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Abstract: In this study, we dealt with the natural lift curves of the spherical indicatrices of
a curve according to Bishop frame.Furthermore, some interesting results about the original
curve were obtained depending on the assumption that the natural lift curves should be the

integral curve of the geodesic spray on the tangent bundle T' (SQ).
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§1. Introduction

Classical differential geometry began with the emergence of derivative and integral calculus,
which helped solve geometric problems such as determining the tangents and curvatures of a
curve.

Richard L. Bishop [1] brought forward the best answer to this as ”there are 3 more than one
way to crack a curve”. Bishop observed that parallel vector fields on a C? regular curve form a
3-dimensional vector space. He clarified the equations of the Bishop roof, which is named after
him; hence it is sometimes referred to as the Relatively Parallel Adapted Frame, Bishop, [1].
Fenchel W. [7] stated that a point v (¢) on a curve, when plotting the curve, the Frenet vectors
{T, N, B} change and thus spherical signs are formed.

Thorpe J.A. [4], together with the geodesic spray concepts, gave the theorem that ”for a
curve vy to be an integral curve for the geodesic spray X of the natural lift v, and only if v is
a geodesic over ”M.Caligkan, Sivridag and Hacisalihoglu [5], using these concepts and theorem

given by Thorpe [4] in E3.

82. Preliminaries

Let v : I — R? be a parameterized curve. We denote by {7 (s), N (s), B (s)} the moving
Frenet frame along the curve 7, where T, N and B are the tangent, the principal normal and

the binormal vector fields of the curve ~, respectively.
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Let v be a reguler curve in R3. Then ([6])

’

/>< 1"
=) _ N=BxT, B=_L"7_
[od! 7" <7
and if v is a unit speed curve, then
_ N p_
T=~,N , B=TxN
v

Let v be a unit speed space curve with curvature x and torsion 7. Let Frenet vector fields
of v be {T, N, B}. Then, Frenet formulas are given ([6]) by

/ ’

T =kN, N = —xkT+7B, B = —7N,

where Kk = <TI,N> and 7 = <NI,B>.

Definition 2.1 Let v : I — R3 be a unit speed spacelike or timelik space curve. Let T =~
be the tangent vector defined at each point of the curve. In this case, M1 and Ms vectors are
perpendicular to the tangent vector T at each point and any two vector fields in the normal
plane, on the curve v, {T, N, B}, there is always a frame {T, My, M>},as an alternative to the

moving frame. {T, My, Ms} is Bishop frame to this alternative frame

Then, Frenet formulas are given by [1]

T = kM + koM,

M, = kT,

My = koT,

k(t) = y/k?+ k3, ¢(t)=arctan <Z;> , T(t) = o,
k1 = Kcosy, ko =kKsing,
T = T,

M; = cospN —sinpB,

My = sinpN 4 cospB

where the differentiable functions k1 and ko are the Bishop curvatures.

Definition 2.2([1]) Let M be a hypersurface in R and let o : I — M be a parameterized

curve. 7y is called an integral curve of X if

—(7(8)) =X (v(s)) (foralltel),
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where X is a smooth tangent vector field on M. We have

T™M = | ) TpM = x (M)
PeM

where TpM is the tangent space of M at P and x (M) is the space of vector fields on M.
Definition 2.3([4]) For any parameterized curve v : I — M ;75 :1 — TM given by
7(5) = (107 () =7 () o
is called the natural lift of v on TM. Thus, we can write
T = 2 (v Do) = Dyt (),
where D is the Levi-Civita connection on R3 .

Definition 2.4([4]) A X € x (T'M) is called a geodesic spray if for V.€ TM

X (V) =—(S(V),V)N. (1)

Theorem 2.5([4]) The natural lift 5 of the curve « is an integral curve of geodesic spray X
if and only if v is a geodesic on M.

83 The Natural Lift Curve of the Spherical Indicatrix of a Curve According to
Bishop Frame

Let V, V be Levi-Civita connections on R3 and S? and ¢ be a unit normal vector field of S2.

Then Gauss equations are given by the followings
VxY = VxY + (S (X),Y)§,

where S is the shape operator of S? and

Let vp be the spherical indicatrix of tangent vectors of v and 7, be the natural lift of the
curve yr. In this case the equation for vp is v = T. If 71 is an integral curve of the geodesic

spray, then from Theorem 2.5 we have
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that is,

Vo Te = Vi 1 = (8 (32) 7 ¢

Vs, be = =(8 (i) 42) T

v%% =— (ki +k3)T

om (kiMy + koMo) = — (kI +k3) T

d ds
- (k1 My + ko M) . + (K +k3)T=0

: : d
<k1M1 — kT + koM — k%T) ﬁ + (k% + k%) T=0
T
—MJF(HH#) T+ L M, + L My =0
VE+R NCEY: NCEY:

Since {T, My, M>} bishop frame is linearly independent system, we have

ki + k3 2, g2
(Vi eem) - o

s

2 2 0,
VY + k3

ko _ 0

Hence, we have

ki 4+ks = 1,
Nk = 1, ky=0
i)k = 0, kg=1

Proposition 3.1 If the natural lift ¥p of vy is an integral curve of the geodesic on the tangent
bundle T (52), then there is a relationship between frames {T, N, B} and {T, My, Mx} as follows,

T=T, Mi=N, My=B, (k1=1, ko =0)
T=T, My=-B, My=N,(k =0, k =1)

Let var, be the spherical indicatrix of v relative to My and 7,,, be the natural lift of the
curve ypr, . In this case the equation for yas, is v, = My. If 7, is an integral curve of the
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geodesic spray, then from Theorem 2.5 we have

v’;’/M1 ’YMI - 07
that is,
VAI/Ml Yy VA/Ml Vg — < (71\/11 ) Vg > 3
Vi Ton =~ (5 (900 ) o) M

d
—kT) = —k*M
. (k1 T) 1My
d ds
— (~kyT) —— + k2M; =0
ds( ! )dle + R
) 2 ds 2
—k1T — ki My — kiko My +kiM; =0
CZS]W1
kl —k1 —l—k% ko
w2 + ( w2 1+ by 2

Since {T, My, M>} bishop frame is linearly independent system, we have

I

gt
(—kl—‘rk%) = 07
ky = 0.

Hence, we have
k1 = constant (k1 #0), ko =0

Proposition 3.2 If the natural lift 7y, of va, is an integral curve of the geodesic on the
tangent bundle T (S?), then there is a relationship between frames {T,N, B} and {T, My, M>}
as follows,

T=T, Mi=N, M;=B8B.

Let vy, be the spherical indicatrix of v relative to Ma and 7%,,, be the natural lift of the
curve 7yuz,. In this case the equation for vaz, is var, = Ma. If 7y, is an integral curve of the
geodesic spray, then from Theorem 2.5 we have

V. 4, =0,

N M
T, 2
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that is,
v'.YMQ 7M2 - V’;/]M2 ’YMQ B <S (f}/MZ) ,f}/MZ > f

Vi, e = (8 (1) Ao ) Mo

. 2
’YMZ’VMQ = _kQMQ
d
—koT) = —k2 M.
dsM2( 2T') 5 M>
d ds
— (=koT) —— + k2M5 =0
ds( 2 )dsM2+ 272
: 2 ds 2
—koT — kykoMy — k2My | —— + k2My =0
dSM2
k k
2T (=) My (<14 ED) My =0
ko ko

Since {T', My, M} Bishop frame is linearly independent system, we have

kg kil 2
=0 =0 +k2=0

Hence, we have
k1 =0, ko = +£1

Proposition 3.3 If the natural lift 7y, of v, is an integral curve of the geodesic on the
tangent bundle T (S?), then there is a relationship between frames {T, N, B} and {T, My, M}
as follows
T = T, M{=—-B, Ms;=N,
= T7 M1:B7 MQZ_Na
ki = 0, kg ==£1.

V5

Example 3.4 Given the arclength timelike curve 7 (s) = ( s, % cos 3s, % sin 38) In this tri-
hedron, it is easy to show that its Frenet apparatus are

T(s) = <\/5,—2sin3s,§cos?>s>,

3 3
N(s) = (0,—cos3s,—sin3s),
2
B(s) = (3, ? sin 3s, 7? cos35> ,

If the natural lift ., of 7 is an integral curve of the geodesic on the tangent bundle T' (5?),
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then there is a relationship between frames {T', N, B} and {T, M7, M>} as follows

T=T, Mi=N, My=DB, (k1 =1, k2 =0)
T:T7 Ml:_37 M2:N7(k1:05 k2:1)

with

5 2 2
T(s) = ({,—gsin?)s,gcosBs),

M (s) = (0,—cos3s,—sin3s),
2 V5 5
M, (s) = (3,\3[811135,—\3[ cos&s) ,

(k1 =1, k2 =0)

P (s,t) = (sin 3s cos 3t, sin 3s sin 3¢, cos 3s)

¥Yr = (f =—%sin3s=%cos3s> and 7 = (0.—2cos3s,—2sin3s)

If the natural lift %,, of vz, is an integral curve of the geodesic on the tangent bundle
T (5?), then there is a relationship between frames {T, N, B} and {T, My, M5} as follows

T=T, Mi =N, M;=B.

with

5 2 2
T(s) = <\3f,—3sin35,3c0535>,

=
-
VA
©
I

(0, — cos 3s, —sin 3s) ,

2 V5 5
M, (s) = (3,\3fsin33,—\3f00533>,

P (s,t) = (cos3ssin3t,cos3scos3t,sin3s) .
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yin = (0.—cos3s,—sin3s) and Fa, = (0.3 sin3s5,—3 cos3s)

If the natural lift %,,, of vz, is an integral curve of the geodesic on the tangent bundle
T (5?), then there is a relationship between frames {T, N, B} and {T', My, M5} as follows

T = T, My=-B, M,=N,
T = T, My=B, M,=—N,
ki = 0, kg = +1,
5 2 2
T(s) = <\3[,—Ssin33,3cos3s>,
2 V5 . V5
M (s) = <—37—3sm3s7300535>,
Ms(s) = (0,—cos3s,—sin3s).

P (s,t) = (cos 3ssin 3t, cos 3s cos 3t, sin 3s)

rir = (0.—cos3s,—sin3s) and Fat, = (0.3sin3s5.—3 cos3s)



The Natural Lift Curve of the Spherical Indicatrix of a Curve According to Bishop Frame in Euclidean 3-Space 33

References

[1] R. L. Bishop, There is more than one way to frame a curve, The American Mathematical
Monthly, 82:3, 246-251, 1975.

[2] L. C. B.Silva, Differential Geometry of Rotation Minimizing Frames, Spherical Curves and
Quantum Mechanics of a Constrained Particle, Doctoral Dissertation Universidade Federal
De Pernambuco, 133, Brazil, 2017.

[3] G. Arreaga, R. Capovilla ve J. Guven, Frenet-Serret dynamics, Classical Quantum Gravity,
18:23, 5065-5083, 2001.

[4] J.A. Thorpe, Elementary Topics Iin Differential Geometry, Springer-Verlag, New York,
Heidelberg-Berlin, 1979.

[5] M.Caligkan, A1 Sivridag and H.H. Hacisalihoglu, Some characterizations for the natural
lift curves and the geodesic spray, Communications, Fac. Sci.Univ. Ankara Ser. A Math.
33, Num. 28,235-242, 1984.

[6] M.P. do Carmo, Differential Geometry of Curves and Surfaces, Englewood Cliffs, New
Jersey 1976.

[7] Fenchel, W. On the differential geometry of closed space curves, Bulletin of the American

Mathematical Society, 57, 44-54, (1951).



