 K4 and its expansion

By Example 3.3 we have the following conclusion.

Proposition 3.1 The order of sandpile group of Cayley graph Cay(A4,{(12),(123),(132)}) is
6000.

Proof Since EXP(K,) = Cay(A4,{(12),(123), (132)}), by[6], the proof is finished. O
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