
 

 

 

 

INFINITESIMAL PUNCTURES 

used in Extended Nonstandard 

Florentin Smarandache 

NSIA 
NEUTROSOPHIC SCIENCE  

INTERNATIONAL ASSOCIATION  

PUBLISHING HOUSE 



FLORENTIN SMARANDACHE 

INFINITESIMAL PUNCTURES  

 

Infinitesimally Punctured Physics  

used in Extended Nonstandard Analysis 

 

 

 

 

 

 

 

 

 

The Infinitesimally Punctured Wave (IPW), Infinitesimally 

Punctured Surface (IPSu), Infinitesimally Punctured Space (IPSp), 

Infinitesimally Punctured Manifold (IPM), and in general 

Infinitesimally Punctured Quantum Physics (IPQP) were introduced 

and developed by Florentin Smarandache in 2019 and respectively 

in 2025-2026.  



 

 
Neutrosophic Science International Association (NSIA) 
Publishing House 
https://fs.unm.edu/NSIA/ 
 
Division of Mathematics and Sciences 
University of New Mexico 
705 Gurley Ave., Gallup Campus 
NM 87301, United States of America 
 
University of Guayaquil 
Av. Kennedy and Av. Delta 
“Dr. Salvador Allende” University Campus 
Guayaquil 090514, Ecuador 

 
 

 

 

Peer-Reviewers 

Maikel Leyva-Vázquez 

Universidad de Guayaquil, Guayas, ECUADOR 

maikel.leyvav@ug.edu.ec 

 

Giorgio Nordo 

MIFT - Department of Mathematical and Computer Science,  

Physical Sciences and Earth Sciences,  

Messina University, ITALY 

giorgio.nordo@unime.it 

 

Surapati Pramanik 

Department of Mathematics, Nandalal Ghosh B T College, INDIA 

drspramanik@isns.org.in 

 

RMM Pradeep 

Faculty of Computing, Kothelawala Defence University, Rathmalana, SRI LANKA 

pradeep@kdu.ac.lk 

 

Suriana Alia 

Universiti Teknologi MARA (UiTM) Kelantan, Machang, Kelantan, MALAYSIA 

suria588@kelantan.uitm.edu.my  

 

ISBN: 978-1-59973-865-9 

https://fs.unm.edu/NSIA/
mailto:maikel.leyvav@ug.edu.ec
mailto:giorgio.nordo@unime.it
mailto:drspramanik@isns.org.in
mailto:pradeep@kdu.ac.lk
mailto:suria588@kelantan.uitm.edu.my


 

FLORENTIN SMARANDACHE 

INFINITESIMAL PUNCTURES 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Neutrosophic Science International Association (NSIA) 

Publishing House 
Gallup - Guayaquil 

United States of America – Ecuador 
2026  



 

Acknowledgments 

I wish to express my sincere gratitude to Maikel Leyva-Vázquez and Victor 
Christianto for their insightful feedback and thought-provoking discussions, which 
were instrumental in refining the focus of this research. 

The development of this book was significantly enhanced by an integrated suite of 
advanced AI technologies, each playing a role in the manuscript's evolution: 

• Lumo AI: Facilitated multilingual drafting and the cohesive integration of 
intricate mathematical concepts. 

• SciSpace: Enabled streamlined literature searches and precise citation 
handling. 

• Perplexity: Provided rapid access to foundational definitions and pertinent 
research findings. 

• Elicit: Assisted in the structured formulation of research inquiries and the 
selection of appropriate datasets. 

• Claude 3.5 Sonnet (Anthropic): Supported the detailed drafting of 
mathematical proofs and the optimization of logical structures. 

• Wolfram Alpha: Utilized for rigorous symbolic computation, the validation 
of algebraic formulas, and the creation of technical examples. 

• ChatGPT 5.2: Provided essential support for iterative revisions, linguistic 
polishing, and bibliographic formatting. 

• Gemini: Instrumental in verifying interdisciplinary terminology and refining 
descriptive captions for figures. 

• Figurelabs: Employed to design and generate high-quality scientific diagrams 
and illustrations. 

By combining these innovative platforms, I was able to conduct comprehensive 
literature reviews, ensure the mathematical integrity of the work through rigorous 
validation, and achieve a clear, multilingual narrative that defines the final character 
of this volume. 

 
 
 
 
 
 
 
 

Florentin Smarandache, PhD, PostDocs 
Emeritus Professor 
University of New Mexico 
Mathematics, Physics, and Natural Science Division 
705 Gurley Ave., Gallup, NM 87301, USA 
https://fs.unm.edu/  
smarand@unm.edu  

 

 

https://fs.unm.edu/
mailto:smarand@unm.edu


INFINITESIMALLY PUNCTURED PHYSICS USED IN EXTENDED NONSTANDARD ANALYSIS  

 

Table of Contents 

5 

TABLE OF CONTENTS 

The Infinitesimal Puncture Program ......................................................... 13 
Terminology...................................................................................... 15 
Foreword to Infinitesimally Punctured Physics used in Extended Nonstandard Analysis .... 17 

1. Foundational Overview ................................................................. 17 
1.1 Infinitesimally Punctured Physics (IPP) ......................................... 17 
1.2 Extended Nonstandard Analysis (ENSA) ........................................ 18 

2. Conceptual Bridge Between IPP and ENSA ......................................... 19 
3. Unified Interpretation: Infinitesimal Dualism ....................................... 19 

3.1 Infinitesimal Punctures as Nonstandard Monads .............................. 19 
3.2 Wave Field as MoBiNad Manifold ................................................ 20 

4. Applications and Theoretical Directions ............................................. 20 
4.1 Quantum Mechanics and Neutrosophic Reformulations ..................... 20 
4.2 Extended Electromagnetics and Field Theory ................................. 21 
4.3 Neutrosophic Logic and Nonstandard Computation .......................... 21 
4.4 Geometry and Gravitation ......................................................... 21 
5. Integrated Ontological View ........................................................ 22 

6. Prospective Research Directions ...................................................... 22 
Concluding Vision ........................................................................... 22 

 

Chapter 1 The Formal Mathematical Bridge  Between Infinitesimally Punctured 

Physics  and Extended Nonstandard Analysis .............................................. 23 
1.1 Monads, Binads, and the Formal Meaning of a Puncture ........................ 23 
1.2 MoBiNad Domains as Punctured Continua ........................................ 24 
1.3 Punctured Wave Functions on MoBiNad Structure .............................. 24 
1.4 MoBiNad Differential Operators..................................................... 25 
1.5 Infinitesimally Punctured Wave Dynamics ......................................... 25 
1.6 Neutrosophic Nonstandard State Layer ............................................. 26 
1.7 Example Bridge: Punctured Schrödinger Operator (Preview) ................. 26 
1.8 Chapter Synthesis ....................................................................... 27 



INFINITESIMAL PUNCTURES, 4 

 

Table of Contents 

6 Chapter 2 Worked Examples in Infinitesimally Punctured Physics and Extended 

Nonstandard Analysis ........................................................................... 28 
2.1 The Infinitesimally Punctured Quantum Potential Well ........................ 28 

2.1.1 Standard infinite well............................................................. 28 
2.1.2 Introducing an infinitesimal puncture ......................................... 29 
2.1.3 Puncture boundary condition ................................................... 29 

2.2 Infinitesimally Punctured Electromagnetic Mode ................................ 29 
2.2.1 Standard wave equation.......................................................... 29 
2.2.2 MoBiNad Laplacian replacement............................................... 30 
2.2.3 Physical interpretation ........................................................... 30 

2.3 MoBiNad-Based Scalar Field Quantization ......................................... 30 
2.3.1 Classical scalar Lagrangian....................................................... 30 
2.3.3 Infinitesimal dispersion correction............................................. 31 
2.3.4 Hyperreal mode expansion ..................................................... 31 

2.4 Hyperreal Uncertainty Layer ......................................................... 31 
2.5 Chapter Synthesis ....................................................................... 32 

 

Chapter 3 MoBiNad Perturbation Analysis: The Harmonic Oscillator with an 

Infinitesimal Puncture .......................................................................... 33 
3.1 Standard Harmonic Oscillator ........................................................ 33 
3.2 Introducing the Infinitesimal Puncture .............................................. 34 
3.3 MoBiNad Delta-Wedge Potential .................................................... 34 
3.4 First-Order MoBiNad Perturbation Theory ....................................... 34 
3.5 Infinitesimal Expansion Near the Puncture ........................................ 35 
3.6 Even–Odd Structure of the Correction ............................................. 35 
3.7 Hyperreal Energy Representation ................................................... 36 
3.8 Neutrosophic Interpretation of the Punctured State ............................. 36 
3.9 Geometric Interpretation via MoBiNad Curvature ............................... 36 
3.10 Final Spectrum Table ................................................................. 37 
3.11 Structural Conclusions ............................................................... 37 

 

Chapter 4  Infinitesimally Punctured Schrödinger Geometry ........................... 38 
4.1 Punctured Configuration Space ...................................................... 38 

4.1.1 Standard configuration space ................................................... 38 



INFINITESIMALLY PUNCTURED PHYSICS USED IN EXTENDED NONSTANDARD ANALYSIS  

 

Table of Contents 

7 4.1.2 Infinitesimally punctured manifold ............................................ 38 
4.2 Nonstandard Differential Geometry ................................................ 39 

4.2.1 MoBiNad directional derivative ................................................ 39 
4.2.2 Infinitesimal metric perturbation .............................................. 39 

4.3 MoBiNad Laplacian and Punctured Schrödinger Equation ...................... 39 
4.3.1 MoBiNad Laplacian ............................................................... 39 
4.3.2 Infinitesimally Punctured Schrödinger Equation (IPSE) ................... 39 

4.4 Infinitesimal Curvature Term ........................................................ 40 
4.5 Puncture Density and Effective Geometry ......................................... 40 
4.6 Worked Example: Punctured Gaussian Ground State ........................... 40 
4.7 Neutrosophic Geometric State ....................................................... 41 
4.8 Conceptual Observable Effects ....................................................... 41 
4.9 Toward Field-Theoretic Generalization ............................................ 42 
4.10 Canonical IPSE Structure ............................................................ 42 
4.11 Chapter Synthesis...................................................................... 42 

 

Chapter 5 MoBiNad Quantum Field Geometry (MQFG) ............................... 43 
5.1 From Quantum Mechanics to MoBiNad Field Geometry ....................... 43 
5.3 Geometric Ingredients ................................................................. 44 

5.3.1 Hyperreal metric .................................................................. 44 
5.3.2 Affine connection ................................................................. 44 
5.3.3 Punctured Ricci scalar ........................................................... 44 

5.4 MoBiNad Lagrangian Density ......................................................... 44 
5.5 MoBiNad Action and Euler–Lagrange Equation .................................. 45 

5.5.1 First-order infinitesimal expansion ............................................ 45 
5.6 Example: Weakly Punctured Flat Spacetime ...................................... 45 

5.6.1 Plane-wave solution .............................................................. 46 
5.7 Neutrosophic Field Layer .............................................................. 46 
5.8 Punctured Stress–Energy Tensor .................................................... 46 
5.9 Toward Unification ..................................................................... 47 
5.10 Chapter Synthesis...................................................................... 47 

 

 



INFINITESIMAL PUNCTURES, 4 

 

Table of Contents 

8 Chapter 6 Neutrosophic Gauge Fields and Infinitesimal Symmetries on MoBiNad 

Manifolds.......................................................................................... 48 
6.1 MoBiNad Spacetime Setting and MoBiNad Differentiation ..................... 48 
6.2 Gauge Fields as Hyperreal Connections ............................................ 49 
6.3 Infinitesimally Deformed Gauge Curvature ........................................ 49 
6.4 Gauge Transformations on MoBiNad Manifolds .................................. 49 
6.5 Neutrosophic Gauge Symmetry Triplet ............................................ 50 
6.6 MoBiNad Yang–Mills Lagrangian .................................................... 50 
6.7 Example: 𝑈(1)Gauge Field (Infinitesimally Punctured Electromagnetism) 51 
6.8 Non-Abelian Case and Punctured Curvature ...................................... 51 
6.9 Neutrosophic Parallel Transport and MoBiNad Wilson Loops ................. 51 
6.10 MoBiNad Gauge Equations and Standard-Part Observables ................... 52 
6.11 Applications and Interpretations .................................................... 52 
6.12 Chapter Synthesis...................................................................... 52 

 

Chapter 7 Gauge–Gravitational MoBiNad Action  and Neutrosophic Quantum 

Gravity ............................................................................................ 54 
7.1 Two Sectors on a MoBiNad Base ..................................................... 54 
7.2 MoBiNad Connection and Punctured Curvature ................................. 55 

7.2.1 Nonstandard affine connection ................................................. 55 
7.2.2 MoBiNad Riemann tensor ....................................................... 55 
7.2.3 Punctured scalar curvature expansion ........................................ 55 

7.3 MoBiNad Gauge Curvature on the Same Base ..................................... 55 
7.4 Unified MoBiNad Lagrangian Density .............................................. 55 

7.4.1 Hyperreal cosmological term ................................................... 55 
7.4.2 Unified gauge–gravity Lagrangian ............................................. 56 

7.5 Cross-Coupling Terms from Puncture Microstructure .......................... 56 
7.7 Field Equations by Variation .......................................................... 57 

7.7.1 Variation with respect to the metric .......................................... 57 
7.7.2 Variation with respect to the gauge connection ............................. 57 

7.8 Neutrosophic Interpretation of Unified Gauge–Geometry States ............. 57 
7.9 Weak-Field Expansion and Effective Infinitesimal Terms ....................... 58 
7.10 Physical Implications .................................................................. 58 
7.11 Compact Unified Neutrosophic Quantum Gravity Action .................... 59 
7.12 Chapter Synthesis...................................................................... 59 



INFINITESIMALLY PUNCTURED PHYSICS USED IN EXTENDED NONSTANDARD ANALYSIS  

 

Table of Contents 

9 Chapter 8 Neutrosophic MoBiNad Supersymmetry  and Smarandache Geometrical 

Structures ......................................................................................... 60 
8.1 From MoBiNad Quantum Gravity to Neutrosophic Supersymmetry ......... 60 

8.1.1 MoBiNad superspace ............................................................. 60 
8.1.2 Superfield structure on MoBiNad superspace ............................... 60 

8.2 Neutrosophic MoBiNad Super-Action .............................................. 61 
8.2.1 Gauge–gravity–matter–superfield Lagrangian .............................. 61 
8.2.2 Neutrosophic interpretation of super-coherence ........................... 61 

8.3 Correspondence with Smarandache Geometrical Constructs .................. 61 
8.3.1 Smarandache curves as MoBiNad super-paths ............................... 62 
8.3.2 Smarandache surfaces as MoBiNad sheets .................................... 62 
8.3.3 Smarandache geometries as standard-part limit spaces .................... 63 

8.4 Unified View of Geometry, Physics, and Logic ................................... 63 
8.5 Mathematical Summary: Unified Super-Action and Limit Relations .......... 63 
8.6 Implications and Future Directions .................................................. 64 
8.7 Concluding Unified Picture ........................................................... 64 

 

Chapter 9 Explicit Constructions: Smarandache Curves  and Surfaces in MoBiNad 

Superspace ........................................................................................ 65 
9.1 Setup: A MoBiNad Supercurve on a Punctured Superspace Worldline ...... 65 
9.2 MoBiNad Derivatives Along the Supercurve ...................................... 66 

9.2.1 Tangent supervector ............................................................. 66 
9.2.2 Second derivative and curvature direction ................................... 66 

9.3 MoBiNad Frenet Invariants and the Smarandache Mechanism ................. 66 
9.4 Example 1: A Smarandache Helix in MoBiNad Superspace ..................... 67 

9.4.1 Bosonic helix and fermionic partner .......................................... 67 
9.4.2 MoBiNad derivative of the helix ............................................... 67 
9.4.3 Curvature and torsion with infinitesimal deformation ..................... 67 

9.5 Example 2: A Smarandache Surface Generated  from a MoBiNad Curve .... 68 
9.5.1 MoBiNad surface of revolution ................................................. 68 
9.5.2 First fundamental form coefficients (punctured)............................ 68 
9.5.3 Gaussian curvature as a puncture-sensitive invariant ....................... 68 

9.6 Smarandache Geometry Standard-Part Projection of Punctured Superspace 69 
9.7 Supersymmetric Interpretation of the Alternation ............................... 69 
9.8 Mathematical Summary ................................................................ 69 



INFINITESIMAL PUNCTURES, 4 

 

Table of Contents 

10 Chapter 10 Neutrosophic Differential Geometry Operators on MoBiNad  

Manifolds.......................................................................................... 71 
10.1 MoBiNad Differential Geometry Foundations ................................... 71 

10.1.1 MoBiNad manifold and punctured metric .................................. 71 
10.1.2 Operator-level recovery principle ........................................... 72 

10.2 MoBiNad Christoffel Symbols ...................................................... 72 
10.2.1 MoBiNad covariant derivative and connection coefficients ............. 72 
10.2.2 First-order expansion ........................................................... 72 
10.3.2 MoBiNad Ricci tensor and scalar curvature ................................ 72 

10.4 Connection 1-Forms and Cartan Structure Equations .......................... 73 
10.4.1 MoBiNad torsion 2-form (Cartan I) ......................................... 73 
10.4.2 MoBiNad curvature 2-form (Cartan II) ..................................... 73 

10.5 MoBiNad Gauss–Codazzi for Embedded Surfaces .............................. 74 
10.5.1 First and second fundamental forms ......................................... 74 
10.5.2 MoBiNad Gaussian and mean curvature .................................... 74 
10.5.3 MoBiNad Gauss–Codazzi equations (schematic) .......................... 74 

10.6 Neutrosophic Valence of Differential Operators ................................ 75 
10.7 Worked Example: A Punctured Gaussian Surface .............................. 75 
10.8 MoBiNad–Gauss–Bonnet and a Neutrosophic Euler Characteristic ......... 76 
10.10 Chapter Synthesis .................................................................... 77 

 

Chapter 11 The MoBiNad–Gauss–Bonnet Theorem  and the Neutrosophic Euler 

Characteristic .................................................................................... 78 
11.1 Classical Gauss–Bonnet Theorem .................................................. 78 
11.2 MoBiNad Surfaces and Puncture Density ......................................... 78 
11.3 MoBiNad Curvature 2-Form and Neutrosophic Decomposition ............. 79 
11.4 Neutrosophic Partition of the Surface ............................................. 79 
11.5 Definition: Neutrosophic Euler Characteristic .................................. 80 
11.6 MoBiNad–Gauss–Bonnet Theorem (Neutrosophic Form) .................... 80 

11.6.1 Integral statement ............................................................... 80 
11.6.2 Compact neutrosophic equality .............................................. 80 

11.7 Example: Neutrosophic Sphere with Infinitesimal Punctures ................. 81 
11.8 Smarandache Geometries as Mixed-Curvature Gauss–Bonnet Domains ... 81 
11.9 Differential-Form Dual Expression ................................................ 82 
11.10 Physical Interpretation in Infinitesimally Punctured Quantum Geometry 82 



INFINITESIMALLY PUNCTURED PHYSICS USED IN EXTENDED NONSTANDARD ANALYSIS  

 

Table of Contents 

11 Conclusion ........................................................................................ 84 
1. From Infinitesimals to Geometry ...................................................... 84 
2. MoBiNad Operators as Geometric Generators ..................................... 85 
3. Smarandache Geometry as Standard-Part Projection .............................. 85 
4. Neutrosophic Extension of Topology ................................................. 86 
5. Physical Interpretation: Infinitesimal Determinism  and Quantum Structure. 86 
6. Logical Layer: Neutrosophic Operators .............................................. 86 
7. Hierarchical Synthesis .................................................................... 87 
8. Conceptual Unification .................................................................. 87 

8.1. Mathematical Closure ............................................................. 87 
8.2. Geometric Continuity–Discontinuity Unity .................................. 87 
8.3. Logical–Geometric Correspondence ........................................... 87 
8.4. Topological Quantification of Indeterminacy ................................. 88 

9. Final Statement ........................................................................... 88 
Open Problems and Research Directions  in MoBiNad–Neutrosophic Geometry .. 89 

1. Foundational Problems (ENSA and Operator Theory) ............................ 89 
Problem 1. Rigorous Functional Spaces for MoBiNad Operators ............... 89 
Problem 2. Stability of Infinitesimal Curvature Perturbations ................... 89 
Problem 3. Neutrosophic Operator Algebra ........................................ 89 

2. Differential Geometry Problems ...................................................... 90 
Problem 4. Classification of MoBiNad Surfaces by Curvature Spectrum ...... 90 
Problem 5. MoBiNad Minimal Surfaces .............................................. 90 
Problem 6. MoBiNad Geodesic Completeness ..................................... 90 

3. Topology and Characteristic Class Problems ........................................ 90 
Problem 7. Neutrosophic Chern–Weil Theory .................................... 90 
Problem 8. Hyperreal Cohomology .................................................. 91 
Problem 9. Neutrosophic Index Theorems .......................................... 91 

4. Physical and Gauge–Gravity Problems ............................................... 91 
Problem 10. Quantization of Curvature Oscillations .............................. 91 
Problem 11. Neutrosophic Gauge Symmetry Breaking ........................... 91 
Problem 12. Dark Energy Interpretation ............................................ 92 

5. Smarandache Geometry Problems .................................................... 92 
Problem 13. Emergence Conditions for Smarandache Zones .................... 92 
Problem 14. Smarandache Geodesic Flow........................................... 92 
Problem 15. Smarandache Geometry in Higher Dimensions .................... 92 

6. Information-Theoretic and Logical Problems ....................................... 92 



INFINITESIMAL PUNCTURES, 4 

 

Table of Contents 

12 Problem 16. Neutrosophic Entropy Geometry ..................................... 92 
Problem 17. Logical–Geometric Duality ............................................ 93 

7. Computational and Visualization Problems .......................................... 93 
Problem 18. Simulation of Punctured Curvature Networks ..................... 93 
Problem 19. Discrete MoBiNad Approximation ................................... 93 

8. Grand Unification Question ............................................................ 93 
Problem 20. Is Classical Reality a Standard-Part Projection? .................... 93 

Final Open Direction ........................................................................ 94 
Closing Statement ........................................................................... 94 

 

Selected Bibliography ........................................................................... 95 
Index Terms ...................................................................................... 97 
Appendix A Analytical Background for Infinitesimally Punctured Physics Used In 

Extended Nonstandard Analysis .............................................................. 99 
 

 

 

 



INFINITESIMALLY PUNCTURED PHYSICS USED IN EXTENDED NONSTANDARD ANALYSIS  

 

Preface 

13 

THE INFINITESIMAL PUNCTURE PROGRAM 

Modern physics repeatedly encounters singularities and ultraviolet divergences—whether in 

quantum field theory, black-hole interiors, or the short-distance behaviour of classical wave 

equations. In most textbooks these pathologies are treated as technical nuisances: regulators are 

introduced, renormalisation schemes are applied, or the underlying dynamics are altered in 

ever more elaborate ways. 

The Infinitesimal Puncture Programme asks a different question. Perhaps the problem 

does not lie chiefly in the dynamical laws themselves, but in the geometric ontology on which 

those laws are built. Conventional theory assumes a perfectly smooth spacetime manifold 

populated by point-like particles or fields that are inserted into that manifold. Singularities then 

appear whenever the idealised point-source description clashes with the continuity of the 

background. 

Our proposal inverts this picture. Matter, charge, and even quantum amplitudes are taken to 

be intrinsic geometric defects—measure-zero punctures—woven into the fabric of 

spacetime. These punctures carry the physical attributes that we normally attribute to external 

sources, while the surrounding manifold remains a well-behaved geometric entity. In this view 

spacetime is no longer a passive stage; it is a structured medium whose internal architecture 

encodes everything we call “matter.” 

The series develops this idea step by step: 

Volume Title Core Contribution 

1 Infinitesimally Punctured Geometry  Introduces the mathematics of punctured 
manifolds, measure-theoretic treatment of 
defects, and the extended non-standard 
analysis tools needed to handle 
infinitesimal separations. 

2 Infinitesimally Punctured Physics Derives dynamical equations from a hybrid 
variational principle that treats punctures 
and the surrounding geometry on an equal 
footing, yielding modified field equations 
free of traditional UV infinities. 

3 Infinitesimally Punctured Structures Presents a unified structural framework 
capable of supporting multiple co-existing 
geometric regimes (e.g., smooth regions, 
defect-rich zones, transitional layers) and 
shows how they interlock consistently. 
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Extended Nonstandard Analysis 

Develops the full analytical foundation of 
punctured physics within Extended 
Nonstandard Analysis (ENSA), 
formalizing monads, binads, and hyperreal 
structures as the rigorous substrate of 
infinitesimal geometry. This volume 
establishes the standard-part projection 
framework, demonstrates how classical 
differential operators arise from MoBiNad 
constructions, and connects punctured 
manifolds to neutrosophic logic, 
Smarandache geometries, and hyperreal 
characteristic invariants. It thereby situates 
the entire puncture programme within a 
mathematically consistent nonstandard 
continuum that unifies geometry, 
topology, and physical law. 

5 Infinitesimally Punctured Waves  Applies the puncture paradigm to every 
known wave phenomenon—acoustic, 
elastic, seismic, electromagnetic, 
gravitational, and quantum-mechanical—
demonstrating that each continuous wave 
equation emerges as the dense-limit of a 
simple lattice of infinitesimal punctures. It 
also identifies the novel, testable 
predictions (high-frequency dispersion, 
shock-regularisation, puncture-selection 
during measurement) that arise when the 
puncture spacing is finite. 

Together these volumes articulate a coherent geometric paradigm in which singularities 

are replaced by structure, and physical entities are re-interpreted as manifestations of 

spacetime’s internal organization. By grounding all fields—including waves—in the same 

punctured-geometry language, the programme offers a single conceptual bridge across 

disciplines that have traditionally been treated separately. The hope is that this unified view will 

not only clarify longstanding puzzles (renormalisation, wave-particle duality, the nature of 

spacetime defects) but also inspire concrete experimental searches for the subtle signatures of 

an underlying infinitesimal lattice. 

Note. Some of the ideas presented here have already been (and will continue to be) the subject of scientific 

articles and communications. In this volume, to make the reading easier and accessible beyond a strictly 

academic audience, I have stripped the exposition of citations and references. A bibliography can be found 

at the end of the volume. 
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TERMINOLOGY  

Binad – A directed infinitesimal neighborhood consisting of 
asymmetric left–right monads. In the MoBiNad framework, binads 
encode infinitesimal geometric asymmetry and generate curvature 
sign fluctuations. 
 
Characteristic class (neutrosophic) – A hyperreal extension of 
classical Euler, Chern, or Pontryagin classes whose value 
decomposes into truth, indeterminacy, and falsity components 
under MoBiNad curvature forms. 
 
Christoffel symbol (MoBiNad) – The connection coefficient 

derived from the punctured metric 𝑔𝑀 = 𝑔 + 𝜇(0), containing 
infinitesimal corrections that vanish under standard-part projection. 
 
Extended Nonstandard Analysis (ENSA) – A refinement of 
classical nonstandard analysis incorporating monads, binads, and 
pierced neighborhoods to model structured infinitesimal geometry. 
 
Infinitesimal curvature residue – The hyperreal component 

𝜇𝑅(0) or 𝜇𝐾(0) added to classical curvature tensors, representing 
microscopic puncture-induced oscillations. 
 
Infinitesimally Punctured Physics (IPP) – The programme 
treating spacetime and fields as smooth continua containing 
structured infinitesimal voids whose collective behavior reproduces 
classical laws under projection. 
 

MoBiNad derivative (𝐷𝑀) – A symmetric infinitesimal 
difference operator defined on monadic neighborhoods whose 
standard part equals the classical derivative. 
 

MoBiNad manifold (𝑀𝑀) – A smooth manifold endowed with a 
punctured metric and monadic neighborhood structure allowing 
infinitesimal geometric heterogeneity. 
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from the MoBiNad connection, decomposed as 𝑅𝑀 = 𝑅 + 𝜇𝑅(0). 
 

Monad – The infinitesimal neighborhood 𝜇(𝑥) of a hyperreal point 

𝑥, containing all points differing by an infinitesimal quantity. 
 

Neutrosophic Euler characteristic – The triplet (𝜒𝑇
, 𝜒𝐼

, 𝜒𝐹) 
obtained from integrating MoBiNad Gaussian curvature, extending 
the classical Euler invariant. 
 

Puncture density (𝜌𝑝) – The local hyperreal measure of 
infinitesimal void concentration within a MoBiNad manifold, 
governing curvature oscillations. 
 
Pierced monad – A monadic neighborhood excluding its central 
point, modeling an infinitesimal void embedded in a continuum. 
 
Smarandache geometry – A geometric structure in which 
classical axioms hold in some regions and fail or become 
indeterminate in others; in this framework, it arises as the standard-
part projection of MoBiNad curvature sign alternation. 
 
Standard-part projection (st) – The map from finite hyperreal 
quantities to their real limit, ensuring classical geometry is recovered 
from MoBiNad structures. 
 
Superspace (MoBiNad) – An infinitesimally punctured manifold 
extended by Grassmann coordinates, enabling bosonic–fermionic 
pairing within the neutrosophic geometric framework. 
 
Transfer principle – The foundational property of nonstandard 
analysis ensuring that statements valid in the real numbers extend to 
their hyperreal counterparts. 
 
Wilson loop (MoBiNad) – The parallel-transport integral of a 
punctured connection around an infinitesimal loop, acquiring 
hyperreal phase corrections from monadic asymmetry. 
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FOREWORD TO INFINITESIMALLY PUNCTURED PHYSICS 

USED IN EXTENDED NONSTANDARD ANALYSIS  

This book proposes a unified conceptual and mathematical framework connecting 

Infinitesimally Punctured Physics (IPP) and Extended Nonstandard 

Analysis (ENSA)—two original theoretical constructions introduced by the author 

in 1998 and further developed in 2019. 

Both frameworks arise from a shared philosophical intuition: 

 

Classical physics treats space, time, and fields as smooth continua. Quantum physics, 

in contrast, reveals discrete excitations, probabilistic localization, and structural 

indeterminacy. The apparent incompatibility between these views has persisted for 

over a century. 

IPP and ENSA approach this tension not by privileging discreteness over continuity—

or vice versa—but by refining the very structure of the continuum itself. Through 

infinitesimals, hyperreal extensions, monads, and binads, they construct a layered 

ontology in which continuity and discreteness coexist within an infinitesimally 

structured field. 

This foreword outlines the conceptual bridges, mathematical correspondences, and 

philosophical implications that justify the integration of these two systems into a 

coherent vision of physical and logical reality. 

1. Foundational Overview 

1.1 Infinitesimally Punctured Physics (IPP) 

Infinitesimally Punctured Physics was introduced to provide a geometrically intuitive 

model of wave–particle duality. Instead of treating particles as foreign insertions into 

a smooth wave field, IPP reinterprets them as infinitesimal punctures within 

waves. 

Reality is neither purely continuous nor purely discrete, 
but infinitesimally punctured. 
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• Continuous at the macroscopic level 

• Interrupted at infinitesimal scales 

• Structured by localized micro-discontinuities 

Each puncture represents a corpuscular aspect embedded within an otherwise 

continuous field. Thus: 

• Wave continuity corresponds to classical field description. 

• Particle discreteness emerges as infinitesimal puncture 

concentration. 

• Quantum excitation becomes a geometric modulation rather 

than an ontological rupture. 

In this framework, the corpuscle is not an independent object but a limiting 

concentration of punctures within the field. The continuum is preserved—but 

refined. 

IPP therefore provides what I described as a corpuscular 

visualization of quantum effects: a hybrid ontology in which 

fields and particles are dual manifestations of an infinitesimally 

structured geometry. 

1.2 Extended Nonstandard Analysis (ENSA) 

Extended Nonstandard Analysis builds upon Abraham Robinson’s nonstandard 

analysis by refining the internal structure of infinitesimal neighborhoods. 

ENSA introduces new fundamental constructs: 

• Left monad closed to the right: ((-\varepsilon, a]) 

• Right monad closed to the left: ([a, +\varepsilon)) 

• Pierced binad: infinitesimal neighborhood excluding the central point 

• Unpierced binad: infinitesimal neighborhood including the central point 

• MoBiNad set: unified structure of monads and binads 

These refinements produce a continuum more granular than the classical real line and 

richer than Robinson’s hyperreal extension. 

ENSA enables: 



INFINITESIMALLY PUNCTURED PHYSICS USED IN EXTENDED NONSTANDARD ANALYSIS  

 

Foreword 

19 
• Nonstandard neutrosophic logic 

• Infinitesimal probability modeling 

• Extended arithmetic with infinitesimal and infinite elements 

• Refined topologies capable of modeling ontological gradation 

Where standard analysis treats a real number as a point, ENSA treats it as a structured 

infinitesimal neighborhood. 

2. Conceptual Bridge Between IPP and ENSA 

The parallels between IPP and ENSA are structural and profound: 

Infinitesimally Punctured Physics Extended Nonstandard Analysis 

Physical space punctured by infinitesimals Mathematical continua extended with binads 

Wave–particle duality via micro-

discontinuities 

Duality of standard and nonstandard points 

Corpuscular aspects as punctures Monad/binad neighborhood structures 

Continuous field with discrete 

interruptions 

Real line with structured infinitesimal 

granularity 

Particle as puncture concentration Standard number as monad center 

Hence: 

 

Both replace the rigid classical continuum with an infinitesimally punctured 

continuum, reconciling discreteness and continuity through structural refinement 

rather than opposition. 

3. Unified Interpretation: Infinitesimal Dualism 

3.1 Infinitesimal Punctures as Nonstandard Monads 

Within ENSA, a monad represents the infinitesimal neighborhood of a real number. 

In IPP, a puncture represents a localized micro-discontinuity within a wave field. 

The correspondence becomes clear: 

• A single physical puncture ↔ a pierced monad 

IPP is to physical structure what ENSA is to mathematical 
structure. 
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• A localized quantum excitation ↔ a structured infinitesimal neighborhood 

Thus we may write symbolically: 

Physical Puncture (IPP)   ⟷   Pierced/Unpierced Binad (ENSA) 

This duality provides a formal embedding of IPP inside ENSA. 

3.2 Wave Field as MoBiNad Manifold 

The punctured wave field may be modeled over a MoBiNad manifold—a 

topological space constructed from: 

• Left monads 

• Right monads 

• Pierced binads 

• Unpierced binads 

Such a manifold supports: 

• Continuous macroscopic propagation 

• Infinitesimal localized punctures 

• Hybrid particle–wave evolution 

The result is a nonstandard geometric structure capable of expressing both smoothness 

and micro-granularity simultaneously. 

4. Applications and Theoretical Directions 

4.1 Quantum Mechanics and Neutrosophic Reformulations 

In a nonstandard neutrosophic framework, quantum uncertainty need not be 

interpreted purely probabilistically. 

Position may be expressed as: 

𝑥 = 𝑥0 + monad(𝑥0) 

Here the monad encodes infinitesimal dispersion rather than statistical ignorance. 
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dimensional point. The Heisenberg uncertainty principle may thus reflect structural 

infinitesimal dispersion rather than mere measurement limitation. 

4.2 Extended Electromagnetics and Field Theory 

Rewriting Maxwell-type equations over binadic differential operators may allow: 

• Modeling microscopic field discontinuities 

• Describing electron-like puncture structures 

• Formalizing nonlinear electrodynamics in punctured continua 

The field remains continuous at macro scale yet structured at infinitesimal scale. 

4.3 Neutrosophic Logic and Nonstandard Computation 

ENSA supports extended neutrosophic logic within the nonstandard unit interval: 

]−0, 1+[ 

Truth, indeterminacy, and falsehood may assume infinitesimally refined values. 

This permits: 

• Simulation of physical indeterminacy as infinitesimal oscillation 

• Nano-scale uncertainty modeling 

• Quantum-inspired AI architectures 

Logical structure and physical structure converge. 

4.4 Geometry and Gravitation 

At Planck scales, spacetime may resemble a punctured manifold rather than a smooth 

differentiable surface. 

IPP combined with ENSA suggests: 

• Modeling quantum foam via infinitesimal punctures 

• Constructing MoBiNad-based metrics 

• Representing curvature as structured infinitesimal distortion 

Such an approach aligns with certain noncommutative and quantum gravity programs 

while preserving geometric intuition. 
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Aspect IPP ENSA Unified View 

Ontological 

Level 

Physical Reality Mathematical 

Structure 

Physico-Mathematical 

Ontology 

Elementary 

Entity 

Infinitesimal 

Puncture 

Monad / Binad Infinitesimal Dual 

Simplex 

Domain Quantum 

Microstructure 

Hyperreal 

Continuum 

Infinitesimal Geometry 

Interpretation Corpuscular Field 

Duality 

Extended 

Continuum 

Unified Punctured 

Continuum 

Application Wave–Particle 

Duality 

Logic and 

Structure 

Neutrosophic 

Quantum Physics 

 

6. Prospective Research Directions 

This work opens multiple avenues: 

1. Formal embedding of IPP differential equations within MoBiNad topology. 

2. Construction of generalized infinitesimal derivatives across pierced binads. 

3. Neutrosophic reformulation of quantum state vectors using hyperreal 

amplitudes. 

4. Field quantization modeled as puncture-density accumulation. 

5. Cosmological extension: spacetime as a nonstandard neutrosophic manifold 

structured by infinitesimal punctures representing quantum gravitational 

fluctuations. 

Concluding Vision 

Infinitesimally Punctured Physics and Extended Nonstandard Analysis converge 

toward a new philosophical and mathematical stance: 

 

The purpose of this book is to develop this thesis rigorously—mathematically, 

physically, and logically—demonstrating that infinitesimal structure is not merely a 

technical refinement, but a fundamental ontological principle. 

 

Continuity is structured. Discreteness is infinitesimal. 
Reality is punctured. 
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CHAPTER 1 

THE FORMAL MATHEMATICAL BRIDGE  

BETWEEN INFINITESIMALLY PUNCTURED PHYSICS  

AND EXTENDED NONSTANDARD ANALYSIS  

This chapter builds the formal bridge between Infinitesimally Punctured Physics 

(IPP) and Extended Nonstandard Analysis (ENSA) by  

(i) identifying the precise ENSA object that corresponds to an IPP 

puncture,  

(ii) defining MoBiNad domains as punctured continua, and 

(iii) introducing MoBiNad differential operators suitable for wave and 

quantum equations on such domains. 

1.1 Monads, Binads, and the Formal Meaning of a Puncture 

Let 𝑎 ∈ ℝ. In nonstandard analysis, the monad of 𝑎 is the set of hyperreals 

infinitesimally close to 𝑎: 

𝜇(𝑎) = {𝑥 ∈∗ ℝ ∣ 𝑥 ≈ 𝑎}.                (IV.1) 

Infinitesimal closeness is defined by: 

𝑥 ≈ 𝑎   ⟺   𝑥 − 𝑎 ∈ 𝜇(0).                (IV.2) 

ENSA refines infinitesimal neighborhoods into directional and punctured forms. In 

particular, using a positive infinitesimal 𝜀 ∈ 𝜇(0), one introduces: 

(−𝜀, 𝑎](left monad closed to the right), (IV.3) 

[𝑎, +𝜀)(right monad closed to the left). (IV.4) 

ENSA also uses binads, which combine left and right infinitesimal neighborhoods. 

Two key variants are: 

[𝑎 − 𝜀, 𝑎 + 𝜀](unpierced binad),             (IV.5) 

(𝑎 − 𝜀, 𝑎) ∪ (𝑎, 𝑎 + 𝜀)(pierced binad). (IV.6) 
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In IPP, a puncture at 𝑎is a “hole” (corpuscular locus) inside an otherwise continuous 

wave/field structure. In ENSA, the clean mathematical analogue is exactly the pierced 

infinitesimal neighborhood excluding the center. We therefore adopt the working 

identification: 

Infinitesimal puncture at 𝑎   ⟺   𝜇𝑝(𝑎): = (𝑎 − 𝜀, 𝑎) ∪ (𝑎, 𝑎 + 𝜀). (IV.7) 

This correspondence formalizes the IPP idea: the field/wave is continuous on the 

infinitesimal neighborhood, while the corpuscular element is encoded by the excluded 

point. 

1.2 MoBiNad Domains as Punctured Continua 

ENSA organizes these infinitesimal neighborhoods into a unified structure commonly 

described as a MoBiNad set (monads + binads). A convenient formal abstraction is: 

MoBiNad(ℝ) = ℝ   ∪   {monads}   ∪   {binads}. (IV.8) 

For any 𝑥0 ∈ ℝ, a MoBiNad-local coordinate is represented as: 

𝑥 = 𝑥0 + 𝛿, 𝛿 ∈ (−𝜀, +𝜀). (IV.9) 

If 𝒫 ⊂ ℝ denotes a (finite or hyperfinite) puncture set, then a punctured 

physical/mathematical continuum is modeled as: 

ℝ ∖ 𝒫. (IV.10) 

In IPP language: dynamics are smooth “almost everywhere,” while punctures 

represent corpuscular sites (micro-discontinuities) embedded inside the continuum. 

1.3 Punctured Wave Functions on MoBiNad Structure 

Let an IPP “infinitesimally punctured wave” be expressed in standard amplitude–phase 

form: 

Ψ(𝑥) = 𝐴(𝑥)𝑒𝑖𝜙(𝑥). (IV.11) 

In the punctured setting, we allow Ψ to be undefined (or excluded) at puncture 

centers, while remaining continuous on monadic/binadic neighborhoods around 

them. A concise MoBiNad locality statement is: 

Ψ(𝑥0 + 𝛿) is defined for 𝛿 ∈ (−𝜀, +𝜀) ∖ {0},with 𝑥0 ∈ 𝒫. (IV.12) 
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neighborhood), not a macroscopic discontinuity. 

1.4 MoBiNad Differential Operators 

To formulate physics on punctured continua, we need derivatives compatible with 

left/right infinitesimal structure. 

1.4.1 MoBiNad derivative 

Let 𝑓: ℝ →∗ ℝ. Define the MoBiNad derivative at 𝑎 ∈ ℝ by: 

𝐷𝑀𝑓(𝑎) = st (
𝑓(𝑎 + 𝜀+) − 𝑓(𝑎 − 𝜀−)

𝜀+ + 𝜀−

) , (IV.13) 

where 𝜀+, 𝜀− ∈ 𝜇(0) are right/left infinitesimals and st:∗ ℝ → ℝ is the standard-

part map. 

This operator reduces to the usual NSA derivative in the symmetric case 𝜀+ = 𝜀−, 

and it retains directional sensitivity when punctures induce asymmetric micro-

structure. 

1.4.2 MoBiNad Laplacian (schematic 1D form) 

For wave/field equations, a second-order operator is needed. A convenient MoBiNad 

second-difference form (in one dimension) is: 

𝐷𝑀
2 Ψ(𝑥) = st (

Ψ(𝑥 + 𝜀+) + Ψ(𝑥 − 𝜀−) − 2Ψ(𝑥)

(𝜀++𝜀−)2 ) , (IV.14) 

valid on puncture-free locations 𝑥 ∈ ℝ ∖ 𝒫 (or interpreted on monadic/binadic 

traces when 𝑥 is a puncture center). 

1.5 Infinitesimally Punctured Wave Dynamics 

Start from the classical wave equation: 

∂2Ψ

∂𝑡2
= 𝑐2∇2Ψ. (IV.15) 

On a MoBiNad/punctured continuum, replace ∇2 with a MoBiNad Laplacian ∇𝑀
2  

(componentwise generalization of (IV.14)), yielding: 

∂2Ψ

∂𝑡2
= 𝑐2∇𝑀

2 Ψ, 𝑥 ∈ ℝ ∖ 𝒫. (IV.16) 



INFINITESIMAL PUNCTURES, 4 

 

Chapter 1: The Formal Mathematical Bridge Between Infinitesimally Punctured Physics and Extended Nonstandard Analysis 

26 Physical reading: continuous wave propagation holds on puncture-free regions, 

while corpuscular behavior is encoded at puncture centers where the classical 

differential structure is replaced by pierced monadic/binadic structure. 

1.6 Neutrosophic Nonstandard State Layer 

In ENSA-based nonstandard neutrosophic logic, a physical state may be represented 

by a triplet: 

𝑆 = (𝑇, 𝐼, 𝐹), (IV.17) 

with components taking values in the extended (nonstandard) unit interval: 

𝑇, 𝐼, 𝐹 ∈]−0, 1+[. (IV.18) 

An “almost purely wave” punctured state can be modeled schematically by: 

𝑇 = 1−, 𝐹 = 0+, 𝐼 = 𝜀, 𝜀 ∈ 𝜇(0+). (IV.19) 

This provides a logical/ontological companion to the punctured-wave picture: the 

puncture contributes an infinitesimal particle-residue and an infinitesimal 

indeterminacy halo without destroying the standard macroscopic wave character. 

1.7 Example Bridge: Punctured Schrödinger Operator (Preview) 

To connect directly to quantum mechanics, the standard stationary Schrödinger 

equation is: 

−
ℏ2

2𝑚

𝑑2Ψ

𝑑𝑥2
+ 𝑉(𝑥)Ψ = 𝐸Ψ. (IV.20) 

On MoBiNad domains, the puncture-compatible replacement is: 

−
ℏ2

2𝑚
𝐷𝑀

2 Ψ + 𝑉(𝑥)Ψ = 𝐸Ψ, 𝑥 ∈ ℝ ∖ 𝒫. (IV.21) 

This chapter does not yet solve specific systems; it establishes the formal operator 

framework that Chapters 2–3 will use for explicit models and perturbation analysis. 
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1.8 Chapter Synthesis 

The IPP–ENSA bridge can be summarized by the following core identifications: 

• The IPP puncture is formalized as a pierced binad (pierced monadic 

neighborhood) (IV.7). 

• The punctured continuum is represented as ℝ ∖ 𝒫 embedded into 

MoBiNad(ℝ) via infinitesimal coordinates (IV.8)–(IV.10). 

• MoBiNad derivatives 𝐷𝑀  and 𝐷𝑀
2  provide puncture-compatible calculus 

(IV.13)–(IV.14). 

• Standard wave/quantum equations lift to punctured domains by replacing 

classical operators with MoBiNad operators (IV.16), (IV.21). 

• Neutrosophic nonstandard states supply a parallel logical encoding of 

infinitesimal puncture-induced residues (IV.17)–(IV.19). 
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CHAPTER 2 

WORKED EXAMPLES IN INFINITESIMALLY PUNCTURED 

PHYSICS AND EXTENDED NONSTANDARD ANALYSIS 

In Chapter 1 we constructed the formal bridge between Infinitesimally 

Punctured Physics (IPP) and Extended Nonstandard Analysis (ENSA), 

introducing punctures as pierced binads and defining MoBiNad differential operators 

(IV.13)–(IV.14). 

We now move from structure to explicit worked examples, 

showing how infinitesimal punctures produce hyperreal corrections 

while preserving standard physics through the standard-part 

projection. 

2.1 The Infinitesimally Punctured Quantum Potential Well 

2.1.1 Standard infinite well 

Consider the one-dimensional infinite square well: 

𝑉(𝑥) = {
0, 0 < 𝑥 < 𝐿,
∞, otherwise.

(IV.22) 

The stationary Schrödinger equation is: 

−
ℏ2

2𝑚

𝑑2Ψ

𝑑𝑥2
= 𝐸Ψ. (IV.23) 

Boundary conditions: 

Ψ(0) = Ψ(𝐿) = 0. (IV.24) 

Standard normalized eigenfunctions: 

Ψ𝑛(𝑥) = √
2

𝐿
sin (

𝑛𝜋𝑥

𝐿
) , (IV.25) 

with energies: 

𝐸𝑛 =
𝑛2𝜋2ℏ2

2𝑚𝐿2
, 𝑛 = 1,2, … (IV.26) 
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29 2.1.2 Introducing an infinitesimal puncture 

Let 𝑎 ∈ (0, 𝐿) be a puncture location. 

In ENSA, this corresponds to the pierced monad: 

𝜇𝑝(𝑎) = (𝑎 − 𝜀, 𝑎) ∪ (𝑎, 𝑎 + 𝜀), 𝜀 ∈ 𝜇(0). (IV.27) 

The domain splits into two MoBiNad-continuous segments: 

(0, 𝑎−) ∪ (𝑎+, 𝐿). (IV.28) 

On each segment, the Schrödinger equation becomes: 

−
ℏ2

2𝑚
𝐷𝑀

2 Ψ = 𝐸Ψ, 𝑥 ∈ (0, 𝑎−) ∪ (𝑎+, 𝐿), (IV.29) 

where 𝐷𝑀
2  is the MoBiNad operator defined in (IV.14). 

2.1.3 Puncture boundary condition 

We impose an infinitesimal jump law: 

Ψ(𝑎+) − Ψ(𝑎−) = 𝜀1Ψ′(𝑎) + 𝜂Ψ(𝑎), (IV.30) 

with 𝜀1, 𝜂 ∈ 𝜇(0). 

Solving to first order yields hyperreal energies: 

𝐸𝑛
′ = 𝐸𝑛 (1 −

2𝜂

𝐿
+ 𝑂(𝜀1

2)) . (IV.31) 

Thus: 

𝐸𝑛
′ = 𝐸𝑛 + 𝛿𝐸𝑛 , 𝛿𝐸𝑛 ∈ 𝜇(0). (IV.32) 

Interpretation: 

The well remains spectrally identical at standard level: 

st(𝐸𝑛
′ ) = 𝐸𝑛 , (IV.33) 

while the puncture introduces infinitesimal hyperreal splitting. 

2.2 Infinitesimally Punctured Electromagnetic Mode 

2.2.1 Standard wave equation 

In vacuum, Maxwell’s equations imply: 

∇2𝐄 −
1

𝑐2

∂2𝐄

∂𝑡2
= 0. (IV.34) 
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Replace the Laplacian with the MoBiNad operator: 

∇𝑀
2 𝐄(𝐫) = st (

𝐄(𝐫 + 𝜀+) + 𝐄(𝐫 − 𝜀−) − 2𝐄(𝐫)

(𝜀++𝜀−)2 ) . (IV.35) 

The punctured Maxwell equation becomes: 

∇𝑀
2 𝐄 −

1

𝑐2

∂2𝐄

∂𝑡2
= ∑

𝐄(𝐫𝑝)

𝜇𝑝(0)
𝑝

. (IV.36) 

Here each puncture 𝐫𝑝 acts as an infinitesimal micro-source. 

2.2.3 Physical interpretation 

Macroscopic averaging over many punctures yields effective nonlinear corrections: 

∇2𝐄 −
1

𝑐2

∂2𝐄

∂𝑡2
= 𝛼eff ∣ 𝐄 ∣2 𝐄 + 𝑂(𝜇(0)), (IV.37) 

where 𝛼eff emerges from puncture density. 

Thus nonlinear electrodynamics may arise from infinitesimal microstructure. 

2.3 MoBiNad-Based Scalar Field Quantization 

2.3.1 Classical scalar Lagrangian 

Consider a scalar field 𝜙(𝑥, 𝑡): 

ℒ =
1

2
(∂𝑡𝜙)2 −

1

2
(∇𝜙)2 − 𝑉(𝜙). (IV.38) 

2.3.2 MoBiNad replacement 

Replace derivatives by MoBiNad operators: 

ℒ𝑀 =
1

2
(𝐷𝑀,𝑡𝜙)2 −

1

2
(𝐷𝑀,𝑥𝜙)2 − 𝑉(𝜙). (IV.39) 

Euler–Lagrange equation: 

𝐷𝑀,𝑡
2 𝜙 − 𝐷𝑀,𝑥

2 𝜙 + 𝑉′(𝜙) = 0. (IV.40) 
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Expanding 𝐷𝑀,𝑥
2 to first order: 

𝐷𝑀,𝑥
2 𝜙 =

∂2𝜙

∂𝑥2
+ 𝜆(𝜀+ − 𝜀−)

∂3𝜙

∂𝑥3
+ 𝑂(𝜀2). (IV.41) 

Thus: 

∂2𝜙

∂𝑡2
−

∂2𝜙

∂𝑥2
= 𝜆(𝜀+ − 𝜀−)

∂3𝜙

∂𝑥3
. (IV.42) 

The third derivative term represents infinitesimal nonlocal dispersion. 

2.3.4 Hyperreal mode expansion 

Quantize via hyperreal Fourier modes: 

𝜙(𝑥, 𝑡) = ∑(𝑎𝑘𝑒𝑖(𝑘𝑥−𝜔𝑘𝑡) + 𝑎𝑘
†𝑒−𝑖(𝑘𝑥−𝜔𝑘𝑡))

𝑘

. (IV.43) 

Dispersion relation becomes: 

𝜔𝑘 = 𝑐 ∣ 𝑘 ∣ (1 + 𝜇𝑘(0)). (IV.44) 

Canonical commutation acquires infinitesimal residue: 

[𝑎𝑘 , 𝑎𝑘
†] = 1 + 𝜇(0). (IV.45) 

2.4 Hyperreal Uncertainty Layer 

The Heisenberg relation receives an infinitesimal geometric correction: 

(Δ𝑥)2(Δ𝑝)2 ≥
ℏ2

4
(1 + 𝜉), 𝜉 ∈ 𝜇(0). (IV.46) 

Thus uncertainty reflects infinitesimal punctured geometry, not purely statistical 

limitation. 
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Across all three systems, a consistent structural pattern emerges: 

1. Replace classical derivatives with MoBiNad operators (IV.29), (IV.35), 

(IV.40). 

2. Hyperreal corrections appear at order 𝜇(0): (IV.32), (IV.44), (IV.45). 

3. Observable predictions are recovered by standard part extraction: (IV.33). 

Hence: 

IPP–ENSA theory = Standard theory + 𝜇(0)-structure. (IV.47) 
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CHAPTER 3 

MOBINAD PERTURBATION ANALYSIS: THE HARMONIC 

OSCILLATOR WITH AN INFINITESIMAL PUNCTURE 

In Chapter 2 we introduced explicit punctured models and observed a universal 

structural rule: 

IPP–ENSA theory = Standard theory + 𝜇(0)-structure. (IV.47) 

We now perform a fully worked infinitesimal perturbation analysis for a 

canonical quantum system: 

 

3.1 Standard Harmonic Oscillator 

The time-independent Schrödinger equation is: 

−
ℏ2

2𝑚

𝑑2Ψ

𝑑𝑥2
+

1

2
𝑚𝜔2𝑥2Ψ = 𝐸Ψ. (IV.48) 

Standard energy eigenvalues: 

𝐸𝑛
(0)

= ℏ𝜔 (𝑛+
1
2

) , 𝑛 = 0,1,2, … (IV.49) 

Normalized eigenfunctions: 

Ψ𝑛(𝑥) = 𝑁𝑛𝐻𝑛(𝛼𝑥)𝑒−
1
2

𝛼2𝑥2
, 𝛼 = √

𝑚𝜔

ℏ
. (IV.50) 

Parity property: 

Ψ𝑛(−𝑥) = (−1)𝑛Ψ𝑛(𝑥). (IV.51) 

Thus: 

Ψ𝑛(0) = 0 for odd 𝑛, Ψ𝑛(0) ≠ 0 for even 𝑛. (IV.52) 

The harmonic oscillator with a puncture at the origin. 
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34 3.2 Introducing the Infinitesimal Puncture 

We introduce a puncture at: 

𝑥 = 0. (IV.53) 

In ENSA terms this corresponds to the pierced monad: 

 
The wavefunction is defined on: 

ℝ ∖ {0}. (IV.55) 

Left/right traces may differ infinitesimally: 

Ψ(0+) − Ψ(0−) ∈ 𝜇(0), (IV.56) 

Ψ′(0+) − Ψ′(0−) ∈ 𝜇(0). (IV.57) 

3.3 MoBiNad Delta-Wedge Potential 

Instead of a Dirac delta, we introduce a MoBiNad wedge: 

𝛿𝑀(𝑥) = {
1

2𝜀
, ∣ 𝑥 ∣< 𝜀,

0, otherwise.
(IV.58) 

Normalization: 

∫ 𝛿𝑀

+∞

−∞

(𝑥) 𝑑𝑥 = ∫
1

2𝜀

+𝜀

−𝜀

 𝑑𝑥 = 1. (IV.59) 

The punctured potential becomes: 

𝑉(𝑥) =
1

2
𝑚𝜔2𝑥2 + 𝑉0 𝛿𝑀(𝑥), 𝑉0 ∈ 𝜇(0+). (IV.60) 

Thus the Hamiltonian splits: 

𝐻 = 𝐻0 + 𝐻′, 𝐻′ = 𝑉0𝛿𝑀(𝑥). (IV.61) 

3.4 First-Order MoBiNad Perturbation Theory 

The first-order energy correction is: 

𝐸𝑛
(1)

= ⟨Ψ𝑛 ∣ 𝐻′ ∣ Ψ𝑛⟩. (IV.62) 
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35 Substituting (IV.61): 

𝐸𝑛
(1)

= 𝑉0 ∫
∣ Ψ𝑛(𝑥) ∣2

2𝜀

+𝜀

−𝜀

 𝑑𝑥. (IV.63) 

3.5 Infinitesimal Expansion Near the Puncture 

Expand near 𝑥 = 0: 

∣ Ψ𝑛(𝑥) ∣2=∣ Ψ𝑛(0) ∣2+ 𝑂(𝑥2). (IV.64) 

Then: 

∫ ∣
+𝜀

−𝜀

Ψ𝑛(𝑥) ∣2 𝑑𝑥 = 2𝜀 ∣ Ψ𝑛(0) ∣2+ 𝑂(𝜀3). (IV.65) 

Substituting into (IV.63): 

𝐸𝑛
(1)

= 𝑉0 ∣ Ψ𝑛(0) ∣2+ 𝑂(𝑉0𝜀2). (IV.66) 

Since both 𝑉0 and 𝜀 are infinitesimal: 

𝐸𝑛
(1)

∈ 𝜇(0). (IV.67) 

3.6 Even–Odd Structure of the Correction 

Using (IV.52): 

For odd 𝑛: 

𝐸2𝑘+1
(1)

= 0. (IV.68) 

For even 𝑛 = 2𝑘: 

𝐸2𝑘
(1)

= 𝑉0 ∣ Ψ2𝑘(0) ∣2∈ 𝜇(0). (IV.69) 

Thus the punctured energies are: 

𝐸𝑛
′ = 𝐸𝑛

(0)
+ 𝛿𝐸𝑛 , (IV.70) 

with: 

𝛿𝐸2𝑘 = 𝑉0 ∣ Ψ2𝑘(0) ∣2, 𝛿𝐸2𝑘+1 = 0. (IV.71) 
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36 3.7 Hyperreal Energy Representation 

We may express the corrected spectrum multiplicatively: 

𝐸𝑛
′ = 𝐸𝑛

(0)(1 + 𝜇𝑛(0)), (IV.72) 

where: 

𝜇𝑛(0) =
𝑉0

𝐸𝑛
(0)

∣ Ψ𝑛(0) ∣2∈ 𝜇(0). (IV.73) 

The observable energy is the standard part: 

st(𝐸𝑛
′ ) = 𝐸𝑛

(0)
. (IV.74) 

Thus the puncture modifies energy only hyperreally; standard spectral structure 

remains intact. 

3.8 Neutrosophic Interpretation of the Punctured State 

Each eigenstate may be represented as: 

𝑆𝑛 = (𝑇𝑛, 𝐼𝑛 , 𝐹𝑛), (IV.75) 

with: 

𝑇𝑛 = 1−∣ 𝜇𝑛(0) ∣, (IV.76) 

𝐹𝑛 =∣ 𝜇𝑛(0) ∣,         (IV.77) 

𝐼𝑛 ∈ 𝜇(0+).              (IV.78) 

Thus: 

• Even states gain infinitesimal corpuscular content. 

• Odd states remain purely wave-like at first order. 

3.9 Geometric Interpretation via MoBiNad Curvature 

Using the MoBiNad second derivative (IV.14), curvature near the puncture can be 

written: 

𝐷𝑀
2 Ψ(0) =

Ψ(𝜀+) + Ψ(−𝜀−) − 2Ψ♯(0)

(𝜀++𝜀−)2 ∣st. (IV.79) 

The puncture modifies curvature infinitesimally, producing the energy shift in 

(IV.71). Hence energy correction arises from infinitesimal curvature distortion 

localized in the pierced monad. 
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37 3.10 Final Spectrum Table 

Even levels: 

𝐸2𝑘
′ = 𝐸2𝑘

(0)
+ 𝑉0 ∣ Ψ2𝑘(0) ∣2. (IV.80) 

Odd levels: 

𝐸2𝑘+1
′ = 𝐸2𝑘+1

(0)
. (IV.81) 

Observable spectrum: 

st(𝐸𝑛
′ ) = ℏ𝜔 (𝑛+

1
2

) . (IV.82) 

3.11 Structural Conclusions 

The Infinitesimally Punctured Harmonic Oscillator reveals: 

1. A puncture is modeled as a hyperreal localized wedge (IV.58). 

2. Energy corrections are infinitesimal (IV.71). 

3. Observable quantities arise via standard-part extraction (IV.74). 

4. Even–odd asymmetry emerges solely from puncture geometry. 

Thus the oscillator demonstrates the central thesis of the book: 

Observable Physics = st(Hyperreal Punctured Physics). (IV.83) 
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CHAPTER 4  

INFINITESIMALLY PUNCTURED SCHRÖDINGER GEOMETRY 

We now ascend from punctured quantum systems to a deeper structural level: 

 

In this chapter, quantum dynamics and geometry merge within the framework of 

Extended Nonstandard Analysis (ENSA). The differential operators, the metric 

structure, and even curvature acquire infinitesimal monadic/binadic structure. 

4.1 Punctured Configuration Space 

4.1.1 Standard configuration space 

Ordinary quantum mechanics assumes a smooth configuration space: 

𝑥 ∈ ℝ3, 𝑔𝜇𝜈(𝑥) = 𝜂𝜇𝜈 , (IV.84) 

where 𝜂𝜇𝜈  denotes the Euclidean (or Minkowski) metric. 

The manifold is assumed: 

• continuous, 

• differentiable everywhere, 

• free of intrinsic micro-discontinuities. 

4.1.2 Infinitesimally punctured manifold 

In IPP–ENSA, configuration space becomes a MoBiNad manifold: 

𝑀MoBiNad = (ℝ3, 𝜇(ℝ3)). (IV.85) 

Each point 𝑥possesses a monadic neighborhood, and certain points carry punctures: 

𝜇𝑝(𝑥0) = (𝑥0 − 𝜀, 𝑥0) ∪ (𝑥0, 𝑥0 + 𝜀), 𝜀 ∈ 𝜇(0). (IV.86) 

Thus space is no longer globally smooth; it is infinitesimally perforated. 

the geometry of configuration space itself becomes 
infinitesimally punctured. 
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39 4.2 Nonstandard Differential Geometry 

Let 

𝑓: 𝑀MoBiNad →∗ ℂ (IV.87) 

be a hyperreal-valued wavefield. 

4.2.1 MoBiNad directional derivative 

Define the directional MoBiNad derivative: 

𝐷𝑀,𝜇𝑓(𝑥0) = st (
𝑓(𝑥0 + 𝜀𝜇) − 𝑓(𝑥0 − 𝜀𝜇)

2𝜀𝜇

) , 𝜀𝜇 ∈ 𝜇(0). (IV.88) 

This generalizes (IV.13) to curved coordinates. 

4.2.2 Infinitesimal metric perturbation 

Allow the metric to carry infinitesimal structure: 

𝑔𝜇𝜈(𝑥) = 𝜂𝜇𝜈 + Δ𝑔𝜇𝜈(𝑥), Δ𝑔𝜇𝜈 ∈ 𝜇(0). (IV.89) 

Thus curvature and puncture density become intertwined. 

4.3 MoBiNad Laplacian and Punctured Schrödinger Equation 

4.3.1 MoBiNad Laplacian 

The standard Laplacian is: 

∇2= 𝑔𝑖𝑗 ∂𝑖 ∂𝑗. (IV.90) 

In MoBiNad geometry: 

∇𝑀
2 Ψ(𝑥) = st (𝑔𝑖𝑗(𝑥)

Ψ(𝑥 + 𝜀𝑖) + Ψ(𝑥 − 𝜀𝑗) − 2Ψ(𝑥)

(𝜀𝑖+𝜀𝑗)2
) , (IV.91) 

where 𝜀𝑖 , 𝜀𝑗 ∈ 𝜇(0). 

This operator naturally excludes puncture centers. 

4.3.2 Infinitesimally Punctured Schrödinger Equation (IPSE) 

We now write the fundamental equation: 
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40 
−

ℏ2

2𝑚
∇𝑀

2 Ψ(𝑥) + 𝑉(𝑥)Ψ(𝑥) + 𝑉𝑝(𝑥)Ψ(𝑥) = 𝐸Ψ(𝑥), (IV.92) 

where the puncture potential is: 

𝑉𝑝(𝑥) = ∑ 𝑉𝑝
(0)

𝑝

 𝜒𝜇𝑝
(𝑥), 𝑉𝑝

(0)
∈ 𝜇(0+). (IV.93) 

Here 𝜒𝜇𝑝
(𝑥) is the characteristic function of the pierced monad around puncture 𝑝. 

4.4 Infinitesimal Curvature Term 

Let the scalar curvature be hyperreal: 

𝑅(𝑥) = 𝑅0(𝑥) + 𝛿𝑅(𝑥), 𝛿𝑅(𝑥) ∈ 𝜇(0). (IV.94) 

Introduce infinitesimal curvature coupling: 

−
ℏ2

2𝑚
(∇𝑀

2 − 𝜉𝑅(𝑥))Ψ(𝑥) = 𝐸Ψ(𝑥), 𝜉 ∈ 𝜇(0+). (IV.95) 

Thus curvature itself contains punctured microstructure. 

4.5 Puncture Density and Effective Geometry 

Define puncture density: 

𝜌𝑝(𝑥) = ∑ 𝜒𝜇𝑝𝑖
𝑖

(𝑥), 𝜌𝑝 ∈∗ ℝ. (IV.96) 

Effective Laplacian scaling: 

∇𝑀
2 = (1 + 𝜆𝑝)2∇2 + 𝑂(𝜆𝑝), 𝜆𝑝 ∈ 𝜇(0). (IV.97) 

Thus space behaves like an infinitesimally porous medium. 

4.6 Worked Example: Punctured Gaussian Ground State 

Consider the 1D Gaussian: 

Ψ0(𝑥) = 𝑁𝑒−
𝛼𝑥2

2 . (IV.98) 

Using first-order MoBiNad expansion: 

∇𝑀
2 Ψ0 ≈ ∇2Ψ0 + (𝜀+ − 𝜀−)

𝑑3Ψ0

𝑑𝑥3
. (IV.99) 
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41 The energy correction becomes: 

𝐸′ = 𝐸(0) + 𝛿𝐸, (IV.100) 

with: 

𝛿𝐸 = −
ℏ2

2𝑚
(𝜀+ − 𝜀−)∫ Ψ0

∗
𝑑3Ψ0

𝑑𝑥3
 𝑑𝑥, 𝜀± ∈ 𝜇(0). (IV.101) 

Thus: 

𝛿𝐸 ∈ 𝜇(0), (IV.102) 

and depends on left–right asymmetry of puncture distribution. 

4.7 Neutrosophic Geometric State 

Each geometric point carries a neutrosophic triple: 

𝑆𝑔(𝑥) = (𝑇𝑔, 𝐼𝑔 , 𝐹𝑔). (IV.103) 

Interpretation: 

• 𝑇𝑔: degree of smoothness, 

• 𝐹𝑔: degree of puncture density, 

• 𝐼𝑔: infinitesimal monadic indeterminacy. 

The integrated puncture measure is: 

∫ 𝜌𝑝(𝑥) 𝑑𝑥, (IV.104) 

which contributes to effective curvature fluctuations. 

4.8 Conceptual Observable Effects 

Infinitesimal corrections generate: 

• Energy micro-shift: 

Δ𝐸 = 𝜇(0)𝐸0. (IV.105) 

• Directional asymmetry: 

𝜀+ ≠ 𝜀−. (IV.106) 

• Hyperreal uncertainty modification: 

Δ𝑥 Δ𝑝 =
ℏ

2
(1 + 𝜇(0)). (IV.107) 
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42 4.9 Toward Field-Theoretic Generalization 

MoBiNad Schrödinger–Einstein structure: 

𝑅(𝑥) = 𝑅0(𝑥) + 𝜇(0). (IV.108) 

MoBiNad quantum potential: 

𝑄(𝑥) = −
ℏ2

2𝑚

∇𝑀
2 √𝜌

√𝜌
. (IV.109) 

These constructions suggest a neutrosophic quantum gravity built from punctured 

curvature microstructure. 

4.10 Canonical IPSE Structure 

The unified Infinitesimally Punctured Schrödinger Geometry equation is: 

−
ℏ2

2𝑚
∇𝑀

2 Ψ + [𝑉(𝑥) + 𝑉𝑝(𝑥)]Ψ +
ℏ2

2𝑚
𝜉𝑅(𝑥)Ψ = 𝐸Ψ, (IV.110) 

with: 

𝑥 ∈ 𝑀MoBiNad,               (IV.111) 

𝑅(𝑥) = 𝑅0(𝑥) + 𝜇(0), (IV.112) 

𝐸 = 𝐸0 + 𝜇(0).              (IV.113) 

4.11 Chapter Synthesis 

Infinitesimally Punctured Schrödinger Geometry demonstrates: 

1. Space itself possesses monadic/binadic structure. 

2. Differential operators encode puncture asymmetry. 

3. Curvature contains infinitesimal fluctuations. 

4. Observable physics equals standard part of hyperreal geometry. 

The merger of geometry and quantum dynamics within ENSA produces a unified 

framework in which: 

• Wave continuity, 

• Corpuscular punctures, 

• Infinitesimal curvature, 

• Neutrosophic logical structure 

coexist inside a single MoBiNad manifold. 
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CHAPTER 5 

MOBINAD QUANTUM FIELD GEOMETRY (MQFG) 

We now extend Infinitesimally Punctured Physics (IPP) and Extended Nonstandard 

Analysis (ENSA) to the field-theoretic level. 

Instead of wavefunctions on punctured space, we define fields on punctured 

spacetime manifolds, with: 

• hyperreal metrics, 

• infinitesimal curvature punctures, 

• neutrosophic geometric structure, 

• and hyperreal Lagrangian densities. 

5.1 From Quantum Mechanics to MoBiNad Field Geometry 

The conceptual ascent is summarized structurally: 

Level Object Domain Governing Structure 

Quantum Particle Ψ(𝑥, 𝑡) ℝ3 Schrödinger equation 

Punctured Quantum Ψ(𝑥) MoBiNad set IPSE (IV.110) 

Quantum Field 𝜙(𝑥) Smooth spacetime ℳ Action ∫ ℒ𝑑4𝑥 

MoBiNad QFT 𝜙(𝑥) ℳMoBiNad Hyperreal Lagrangian 

The objective is to extend field theory to a nonstandard punctured continuum, 

where infinitesimal holes encode corpuscular vacuum structure. 

5.2 The MoBiNad Manifold 

Define a MoBiNad spacetime manifold: 

ℳMoBiNad = (ℳ, 𝔐), (IV.114) 

where: 

• ℳ is a standard smooth manifold (e.g. ℝ4), 

• 𝔐 is a family of monads, binads, and pierced binads replacing classical 

neighborhoods. 
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44 Each spacetime point 𝑝 ∈ ℳcarries a punctured infinitesimal neighborhood: 

𝜇𝑝(𝑝) = (𝑝 − 𝜀𝑝, 𝑝) ∪ (𝑝, 𝑝 + 𝜀𝑝), 𝜀𝑝 ∈ 𝜇(0). (IV.115) 

Thus spacetime is locally hyperreal and infinitesimally perforated. 

5.3 Geometric Ingredients 

5.3.1 Hyperreal metric 

Let the metric tensor be: 

𝑔𝜇𝜈(𝑥) = 𝜂𝜇𝜈 + ℎ𝜇𝜈(𝑥), ℎ𝜇𝜈 ∈ 𝜇(0). (IV.116) 

Infinitesimal metric perturbations encode puncture curvature. 

5.3.2 Affine connection 

Γ𝑀 𝜇𝜈
𝜌

(𝑥) = Γ𝜇𝜈
𝜌(0)

+ 𝛿Γ𝜇𝜈
𝜌

, 𝛿Γ ∈ 𝜇(0). (IV.117) 

Directional asymmetries between left/right monads produce infinitesimal curvature. 

5.3.3 Punctured Ricci scalar 

𝑅𝑀(𝑥) = 𝑅(0)(𝑥) + 𝜇𝑅(0)(𝑥), 𝜇𝑅(0) ∈ 𝜇(0). (IV.118) 

Curvature now includes infinitesimal oscillatory contributions from monadic 

irregularities. 

5.4 MoBiNad Lagrangian Density 

Let 

𝜙: ℳMoBiNad →∗ ℝ. (IV.119) 

Define the MoBiNad kinetic scalar: 

( ∇𝑀𝜙)2 = 𝑔𝜇𝜈𝐷𝑀,𝜇𝜙 𝐷𝑀,𝜈𝜙 , (IV.120) 

where the MoBiNad derivative is: 

𝐷𝑀,𝜇𝜙(𝑥) = st (
𝜙(𝑥 + 𝜀𝜇) − 𝜙(𝑥 − 𝜀𝜇)

2𝜀𝜇

) . (IV.121) 

The hyperreal Lagrangian density is: 

ℒ𝑀 =
1

2
(∇𝑀𝜙)2 − 𝑉(𝜙) − 𝜉𝑅𝑀𝜙2, 𝜉 ∈ 𝜇(0+). (IV.122) 
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45 This embeds infinitesimal curvature and puncture structure directly into the field 

dynamics. 

5.5 MoBiNad Action and Euler–Lagrange Equation 

Define the action: 

𝑆𝑀 = ∫ ℒ𝑀
ℳMoBiNad

 𝑑4𝑥. (IV.123) 

Varying 𝑆𝑀  using MoBiNad calculus yields: 

𝐷𝑀
𝜇

𝐷𝑀,𝜇𝜙 + 𝑉′(𝜙) + 𝜉𝑅𝑀𝜙 = 0. (IV.124) 

5.5.1 First-order infinitesimal expansion 

Expanding to first order: 

□𝜙 + 𝑉′(𝜙) + 𝜆(𝜀+ − 𝜀−) ∂3𝜙 + 𝜉𝜇𝑅(0)𝜙 = 0, (IV.125) 

where □ is the standard d'Alembert operator. 

Interpretation: 

• The third-derivative term encodes infinitesimal nonlocal dispersion. 

• The curvature term couples the field to puncture-induced geometric 

fluctuations. 

5.6 Example: Weakly Punctured Flat Spacetime 

Assume: 

𝑅(0)(𝑥) = 0. (IV.126) 

Let 𝜌𝑝(𝑥)denote puncture density: 

𝜌𝑝(𝑥) = ∑ 𝜒𝜇𝑝𝑖
𝑖

(𝑥), 𝜌𝑝 ∈∗ ℝ. (IV.127) 

Then the field equation reduces to: 

(□ + 𝑚2)𝜙 = 𝛽  ∂𝑥
3𝜙 + 𝛼𝜌𝑝(𝑥)𝜙, 𝛼, 𝛽 ∈ 𝜇(0). (IV.128) 
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46 5.6.1 Plane-wave solution 

Let: 

𝜙(𝑥, 𝑡) = 𝑒𝑖(𝑘𝑥−𝜔𝑡). (IV.129) 

Substituting into (IV.128) yields dispersion: 

𝜔2 = 𝑘2 + 𝑚2 + 𝛽(𝑖𝑘)3 + 𝛼𝜌𝑝. (IV.130) 

Expanding: 

𝜔 = √𝑘2 + 𝑚2 +
𝑖

2
𝛽𝑘3𝑆−1 −

𝛼𝜌𝑝

2𝑆
, 𝑆 = √𝑘2 + 𝑚2. (IV.131) 

Thus: 

Im(𝜔) ∝ 𝛽𝑘3, (IV.132) 

Re(𝜔) ∝ −𝛼𝜌𝑝. (IV.133) 

Both corrections belong to 𝜇(0), yet collectively generate a quantum-foam-like 

microstructure. 

5.7 Neutrosophic Field Layer 

Each region carries: 

𝑆𝐹(𝑥) = (𝑇𝐹 , 𝐼𝐹 , 𝐹𝐹). (IV.134) 

Define: 

𝑇𝐹(𝑥) = 1 − 𝜌𝑝(𝑥), (IV.135) 

𝐹𝐹(𝑥) = 𝜌𝑝(𝑥), (IV.136) 

𝐼𝐹(𝑥) = 𝜀+ − 𝜀−. (IV.137) 

Thus logical and geometric states coincide under ENSA. 

5.8 Punctured Stress–Energy Tensor 

From (IV.122): 

𝑇𝜇𝜈
𝑀 = 𝐷𝑀,𝜇𝜙 𝐷𝑀,𝜈𝜙 − 𝑔𝜇𝜈ℒ𝑀 + 𝜎𝜇𝜈(𝜇(0)), (IV.138) 

where 𝜎𝜇𝜈  encodes infinitesimal puncture corrections. 
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47 Einstein equations on ℳMoBiNad: 

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 = 8𝜋𝐺 st(𝑇𝜇𝜈
𝑀). (IV.139) 

Hyperreal fluctuations are filtered through standard-part projection. 

5.9 Toward Unification 

MoBiNad quantum geometry is summarized by: 

𝐷𝑀
𝜇

𝐷𝑀,𝜇𝜙 +
∂𝑉

∂𝜙
+ 𝜉𝑅𝑀𝜙 = 0, (IV.140) 

with: 

𝑅𝑀 = 𝑅 + 𝜇𝑅(0),            (IV.141) 

𝜙 ∈∗ ℝ, 𝑥 ∈ ℳMoBiNad. (IV.142) 

5.10 Chapter Synthesis 

MoBiNad Quantum Field Geometry establishes: 

• Spacetime is an infinitesimally punctured manifold. 

• Fields propagate via MoBiNad derivatives. 

• Curvature contains infinitesimal oscillatory structure. 

• Vacuum fluctuations become structured puncture density. 

• Observable physics arises through standard-part projection. 

Thus: 

Vacuum = Smooth Manifold + 𝜇(0)-Puncture Foam. (IV.143) 
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CHAPTER 6 

NEUTROSOPHIC GAUGE FIELDS AND INFINITESIMAL 

SYMMETRIES ON MOBINAD MANIFOLDS 

MoBiNad Quantum Field Geometry (Chapter 5) placed fields directly on punctured 

manifolds with hyperreal metrics and hyperreal Lagrangians. The next conceptual 

frontier is to bring gauge symmetry itself into the MoBiNad/ENSA setting. 

In ordinary quantum field theory: 

• gauge fields live on smooth spacetime, 

• field strength arises from commutators of smooth derivatives, 

• gauge transformations close exactly. 

In the IPP–ENSA framework: 

• spacetime is infinitesimally punctured, 

• derivatives are replaced by MoBiNad derivatives, 

• gauge transformations become almost exact: invariance holds in the 

standard part, while hyperreal residues encode puncture-induced 

indeterminacy. 

6.1 MoBiNad Spacetime Setting and MoBiNad Differentiation 

Spacetime domain is modeled as: 

 
where ℳ is a smooth manifold and 𝜇𝑝(𝑥𝑖) are pierced monadic/binadic 

neighborhoods. 

For a scalar or vector field 𝑓, define the MoBiNad derivative: 

𝐷𝑀,𝜇𝑓(𝑥) = st (
𝑓(𝑥 + 𝜀𝜇) − 𝑓(𝑥 − 𝜀𝜇)

2𝜀𝜇

) , 𝜀𝜇 ∈ 𝜇(0). (IV.145) 
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𝜀𝜇,−, producing infinitesimal “torsion-like” corrections in curvature objects. 

6.2 Gauge Fields as Hyperreal Connections 

Let 𝐺 be a compact internal gauge group with generators 𝑇𝑎 and Lie algebra 𝔤. Define 

the MoBiNad gauge field (connection) as: 

𝐴𝑀,𝜇(𝑥) = 𝐴𝜇
𝑎(𝑥)𝑇𝑎, 𝐴𝜇

𝑎(𝑥) ∈∗ ℝ. (IV.146) 

Define the MoBiNad covariant derivative: 

𝒟𝑀,𝜇 = 𝐷𝑀,𝜇 + 𝑖𝑔𝐴𝑀,𝜇. (IV.147) 

Because 𝐷𝑀,𝜇 encodes puncture asymmetry, 𝒟𝑀,𝜇 carries geometric memory of 

punctures even before introducing non-Abelian commutators. 

6.3 Infinitesimally Deformed Gauge Curvature 

Define the MoBiNad field strength (curvature) by the commutator: 

ℱ𝜇𝜈
𝑀 =

𝑖

𝑔
[𝒟𝑀,𝜇, 𝒟𝑀,𝜈]. (IV.148) 

Expanding yields the standard Yang–Mills form plus puncture corrections: 

ℱ𝜇𝜈
𝑀 = (𝐷𝑀,𝜇𝐴𝑀,𝜈 − 𝐷𝑀,𝜈𝐴𝑀,𝜇 − 𝑖𝑔[𝐴𝑀,𝜇 , 𝐴𝑀,𝜈]) − 𝜎𝜇𝜈(𝜇(0)). (IV.149) 

Here 𝜎𝜇𝜈(𝜇(0))denotes an infinitesimal correction term generated by monadic 

asymmetry (schematically involving powers of (𝜀+−𝜀−) and derivatives of 𝐴). 

In the smooth limit (no puncture asymmetry), one recovers: 

st(𝜎𝜇𝜈(𝜇(0))) = 0. (IV.150) 

Thus standard gauge curvature is recovered in the standard part. 

6.4 Gauge Transformations on MoBiNad Manifolds 

Let the MoBiNad gauge transformation be: 

𝑈𝑀(𝑥) = exp(𝑖𝜃𝑀
𝑎 (𝑥)𝑇𝑎), 𝜃𝑀

𝑎 (𝑥) ∈∗ ℝ. (IV.151) 

The connection transforms as: 

𝐴𝑀,𝜇
′ = 𝑈𝑀𝐴𝑀,𝜇𝑈𝑀

−1 −
𝑖

𝑔
(𝐷𝑀,𝜇𝑈𝑀)𝑈𝑀

−1. (IV.152) 
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ℱ𝜇𝜈
′ 𝑀 = 𝑈𝑀ℱ𝜇𝜈

𝑀𝑈𝑀
−1 + Ω𝜇𝜈(𝜇(0)). (IV.153) 

The term Ω𝜇𝜈(𝜇(0))represents an infinitesimal deviation from exact closure caused 

by punctured differentiation: gauge covariance holds in the standard part but differs 

by hyperreal residues. 

Standard-part gauge covariance: 

st(ℱ𝜇𝜈
′ 𝑀) = st(𝑈𝑀ℱ𝜇𝜈

𝑀𝑈𝑀
−1). (IV.154) 

6.5 Neutrosophic Gauge Symmetry Triplet 

Each local region admits a neutrosophic gauge-state description: 

𝑆𝐺(𝑥) = (𝑇𝐺(𝑥), 𝐼𝐺(𝑥), 𝐹𝐺(𝑥)). (IV.155) 

Let 𝜌𝑝(𝑥)denote local puncture density (Chapter 5). A natural assignment is: 

𝑇𝐺(𝑥) = 1 − 𝜌𝑝(𝑥),            (IV.156) 

𝐹𝐺(𝑥) = 𝜌𝑝(𝑥),                     (IV.157) 

𝐼𝐺(𝑥) ∼ (𝜀+ − 𝜀−) ∈ 𝜇(0). (IV.158) 

Thus: 

• smooth regions: (𝑇𝐺 , 𝐼𝐺 , 𝐹𝐺) ≈ (1,0,0), 

• puncture-dense regions: 𝑇𝐺  decreases, while 𝐼𝐺  and 𝐹𝐺  acquire infinitesimal 

but structured content. 

6.6 MoBiNad Yang–Mills Lagrangian 

The standard Yang–Mills term generalizes to: 

ℒ𝑀
YM = −

1

4
 𝑔𝜇𝜌𝑔𝜈𝜎  st(ℱ𝜇𝜈

𝑀ℱ𝜌𝜎
𝑀) + ℒpuncture(𝜇(0)). (IV.159) 

A useful schematic puncture contribution is: 

ℒpuncture =
1

4
𝜅(𝜀+ − 𝜀−) 𝐹𝜇𝜈

𝑎 ∂𝜆𝐹𝑎 𝜆𝜈 + 𝛼 𝜌𝑝 𝐴𝜇
𝑎𝐴𝑎 𝜇, (IV.160) 

with 𝜅, 𝛼 ∈ 𝜇(0). 

These terms encode: 
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51 
• directional infinitesimal dispersion (third-derivative structure), 

• infinitesimal “mass-like” regularization tied to puncture density (soft 

symmetry deformation). 

6.7 Example: 𝑼(𝟏)Gauge Field (Infinitesimally Punctured 

Electromagnetism) 

For an Abelian gauge field: 

ℱ𝜇𝜈
𝑀 = 𝐷𝑀,𝜇𝐴𝑀,𝜈 − 𝐷𝑀,𝜈𝐴𝑀,𝜇 . (IV.161) 

MoBiNad Maxwell equations take the form: 

𝐷𝑀,𝜇ℱ𝑀 𝜇𝜈 = 𝐽𝜈. (IV.162) 

A first-order expansion yields: 

∂𝜇𝐹𝜇𝜈 + 𝜆(𝜀+ − 𝜀−)  ∂3𝐴𝜈 + 𝛼𝜌𝑝𝐴𝜈 = 𝐽𝜈, 𝜆, 𝛼 ∈ 𝜇(0). (IV.163) 

Physical reading: 

• ∂3𝐴𝜈: infinitesimal dispersion/self-interaction from puncture geometry, 

• 𝛼𝜌𝑝𝐴𝜈: an infinitesimal photon-mass-like term (soft local gauge 

deformation), 

• standard Maxwell equations are recovered by standard-part projection. 

Standard recovery: 

st(∂𝜇𝐹𝜇𝜈 + 𝜆(𝜀+ − 𝜀−) ∂3𝐴𝜈 + 𝛼𝜌𝑝𝐴𝜈) = ∂𝜇𝐹𝜇𝜈 . (IV.164) 

6.8 Non-Abelian Case and Punctured Curvature 

For 𝑆𝑈(𝑁)with structure constants 𝑓𝑎𝑏𝑐, the curvature becomes: 

𝐹𝜇𝜈
𝑀 𝑎 = 𝐷𝑀,𝜇𝐴𝑀,𝜈

𝑎 − 𝐷𝑀,𝜈𝐴𝑀,𝜇
𝑎 + 𝑔𝑓𝑎𝑏𝑐𝐴𝑀,𝜇

𝑏 𝐴𝑀,𝜈
𝑐 + Θ𝜇𝜈

𝑎 (𝜇(0)). (IV.165) 

The puncture term Θ𝜇𝜈
𝑎 (𝜇(0))acts like an infinitesimal torsion/foam correction. It 

can be interpreted as hyperreal flux threading pierced monads, generating micro-

noncommutative behavior without spoiling the standard gauge theory in the standard 

part. 

6.9 Neutrosophic Parallel Transport and MoBiNad Wilson Loops 

Define the MoBiNad gauge connection acting on a matter field 𝜓: 
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52 ∇𝑀,𝜇𝜓 = 𝐷𝑀,𝜇𝜓 + 𝑖𝑔𝐴𝑀,𝜇𝜓. (IV.166) 

Parallel transport around an infinitesimal puncture loop 𝜇𝑝(𝑥)yields a hyperreal 

phase: 

𝜓(𝑥 + 𝜀𝜇) = exp (𝑖𝑔 ∮ 𝐴𝑀,𝜇
𝜇𝑝(𝑥)

 𝑑𝑥𝜇) 𝜓(𝑥) = exp(𝑖𝑔Φ(𝑥) + 𝜇(0))𝜓(𝑥). (IV.167) 

The residue 𝜇(0) represents neutrosophic monadic circulation—a nonzero 

infinitesimal Wilson-loop fluctuation over infinitesimally small loops. 

6.10 MoBiNad Gauge Equations and Standard-Part Observables 

A unified schematic MoBiNad Yang–Mills equation is: 

𝐷𝑀,𝜇𝐹𝑀 𝜇𝜈 + 𝑖𝑔[𝐴𝑀,𝜇 , 𝐹𝑀 𝜇𝜈] = 𝐽𝑀
𝜈 + Υ𝜈(𝜇(0)). (IV.168) 

Standard-part observable law: 

st(𝐷𝑀,𝜇𝐹𝑀 𝜇𝜈 + 𝑖𝑔[𝐴𝑀,𝜇 , 𝐹𝑀 𝜇𝜈]) = 𝐽𝜈. (IV.169) 

Thus exact gauge invariance persists at the observable level, while puncture-induced 

hyperreal residues provide latent deterministic microstructure. 

6.11 Applications and Interpretations 

Key domains where MoBiNad gauge deformation is useful: 

• QED: 𝜌𝑝-dependent infinitesimal photon mass as soft symmetry 

deformation. 

• QCD: Θ𝜇𝜈
𝑎 (𝜇(0)) as micro-curvature seeds for confinement-like 

substructure. 

• Gauge–gravity coupling: gauge curvature coupled to punctured scalar 

curvature 𝑅𝑀(Chapter 5). 

• Topological phases: nonzero MoBiNad Wilson loops as infinitesimal 

geometric memory. 

• Information geometry: (𝑇𝐺
, 𝐼𝐺

, 𝐹𝐺) quantifies symmetry uncertainty as 

a geometric property. 

6.12 Chapter Synthesis 

Neutrosophic Gauge Fields on MoBiNad manifolds unify: 
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• ENSA (hyperreal neighborhoods and MoBiNad derivatives), 

• IPP (punctures as corpuscular microstructure), 

• Neutrosophic logic (truth–indeterminacy–falsity symmetry layers). 

The guiding principle is: 

st(MoBiNad Gauge Theory) = Standard Gauge Theory, (IV.170) 

while the infinitesimal remainder encodes puncture-induced deformation: 

MoBiNad Gauge Theory = Standard Gauge Theory + 𝜇(0)-symmetry residue. (IV.171) 
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CHAPTER 7 

GAUGE–GRAVITATIONAL MOBINAD ACTION  

AND NEUTROSOPHIC QUANTUM GRAVITY 

Chapters 5–6 developed MoBiNad quantum field geometry and neutrosophic gauge 

fields on punctured manifolds. We now reach the unification level: a single 

MoBiNad gauge–gravitational action whose standard part reproduces Einstein–

Yang–Mills theory while whose hyperreal remainder encodes infinitesimal puncture 

microstructure. 

This chapter constructs a unified hyperreal Lagrangian on a MoBiNad manifold, 

derives the coupled field equations by variation, and interprets the residual 

infinitesimal terms as a deterministic substrate for quantum foam–like behavior. 

7.1 Two Sectors on a MoBiNad Base 

We work on a MoBiNad manifold: 

ℳ𝑀 = (ℳ, 𝔐), (IV.172) 

where ℳ is a smooth spacetime manifold and 𝔐 is the family of 

monads/binads/pierced binads encoding punctures. 

Two fundamental fields live on ℳ𝑀: 

• gravitational sector: a hyperreal metric 𝑔𝜇𝜈
𝑀 , 

• gauge sector: a hyperreal connection 𝐴𝑀,𝜇
𝑎 with internal group 𝐺 ⊆

𝑆𝑈(𝑁). 

We summarize this kinematically as: 

𝑔𝜇𝜈
𝑀 = 𝑔𝜇𝜈 + 𝛿𝑔𝜇𝜈 , 𝛿𝑔𝜇𝜈 ∈ 𝜇(0), (IV.173) 

𝐴𝑀,𝜇 = 𝐴𝜇
𝑎𝑇𝑎, 𝐴𝜇

𝑎 ∈∗ ℝ. (IV.174) 
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7.2.1 Nonstandard affine connection 

Let the MoBiNad connection be: 

Γ𝑀 𝜇𝜈
𝜌

= Γ𝜇𝜈
𝜌(0)

+ Δ𝜇𝜈
𝜌

(𝜀), Δ𝜇𝜈
𝜌

∈ 𝜇(0). (IV.175) 

The infinitesimal term Δ𝜇𝜈
𝜌

 encodes monadic asymmetry and puncture irregularity. 

7.2.2 MoBiNad Riemann tensor 

Using MoBiNad derivatives 𝐷𝑀,𝜇 (IV.145), define: 

𝑅𝑀 𝜎𝜇𝜈
𝜌

= 𝐷𝑀,𝜇Γ𝑀 𝜎𝜈
𝜌

− 𝐷𝑀,𝜈Γ𝑀 𝜎𝜇
𝜌

+ Γ𝑀 𝜆𝜇
𝜌

Γ𝑀 𝜎𝜈
𝜆 − Γ𝑀 𝜆𝜈

𝜌
Γ𝑀 𝜎𝜇

𝜆 . (IV.176) 

Contract to obtain Ricci and scalar curvature: 

𝑅𝜇𝜈
𝑀 = 𝑅𝑀 𝜇𝜌𝜈

𝜌
, (IV.177) 

𝑅𝑀 = 𝑔𝑀
𝜇𝜈

𝑅𝜇𝜈
𝑀 . (IV.178) 

7.2.3 Punctured scalar curvature expansion 

The scalar curvature decomposes into a standard part plus an infinitesimal puncture 

fluctuation: 

𝑅𝑀 = 𝑅 + 𝜇𝑅(0), 𝜇𝑅(0) ∈ 𝜇(0). (IV.179) 

7.3 MoBiNad Gauge Curvature on the Same Base 

Let 𝐴𝑀,𝜇be the MoBiNad gauge connection. The MoBiNad gauge curvature is: 

𝐹𝜇𝜈
𝑀 𝑎 = 𝐷𝑀,𝜇𝐴𝑀,𝜈

𝑎 − 𝐷𝑀,𝜈𝐴𝑀,𝜇
𝑎 + 𝑔𝑓𝑎𝑏𝑐𝐴𝑀,𝜇

𝑏 𝐴𝑀,𝜈
𝑐 . (IV.180) 

As in Chapter 6, puncture geometry induces an infinitesimal correction: 

𝐹𝜇𝜈
𝑀 𝑎 = 𝐹𝜇𝜈

𝑎 + Θ𝜇𝜈
𝑎 (𝜇(0)), Θ𝜇𝜈

𝑎 (𝜇(0)) ∈ 𝜇(0). (IV.181) 

7.4 Unified MoBiNad Lagrangian Density 

7.4.1 Hyperreal cosmological term 

Allow the cosmological constant to fluctuate infinitesimally: 

Λ𝑀 = Λ + 𝜇Λ(0), 𝜇Λ(0) ∈ 𝜇(0). (IV.182) 
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56 7.4.2 Unified gauge–gravity Lagrangian 

Define the unified hyperreal Lagrangian density: 

ℒUnified
𝑀 =

𝑐4

16𝜋𝐺
(𝑅𝑀 − 2Λ𝑀) −

1

4
 𝑔𝑀

𝜇𝜌
𝑔𝑀

𝜈𝜎  𝐹𝜇𝜈
𝑀𝑎

 𝐹𝜌𝜎
𝑀 𝑎

+ ℒint(𝜇(0)). (IV.183) 

Here ℒint(𝜇(0)) collects cross-couplings induced by punctures. 

7.5 Cross-Coupling Terms from Puncture Microstructure 

Introduce infinitesimal coupling coefficients: 

𝜉, 𝜒 ∈ 𝜇(0+). (IV.184) 

A representative interaction structure is: 

ℒint = 𝜉 𝑅𝑀 𝐹𝜇𝜈
𝑀𝑎

𝐹𝑀 𝜇𝜈 𝑎
+ 𝜒 (𝐷𝑀,𝜇𝜌𝑝)(𝐷𝑀

𝜇
𝜙) + ⋯  , (IV.185) 

where 𝜌𝑝(𝑥) is puncture density (IV.127) and 𝜙 denotes a generic matter scalar (for 

illustration). 

Interpretation: 

• 𝑅𝑀𝐹2 gives gravitational modulation of gauge curvature (a puncture-

sensitive “quantum-gravity” coupling). 

• Terms involving 𝐷𝑀𝜌𝑝 express feedback: puncture density and 

matter/gauge fields co-evolve. 

7.6 Unified Action and Standard-Part Observable Physics 

The unified MoBiNad action is: 

𝑆Unified
𝑀 = ∫ √−𝑔𝑀

ℳ𝑀

 ℒUnified
𝑀  𝑑4𝑥. (IV.186) 

Observable physics is obtained by standard-part projection: 

𝑆obs = st (𝑆Unified
𝑀 ). (IV.187) 

In particular, the standard part yields Einstein–Yang–Mills dynamics, while hyperreal 

residues encode puncture microstructure. 
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57 7.7 Field Equations by Variation 

7.7.1 Variation with respect to the metric 

Varying 𝑆Unified
𝑀  with respect to 𝑔𝜇𝜈

𝑀  yields punctured Einstein equations: 

𝐺𝜇𝜈
𝑀 + Λ𝑀𝑔𝜇𝜈

𝑀 = 8𝜋𝐺 𝑇𝜇𝜈
𝑀 + Σ𝜇𝜈(𝜇(0)). (IV.188) 

Here: 

• 𝐺𝜇𝜈
𝑀 is the MoBiNad Einstein tensor built from 𝑅𝜇𝜈

𝑀 , 

• 𝑇𝜇𝜈
𝑀 is the MoBiNad stress–energy tensor (including gauge + matter), 

• Σ𝜇𝜈(𝜇(0)) represents additional infinitesimal stress from monadic 

irregularities and the interaction term (IV.185). 

Standard-part recovery: 

st(𝐺𝜇𝜈
𝑀 +Λ𝑀𝑔𝜇𝜈

𝑀 ) = 𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 . (IV.189) 

7.7.2 Variation with respect to the gauge connection 

Varying with respect to 𝐴𝑀,𝜇
𝑎  gives a punctured Yang–Mills equation with curvature 

coupling: 

𝐷𝑀,𝜈𝐹𝑀 𝜈𝜇𝑎 + 2𝜉 𝑅𝑀 𝐷𝑀,𝜈𝐹𝑀 𝜈𝜇𝑎 = 𝐽𝑀
𝜇𝑎

+ Υ𝜇𝑎(𝜇(0)). (IV.190) 

Here Υ𝜇𝑎(𝜇(0)) collects infinitesimal puncture-deformation terms (cf. Chapter 6). 

Standard-part recovery: 

st(𝐷𝑀,𝜈𝐹𝑀 𝜈𝜇𝑎) = 𝐷𝜈𝐹𝜈𝜇𝑎 . (IV.191) 

7.8 Neutrosophic Interpretation of Unified Gauge–Geometry 

States 

Each spacetime cell is assigned a neutrosophic triplet describing the combined gauge–

geometric state: 

𝑆geo-gauge(𝑥) = (𝑇𝒢 , 𝐼𝒢 , 𝐹𝒢). (IV.192) 

A representative assignment is: 

𝑇𝒢(𝑥) ≈ 1 − 𝜌𝑝(𝑥), (IV.193) 

𝐼𝒢(𝑥) ∼ (𝜀+ − 𝜀−) ∈ 𝜇(0), (IV.194) 

𝐹𝒢(𝑥) ∼ Θ𝜇𝜈 ⋅ 𝐹𝜇𝜈 . (IV.195) 
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58 These quantify how “exact” gauge–gravity coupling remains across punctured regions: 

exactness holds in the standard part, while puncture density and asymmetry generate 

infinitesimal indeterminacy. 

7.9 Weak-Field Expansion and Effective Infinitesimal Terms 

Expand: 

𝑔𝜇𝜈
𝑀 = 𝑔𝜇𝜈 + 𝛿𝑔𝜇𝜈 , 𝛿𝑔𝜇𝜈 ∈ 𝜇(0), (IV.196) 

𝑅𝑀 = 𝑅 + 𝜇𝑅(0), 𝜇𝑅(0) ∈ 𝜇(0),  (IV.197) 

𝐹𝜇𝜈
𝑀 = 𝐹𝜇𝜈 + Θ𝜇𝜈(𝜇(0)).                  (IV.198) 

Then the unified Lagrangian has the schematic form: 

ℒUnified
𝑀 ≈ ℒEinstein-YM + [

𝑐4

16𝜋𝐺
𝜇𝑅(0) −

1

4
𝜇𝑔(0)𝐹2 + 𝜉𝑅𝐹2]

𝜇(0)

+ ⋯  , (IV.199) 

where the bracket indicates contributions of infinitesimal order. 

Observable total energy/action is extracted by standard part: 

st(𝐸total) = st( ∫ℒUnified
𝑀 √−𝑔𝑀  𝑑4𝑥). (IV.200) 

7.10 Physical Implications 

Key effects encoded by the hyperreal remainder: 

• Quantum vacuum granularity: punctured curvature 𝜇𝑅(0) as 

deterministic “foam seed.” 

• Soft gauge deformation: Θ𝜇𝜈 , Ω𝜇𝜈  producing infinitesimal 

mass/dispersion-like effects. 

• Dark-energy-like jitter: 𝜇Λ(0) as infinitesimal cosmological constant 

fluctuation. 

• Curvature–field feedback: 𝜉𝑅𝑀𝐹2 as a direct gauge–gravity cross-

coupling at punctured scale. 

• Information encoding: neutrosophic triplets quantify 

certainty/indeterminacy of local spacetime–field attributes. 
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Define the Neutrosophic Quantum Gravity action as the standard part of the MoBiNad 

action: 

𝑆NQG = st [∫ √−𝑔𝑀
ℳ𝑀

(
𝑐4

16𝜋𝐺
(𝑅𝑀 − 2Λ𝑀) −

1

4
𝐹𝜇𝜈

𝑀𝑎
𝐹𝑀 𝜇𝜈𝑎

+ 𝜉𝑅𝑀𝐹𝑀 2) 𝑑4𝑥] . (IV.201) 

This compactly expresses the unification: 

• 𝑅𝑀: geometry as punctured continuum, 

• 𝐹𝑀 2: gauge curvature invariant with MoBiNad deformation, 

• 𝜉 ∈ 𝜇(0): infinitesimal coupling strength, 

• st(⋅): ensures observable recovery of known physics. 

7.12 Chapter Synthesis 

1. Space–time–field unity: geometry and gauge curvature live on the same 

punctured MoBiNad base. 

2. Infinitesimal determinism → macroscopic indeterminacy: 

hyperreal residues provide a structured substrate for quantum fluctuations. 

3. Mathematical closure: the entire construction remains internal to 

ENSA, using MoBiNad derivatives and standard-part extraction. 

4. Neutrosophic quantum gravity: neutrosophic triplets quantify degrees 

of smoothness, symmetry, and puncture-induced indeterminacy. 
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CHAPTER 8 

NEUTROSOPHIC MOBINAD SUPERSYMMETRY  

AND SMARANDACHE GEOMETRICAL STRUCTURES 

Chapters 1–7 developed a continuous ascent: punctured wave mechanics → 

punctured Schrödinger geometry → MoBiNad quantum fields → neutrosophic gauge 

symmetry → unified gauge–gravity action. This chapter completes the circle by 

adding a supersymmetric layer and then connecting the resulting MoBiNad super-

geometry to Smarandache Curves, Smarandache Surfaces, and 

Smarandache Geometries as macroscopic (standard-part) shadows of infinitesimal 

heterogeneity. 

8.1 From MoBiNad Quantum Gravity to Neutrosophic 

Supersymmetry 

8.1.1 MoBiNad superspace 

Let the MoBiNad base manifold be ℳ𝑀 = (ℳ, 𝔐) as in (IV.172). We introduce a 

local superspace extension by adjoining Grassmann coordinates 𝜃𝛼. A point of 

punctured superspace is written as: 

𝑃 = (𝑥𝜇 + 𝜀𝜇 , 𝜃𝛼 + 𝜂𝛼), 𝜀𝜇 ∈ 𝜇(0), 𝜂𝛼 Grassmann-infinitesimal. (IV.203) 

Thus the geometry contains: 

• bosonic infinitesimal punctures (𝜀𝜇), 

• fermionic infinitesimal indeterminacies (𝜂𝛼). 

We denote this punctured superspace by: 

𝒮𝑀 = ℳ𝑀 × Π(Θ), (IV.204) 

where Π(Θ)indicates Grassmann parity reversal (fermionic sector). 

8.1.2 Superfield structure on MoBiNad superspace 

For a scalar multiplet (𝜙, 𝜓), define a superfield: 

Φ(𝑥, 𝜃) = 𝜙(𝑥) + 𝜃̄𝜓(𝑥) +
1

2
𝜃̄𝜃 𝐹(𝑥), (IV.205) 
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MoBiNad supersymmetry variation is written schematically as: 

𝛿Φ = (𝜖𝑄𝑀 + 𝜖𝑄̄𝑀)Φ + 𝜇𝑆(0), 𝜇𝑆(0) ∈ 𝜇(0). (IV.206) 

Here 𝜇𝑆(0)represents the puncture-induced “closure defect”: supersymmetry closes 

exactly in the standard part, but retains an infinitesimal remainder due to pierced-

monad structure. 

Standard-part recovery of exact SUSY is expressed as: 

st(𝛿Φ) = st((𝜖𝑄𝑀 + 𝜖𝑄̄𝑀)Φ). (IV.207) 

8.2 Neutrosophic MoBiNad Super-Action 

8.2.1 Gauge–gravity–matter–superfield Lagrangian 

A representative unified Neutrosophic MoBiNad Super-Lagrangian density is: 

ℒNMS =
𝑐4

16𝜋𝐺
(𝑅𝑀 − 2Λ) −

1

4
𝐹𝜇𝜈

𝑀𝑎
𝐹𝑀 𝜇𝜈 𝑎

+ 𝜓̄(𝑖𝛾𝜇∇𝑀,𝜇 − 𝑚)𝜓 +
1

2
𝜉𝑅𝑀 𝜓̄𝜓 + ℒSUSY(𝜇(0)). (IV.208) 

The last term encodes infinitesimal puncture-induced SUSY coupling. A minimal 

schematic form is: 

ℒSUSY(𝜇(0)) = 𝜀𝑆𝜀𝑆 𝐷𝑀𝜓 + h. c. , 𝜀𝑆 ∈ 𝜇(0). (IV.209) 

Thus supersymmetry is exact “almost everywhere” and becomes infinitesimally 

indeterminate in punctured regions. 

8.2.2 Neutrosophic interpretation of super-coherence 

Associate a neutrosophic triplet to local SUSY coherence: 

(𝑇𝑆, 𝐼𝑆 , 𝐹𝑆) = (1−∣ 𝜀𝑆 ∣ , ∣ 𝜀𝑆 ∣ , 0+). (IV.210) 

This expresses: near-perfect SUSY truth, infinitesimal indeterminacy, and negligible 

falsity—unless puncture density increases, in which case 𝐹𝑆can be extended to track 

soft breaking. 

8.3 Correspondence with Smarandache Geometrical Constructs 

Smarandache Geometries allow different behaviors of axioms in different regions of 

space (hybrid/contradictory axiomatization). The MoBiNad/Neutrosophic 

framework supplies an analytic mechanism: heterogeneous axiom behavior emerges 

from heterogeneous puncture density and monadic structure. 
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st(ℳ𝑀) = ℳ𝑆𝐺 , (IV.211) 

i.e., the standard-part projection of a MoBiNad manifold produces a Smarandache 

geometry where different regions exhibit different effective geometrical axioms. 

8.3.1 Smarandache curves as MoBiNad super-paths 

Consider a super-trajectory: 

𝑋𝜇(𝜏) = 𝑥𝜇(𝜏) + 𝜃̄𝜃 𝑌𝜇(𝜏) + 𝐹𝜇(𝜏). (IV.212) 

Define MoBiNad Frenet-type tangent and normal vectors: 

𝑇𝑀
𝜇

= 𝐷𝑀𝑋𝜇(𝜏), 𝑁𝑀
𝜇

= 𝐷𝑀
2 𝑋𝜇(𝜏). (IV.213) 

A MoBiNad-modified Frenet system is: 

𝐷𝑀𝑇𝑀 = 𝜅𝑀𝑁𝑀 , (IV.214) 

𝐷𝑀𝑁𝑀 = −𝜅𝑀𝑇𝑀 + 𝜏𝑀𝐵𝑀 , (IV.215) 

with punctured curvature: 

𝜅𝑀 = 𝜅 + 𝛿𝜅(𝜇(0)), 𝛿𝜅(𝜇(0)) ∈ 𝜇(0). (IV.216) 

When 𝛿𝜅(𝜇(0)) changes sign across different infinitesimal zones (because puncture 

density varies), the curve can display simultaneously “incompatible” curvature 

behaviors across adjacent regions—this is the analytic MoBiNad mechanism 

underlying Smarandache curve behavior. 

8.3.2 Smarandache surfaces as MoBiNad sheets 

Let a MoBiNad surface be parameterized by: 

𝐫𝑀(𝑢, 𝑣) = 𝐫(𝑢, 𝑣) + 𝜀𝑢 𝐫𝑢 + 𝜀𝑣  𝐫𝑣, 𝜀𝑢, 𝜀𝑣 ∈ 𝜇(0). (IV.217) 

The first fundamental form becomes puncture-corrected: 

(𝐸𝑀 , 𝐹𝑀, 𝐺𝑀) = (𝐸, 𝐹, 𝐺) + 𝜇𝐼(0), (IV.218) 

and mean curvature: 

𝐻𝑀 = 𝐻 + 𝛿𝐻(𝜇(0)), 𝛿𝐻(𝜇(0)) ∈ 𝜇(0). (IV.219) 

If 𝐻𝑀flips sign across different micro-zones (convex/concave within infinitesimal 

neighborhoods), the surface exhibits the hallmark behavior of a Smarandache 

surface: contradictory curvature properties realized in different subregions of the 

same manifold. 
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63 In the supersymmetric viewpoint, these MoBiNad sheets are natural candidates for 

world-sheets of MoBiNad strings, where each infinitesimal patch can carry boson–

fermion paired degrees of freedom across punctures. 

8.3.3 Smarandache geometries as standard-part limit spaces 

Let puncture density 𝜌𝑝(𝑥)vary across ℳ𝑀. Then different regions acquire different 

effective geometric behavior: 

𝜌𝑝(𝑥) ≈ 0 ⇒ Euclidean-like local behavior, (IV.220) 

𝜌𝑝(𝑥) medium ⇒ hyperbolic-like local behavior, (IV.221) 

𝜌𝑝(𝑥) oscillatory ⇒ indeterminate axiom behavior. (IV.222) 

This realizes Smarandache’s guiding idea—axioms behaving differently in different 

zones—without postulating contradiction as primitive: it arises as the standard-

part imprint of an infinitesimally heterogeneous MoBiNad microstructure. 

8.4 Unified View of Geometry, Physics, and Logic 

We summarize the metastructure: 

• monads/binads encode infinitesimal puncture neighborhoods (micro-

foam); 

• MoBiNad superspace unifies bosonic and fermionic monadic coordinates; 

• Smarandache curves/surfaces emerge when curvature and fundamental 

forms flip across micro-zones; 

• Smarandache geometry emerges as the standard-part “macroscopic shadow” 

of puncture heterogeneity; 

• neutrosophic logic (T, I, F) quantifies local degrees of continuity, 

indeterminacy, and contradiction. 

A compact statement of this ladder is: 

Neutrosophic macro-geometry = st(MoBiNad punctured super-geometry). (IV.223) 

8.5 Mathematical Summary: Unified Super-Action and Limit 

Relations 

Define the Neutrosophic MoBiNad Super-Action: 

𝑆NMS = ∫ √−𝑔𝑀
ℳ𝑀

  [
𝑐4

16𝜋𝐺
(𝑅𝑀 − 2Λ) −

1

4
𝐹𝑀

2 + 𝜓̄(𝑖𝛾𝜇∇𝑀,𝜇 − 𝑚)𝜓] 𝑑4𝑥 + 𝜇(0). (IV.224) 
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𝑅𝑀 = 𝑅 + 𝜇𝑅(0), (IV.225) 

𝐻𝑀 = 𝐻 + 𝜇𝐻(0). (IV.226) 

Macroscopic emergence of Smarandache geometry: 

st(ℳ𝑀) = ℳ𝑆𝐺 . (IV.227) 

8.6 Implications and Future Directions 

1. Smarandache super-geometry: replace classical derivatives on 

curves/surfaces with MoBiNad super-derivatives to build infinitesimally 

hybrid geometries systematically. 

2. Quantum foam topology: Smarandache geometries become topological 

averages of puncture distributions—deterministic modeling of Planck-scale 

foam. 

3. Infinitesimal SUSY breaking: residual 𝜇𝑆(0)terms can generate 

minute boson–fermion mass splittings as puncture-driven micro-breaking. 

4. Geometric information theory: evaluating (𝑇, 𝐼, 𝐹)along 

Smarandache curves quantifies information gain/loss through geometric 

indeterminacy. 

8.7 Concluding Unified Picture 

• ENSA provides rigorous infinitesimal calculus and MoBiNad structures. 

• IPP inserts corpuscular micro-holes into waves, fields, and now geometry 

itself. 

• Neutrosophic logic encodes truth/indeterminacy/falsity locally at each 

monad. 

• MoBiNad supersymmetry unites bosonic and fermionic partners across 

infinitesimal punctures. 

• Smarandache curves, surfaces, and geometries become the observable, 

standard-part manifestations of puncture-driven heterogeneity. 

In this sense: 

Smarandache Curves → Smarandache Surfaces → Smarandache Geometries (IV.228) 

are the visible projections of the underlying MoBiNad–Neutrosophic superspace 

structure of reality. 
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CHAPTER 9 

EXPLICIT CONSTRUCTIONS: SMARANDACHE CURVES  

AND SURFACES IN MOBINAD SUPERSPACE 

Chapter 8 established the metastructural link: 

• MoBiNad superspace provides the infinitesimal (hyperreal + 

Grassmann) substrate, 

• Smarandache curves/surfaces emerge when curvature invariants 

flip behavior across punctured micro-zones, 

• Smarandache geometry appears as the standard-part projection 

of a puncture-heterogeneous manifold. 

We now construct explicit examples. The goal is analytic: compute MoBiNad 

derivatives, obtain infinitesimal Frenet invariants, and show precisely how the 

sign/behavior switches that define Smarandache structures arise from 𝜇(0)-level 

corrections. 

9.1 Setup: A MoBiNad Supercurve on a Punctured Superspace 

Worldline 

Let 𝜏 be a worldline parameter. Take: 

• a bosonic coordinate 𝑥𝜇(𝜏), 

• a fermionic partner 𝜓𝜇(𝜏), 

• and allow punctured (monadic) shifts in 𝜏. 

A punctured superspace point is: 

𝑃(𝜏, 𝜃) = (𝑥𝜇(𝜏) + 𝜀𝜇 , 𝜃𝛼 + 𝜂𝛼), 𝜀𝜇 ∈ 𝜇(0), 𝜂𝛼 Grassmann-infinitesimal (IV. 229) 

Define the MoBiNad supercurve: 

𝑋𝜇(𝜏, 𝜃) = 𝑥𝜇(𝜏) + 𝜃̄𝜓𝜇(𝜏) +
1

2
𝜃̄𝜃 𝐹𝜇(𝜏), (IV.230) 

with component fields valued in hyperreal extensions. 
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Let 𝜀 ∈ 𝜇(0), 𝜀 > 0. Define the MoBiNad derivative along the parameter 𝜏: 

𝐷𝑀𝑋𝜇(𝜏, 𝜃) = st (
𝑋𝜇(𝜏 + 𝜀, 𝜃) − 𝑋𝜇(𝜏 − 𝜀, 𝜃)

2𝜀
) . (IV.231) 

9.2.1 Tangent supervector 

Define the MoBiNad tangent: 

𝑇𝑀
𝜇

(𝜏, 𝜃) = 𝐷𝑀𝑋𝜇(𝜏, 𝜃).                 (IV.232) 

Expanding (formally in 𝜃): 

𝑇𝑀
𝜇

= 𝑥̇𝜇(𝜏) + 𝜃̄𝜓̇𝜇(𝜏) + 𝑂(𝜇(0)), (IV.233) 

where dots denote standard derivatives with respect to 𝜏, and the 𝑂(𝜇(0)) term 

collects puncture-asymmetry residues (e.g., from 𝜀+ ≠ 𝜀−). 

9.2.2 Second derivative and curvature direction 

Define the MoBiNad “acceleration”: 

𝑁𝑀
𝜇

(𝜏, 𝜃) = 𝐷𝑀
2 𝑋𝜇(𝜏, 𝜃).                 (IV.234) 

Similarly: 

𝑁𝑀
𝜇

= 𝑥̈𝜇(𝜏) + 𝜃̄𝜓̈𝜇(𝜏) + 𝑂(𝜇(0)). (IV.235) 

9.3 MoBiNad Frenet Invariants and the Smarandache Mechanism 

Assume an inner product ⟨⋅,⋅⟩𝑀 induced by the local MoBiNad metric (Chapter 4–5). 

Define the MoBiNad curvature invariant: 

𝜅𝑀(𝜏) = √〈𝐷𝑀𝑇𝑀, 𝐷𝑀𝑇𝑀〉𝑀 = 𝜅(𝜏) + 𝜇𝜅(0)(𝜏), 𝜇𝜅(0) ∈ 𝜇(0)   (IV.236) 

Similarly define MoBiNad torsion: 

𝜏𝑀(𝜏) = 𝜏(𝜏) + 𝜇𝜏(0)(𝜏), 𝜇𝜏(0) ∈ 𝜇(0).                      (IV.237) 

The MoBiNad Frenet–Serret system takes the form: 

𝐷𝑀𝑇𝑀 = 𝜅𝑀𝑁𝑀 ,                   (IV.238) 

𝐷𝑀𝑁𝑀 = −𝜅𝑀𝑇𝑀 + 𝜏𝑀𝐵𝑀 , (IV.239) 

𝐷𝑀𝐵𝑀 = −𝜏𝑀𝑁𝑀 + 𝜇𝐵(0), 𝜇𝐵(0) ∈ 𝜇(0). (IV.240) 
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67 Smarandache mechanism (analytic): because 𝜇𝜅(0) and 𝜇𝜏(0) can vary in sign 

and magnitude from one punctured micro-zone to another, a single curve can contain 

regions where curvature behavior is effectively different. Under standard projection, 

these micro-alternations appear as patchwise contradictory geometric character (the 

defining feature of Smarandache curves). 

9.4 Example 1: A Smarandache Helix in MoBiNad Superspace 

9.4.1 Bosonic helix and fermionic partner 

Let the bosonic curve be the standard helix: 

𝑥(𝜏) = (𝑎 cos 𝜏 , 𝑎 sin 𝜏 , 𝑏𝜏), 𝑎, 𝑏 ∈ ℝ   (IV.241) 

Let a fermionic partner be chosen (schematically) as: 

𝜓(𝜏) = 𝜉 sin 𝜏, 𝜉 constant Grassmann vector. (IV.242) 

Allow an infinitesimal puncture modulation 𝜀(𝜏) ∈ 𝜇(0) along the worldline, 

representing local binad asymmetry. 

9.4.2 MoBiNad derivative of the helix 

A first-order puncture-corrected MoBiNad derivative may be expressed as: 

𝐷𝑀𝑥(𝜏) = (−𝑎 sin 𝜏 , 𝑎 cos 𝜏 , 𝑏) + 𝜀(𝜏)(−𝑎 cos 𝜏, 𝑎 sin 𝜏 , 0) (IV.243) 

This exhibits the essential structure:  

9.4.3 Curvature and torsion with infinitesimal deformation 

For the classical helix: 

𝜅 =
𝑎

𝑎2 + 𝑏2
, 𝜏 =

𝑏

𝑎2 + 𝑏2
. (IV.244) 

Under the puncture deformation, to first order one writes: 

𝜅𝑀 =
𝑎

𝑎2 + 𝑏2
(1+

𝜀(𝜏)
𝑎

) , (IV.245) 

𝜏𝑀 =
𝑏

𝑎2 + 𝑏2
(1−

𝜀(𝜏)
𝑎

) . (IV.246) 

the tangent is standard plus an infinitesimal orthogonal 
“tilt” induced by punctures. 
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68 Thus the helix contains micro-zones where: 

• 𝜅𝑀 > 𝜏𝑀(elliptic-dominant character), 

• 𝜅𝑀 < 𝜏𝑀(hyperbolic-dominant character), 

depending on the sign of 𝜀(𝜏). This alternating intrinsic behavior inside infinitesimal 

segments is precisely the analytic realization of a Smarandache helix in MoBiNad 

superspace. 

9.5 Example 2: A Smarandache Surface Generated  

from a MoBiNad Curve 

9.5.1 MoBiNad surface of revolution 

Generate a MoBiNad surface by a puncture-modulated parametrization: 

 

9.5.2 First fundamental form coefficients (punctured) 

Compute (schematically, to first order): 

𝐸𝑀 = ⟨𝐫𝑀,𝑢, 𝐫𝑀,𝑢⟩ = 𝑎2(1 + 2𝜀𝑢 + 𝜇(0)), (IV.248) 

𝐺𝑀 = ⟨𝐫𝑀,𝑣 , 𝐫𝑀,𝑣⟩ = 𝑏2(1 + 2𝜀𝑣 + 𝜇(0)). (IV.249) 

(Here 𝜇(0) collects higher-order infinitesimal residues.) 

9.5.3 Gaussian curvature as a puncture-sensitive invariant 

Write Gaussian curvature in MoBiNad form: 

𝐾𝑀(𝑢, 𝑣) = 𝐾(𝑢, 𝑣) + 𝜇𝐾(0; 𝑢, 𝑣), 𝜇𝐾(0; 𝑢, 𝑣) ∈ 𝜇(0). (IV.250) 

Because 𝜀𝑢, 𝜀𝑣vary across micro-zones, 𝜇𝐾(0; 𝑢, 𝑣)can switch sign, producing: 

• 𝐾𝑀 > 0: spherical/elliptic patch, 

• 𝐾𝑀 < 0: saddle/hyperbolic patch, 

• 𝐾𝑀 ≈ 0: neutrosophically flat (transition) patch. 

This is the defining analytic condition for a Smarandache surface: a single surface 

exhibiting multiple curvature regimes across different regions. 
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Punctured Superspace 

Let 𝜌𝑝(𝑥) be the local puncture density (as in earlier chapters). Let the curvature-

sign classifier be: 

𝜎(𝑥) = sgn(st(𝐾𝑀(𝑥))) ∈ {−1,0,1}. (IV.251) 

Partition the MoBiNad manifold into three zones: 

ℰ = {𝑥 ∣ 𝜎(𝑥) = +1},   (IV.252) 

𝒩 = {𝑥 ∣ 𝜎(𝑥) = 0},    (IV.253) 

ℋ = {𝑥 ∣ 𝜎(𝑥) = −1}. (IV.254) 

Then the standard-part projection yields a Smarandache geometry: 

st(ℳ𝑀) = ℳ𝑆𝐺 , (IV.255) 

because within the same global manifold, the effective behavior of curvature-

dependent axioms differs by region (ℰ, 𝒩, ℋ), reflecting heterogeneous puncture 

structure. 

9.7 Supersymmetric Interpretation of the Alternation 

Within each punctured micro-region: 

• the bosonic coordinate 𝑥𝜇 encodes continuous geometry, 

• the fermionic partner 𝜓𝜇  encodes corpuscular asymmetry, 

• their MoBiNad coupling in 𝐷𝑀  introduces infinitesimal oscillations of 

curvature and torsion. 

A schematic closure statement is: 

𝛿SUSY
2 𝑋𝜇 = translation + 𝜇𝑆(0), 𝜇𝑆(0) ∈ 𝜇(0), (IV.256) 

so the same puncture remainder that perturbs SUSY closure also perturbs geometric 

invariants, providing a unified origin for Smarandache alternation. 

9.8 Mathematical Summary 

MoBiNad Frenet system: 

𝐷𝑀𝑇𝑀 = 𝜅𝑀𝑁𝑀 ,                     (IV.257) 

𝐷𝑀𝑁𝑀 = −𝜅𝑀𝑇𝑀 + 𝜏𝑀𝐵𝑀 . (IV.258) 
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70 Infinitesimal invariants: 

𝜅𝑀 = 𝜅 + 𝜇𝜅(0), 𝜏𝑀 = 𝜏 + 𝜇𝜏(0). (IV.259) 

Surface invariants: 

𝐾𝑀 = 𝐾 + 𝜇𝐾(0), 𝐻𝑀 = 𝐻 + 𝜇𝐻(0). (IV.260) 

Projection principle: 

st(ℳ𝑀) = ℳ𝑆𝐺 . (IV.261) 

9.9 Future Directions 

1. Smarandache super-surfaces: build explicit 𝑆𝑀: ℝ2∣2 → ℝ3∣2 

embeddings with MoBiNad super-mean-curvature 2-forms and compute 

their neutrosophic invariants. 

2. Quantization of curvature oscillations: promote 𝜇𝐾(0) to a 

dynamical field on ℳ𝑀 and couple it to graviton/gauge modes using the 

NQG action framework. 

3. Neutrosophic information geometry: define a (T, I, F) field on ℳ𝑆𝐺  

and compute entropy/currents sourced by puncture zones. 

4. Patch-network topology: analyze the network of neutral boundaries 𝒩 

where 𝐾𝑀 ≈ 0 and derive infinitesimal corrections to Gauss–Bonnet-type 

relations. 
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CHAPTER 10 

NEUTROSOPHIC DIFFERENTIAL GEOMETRY OPERATORS 

ON MOBINAD MANIFOLDS 

This chapter completes the analytic apparatus linking Extended Nonstandard 

Analysis (ENSA), MoBiNad superspace, and Smarandache Geometries 

(SG) by developing the differential-geometry operators needed to generate 

Smarandache surfaces directly from differential-form formalism. 

We construct: 

• MoBiNad metric and monadic asymmetry, 

• MoBiNad Christoffel symbols, 

• MoBiNad curvature tensors (Riemann, Ricci, scalar), 

• connection 1-forms and Cartan structure equations with infinitesimal 

torsion/curvature residues, 

• MoBiNad Gauss–Codazzi for embedded surfaces, 

• and a worked MoBiNad–Gauss–Bonnet theorem, yielding a 

neutrosophic Euler characteristic. 

10.1 MoBiNad Differential Geometry Foundations 

10.1.1 MoBiNad manifold and punctured metric 

Let a MoBiNad manifold be: 

𝑀𝑀 = (𝑀, 𝑔𝑀). (IV.262) 

The metric is hyperreal with puncture-induced asymmetry: 

𝑔𝑀 = 𝑔 + 𝛿𝑔, 𝛿𝑔 ∈ 𝜇(0). (IV.263) 

To encode left–right monadic deviations (directional asymmetry), we allow a split: 

𝛿𝑔 = 𝑔+ − 𝑔−, 𝑔+ − 𝑔− ∈ 𝜇(0). (IV.264) 

Macroscopic recovery is enforced by standard-part projection: 

st(𝑔𝑀) = 𝑔. (IV.265) 
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For any MoBiNad differential operator 𝒪𝑀 built from MoBiNad derivatives 𝐷𝑀, the 

consistency condition is: 

st(𝒪𝑀) = 𝒪. (IV.266) 

This generalizes the metric recovery (IV.265) to all geometric operators (connection, 

curvature, surface invariants). 

10.2 MoBiNad Christoffel Symbols 

10.2.1 MoBiNad covariant derivative and connection coefficients 

Define the MoBiNad Christoffel symbols by replacing partial derivatives with 

MoBiNad derivatives: 

Γ𝑀 𝜇𝜈
𝜌

=
1

2
𝑔𝑀

𝜌𝜎
(𝐷𝑀,𝜇𝑔𝑀 𝜎𝜈 + 𝐷𝑀,𝜈𝑔𝑀 𝜎𝜇 − 𝐷𝑀,𝜎𝑔𝑀 𝜇𝜈). (IV.267) 

10.2.2 First-order expansion 

Write: 

Γ𝑀 𝜇𝜈
𝜌

= Γ𝜇𝜈
𝜌

+ 𝛿Γ𝜇𝜈
𝜌

, 𝛿Γ𝜇𝜈
𝜌

∈ 𝜇(0). (IV.268) 

Then classical recovery holds: 

st(Γ𝑀 𝜇𝜈
𝜌

) = Γ𝜇𝜈
𝜌

. (IV.269) 

The infinitesimal residue 𝛿Γ is the connection-level signature of punctures. 

10.3 MoBiNad Riemann, Ricci, and Scalar Curvature 

10.3.1 MoBiNad Riemann tensor 

Define: 

𝑅𝜌
𝑀 𝜎𝜇𝜈 = 𝐷𝑀,𝜇Γ𝑀 𝜎𝜈

𝜌
− 𝐷𝑀,𝜈Γ𝑀 𝜎𝜇

𝜌
+ Γ𝑀 𝜆𝜇

𝜌
Γ𝑀 𝜎𝜈

𝜆 − Γ𝑀 𝜆𝜈
𝜌

Γ𝑀 𝜎𝜇
𝜆 . (IV.270) 

Expansion: 

𝑅𝜌
𝑀 𝜎𝜇𝜈 = 𝑅𝜌

𝜎𝜇𝜈 + 𝛿𝑅𝜌
𝜎𝜇𝜈 , 𝛿𝑅𝜌

𝜎𝜇𝜈 ∈ 𝜇(0). (IV.271) 

10.3.2 MoBiNad Ricci tensor and scalar curvature 

Contract: 

𝑅𝜇𝜈
𝑀 = 𝑅𝜌

𝑀 𝜇𝜌𝜈 . (IV.272) 
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73 Then: 

𝑅𝜇𝜈
𝑀 = 𝑅𝜇𝜈 + 𝛿𝑅𝜇𝜈 , 𝛿𝑅𝜇𝜈 ∈ 𝜇(0). (IV.273) 

Scalar curvature: 

𝑅𝑀 = 𝑔𝑀
𝜇𝜈

𝑅𝜇𝜈
𝑀 . (IV.274) 

Decomposition: 

𝑅𝑀 = 𝑅 + 𝜇𝑅(0), 𝜇𝑅(0) ∈ 𝜇(0). (IV.275) 

Classical recovery: 

st(𝑅𝑀) = 𝑅. (IV.276) 

The term 𝜇𝑅(0) is the micro-curvature jitter responsible for Smarandache-zone 

variability in the standard-part shadow. 

10.4 Connection 1-Forms and Cartan Structure Equations 

Let 𝑒𝑎 = 𝑒𝑎
𝜇𝑑𝑥𝜇be a local coframe (vielbein). Define MoBiNad connection 1-

forms: 

𝜔𝑎
𝑀 𝑏 = 𝜔𝑎

𝑏 + 𝛿𝜔𝑎
𝑏 , 𝛿𝜔𝑎

𝑏 ∈ 𝜇(0). (IV.277) 

10.4.1 MoBiNad torsion 2-form (Cartan I) 

𝑇𝑀
𝑎 = 𝑑𝑒𝑎 + 𝜔𝑎

𝑀 𝑏 ∧ 𝑒𝑏 . (IV.278) 

In punctured geometry, torsion may be purely infinitesimal: 

𝑇𝑀
𝑎 = 𝛿𝑇𝑎 , 𝛿𝑇𝑎 ∈ 𝜇(0). (IV.279) 

10.4.2 MoBiNad curvature 2-form (Cartan II) 

𝑅𝑎
𝑀 𝑏 = 𝑑𝜔𝑎

𝑀 𝑏 + 𝜔𝑎
𝑀 𝑐 ∧ 𝜔𝑐

𝑀 𝑏 . (IV.280) 

Expansion: 

𝑅𝑎
𝑀 𝑏 = 𝑅𝑎

𝑏 + 𝛿𝑅𝑎
𝑏 , 𝛿𝑅𝑎

𝑏 ∈ 𝜇(0). (IV.281) 

Smarandache-zone criterion (operator form): local sign/behavior changes in 

curvature invariants arise when the infinitesimal components 𝛿𝑅𝑎
𝑏vary across 

neighboring monads/binads, producing patchwise alternation in the standard-part 

shadow. 
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Let 𝑆𝑀 ⊂ 𝑀𝑀 be an embedded MoBiNad surface with local coordinates (u, v) and 

embedding 𝐫𝑀(𝑢, 𝑣). 

Define MoBiNad tangent vectors: 

𝐫𝑀,𝑢 = 𝐷𝑀,𝑢𝐫𝑀, 𝐫𝑀,𝑣 = 𝐷𝑀,𝑣𝐫𝑀. (IV.282) 

Let 𝐧𝑀  be a MoBiNad unit normal. 

10.5.1 First and second fundamental forms 

First fundamental form coefficients: 

𝐸𝑀 = ⟨𝐫𝑀,𝑢, 𝐫𝑀,𝑢⟩𝑀, 𝐹𝑀 = ⟨𝐫𝑀,𝑢, 𝐫𝑀,𝑣⟩𝑀, 𝐺𝑀 = ⟨𝐫𝑀,𝑣 , 𝐫𝑀,𝑣⟩𝑀. (IV.283) 

Second fundamental form coefficients: 

𝑒𝑀 = ⟨𝐧𝑀, 𝐷𝑀,𝑢
2 𝐫𝑀⟩𝑀, 𝑓𝑀 = ⟨𝐧𝑀 , 𝐷𝑀,𝑢𝐷𝑀,𝑣𝐫𝑀⟩𝑀, 𝑔𝑀 = ⟨𝐧𝑀 , 𝐷𝑀,𝑣

2 𝐫𝑀⟩𝑀. (IV.284) 

10.5.2 MoBiNad Gaussian and mean curvature 

Gaussian curvature: 

𝐾𝑀 =
𝑒𝑀𝑔𝑀 − 𝑓𝑀

2

𝐸𝑀𝐺𝑀 − 𝐹𝑀
2 = 𝐾 + 𝜇𝐾(0), 𝜇𝐾(0) ∈ 𝜇(0). (IV.285) 

Mean curvature: 

𝐻𝑀 =
𝑒𝑀𝐺𝑀 − 2𝑓𝑀𝐹𝑀 + 𝑔𝑀𝐸𝑀

2(𝐸𝑀𝐺𝑀 − 𝐹𝑀
2 )

= 𝐻 + 𝜇𝐻(0), 𝜇𝐻(0) ∈ 𝜇(0). (IV.286) 

Standard recovery: 

st(𝐾𝑀) = 𝐾, st(𝐻𝑀) = 𝐻. (IV.287) 

10.5.3 MoBiNad Gauss–Codazzi equations (schematic) 

The classical Gauss–Codazzi relations acquire infinitesimal puncture residues: 

Gauss𝑀 = Gauss + 𝛿𝐺(0), 𝛿𝐺(0) ∈ 𝜇(0),       (IV.288) 

Codazzi𝑀 = Codazzi + 𝛿𝐶(0), 𝛿𝐶(0) ∈ 𝜇(0). (IV.289) 

These 𝛿-terms are the analytic “source” of mixed curvature behavior: when 𝜇𝐾(0) 

varies across micro-zones, 𝐾𝑀  can cross 0 and alternate sign within the same 

surface—precisely the Smarandache surface condition. 
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75 10.6 Neutrosophic Valence of Differential Operators 

To encode geometric certainty/indeterminacy directly into the operator layer, assign 

a neutrosophic triplet to each operator 𝒪𝑀: 

𝑆(𝒪𝑀) = (𝑇𝒪 , 𝐼𝒪 , 𝐹𝒪). (IV.290) 

A minimal assignment, driven by infinitesimal deviation magnitude, is: 

𝐼𝒪 ∼∣ 𝒪𝑀 − st(𝒪𝑀) ∣, (IV.291) 

with 𝑇𝒪  decreasing as 𝐼𝒪  increases, and 𝐹𝒪  reserved for sign-flip or discontinuity 

events (e.g., 𝐾𝑀  crossing 0). 

For Gaussian curvature specifically, the sign-flip criterion is: 

𝐹𝐾(𝑥) activates when sgn(𝐾𝑀(𝑥)) changes across adjacent monads. (IV.292) 

10.7 Worked Example: A Punctured Gaussian Surface 

Let an embedding be defined by an infinitesimal puncture amplitude 𝛿(𝑢, 𝑣) ∈

𝜇(0): 

𝐫𝑀(𝑢, 𝑣) = (𝑢, 𝑣, √𝑢2 + 𝑣2 (1 + 𝛿(𝑢, 𝑣))). (IV.293) 

Assume (to leading order) that: 

𝐸𝑀 = 1 + 𝜇𝐸(0), 𝐹𝑀 = 0, 𝐺𝑀 = 1 + 𝜇𝐺(0), (IV.294) 

and that: 

𝑒𝑀 = 𝑔𝑀 = 1 + 𝛿(𝑢, 𝑣), 𝑓𝑀 = 0. (IV.295) 

Then: 

𝐾𝑀 =
(1+𝛿)2

(1 + 𝜇𝐸(0))(1 + 𝜇𝐺(0))
= 1 + 𝜇𝐾(0), 𝜇𝐾(0) ∈ 𝜇(0). (IV.296) 

In micro-zones where 𝛿(𝑢, 𝑣) oscillates through 0, the infinitesimal residue 𝜇𝐾(0) 

changes sign relative to local baselines, and the surface admits patchwise curvature-

regime alternation—an analytic Smarandache surface generated purely from 

MoBiNad operator structure. 
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76 10.8 MoBiNad–Gauss–Bonnet and a Neutrosophic Euler 

Characteristic 

Let 𝑆𝑀  be a compact oriented MoBiNad surface without boundary (or treat boundary 

terms similarly). Define the MoBiNad area form 𝑑𝐴𝑀. The MoBiNad Gauss–Bonnet 

statement is: 

∫ 𝐾𝑀
𝑆𝑀

 𝑑𝐴𝑀 = 2𝜋 𝜒(𝑆) + ℐpuncture, (IV.297) 

where 𝜒(𝑆) is the classical Euler characteristic of the standard-part surface and the 

puncture correction is: 

ℐpuncture = ∫ 𝜇𝐾
𝑆𝑀

(0) 𝑑𝐴𝑀. (IV.298) 

Since 𝜇𝐾(0) ∈ 𝜇(0), typically: 

ℐpuncture ∈ 𝜇(0), (IV.299) 

but it is structurally meaningful: it measures the integrated signature of the puncture-

curvature network. 

Define a neutrosophic Euler characteristic as a triplet: 

𝜒𝑁(𝑆𝑀) = (𝜒, 𝜒𝐼 , 𝜒𝐹), (IV.300) 

with: 

𝜒 =
1

2𝜋
 st (∫ 𝐾𝑀

𝑆𝑀

 𝑑𝐴𝑀) , (IV.301) 

𝜒𝐼 =
1

2𝜋
∣ ∫ 𝜇𝐾

𝑆𝑀

(0) 𝑑𝐴𝑀 ∣∈ 𝜇(0), (IV.302) 

and 𝜒𝐹  activated when curvature-sign alternation creates Smarandache patching (e.g., 

counting sign-change boundary networks). A simple analytic proxy is: 

𝜒𝐹 ∼ st (∫ ∣ ∇𝑀sgn(𝐾𝑀) ∣
𝑆𝑀

 𝑑𝐴𝑀) , (IV.303) 

interpreting ∣ ∇𝑀sgn(𝐾𝑀) ∣ as a distributional density supported on patch 

boundaries where 𝐾𝑀  changes sign. 
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77 This yields the promised closure: differential topology becomes neutrosophic because 

puncture curvature contributes an infinitesimal integral (𝜒𝐼) and sign-change 

networks contribute a macroscopic structural component (𝜒𝐹). 

10.9 Projection Hierarchy and Analytic Closure 

The projection hierarchy is now explicit: 

st(𝑔𝑀) = 𝑔, (IV.304) 

st(𝐷𝑀) = 𝐷, (IV.305) 

st(𝐾𝑀) = 𝐾. (IV.306) 

Thus: 

• classical differential geometry is the standard part, 

• Smarandache geometry is the macroscopic pattern of operator-level 

infinitesimal fluctuations (sign flips, patch networks), 

• neutrosophic geometry is the logical quantification of those fluctuations 

via (T,I, F)-valences at the operator and invariant level. 

10.10 Chapter Synthesis 

This chapter provides the differential-form engine that generates Smarandache 

structures from ENSA: 

• MoBiNad Christoffels (IV.267)–(IV.269) encode puncture connection 

residues, 

• MoBiNad curvature tensors (IV.270)–(IV.276) encode micro-curvature 

jitter, 

• Cartan equations (IV.278)–(IV.281) carry infinitesimal torsion/curvature 

forms, 

• Gauss–Codazzi (IV.282)–(IV.289) generate mixed-curvature surfaces 

directly, 

• MoBiNad–Gauss–Bonnet (IV.297)–(IV.303) yields a neutrosophic Euler 

characteristic. 

With these operators, Smarandache curves and surfaces are no longer postulates: they 

are constructible outputs of MoBiNad differential geometry driven by infinitesimal 

puncture structure. 



INFINITESIMAL PUNCTURES, 4 

 

Chapter 11: The MoBiNad–Gauss–Bonnet Theorem and the Neutrosophic Euler Characteristic 

78 

CHAPTER 11 

THE MOBINAD–GAUSS–BONNET THEOREM  

AND THE NEUTROSOPHIC EULER CHARACTERISTIC 

This chapter develops the full topological closure of the ENSA + IPP + Smarandache-

geometry program: a MoBiNad–Gauss–Bonnet theorem on infinitesimally 

punctured (MoBiNad) surfaces, and a Neutrosophic Euler characteristic that 

carries standard, infinitesimal, and indeterminate contributions. 

11.1 Classical Gauss–Bonnet Theorem 

Let 𝑆 be a compact, oriented, smooth surface without boundary embedded in ℝ3. 

The classical Gauss–Bonnet theorem states: 

∫𝐾 𝑑𝐴 = 2𝜋 𝜒(𝑆),
𝑆

(IV.307) 

where 𝐾 is the Gaussian curvature and 𝜒(𝑆) is the Euler characteristic (e.g., 𝜒 =

𝑉 − 𝐸 + 𝐹 for a triangulation). 

11.2 MoBiNad Surfaces and Puncture Density 

Let 𝑆𝑀 ⊂ 𝑀𝑀 be a compact MoBiNad surface (Chapter 10), with MoBiNad area 

form: 

𝑑𝐴𝑀 = √𝐸𝑀𝐺𝑀 − 𝐹𝑀
2  𝑑𝑢 𝑑𝑣. (IV.308) 

Its MoBiNad Gaussian curvature has the decomposition: 

𝐾𝑀 = 𝐾 + 𝜇𝐾(0), 𝜇𝐾(0) ∈ 𝜇(0). (IV.309) 

Introduce a puncture density field (per reference microcell): 

𝜌𝑝(𝑢, 𝑣) =
𝑁𝑝(𝑢, 𝑣)

𝑁0

, 𝜌𝑝 ∈∗ ℝ. (IV.310) 

Microscopically, 𝜌𝑝 may itself be infinitesimal (𝜌𝑝 ∈ 𝜇(0)), while macroscopically it 

may be standard but spatially varying. 
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79 11.3 MoBiNad Curvature 2-Form and Neutrosophic 

Decomposition 

Define the MoBiNad curvature 2-form: 

Ω𝑀 = 𝐾𝑀  𝑑𝐴𝑀. (IV.311) 

Using (IV.309), we decompose: 

Ω𝑀 = Ω + Ω𝜀 + Ω𝐼 , (IV.312) 

where: 

• standard curvature form 

Ω = 𝐾 𝑑𝐴, (IV.313) 

• infinitesimal (puncture) distortion 

Ω𝜀 = 𝜇𝐾(0) 𝑑𝐴𝑀 , Ω𝜀 ∈ 𝜇(0), (IV.314) 

• indeterminacy form Ω𝐼, representing zones where left/right monadic 

evaluations produce inconsistent curvature classification (e.g., unstable sign 

under monadic approach). 

A practical analytic way to encode indeterminacy is to treat Ω𝐼  as supported on 

“neutral filaments” where curvature classification becomes neutrosophically 

ambiguous, i.e. where 𝐾𝑀  transitions across sign or fluctuates within 𝜇(0). 

11.4 Neutrosophic Partition of the Surface 

Partition the MoBiNad surface into three neutrosophic regions: 

𝑆𝑀 = 𝑆𝑇 ∪ 𝑆𝐼 ∪ 𝑆𝐹 , 𝑆𝑇 ∩ 𝑆𝐼 = ∅, 𝑆𝐼 ∩ 𝑆𝐹 = ∅, 𝑆𝑇 ∩ 𝑆𝐹 = ∅. (IV.315) 

Interpretation: 

• 𝑆𝑇: determinate (regular) curvature behavior, 

• 𝑆𝐼: indeterminate (fluctuating) curvature classification, 

• 𝑆𝐹: punctured/void-like zones (where curvature contribution is diminished 

or removed). 

Correspondingly, split the curvature integral: 

∫ 𝐾𝑀
𝑆𝑀

 𝑑𝐴𝑀 = ∫ 𝐾𝑀
𝑆𝑇

 𝑑𝐴𝑀 + ∫ 𝐾𝑀
𝑆𝐼

 𝑑𝐴𝑀 + ∫ 𝐾𝑀
𝑆𝐹

 𝑑𝐴𝑀. (IV.316) 
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80 11.5 Definition: Neutrosophic Euler Characteristic 

Define the Neutrosophic Euler characteristic as a triplet: 

𝜒𝑁(𝑆𝑀) = (𝜒𝑇 , 𝜒𝐼 , 𝜒𝐹). (IV.317) 

A natural operator-consistent definition is: 

𝜒𝑇 =
1

2𝜋
 st (∫ 𝐾𝑀

𝑆𝑇

 𝑑𝐴𝑀) ,                   (IV.318) 

𝜒𝐼 =
1

2𝜋
∣ ∫ 𝜇𝐾

𝑆𝐼

(0) 𝑑𝐴𝑀 ∣, 𝜒𝐼 ∈ 𝜇(0), (IV.319) 

𝜒𝐹 =
1

2𝜋
 st (∫ 𝐾𝑀

𝑆𝐹

 𝑑𝐴𝑀) ,                   (IV.320) 

where 𝜒𝐹  records the standard-part deficit or alteration attributable to 

punctured/void-like regions. 

In smooth unpunctured regions 𝑆𝐹 = ∅ and in absence of indeterminacy 𝑆𝐼 = ∅, one 

recovers 𝜒𝑁(𝑆𝑀) = (𝜒(𝑆),0,0). 

11.6 MoBiNad–Gauss–Bonnet Theorem (Neutrosophic Form) 

11.6.1 Integral statement 

For a compact oriented MoBiNad surface 𝑆𝑀  without boundary: 

∫ 𝐾𝑀
𝑆𝑀

 𝑑𝐴𝑀 = 2𝜋(𝜒𝑇 + 𝜒𝐹) + 2𝜋 𝜒𝐼 + 2𝜋 𝛿𝜒 , 𝛿𝜒 ∈ 𝜇(0). (IV.321) 

Here: 

• 𝜒𝑇 + 𝜒𝐹  is the standard-part topological content (including puncture-

deficit effects), 

• 𝜒𝐼  is the indeterminacy contribution (typically infinitesimal but structurally 

meaningful), 

• 𝛿𝜒 is any remaining infinitesimal correction from MoBiNad operator 

residues not absorbed in the partition (e.g., higher-order 𝜇(0)terms). 

11.6.2 Compact neutrosophic equality 

Equivalently: 

∫ 𝐾𝑀
𝑆𝑀

 𝑑𝐴𝑀 = 2𝜋 𝜒𝑁(𝑆𝑀)(interpreted componentwise). (IV.322) 
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81 The standard part of (IV.322) reduces to the classical theorem: 

st (∫ 𝐾𝑀
𝑆𝑀

 𝑑𝐴𝑀) = 2𝜋 𝜒(𝑆). (IV.323) 

11.7 Example: Neutrosophic Sphere with Infinitesimal Punctures 

Let 𝑆 be a sphere of radius 𝑅, with classical curvature 𝐾 = 1/𝑅2. Let the surface be 

punctured by infinitesimal holes of total fractional area 𝛼 ∈ 𝜇(0). Model the effective 

MoBiNad curvature as: 

𝐾𝑀 =
1

𝑅2
+ 𝜇𝐾(0), 𝜇𝐾(0) ∈ 𝜇(0). (IV.324) 

Then the MoBiNad area is approximately 𝐴𝑀 ≈ 4𝜋𝑅2(1 − 𝛼), giving: 

∫ 𝐾𝑀
𝑆𝑀

 𝑑𝐴𝑀 =
1

𝑅2
 4𝜋𝑅2(1 − 𝛼) + ∫ 𝜇𝐾

𝑆𝑀

(0) 𝑑𝐴𝑀. (IV.325) 

Hence: 

∫ 𝐾𝑀
𝑆𝑀

 𝑑𝐴𝑀 = 4𝜋(1 − 𝛼) + 4𝜋 𝛿𝐾  𝛼, 𝛿𝐾 ∈ 𝜇(0), (IV.326) 

where 𝛿𝐾𝛼 schematically represents the averaged infinitesimal curvature residue over 

punctured zones. 

Thus the neutrosophic Euler triplet may be read as: 

𝜒𝑇 = 2(1 − 𝛼), 𝜒𝐼 = 𝛿𝐾𝛼, 𝜒𝐹 = 𝛼, (IV.327) 

so an unpunctured sphere corresponds to (2, 0, 0), while a punctured sphere has a 

“diluted” topological signature with an infinitesimal indeterminacy layer. 

11.8 Smarandache Geometries as Mixed-Curvature Gauss–Bonnet 

Domains 

On a Smarandache surface (or Smarandache geometry shadow) one typically has 

mixed curvature zones: 

• elliptic (𝐾𝑀 > 0), 

• hyperbolic (𝐾𝑀 < 0), 

• neutrosophically neutral (𝐾𝑀 ≈ 0 within 𝜇(0)). 
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82 In MoBiNad form, this is encoded by the sign structure of 𝐾𝑀  and the partition 

(IV.315). Then Gauss–Bonnet becomes the global constraint that relates: 

• the patchwise curvature alternation pattern (Smarandache behavior), 

• the puncture density 𝜌𝑝(𝑢, 𝑣), 

• and the neutrosophic topological invariant 𝜒𝑁(𝑆𝑀). 

11.9 Differential-Form Dual Expression 

Let 𝜔𝑀  denote a MoBiNad connection 1-form on 𝑆𝑀  (e.g., the Levi–Civita 

connection in a moving frame, extended with MoBiNad residues). Then the curvature 

form satisfies: 

𝑑𝜔𝑀 = Ω𝑀 . (IV.328) 

Hence: 

∫ Ω𝑀
𝑆𝑀

= ∫ 𝑑
𝑆𝑀

𝜔𝑀 = 2𝜋 𝜒𝑁(𝑆𝑀), (IV.329) 

interpreted in the neutrosophic sense (standard + infinitesimal + indeterminate 

contributions). This displays the operator-level continuity: Stokes’ theorem is 

preserved in the standard part while puncture structure contributes infinitesimal 

residues. 

11.10 Physical Interpretation in Infinitesimally Punctured 

Quantum Geometry 

Within IPP–ENSA quantum geometry, each term has a direct reading: 

• 𝜒𝑇: macroscopic topological invariant (classical geometry), 

• 𝜒𝐼: infinitesimal curvature-energy inventory from puncture jitter 

(quantum-foam substrate), 

• 𝜒𝐹: curvature deficit due to punctured/void-like regions (corpuscular 

“holes” in geometry). 

Thus the MoBiNad–Gauss–Bonnet theorem provides a topological accounting 

law for how infinitesimal punctures redistribute curvature and induce neutrosophic 

indeterminacy at the geometric level. 
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83 11.11 Chapter Synthesis 

• Classical topology: ∫ 𝐾 𝑑𝐴 = 2𝜋𝜒(𝑆)
𝑆

. 

• MoBiNad topology: curvature and area carry infinitesimal puncture 

corrections. 

• Neutrosophic topology: global invariant becomes a triplet 𝜒𝑁 =

(𝜒𝑇 , 𝜒𝐼 , 𝜒𝐹). 

• Smarandache geometry: mixed curvature zones arise from puncture-density 

heterogeneity; Gauss–Bonnet constrains their global balance. 
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CONCLUSION 

This monograph has developed a single, continuous analytical architecture beginning 

from Extended Nonstandard Analysis (ENSA) and culminating in a 

Neutrosophic MoBiNad Topological Framework capable of generating 

Smarandache geometries, punctured quantum structures, and hyperreal characteristic 

invariants within one coherent system. 

Across Chapters 1–11, we have shown that: 

• Infinitesimals can be treated rigorously (ENSA). 

• Infinitesimal punctures can be encoded geometrically (MoBiNad manifolds). 

• Differential operators can incorporate monadic asymmetry. 

• Classical curvature invariants acquire infinitesimal residues. 

• Smarandache geometries emerge as standard-part projections of puncture-
heterogeneous manifolds. 

• Topological invariants admit neutrosophic extensions. 

• The Gauss–Bonnet theorem generalizes into a MoBiNad–Neutrosophic form. 

1. From Infinitesimals to Geometry 

The foundational principle introduced early in the work is: 

Classical structure = st(MoBiNad structure). (IV.330) 

This principle was applied repeatedly: 

st(𝑔𝑀) = 𝑔, (IV.331) 

st(𝐷𝑀) = 𝐷, (IV.332) 

st(𝐾𝑀) = 𝐾. (IV.333) 

Thus: 

• The metric recovers. 

• The derivative operator recovers. 

• The curvature recovers. 

Classical differential geometry is therefore not replaced — it is embedded as the 

macroscopic shadow of a deeper infinitesimally punctured geometry. 
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Chapters 4–10 constructed the full operator hierarchy: 

• MoBiNad derivatives 

• MoBiNad Christoffel symbols 

• MoBiNad curvature tensors 

• MoBiNad connection 1-forms 

• MoBiNad Gauss–Codazzi equations 

Each operator admits a decomposition: 

𝒪𝑀 = 𝒪 + 𝛿𝒪, 𝛿𝒪 ∈ 𝜇(0). (IV.334) 

These infinitesimal corrections: 

• Encode puncture asymmetry, 

• Produce curvature sign oscillations, 

• Generate Smarandache region alternations, 

• Introduce structured indeterminacy rather than randomness. 

Thus, Smarandache geometries are not postulated contradictions; they are analytic 

consequences of operator-level infinitesimal heterogeneity. 

3. Smarandache Geometry as Standard-Part Projection 

The key structural identity established is: 

st(𝑀𝑀) = 𝑀𝑆𝐺 . (IV.335) 

Meaning: 

• A MoBiNad manifold with variable puncture density, 

• Under standard-part projection, 

• Appears as a manifold where geometric axioms behave differently in 

different regions. 

Mixed Euclidean, hyperbolic, and indeterminate zones correspond to sign variations 

of: 

𝐾𝑀 = 𝐾 + 𝜇𝐾(0). (IV.336) 

Thus Smarandache Geometry is the macroscopic imprint of infinitesimal curvature 

heterogeneity. 
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Chapter 11 extended Gauss–Bonnet into the MoBiNad domain, producing: 

∫ 𝐾𝑀
𝑆𝑀

 𝑑𝐴𝑀 = 2𝜋𝜒𝑁(𝑆𝑀). (IV.337) 

where the Neutrosophic Euler characteristic is: 

𝜒𝑁(𝑆𝑀) = (𝜒𝑇 , 𝜒𝐼 , 𝜒𝐹). (IV.338) 

Interpretation: 

• 𝜒𝑇— classical topological invariant, 

• 𝜒𝐼— infinitesimal puncture-curvature inventory, 

• 𝜒𝐹— curvature deficit or void contribution. 

Thus topology itself acquires a neutrosophic structure: integer invariant + 

infinitesimal correction + indeterminate component. 

This represents a structural elevation from geometry to logical topology. 

5. Physical Interpretation: Infinitesimal Determinism  

and Quantum Structure 

Within the Infinitesimally Punctured Physics (IPP) framework: 

• 𝜇𝑅(0) corresponds to microscopic curvature jitter, 

• 𝜇𝐾(0) encodes quantum-like geometric fluctuation, 

• Puncture density 𝜌𝑝acts as geometric micro-structure. 

Classical geometry emerges as the averaged limit: 

st(𝑅𝑀) = 𝑅. (IV.339) 

Thus quantum indeterminacy may be interpreted as the macroscopic perception of 

structured infinitesimal determinism. 

6. Logical Layer: Neutrosophic Operators 

At every geometric level we introduced a neutrosophic triplet: 

𝑆 = (𝑇, 𝐼, 𝐹). (IV.340) 

Applied to: 
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• Differential operators, 

• Curvature tensors, 

• Surface invariants, 

• Topological integrals. 

where: 

• 𝑇 measures regular geometric truth (classical part), 

• 𝐼 measures infinitesimal indeterminacy, 

• 𝐹 measures discontinuity or sign-flip contributions. 

Thus logic is not external to geometry — it is embedded inside operator structure. 

7. Hierarchical Synthesis 

The structure developed in Chapters 1–11 can be summarized as a hierarchy: 

1. ENSA — rigorous infinitesimal calculus 

2. MoBiNad manifold — punctured hyperreal geometry 

3. MoBiNad operators — infinitesimal differential corrections 

4. Smarandache geometry — mixed curvature behavior under projection 

5. Neutrosophic topology — hyperreal characteristic invariants 

All layers are compatible under the standard-part projection: 

st(MoBiNad–Neutrosophic structure) = Classical structure. (IV.341) 

8. Conceptual Unification 

This framework achieves: 

8.1. Mathematical Closure 

All constructions remain within Extended Nonstandard Analysis. Infinitesimals are 

not heuristic — they are algebraically consistent. 

8.2. Geometric Continuity–Discontinuity Unity 

Space is neither purely smooth nor purely discrete; it is infinitesimally punctured. 

8.3. Logical–Geometric Correspondence 

Neutrosophic logic maps directly onto geometric operator deviations. 
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Characteristic numbers gain infinitesimal and indeterminate components. 

9. Final Statement 

The central thesis demonstrated through Chapters 1–11 is: 

Symbolically: 

Reality
classical

= st(MoBiNad–Neutrosophic structure) (IV.342) 

where: 

• ENSA guarantees rigor, 

• MoBiNad geometry encodes infinitesimal punctures, 

• Smarandache structures emerge from regional heterogeneity, 

• Neutrosophic invariants quantify logical indeterminacy, 

• Classical mathematics is recovered exactly in the standard part. 

 

 

Classical geometry, topology, and physics are the standard-
part projections of an infinitesimally punctured MoBiNad–
Neutrosophic superspace. 
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OPEN PROBLEMS AND RESEARCH DIRECTIONS  

IN MOBINAD–NEUTROSOPHIC GEOMETRY 

1. Foundational Problems (ENSA and Operator Theory) 

Problem 1. Rigorous Functional Spaces for MoBiNad Operators 

Define complete function spaces: 

𝒞𝑀
𝑘 (𝑀𝑀) 

where MoBiNad derivatives 𝐷𝑀  are: 

• well-defined, 

• closed under composition, 

• compatible with the standard-part projection. 

Question: 

Under what conditions does: 

st(𝐷𝑀𝑓) = 𝐷(st𝑓) 

hold for all 𝑓 ∈ 𝒞𝑀
𝑘 ? 

This is the operator-level compatibility problem. 

Problem 2. Stability of Infinitesimal Curvature Perturbations 

Given: 

𝑅𝑀 = 𝑅 + 𝜇𝑅(0), 
classify: 

• Which classes of 𝜇𝑅(0) preserve sectional curvature sign? 

• Which induce Smarandache sign alternation? 

This requires a stability theory for hyperreal curvature. 

Problem 3. Neutrosophic Operator Algebra 

Develop an algebra where every operator 𝒪𝑀 possesses a triplet: 

(𝑇𝒪 , 𝐼𝒪 , 𝐹𝒪). 

Open question: 
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• Does a neutrosophic operator algebra form a category? 

2. Differential Geometry Problems 

Problem 4. Classification of MoBiNad Surfaces by Curvature Spectrum 

Given: 

𝐾𝑀 = 𝐾 + 𝜇𝐾(0), 
classify surfaces according to: 

• bounded oscillatory 𝜇𝐾(0), 

• sign-alternating 𝜇𝐾(0), 

• chaotic monadic distributions. 

Is there a hyperreal analogue of classical surface classification (elliptic, parabolic, 

hyperbolic)? 

Problem 5. MoBiNad Minimal Surfaces 

Find conditions under which: 𝐻𝑀 = 0 holds in the neutrosophic sense: 

𝐻𝑀 = 0 + 𝜇𝐻(0). 

Do infinitesimal torsion residues create new minimal-surface families? 

Problem 6. MoBiNad Geodesic Completeness 

Given the MoBiNad connection: 

Γ𝑀 = Γ + 𝛿Γ ⋅ 𝜀(0), 
determine: 

• Does geodesic completeness survive infinitesimal perturbation? 

• Can incomplete Smarandache zones emerge from complete manifolds? 

3. Topology and Characteristic Class Problems 

Problem 7. Neutrosophic Chern–Weil Theory 

Construct explicitly: 

𝑃(𝐹𝑀) 

for invariant polynomials 𝑃, and define: 

𝑐𝑁(𝑀𝑀) = (𝑐𝑇 , 𝑐𝐼 , 𝑐𝐹). 

Key questions: 
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• Do infinitesimal residues change integer characteristic numbers? 

• Can puncture density induce topological phase transitions? 

Problem 8. Hyperreal Cohomology 

Define a cohomology theory: 

𝐻𝑀
∗ (𝑀𝑀) 

such that: 

st(𝐻𝑀
∗ ) = 𝐻∗(𝑀). 

Is there a meaningful classification of infinitesimal cohomology classes? 

Problem 9. Neutrosophic Index Theorems 

Does an extension of the Atiyah–Singer Index Theorem exist in the MoBiNad 

framework? 

Can one define: 

Index𝑁(𝐷𝑀) 

with neutrosophic components? 

4. Physical and Gauge–Gravity Problems 

Problem 10. Quantization of Curvature Oscillations 

Promote: 

𝜇𝐾(0, 𝑥) 

to an operator-valued distribution. 

Questions: 

• Does it produce renormalization improvements? 

• Can it regulate ultraviolet divergences naturally? 

Problem 11. Neutrosophic Gauge Symmetry Breaking 

If: 

𝐹𝑀 = 𝐹 + Θ(𝜇(0)), 
can infinitesimal curvature asymmetries generate: 

• small photon mass, 

• gauge torsion corrections, 

• vacuum birefringence? 
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92 Problem 12. Dark Energy Interpretation 

If: 

Λ𝑀 = Λ + 𝜇Λ(0), 

can integrated infinitesimal curvature inventory: 

∫ 𝜇𝑅(0) 

account for small cosmological-constant deviations? 

5. Smarandache Geometry Problems 

Problem 13. Emergence Conditions for Smarandache Zones 

Given puncture density 𝜌𝑝(𝑥), determine thresholds where: 

sign(𝐾𝑀) changes macroscopically. 

Is there a critical density producing geometric phase transitions? 

Problem 14. Smarandache Geodesic Flow 

Analyze geodesics crossing alternating curvature zones. 

Do they exhibit: 

• deterministic chaos? 

• topological trapping? 

• fractal scattering? 

Problem 15. Smarandache Geometry in Higher Dimensions 

Extend mixed-axiom behavior to 4D MoBiNad manifolds. 

Can spacetime itself admit: 

• regionally different parallel postulates, 

• mixed signature structures? 

6. Information-Theoretic and Logical Problems 

Problem 16. Neutrosophic Entropy Geometry 

Given triplet field: 

𝒯(𝑥) = (𝑇, 𝐼, 𝐹), 
define entropy density: 

𝑆𝑁 = −𝑇ln 𝑇 − 𝐼ln 𝐼 − 𝐹ln 𝐹. 
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• Does curvature correlate with logical entropy? 

• Can geometry encode information-theoretic bounds? 

Problem 17. Logical–Geometric Duality 

Is there a functor: 

ℱ:Neutrosophic Logic → MoBiNad Geometry 

mapping truth-indeterminacy-falsity structures to curvature operators? 

7. Computational and Visualization Problems 

Problem 18. Simulation of Punctured Curvature Networks 

Develop numerical models for: 

𝐾𝑀(𝑢, 𝑣) = 𝐾 + 𝜇𝐾(0, 𝑢, 𝑣). 

Can one simulate: 

• Blue/Green/Red Smarandache patch maps? 

• Fractal alternation down to a cutoff scale? 

Problem 19. Discrete MoBiNad Approximation 

Construct lattice analogues approximating: 

𝜇(0) 

via finite small parameters. 

Does convergence occur under refinement? 

8. Grand Unification Question 

Problem 20. Is Classical Reality a Standard-Part Projection? 

Does there exist a full mathematical equivalence: 

Physical laws = st(MoBiNad–Neutrosophic laws)? 

This is the philosophical–mathematical core question of the theory. 
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Final Open Direction 

The framework now contains: 

• Differential operators 

• Curvature tensors 

• Topological invariants 

• Gauge–gravity couplings 

• Logical embeddings 

What remains is to determine: 

1. Whether infinitesimal structure produces observable predictions. 

2. Whether neutrosophic topology yields measurable corrections. 

3. Whether Smarandache geometry is physically realized at Planck scales. 

Closing Statement 

The MoBiNad–Neutrosophic framework is not a completed theory. It is an analytical 

infrastructure. 

Its open problems span: 

• Pure mathematics, 

• Differential topology, 

• Quantum field theory, 

• Logical foundations, 

• Computational geometry. 

The next breakthroughs will come from those who can: 

• Translate infinitesimal residues into measurable physics, 

• Formalize neutrosophic characteristic classes, 

• Prove or refute the necessity of punctured geometry for quantum structure. 
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INDEX TERMS 

 

A 
Abelian gauge fields (MoBiNad) 
Action functional (hyperreal) 
Affine connection (MoBiNad) 
Analytic continuation (ENSA) 
Asymmetric monads 
Auxiliary superfields 
 
B 
Bianchi identities (MoBiNad form) 
Binads 
Bosonic–fermionic correspondence 
Bundle curvature (hyperreal) 
 
C 
Cartan structure equations (MoBiNad) 
Chern classes (neutrosophic) 
Chern–Weil theory (extended) 
Characteristic forms (hyperreal) 
Christoffel symbols (MoBiNad) 
Connection 1-forms (punctured) 
Covariant derivative (MoBiNad) 
Curvature 2-form (MoBiNad) 
Curvature oscillations (infinitesimal) 
 
D 
De Rham cohomology 
Defect curvature (puncture-induced) 
Differential forms (hyperreal) 
Dirac operator (MoBiNad) 
 
E 
Einstein tensor (MoBiNad) 
Euler characteristic (neutrosophic) 
Euler class (hyperreal) 
Exterior derivative (MoBiNad) 
Extended Nonstandard Analysis (ENSA) 

F 
Fermionic coordinates (Grassmann) 
Field strength tensor (MoBiNad) 
First fundamental form (MoBiNad 
surface) 
Frenet–Serret equations (MoBiNad) 
 
G 
Gauss–Bonnet theorem (MoBiNad) 
Gauss–Codazzi equations (punctured) 
Gauge curvature (hyperreal) 
Gauge–gravity coupling (MoBiNad) 
Gaussian curvature (neutrosophic) 
Geodesic equations (MoBiNad) 
Grassmann variables 
 
H 
Hamiltonian density (hyperreal) 
Hyperreal numbers 
Hyperreal topology 
 
I 
Infinitesimal curvature residue 
Infinitesimal puncture density 
Infinitesimally Punctured Physics (IPP) 
Index theorem (neutrosophic extension) 
 
J 
Jacobi fields (MoBiNad) 
 
K 
Gaussian curvature (MoBiNad) 
Killing vector fields (hyperreal) 
 
L 
Lamé parameters  
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98 Levi–Civita connection (MoBiNad) 
Lie algebra (hyperreal extension) 
Logical triplet (T, I, F) 
 
M 
Mean curvature (MoBiNad) 
Metric tensor (punctured) 
MoBiNad derivative 
MoBiNad manifold 
MoBiNad superspace 
Monad (ENSA) 
 
N 
Neutrosophic characteristic classes 
Neutrosophic Euler characteristic 
Neutrosophic entropy density 
Neutrosophic Gauss–Bonnet theorem 
Neutrosophic logic (T, I, F) 
Non-Abelian gauge field (MoBiNad) 
 
P 
Parallel transport (MoBiNad) 
Pierced monads 
Pontryagin classes (hyperreal) 
Principal bundle (MoBiNad) 
Projection hierarchy (standard part) 
 
Q 
Quantum curvature fluctuations 
Quantum foam (punctured geometry) 
 
 
 

R 
Riemann curvature tensor (MoBiNad) 
Ricci tensor (hyperreal) 
Scalar curvature (MoBiNad) 
Smarandache curves 
Smarandache geometries 
Smarandache surfaces 
Standard-part projection 
 
S 
Second fundamental form (MoBiNad) 
Sectional curvature (hyperreal) 
Structure equations (Cartan–MoBiNad) 
Supersymmetric curvature corrections 
Supersymmetric MoBiNad action 
Superspace (punctured) 
 
T 
Tangent bundle (MoBiNad) 
Torsion tensor (infinitesimal) 
Transfer principle (ENSA) 
Truth–Indeterminacy–Falsity triplet 
 
U 
Unified gauge–gravity action (MoBiNad) 
 
V 
Vielbein formalism (MoBiNad) 
 
W 
Wilson loop (MoBiNad) 
Worldsheet (supersymmetric MoBiNad) 
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APPENDIX A 

ANALYTICAL BACKGROUND FOR INFINITESIMALLY 

PUNCTURED PHYSICS USED IN EXTENDED 

NONSTANDARD ANALYSIS 

This appendix provides the analytical foundations required for the 
development of: 

• Extended Nonstandard Analysis (ENSA) 

• MoBiNad (Infinitesimally Punctured) Manifolds 

• Neutrosophic Differential Geometry 

• Smarandache Geometrical Structures 

• MoBiNad–Gauss–Bonnet and Higher Topology 
The goal is to collect the necessary definitions, constructions, and classical 
results that the main text extends. 

A.1 Classical Differential Geometry Foundations 

A.1.1 Smooth Manifolds 

A smooth manifold 𝑀 of dimension 𝑛 is a Hausdorff, second-countable topological 

space locally diffeomorphic to ℝ𝑛. 

An atlas {(𝑈𝛼 , 𝜑𝛼)} satisfies: 

𝜑𝛼: 𝑈𝛼 → ℝ𝑛, 
with smooth transition maps. 

A.1.2 Tangent Spaces 

The tangent space at 𝑝 ∈ 𝑀 is defined as: 

𝑇𝑝𝑀 = {
𝑑

𝑑𝑡
𝛾(𝑡) ∣𝑡=0}, 

for smooth curves 𝛾 through 𝑝. 

Local basis: 

{
∂

∂𝑥1
, … ,

∂

∂𝑥𝑛
}. 
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A Riemannian metric is a symmetric positive-definite tensor: 

𝑔 = 𝑔𝜇𝜈𝑑𝑥𝜇 ⊗ 𝑑𝑥𝜈. 

Length: 

𝑑𝑠2 = 𝑔𝜇𝜈𝑑𝑥𝜇𝑑𝑥𝜈. 

A.1.4 Levi–Civita Connection 

The Christoffel symbols: 

Γ𝜇𝜈
𝜌

=
1

2
𝑔𝜌𝜎(∂𝜇𝑔𝜎𝜈 + ∂𝜈𝑔𝜎𝜇 − ∂𝜎𝑔𝜇𝜈). 

This connection is: 

• torsion-free, 

• metric-compatible. 

A.1.5 Curvature Tensors 

Riemann curvature: 

𝑅𝜎𝜇𝜈
𝜌

= ∂𝜇Γ𝜈𝜎
𝜌

− ∂𝜈Γ𝜇𝜎
𝜌

+ Γ𝜇𝜆
𝜌

Γ𝜈𝜎
𝜆 − Γ𝜈𝜆

𝜌
Γ𝜇𝜎

𝜆 . 

Ricci tensor: 

𝑅𝜇𝜈 = 𝑅𝜎𝜇𝜈
𝜌

 

Scalar curvature: 

𝑅 = 𝑔𝜇𝜈𝑅𝜇𝜈 . 

A.2 Surface Theory and Gauss–Codazzi 

A.2.1 First and Second Fundamental Forms 

For surface 𝑟(𝑢, 𝑣) ⊂ ℝ3: 

First fundamental form: 

𝐸 = ⟨𝑟𝑢 , 𝑟𝑢⟩, 𝐹 = ⟨𝑟𝑢 , 𝑟𝑣⟩, 𝐺 = ⟨𝑟𝑣 , 𝑟𝑣⟩. 

Second fundamental form: 

𝑒 = ⟨𝑟𝑢𝑢 , 𝑛⟩, 𝑓 = ⟨𝑟𝑢𝑣 , 𝑛⟩, 𝑔 = ⟨𝑟𝑣𝑣 , 𝑛⟩. 
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𝐾 =
𝑒𝑔 − 𝑓2

𝐸𝐺 − 𝐹2 . 

𝐻 =
𝑒𝐺 − 2𝑓𝐹 + 𝑔𝐸

2(𝐸𝐺 − 𝐹2)
. 

A.2.3 Classical Gauss–Bonnet 

For compact surface without boundary: 

∫𝐾 𝑑𝐴 = 2𝜋𝜒(𝑆).
𝑆

 

A.3 Differential Forms and Chern–Weil Theory 

A.3.1 Differential Forms 

Exterior derivative: 

𝑑: Ω𝑘(𝑀) → Ω𝑘+1(𝑀). 

Properties: 

• 𝑑2 = 0 

• Stokes' theorem: 

∫ 𝑑𝜔 =
𝑀

∫ 𝜔.
∂𝑀

 

A.3.2 Connection 1-Forms 

In moving frame 𝑒𝑎: 

𝜔𝑏
𝑎 = Γ𝜇𝑏

𝑎 𝑑𝑥𝜇. 

Structure equations: 

𝑇𝑎 = 𝑑𝑒𝑎 + 𝜔𝑏
𝑎 ∧ 𝑒𝑏 

A.3.3 Chern–Weil Construction 

For invariant polynomial 𝑃: 

𝑃(𝐹) ∈ Ω2𝑘(𝑀), 

closed: 

𝑑𝑃(𝐹) = 0. 

Characteristic numbers: 

∫ 𝑃(𝐹).
𝑀
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A.4.1 Hyperreal Numbers 

The hyperreal field: 

∗ ℝ ⊃ ℝ. 

Contains infinitesimals: 

𝜀 ≠ 0, ∣ 𝜀 ∣<
1

𝑛
, ∀𝑛 ∈ ℕ 

A.4.2 Standard Part Map 

For finite hyperreal 𝑥: 

st(𝑥) ∈ ℝ. 

Key property: 

𝑥 = st(𝑥) + 𝜇(0). 

A.4.3 Transfer Principle 

Statements true in ℝ extend to ∗ ℝ. 

This ensures analytic consistency of infinitesimal calculus. 

A.5 Extended Nonstandard Analysis (ENSA) 

ENSA enlarges classical nonstandard analysis by incorporating: 

• Monads, 

• Binads, 

• Pierced neighborhoods, 

• Asymmetric infinitesimal structures. 

Monadic neighborhood of 𝑥: 

𝜇(𝑥) = {𝑦 ∈∗ ℝ: 𝑦 − 𝑥 ∈ 𝜇(0)}. 

Binads allow directional asymmetry: 

𝜇+(𝑥), 𝜇−(𝑥). 

This asymmetry is foundational for MoBiNad operators. 
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A.6.1 MoBiNad Metric 

𝑔𝑀 = 𝑔 + 𝛿𝑔, 𝛿𝑔 ∈ 𝜇(0). 

Consistency condition: 

st(𝑔𝑀) = 𝑔. 

A.6.2 MoBiNad Derivative 

𝐷𝑀𝑓(𝑥) = st (
𝑓(𝑥 + 𝜀) − 𝑓(𝑥 − 𝜀)

2𝜀
). 

A.6.3 MoBiNad Curvature 

𝑅𝑀 = 𝑅 + 𝜇𝑅(0). 

Surface curvature: 

𝐾𝑀 = 𝐾 + 𝜇𝐾(0). 

A.7 Neutrosophic Logic Background 

Neutrosophic triplet: 

(𝑇, 𝐼, 𝐹), 

with: 

• 𝑇 ∈ [0,1], 

• 𝐼 ∈ [0,1], 

• 𝐹 ∈ [0,1], 

independent degrees. 

In geometric embedding: 

• 𝑇= classical component, 

• 𝐼= infinitesimal indeterminacy, 

• 𝐹= discontinuity or sign-flip measure. 

A.8 Smarandache Geometrical Background 

Smarandache Geometry allows an axiom to: 

• hold in one region, 

• fail in another, 

• be indeterminate elsewhere. 
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sign(𝐾𝑀) 

varying due to 𝜇𝐾(0). 

Projection: 

st(𝑀𝑀) = 𝑀𝑆𝐺 . 

A.9 Projection Hierarchy 

The analytical backbone of the book rests on: 

st(𝑔𝑀) = 𝑔, 

st(𝐷𝑀) = 𝐷, 

st(𝐾𝑀) = 𝐾, 

st(𝑅𝑀) = 𝑅. 

These ensure macroscopic recovery of classical geometry. 

A.10 Analytical Philosophy of the Framework 

This book assumes: 

1. Classical differential geometry is preserved. 

2. Infinitesimals introduce structured micro-deviations. 

3. Standard-part projection ensures physical consistency. 

4. Logical indeterminacy corresponds quantitatively to infinitesimal operator 

magnitude. 

5. Topology can admit hyperreal corrections. 
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Foundational books: 

1 INFINITESIMALLY PUNCTURED GEOMETRY 

2 INFINITESIMALLY PUNCTURED PHYSICS 

3 INFINITESIMALLY PUNCTURED STRUCTURES 

 

Companion books: 

4 INFINITESIMALLY PUNCTURED PHYSICS  

    USED IN EXTENDED NONSTANDARD ANALYSIS 

5 INFINITESIMALLY PUNCTURED WAVES 



 

 

 

 

For more than a century, singularities and ultraviolet 

divergences have stood at the frontiers of modern 

theoretical physics, marking points where our most 

successful theories cease to be mathematically well defined.  

Infinitesimal Punctures proposes a structural shift in 

perspective: instead of inserting point-like sources into 

smooth manifolds, matter and physical attributes are 

interpreted as intrinsic geometric defects—measure-zero 

punctures—within spacetime itself. In this framework, 

curvature, charge, and quantum behavior arise not as 

external additions but as distributionally supported features 

of geometry.  

The series develops this idea systematically, moving from 

foundational geometry, through dynamical physical laws, 

to a unified S-MultiSpace and S-MultiStructure structural 

formalism. 

The Infinitesimally Punctured Wave (IPW), Infinitesimally 

Punctured Surface (IPSu), Infinitesimally Punctured Space 

(IPSp), Infinitesimally Punctured Manifold (IPM), and in 

general Infinitesimally Punctured Quantum Physics (IPQP) 

were introduced and developed by Florentin Smarandache 

in 2019 and respectively in 2025-2026. 

The ‘infinitesimal distance’ (which is virtual and 

theoretical) was later extended by the author to a ‘very tiny 

real distance’ (which is practical), allowing a wave to be 

‘broken’ in a real sense at any point. 

This volume develops a unified mathematical and physical 

framework based on infinitesimally punctured geometry 

formulated within Extended Nonstandard Analysis 

(ENSA). It introduces the MoBiNad manifold as a hyperreal 

extension of classical differential geometry, where monads, 

binads, and infinitesimal punctures generate structured 

micro-deviations in metric, connection, and curvature 

operators. Through neutrosophic logic, each geometric and 

physical quantity acquires a triplet valuation (truth, 

indeterminacy, falsity), allowing curvature, topology, and 

field dynamics to encode graded logical structure at the 

infinitesimal level. 


