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Abstract: The leap Zagreb indices have recently found remarkable applications in predict-
ing the physico-chemical properties of alkanes and benzene systems. Subsequently, topolog-
ical index related to the leap Zagreb indices emerge endlessly. In order to unify the study of
these topological indices, we introduce the general leap Zagreb-type indices from the point
of mathematics, and give the calculation formulas of the general leap Zagreb-type indices for
some chemical trees, chemical chains, benzenoid systems and nanostructures, which extends

the known results.
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§1. Introduction

Throughout the article, G is a simple undirected connected graph with vertex set V(G) and
edge set E(G). The distance d(u,v) between any two vertices u and v of a graph G is equal to
the length of the shortest path connecting them. The 2-distance degree of a vertex u, denoted
by 7y, is the number of vertices v € V(G) such that d(u,v) = 2. Let K = {(i, j)) e NxN:1<
i < j <mn-—2}and m(i,j) be the number of edges in G joining vertices of 2-distance degree @
and j.

In 2017, the leap Zagreb indices of a graph are introduced by Naji, Soner and Gutman [11]
based on the 2-distance degree of the vertices. For a graph G, the first, second and third leap
Zagreb indices are defined by

LMy(G)= Y 72, LMy(G)= > mm, LMs(G)= > (ru+7)

ueV(G) weE(G) w€EE(G)

The leap Zagreb indices attracted a considerable attention in the researchers’ cycles, one
may refer to [3, 9, 10, 13, 15, 16] and the references therein. In particular, Basavanagoud,
Mondal and Das et al. [2, 4, 8] showed that the leap Zagreb indices have very good correlation
with physical properties of chemical compound like entropy, boiling point, accentric factor,
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enthalpy of vaporization and standard enthalpy of vaporization. Inspired by the leap Zagreb
indices, many related topological indices have been proposed and studied by scholars, such as

HLM:(G) = Z (Tu +Tv)2 (6]), HLM>(G) = Z (TuTv)Q (6]),
weE(G) weEE(Q)
2\/TuTy
SL(G) = —— ([7]), GAL(G) = ([7),
quZE(G Tu + T quZE(G) Tu + Ty
ALG) = S ymm (), ALG) = Y A (),
weE(G) w€EE(G)
ae) = % (ZeZ) @ ane- ¥ T (14),
weE(G) “ weB(G) v
LSO@G) = Y rE+72 (), HLF(G)= Y (ra+7)" ([5])
w€eE(G) weE(Q)
LF(G) = Y (m+7) (5D, LY(G)= Y (ri+7)([15]).
w€eE(G) weEE(G)

In order to unify the study of these topological indices, the general leap Zagreb-type indices

of a connected graph G are introduced, and defined as

LZop(G) = Y (]l +7070), LRZapo(G)= Y (rum)(r) +70)7,
weE(Q) w€EE(G)

where «, 8 and v are arbitrary real numbers. It is clear that, the topological indices discussed
previously, can be obtained from the general leap Zagreb-type indices for some particular values
of a, B and . In this paper, we compute the expressions of the general leap Zagreb-type indices
for some molecular trees, chemical chains, benzenoid systems and nanostructures, which extends
the results of the references [1, 5, 12].

82. General Leap Zagreb-Type Indices of Some Chemical Trees

The structures of three types molecular trees with n vertices are shown in Figure 1.

. 1Y, n = 0(mod3)
O—I—O—I—O—I eoe o—I—o—I—o Ti, n = 1(mod3)
._I_o_I_o_I .oo .—I—O—I—O—O T2, n = 2(mod3)

Figure 1 Three types molecular trees with n vertices.
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Theorem 2.1 The general leap Zagreb-type indices of TY), shown in Figure 1, are given by

om —15
LZap(TY) = — 2082 4 29) 4

4201 4 2Pl 4 92> 4 920 3% 4 30 4 o,
2n —15
3

n—=~6

LoltatB | ga 38 4 9B 3o

LRZapo(T9) = 2071 (142°) +22(1+4°) +

+"T_6 <920 (B 46 (28 4 35)Y +3%(1 4+ 3°)7 + 27

. 23a+57(1 + 25)7

Proof By the definition of T3, we obtain the basic information on 7% in the following table.

m(1,2) m(1,4) m(2,4) m(2,2) m(2,3) m(1,3) m(l,1)

9 1 RUESL A 1 1 1
Thus, we have
LZop(T) = 2(1°-2°+17.2%) 4 (1947 + 19 . 40) 4 210 (g0 g9 4 99 o)
+”T*6.(2a.25+2ﬁ.2a>+(2a.35+2"~3“)+(1°"3"+1ﬁ'3a>
+(1%- 17 +17.1%)
- @aa”ﬁ(%wﬁw”_(}-21+a+ﬁ+2a~3ﬁ+25~3a

420t 4 90y 92 4 920 4 32 4 36 4 9

2n — 15

LRZyp(TS) = 2(1-2)*(1° +2°)7 + (1-4)*(1° +4°)7 + (2-4)%(2° + 4Py
n—

6
+

3 (2:2)7@7 4270+ (2:3)7(27 437 + (1-3)7(17 + 37
+(1-1)*(1°7 +17)7
= 20F1(1 4 20)7 4 229(1 4 4P) +

—6
+nT . 92a+(B+1)y + 604(23 + 35)’7 + 304(1 + 35)7 427,

2n ; 15 93a+87(1 1 28)Y

This completes the proof. O

Theorem 2.2 The general leap Zagreb-type indices of Ty, shown in Figure 1, are given by

2n — 14 —7
LZap(T3) = RT 20HB (2% - 98) 4 B0 gltatB | gat2 | 9f+2 | 92041 | 920+1.
1 a+2 BNy 2041 B\Y 2n — 14 3a+8y Bvy
LRZop4(T5) = 207°(1+27)7 +2 (1+4°) + .2 (1+2°)
n—17

4+ 92a+(B+1)y
3
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Proof By the definition of T4, we obtain the basic information on T3 in the following table.

m(1,2) m(1,4) m(2,4) m(2,2)

4 ) # ng'?
Thus, we have
LZas(TH) = 4(1%-28 417.2%) 4 201° . 4% 417 . 42) 4 20 5 M (948 498 4o
+nT_7~(2a~25+2ﬁ~2°‘)
2n — 14 n—17

= T . 2a+,8(2a + 25) 4 T . 21+a+ﬂ + 2a+2 + 2,8+2 + 22a+1 + 22,8+17

LRZaﬁﬁ(Tgl) = 4(1 . 2)‘1(15 + 25)’7 +2(1- 4)&(15 + 4[3)7

2n — 14 -7
+”3 ~(2.4)a(2ﬂ+45)w7”‘?42.2)@(2%2%’)W

= 2°72(1 4 25)7 4 2%t 4 45)7 + n—14

. 23a+ﬂ7(1 + Qﬂ)v

LT et
3
This completes the proof. 0

Theorem 2.3 The general leap Zagreb-type indices of Tz, shown in Figure 1, are given by

2n —13 —92
LZaﬁ(Tg) = nT'2a+ﬂ(2a+2ﬁ)+nT‘21+a+3+3.(20‘+25)+22a+22ﬁ’

2n — 13

LRZ&,&W(T:?) = 3291+ 2/3)7 +22%(1 + 45)'y + . 23a+[37<1 + 2[3)7

_|_L_2 . 22a+(/3+1)’7.
3

Proof By the definition of T2, we obtain the basic information on T3 in the following table.

m(1,2) m(1,4) m(2,4) m(2,2)

Thus, we have

LZyp(T3) = 3(1“-2ﬁ+1ﬁ-2a)+(1a-4ﬁ+1ﬁ-4a)+y-(2a-4ﬁ+25-4@)
+n;2.(2a.2/3+25.2a)
2n — 13 n—2

— T'2a+ﬁ(2a+2ﬁ)+T'21+a+ﬁ+3'(2a+2ﬁ)+22a+22ﬁ5

LRZa”g,,y(T??) = 3(1 . 2)0‘(1ﬁ + 25)7 4 (1 . 4)04(15 +4ﬂ)7
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2n — 13 2
+ ”3 (2.2 + 48 4 (2. 2)(28 4 28)
= 3-2%(1+ 2/3)7 + 2%(1 +4ﬁ)v + 2n—13 . 23a+67(1 + 26)7 + n—2 . 920+(B+1)y
This completes the proof. O

There are four types molecular trees with n vertices shown in Figure 2.

77, n = 0(mod4) T}, n = 1(mod4)

JH

T?, n = 2(mod4) T}, n = 3(mod4)

Figure 2 Four types molecular trees with n vertices.

Theorem 2.4 The general leap Zagreb-type indices of Ty, shown in Figure 2, are given by

—12
LZas(TY) = ”T Lot (30 4 38 4 (2738 +28.3%) 1 3(3% . 48 4+ 38 . 4%)
+2%%. 67 +220 . 6% + 32F! 4 30H1 4 6% 467 + 2. 311,

—12

n—12

n—12
LRZap54(TY)

39H1(1 4 38)7 4+ 67(1 + 67)7 + ———= . 127(2° + 6°)7 +

x6%(2° +3°)Y 4 24%(4P 4+ 6°)7 +3.12%(3° + 4P)7 4 27 . glH2athy,

Proof By the definition of T, we obtain the basic information on 7Y in the following table.

m(1,3) m(1,6) m(2,6) m(2,3) m(4,6) m(3,4) m(3,3)

n—12 n—12
Thus, we have
—12
LZas(T0) = 3(1%-3°+18.3%) + (1% 6% + 18 . 6%) + == . (2. 67 + 27 . )
—12

+nT-(2@-3f”+25-3a)+(4f’-6ﬂ+45-6a)+3(3a-4ﬁ+35-4(’)
+3(3% 37 +37.3%)

n—12 n—12

= 5 2B )+ (2787 1273 +3(3% 47+ 3747

+2%0 .67 + 228 . 6% 4 301 4 30FL 4 62 46 2. 31t
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n—12

LRZap4(T)) = 3(1-3)%(17 +3°)7 + (1-6)*(1” +6”)7 + (2:6)(2° +6%)

+n712
2

+3(3-3)%(3° + 3°)"

(2-3)%(2% +-3%)Y + (4-6)*(4° + 6°) - 3(3 - 4)%(3° + 45)

—12 —12
= 3T +3%)7 +6%(14+6°) + "T 1227 +6°)7 + HT
x6%(27 +3°)7 + 2447 +6°)7 + 3. 122(3% + 4%)7 4 27 . 31O,

This completes the proof. O

Theorem 2.5 The general leap Zagreb-type indices of T}, shown in Figure 2, are given by

LZe5(Ty) n_g'(2°‘~3ﬂ+26-30‘)+n_9.20‘+5(3a+3ﬁ)
+6(3* +3°) +2(6* + 6”),
LRZap5~(T}) = 6-3%(143°)7+2-6%(1+6")" + nT—9 -12%(2° 4 6°)7
+”;9 L6(28 4 3°)7.

Proof By the definition of T, we obtain the basic information on T} in the following table.

m(1,3) m(1,6) m(2,6) m(2,3)

6 2 n-9 n=9
2 2
Thus, we have
-9
LZas(T) = 6(1%-3° +1%.3%) +2(1° - 67 + 17 . 6%) + 22 . (2. 67 + 27 . 6)
n—9 o of 8 o
+ (2% 3% 427 .3%)
= Tl2 .(20&33+25‘3o¢)+n ,2a+ﬁ(3a+35)+6(3a+3ﬁ)+2(6a+6ﬁ),
LRZapH(TH) = 6(1-3)*(1° +3%)7 +2(1-6)*(17 +6°)
FEg (20627 +6°) S (2-3)7(27 + 37
= 6-39(143%)7 +2-6%(1+6°)
Miiniy 12(2° +6°) + —”;9 -62(27 +3°)7.

This completes the proof. O
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Theorem 2.6 The general leap Zagreb-type indices of T, shown in Figure 2, are given by

n—4 n—38

LZa,ﬁ(Tsz) = T'(20‘-3B+25-30‘)—|—T.2Q+5(3a+3ﬂ)+4(3a+35)
+6% + 67,
n—_8
LRZapA(TS) = 4~3"‘(1Jri’»‘3)”+6°‘(1+65)”+T-12‘1(2B+6B)7
n—4

+—— - 62(2° 4 3°)7.

Proof By the definition of 77, we obtain the basic information on 77 in the following table.

m(1,3) m(1,6) m(2,6) m(2,3)
4 1 a8 nd

Thus, we have

n—2_8

LZ,p(T7) = 4(1%-3°F +17.3%) + (1767 +1°.6%) + —— - (2*-6° + 27 . 6%)

4
+"T~(2a.35+25~3a)

= “54-(2a.3ﬁ+25.3a)+%_8-2a+3(3a+3ﬂ)+4(3a+3ﬂ)
+6% + 67,
LRZ, (T3 = 4(1-3)*(1° +3°%) 4+ (1-6)(17 +6°)7
I8 06 @f 1 6%) + "7*4 (2-3)°(2% +3%)
= 4-3°(1+3°%)7 +6°(1+6°) + nT—S 12928 4 6°)7
+$ -62(2° +3°)7.
This completes the proof. O

Theorem 2.7 The general leap Zagreb-type indices of Ty, shown in Figure 2, are given by

11
LZas(T3) = "2 (2767 + 27 .6%) +

+3%.6% 430 .69 4 2. 31 at8 L 3lte 4 ghFL 4 o 6P

-7
”T.(za-3/3+25~3a)

n—11
LRZap~(Tf) = 37(143°)7 +6%(1+6")" +

-7
+nT .6a(25 4 313)7 427 . glt2a+hy 18“(35 + 65)7.

. 12a(2[3 + 6[3)7
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Proof By the definition of T, we obtain the basic information on 75 in the following table.

m(1,3) m(1,6) m(2,6) m(2,3) m(3,3) m(3,6)
3 1 n—11 n—="7 3 1

Thus, we have
3 _ a of B qa a pB B8 pa n—11
LZ,s(Ty) = 3(1*-3"+17-3%)+(1%-6"4+17-6%) + —— -

—7
”2 S (27-3% 427 .3%) 4+ 3(3% - 3% + 37 . 3%) + (3% - 67 + 37 . 6%)
11 —7
= nQ .(2@.6ﬁ+2ﬁ.6@)+L

+3%.67 +37. 6% + 2. 31FotF g glte 4 38+L 4 g 4 6P,
LRZWp~(T3) = 3(1-3)*(1° +3°)" +(1-6)*(1° +6°)7 + n-1l (2-6)*(2° +6°)7
n—"17
2
= 314+ 3%)7 + 61 +6°) +
n—"7T

g 6%(27 4+ 37)7 4+ 27 3R 18037 4 677

(2*-6° +27 .6

+

(2730 427 . 3%)

(2-3)(2° +3%)Y +3(3-3)*(3° +3°)7 + (3-6)*(3° +6°)7
n—11

+

-12%(2° + 6P)7

This completes the proof. O

83. General Leap Zagreb-Type Indices of Some Chemical Chains

There are eight type chemical chains shown in Figure 3.

G
G5 :

G G
Gy

Figure 3 Eight types chemical chains.
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Theorem 3.1 Let t be the number of triangles in G1, shown in Figure 3. Then the general

leap Zagreb-type indices of G1 are given by

LZ,p5(G1) = (3t—10)-2112+26 4 g. ol ath 4 gat20+2 4 g2atfit2

LRZ.\3~(G1) = 6- 92a+(B+1)y 22+3a+ﬁ7(1 + 2ﬁ>'y + (3t — 10) - 94a+(26+1)y

Proof By the definition of GG1, we obtain the basic information on G; in the following
table.

m(2,2) m(2,4) m(4,4)
6 4 3t — 10

Thus, we have

LZ,p(G1) = 6(2%-2°0420.29) 4 4(2%-4° + 27 . 4%) 4+ (3t —10) - (4* - 47 + 49 .4)
(3t _ 10) . 21+2a+25 + 6 . 21+O[+ﬁ + 2a+2ﬂ+2 + 22a+ﬁ+2’

LRZ,5(G1) = 6(2-2)%(2° +2°)7 +4(2-4)%(2° + 4°)7 + (3t — 10)(4 - 4)*(4° + 4°)7
6. 920+ (F+)y | 92+3a+8y(1 4 98)7 4 (3t — 10) - gdat(26+1)y
This completes the proof. O

Theorem 3.2 Let g be the number of quadrilaterals in Gs, shown in Figure 3. Then the general

leap Zagreb-type indices of G are given by
LZnp(Ge) = (4g—8)-(2%-5° +20.5%) 4 4(2%-3° + 27 .3%) + 4(3> + 37),

LRZap(G2) = 4-3%(1+37)7 +4-6%(2° +3°)7 + (4¢ — 8) - 10%(2” + 57)7.

Proof By the definition of G5, we obtain the basic information on G5 in the following
table.

m(1,3) m(2,3) m(2,5)
4 4 4g — 8

Thus, we have
LZ,p(Gy) = 4(1%-3° +1°.3%) 1 4(2%-3° +2°.3%) 4 (49— 8) - (2% - 5° 4 27 . 5%)
= (4g—8)-(2%-5° +2°.5%) +4(2%-3° +2° . 3%) +4(3“ + 3°),
LRZnp5~(G2) = 4(1-3)%(1° +3°)Y +4(2-3)*(2° +3°)7 + (4 — 8)(2-5)*(2° + 5°)"

= 4-3%(1+3%)7 +4-6%(2° +3°)7 + (49 — 8) - 10%(2° + 5°)".

This completes the proof. O
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Theorem 3.3 Let g be the number of quadrilaterals in G, shown in Figure 3. Then the general
leap Zagreb-type indices of G are given by
LZ,5(G3) = 3°TP(2¢—6)- (2 +2°) +2(q—4) - 6°7F +2(¢ —2) - 317
+6(3% - 48 £ 38 . 4o) folHetB(gx . 38 4 9B . 3) 4 4(3% 4 3P),
LRZop5~(Gs) = 4-3%(1+3%)7+(¢—2)-27-3%%F7 1 6.12%(3° + 47)7
+(2¢ —6) - 18%(3° + 6°)7 +2.24%(4% + 6°)Y + (¢ — 4) - 27 - 6257,

Proof By the definition of G35, we obtain the basic information on G3 in the following
table.

m(1,3) m(3,3) m(3,4) m(3,6) m(4,6) m(6,6)
4 q—2 6 29— 6 2 q—4

Thus, we have

LZas(Gs) = 401%-3°4+1°.3%)+(¢—2)-(3%-3° +3°.3%) +6(3*-4° +3° .47

+(2¢—6)-(3%-6° +3°.6%) +2(4*- 6" +4°.6°) + (¢ —4) - (6 -6” + 6" - 6)

= 3P (2g—6) - 2 +2°) +2(¢—4) - 6> +2(¢—2) - 3>"F
+6(3% - 4% 437 . 4%) 4 21Tt (2 L3P 198 L 3%) 1 4(3% + 3P,

LRZap5~(G3) = 4(1-3)*(1° +3°) + (¢ —2)(3-3)*(3° +3°)" +6(3-4)*(3° +4°)

+(2 - 6)(3-6)7 (3" +6”)7 +2(4-6)* (47 +6”)" + (¢ - 4)(6- 6)"(6” + 6”)”

= 4-3°(143%) 4 (¢—2)-2"- 32T 1 6.12%(3° + 4°)
+(2¢—6)-18%(3° +6°)Y +2.24%(4” + 6°)7 + (g —4) - 27 . 622+F7.

This completes the proof. O

Theorem 3.4 Let h be the number of hexagons in Gy, shown in Figure 3. Then the general
leap Zagreb-type indices of G4 are given by
LZa7ﬂ(G4) — 22a+25(2h _ 6) . (2(1 4 26) + (h _ 4) . 9l+3a+3p + (h + 2) L9ltatp
foltathoa 4 9P p 4 3. 21 Fath (9o . 30 4 98 . 3o)  gltatB(ga . 4F 4 30 4o),
LRZu03~(Gy) = (h+2)- 92a+(B+1)y 21+3a+ﬁ7(1 + Qﬁ)’v h+6- 24a(4/3 + 6[9)"’
+(2h — 6) - 2°°F287(1 4+ 28)7 2. 48%(6° + 8%) + (h — 4) - 260+ B+,

Proof By the definition of G4, we obtain the basic information on G4 in the following
table.

m(2,2) m(2,4) m(4,6) m(4,8) m(6,8) m(8,8)
h+2 2h 6 2h — 6 2 h—4
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Thus, we have

(h+2)-(2*-2° +27.2%) 4+ 2n(2% - 4% + 27 . 4*) + 6(4* - 6° + 47 . 6)

+(2h —6)- (4% - 87 +47.8*) +2(6° -8 +6” - 8%) + (h —4)- (8% -8 +87.8%)
= 220720 02h —6) . (2* +2°) 4 (h —4)- 2" P3P0 (R4 2) . 21 TP

42t FetBgx 4 9By 3. ot eth (g . 38 4 9B L 3oy 4 gltatBge 4B 4 38 4

LZo5(Ga)

LRZnp~(Gs) = (h+2)(2-2)*(2° +2°) + 202 42" +4°) +6(4-6)* (4" +6°)"
+(2h — 6)(4-8)* (47 +8°)Y +2(6-8)*(6° +8%)” + (h — 4)(8 - 8)*(8" + &%)
_ (h + 2) . 22a+(,8+l)'y + 21+3a+ﬁv(1 + 25)7 “h+6- 24@(4ff + 6/3)7
+(2h — 6) - 2% (1 4 2°)7 4 2. 48%(6° + 8°)7 + (h — 4) . 26T AT,

This completes the proof. O

Theorem 3.5 Let h be the number of hexagons in G5, shown in Figure 3. Then the general

leap Zagreb-type indices of G are given by

LZap(Gs) = (3h—4).22F20F20 4 g2Ftadf(ge 4 9f) 4 gdtath

LRZuy5,(G5) = 22(a+D+(B+1)y | 92+3a+67(1 4 98)Y 4 (3h — 4) - 21H4a+(20+1)y

Proof By the definition of G5, we obtain the basic information on G5 in the following
table.

m(2,2) m(2,4) m(4,4)
4 4 6h — 8

Thus, we have

LZa,B(GS) = 4. (20 .98 —|—2ﬂ .204) +4(2a .48 +25 _4a> + (Gh— 8) i (4a 4P +4ﬁ 4a)
= (3h—4)-27H20H30 p 92Hatf(ge 4 o) 4 g¥teds,
LRZa5(Gs) = 4(2-2)%(2° +2°) 4 4(2-4)*(2° +4°)Y + (6h — 8)(4 - 4)*(4” + 4Py
92(a+1)+(B+1)y + 22+3a+l3’7(1 + 2/3)7 + (3h —4) - gl+da+(26+1)y
This completes the proof. B

Theorem 3.6 Let h be the number of hexagons in Gg, shown in Figure 3. Then the general

leap Zagreb-type indices of Gg are given by

LZap(Gg) = 2'Fo+B . (h—2). (2% .30 4 28.3%) yglta+Boa 4 98y
+22+2a+2ﬂh _|_ 23+O¢+ﬁ
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LRZap3~(Gs) = 22FDFEF0Y 4 oliBatfy(q 4 9f)y . 4 g1t (G8H0
+(2h —4) - 24> - (47 + 6°)7.

Proof By the definition of Gg, we obtain the basic information on Gg in the following
table.

m(2,2) m(2,4) m(4,4) m(4,6)
4 2h 2h  2h—4

Thus, we have

LZap(Gs) = 4-(2%-2°420.2%) 4 20(2% - 47 + 2P . 4%) 4 2h (4% - 4P 4 4P . 4%)
+(2h —4) - (4% - 67 + 4° . 6%)
= 2MTetF . (h—2). (2% .37 420 .3%) 2t TetF (2% 1 28) . py
+22+2a+2,3h+ 23+a+3’

LRZyp-(Gs) = 4(2-2)%(2° +2°)7 +2h(2- 4)*(2° + 4°)"
+2h(4 - 4)* (4% + 4P)7 4 (2h — 4)(4 - 6)*(4° + 6°)7
= 92(a++(B+1)y 4 olH3atBy (1 4 98)Y L 4 gl+da+(28+1)y | p

+(2h —4) - 24> . (47 +6°).
This completes the proof. O

Theorem 3.7 Let h be the number of hexagons in Gy, shown in Figure 3. Then the general

leap Zagreb-type indices of G7 are given by

LZa7ﬂ(G7) — 21+2a+25 . (5h _ 9) + 4(3a . 45 + 35 . 4(1) _|_4(2a ) 3ﬁ

+2P . 3%) 4 22Feth
LRZyp3~(Gy) = 24+@8HD7 (55 —9) 4 4.6%(2° 4+ 3°)7 +4.12%(3° + 4P)7 4 22014541y,

Proof By the definition of G, we obtain the basic information on G7 in the following
table.

m(2,2) m(2,3) m(3,4) m(4,4)
2 4 4 5h —9

Thus, we have

LZq 5(G7) 2-(2%-20 128 . 2%) 1 4(2% .38 128 . 3%) £ 4(3% . 4P 130 . 4%)
+(5h — 9) - (4% - 47 + 4P . 4%)

21420428 (5 — 9) 4+ 4(3% - 4P + 3P . 4%) 4 4(2% - 38 4 2P . 3) 4 92FaHh,
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LRZnp5,(G7) = 2(2-2)%(2° +2°)Y +4(2-3)%(2° +3°)
+4(3-4)%(3° +4%)7 + (5h — 9)(4 - 4)*(4° + 4Py
= 24t @AY (5h — 9) +4-6%(2° +3%)7 +4.12%(3° + 4F)

492041+ (B+1)y

This completes the proof. O

Theorem 3.8 Let ¢ and h be the number of quadrilaterals and hexagons in Gg, shown in Fig.

3. Then the general leap Zagreb-type indices of Gg are given by
LZa,B(GS) — (h _ 2) . 23+2a+26 +q- 23+2a+26 +4(3a . 4ﬁ + 36 . 404)
+4(2% - 3% 4 2P . 3%) 4 9¥tath

LRZnp5(Gg) = 22H4et@B+1y (p —9) 4 4.6%(2° +3°)7 +-4-12%(3° 4 4°)7

4q - 22+ 2B+ | 920t 1+(B+1)y

Proof By the definition of Gg, we obtain the basic information on Gg in the following
table.

m(2,2) m(2,3) m(3,4) m(4,4) m(4,4)
2 4 4 4 4h—8

Thus, we have

LZap(Gg) = 2-(2%-2° 420 .2%) 1 4(2*-3° +20.3%) 4 4(3% - 4% 1+ 3F . 4%)

4q- (4% - 45 445 . 4%) 4 (4h — 8) - (4% - 4P 4P . 49)

(h—2) 23120428 4 . 93+2a+428 4 (3. 4B | 38 . 4)

+4(2% - 30 4 2P . 3%) 4 22 Fth

LRZyp5~(Gs) = 2(2-2)*(2° +2°)7 +4(2-3)*(2° +3°)7 + 4(3 - 4)*(3° + 4°)7
+4q(4 - 4)*(4° +4°)7 + (4h — 8)(4 - 4)* (4P + 4°)7
= 22Dy (h —2) 4 4.6%(2° +3°) +4.12%(3% + 4°)

g . 222641y | 20+ 1+(B+1)y

This completes the proof. O
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84. General Leap Zagreb-Type Indices of Some Benzenoid Systems

The structure of starphene ST'(r, s,t) for integers r,s,¢t > 3 is shown in Figure 4.

Figure 4 Starphene ST(r,s,t) (r,s,t > 3) structure.

Theorem 4.1 The Leap connectivity indices of the starphene ST (r,s,t) (r,s,t > 3) structure,
shown in Figure 4, are given by

LZap(ST(r,s,t) = 6(2%-3° +2°.3%) +6(3%-4° +3°.4%) +6(4~ - 5° + 49 .5%)
+[5(r 4 s +t) — 36] - 21 F22F28 3. olFadh | 1o 5ath

LRZy (ST (r,s,t)) = 67927 +3°)7 +6-12%(3° + 4°)Y + 6. 20%(4” + 5°)7

+[5(r + s +1t) — 36] - 9dat+(1+26)y 4 3. 92a+(1+6)Y 4 .97 . 52at+by,

Proof By the definition of ST'(r, s,t) , we obtain the basic information on ST'(r, s, t) in the
following table.

m(2,2) m(2,3) m(3,4) m(4,4) m(4,5) m(5,5)
3 6 6  5(r+s+t)—36 6 6

Thus, we have

LZa5(ST(r,s,t)) = 3(2%-2° +27.2%) 4 6(2*-3° +27.3%) +6(3* - 4° +3° . 4%)
+[5(r+s+1t) —36] - (4% 4P + 4P . 4%) 4 6(4~ - 5° 4+ 47 . 5)
+6(5% - 5° + 57 . 5%)
= 6(22-3°4+2°.3%) +6(3%-4° +3°.4%) 4 6(4% - 5% + 47 . 5%)

+[5(r 4+ s+ t) — 36] - 21 H29F28 | 3. gltath 4 jo . 5ath
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LRZyp5(ST(r,5,t)) = 3(2-2)*(2° +2°)7 +6(2-3)*(2° +3°)7 +6(3-4)*(3° + 4°)7
+[5(r+s+1t) —36]- (4-4)“(4° +4°) +6(4-5)2(4° +5°)7
+6(5 - 5)*(5° + 5°)7
= 67 2% +3°) +6-12%(37 +4%)Y +6-20%(4” + 5°)7
+[5(r + s+ t) — 36] - 22+ (1F28)7 4 3. 92a+(1+8)y 4 6. 97 . 520+,

This completes the proof. O

The structure of rhombic benzenoid system Ry, for integer h > 1 is shown in Figure 5.

Figure 5 Rhombic benzenoid system Ry (h > 1).

Theorem 4.2 The Leap connectivity indices of the rhombic benzenoid system Ry, (h > 1),
shown in Figure 5, are given by
LZ0g(Ry) = 4(2%-3°42°.3%) 4-8(3%-4° 437 .4%) 4 4(h — 1) - (4% - 6° + 47 . 6%)
+2[(h = 1)2 +2(h— 1)(h = 2)] - 6> 4 (b — 2) . 24F20F28 4 4. goth
LRZy5~(Ry) = 4-6%(2° +3%)7 +8-12%(3° +45%)Y 4+ 4(h — 1) - 24* (4% +6°)"
+27[(h — 1)% + 2(h — 1)(h — 2)] - 62*TF7
+(h _ 2) . 93+4a+(1428)y 4o+ 32a+By
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Proof By the definition of R;, we obtain the basic information on R in the following
table.

m(2,3) m(3,3) m(3,4) m(4,4) m(4,6) m(6,6)
4 2 8 8h—2) 4(h—1) (h—1)2+2(h—1)(h—2)

Thus, we have

LZy(Rp) = 4(2%-3° 427 .3%) 4+ 2(3*- 3% +37.3%) 1-8(3% - 4% 4+ 3° . 4)
+8(h —2)(4% - 4% 445 . 4%) 4 4(h — 1) - (4% - 6° 4 45 - 6%)
+{(h =12 4+2(h—1)(h—2)] - (6% - 6° +6° - 6%)
= 4(2*-3°+27.3%) +8(3- 47 +3° . 4%) + 4(h — 1) - (4™ - 6° + 47 . 6%)
+2[(h = 1)2 +2(h — 1)(h — 2)] - 6°8 4 (h — 2) - 24F2F28 1 4. goth

LRZyp~(Ry) = 4(2-3)*(2° +3°)7 +2(3-3)*(3° +3°)7 +8(3-4)*(3° +4°)7
+8(h —2)(4-4)* (47 +4°) 4 4(h — 1)(4-6)* (4" + 6°)"
+[(h—1)2 4+ 2(h — 1)(h —2)](6 - 6)*(6° + 6°)"

= 4-62° +3°) +8-12%(3% +4%)7 + 4(h — 1) - 24 (47 + 6°)7
+27[(h —1)2 4+ 2(h — 1)(h — 2)] - 62257 4 (b — 2) . 23+4a+(1428)y
2147 . 32t

This completes the proof. O

85. General Leap Zagreb-Type Indices of Some Nanostructures

The structure of armchair polyhex nanotube TU ACg[2r; s] for integers r > 1, s > 1 is shown in
Figure 6.

Figure 6 Armchair polyhex nanotube TUACs[2r; s] (r > 1,5 > 1).
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Theorem 5.1 The leap connectivity indices of the armchair polyhexr nanotube TU ACs[2r; s]
(r > 1,8 > 1), shown in Figure 6, are given by

LZ g(TUACs2r;s]) = 2(3rs—14r)- 679 +4r(5% - 67 + 57 . 6%) + 4r(3* - 57 + 37 . 5%)
+4r - 598 4y 30B
LRZup~(TUACs[2r;s]) = 27(3rs — 14r)- 67 4 4pr . 30%(5° + 6°)7 + dr - 15%(3° + 5°)7

427+ 52a4By gyl g2a+fy

Proof By the definition of TU ACg|2r; s], we obtain the basic information on TU ACg[2r; s]
in the following table.

m(3,3) m(3,5) m(5,5) m(5,6) m(6,6)
2r 4r 2r 4r 3rs — 14r

Thus, we have

LZ,s(TUACs2r;s]) = 2r(3%-3° +3°-3%) +4r(3%-5° + 37 . 5%) + 2r(5% - 5° +- 57 . 5%)
+4r(5% - 67 + 5% . 6%) + (3rs — 14r) - (6% - 6° +6° - 6)
= 2(3rs — 14r) - 6°7° 4 4r(5% - 6° + 57 . 6%) + 4r(3% - 5° + 37 . 5%)

+dr - 5P gy 30

LRZu 5 (TUACs[2r;s]) = 2r(3-3)%(3° +3°)7 +4r(3-5)%(3% + 5°)Y + 2r(5 - 5)* (5" + 5°)”
+4r(5-6)*(5° +67) + (3rs — 14r)(6 - 6)*(6° + 6°)"
= 27(3rs —14r) - 62T £ 4r - 30957 + 6°)7 + 4r - 15%(37 + 5°)7

+27H 1 52a4By 4 gvtly  g2a+fy
This completes the proof. O

Theorem 5.2 The leap connectivity indices of a V-phenylenic nanotube VPHX|r;s] (r >
1,8 > 1) shown in Figure 7, are given by

LZa5(VPHX|r; s)) 4r(4% - 5% 447 . 5%) 4 4r(s —1)(5* - 6° + 57 - 6%) + 4r(25 — 3) - 517

+2r(s — 1) - 6*1F 4 6r - 212020
LRZup~(VPHX[r;s]) = 4r-20%(4° +5°)7 +4r(s —1)-30%(5° +6°)" + 277 (25 — 3)r . 52>

+27(s — 1)1 - 62777 g . 22T 2807,



The General Leap-Zagreb-Type Indices of Some Chemical Graphs 31

Figure 7 V-phenylenic nanotube VPHX[r;s] (r > 1,5 > 1).

Proof By the definition of V PH X|[r;s], we obtain the basic information on VPHX]|r; s]
in the following table.

m(4,4) m(4,5) m(5,5) m(5,6)  m(6,6)
6r 4r 2r(2s —3) 4dr(s—1) r(s—1)

Thus, we have

LZas(VPHX[r;s]) = 6r(4*-4° +4°.4%) 4 4r(4® - 5° +4° .5%) + 2r(2s — 3)(5* - 5° + 57 - 5)
+4r(s —1)(5% - 6”7 + 57 -6%) +r(s —1)- (6™ - 6" +6° - 6%)
= 4r(4*.5° 447 . 5%) 4 4r(s — 1)(5* - 6° + 57 . 6°) + 4r(2s — 3) - 57
+2r(s — 1) - 617 4 6r - 21220,

LRZap,(VPHX[r;s]) = 6r(4-4)*4° +4°) +4r(4-5)*4" +5%)" + 2r(2s — 3)(5 - 5)*(5” + 5°)7
+4r(s — 1)(5-6)*(5” +6°)" +r(s —1)(6 - 6)*(6” +6°)”
= 4r-20%(4° +5°) +4r(s — 1) - 30*(5° + 6°)" + 2" (25 — 3)r . 52TFY
+27(s — 1) - 6707 g . 2T (1H20)7,

This completes the proof. O

§6. Conclusion

In this paper, we propose the general leap-Zagreb-type indices, and obtain the calculation
formulas of the general leap Zagreb-type indices for some chemical graphs. The general leap-
Zagreb-type indices of some other graph structures can be computed for further study. Inspired
by the multiplicative Zagreb-type indices, the general multiplicative leap-Zagreb-type indices,
that is the multiplicative version of the leap-Zagreb-type indices, are naturally put forward as
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follows. It is worth mentioning that the research on extremal problem of the general (multi-

plicative) leap-Zagreb-type indices is probably an interesting subject.

LZMap(@) = [ (o) +707),
weE(G)
LRZMap(G) = [ (rum)*(zl+70).
w€eE(G)
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