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§1. Introduction

The classification of the fuzzy subgroups, most especially the finite p-groups cannot be under-
estimated. This aspect of pure mathematics has undergone a dynamic developments over the
years. For instance, many researchers have treated cases of finite Abelian groups. Since then,
the study has been extended to some other important classes of finite Abelian and non-Abelian

groups such as the dihedral, quaternion, semidihedral, and hamiltonian groups.

82. Methodology

The method that will be used in counting the chains of fuzzy subgroups of an arbitrary finite
p-group G is described. Suppose that M;, Ms, ..., M; are the maximal subgroups of GG, and
denote by h(G) the number of chains of subgroups of G which ends in G. By simply applying
the technique of computing h(G), using the application of the Inclusion-Exclusion Principle,

we have that:

WGy =2(> hM)— > WM, NM,,) +--~+(—1)t‘1h<ﬂ M)) (2.1)

1<r;<ry<t
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In [2], (2.1) was used to obtain the explicit formulas for some positive integers n.

Theorem 2.1(Marius) The number of distinct fuzzy subgroups of a finite p-group of order p™

which have a cyclic maximal subgroup is

(&) W(Zpn) =2";

(i) M(Zy X Zyp1) = h(Myn) = 27742 + (n — 1)p).

§83. The number of Fuzzy Subgroups for Zg x Zg

Lemma 3.1 Let G be abelian such that G = Zy X Zy. Then, h(G) = 2h(Zy X Zy2) = 48.

Proof By the use of GAP (Group Algorithms and Programming), G has three maximal
subgroups in which each of them is isomorphic to Zs x Zs2. Hence, we have that: $h(G) =
3W(Zo X Zg2) — 3W(ZZa X Zg2) + h(Zo X Zg2) = h(Zs x Z4). And by Theorem 2.1, h(Zo X Zo2) =
24 = h(Zy x L4) = 48.

O

Corollary 3.2 Following the last lemma, h(Z4 X Zios), h(Z4 X Zgs ), h(Z4 X Za7) and h(Z4 X Zas)
= 1536, 4096, 10496 and 26112 respectively.

Theorem 3.3 Let G = Zgn x Zs. Then, h(G) = £(2"T1)(n® 4 12n + 17n — 24).

Proof Notice that there are three maximal subgroups of G, i.e., one is isomorphic to
Zg X Zyn—1), while two are isomorphic to Z4 X Zan). We have

1
ih(G) = 2h(Z4 X Zzn) + h(ZS X ZQn—l) — 3h(Z4 X ZQn—l) + ]’L(Z4 X ZQH—I)
= 2h(Z4 X Zgn) + h(Zg X Zgn—l) — 2h(Z4 X Zgn—l)
= h(Zg X ZQn—l) + 2h(Z4 X ZQn) — h(Z4 X ZQn—l)
Hence
h(G) = 4h(Z4 X Zgn) — 4h(Z4 X Zgn—l) + Qh(Zg X Z2n 1)

= 4h(Zy X Zan) + 4h(Zy X Zgn—1) + 8h(Zy X ZLign-2) — 16h(Z4 X Zn-3)
+32h(Z4 X Zon-3) — 32h(Z4 X Zgn-1) + 16h(Zs X Zgn-1)

= Ah(Zy X Lon) + AW(Zy X Ly ) + 8h(Zg X Liyu—2) + 160(Zy X Zigns)
+32h(Z4 X Tgn-s) — 64R(Zg X Ligns) + 32h(Zg X Logn—s) + -+ — 2T W(Zy X Lign—y)
+27W(Zg X Lign—;).
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Forn—j53=3
n—3
= Ah(Zy X Dgn) + 2" 3h(Zg X Zigs) — 2" h(Zy X Zogs) + Z[2k+1h(Z4 X Lign— )
k=1
n—3
= 2"[n® 450+ 3]+ > W(Zy X Zou-r)
k=1
1
= 2""2((n® +5n+3) + gn— 3)(n? 4+ 9n + 14))
1
= 5(2”“)(713 + 1202 + 17n — 24)
for n > 2. g
Theorem 3.4 Suppose that G = Dgs X Cg. Then, h(G) = 5376.
Proof Notice that
1
ih(G) = h(Das X Zy) + 2h(Zas X Za X Zs) — 4h(Za2 X Zy X Zs)

+h(ZS X Z4) — Gh(Zg X ZQ) — 2h(Z4 X Z4) + 8h(Z4 X ZQ) + h(Z23) = 2688.

Therefore h(G) = 2 x 2688 = 5376 . O
Theorem 3.5 Let G = Dys X Zg. Then, h(G) = 111136.
Proof Notice that

1
§h(G) = h(DQS X Z22) + 2h(D24 X ZQS) — 4h(D24 X ZQQ) —+ h(ZQ4 X ZQB)
—2]’L(Z24 X Z22) — 2h(ZQ3 X Z23) + 8h(Z23 X ZQQ) + h(Z24) — 4h(ZQS) = 55568.

Therefore, h(G) = 2 x 55568 = 111136. O
Theorem 3.6 Suppose that G = Das X Zg. Then, h(G) = 492864.

Proof Certainly,

1
§h(G) = h(D26 X Z4) + 2]’L(D25 X ZQZS) — 4h(D25 X Z4) + h(ZQES X Z23)
—Qh(ng X 222) — Qh(ZQAL X ZQS) + 8h(ZQ4 X ZQZ) —+ h(ZQS) — 4h(Z24) = 246432.

Therefore, h(G) = 2 x 246432 = 492864. O

Theorem 3.7 Let G = Don x Cq, the nilpotent group formed by the cartesian product of the
dihedral group of order 2™ and a cyclic group of order 2. Then, the number of distinct fuzzy
subgroups of G is given by : h(G) = 2?"(2n + 1) — 2"t n > 3.
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84. The Number of Fuzzy Subgroups forDs-» x Cg

Proposition 4.1 Suppose that G = Don x Cg. Then, the number of distinct fuzzy subgroups of
G is given by

n—3
22" (6n + 113) + 2" |13 — 6n — 20> +3 > 2079 (2n 4 1 - 2j)
j=1
1
+ 5(2”“) [(n — 1% 4 (n —2)% +24n? — 38n — 30

5
+Y 2K[(n—2-k)P+12(n -2 k)2 +17(n — k) — 58]| .

3
|

=~
Il
—

Proof Notice that

B(Dgn x Cg) = 2h(Zgn-1) + 2h(Dan x Zs) + 2h(Dgn-1 x Cg)
+4h(Zgn—2 x Cg) 4+ 2*1(Zyn—s x Cg) + 2°h(Zgn—1 x Cg) — 28h(Zgn—5 x Zgs)
—4h(Zgn—1 X Lg2) + 2 °0(Zgn—35) x Zg> — 2°W(Zgn—5) — 2°h(Dgn-1 x Cy2)
+28h(Dgn—1 x Cos)
= 2" £ 2h(Dan x Cy) + 2h(Zgn—1 X Lgs) + 22h(Zgn—2 X L)
—22 ) (Zgs X ZLiys) + 22D W (Zigz X Tigz — 22W(Zgn—1 X Tig2) — 22" O h(Zy2)

n—>5

—22""5h(Das X Zo2) + 22" h(Dys X Zys) + 3> 229 h(Zigu-2-1 X Lys)
i=1

as required. 0

Proposition 4.2 ( see [16]) Suppose that G = Dan x Cs. Then, the number of distinct fuzzy
subgroups of G is given by

n—3
220" (6n 4 113) + 2" |13 — 60 — 20 + 33 20719 (20 + 1 - 2j)
j=1

1
+§(2”+2) [(n— 1)+ (n—2)° + 24n* — 38n — 30

n—>5
+3 2F[(n—2— k) +12(n —2— k) +17(n — k) — 58] | .
k=1

Proof Calculation shows that

h(DQn X Cg) = 2h(ZQn—1) + 2h(D2n X Z4) + Qh(DQn—l X Cg)
+4h(Zgn—2 x Cg) 4+ 2 (Zyn—s x Cg) + 2°h(Zgn-1 x Cg) — 28h(Zgn—5 x Zys)
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—4h(Zgn—1 X Lg2) 4+ 2 0 (Zgn—35) X Zg> — 2°W(Zgn—5) — 2°h(Dgn-1 x Cy2)
+28h(Dgn—1 x Cos)

= 2"+ 2h(Dan x Cy) + 2h(Zgn-—1 X Lgs) + 22W(Zgn—> X Lys)
—22 N (Zgs X Liys) + 22D W (Zige X Tigz — 22W(Zgn—1 X Tig2) — 22" O h(Zy2)

—22""5h(Dgs X Za2) + 22" (Dgs X Zos) +3 Y 229 h(Zigu-2-1 X Lys)
i=1

as required. O

Theorem 4.3 Let G = D1 x Coa. Then , h(G) = 61384.

Proof There exist seven maximal subgroups. Among them, two isomorphic to Dgs X Cas,
two isomorphic to Doz X Caa, two isomorphic to Das X Coz while the seventh is isomorphic to
Zos. Hence , we have that

%h(G) = 2h(Dos X Zoz) + 2h(Das x Zos) + 2h(Das X Zos)
—6h(Das X L) — 6h(Zos X Lye) — 3h(Zgs X Ligs) — 6h(Zos)
+2h(Daos X Zs) + 28h(Zos % Zoz) + 2h(Zos X Zoz) + 2h(Zas)
T h(Zos X Zos) — 350(Zas X Lz ) + 21h(Zos X Lz) — Th(ZgsZoz) + h(Zgs X Zoz)
= 2[h(Da1 X Z2) + h(Dga X Za3) + h(Das X Zga) — 2h(Das X Zos) — 2h(Zoa X Zy2)
—h(Zgs X Zg3) + 4h(Dgs X Zo2) — 3h(Zos) + %h(Z%)].

And therefore,

h(G) = 4[700 + 8416 + 10744 — 10752C'1088 + 162 + 704C40] = 4 x 15346 = 61384. O
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