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Abstract: Let f be a map from V (G) to {0, 1, · · · , k − 1} where k is an integer, 1 ≤
k ≤ |V (G)|. For each edge uv assign the label f(u)f(v)(mod k). f is called a k-product

cordial labeling if |vf (i)− vf (j)| ≤ 1, and |ef (i)− ef (j)| ≤ 1, i, j ∈ {0, 1, · · · , k − 1}, where
vf (x) and ef (x) denote the number of vertices and edges respectively labeled with x (x =

0, 1, · · · , k− 1). In this paper, we prove that the graphs such as 1-cone Cn +K1 and double

cone DCn admit 5-product cordial labeling. Also, we show that the double cone DCn does

not admit 4-product cordial labeling.
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§1. Introduction

All graphs considered here are simple, finite, connected and undirected. We follow the basic

notations and terminology of graph theory as in [4]. While studying graph theory, one that

has gained a lot of popularity during the last 60 years is the concept of labelings of graphs due

to its wide range of applications. Labeling is a function that allocates the elements of a graph

to real numbers, usually positive integers. In 1967, Rosa [15] published a pioneering paper on

graph labeling problems. Thereafter many types of graph labeling techniques have been studied

by several authors. Gallian [3] in his survey beautifully classified them into graceful labeling

and harmonious labelings, variations of graceful labelings, variations of harmonious labelings,

magic type labelings, anti-magic type labelings and miscellaneous labelings. Cordial labeling is

a weaker version of graceful and harmonious labeling was introduced by Cahit [2]. Let f be a

1Received May 20, 2020, Accepted June 19, 2022.



k-Product Cordial Labeling of Cone Graphs 73

function from the vertices of G to {0, 1} and for each edge xy assign the label |f(x)− f(y)|. f

is called a cordial labeling of G if the number of vertices labeled 0 and the number of vertices

labeled 1 differ by at most 1, and the number of edges labeled 0 and the number of edges labeled

1 differ at most by 1.

In 2004, Sundaram et al. [17] extended the concept of cordial labeling and defined prod-

uct cordial labeling as follows: Let f be a function from V (G) to {0, 1}. For each edge uv,

assign the label f(u)f(v). Then f is called product cordial labeling if |vf (0)− vf (1)| ≤ 1 and

|ef (0)− ef (1)| ≤ 1 where vf (i) and ef (i) denotes the number of vertices and edges respectively

labeled with i(i = 0, 1). Sundaram et al. [17] proved that the wheels are not product cordial.

Many researchers have shown interest on this topic and showed that several classes of graphs

admit product cordial labeling. An interested reader can refer to [3].

Followed by this, Ponraj et al. [14] further extended the concept of product cordial labeling

and introduced a new labeling called k-product cordial labeling [14]. Let f be a map from

V (G) to {0, 1, · · · , k − 1} where k is an integer, 1 ≤ k ≤ |V (G)|. For each edge uv assign

the label f(u)f(v)(mod k). f is called a k-product cordial labeling if |vf (i)− vf (j)| ≤ 1,

and |ef (i)− ef (j)| ≤ 1, i, j ∈ {0, 1, · · · , k − 1}, where vf (x) and ef (x) denote the number of

vertices and edges respectively labeled with x (x = 0, 1, · · · , k − 1), and otherwise, f is called

a Smarandachely k-product cordial labeling if there is an integer pair {i, j} ⊂ {0, 1, · · · , k − 1}
such that |vf (i)− vf (j)| > 1 or |ef (i)− ef (j)| > 1. For k-product cordial labeling, they proved

that k-product cordial labeling of stars and bistars further they studied the 4-product cordial

labeling behavior of paths, complete graphs and combs. Jeyanthi and Maheswari [12] proved

that Wn if n ≡ 1(mod 3) is 3-product cordial graph. In [13] Ponraj et al. proved that wheel

Wn = Cn + K1 is 4-Product Cordial if and only if n=5 or 9. For further results on 3-product

and 4-product cordial labeling one can refer to [3]. Inspired by the concept of k-product cordial

labeling and the results in [14], we further studied on k-product cordial labeling and established

that the following graphs admit k-product cordial labeling: union of graphs [5]; fan and double

fan graphs [6]; powers of paths [7]; the maximum number of edges in a 4-product cordial graph

of order p is 4dp−1
4 eb

p−1
4 c + 3 [8]; Napier bridge graphs [9]; paths [10] and product of graphs

[11]. In this paper we find some new results on k-product cordial labeling.

We recall the following definitions to prove our main results.

Definition 1.1([1]) The graph Cn + K1 is called as 1-cone. It is also called as wheel.

Definition 1.2([16]) The graph Cn + K2 is called as a double cone denoted by DCn.

§2. Main Results

In this section, we exhibit that the graphs 1-cone Cn + K1 and double cone DCn admit 5-

product cordial labeling. Also we show that the double cone DCn does not admit 4-product

cordial labeling.

Theorem 2.1 The 1-cone Cn+K1 is a 5-product cordial graph if and only if n ≡ 1, 2 or 3(mod 5)

for n > 3.
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Proof Let the vertex set and the edge set of Cn + K1 be V (Cn + K1) = {v, vi; 1 ≤ i ≤ n}
and E(Cn +K1) = {(v, vi); 1 ≤ i ≤ n}

⋃
{(vi, vi+1); 1 ≤ i ≤ n−1}

⋃
{(vn, v1)} respectively. Let

us consider the following six cases. Define f : V (Cn + K1)→ {0, 1, 2, 3, 4} as follows:

Case 1. If n ≡ 1(mod 5) for n > 3, then f(v) = 4, f(vn) = 1, f(vi) = 0; 1 ≤ i ≤
⌊n

5

⌋
.

Subcase 1.1 If n is even, let i =
⌊n

5

⌋
+ j , 1 ≤ j ≤ 4

⌊n
5

⌋
.

f(vi) =


4 if j ≡ 1, 6(mod 8),

1 if j ≡ 2, 5(mod 8),

2 if j ≡ 3, 7(mod 8),

3 if j ≡ 4, 0(mod 8).

Subcase 1.2 If n is odd, let i =
⌊n

5

⌋
+ j , 1 ≤ j ≤ 4

⌊n
5

⌋
.

For n = 11, f(vi) =


1 if j ≡ 1, 6(mod 8),

4 if j ≡ 2, 5(mod 8),

2 if j ≡ 3, 7(mod 8),

3 if j ≡ 4, 0(mod 8).

For n > 11, f(vi) =

 2 if j ≡ 3(mod 4),

3 if j ≡ 0(mod 4).

For 1 ≤ j ≤ 8, f(vi) =

 1 if j ≡ 1(mod 4),

4 if j ≡ 2(mod 4).

For 4
⌊n

5

⌋
− 7 ≤ j ≤ 4

⌊n
5

⌋
, f(vi) =

 4 if j ≡ 1(mod 4),

1 if j ≡ 2(mod 4).

For 9 ≤ j ≤ 4
⌊n

5

⌋
− 8, f(vi) =

 4 if j ≡ 1, 6(mod 8),

1 if j ≡ 2, 5(mod 8).

From the above cases we get

vf (0) + 1 = vf (1) = vf (2) + 1 = vf (3) + 1 = vf (4) =
⌊n

5

⌋
+ 1,

ef (0) = ef (1) + 1 = ef (2) + 1 = ef (3) + 1 = ef (4) = 2
⌊n

5

⌋
+ 1.

Case 2. n ≡ 2(mod 5) for n > 3.

Subcase 2.1 n is odd.

We assign labels to the vertices v and vi (1 ≤ i ≤ n− 1) as in Subcase 1.1, then assign 2

to vn.

Subcase 2.2 n is even.

We assign labels to the vertices v and vi (1 ≤ i ≤ n− 1) as in Subcase 1.2, then assign 2
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to vn. From this label we get

vf (0) + 1 = vf (1) = vf (2) = vf (3) + 1 = vf (4) =
⌊n

5

⌋
+ 1,

ef (0) = ef (1) + 1 = ef (2) = ef (3) = ef (4) = 2
⌊n

5

⌋
+ 1.

Case 3. If n ≡ 3(mod 5) for n > 3, then f(v) = 4, f(vn−2) = 1, f(vn−1) = 2, f(vn) = 3,

f(vi) = 0 ; 1 ≤ i ≤
⌊
n
5

⌋
− 1, f(vbn

5 c+2) = 2, f(vbn
5 c+3) = 3, f(vbn

5 c+4) = 0 and for i =⌊n
5

⌋
+ 4 + j , 1 ≤ j ≤ 4

⌊n
5

⌋
− 4,

f(vi) =


1 if j ≡ 1, 6(mod 8),

4 if j ≡ 2, 5(mod 8),

2 if j ≡ 3, 7(mod 8),

3 if j ≡ 4, 0(mod 8).

If n is even,

f(vbn
5 c) = 1, f(vbn

5 c+1) = 4;

if n is odd,

f(vbn
5 c) = 4, f(vbn

5 c+1) = 1.

Then, we have

vf (0) + 1 = vf (1) = vf (2) = vf (3) = vf (4) =
⌊n

5

⌋
+ 1

and for n = 8,

ef (0) + 1 = ef (1) + 1 = ef (2) + 1 = ef (3) = ef (4) + 1 = 2bn
5
c+ 2,

for n > 8,

ef (0) = ef (1) + 1 = ef (2) + 1 = ef (3) + 1 = ef (4) + 1 = 2
⌊n

5

⌋
+ 2.

Case 4. n ≡ 4(mod 5) for n > 3.

Let n = 5t+4, then |V (Cn + K1)| = 5t+5 and |E(Cn + K1)| = 10t+8. Thus, vf (i) = t+1

(i = 0, 1, 2, 3, 4) and ef (i) = 2t+1 or 2t+2 (i = 0, 1, 2, 3, 4). Clearly, f(v) 6= 0. If vf (0) = t+1,

then ef (0) > 2t + 2 for t ≥ 0. Therefore, |ef (0)− ef (j)| > 1 for some j = 1, 2, 3, 4. Hence,

Cn + K1 is not a 5-product cordial graph if n ≡ 4(mod 5).

Case 5. n ≡ 0(mod 5) for n > 3.

Let n = 5t, then |V (Cn + K1)| = 5t + 1 and |E(Cn + K1)| = 10t. Thus, vf (i) = t or t + 1

(i = 0, 1, 2, 3, 4) and ef (i) = 2t (i = 0, 1, 2, 3, 4). Clearly, f(v) 6= 0. If vf (0) = t or t + 1, then

ef (0) > 2t for t ≥ 1. Therefore, |ef (0)− ef (j)| > 1 for some j = 1, 2, 3, 4. Hence, Cn + K1 is

not a 5-product cordial graph if n ≡ 0(mod 5).

Case 6. If n = 3, then |V (C3 + K1)| = 4 and |E(C3 + K1)| = 6. Thus, vf (i) = 0 or 1
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(i = 0, 1, 2, 3, 4) and ef (i) = 1 or 2 (i = 0, 1, 2, 3, 4). If vf (0) = 0, then ef (0) = 0. If vf (0) = 1,

then ef (0) = 3. Therefore, |ef (0)− ef (j)| > 1 for some j = 1, 2, 3, 4. Hence, C3 + K1 is not a

5-product cordial graph. �

An example of 5-product cordial labeling of C11 + K1 is shown in Figure 1.

Figure 1. 5-product cordial labeling of C11 + K1

Theorem 2.2 The double cone DCn is not a 4-product cordial graph for all n ≥ 3.

Proof Let the vertex set and the edge set of DCn be V (DCn) = {u, v, vi; 1 ≤ i ≤ n} and

E(DCn) = {(u, vi), (v, vi); 1 ≤ i ≤ n}
⋃
{(vi, vi+1); 1 ≤ i ≤ n− 1}

⋃
{(v1, vn)} respectively. We

assume that DCn is a 4-product cordial graph with a 4-product cordial labeling f on DCn. Let

us consider the following four cases.

Case 1. If n ≡ 0(mod 4) for n > 3, let n = 4t, then |V (DCn)| = 4t + 2 and |E(DCn)| = 12t.

Thus, vf (i) = t or t + 1 (i = 0, 1, 2, 3) and ef (i) = 3t (i = 0, 1, 2, 3). Clearly, f(v) 6= 0 and

f(u) 6= 0. If vf (0) = t or t + 1, then ef (0) > 3t for t ≥ 1. We get a contradiction to f is a

4-product cordial labeling. Hence, DCn is not a 4-product cordial graph if n ≡ 0(mod 4).

Case 2. If n ≡ 1(mod 4) for n > 3, let n = 4t + 1, then |V (DCn)| = 4t + 3 and |E(DCn)| =
12t + 3. Thus, vf (i) = t or t + 1 (i = 0, 1, 2, 3) and ef (i) = 3t or 3t + 1 (i = 0, 1, 2, 3). Clearly,

f(v) 6= 0 and f(u) 6= 0. Obviously, vf (0) = t. Otherwise ef (0) > 3t + 1 is not possible. We

assign 0 to the vertices of the cycle in such a way that ef (0) = 3t + 1. Then, vf (2) = t + 1.

Clearly, f(v) 6= 2, f(u) 6= 2 and 2 must be assigned inconsecutively. Otherwise ef (0) > 3t+ 1 is

not possible. Then, 4t+2 ≤ ef (2) ≤ 4t+4 for t ≥ 1. We get a contradiction to f is a 4-product

cordial labeling. Hence, DCn is not a 4-product cordial graph if n ≡ 1(mod 4) for n > 3.

Case 3. If n ≡ 2(mod 4) for n > 3, let n = 4t + 2, then |V (DCn)| = 4t + 4 and |E(DCn)| =
12t + 6. Thus, vf (i) = t + 1 (i = 0, 1, 2, 3) and ef (i) = 3t + 1 or 3t + 2 (i = 0, 1, 2, 3). Clearly,

f(v) 6= 0 and f(u) 6= 0. Obviously, vf (0) = t + 1 then ef (0) > 3t + 2 for t ≥ 1. We get a

contradiction to f is a 4-product cordial labeling. Hence, DCn is not a 4-product cordial graph

if n ≡ 2(mod 4) for n > 3.

Case 4. If n ≡ 3(mod 4) for n ≥ 3, let n = 4t + 3, then |V (DCn)| = 4t + 5 and |E(DCn)| =
12t + 9. Thus, vf (i) = t + 1 or t + 2 (i = 0, 1, 2, 3) and ef (i) = 3t + 2 or 3t + 3 (i = 0, 1, 2, 3).

Clearly, f(v) 6= 0 and f(u) 6= 0. If vf (0) = t + 1 or t + 2, then ef (0) > 3t + 3 for t ≥ 0. We

get a contradiction to f is a 4-product cordial labeling. Hence, DCn is not a 4-product cordial

graph if n ≡ 3(mod 4) for n ≥ 3. �
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Theorem 2.3 The double cone DCn is a 5-product cordial graph if and only if n ≡ 1 or 2(mod 5)

for n ≥ 3.

Proof Let the vertex set and the edge set of DCn be V (DCn) = {u, v, vi; 1 ≤ i ≤ n} and

E(DCn) = {(u, vi), (v, vi); 1 ≤ i ≤ n}
⋃
{(vi, vi+1); 1 ≤ i ≤ n− 1}

⋃
{(v1, vn)} respectively. Let

us consider the following five cases.

Define f : V (DCn)→ {0, 1, 2, 3, 4} as follows:

Case 1. If n ≡ 1(mod 5) for n > 3, then f(u) = 3, f(v) = 4, f(vi) = 0 ; 1 ≤ i ≤ bn
5
c.

Subcase 1.1 If n is even, then f(vn−4) = 4, f(vn−3) = 1, f(vn−2) = 2, f(vn−1) = 3,

f(vn) = 1.

Let i =
⌊n

5

⌋
+ j , 1 ≤ j ≤ 4

⌊n
5

⌋
− 4.

f(vi) =


1 if j ≡ 1, 6(mod 8),

4 if j ≡ 2, 5(mod 8),

2 if j ≡ 3, 7(mod 8),

3 if j ≡ 4, 0(mod 8).

From this label we get

vf (0) + 1 = vf (1) = vf (2) + 1 = vf (3) = vf (4) =
⌊n

5

⌋
+ 1.

For n = 6,

ef (0) = ef (1) + 1 = ef (2) + 1 = ef (3) = ef (4) = 3
⌊n

5

⌋
+ 1.

For n > 6,

ef (0) = ef (1) + 1 = ef (2) = ef (3) + 1 = ef (4) = 3
⌊n

5

⌋
+ 1.

Subcase 1.2 If n is odd, let i =
⌊n

5

⌋
+ j , 1 ≤ j ≤ 4

⌊n
5

⌋
+ 1,

f(vi) =


1 if j ≡ 1, 6(mod 8)

4 if j ≡ 2, 5(mod 8)

2 if j ≡ 3, 7(mod 8)

3 if j ≡ 4, 0(mod 8).

Then, we have

vf (0) + 1 = vf (1) = vf (2) + 1 = vf (3) = vf (4) =
⌊n

5

⌋
+ 1,

ef (0) = ef (1) + 1 = ef (2) + 1 = ef (3) = ef (4) = 3
⌊n

5

⌋
+ 1.
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Case 2. If n ≡ 2(mod 5) for n > 3, then f(u) = 3, f(v) = 4, f(vn−1) = 1, f(vn) = 2,

f(vi) = 0 ; 1 ≤ i ≤
⌊
n
5

⌋
− 1 and f(vbn

5 c) = 4, f(vbn
5 c+1) = 1, f(vbn

5 c+2) = 2, f(vbn
5 c+3) = 3,

f(vbn
5 c+4) = 0.

Subcase 2.1 If n is odd, let i =
⌊n

5

⌋
+ 4 + j , 1 ≤ j ≤ 4

⌊n
5

⌋
− 4 and

f(vi) =


1 if j ≡ 1, 6(mod 8),

4 if j ≡ 2, 5(mod 8),

2 if j ≡ 3, 7(mod 8),

3 if j ≡ 4, 0(mod 8).

Subcase 2.2 If n is even, let i =
⌊n

5

⌋
+ 4 + j ; 1 ≤ j ≤ 4

⌊n
5

⌋
− 4,

f(vi) =


4 if j ≡ 1, 6(mod 8),

1 if j ≡ 2, 5(mod 8),

2 if j ≡ 3, 7(mod 8),

3 if j ≡ 4, 0(mod 8).

Then, we have

vf (0) + 1 = vf (1) = vf (2) = vf (3) = vf (4) =
⌊n

5

⌋
+ 1.

For n = 7,

ef (0) + 1 = ef (1) + 1 = ef (2) + 1 = ef (3) = ef (4) + 1 = 3
⌊n

5

⌋
+ 2.

For n > 7,

ef (0) = ef (1) + 1 = ef (2) + 1 = ef (3) + 1 = ef (4) + 1 = 3
⌊n

5

⌋
+ 2.

Case 3. If n ≡ 3(mod 5) for n ≥ 3, let n = 5t + 3, then |V (DCn)| = 5t + 5 and |E(DCn)| =
15t + 9. Thus, vf (i) = t + 1 (i = 0, 1, 2, 3, 4) and ef (i) = 3t + 1 or 3t + 2 (i = 0, 1, 2, 3, 4).

Clearly, f(v) 6= 0 and f(u) 6= 0. If vf (0) = t + 1, then ef (0) > 3t + 2 for t ≥ 0. Hence, DCn is

not a 5-product cordial graph if n ≡ 3(mod 5) for n ≥ 3.

Case 4. If n ≡ 4(mod 5) for n > 3, let n = 5t + 4, then |V (DCn)| = 5t + 6 and |E(DCn)| =
15t+12. Thus, vf (i) = t+1 or t+2 (i = 0, 1, 2, 3, 4) and ef (i) = 3t+2 or 3t+3 (i = 0, 1, 2, 3, 4).

Clearly, f(v) 6= 0 and f(u) 6= 0. If vf (0) = t + 1 or t + 2, then ef (0) > 3t + 3 for t ≥ 0. Hence,

DCn is not a 5-product cordial graph if n ≡ 4(mod 5).

Case 5. If n ≡ 0(mod 5) for n > 3, let n = 5t, then |V (DCn)| = 5t + 2 and |E(DCn)| = 15t.

Thus, vf (i) = t or t + 1 (i = 0, 1, 2, 3, 4) and ef (i) = 3t (i = 0, 1, 2, 3, 4). Clearly, f(v) 6= 0

and f(u) 6= 0. If vf (0) = t or t + 1, then ef (0) > 3t for t > 0. Hence, DCn is not a 5-product

cordial graph if n ≡ 0(mod 5) for n > 3. �
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An example of 5-product cordial labeling of DC12 is shown in Figure 2.

Figure 2. 5-product cordial labeling of DC12

References

[1] V. N. Bhat-Nayak and A. Selvam, Gracefulness of n-cone Cm V Kc
n, Ars Combin., 66

(2003), 283-298.

[2] I. Cahit, Cordial graphs: a weaker version of graceful and harmonious graphs, Ars Combin.,

23 (1987), 201-207.

[3] J. A. Gallian. A dynamic survey of graph labeling, The Electronic Journal of Combina-

torics, 2020.

[4] F. Harary, Graph Theory, Addison-Wesley, Reading, Massachusetts, 1972.

[5] K. Jeya Daisy, R. Santrin Sabibha, P. Jeyanthi and M. Z. Youssef, k-Product cordial

behaviour of union of graphs, Journal of the Indonesian Mathematical Society, Vol. 28,

No. 1 (2022), 1-7.

[6] K. Jeya Daisy, R. Santrin Sabibha, P. Jeyanthi and M. Z. Youssef, k-Product cordial

labeling of fan graphs, TWMS J. App. and Eng. Math., to appear.

[7] K. Jeya Daisy, R. Santrin Sabibha, P. Jeyanthi and M. Z. Youssef, k-Product cordial

labeling of powers of paths, Jordan Journal of Mathematics and Statistics, to appear.

[8] K. Jeya Daisy, R. Santrin Sabibha, P. Jeyanthi and M. Z. Youssef, Further results on

k-product cordial labeling, Preprint.

[9] K. Jeya Daisy, R. Santrin Sabibha, P. Jeyanthi and M. Z. Youssef, k-Product cordial

labeling of Napier bridge graphs, Preprint.

[10] K. Jeya Daisy, R. Santrin Sabibha, P. Jeyanthi and M. Z. Youssef, k-Product cordial

labeling of path graphs, Preprint.

[11] K. Jeya Daisy, R. Santrin Sabibha, P. Jeyanthi and M. Z. Youssef, k-Product cordial

labeling of product of graphs, Preprint.

[12] P. Jeyanthi and A. Maheswari, 3-product cordial labeling, SUT J. Math., 48 (2) (2012),

231-240.

[13] R. Ponraj, M. Sivakumar, and M. Sundaram, On 4-product cordial graphs, Inter. J. Math.



80 K. Jeya Daisy, R. Santrin Sabibha, P. Jeyanthi and Maged Z. Youssef

Archive, 7 (2012), 2809-2814.

[14] R. Ponraj, M. Sivakumar and M. Sundaram, k-product cordial labeling of Graphs, Int. J.

Contemp. Math. Sciences, Vol. 7, No. 15 (2012), 733-742.

[15] A.Rosa, On certain valuations of the vertices of a graph, Theory of Graphs, Internat.

Sympos., ICC Rome (1966), Paris, Dunod, (1967), 349-355.

[16] M. Roswitha, T. S. Martini, and S. A. Nugroho, (a, d) - H-Anti magic total labeling on

double cones graph, ICMETA 2018 IOP Conf. Series: J. Physics: Conf. Series 1306

(2019) 012012, 1-5.

[17] M. Sundaram, R. Ponraj and S. Somasundaram, Product cordial labeling of graphs, Bul-

letin of Pure and Applied Sciences, 23E(1) (2004), 155-163.


