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Abstract: In this article, for 2 € Aut(M"), we give an algebraic characterization of a =-
cyclic code over M!, where M = F, 4+ vF, with v? =, Fq is a finite field with ¢ elements,
q = p™ for prime p, positive integer m and | € N. We determine its generator polynomial
and find its decomposition over Fy. A necessary and sufficient condition for a Z-cyclic code
over M' to be Euclidean dual containing is given. We define an orthogonality preserving
Gray map. By using CSS construction, we have the parameters of quantum codes from

E-cyclic codes over M.
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§81. Introduction

As quantum error correcting codes protect quantum information, getting optimal quantum
error correcting codes is also important in quantum communication and quantum computation.
The first quantum codes were introduced by Shor and independently Steane in [7], [8]. Some
authors constructed quantum codes by using the connection between classical error correcting
codes and quantum codes [2]. In [1], Bhagat and Sarma studied (©,Ag,a) -cyclic codes on
R = Ffﬁ for an automorphism © of R, a ©— derivation Ag of R and a € R*. They obtained
quantum error correcting codes from them, by using CSS constructions.

In this article, we study = -cyclic codes on M!, where Ml = F, +vF, with v? = v and [ > 1
constructed using an automorphism. It is worth mentioning that the automorphism class that
we consider is much larger than what is considered in previous work in [5]. We take a more
general form of an automorphism of M!, namely & x &... x &, where each &; is an automorphism
of M|, for ¢ = 1,--- ,l. Later, motivated by the previous work in [1], we obtain the parameters
of quantum codes from Z-cyclic codes over M, 1 > 1.

The paper is organized as follows. Section 2 gives essential preliminaries on skew cyclic
codes over F, and ]Ffl. Section 3 investigates linear codes over M!, where M = Fq + vF, with
v? =, 1 > 1. In section 4, we investigate Z-cyclic codes over M and establish a decomposition

of Z-cyclic codes over M!. We find generator polynomial of Z-cyclic codes over M. In section 5,
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we define orthogonality preserving Gray map from (M')* to (F,)?*! and we construct quantum

codes from Z-cyclic codes over M! using CSS construction.

82. Preliminaries

The set Fy = {(r1, -+ ,7)|re € Fg,u = 1,--- ,n} is a vector space over F, with the usual
component-wise addition and multiplication by scalars, where I, is a finite field with ¢ =
p™ elements, for prime p and positive integer m. A code C, of length n over F, is non-
empty subset of Fy and a code Cp, is a linear code over Fy, if it is a subspace of Fy. Let
c = (c1,---,¢cn) € Cp,, then the Hamming weight of c¢ is defined as the number of non-
zero components of ¢ and denoted by wy(c). The Hamming distance between two codewords
c,c € Cr, is given by di(c,c¢’) = wy(c — ¢'). The minimum distance of Cr, is defined as
dp(Cr,) = min{dg(c, c)lc#c Ve, ¢ e Cr,}-

In [6], it was stated that the distinct automorphisms of F,m over F,, are exactly the mapping
01, ,0,—1 defined by 0,(a) = a?” for a € Fym and 0 < 2 < m — 1. The automorphisms of
F,m over IF,, construct a cyclic group of order m generated by 0.

In [1], Bhagat and Sarma investigated (6, dg, ) -cyclic codes on F,, where 6 € Aut(F,), o
is a f-derivation, a € Fy. By taking dp = 0, = 1 in Section 4, [1], we can write the followings.

An Fg-subspace C, of Fy is called #-cyclic code of length n over F, if Tg’swq (C’Fq) C Cr,,
where Ty, is a map of the form Ty s, (c) = 6(c)Sr,, where ¢ = (co, - ,cn-1) € Fy, 0 €
Aut(Fy), 0(c) = (6(co),- -+ ,0(cn—1)) and

0 1 0
0 0 1

Sk, = € Myxn(Fy)
1 0 0

For the polynomial representation,

Ap Fy — Fylz, 0]/ <2™ —1>

q
1

c = (co,,cpo1)—rce(x)=co+cax+...+cp_12™”

Let Cp, be a subset of Fj. Then Cf, is a 6-cyclic code of length n over F, if and only if

Ar,(Cr,) is a left Fy[x, 0]-submodule of Fy[z,0]/ < 2™ — 1 >. Moreover Ar, (CF,) is generated
by a unique monic polynomial g(z) € F4[xz, 8] and g(z) is a right divisor of 2™ — 1 in Fy[x, 6].

In [1], by taking a more general form automorphism © of Ffl, they investigated (©, Ag, a)-

cyclic codes over IFfI, where Ag is a ©-derivation and a € (]Ff])*, l € N. In [1], the automorphisms

of IFf] were defined as

(Tlf'"rl) — (01(7’1),"',91(7‘1))
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where 0; € Aut(F,), for i = 1,--- ,l. The set of automorphisms of IF‘f] like that was presented as

Qg = {01 x -+~ x 0116, € Aut(F,)} C Aut(F,)

By taking Ag = 0,a = 1, we can express the Definition 4.6 and Theorem 4.8 in [1], as follows;
Let © € Q. An qu—submodule Cr of (Ffz)s is called ©-cyclic code of length s over ]Ff] if
To,s,, (Cr ) € Cpi, where Tg s, is a map of the form Tg s, (d) = ©(d)Sp and
q a a Fq g a

d = (d07 T ’dsfl) € (Fé)s7 @(d) = (®(d0)7' o 7®(dsfl)>7
de = (dia,-,dug), O(dy) = (61(de1),02(de2), -+ ,0i(des))

fort=0,---,s—1and

0

o0 1 ... :

Spe=| . . . € Mxs(Fy)
1 0 0
where 1= (1,-+-,1),0 =(0,--- ,0) € F..
For the polynomial representation,
Ap (F,)* — F.[z,0]/ <a2® —1>
d = (do,--,ds 1) d(x) =do +dyz+ - +ds 12"

Let CFS be a subset of (Fé)s. Then CFS is a ©-cyclic code of length s over IE‘fI if and only
if Ap (G ) is a left F! [z, ©]-submodule of F. [z, 0]/ (z* — 1).

In [1], a linear code C’qu of length s over Ff] was uniquely written as
CFZ :elcﬁrq,l@"‘@elcﬁ‘q,l (*)
where

Cr,; = ﬁvi(CFg) = {(ILi(do), -~ . Ii(ds-1)) € (Fg)®|(do,-- ,ds-1) € Cp1 }

gyt

are linear codes of length s over Fy,

I : (F)® —F,
(ro,-+,rs—1) = (Ii(ro), -, Ii(rs—1)),
I, : F,—TF,
re = (e, ,Th1) e T

wheret =0,1,---,s—1,fori=1,---,l and eq,--- , e; standart ordered F,-basis for Fé.
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§3. Linear Codes over M!

For I € N, consider the product ring M!, where M = Fq + vFg, v?2 =wv. Let
o, : M —TF,
(k1 +vny, kg +ong, -k +ong) — (ky, ko k),
o, : M'—TF,
(k1 +vny, ke +vng, - - ,k:l—i-vnl)»—>(k1+n1,k2+n2,-~- ,kl—l—m).

Extend each ITj to ﬁ; for j = 1,2 as follows:

0 o: () — (),
(m()7 e 7m571) — (HJ(III()), e 7Hj(msfl))
where m¢ = (my 1, ,myy) = (k4 +ond, -k +onl) e MLt =0, ,s—1, for j =1,2.

Let Cyu be a linear code of length s over M!. For j = 1,2, define

—_~—

Cjm = TL;(Crp) = {(;(po), -+ T (ps—1)) € (FQ)*|(Po, -, Ps—1) € Cine}

then each Cj,Fé is a linear code of length s over Fé, for 7 = 1,2 and every linear code Cyu can
be uniquely written as
Cw = (1 -0)Cip @00

From (*), we have
Cwe = (1 -v)[e1Crr,1 D DeCrr, ] ®v[erCor,1 D ... DeiCar, ]

where C1r, i, C2F, i are linear codes of length s over F,, for i =1,--- I.

§4. E-Cyclic Codes over M/

The map

S x&x..xg + M — M
(k1 +ovng, -k +ong) — (&(kr +ong), - &k +vnyg))

is an automorphism of M! where ¢; € Aut(M), & (k; + vn;) = 0;(k;) + v0;(n;), 0; € Aut(F,) for
i=1,--- 1.

The set of automorphisms of M! like that is presented as

QMZ = {51 X e X §l|€z S AUt(M)} C Aut(Ml)
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Let 2 € Q. An M‘-submodule Cy of (M')* is called Z-cyclic code of length s over
M if 1ts,,(Cye) € Cyp, where Tz g, is a map of the form Tz 5 ,(p) = E(P)Sw,p =
(Pos -+ s Ps—1) € (M')*, E(P) = (E(P0), -+, E(Ps—1), Pt = (Pe,1, -+ Prt) = (af +obf, -+ aj+
vb)), E(pe) = (&1(pe1), &2(Pr2), - &(pea)) = (O1(al) +v01(bY), -+, 0iaf) + v0,(b))) for t =
0,---,s—1and

0
o o0 1 ...
Smr = .. . . € MSXS(Ml)
1 0 ... O
where 1 = (1,---,1),0 = (0,--- ,0) € M".
A 2 (MY — M'[z,E]/ <2®—1>
P = (Po,-,Ps—1) — p(z) = Po + P17+ + ps_12°"

Let Cy be a subset of (M!)*. Then Cyp is a Z-cyclic code of length s over M! if and only
if Ayp (Cype) is a left M|z, =]-submodule of M![z, =]/ < ° — 1 >.

Theorem 4.1 Let Cyp = (1 — v)CLFé &) vCQ’Fé be a linear code of length s over M!, where
CLFZ,CQJFé are linear codes of length s over Ff]. Then Cypu is a Z-cyclic code over M! if and
only if each CL]F517CQ7]qu are ©-cyclic codes of length s over IFZ, where = =& X -+ X & € Wy,
&i(a;+vb;) = 0;(a;)+v0;(b;) for every a;+vb; e M, fori=1,--- land ©® =0, x---x6, € Q]Ffl,
O(r) = (01(r1), -+ ,01(r1)) for everyr = (ry,--- ,7r) € Iqu,

Proof Let Cyu be a E-cyclic code over M. Let IL;(po), - - -, IL;(ps—1)) € Cjp, forj=1,2
where p = (pPo, -+ ,Ps—1) € Cp- Let

Pt = (pt,lv"' 7pt,l):(atl+vbiv"’ ,af+vbf),
Epe) = (&), &(pe2) - &pea)) = (01(al) +v01(bY), -+, Oi(aj) + vby (b))
for t =0,---,5— 1. Since Cyp is a E-cyclic code over M!, then
Iz,s S (p) = E( )SML
= (12(Ps-1),E(Po), -+ E(Ps—2)) = (61 (a7 ™)
ol (b77"), 2(a3 ™) + vba(b371), -, Oi(a] )
o6 (b)), (61(a?) + v61(Y), 62(a3)

Un

+002(b3)), -+, 0i(ap) +vOu(6])), -, (01 (ai™?)

+001(b77%), 02(a3™?) + v02(b37%), -, O1(aj™?) + w0y (b))

= ((61(a1™),02(a370), -, 0i(a; ™))
+o(0L(0771), 02(b57 1), 007 1)), (01 (ad), O2(a3), -+, 6u(ar)
+0(01(89),02(b3), -+, 0(B])), -+, (01(ai™?), 02(a3™?), -+, Ou(a)™?))
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+o(01(6772), 02(0572), -+, 0u(b]2))

= ((61(ai7") ba2(a3™), - bu(a; ™)), (B1(ad), B2(a3),
e 00a))s s (01(aiT?), 02(a572), - L Bu(a; )
Fo((01(6771),02(0571), -+, 600} 1)), (61(0Y), 02(05), -+, u(B7)), -+,
(61(6772),02(0572), -, 6u(b; %))

= (1=0)((0r(a5™h), - ,0(a] 7)), -+, (Br(ai™?),- -+, 0ula]™?))
+o((Or(ai™") + 00 (057Y), - u(a] ™) + 00 (b57Y), -+ s (61(a]?)
+01(0572), -+, 01(a] %) + 0,(b]2)) € Ch.

So for every (IL;(po), - -, TI; (ps—1)) € Cj 1 , we have

(G(HJ (ps—l))7 G(HJ (pO))a e ’G(Hj (ps—2))) € Cj,Ffl

for j = 1,2. Therefore CjJqu are O-cyclic codes over Fé, for j = 1,2 . The other way can be
easily seen that. O

By using Theorem 4.10 in [1], we can obtain:

Corollary 4.2 Let Cyp = (1 —v)[e1Cir,1 @ ©eCir, 1] DvleiCor, 1 D ... D eCar, 1] be
a linear code of length s over M. Then Cyu is a Z-cyclic code if and only if each Cjr,iisa

0;-cyclic code for j =1,2 andi=1,--- 1.

Theorem 4.3 Let Cy = (1 — v)CL]Fé &3] UCQJFL be a E-cyclic code of length s over M!, where
Cjp is a linear code of length s over Ffl, for j = 1,2. Then there exists g;i(x) € Fqlz, 0],
forj =1,2 andi = 1,---,1 such that Cyp =< g(z) >=< (1 —v)g1(x) + vga(x) >, where
gij(z) = (gj1(x), gj2(x), - ,g5:(x)), for j =1,2. Moreover g(x) is a right divisor of z° — 1 in

M [z, =].

Proof Tt is easily seen from the proof of Theorem 4.11 in [1]. O

(1]

85. Gray Map

We define the Gray map by

oo (MY — (F)*
P=(po, - »Ps—1) +—— (Ii(po), -+, (ps—1),M2(pPo), -, M2(Ps—1))

where py = (a} +obl, - ,al +vb}), for t =0,---,5s—1 and

v o (F)* —F
(ITy(po), -+ s 1 (pPs—1), M2(po), - - - , a(Ps—1)) — 0

where 0 = (Hl(po)S, cee ,Hl(ps_l)S, Hz(po)s, cee ,Hg(ps_lS) and S € GL(Z,FQ)
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The Gray weight of an element p € (M!)* is defined as
s—1 2

wa(p) =YY wu(TL;(p1)S)

t=0 j=1

For any two distinct codewords p,p € Chyu, the Gray distance is defined as dg(p,p,) =
wa(p — pl). The minimum Gray distance of the linear code Cyu over M denoted by dg(Chyt) =
dg is equal to min{dg(p,p )|Vp,p € Cuu,p #P }.

Theorem 5.1 The Gray map VU o W = ® is a linear and distance preserving map from (M')*
(Gray Distance) to F2*! (Hamming Distance).

Theorem 5.2 If Cyyu is a linear code of length s over M! with minimum Gray distance dg and
size M, then ®(Cyy) is an Fy linear code with parameters (2sl, M, dg) with dg = dg.

Theorem 5.3 Let Cy be a linear code of length s over M!. Then ®(Cyyu) is Buclidean dual
containing if Cyp is Buclidean dual containing provided S.ST = \I,, where S € GL(,F,), T
denotes transpose of a matriz and A € Fy.

Proof Let n = (ng, -+ ,n5-1),f = (fo, -+, fs—1) € Cyp, where
ng = (atl +bﬁv7"' 7af+bfv), fy = (Ctl +dt11),--~ ,Cf—l—df?})

fort=0,---,s—1. Then

I s—1 I s—1
(n,f), = Z Zaﬁcﬁ + UZ Za§d§ + blck + bldt.
=1 t=0 i=1 t=0
Since (n,f); = 0, then we have
I s—1 I s—1
Z Z atlct =0 and Z Z atdl + blet +bldl = 0.
i=1 t=0 =1 t=0
Now
s—1 s—1
(®(n), ®(F))p = D i (0)SST(IL(R))T + ) Ta(n,)SST (Ta(F))",
t=0 t=0
where S € GL(I,F,). So
I s—1 I s—1 I s—1
AY D ajei+AY Y aldb XY Y ald) +bich +bid; =0
i=1 t=0 i=1 t=0 i=1 t=0
The desired result is obtained as the proof of Theorem 5.4 in [1]. O

Theorem 5.4([4]) Let Cr, =< g(x) > be a 0-cyclic code of length n over F, such that n is
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a multiple of ord(0) and 0 € Aut(F,).Then Cg, contains its dual if and only if h*(x)h(z) is
divisible by ™ — 1 on the right, where ™ — 1 = h(x)g(x) and h*(z) = Bn-1 + 0(Bn—s—1)x +
e+ O0"5(Bo)a™ 2, for h(x) = By + Brx + ... + B2 L.

Theorem 5.5 Let Cyp = (1 —v)[e1C1 5,1 D D eCrr, | DvieiCor, 1@ DeCor, 1] be a
E-cyclic code of length s over M such that s is a multiple of ord(Z) = lemlord(&1), -+, ord(&)]
and 2 € Oyp. Let Cjp, i =< gji(x) > and 2° — 1 = h;;(x)g;i(x) = gji(x)hji(zx), for
hji(x),gji(x) € F [z, 0;]. Then Cip € Cyp if and only if R} (x)hji(x) ds divisible by x° — 1,
fori=12andi=1,---,1.

Corollary 5.6 Let Cyp = (1 —v)[e1C1r,1 @ ©eCrr, 1] DvjeiCor, 1@ - DeCap, ] be
a E-cyclic code of length s over M! such that s is a multiple of lemlord(&y), -+, ord(&)] and
=2 € Q. Then Cﬁz C Cyu if and only if le,qu,i CCjris forj=12andi=1,--- 1l

Theorem 5.7(CSS Construction, [2]) Let Cy and Cy be [n,ki,d1] and [n, ks, ds] linear codes
over Py respectively with Cs- C Cy. Futhermore, let d = {dy,ds}. Then there exists a QECC,
with parameters [[n, k1 + ko —n,d]]q. In particular, if C{ C C1, then there exists a QECC with

parameters [[n, 2k, —n,d]],.

Theorem 5.8 Let Cyp = (1 —v)[e1C1r,1 © - DeCrp, | ®vjeiCor, 1 @ - ©eCoF, ] be
a E-cyclic code of length s over M! such that s is a multiple of lemlord(&y), -+ ,ord(&)]. If
CL

iFai C Cir,i, for j =1,2 and i = 1,--- 1, then Cﬁl C Cyp and there exists a quantum

error correcting code with parameters [[(2sl, 22:1 23:1 k;i —2sl,dgly, where dy denotes the
Hamming distance of the code ®(Cyp) and kj;; = s—deg gj;(x), fori=1,--- ,l and j =1,2.

Example 5.9 Let Fg = F3 [a] be the field of order 8, where a® = a+ 1. Let [ = 2,s = 6 and
©O=0x0’c Q]Fg, where 6 is the Frobenius automorphism of Fg. If

Crpei = (911(0) = (a+0?) (1+2)+a(z®+2%),
Copei = (g2i(x) = (140%) (1+2)+ (a+0a?) (2% +2°%))

for i = 1,2, then C’l,Fg,CQJFg are O-cyclic codes of length 6 over F2. So, Cy is an Z-cyclic
codes of length 6 over M2. Moreover, we have

(14+a)(1+2%) + (a®+1) (z +2°)

= (1+a®)(1+2)+(1+a)(2* +2°)
a+(a+a®)z+ (1+a®) 2+ (1+a)a®
(14 a)(1+z)+a(z* +2%)

>

[\V)
L s s .
—~ o~ o~
vxﬁ/\_/\_/

Il

for i = 1,2. So 2® — 1 is divisible by g, ; (z) i, (z) fori=1,2,j = 1,2. Then Cipz C Cyp. If

1 1+ a+a?
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then W(Cjrz) is a [12,6, 6] linear code over Fs for i = 1,2. Hence ®(Cy2) is a [24,12, 6] linear

code over Fg. Hence, by Theorem 11, we have a quantum code with [[24, 0, 6]].

86. Conclusion

We take a more general form of an automorphism of M!, namely & x & --- x &, where each

&, is an automorphism of M, for ¢ = 1,--- ,I. We introduce the algebraic structure of =-cyclic

codes over M! and obtain the parameters of quantum codes from Z-cyclic codes over M!, [ > 1,

by using CSS constructions.
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