International J.Math. Combin. Vol.2(2015), 32-5/

Timelike-Spacelike Mannheim Pair Curves

Spherical Indicators Geodesic Curvatures and Natural Lifts

Sileyman SENYURT and Selma DEMET

(Ordu University, Faculty of Arts and Science, Department of Mathematics, Ordu/Turkey)

E-mail: senyurtsuleyman@hotmail.com, selma_-demet_@hotmail.com

Abstract: In this paper, Mannheim curve is a timelike curve, by getting partner curve as a
spacelike curve which has spacelike binormal, with respect to IL3 Lorentz Space, S Lorentz
sphere, or HZ Hyperbolic sphere, we have calculated arc lengths of Mannheim partner curve’s
(T*),(N™), (B*) spherical indicator curves, arc length of (C™*) fixed pol curve, and we have
calculated geodesic curves of them, and also we have figured some relations among them. In
addition, if the natural lifts geodesic spray of spherical indicator curvatures of Mannheim
partner curve is an integral curve, we have expressed how Mannheim Curve is supposed to
be.
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81. Introduction

There are a lot of researches to be done in 3-dimentional Euclidian Space on differential geometry
of the curves. Especially, many theories were obtained by making connections two curves’
mutual points and between Frenet Frames. Well known researches are Bertrand curves and
Involute-Evolute curves, [6], [4], [7], [19]. Those curves were studied carefully in different
spaces, therefore, so many results were gained. In Euclidian Space and Minkowski Space,
Bertrand curves’ Frenet frames and Involute-Evolute curves’ Frenet frames create spherical
indicator curves on unit sphere surface. Those spherical indicator curves’ natural lifts and
geodesic sprays are defined in [5], [16], [3], [8].

Mannheim curve was firstly defined by A. Mannheim in 1878. Any curve can be a
Mannheim curve if and only if Kk = A (112 + 7'2), A is a nonzere constant, where curvature
of curve is k and curvature of torsion is 7. After a time, Manheim curve was redefined by Liu ve
Wang. According to this new definition, when first curve’s principal normal vector and second
curve’s binormal vector are linearly dependent, first curve was named as Mannheim curve, and

second curve was named as Mannheim partner curve, [21], [10]. There are so many researches
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to be done by Mathematicians after Liu ve Wang’s definition [12], [15], [15], [2].

82. Preliminaries

Leta : I — E3, a(t) = (a1(s), az2(s), as(s)) be unit speed differentiable curve. If we symbolize
a : I — E3 curve’s Frenet as {T, N, B}, curvature as x, and torsion as 7, there are some

equations among them;

T'(s) = k(s)N(s)
N'(s) = =k(s)T'(s) + 7(s)B(s) (2.1)
B'(s) = =7(s)N(s).

By using (2.1), we can get W Darboux vector as;

W =7T + kB (2.2)

If ¢ is the angle which is between W and B, the unit Darboux vector is that;

C = singT + cos pB (2.3)

Let X be differentiable vector space on M.( Note that M is any vector space)

— (a(s)) = X (a(s)) (2.4)
o curve is an integral curve of X if and only if & (a (s)) = X (a(s)).
Suppose that TM = {Jpe s T (P), then,
a: I —TMa(s)=(a(s),d (s)) (2.5)
«: 1 — TM curve is natural lift of o : I — M and for v € TM
X (v)=—(v,5()N|p
X vector space is called geodesic spray [5], [17]. Where

DxY = DxY + (S(X),Y)N (2.6)

The equation of (2.6) is a Gauss equation on M. (T),(N) and (B) spherical indicator
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curves’ equations and (C) pol curve’s equations are given respectively;

ar (s) =T (s)
an (s) = N (s)
ag(s) = B(s)
ac (s) = C(s)

With respect to E3, arc lengths and geodesic curvatures of those curves are given respec-

st/ kds, sNz/ [|[W]| ds, sB:/ Tds, scz/ o'ds (2.7)
0 0 0 0

1
cosp’

tively;

(2.8)
1
kp = ——,
sin
2
— W
kC - 1+ ( 4:0/ )
With respect to S2, geodesic curvatures are given;
¢’ W
T = tan s YN = 757> B = COt s, Yo = ——— seel9 2.9
g oI = T P, > (see[9]) (2.9)

Let @: I — x (M) be natural lift of « : I — M. X geodesic spray is an integral curve if
and only if there is a geometric curve on M, (see [5]).

g:RPxR® =R, g(X,Y) = 2191 + 22y2 — T3y3

This inner product space is defined as Lorentz Space and symbolized as IL*. X e IL* vector’s
norm is | X || = v/ [9(X, X)|. For X = (z1,22,73) and Y = (y1,y2,y3) € IL*

X XY = (x3y2 — T2y3, T1Y3 — T3Y1, T1Y2 — w2y1)

X x Y is called vector product of X and Y, [1]. Let T be tangent vector of o : I — IL>.
o : I — IL3 is respectively defined as:

(1) If g(T,T) > 0, acurve is a spacelike curve;
(2) If g(T,T) < 0, acurve is a timelike curve;
(3) If g(T,T) = 0, a curve is a lightlike or null curve, (see [11]).

Let o : I — IL? be differentiable timelike curve. In this case, T is timelike, N and B are
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spacelike, and Frenet formulas are given;

T = kN
N'=kT —-71B (2.10)
B’ =7N.
(see [22]). Where
W =7T—-kB (2.11)

(see [20]). In this situation, there are two cases for W Darboux vector; if W is spacelike, the
Lorentzian timelike angle ¢ which is between —B and W, then;

k= |W] coshy , T = ||[W]| sinh ¢ (2.12)

C = sinh T — cosh B (2.13)

and unit Darboux vector is;

If W timelike, x and 7 are formulized;
k = ||W]||sinh¢ , 7 = ||W| cosh ¢ (2.14)
and unit Darboux vector is;

C = cosh ¢T — sinh ¢B (2.15)

Let o : I — IL? be spacelike curve which has spacelike binormal. In this case, a curve’s

Frenet vectors’ vector product are respectively;
TxN=—-B,NxB=-T,BxT =N and Frenet formulas are found as;

T = kN
N =T+ 1B (2.16)
B'=1N

(see [22]).In this case, Darboux vector will be;
W = —1T + kB, (see[20]). (2.17)
Let ¢ be the angle which is between B and W. Then,
k=|W]lcosp,=]|W|sinp (2.18)
and unit Darboux vector is given as;

C = —sinpT + cos pB (2.19)
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Let M be a Lorentz manifold, and M be a hypersurface of M. Suppose that S is a shape
operator which is obtained from N normal of M, D is the connection on M, D is the connection
on M,

For X|Y € x(M), Gauss Equation is;
DxY = DxY +eg(S(X),Y)N (2.20)
Where S(X) = —DxN and ¢ = g(N, N), [18].
SE(r) = {X e IR?‘ g X, X)=r?, re IR, r= fized}
is defined as Lorentz sphere,
H{(r) ={X € IR}| g(X,X) =—r* r € IR, r = fized}

is defined as hyperbolic sphere.

Let a : I — E3 and o* : I — E3 be two differentiable curves. Suppose that Frenet
Frames on the points of a(s) and a* (s) are respectively given as {T'(s), N(s), B(s)} and
{T*(s), N*(s), B*(s)}. If a curve’s principal normal vector and a* curve’s binormal vector
are linearly dependent, « curve is named Mannheim curve, a* curve is named Mannheim part-

ner curve, and it is shown as (o, a*), [21]. Mannheim curve’s equation is given as;

a*(s%) = a(s) — AN(s) or a(s) = a*(s*) + AB*(s*) [12].
There are some following equations among those curves;
T = cos0T* + sindN*

N = B* (2.21)
B = —sinfT* + cosON*.

ds* . L ds*
cosf = e sinf = At 7 (2.22)
T* = cos0T —sinfB
N* =sinfT + cos B (2.23)

B* = N.

Where < (T,77*)=0, [3] .Let x be curvature of «, 7 be torsion of a, and let ¥* be curvature of

o , 7" be torsion of a*. Then, there are the following equations;

ds*

K=T7"sinf -
s

(2.24)
ds*
S

T=—7"cos@-
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e
K =

ds* ds* (2.25)

7" = (Ksin@ — 7 cosb) - .

s
K

f=— [3 2.26
=3 Bl (2.26)

Let a : I — E? be Mannheim curve, o* : I — E3 be Mannheim partner curve. Suppose
that Frenet frames are respectively given as {T'(s), N(s), B(s)} and {T*(s), N*(s), B*(s)}. Let
0 be the angle which is between T" and T, and let ¢ be the angle which is between B and W.
In this case, the following equations hold.

cC=T" (2.27)

sin¢ = cos @
4 (2.28)
cosp = —sinf
(see [15]). If we consider (2.28), (2.8), (2.9), (2.22) and (2.23) will respectively turn the following

equations;

T K
cosf = —— |, —sinf = —— (2.29)
W (W
1
k - ——
r sinf’
0 \?
kEn =4/1+ ( ) ,
W]
(2.30)
1
k =
B os0
W\ *
kc 1+ ( 7
yr = —cotl, vy = 9—/7 vp = —tanf, yo = ”MfH
W] 9
ds* ds*
sinp = di’ cosp = AT (2.31)
s

ds
(see [15]).

§3. Timelike-Spacelike Mannheim Curve Pairs

Definition 3.1 Let o : I — IL2 be timelike curve and let o* : I — IL3 be spacelike curve

which has spacelike binormal. Suppose that o curve’s Frenet frames on the point of «(s) is



38 Siileyman SENYURT and Selma DEMET

{T(s), N(s), B(s)} and o* curve’s Frenet frames on the point of a* (s) is {T*(s), N*(s), B*(s)}
If a curve’s principal normal vector and o curve’s binormal vektorare linearly dependent, «
curve is called Mannheim curve and o curve is called Mannheim partner curve. This pair

curve is briefly symbolized as («, ) and it is named timelike-spacelike Mannheim curve pairs.

Theorem 3.1 The distance which is between (o, a*) timelike-spacelikeMannheim curve pairs
18 constant.

Proof It can be written that;
a(s) = a*(s*) + A\(s*)B*(s").

If this equation is derived with respect to s* parameter, we can write that;

ds

Tds*

=T* 4+ M\*N*+ X B*

If we get inner product of the last equation and B*, then;
N =0.
From the definition of Euclidean distance, we can write that;

d(a”(s7), als)) = [la(s) — (s

= || = constant U

Theorem 3.2 Let (o, ™) be timelike-spacelike Mannheim curve pairs. Suppose that o curve’s
and o curve’s Frenet frames are respectively {T, N, B} and {T*, N*, B*}. In this case, there
are the following equations;

T* = —sinh T + cosh B
N* = — cosh T + sinh 6B (3.1)
B* = N.

. ds* L ds”
sinh § = 15 coshf = =\t I

T = sinh 0T* — coshON*
N = B* (3.3)
B = cosh0T* — sinh ON*.

Proof 1If we derive a*(s*) = a(s) — AN(s) with respect to s parameter, we can write that;

ds*
ds

T*

=(1-Xr)T(s)— A\TB (3.4)
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If we get inner product of (3.4) and T, then;

ds*

—sinh =1-A 3.5
sinh 0—- K (3.5)
If we get inner product of (3.4) and B, then;
ds*
ho = .
cosh§—- AT (3.6)

If (3.5) and (3.6) are plugged into (3.4), we can write that;
T* = —sinh 8T + cosh 6B
From Frenet formulas, the following equations can be found.
N* = —cosh 0T + sinh B,

B*=N

Obviously, we have shown that the equation of (3.1). If we arrange this equation with respect
to T and B, we can find the equation of (3.3). If a(s) = a*(s*) + AB*(s*) is derived with

respect to sparameter, it can be found that;

ds - ds

T=T*
ds ds

N*

If we consider the corresponding value of T from (3.3), the equation of (3.2) is proven.

Theorem 3.3 Let(a, a*)be timelike-spacelike Mannheim curve pairs. Let k be curvature of a,

and let T be torsion of a.. In this case, there is the following equation

AE—pr =1

Proof 1If we divide (3.5) to (3.6), we can write that;

Ak —1

tanh § =
an AT

If we get = Atanh 6, the result is proven. a

Theorem 3.4 Let (o, a*) be timelike-spacelike Mannheim curve pairs. In this case, there are

the following equations among curvatures.

* *

N S . ds
K=—T cosh@E, T = —7"sinh# 75

db ds ds ds
= =¢ = ho— inh—. .
e T T K COS e + 7sin e (3.8)

*
K
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d *
Proof 1f (T, B*) = 0 is derived, then; kK = —7" cosh § j ,
s

*

d
If (B, B*) = 0 is derived, then; 7 = —7* sinh § ; ,

s
de d
If (T, T*) = sinh € is derived, then; k* = —g & ,
ds* J ds* p
If (N, N*) = 0 is derived, then; 7" = —x cosh 9—d S* + Tsinth—i. Therefore, the result is
s s
proven. O

Theorem 3.5 Let(a,a™) be timelike-spacelike Mannheim curve pairs. Let k* be curvature of

o, let T be torsion of o, and let T be torsion of . The following equation holds.

K

= —— 3.9

’ AT (39)

Proof If we get equations from (3.2) and if we multiply side by side (3.5) and (3.6), the
result is proven. O

Theorem 3.6 Let (o, a*) be timelike-spacelike Mannheim curve pairs. There is the following

equation between o curve’s W Darbouz vector and o curve’s T tangent vector.

ds*

W =r7*
7-ds

T* (3.10)

Proof We know that W = 7T — kB. If we get the corresponding values of T" and B from
(3.3), and then if we plug into those values in (3.10),Then, if we get the corresponding values
of k and 7 from (3.7), and then if we plug into those values in (3.10), the result is proven. O

Result 3.1 Let (o, a*) be timelike-spacelike Mannheim curve pairs. Let ¢ be the angle which
is between « curve’s Darboux vector and « curve’s binormal vector. There are the following
equations between 6 and .

If W is a spacelike vector;

sinh ¢ = —sinh 6§

(3.11)
— cosh ¢ = cosh 6
If W is timelike vector;
cosh o = —sinh 6
4 (3.12)
—sinh ¢ = cosh 6
o' =-0 (3.13)

Proof Suppose that W is a spacelike vector, and the following equations hold because of
the equations of (2.13) and (3.1),

C = sinh ¢T — cos hyB,

T* = —sinh 8T + cosh 8B
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If we consider that C = T*, we can write that;

sinh ¢ = —sinh 6
— cosh ¢ = cosh 6

Similarly, suppose that W is a timelike vector, and from the equation of (2.15), we can write
that;
C =coshpT —sinhy B

If we consider that C = T*, we can write that;

coshp = —sinh 6
— sin hy = cosh 6

If we divide two equations to each other in the equation of (3.12), we can easily write that;
cot hy = tanh 6
If we derive last equation, the following equation holds.

(PI — _9/'

Theorem 3.7 Let (o, a*) be timelike-spacelike Mannheim curve pairs. There is the following

equation which is between o curve’s W Darboux vector and o curve’s W* Darboux vector;

-1 0’k
* = W — N 3.14
sinh 0 AR ||[W| (3.14)
Proof 1t can be written 77" = —W* 4+ k*B* because a® Manheim partner curve’s W*

vector is spacelike. If this equation is plugged into (3.10), and if we consider that B*= N, the

following equation holds.
ds*

W:
ds

(—W* 4+ Kk*N)
. ds . . . . .
If the corresponding value of T from (3.2) is written in this equation, then;
S

-1
" ginh#@

*

W+ k*N (3.15)

d
On the other hand, from the equation of (3.7), we can write that d_s* — T If the corre-
s

sponding value of 7* in (3.9) is written in this equation, then;

ds __ox
ds* A |[W|’
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d
If we plug this equation into k* = H’d—s, the following equation holds.
S*

s__g " 3.16
] (3.16)

If we write this value of £* in (3.15), the result is proven.

Let sp be a : I — IL* timelike Mannheim curve’s (T') tangent indicator’s arc length, then;

ST:/ kds (3.17)
0

Similarly, (V) principal normal, (B) binormal, and (C) fixed pol curve’s arc lengths are respec-

tively;
SN:/ IW]| ds, (3.18)
0

SB:/ |7]ds, (3.19)
0

s = /O '] ds (3.20)

Let k7 be (T') tangent indicator’s geodesic cuvature on IL3. Suppose that T is unit tangent
vector of (T'), then;
kr = || Dr, Tr||

If ar(s) = T(s) tangent indicator is derived with respect to sp parameter, we can write that;
Tr=N (3.21)
If we derive one more time and simplify the equation, the following equation holds.
T
Dy, Tr =T - -8B (3.22)
K

From the definition of geodesic curvature;

72
fop = ’—1 + (3.23)
If we consider the equations of (2.12) and (3.11), we can write that;
b = — (3.24)
7 coshf '

Similarly, if ax(s) = N(s) principal normal indicatoris derived with respect to sy parameter,
and the equation of (2.12) is plugged into (3.25), and then the equation of (3.11) is considered,
we can write that;

Tn = —cosh 6T +sinh 6B (3.25)
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If we derive one more time, the following equation holds.

Dy Ty = (0'sinh 0T + |[W|| N — 6’ cosh6B) m (3.26)

From the definition of geodesic curvature;

ky = (3.27)

0 \?
14 (_>
W]

If ap(s) = B(s) binormal indicator is derived with respect to sp parameter, and if we chose

the positive routing.

Dr,T5="T-8B (3.28)
T
From the equation of (2.12);
1
kp = 2
B~ sinho (3:29)

If ac(s) = C(s) fixed pol curve is derived with respect to s¢ parameter, we can write that;
Tc = cosh T — sinh 9B

If we derive one more time, and if we consider the equations of (3.11) and (3.13), we can write

that;

Dr, T = —sinh T + cosh 6B + mN (3.30)

From the definition of geodesic curvature;

ke = (3.31)

W\
1+ (7

Result 3.2 Let (o,a*) be timelike-spacelike Mannheim curve pairs. « Mannheim curve’s

spherical indicators are (T'),(N), (B) and also @ Mannheim curve’s fixed pol curve which is

(C), with respect to IL®, geodesic curvatures of (T'),(N),(B) and (C) are respectively;

1
k —
T cosh 6
0 \?
iy = 1+( )
W]
1
" sinh 6
W2
kc = 1+<—|9/|) .
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Let D be a : I — IL® Mannheim curve’s connection on IL?, let D be o : I — IL* Mannheim

curve’s connection on S?, and let D be o : I — IL* Mannheim curve’s connection on Hg.

Suppose that £ is unit normal vector space of S? and HZ, then;

DxY = DxY +eg(S(X),Y)E,  e=g(&8).

Where S is shape operator of S7 and HZ, and corresponding matrix is;
S =

(see[?]). Let v be (T) tangent indicator’s geodesic curvature on Hg, then;
-
From Gauss Equation, we can write that;
Dy, Tr = Dy, Tr + £9(S(Tr), Tr)T

where

g = g(T, T) = —1, S(TT) = —TT, and g(S(TT),TT) =-1

If we write those values in Gauss equation, and if we consider (3.22), we can write that;

Dy, Tr = —%B. (3.32)
And also from the equation of (2.12) and (3.11);

~r = tanh 6. (3.33)

Similarly, Let vx be geodesic curvature of (V) principal normal indicator on S7, then;

W = |[Dry T
From Gauss Equation, we can write that;

D7, Tn = DTNTN +eg(S(Tn), Tn)N

where
E:g(NvN):+17 S(TN):_TNa and g(S(TN)vTN):+1

If those values are written in Gauss equation, and if we consider (3.26), we can write that;

/

D7 Tn = Hi/—H(Sinh 0T — cosh 6B) (3.34)
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If we get norm of the equation;

0/
YN = ——— (3.35)
W]
Let vp be geodesic curvature of (B) binormal indicator on S%, then;
8 = [|Dr T
From Gauss equation, we can write that;
DTBTB = DTBTB + EQ(S(TB), TB)B
where
£ = g(B,B) =+1, S(TB) = —Tp and g(S(TB),TB) =—1.
If we write those values in Gauss equation, and if we consider (3.28), we can write that;
_ K
Dr,Tp=-T (3.36)
T
From the equations of (2.12) and (3.11), it can be written that;
vp = coth 6 (3.37)

Let v¢ be geodesic curvature of (C) fixed pol curve on S, then;
Yo = || Dr.Tc|| -

From Gauss equation
Dr.Te = Dr.To +eg(S(Tc), To)C

where
e=g(C,C)=+1, S(T¢) = —T¢ and g(S(T¢),Tc) = —1.

If we write those values in Gauss equation, and if we consider (2.13), (3.11) and (3.30), we can
write that;

Wi
= (3.38)
Result 3.3 Let (o,a*) be timelike-spacelike Mannheim curve pairs. « Mannheim curve’s
spherical indicators are (T),(N), (B) and also & Mannheim curve’s fixed pol curve is (C),
with respect to S? Lorentz sphere or HZ hyperbolic sphere, geodesic curvatures of (T), (N),
(B) and (C) are respectively;

v Wi

yr = tanh 6, yn = —=, 7B = cothf,7¢c =
W o’

Let o* : I — IL® be spacelike Mannheim curve which has spacelike binormal, and let sp-
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be a* : I — IL3 curve’s (T*) tangent indicator’s arc length, then,

e — / 0 ds (3.39)
0

Similarly, arc lengths of (N*), (B*) and (C*) are found;

- /OS,/](of)z +w2lds (3.40)

spe = / W | ds (3.41)
0

sox = /Os(w*)’ds. (3.42)

On the other hand, let ¢* be the angle which is between W* and B*. unit Darboux vector can

be written as;

C* = —sinp*T* + cos p* B*

where
* * *

T . . T
W and cosy” = = tanp® = —.

Sino* — ko
[ W P

C* is derived and then if we simplify the equation, we can write that;

/

(%)
e
") =—"
1+ ()
If the values of k* and 7" are written in the equation, we can write that;

( Note that the values of k* and 7* are corresponding values of (3.8) and (3.12)

o
(¢*) = 1(("W))2 (3.43)
o

If (3.43) is written in the equation of (3.42), we can easily find that;

g
014 (LA

If (3.23) is considered, we can obtain that;

Scx =

(") = —5—" (3.45)
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If (3.45) is written in the equation of (3.42), we can find that;

’

_— (v&=1)

W2 ds. (3.46)

Result 3.4 Let (a,a*) be timelike-spacelike Mannheim curve pairs. On the point of a*(s),
a*curve’s Frenet vectors’ spherical indicator curves and (C*) fixed pol curve which is drawn by
the unit Darboux vector. In terms of IL3, (C*) fixed pol curve’s arc lengths are respectively;

ST* :/ 9/d8,
0

sw- = [ VIO WP
0

o5 = / W | ds.
0

)

097

Result 3.5 Let (a,a*) be timelike-spacelike Mannheim curve pairs, and let ko be « timelike

Mannheim curve’s geodesic curvature. In this case, the arc length of (C*) fixed pol curve is;

/

e [ (VE=1)

k% ds.

In terms of IL?, Let kz- be . (s) = T*(s) tangent indicator’s geodesic curvature, let sy~ be

arc parameter , and let Tr« be unit tangent vector . Then, we can say that;
Tr+ = —cosh T + sinh 6B (3.47)

If we derive one more time the equation of (3.47), it can be written that;

w
Dy, Tp+ = —sinh 0T + cosh 0B + Ho—/”N (3.48)

or if we get norm of (3.48), we can write that;

W
1+ (T

Similarly, in terms of IL?, Let kx- be a’y.(s) = N*(s) principal normal indicator’s geodesic

(3.49)

curvature, let sy~ be arc parameter, and let T+ be unit tangent vector. Then, we can say
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that;

T+ = 1 (—sinh 6T + cosh §B) + = N (3.50)

2 2
1w o

If we consider the equations of (3.27) and (3.31), it can be written that;

1 1
Tn- = —(—sinth T + cosh#B) + —N (3.51)
kc kN

If we derive one more time the equation of (3.51), after simplifying, it can be written that;

’

7smh9 1
Dy, T~ ( G )] +{ T () N (3.52)

+HWH2| )2 + W]
CObh@) kL
Lmrm)?)
1(0)? + W]

If we get norm of (3.52), we can write that;

—amno) o (N L (T o [feome) 2]
[l .

In terms of IL?, Let kp- be aj.(s) = B*(s) binormal indicator’s geodesic curvature, let

sp+ be arc parameter, and let Tz~ be unit tangent vector. Then, we can say that;

Ty = W“HT - WT”B (3.54)
If we consider the equations of (2.12) and (3.11), it can be written that;
Tg+ = —cosh 0T + sinh 6B
If we derive, Tg~ after simplifying, it can be written that;
Dr,.Tp- = : (—sinh 0T + coshB) + N (3.55)

W]
or if we get norm of Tz, we can write that;
0 \?
kp« 1+ <||W||> (3.56)

In terms of TL?, Let kc- be af. (s) = C*(s) fixed pol curve’s geodesic curvature, let sc- be arc

parameter, and let T= be unit tangent vector. Then, we can say that;
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Tex = —cos™T" +sinp™ B* (3.57)

If we derive one more time the equation of (3.57), it can be written that;

D1, Te+ = —sing™T™ + cos p* B* — HVV* U * (3.58)
(%)
If we get norm of (3.57), we can write that;
|W*|)2
ko = | |14+ ( 3.59
@Y (359
If the values of k* and 7* are written in |[W*| =/ |(7*)2 4+ (k*)2|, we can find that ( Note
that the value of k* and 7* are corresponding values of (3.8) and (3.9).)
W
W = — 1
=5 1+ (G
From the equation of (3.31) and (3.45), it can be written that;
W sk 60)

() AT ( k% — 1)

If the value of (3.60) is written in, we can say that;

k 3
koo = | |1g [ rke)®

AT (\/k%——l)

Result 3.6 Let (a, a*) be timelike-spacelike Mannheim curve pairs. In terms of IL%, o* curve’s

(T*), (N*), (B*) spherical indicator curves’ and (C*) fixed pol curve’s geodesic curvatures are
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respectively;

e = \/ (RS & ()P + () P+ () — =P
T @ + W ,

kC* ==

k(kc)3 2
1+(AT</€7\/§—_1)’) .

Let yp- be o : T — IL3 spacelike binormal spacelike Mannheim partner curve’s ak.(s) =

T*(s) tangent indicator’s geodesic curvature in S?. Then;

vr+ = || Dry. Tre
From Gauss equation, it can be written that;
Dr,.,Tr+ = Dr,.. Tr« +eg(S(Tr+), Tr.)T*
where

e=g(T*,T*) = +1, S(Tr+) = —Tr+ and g(S(Tp+), T+ ) = +1.

If those values are written in Gauss equation, and if the equation of (3.1) and (3.48) are

considered, we can say that;

5 W]
Dy, . Tr- = ( o N (3.61)
If we get norm of (3.61), we can write that;
_ 1w
FYT* - 9/

Dr,. Tr+ = 0 if and only if (W) curve geodesic spray is an integral curve. From the equation
of (3.61), we can find that; kK = 0,7 = 0 which means « is a straight line.

Result 3.7 Let (o, a*) be timelike-spacelike Mannheim curve pairs. @ Mannheim curve does
not have any partner curve because o Mannheim curveis a straight line.
Let vy~ be geodesic indicator in HZ for ay.(s) = N*(s) principal normal indicator. We

can write that;

YN+ = || Dry. T
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From Gauss equation, it can be written that;

Dry. T+ = Dry. T+ +e9(S(Tn+), T+ )N*

where
e=g(N*,N*)=+1, S(ITn~) = —Tn+ and g(S(Tn~),Tn+) = +1.

If those values are written in Gauss equation, and if the equations of (3.1) and (3.52) are
considered, we can say that

- (=5220) + ()
DT *TN* [ < o +COSh6‘:|T+ (362)
" 1(67)% + W2
1y coshf\ _ 1
[ () }N—F[ Ui ) i —sinhH}B
1072 + W] 1072 + W]

If we get norm of (??), we can write that;

(=sinhoy’ 4 () 2 Ly
. = < N cosh 8 N
w G G ]+{ |<9’>2+||W||2|]

’

(Cosh@)’_L 2 %
—|—[ ke ky —sinh@} )
VIO + WP

ETN* Tn+ = 0 if and only if (W) curve geodesic spray is an integral curve. In this case, we can
write that;

(=) + (%)

< + cosh 8 = 0,
J] @z 1w
1
W,
)2 + 1w
(cokshﬁ)/_kl
< Y Sinhf =0

)2+ 1w P|
This value cannot be 0.

Result 3.8 Let (o, a*) be timelike-spacelike Mannheim curve pairs. There is no Mannheim
partner curve on hyperbolic sphere to be made o* Mannheim partner curve’s (N*) principal
normal indicator geodezic spray is an integral curve.

Let yp+ be geodesic curve in S% for a%.(s) = B*(s) principal normal indicator. In this
case, we can write that;
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VB* = HBTB*TB*
From Gauss Equation, it can be written that;
Dy, Tp- = ETB*TB* +e9(S(TB+),Tp«)B*

where

e=g(B*,B*)=-1, S(Tp+) = —Tp- and g(S(Tp~),Tp-) = —1.

If those values are written in Gauss Equation, then, B* = N. And if the equation of (3.55) is
considered, we can say that;

/

l:)TB* T = |9W| (—sinh 6T + cosh §B) (3.63)

If we get norm of (3.63), we can write that;

9/
’YB* = —
W]
BTB* Tp+« = 0 if and only if (?) curve geodesic spray is an integral curve. In this case, from
the equation of (3.63), we can write that;

—0'sinhf

wi

¢’ cosh® 0
W]

where 6’ = 0. In this case, from the equations of (3.13) and (2.18), — = constant. This means

« Mannheim curve is a helix.

N =x

Result 3.9 Let (o, a*) be timelike-spacelike Mannheim curve pairs. If @« Mannheim curve is a

helix, Mannheim partner of « is a straight line.

Let vo+ be geodesic curve in S7 for af.(s) = C*(s). In this case, we can write that;

Yo+ = || Dre. Te-
From Gauss Equation, it can be written that;
Dr..Tc+ = Dr..Tex +e9(S(Te+), Tex)C*

where

e=g(C*,C*) =41, S(Tc~) = —Tc- and g(S(Tex), Tex) = —1.
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If those values are written in Gauss equation, then,
C* = —sinp*T™* + cos p* B*
And if the equation of (3.57) is considered, we can say that;

W
(%)

If the equation of (3.60) is considered, geodesic curve is,

Dy Tow =

k(ko)?

xe (VRE 1)

Ve =

53

(3.64)

ﬁTG* Tc+ = 0 if and only if (@) curve geodesic spray is an integral curve. In this case, from
the equation of (3.64), we can write that; k* = 7" = 0. And from the equation of (3.9), k = 0.

Result 3.10 Let (o, a*) be timelike-spacelike Mannheim curve pairs. & Mannheim curve does

not have any partner curve because o Mannheim curveis a straight line.

Result 3.11 Let (o, a*) be timelike-spacelike Mannheim curve pairs. In terms of S? or Hg,

a* curve’s (T*), (N*) and (B*) spherical indicator curves’ and (C*) fixed pol curve’s geodesic

curvatures are respectively;

_ v
Yr+ =9C = o
(—sinhe)’ _|_(L) 2 (L)’ 2
YN+ = <{ kc/2 sz +cosh9] —i—[ /:N =
[(0")> + [[W]?| [(0")> + [[W]?|
1
(Cokséle)/_kL . 2\ 2z
—|—[ o WN2 —s1nh6‘}
10" + W]
ko)
Wi’ ™ k-
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