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PREFACE 

 

 
 

 

In this book for the first time authors study mod planes 

using modulo intervals [0, m); 2 ≤ m ≤ ∞. These planes unlike 

the real plane have only one quadrant so the study is carried out 

in a compact space but infinite in dimension. We have given 

seven mod planes viz real mod planes (mod real plane) finite 

complex mod plane, neutrosophic mod plane, fuzzy mod plane, 

(or mod fuzzy plane), mod dual number plane, mod special dual 

like number plane and mod special quasi dual number plane. 

These mod planes unlike real plane or complex plane or 

neutrosophic plane or dual number plane or special dual like 

number plane or special quasi dual number plane are infinite in 

numbers.  

Further for the first time we give a plane structure to the 

fuzzy product set [0, 1)  × [0, 1); where 1 is not included; this is 

defined as the mod fuzzy plane. Several properties are derived.  
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This study is new, interesting and innovative. Many open 

problems are proposed. Authors are sure these mod planes will 

give a new paradigm in mathematics.   

    

We wish to acknowledge Dr. K Kandasamy for his 

sustained support and encouragement in the writing of this 

book.  

 

  

W.B.VASANTHA KANDASAMY 

ILANTHENRAL K 

FLORENTIN SMARANDACHE 

 



 
 
 
 
Chapter One 
 

 
 
INTRODUCTION 
 
 
 

In this book authors define the new notion of several types 

of MOD planes, using reals, complex numbers, neutrosophic 

numbers, dual numbers and so on. Such study is very new and 

in this study we show we have a MOD transformation from R to 

the MOD real plane and so on.  

 

 We give the references needed for this study. 

  

 In the first place we call intervals of the form [0, m) where 

m ∈ N to be the MOD interval or small interval. The term MOD 

interval is used mainly to signify the small interval [0, m) that 

can represent (–∞, ∞). If m = 1 we call [0, 1) to be the MOD 

fuzzy interval. 

 

 We define Rn(n) = {(a, b) | a, b ∈ [0, m)} to be the MOD real 

plane. 

 

 If m = 1 we call Rn(1) as the MOD fuzzy plane. 

 

 The definitions are made and basic structures are given and 

these MOD planes extended to MOD polynomials and so on. For 

study of intervals [0, m) refer [20-1]. 

 

 For neutrosophic numbers please refer [3, 4]. 
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 For the concept of finite complex numbers refer [15]. The 

notion of dual number can be had from [16]. 

 

 The new notion of special quasi dual numbers refer [18]. 

 

 The concept of special dual like numbers and their 

properties refer [17]. For decimal polynomials [5-10]. 

 

 We have only mentioned about the books of reference. 

Several open problems are suggested in this book for the 

researchers. 

 

 It is important that the authors name these structures as MOD 

intervals or MOD planes mainly because they are small when 

compared to the real line or real plane. The term MOD is used 

mainly to show it is derived using MOD operation.  

 

 

 



 
 
  
Chapter Two 
 

 
THE MOD REAL PLANES 
 
 

In this chapter authors for the first time introduce a new 

notion called “MOD real plane”. We call this newly defined 

plane as MOD real plane mainly because it is a very small plane 

in size but enjoys certain features which is very special and very 

different from the general real plane. 

 

Recall the authors have defined the notion of semi open 

squares of modulo integers [23]. Several algebraic properties 

about them were studied [23]. Here we take [0, m) the semi 

open interval, 1 ≤ m < ∞ and find [0, m) × [0, m); this 

represents a semi open square which we choose to call as the 

MOD real plane.  

 

This is given the following representation. 

 
Figure 2.1 
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The point m on the line is not included. Further the dotted 

line clearly shows that the boundary is not included.  

 

Further the X-axis is termed as Xn to show it is the MOD  

X - axis and Yn the MOD Y-axis of the MOD real plane Rn(m). 

 

So this MOD real plane is denoted by Rn(m). In fact we have 

infinite number of MOD planes as 1 ≤ m < ∞. 

 

Thus throughout this book Rn(m) will denote the MOD real 

plane where m shows the MOD interval [0, m) is used.  

 

We will give examples of MOD planes. 

 

Example 2.1: Let Rn(5) be the MOD real plane relative to the 

interval [0, 5). 

 

 
Figure 2.2 

 

Any point P of (x,y) is such that x, y ∈ [0, 5). 

 

 

Example 2.2: Let Rn(6) be the MOD real plane relative to 

interval [0, 6). 
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Figure 2.3 

 

P(4.5, 3.1) is a point on the MOD plane Rn(6). 

 

Clearly P(8.5,7) ∉ Rn(6) however  

 

P(8.5 – 6, 7 – 6) = (2.5, 1)∈ Rn(6).  

 

Thus any point in the real plane R say (–17.2, 9.701) can be 

marked as (0.8, 3.701).  

 

Thus every point in R has a corresponding point on R(1, 6) 

in the real plane is marked as (1, 0) and so on. 

 

That is why we call this MOD plane, for any point in the real 

plane be it in any quadrant we can find its place and position in 

the MOD plane Rn(m) which has only one quadrant.  

 

(9, –17.01) in R is mapped on to (3, 0.99) in the MOD plane 

Rn(6). 

 

Let (–10.3, –12.7) ∈ R, now the corresponding point in 

Rn(6) is (1.7, 5.3) ∈ Rn(6).  

 

Thus for a point in R there exist one point in Rn(m).  
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It is important to keep on record for several points (or 

infinite number of points) in R, we may have only one point in 

Rn(m). 

 

We see (14, 9), (8, 15) and (20, 21) so on in R are mapped 

to (2, 3) only in the MOD plane Rn(6).  

 

That is why as the real plane R can be accommodated in 

Rn(m); we call Rn(m) the MOD real plane or small real plane. 

 

Because of the fact Zn cannot be ordered as a group or ring 

we cannot always find the modulo distance between any 2 

points in Rn(m) and even if it exist it is not well defined. 

 

Example 2.3: Let Rn(7) be the MOD plane on the interval  

[0, 7).  

 

We see if (3, 2) is point in Rn(7) it can be mapped on to 

infinite number of points in R.  

 

For (10, 9), (17, 9), (24, 9), (31,9), …, (7n+3, 9); n ∈ Z are 

all mapped on to (3,2).  

 

Also all points are of the form (3, 9), (3, 16), (3, 23),  

(3, 30), (3, 37), …, (3, 7n + 2) (n ∈ Z) in R are mapped on to (3, 

2) in Rn(7).  

 

Thus to each point in Rn(7) there exist infinite number of 

points in R.  

 

On the contrary to these infinite set of points in R we have 

only one point mapped in Rn(7).  

 

Also the points (10, 9), (17, 16), (10, 16), (17, 9),(10, 23) 

(17, 23), (24, 16), (24, 9) (24, 23) and so on is also an infinite 

collection which is mapped on to (3, 2).  

 

Likewise to each point in Rn(m) we have infinitely many 

points associated with it in R.  
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 Let (–3, –1) ∈ R then (–3, –1) is mapped on to (4, 6) in 

Rn(7).  

 

In view of this we have the following theorem. 

 

THEOREM 2.1: Let R be the real plane and Rn(m) be the MOD 

real plane of the interval [0, m).  

 

To infinite number of points in R we have a unique point in 

Rn(m).  

 

The proof is direct as is evident from the examples.  

 

Next we study about the concept of distance in Rn(m).  

 

We see in Rn(13) the modulo distance between P(2, 1) and  

Q(12, 12) in the MOD real plane of Rn(13) is zero. 

 

 

PQ
2
  =  (2 – 12)

2
 + (1 – 12)

2
 

 =  (2 + 1)
2
 + (1 + 1)

2
 

= 9 + 4 

= 0 mod 13. 

 

So a distance concept cannot be defined in a MOD plane 

only the modulo distance.  

 

For consider the MOD real plane Rn(13).  

 

Let P(2, 1) and Q(12, 12) be in Rn(13) they are plotted in 

the following MOD plane. 
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Figure 2.4 

 

 

One may think that is the largest distance but on the 

contrary it is zero. 

 

Consider S(5, 1) and 0 = (0, 0) ∈ Rn(13).  

 

The distance  

 

0nS
2
 =  (5 – 0)

2
 + (1 – 0)

2
 

=  25 +1  

≡  0 (mod 13). 

 

So this distance is also zero in Rn(13). 
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 So a natural open conjecture is to find or define on Rn(m) a 

special MOD distance. 

  

Example 2.4: Let Rn(8) be the MOD real plane of [0, 8). 
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(6.9,7)

 
Figure 2.5 

 

We see we have MOD real points marked in the MOD real 

plane.  

 

However we are not in a position to place any distance 

concept.  

 

We see how far taking the square root or cube root or n
th
 

root of a number in [0, n) works out. 
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For the present for any x ∈ [0,m) we define x to be as in 

case of reals. Also for x
2
, it is mod m if x ∈ [0, m). 

 

We will see if  

3.21 ∈ [0, 8) 

then  

(3.21)
2
 = 2.3041 ∈ [0, 8); 

3.21 = 1.791647287. 

 

We see for  

4 ∈ [0,8); 4
2
 = 0 (mod 8) but 4 = 2. 

 

However finding for every x ∈ [0,m), x
–1

 is a challenging 

question in the MOD real plane.  

 

Next natural question will be; how many such MOD real 

planes exists? 

 

The answer is infinite for every non zero integer n ∈ Z
+
 we 

have a MOD real plane associated with it. 

 

Next we show how the MOD real plane Rn(m) is actually got 

by mapping all the other three quadrants into the first quadrant 

plane which is not as large as the real plane but on the smaller 

scale yet it is infinite in structure. 

 

That is if Rn(m) is the MOD real plane on [0, m) and R the 

real plane then any (x, y) ∈ R is mapped on to  

(t = x (mod m), s = y (mod m)) 

if x and y are in the first quadrant. 

 

If (x, y) is in the second quadrant then x < 0 and y > 0 so 

that (x, y) is mapped to  

(m – t ≡ x (mod m), s ≡ y (mod m)). 

 

On similar lines the points in other quadrants are also 

mapped to Rn(m). 
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 We will first illustrate this by an example. 

 

Example 2.5: Let Rn(10) be the MOD real plane related to the 

interval [0, 10).  

 

Let P = (27, 48.33152) ∈ R, the first quadrant of R.  

Then P is mapped to (7, 8.33152) in Rn(10). 

 

Let Q = (–3.7201, 16.9) be the element in the second 

quadrant of R.  

 

This point is mapped to (6.2799, 6.9) in the MOD real plane 

Rn(10). 

 

Let M = (–78.00391, –26.0007) be in the 3
rd

 quadrant of R. 

M is mapped on to (1.99609, 3.9993) in the MOD real plane 

Rn(10).  

Let N = (25.0051, –12.921) be a point in the 4
th
 quadrant of 

the real plane R. N is mapped on to (5.0051, 7.079) in the MOD 

real plane Rn(10).  

 

This is the way mappings are made. Thus all the three 

quadrants of the real plane is mapped on to the MOD real plane. 

 

Next work will be to find how functions in the MOD real 

plane behave.  

 

If we have a function in real plane then we study its 

appearance in the MOD real plane. 

 

Example 2.6: Let Rn(11) be the MOD real plane on the semi 

open interval [0, 11). 

 

Let y = x be the function in the real plane, it is given in 

Figure 2.6. 

 

The same function is given in the MOD plane in Figure 2.7. 
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Figure 2.6 
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Figure 2.7 
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 So this function y = x is the same in the first quadrant of the 

real plane and the MOD real plane. 

 

Let us consider the function y = 2x, how does the function 

gets mapped in the real plane and the MOD real plane. 

 

We know y = 2x in the real plane is given in the following: 
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Figure 2.8 

 

 

y = 2x in the MOD real plane Rn(11) is as follows: 
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Figure 2.9 

 

when   

x = 5.5, y = 2 × 5.5 = 0 (mod 11), 

when   

x = 6, y = 2 × 6 = 1 (mod 11) 

and  when  

x = 7, y = 2 × 7 = 3 (mod 11). 

 

Thus in both the representations the function y = 2x is 

distinct.  

 

Thus functions defined on MOD real plane behaves 

differently from the functions defined in the real plane.  

 

We will illustrate this situation by some examples.  
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 Example 2.7: Let Rn(12) be the MOD real plane associated with 

the interval. 
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Figure 2.10 

 

 

Let us consider the function y = 2x.  

 

We see two MOD parallel lines and the points are also the 

same as far as the Yn coordinate is concerned. 

 

Now consider y = 4x in the real and the MOD real plane 

Rn(12).  

 

In the real plane, y = 4x graph is as follows: 
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Figure 2.11 

 

 

In the MOD plane Rn(12), y = 4x is as follows: 
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Figure 2.12 

 

 

Thus we see y = 4x has the above representation in the MOD 

real plane associated with [0, 12).  

 

Such study is interesting, we have not given difficult or 

complicated functions, that will be done in due course of time.  

 

Now we have said that there exist infinite number of MOD 

real planes Rn(m) associated with [0,m); m ∈ Z
+
.  

 

We see the smallest MOD real plane is Rn(1) associated with 

the interval [0, 1), infact it is also known as the fuzzy MOD real 

plane described in the following; 
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Figure 2.13 

 

 

The function y = x can not have a representation as y = 1. x 

is zero.  

 

Let y = 0.5x, then the representation of this in the fuzzy 

MOD real plane is given in Figure 2.14.  

 

Now we find the graph of y = 0.2x in the fuzzy MOD real 

plane.  

 

We see in case of y = 0.5x the maximum value y can get is 

0.4999999… 
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Likewise for the function y = 0.2x. The maximum value y 

can get is 0.199….  

 

So these functions behave in a unique way in the fuzzy MOD 

real plane.  

 

We will show how these two functions behave in a MOD 

real plane which is not fuzzy.  

 

This will be illustrated by examples. 

 

Example 2.8: Let us consider the MOD real plane Rn(2) for the 

interval [0, 2).  

Consider the function y = 0.5. 

 

0 0.5 1 1.5 2
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1

1.5

2

X

Y

 
Figure 2.16 
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 Example 2.9: Let us consider the MOD real plane Rn(3).  

 

Let y = 0.5x be the MOD function in Rn(3). 
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Figure 2.17 

 

 

Consider the function y = 0.5x. When x = 1 then y = 0.5 and 

when x = 2, y = 1.  

 

When x = 2.9 then y = 0.5 × 2.9 = 1.45.  

 

So the greatest value is bound by 1.5. 

 

Example 2.10: Let us consider the MOD real plane Rn(4) built 

using [0, 4). 

 



28 MOD Planes  

 

 

 

 

 

 

Consider the function y = 0.5x. The graph of y = 0.5x is as 

follows: 
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Figure 2.18 

 

 

Example 2.11: Let us consider the MOD real plane Rn(20) using 

the interval [0, 20). 

 

Let y = 0.5x, the MOD function; the graph of this in the real 

MOD plane Rn(20) is given in Figure 2.19. 

 

In all cases we saw in a MOD real plane Rn(m) we see the 

function y = 0.5x for the highest value of x say (m–1) .99 … .9; 

the y value is only 
m

1
2

 
− 

 
 .99 … 9. 
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Figure 2.19 

 

When we compare this with the real plane the function  

y = 0.5 x is given Figure 3.20.  

 

Thus we see they extend to infinity. 

 

Next we analyse the function y = x.  

 

This function behaves in a nice way or it is alike in both the 

real plane as in well as the MOD real plane. 

 

Next we consider the function y = 2x and see how it 

behaves in each of the MOD planes and the real plane.  

 

In fact in the real plane it has the unique representation.  
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Figure 2.20 

 

However in the MOD real plane they have a different 

representation represented by two lines.  

 

Clearly y = 2x is not defined in the MOD plane Rn(2). 

 

Just to have some way of analyzing the function y = 2x in 

MOD real planes.  

 

The graph of y = 2x in the real plane is given in Figure 3.21. 

 

We give the graph of the function y = 2x only in two MOD 

planes Rn(6) and Rn(7) over the intervals [0, 6) and [0, 7) 

respectively; the graphs of the MOD function y = 2x is given in 

Figure 3.22 and Figure 2.23 respectively.  
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Figure 2.21 
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Figure 2.22 

Rn(6) MOD plane on the interval [0, 6). 
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Figure 2.23 

 

Rn(7) the MOD real plane on the interval [0, 7). 
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Figure 2.24 

 

Clearly the function y = 2x can be defined only in the MOD 

real plane Rn(m); m ≥ 3.  
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 We just see how y = 2x has its graph in the MOD real plane 

Rn(3) as given in Figure 2.24. 

 

Thus we see y = 2x is a two line graph represented in that 

form.  

 

We see this is true in all MOD real planes Rn(m). 

 

Next we study the function y = 3x in the real plane R and 

the MOD real plane Rn(m) on the interval [0, m); clearly y = 3x 

is not defined in the MOD plane Rn(3). 

 

Example 2.12: Let Rm(5) be the MOD real plane.  

 

We see how the graph of the function y = 3x looks. 
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Figure 2.25 

 

We see we have three disconnected line graphs represents 

the function y = 3x in the MOD plane Rn(5).  

 

Consider the MOD real plane Rn(6) in the following example 

where 3/6.  
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We will see how these graphs look like. 

 

Example 2.13: Consider the MOD real plane Rn(6) 
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Figure 2.26 

 

In another example we will consider Rn(8); (3, 8) =1.  

 

We see when 3/6 the graphs of the function y = 3x behave 

in a chaotic way. Thus we first see how the function y = 3x 

behaves on the MOD real plane Rn(8). 

 

This graph is given in Figure 2.27.  

 

(3, 8) = 1 we get the about graph for y = 3x in the MOD 

plane Rn(8) using [0, 8). 

 

Example 2.14: Consider the MOD plane Rn(9).  

 

We see this has 3 lines which are disjoint but are parallel to 

each other. This graph is given in Figure 2.28. 
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Figure 2.28 
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We see this has 3 lines which are disjoint but are parallel to 

each other. 

 

Example 2.15: Consider the MOD real plane Rn(11). Consider 

the graph of the MOD function y = 3x. 

 

0 1 2 3 4 5 6 7 8 9 10 11

1

2

3

4

5

6

7

8

9

10

11

x

y

 
Figure 2.29 

 

Here also we get 3 parallel lines associated with the graph 

for the MOD function y = 3x.  

 

Next we consider the function y = 0.4x in the MOD real 

planes Rn(1), Rn(2), Rn(3), Rn(4) and Rn(8). 

 

Consider the MOD fuzzy real plane. 
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Consider the MOD real plane Rn(2) given in Figure 2.31.  

 

Consider the MOD real plane Rn(3) given in Figure 2.32. 
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We see the graph of y = 0.4x is a single line. The maximum 

value is bounded by 1.2. 

 

Consider the MOD real plane Rn(4) given in Figure 2.33. 

 

The graph is a straight line and the maximum value is 

bounded by 1.6. 

 

Consider the MOD real plane Rn(8) given in Figure 2.34. 
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This is also a straight line reaching a maximum value for 

this is bounded by 3.2.  

 

Let y = 4x.  

 

We can have this function to be defined in the MOD real 

planes Rn(5), Rn(6) and so on. 

 

Now we will study the function y = 4x in the MOD real 

plane Rn(5). 
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Figure 2.35 

 

The graph y = 4x in the MOD real plane y = 4x gives 4 

parallel lines as indicated in the graph.  

 

Consider y = 4x in the MOD real plane Rn(8) given in Figure 

2.36. 
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In this case also we get four parallel lines for the graph  

y = 4x in the MOD real plane.  

 

We study the function y = 4x in the MOD plane Rn(16) 

which is given in Figure 2.37. 

 

This function y = 4x which is a single line graph in the real 

plane has four parallel line representation in the MOD real plane 

Rn(16).  

 

Next we study y = 5x.  

 

This function can be defined only in Rn(m), m ≥ 6.  
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For if m ≤ 5 this function does not exist for those MOD real 

planes.  

 

We study the function y = 5x in the MOD plane Rn(6) and 

the graph is given in Figure 2.38. 

 

We get five parallel lines for the graph of the function  

y = 5x in the MOD real plane Rn(6). 

 

Now we study the function y = 5x in the MOD real plane  

Rn(10), the graph is given in Figure 2.39. 

 

Thus we get in this case also 5 parallel lines as shown in the 

figure.  
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Figure 2.39 
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In view of all these examples we concentrate on the study of 

these functions of the form y = ts, t a positive integer can be 

defined only over the MOD real plane Rn(m), but m > t.  

 

We propose the following problems. 

 

Conjecture 2.1: If Rn(m) is a MOD real plane, Let y = tx (t an 

integer) be the function m > t.  

 

Can we say we have t number of parallel lines as the graph 

of y = tx in the MOD real plane Rn(m)? 

 

Note: Clearly if m ≤ t then the very function remains undefined.  

 

Let us now consider the functions of the form y = tx + s. 

 

We see in the first case y = tx + s can be defined over the 

MOD real plane Rn(m) if and only if m > s and t.  

 

We will describe them by some examples for appropriate 

values of m, s and t. 

 

Example 2.16: Let Rn(9) be the MOD real plane. Consider  

y = 5x + 2 the function. We find the representation of this 

function in the MOD real plane Rn(9)[x]. The associated graph is 

given in Figure 2.40. 

 

We get for this function y = 5x + 2 also in the MOD real 

plane Rn(9) six parallel disjoint lines with different starting 

points. 

 

Let us consider the MOD function y = 5x + 4 in the MOD real 

plane Rn(9). The associated graph is given in Figure 2.41.  

 

We get 6 distinct lines for the function y= 5x + 4.  

 

Let us consider the function y = 5x + 4 on the MOD real 

plane Rn(11). The associated graph is given in Figure 2.42. 
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Figure 2.41 
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Figure 2.42 

 

Here also we get only six lines given by the figure.  

 

Thus we propose one more conjecture.  

 

Conjecture 2.2: Let Rn(m) be a MOD real plane, y = tx + s be a 

function defined on Rn(m); m > t and s.  

 

Can we say the graph of y = tx + s will have t or t+1 lines in 

the MOD real plane Rn(m)? Will they be parallel lines? 

 

If they are parallel lines we have to study whether they 

correspond to the same MOD slope, such study is both 

innovative and interesting. 

 

Let us now find the graph of the function y = x
2
 in the MOD 

plane Rn(m); m > 1.  
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 Let us consider the function in the MOD real plane Rn(4). 
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Figure 2.43 

 

We get two parallel lines and the function y = x
2
 is not 

continuous in the MOD real plane Rn(4).  

 

Let us consider y = x
2
 in the MOD real plane Rn(2). The 

associated graph is given in Figure 2.44.  

 

We can only say the function y = x
2
 becomes zero in the 

interval x =1.41 to x = 1.42 but we cannot find the point as 

(1.41)
2
 = 1.9881 and  

 

1.42 × 1.42     =  2.0164  

    1.412 × 1.412     = 1.993744 

    1.413 × 1.413     =  1.996569  
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1.414 × 1.414     =  1.999396 

    1.4142 × 1.4142    =  1.99996164 

    1.41421 × 1.41421    =  1.999989924 

    1.414213 × 1.414213   =  1.999998409 

    1.4142134 × 1.4142134   =  1.999999541 

    1.4142136 × 1.4142136   =  2.000000106 

1.41421354 × 1.41421354  =  1.999999937 

    1.41421358 × 1.41421358  =  2.00000005 

    1.41421356 × 1.41421356  =  1.999999993 

    1.414213562 × 1.414213562 =  1.999999999 

1.414213563 × 1.414213563 =  2.000000002. 

 

So approximately the zero lies in the interval 

    [1.414213562, 1.414213563]  

How ever 1.4142135625 × 1.4142135625 = 2. 

 

Thus when x = 1.4142135625 we get y = x
2
 = 0.  

We get for y = x
2
 two parallel lines. 
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Thus the function is not a continuous function. Now we 

study the functions of the form y = tx
2
 in Rn(m); m > t. 

 

Let us consider y =3t
2
 in the real MOD plane be and Rn(4). 
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Figure 2.45 

 

Let x = 1.2,  y = 3 (1.2) 

 

 x × y =  3 × (1.44) 

  =  5.32 (mod 4) 

  =  1.32. 

 

If x =1.1 then y = 3 (1.1)
2 

 

   x × y = 3 × 1.21 
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  = 3.63. 

 

So zero lies between x = 1.1 and x =1.2. 

 

To be more closer zero lies 

between x = 1.1 and x = 1.16 

or between x = 1.1 and x = 1.155 

or between x = 1.144 and 1.155 

or between x = 1.153 and 1.155 

or between x = 1.154 and 1.155 

or between x = 1.1544 and x = 1.1550. 

 

That is zero lies between 1.1545 and 1.155.  

 

So zero lies between 1.1545 and 1.1548.  

 

Infact between 1.154700537 and 1.15470054. 

 

Approximately x = 1.1547005384 is such that y = 3x
2
 = 0. 

Another zero lies between x = 2.58 and x = 2.6.  

 

Infact zero lies between x = 2.58 and x = 2.59.  

Infact zero lies between x = 2.58 and x = 2.583.  

Infact zero lies between x = 2.581 and x = 2.582.  

Infact between x = 2.5816 and 2.582. 

  

Infact zero lies between x = 2.5819 and 2.582. 

Infact zero lies in between x = 2.58198 and 2.582. 

Infact zero lies between x =2.581988 and 2.58199. 

Infact zero lies between x = 2.5819888965 and  

2.581988899. 

 

Infact zero lies between x = 2.581988897 and 2.581988898. 

 

Infact at x = 2.58199888975 y = 3x
2
 = 0 mod (4). 

 

We are yet to study completely the properties of y = 3x
2
 in 

Rn(4) and in Rn(m); m > 4. 
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 It is important to note in the MOD real plane y = x
2
 has zeros 

other than x = 0. 

 

Infact the y = 3x
2
 in the real plane attains y = 0 if and only if 

x = 0.  

 

But y = 3x
2
 in Rn(4) has zeros when x = 0, x = 2,  

x = 2.58199888975, and x = 1.1547005384 are all such that  

y = 3x
2
 = 0 mod 4.  

 

Thus we have seen four zeros. Now a zero lies between  

x = 3.26598632 and x = 3.265986324. 

 

Clearly x = 3.2659863235 is such that y = 3x
2
 ≡ 0 (mod 4). 

Thus y = 3x
2
 has 4 zeros or more. 

 

We see y = 3x
2
 is a continuous function in the real plane 

where as y = 3x
2
 is a non continuous function in the MOD plane 

Rn(m); m > 4 with for several values x; y = 0.  

 

Such study is innovative and interesting.  

 

We will see more examples of them. 

 

Let y = 4x
2
 be the function defined on the MOD real plane 

Rn(5) associated with the interval [0, 5). 

  

Interested reader can find the zeros of y = 4x
2
 that is those 

points for which y = 0 for x ≠ 0.  

 

Now we leave the following open conjecture. 

 

Conjecture 2.3: Let Rn(m) be the MOD plane. Let y = tx
2
 where 

m > t. 

 

(i) Find those x for which y = 0. 

(ii) Prove the graph is not continuous. 

(iii) How many line graphs we have for y = tx
2
 on the 

MOD real plane Rn(m) ? 
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(iv) Are they parallel ? 

(v) Find the slopes of these lines. 

(vi) Are these lines with the same slope?  

 

We will give some examples of finding the slope of the 

lines of functions defined in the MOD real plane Rn(4). 

 

Example 2.17: Let y = 3x be the MOD function in the MOD 

plane Rn(4). The associated graph is given in Figure 2.46. 
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Figure 2.46 

 

We see there are three disjoint lines and the angle which it 

makes with the MOD axis Xn is tan 70. 

 

Example 2.18: Let us consider the MOD real plane Rn(6). 



The MOD Real Planes 53 

 

 

  Let y = 4x be the function to find the graph and slope of the 

graph relative to Rn(6). 

 

0 1 2 3 4 5 6

1

2

3

4

5

6

x

y

 
Figure 2.47 

 

The angle made by that graph is 75°.  

 

We see there are four parallel lines and we see the slope of 

them are approximately 4. 

 

Example 2.19: Let Rn(6) be the MOD real plane. y = 5x be the 

function. We find the graph y = 5x on Rn(6). The associated 

graph is given in Figure 2.48. 

 

We see there are five parallel lines all of them have the 

same slope tan 80°. 

Now we find graphs of the form y = tx + s in the MOD real 

plane Rn(m), m > t and s. 



54 MOD Planes  

 

 

 

 

 

 

0 1 2 3 4 5 6

1

2

3

4

5

6

x

y

 
 

Figure 2.48 

 
Example 2.20: Let Rn(5) be the MOD real plane. Consider the 

function y = 4x + 2 on Rn(5).  

 

The associated graph is given in Figure 2.49.  

 

Example 2.21: Let us consider the MOD real plane Rn(6) and the 

function (or equation) y = 4x + 2 in the MOD real plane.  

 

The graph of it is given in Figure 2.50.  

 

All the four lines have the same slope. 
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Figure 2.50 
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Next we consider the equations of the form y = tx in the 

MOD real plane Rn(m), m > t. We consider y = x
2
 in Rn(2).  

 

The graph is as follows:  
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Figure 2.51 

 

 

y = 0 for some value in between x = 1.4 and 1.5. We see  

y = x
2
 is not a continuous line. 

 

Let us consider y = x
3
 in Rn(2). The associated graph is 

given in Figure 2.52.  

 

We see for x in between (1.25, 1.26); y takes the value zero. 

So this function is also not continuous in the MOD real plane 

Rn(2).  

 

Let y = x
3
 a function in the MOD real plane Rn(3). The graph 

is given in Figure 2.53. 
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Figure 2.53 
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Zero lies between (1.4422, 1.4423). 

 

We see this yields many lines which are not parallel. Let us 

consider y = x
3
 on the MOD plane Rn(4). The graph is as follows: 
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Figure 2.54 

 

If x = 0 then y = 0,    If x = 1.7 then y = 0.913 

If x = 1 then y = 1,    If x = 2 then y = 0 

If x = 1.2 then y = 1.728,  If x = 2.2 then y = 2.648 

If x = 1.4 then y = 2.744,  If x = 2.3 then y = 0.167 

If x = 1.5 then y = 3.375,  If x = 2.5 then y = 3.625 

If x = 1.6 then y = 4.096,  If x = 2.6 then y = 1.576 

       If x = 2.7 then y = 3.683 

       If x = 2.8 then y = 3.952 

       If x = 2.9 then y = 0.398 

If x = 3 then y = 3,    If x = 3.2 then y = 0.768 

       If x = 3.3 then y = 3.937 

If x = 3.31 then y = 0.264691 

If x = 3.4 then y = 3.304 
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 If x = 3.5 then y = 2.875 

If x = 3.42 then y = 0.001688 

If x = 3.64 then y = 0.2285 

If x = 3.7 then y = 2.653 

If x = 3.8 then y = 0.872 

If x = 3.9 then y = 3.319 

If x = 3.92 then y = 0.236288 

 

If x = 0 then y = 0,    If x ∈ (1.5, 1.6) then y = 0  

If x = 2 then y = 0,    For x ∈ (2.2, 2.6), y = 0  

For x ∈ (2.5, 2.6) , y = 0 

For x ∈ (2.7, 2.74), y = 0 

For x ∈ (2.8, 2.9), y = 0 

For x ∈ (3.1, 3.2) , y = 0  

     and so on. 

 

 y = x
3
 has over 12 zeros in Rn(4). 

 

Zero lies between 1.585 to 1.6 and at x = 2, y = 0 and so on. 

Consider y = x
3
 at the MOD real plane Rn(6) given in Figure 

2.55. 

In between 1.8 and 1.9 we have a zero and so on. We see 

whether they are curves or straight lines.  

 

It is left as an open conjecture for researchers to trace the 

curves y = tx
p
 where t > 1 in the MOD real plane Rn(m); m > t. (p 

> 2). 

 

We see this is a difficult problem and needs a complete 

analysis. Study of the curve y = tx
p
 + s p > 2, t, s < m over the 

MOD real plane Rn(m). 

 

Is the function continuous in Rn(m) is an open conjecture. 

 

Next we see we can in the first place define functions  

f(x) = x
2
 + x + 2 or any polynomials. To this end we make the 

following definition.  
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DEFINITION 2.1: Let Rn(m) be the MOD plane. 

Let [0, m)[x] = I[x] where I = {a | a ∈ [0, m)} be the 

pseudo ring with 1, (m > 1).  

Any polynomial in I[x] can be defined on the MOD plane in 

Rn(m); (m > 1). 

 

So to each MOD plane Rn(m) we have the polynomial 

pseudo ring I[x] where I = [0,m) and  

 

I[x] = i

i

i 0

a x
∞

=




∑ ai ∈ [0, m)} associated with it any 

polynomial p(x) in I[x] can be treated as a MOD function in I[x] 

or as a MOD polynomial in I[x]. 

A natural question will be, can we define differentiation and 

integration of the MOD polynomials in I[x] which is associated 

with the MOD plane Rn(m). 
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We know the MOD polynomials in general are not 

continuous on the interval [0, m) or in the MOD real plane 

Rn(m).  

 

We assume all these functions are continuous on the small 

intervals [a, b) ⊆ [0,m).  

 

We call these sub intervals as MOD intervals and further 

define these polynomials to be MOD continuous on the MOD real 

plane. 

 

Thus all MOD functions are MOD continuous on the MOD 

intervals in the MOD plane.  

 

We will illustrate this situation by some examples. 

 

Example 2.22: Let Rn(5) be the MOD plane on the MOD interval 

[0,5).  

Let p(x) = 3x
2
 + 2 ∈[0, 5)[x], we see p(x) is a MOD 

continuous function on MOD subintervals of [0,5).  

So if we define MOD differentiation of p(x) as  

 

dp(x)

dx
=

d

dx
(3x

2 
+ 2) = x. 

 

We know p (x) = 3x
2
 + 2 the MOD function is not 

continuous on the whole interval [0, 5) only on subintervals of 

[0, 5) that is why MOD function and they are MOD differentiable. 

Consider the function q(x) = 4x
5
 + 3x

2
 + 3 ∈ [0,5)[x] be MOD 

polynomial in I[x].  

(I = [0,5)). 
d(q(x))

dx
 = 0 + 6x = x. 

We make the following observations. That is the difference 

between usual differentiation of polynomials and MOD 

differentiation of MOD polynomials. 

(i) MOD polynomials are continuous only in MOD 

subintervals of [0, m). 
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(ii) If p(x) is in I[x] (I = ([0,m))) is a nth degree 

polynomial in I[x] then the derivative of p(x) need 

not be a polynomial of degree n – 1. 

 

This is very clear from the case of q(x) = 4x
5
 + 3x

2
 + 3.  

 

Further this q(x), the MOD polynomial is only MOD 

continuous for q (1) = 0, q(0) = 3 and so on.  

dq(x)

dx
= x. 

Consider r (x) = 2x
7
 + 2x

5
 + 3x + 3 ∈ I[x] (I = [0,5)) be the 

MOD polynomial the MOD derivative of r(x) is 
dr(x)

dx
 = 4x

6
 + 3. 

 

We can as in case of usual polynomial find derivatives of 

higher orders of a MOD polynomials.  

 

Let us consider r (x) = 3x
8
 + 4x

5
 + 3x + 2 a MOD polynomial 

in the MOD interval pseudo ring I(x) (where  

I = [0, 5)). 

d(r(x))

dx
 = 4x

7
 + 3 = r′(x) 

2

2

d (r(x))

dx
= 3x

6
 

3

3

d (r(x))

dx
 = 3x

5
 and 

4

4

d (r(x))

dx
 = 0. 

 

Thus the MOD differentiation behaves in a different way. 

 

However for r(x) ∈ R[x] then r(x) can be derived 8 times 

but r(x) as a MOD polynomial can be MOD derived only four 

times and  
4

4

d (r(x))

dx
 = 0. 

This is yet another difference between the usual 

differentiation and MOD differentiation of polynomials. 
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 The study in this direction is innovative and interesting.  

 

Likewise we can define the MOD integration of polynomials. 

This is also very different from usual integration. 

 

Now finally we introduce the simple concept of MOD 

standardization of numbers or MODnization of numbers. 

 

For every positive integer m to get the MOD real plane we 

have to define MODnization or MOD standardization of numbers 

to m which is as follows: 

 

If p is a real number positive or negative, if p < m we take p 

as it is. If p = m then MODnize it as 0. If p > m and positive 

divide p by m the remaining value is taken as the MODnized 

number with respect to m or MOD standardization of p relative 

(with respect) to m. If p is negative divide p by m the remainder 

say is t and t is negative then we take m – t as the MODnized 

number.  

 

We will illustrate this situation for the readers. 

 

Let m = 5; the MODnization of the real plane to get the MOD 

real plane using 5 is as follows. 

 

Let p ∈ reals, if p < 5 take it as it is. If p = 5 or a multiple of 

p then MODnize it as zero. 

If p > 5 then find 
p

5
 = t + 

s

5
 then p is MODnized as s if  

p > 0 if p < 0 then as 5 – s.  

 

Thus for instance if p = 251.7 to MODnize it in the MOD real 

plane Rn(5); 
p

5
 = 

251.7

5
 = 1.7 ∈ [0, 5). 

 Let p = –152.89 ∈ R. 
p

5
 = – 2.89 so we have – 2.89 to be 

2.11 ∈ [0,5). 

Let p = 3.2125 then p ∈ [0,5). If p = 25 then p = 0.  
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This is the way we MOD standardize the numbers.  

 

MOD standardized numbers will be known as MOD 

numbers. Thus [0, m) can be also renamed as MOD interval.  

Let us consider the MOD standardization of numbers to the 

MOD plane Rn(12). 

 

 Let p = 3.7052 ∈ R then p ∈ [0,12).  

 

Let p = –3.7052 ∈ R then MOD standardized value is 8.2948 

∈ [0,12).  

 

 If p = 15.138 ∈ R then the MOD standardized value is 3.138 

in [0,12).  

 

If p = –19.15 ∈ R the MOD standardized value is 4.85 in 

[0,12). 

 

This is the way real numbers are MOD standardized to a 

MOD real plane.  

We like wise can MOD standardize any function in the real 

numbers.  

 

For instance if y = 7x + 8 defined in the real plane then the 

MOD standardized function in the MOD real plane Rn(6) is y = x 

+ 2. All functions y = f (x) defined in R, can be MOD 

standardized in the MOD plane Rn(m).  

 

Also all polynomials in R[x], R-reals can be made into a 

MOD standardized polynomials in the MOD real plane Rn(m).  

 

We will illustrate this situation by some simple examples. 

 

Let p (x) = 21x
7
 + 14x

2
 – 5x + 3 ∈ R[x]. 

 

The MOD standardized polynomial in Rn(7) is as follows,  

pn(x) = 0x
7
 + 0x

2
 + 2x + 3. 

So the first important observation is if degree of p(x) is s 

then the MOD standardized polynomial in Rn(m)[x] need not be 
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 of degree s it can be of degree < s or a constant polynomial or 

even 0. 

For if p(x) = 14x
8
 – 7x

4
 + 21x

2
 – 35x + 7 ∈ R[x] then the 

MOD standardized polynomial pn(x) in Rn(7)[x] is 0. 

 

The same p(x) in Rn(5) is pn(x) = 4x
8
 + 3x

4
 + x

2
 + 2.  

 

In view of all these we have the following theorems. 

 

THEOREM 2.2: Let p ∈ R be a real number. pn = 0 can occur 

after MOD standardization of p in [0, m) if and only if m/p or m 

= p where pn is the MODnized number of p. 

 

The proof is direct hence left as an exercise to the reader. 

 

THEOREM 2.3: Let y = f(x) be a function defined in R. The MOD 

standardized function yn of y can be a zero function or a 

constant function or a function other than zero or a constant. 

 

Proof is direct and hence left as an exercise to the reader.  

 

We have give examples of all these situations.  

 

However we will give some more examples for the easy 

understanding of these new concepts by the reader. 

 

Example 2.23: Let y = 8x
2
 + 6 be a function defined in the real 

plane R[x].  

 

Consider the MODnization of y to yn in the MOD real plane 

Rn(4); then yn = 2 is a constant function in the MOD real plane. 

 

Example 2.24: Let y
2
 = 8x

3
 + 4x

2
 + 2 be the function defined in 

the real plane. 2

ny defined in the MOD real plane Rn(2) after 

MODnization is zero. 

 

Example 2.25: Let y = 9x
4
 + 5x

2
 + 23 be the function defined in 

the real plane R[x].  
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Let yn be the MODnization of y in the plane Rn(3).  

yn = 2x
2
 + 2.  

 

Clearly when MODnization takes place, the polynomial or 

the function is totally changed. 

 

In view of all these we have the following theorem. 

 

THEOREM 2.4: Let p(x) ∈ R[x] be the polynomial in the 

polynomial ring. 

 

Let Rn(m) be the MOD real plane. Every polynomial p(x) in 

R[x] can be MODnized into a polynomial pn(x) whose 

coefficients are from Rn(m).  

 

This mapping is not one to one but only many to one. So 

such mappings are possible. Thus we see R[x] to Rn(m)[x] is 

given by pn(x) for every p(x). Several p(x) can be mapped on to 

pn(x). It can be a infinite number of p(x) mapped on to a single 

pn(x). 

 

We will just illustrate this situation by an example.  

 

Let p(x) = 5x + 15 ∈ R[x]. 

 

In the MOD real plane Rn(5) we see p (x) = 0. 

 

If p(x) = 15x
3
 + 10x

2
 + 5 ∈ R[x] then also pn(x) = 0. 

 

If p(x) = 20x
7
 + 5 ∈ R[x] then also pn(x) = 0. 

 

Thus p(x) = 5(q(x)) ∈ R[x] is such that pn(x) = 0 in the MOD 

real plane Rn(5). 

 

Thus we see we have infinite number of polynomials in  

R[x] mapped on to the MOD polynomial in the MOD real plane.

  

We call Rn(m)[x] as the MOD real polynomial plane.  
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 We see we have infinite number of MOD real polynomial 

planes. Clearly these MOD real polynomial plane is only a 

pseudo ring which has zero divisors.  

 

However R[x] is a commutative ring with no zero divisors.  

 

Thus an integral domain is mapped on to the pseudo MOD 

ring which has zero divisors.  

 

We see R is a field but Rn(m) (m ≥ 2) is only a pseudo MOD 

ring which has zero divisors.  

 

Study in all these directions are carried out in the forth 

coming books.  

 

Now we suggest the following problems. 

 

 

Problems  

 

(1) Find any other interesting property associated with the MOD 

real plane. 

 

(2) Define the function y = 7x in the real MOD plane  

Rn(9).  

(i) How many lines are associated with y = 7x on Rn (9) 

(ii) Find all x in [0, 9) such that y = 7x = 0 (mod 9). 

(iii) What are the slopes of those lines ? 

(iv) Does it have any relation with 7? 

 

(3) Show by some techniques it is impossible to define distance 

between any pair of points in the MOD real plane Rn(m) 

using the interval [0, m). 

 

(4) Can co ordinate geometry be imitated or defined on the 

MOD real planes? 

 

(5) Can you prove / disprove that MOD real plane is not a 

Euclidean plane?  
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(6) Prove or disprove the MOD real plane can never have the 

coordinate geometry properties associated with it. 

 

(7) Can a circle x
2
 + y

2
 = 2 be represented as a circle in the 

MOD real plane Rn(5) ? 

 

(8) Can a parabola y
2
 = 4x in the real plane be represented as a 

parabola in the MOD real plane Rn(6) ? 

 

(9) Let 
2 2x y

4 9
+ = 1 be the ellipse in the real plane.  

What is the corresponding curve in the MOD real plane 

Rn(11)? 

 

(10) Show the curve 
2 2x y

4 9
+ = 1 in the real plane R cannot be 

defined in the MOD real plane Rn(4). Is it defined? 

 

(11) Show 
2 2x y

4 9
+  = 1 in the real plane R cannot be defined 

on the real MOD plane Rn(36). 
 

(12) Find the corresponding equation of 
2 2x y

4 9
+  = 1 in the 

MOD real plane Rn(19). 
 

(13) Find the corresponding equation of 
2 2x y

4 9
+  = 1 in  

Rn(p), p a prime p > 9. 

 

(14) Prove or disprove one cannot define the function  

3x
2
 + 4y

2
 = 4 in the MOD real plane Rn(2). 

 

(15) What is MOD standardization? 

 

(16) MOD standardize the function y
2
 = 38x in the MOD real 

plane Rn(7). 
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 (17) Prove or disprove the MOD standardization of the 

function y = 8x
3
 + 12x +16 is a zero function in Rn(2) 

and Rn(4). 

 

(18) Prove a nth degree polynomial in R[x] after MOD 

standardization need not be in general a n
th
 degree 

polynomial in Rn(m). 

 

(19) Let p(x) = 10x
9
 + 5x

6
 + 4x

3
 + 3x + 7 ∈ R[x]; what is the 

degree of the polynomial after standardization in 

(i)   [0,2)[x] = i

i i

i 0

a x a [0,2)}.
∞

=


∈


∑  

 (ii)  [0,5)[x] = i

i i

i 0

a x a [0,5)}.
∞

=


∈


∑  

 (iii)  [0,10)[x] = i

i i

i 0

a x a [0,10)}.
∞

=


∈


∑  

 

(20) Obtain some special and interesting features about  

MODnization of numbers. 

 

(21) Obtain some special features enjoyed by MOD real 

planes Rn(m) (m even). 

 

(22)  Obtain some special features enjoyed by MOD real  

planes Rn(m) (m a prime). 

 

(23) Obtain some special features enjoyed by pseudo  

MOD real rings of Rn(m). 

 

(24) Obtain some special features enjoyed by pseudo  

MOD polynomials in Rn(m)[x]. 

 

(25)  Find the properties enjoyed by differentiation of  

MOD polynomials in Rn(m)[x].  

 

(26)  Find the special properties enjoyed by integration of  

MOD polynomials in Rn(m)[x]. 
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(27)  Let p (x) = 8x
9
 + 5x

6
 + 2x + 7x + 1 ∈ Rn(9)[x].  

 

Find all higher derivatives of p(x). Integrate p(x)  

in Rn(9)[x]. 

 

(28)  Let Rn(7)[x] be the MOD real polynomial pseudo  

  ring. 

(i) Show p(x) ∈ Rn(7)[x] is such that p′(x) = 0. 

(ii) Characterize those p(x) ∈ Rn(7)[x] which has  

only 3 derivatives where deg p(x) = 12. 

(iii) Let p(x) ∈ Rn(7)[x] show p(x) is not always  

integrable. 

(iv) Find methods to solve p(x) ∈ Rn(7)[x]. 

 

(29) Let Rn(12)[x] be the MOD real polynomial. 

Study questions (i) to (iv) of problem (28) for this 

Rn(12)[x]. 

 

(30) Let Rn(15)[x] be the MOD real polynomial.  

Study questions (i) to (iv) of problem (28) for this 

Rn(15)[x]. 

 

(31)  Let y = 8x
3
 + 7 ∈ Rn(9) be the MOD real polynomial. 

Draw the graph of y = 8x
3
 + 7. 

 

(32)  Let y = 4x
2
 + 6 ∈ Rn(8) be the function in MOD real  

  plane. Draw the graph and find the slope of y. 

 

(33) Let y= 5x ∈ Rn(7) be the function in the MOD real plane. 

(i)  Is y = 5x continuous in the MOD real plane Rn(7) ? 

(ii)  Is y = 5x have only 5 parallel lines that represents 

  the MOD curve? 

(iii) Can y = 5x have all the curves with the same slope? 

 

(34) Is R[x] to Rn(10)[x] a one to one map? 

 

(35) Can R [x] to Rn(10)[x] be a many to one map? 
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 (36)  Can R [x] to Rn(10)[x] be a one to many map? 

 

(37)  Let p [x] ∈ Rn(13)[x] find the derivative of p(x)  

and integral of p(x). 

 

(38) Let p(x) = 8x
3
 + 12x

2
 + x + 8 ∈ Rn(8).  

(i) Find p′(x). 

(ii) Find ∫ p(x)dx. 

(39) Let p(x) = 7x
8
 + 4x

3
 + 5x +1 ∈ Rn(8)[x]. Find p′(x) and 

  ∫ p(x)dx. 

 

(40) Let p(x) = 12x
36

 + 5x
27

 + 3 ∈ Rn(9)[x]. Find p′(x) and  

  ∫ p(x) dx.  

 

(41)  Let us consider y = 8x
2
 + 4 defined in the MOD real  

plane Rn(18). 

(i) Find the graph of y = 8x
2
 + 4 in the MOD real 

plane. 

(ii) Is the function continuous in the real MOD 

plane? 

(iii) Find the slopes of the curve. 

(iv) Find all zeros of y = 8x
2
 + 4. 

 

(42) Let y = 8x + 1 be a function defined on the MOD real 

plane Rn(5). Study questions (i) to (iv) of problem 41 

for this function y
2
 = 8x + 1. 

 

(43) Let y = 4x be a function in the MOD real plane Rn(9). 

    (i) Is the function a parabola in the MOD real  

plane? 

    (ii) Does y = 4x a continuous function in the MOD  

real plane Rn(9) ? 

    (iii) Find the slope of the curve y = 4x in Rn(9). 

    (iv) Study questions (i) to (iv) of problem 41 for  

this function y = 4x in Rn(9). 
 

(44) Let 
2 2x y

9 4
+  = 1 be the function defined in the MOD  

  real plane Rn(13). 
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(i) Study the nature of the curve. 

(ii)  What is the equation of the transformed curve? 

(iii)  Obtain the number of zeros of the curve. 

(iv)  Is it a line or a curve? 

 

(45) Let y = x
2
 be the function defined in the MOD real plane 

  Rn(15). 

(i) Study questions (iii) and (iv) of problem 44 for  

this function. 

    (ii) Find all the zeros of the function y = x
2
 in  

Rn(15). 
 

 

(46)  Obtain the zeros of the function y = x
2
 in Rn(12). 

 

(47)  Study the function y = 8x
3
 + 3 in the MOD real plane  

  Rn(10). 
 

(48)  Does there exists a function in the MOD plane Rn(7)  

  which is continuous on the semi open interval [0, 7)? 

 

(49)  Does there exist a function in the MOD real plane Rn(12) 

  which is continuous in the semi open interval [0, 12) ? 

 

(50)  Prove or disprove distance concept cannot defined on 

  the MOD real plane? 

   

(51)  Can we define an ellipse in a MOD real plane? 
 

(52)  Can the notion of rectangular hyperbola exist in a MOD 

  real plane? 



 
 
 
 
 

 

 

 
Chapter Three 
 
 

 
 
MOD FUZZY REAL PLANE 
 
 
 

 

In chapter II we have defined the notion of MOD real plane 

Rn(m), m ≥ 1.  We have mentioned that if m = 1 we call the 

MOD real plane as the MOD fuzzy real plane and denote it by 

Rn(1). 

 

 We will study the properties exhibited by the MOD fuzzy 

real plane Rn(1). We will also call this as fuzzy MOD real plane. 

 

 We study how functions behave in this plane. First of all we 

have no power to define y = tx, t ≥ 1 for such functions do not 

take its values from the interval [0, 1).  The linear equation or  

function y = tx + s is defined in the MOD fuzzy plane only if  

0 < t, s < 1.  We can have s = 0 is possible with 0 < t < 1.   

 

Here we proceed onto describe them by examples. 

 

Example 3.1:  Let Rm(1) be the MOD fuzzy real plane.  Consider 

y = 0.2x. The graph of y = 0.2x in Rm(1) is given in Figure 3.1. 
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This graph is a continuous curve.  But bounded on y as ≅ 0.2. 

 

Example 3.2:  Let us consider the function y = 0.5x in the MOD 

fuzzy real plane Rn(1).  The graph of it is given Figure 3.2 

 

We see in the first place we can map the entire real plane on 

the MOD fuzzy real plane Rn(1). Any integer positive or negative 

is mapped to zero.  

 

Any (t, s) = (19.00321, 25) is mapped on to (0.00321, 0) 

and (l, m) = (–8.4521, 0.321) is mapped on to (0.5479, 0.321). 

 

Thus the real plane can be mapped to the MOD fuzzy plane 

Rn(1).  This mapping is infinitely many to one element.   

 

The total real plane is mapped to the MOD fuzzy plane.  

 

All integer pairs both positive or both negative and one 

positive and other negative are mapped onto (0, 0). 

 

Only positive decimal pairs to itself and all negative 

decimal pairs (x, y) to (1–x, 1–y) and mixed decimal pairs are 

mapped such that the integer part is marked to zero and the 

decimal part marked to itself if positive otherwise to 1– that 

decimal value.   

 

Some more illustration are done for the better grasp of the 

readers. 

 

Let P (0.984, –0.031) ∈ R. 

 

This point R is mapped onto the MOD fuzzy real plane as 

Pn(0.984, 0.969) ∈ Rn(1). 

 

Likewise if P (–3.81, –19.06)  ∈ R. 

 

This point P is mapped onto the MOD fuzzy real plane as 

Pn(0.19, 0.94) ∈ Rn(1). 
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Let P (4.316, –8.19) ∈ R, P is mapped onto  

(0.316, 0.81) ∈ Rn(1). 

 

Pn(–9.182, 6.01) ∈ R, P is mapped onto  

(0.818, 0.01) ∈ Rn(1). 

 

P(8, 27) ∈ R is mapped to (0, 0) ∈ Rn(1). 

 

P(–9, 81) ∈ R is mapped to (0, 0) ∈ Rn(1). 

 

This is the way transformation from the real plane R to the 

MOD fuzzy plane Rn(1) is carried out.   

 

The transformation is unique and is called as the MOD fuzzy 

transformation of R to Rn(1) denoted by η1.  For instance 

η1((0.78, –4.69))  = (0.78, 0.31). 

 

η1 : R → Rn(1) is defined in a unique way as follows: 

 

η1((x, y)) = 

(0,0) if x, y Z

decimalpair if x, y R \ Z

1 decimalpair x, y R \ Z

+

−

∈


∈


− ∈

 

 

The other combinations can be easily defined. 

 

Now we have to study what sort of MOD calculus is possible 

in this case. 

 

Throughout this book η1 will denote the MOD fuzzy 

transformation of R to Rn(1). 

 

Now we recall [6-10]. The concept of MOD fuzzy 

polynomial can be defined using the real polynomials. 

 

Let R[x] be the real polynomial and Rn(1)[x] be the MOD 

fuzzy polynomials. 
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 Let p(x) ∈ R[x]; we map using η1 : R[x] → Rn(1)[x]. 

 

   Let p(x) = i

i

i 0

a x
∞

=

∑ | ai ∈ R. 

 

   η1(ai) = 0  if ai ∈ Z  

 

η(ai) = decimal if ai ∈ R
+
 \ Z

+ 

 

  η(ai) = 1– decimal part if ai ∈ R
–
 \ Z

–
 

 

  η(ai) = 0 if ai ∈ Z
–
. 

 

Thus we can have for every collection of real polynomials a 

MOD fuzzy polynomials. 

 

The problems with this situation is ndp (x)

dx
 = 0 for some 

pn(x) ∈ Rn(1)[x]. 

 

We will illustrate these situation by some examples. 

 

pn(x) =  0.7x
16

 + 0.6x
10

 + 0.1x
2
 + 0.75 

 

 

ndp (x)

dx
 = 0.7 × 16x

15
 + 10 × 0.6 × x

9
 + 2 × 0.1 ×  

x + 0 

 

    = 11.2x
15

 + 6x
9
 + 0.2x 

 

    = 0.2x
15

 + 0.2x. 

 
2

n

2

d p (x)

dx
  = 3.x

14
 + 0.2 

 

    = 0.2 so 
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3

n

3

d p (x)

dx
  = 0. 

 

Thus it is unusual the third derivative of a sixteenth degree 

polynomial is 0. 

 

Let pn(x) = 0.34x
5
 + 0.01x

3
 + 0.07x

2
 + 0.9 is in Rn(1)[x]. 

 

ndp (x)

dx
  = 0.34 × 5x

4
 + 0.01 × 3x

2
 + 0.07 × 2x + 0 

 

   = 1.70x
4
 + 0.03x

2
 +0.14x 

 
2

n

2

d p (x)

dx
  = 0.7 × 3 × x

3
 + 0.03 × 2 × x + 0.14 

 

   = 2.1x
3
 + 0.06x + 0.14 

 

 
3

n

3

d p (x)

dx
  = 0.1 × 3 × x

2
 + 0.06  

 

   = 0.3 × x
2
 + 0.06 

 

 
4

n

4

d p (x)

dx
  = 0.3 × 2 × x + 0 

 

   = 0.6 x 

 
5

n

5

d p (x)

dx
 = 0.6. 

 

For this function pn(x) which is the five degree polynomial, 

in this case the 5
th
 derivative is a constant. 
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It is important to keep on record that even while deriving 

implicitly the MOD transformation function η1 is used.   

 

We have avoided the explicit appearance of η1 in every 

derivative.  

 

pn(x) = 0.3x
5
 + 0.8× x

4
 + 0.9  

 

ndp (x)

dx
  = η1 (0.3 × 5)x

4
 + η1 (0.8 × 4) x

3
 + 0 

 

= η1 (1.5)x
4
 + η1 (3.2)x

3
  

 

= 0.5x
4
 + 0.2x

3
 

 
2

n

2

d p (x)

dx
  = η1 (0.5 × 4)x

3
 + η1 (0.2 × 3)x

2
  

 

= η1 (2.0)x
3
 + η1 (0.6)x

2
 

 

= 0 + 0.6x
2
. 

 

 

 
3

n

3

d p (x)

dx
  = η1 (0.6 × 2)x = η1 (1.2)x = 0.2x 

 

 
4

n

4

d p (x)

dx
  = η1 (0.2) = 0.2. 

 

 Thus is the way the role of η1 takes place in the derivatives. 

 

 So in the case of MOD fuzzy polynomials  the derivatives 

are not natural. 

 

 We have the MOD fuzzy transformation function plays a 

major role in this case without the use of this MOD fuzzy 

transformation η1 we cannot differentiate  the functions.  
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Now can we integrate the MOD fuzzy polynomials? 

 

 The answer is no for we know if  

 

pn(x) ∈ Rn(1)[x] = i

i

i 0

a x
∞

=




∑  ai’s are positive decimals in Rn(1)} 

 

 Now suppose pn(x)  = 0.8x
9
 + 0.9x

8
 + 0.2x

3
 + 0.7. 

 

 Then  

∫pn(x) dx = ∫ 0.8x
9
 dx + ∫ 0.9x

8
 dx + ∫ 0.2 x

3
 dx + ∫ 0.7dx 

 

   = 
10 9 40.8x 0.9x 0.2x

10 9 4
+ +  + 0.7x + c 

 

   For 
1

10
 or 

1

9
 or 

1

4
  

 

is undefined in Rn(1) so ∫pn(x) dx is undefined whenever  

pn(x) ∈ Rn(1)[x]. 

 

 Thus we cannot integrate any pn(x) ∈ Rn(1)[x] of degree 

greater than or equal to one.  So how to over come this problem 

or can we define polynomials differently.   

 

The authors suggest two ways of defining polynomials and 

also we have to define different types of integrations differently. 

 

 We in the first place define R
d
[x] = i

i

i R

a x
∈




∑  ai ∈ R}  

 

 p
d
(x) = 9.3101x

4.3132
 + 8.14x

3.001
 + 0.984x

0.92007
 – 9.99079

      

 

to be the  decimal polynomial ring.  We can find product, sum 

and work with.  We can also differentiate and integrate it. 
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 Let p
d
(x) be given as above;  

 

 

 
ddp (x)

dx
= 4.3132 × 9.3101x

3.3132
 + 8.14 × 3.001x

2.001
 +  

0.984 × 0.92007x
–0.07993

 – 0 

 

 Now we can also integrate 

 

 ∫pd(x)dx  

 

= 
5.3132 4.001 1.920079.3101x 8.14x 0.984x

5.3132 4.001 1.92007
+ + –9.99079x + C 

 

 This is the way integration is carried out in the decimal ring 

R
d
[x]. 

 

 Now while defining the MOD polynomials we can define the 

MOD transformation in two ways. 

 

   η1 : R
d
[x] → d

nR (1)[x]  

 

by η1(p(x) = i

i

i R

a x
∈

∑ ) = i

1 i

i R

(a )x
∈

η∑ . 

 

 This is similar to or same as η1 for no operation  is 

performed on the variable x. 

 

 Another transformation is defined as follows: 

 
*

1η  : R
d
[x] → *

nR (1)[x]  = {∑ai x
i
 | i ∈[0, 1), ai ∈ [0, 1)} 

 
*

1η  (p
d
(x) : i

i

i R

a x
∈

∑ ) = 1 (i)

1 i(a )x
η

η∑ . 
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 η1 : R  → Rn(1), the usual MOD transformation; *

1η  is 

defined as the MOD fuzzy decimal transformation. 

 

 We will illustrate both the situations by some examples. 

 

 Let p
d
(x) = 6.731x

8.501
 + 3.2x

1.42
 + 6.5 ∈ R

d
[x]. 

 

 η1 (p
d
(x)) = 0.731x

8.501
 + 0.2x

1.42
 + 0.5 ∈ d

nR (1)[x]  = q(x). 

 

  
dq(x)

dx
  = 0.731 × η1 (8.501)x

7.501
 + 0.2η1(1.42) x

0.42
 

 

 

    = (0.731 × 0.501)x
7.501

 + 0.2 × 0.42x
0.42

. 

 

 This is the way derivatives are found in d

nR (1)[x] . 

 

 Now if p
d
(x) ∈ R

d
[x], then  

 

 *

1η  (p
d
(x)) = 0.731x

0.501
 + 0.2x

0.42
 + 0.5 = q*(x). 

 

 Now we see this q*(x) ∈ *

nR (1)[x]  cannot be easily 

differentiated for 

 

 
dq *(x)

dx
 = 0.731 × 0.501x

0.501–1
 + 0.2 × 0.42x

0.42–1
 

 

 = q*(x) (therefore 0.499 = 0.501 and –0.58 = 0.42). 

 

 So the power will remain the same; so in case of MOD fuzzy 

decimal polynomials in *

nR (1)[x]  we follow a different type of 

differentiation and integration which is as follows: 

 

 This differentiation will be called as MOD differentiation. 
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 We see if p(x) = x
0.312

 we decide to MOD differentiate it in 

the following way. 

 

   We 
dp(x)

dx(0.1)
 = 

0.312dx

dx(0.1)
 = 0.312x

0.312–0.1
. 

 

 We say the function is MOD differentiated using 0.1. 

  

 Let p
d
(x) = 0.312x

0.51
 + 0.9x

0.02
 + 0.47x

0.1
 + 0.3 ∈ *

nR (1)[x] . 

 

 
ddp (x)

dx(0.1)
 = (0.312 × 0.51) × x

0.51–0.1
 + (0.9 × 0.02)  

× x
0.02–0.1

 + (0.47 × 0.1)x
0.1– 0.1

 + 0 

 

 = (0.312 × 0.51)x
0.41

 +  (0.9 × 0.02)x
0.902

 + (0.47 × 0.1) 

 

 = (0.312 × 0.51)x
0.41

 + (0.9 × 0.02)x
0.902

 + 0.047. 

 

 The advantage of MOD decimal differentiation is that in 

usual differentiation power of x is reduced by 1 at each stage 

but in case of MOD decimal representation the MOD power of x 

can be reduced by any a ∈ [0, 1).   

 

This is the advantage for we can differentiate a function 

p*(x) ∈ *

nR (1)[x]  in infinite number of ways for every a ∈ (0, 1) 

gives a different value for 
dp *(x)

dx(a)
. 

 

 We will illustrate this situation by an example or two. 

 

 Let p*(x)  = 0.58x
0.792

 + 0.063x
0.631

 + 0.62x
0.5

  

+ 0.7x
0.24

 +0.5x
0.08

 + 0.71 ∈ *

nR (1)[x] . 

 

 We MOD decimal differentiate p*(x) with respect to 0.2 
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dp *(x)

dx(0.2)
  = (0.58 × 0.792)x

0.592
 + (00063 × 0.631)x

0.431
 +  

(0.62)(0.5)x
0.3

 + (0.7 × 0.24)x
0.04

 +  

 

(0.5 × 0.08)x
0.88

 + 0    --- I 

 

 We now differentiate with respect to 0.03; 

  

dp *(x)

dx(0.03)
  = (0.58 × 0.792)x

0.762
 + (0.063 × 0.631)x

0.601
 +  

 

(0.62 × 0.5)x
0.47

 + 0.7 × 0.28x
0.21

 +  

 

(0.5 × 0.8)x
0.05

 + 0          ---  II 

 

 

 Clearly I and II are distinct the only common feature about 

them is that both 
dp *(x)

dx(0.2)
 and 

dp *(x)

dx(0.03)
 are such that every 

respective term has the same coefficient but the MOD degree of 

the polynomial is different in both cases for each of the 

coefficients.  

 

 Recall when the degree of x lies in the interval (0, 1) we call 

it as MOD degree of the polynomials. 

 

 The highest MOD degree and lowest MOD degree is similar 

to usual polynomials.  

 

 Now we MOD decimal differentiate p*(x) with respect to 

0.5. 

 

 
dp *(x)

dx(0.5)
  = (0.58 × 0.792)x

0.292
 + (0.063 × 0.631)x

0.131
 +  

(0.62 × 0.5) + 0.7 × 0.24x
0.74

 +  

 

(0.5 × 0.08) × x
0.58

    --- III 
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 This is also different from I and II.   

 

We see the degree of the MOD decimal polynomial in all the 

three MOD differentiate are distinct.   

 

This is an interesting and an important feature about the 

MOD fuzzy differentiation of the MOD fuzzy polynomials. 

 

 If one is interested in finding integration then only MOD 

decimal integration on *

nR (1)[x]  is valid all other differentiation 

fails to yield any form of meaningful results.  

 

 So we can integrate in similar way as we have differentiated 

using MOD decimal differentiation techniques. 

 

 Let p*(x)  = 0.92x
0.81

 + 0.65x
0.63

 + 0.139x
0.21

 + 0.03x
0.7

  

 

+ 0.14 ∈ *

nR (1)[x] . 

 

 We integrate with respect to 0.1. 

 

∫p*(x)dx(0.1)  = 
0.81 0.10.92x

0.81 0.1

+

+

 + 
0.63 0.10.65x

0.63 0.1

+

+

 + 
0.21 0.10.139x

0.21 0.1

+

+

  

 

+ 
0.7 0.10.03x

0.7 0.1

+

+

 + 
0.10.14x

0.1
+ C  --- I 

 

 We integrate with MOD decimal with respect to 0.2. 

 

∫p*(x)dx(0.2)  = 
0.81 0.20.92x

0.81 0.2

+

+

 + 
0.63 0.20.65x

0.63 0.2

+

+

 + 
0.21 0.20.139x

0.21 0.2

+

+

  

 

      + 
0.7 0.20.03x

0.7 0.2

+

+

 + 
0.20.14x

0.2
+ C 
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   = 
0.010.92x

0.01
 + 

0.830.65x

0.83
 + 

0.410.139x

0.41
 + 

0.90.3x

0.9
  

 

+ 
0.20.14x

0.2
 + C    --- II 

 

 Clearly I and II are different and we see we can 

integrate the MOD decimal polynomial in infinite number 

of ways but they have no meaning as
1

0.01
 or 

1

0.83
 etc; 

have no meaning in [0, 1) as no n ∈ [0, 1) has inverse.  

 

 Now we will integrate with respect to the MOD decimal 

0.9 ∈ (0, 1). 

  
 

 ∫p*(x)dx(0.9) = 
0.81 0.90.92x

0.81 0.9

+

+

 + 
0.63 0.90.65x

0.63 0.9

+

+

 + 
0.21 0.90.139x

0.21 0.9

+

+

  

 

+ 
0.7 0.90.03x

0.7 0.9

+

+

 + 
0.90.14x

0.9
+ C 

 

   = 
0.710.92x

0.71
 + 

0.530.65x

0.53
 + 

0.110.139x

0.11
 + 

0.60.03x

0.6
  

 

+ 
0.90.14x

0.9
 + C    --- III is in *

nR (1)[x] .  

 

 

 I, II and III are distinct and infact we can get infinite 

number of MOD decimal integral values of p*(x) ∈ 
*

nR (1)[x] .   

 

So it is an open conjecture to define integrals in fuzzy MOD 

planes. 
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 The next challenging problem is to find methods of solving 

equations in *

nR (1)[x] . 

 

 If p*(x) = 0 how to solve for the roots in *

nR (1)[x] . 

 

 Equally difficult is the solving of equations p
d
(x) = 0 in 

d

nR (1)[x] .   

 

We will first illustrate this situation by some examples. 

 

   Let p*(x) = (x
0.3

 + 0.4) (x
0.1

 + 0.5)  

 

      = x
0.4

 + 0.4x
0.1

 + 0.5x
0.3

 + 0.2. 

 

 The roots are x
0.3

 = 0.6 and x
0.1

 = 0.5. 

 

  For p*(0.6)   = (0.6 + 0.4) (0.6 + 0.5) = 0. 

 

 Likewise p*(0.5)  = (0.5 + 0.4) (0.5 + 0.5) = 0. 

 

 This is the way roots can be determined.   

 

It is left as an open conjecture to solve the MOD decimal 

polynomials in *

nR (1)[x] . 

 

 Let us consider p*(x) = (x
0.5

 + 0.2)
2
 ∈ *

nR (1)[x] . 

 

     p*(x)  = 0.4x
0.5

 + 0.04 

 

dp *(x)

dx(0.3)
  = 

0.5d(0.4x 0.04)

dx(0.3)

+

 

 

       = 0.4 × 0.5x
0.5–0.3

 

 

       = 0.2x
0.2

 = q*(x). 
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    x
0.5

 = 0.8 is a root but 

    q*(0.8) ≠ 0. 

 

 Thus if p*(x) has a multiple root to be a ∈(0, 1) then a is not 

a root of 
dp *(x)

dx(a)
, a ∈ (0, 1). 

 

 So the classical property of calculus of differential is not in 

general true in case MOD decimal differentiation.  Several such 

properties are left as open problems for the interested reader. 

 

 *

nR (1)[x]  is only a pseudo MOD ring of decimal 

polynomials. 

 

 For if q*(x) = 0.73x
0.25

 + 0.921x
0.7

 + 0.21x
0.2

 + 0.1 

 

and p*(x) = 0.53x
0.25

 + 0.13x
0.7

 + 0.35x
0.1

 + 0.9  are in *

nR (1)[x] ; 

then we see  

 

p*(x) + q*(x) =  (0.73x
0.25

 + 0.921x
0.7

 + 0.21x
0.2

 + 0.1) + 

(0.53x
0.25

 + 0.13x
0.7

 + 0.35x
0.1

 + 0.9) 

 

=  (0.73x
0.25

 + 0.53x
0.25

) + (0.921x
0.7

 +  

  0.13x
0.7

) + 0.21x
0.2

 + 0.35x
0.1

 +  

(0.1 + 0.9) 

 

=  0.26x
0.25

 + 0.051x
0.7

 + 0.21x
0.2

 +  

 0.35x
0.1

 + 0 ∈ *

nR (1)[x] . 

 

We see with respect to addition closure axiom is true.  

Infact p*(x) + q*(x) = q*(x) + p*(x). 

 

That is addition is commutative.   

 

Further for p*(x), q*(x), r*(x) ∈ *

nR (1)[x]  

 

We see (p*(x) + q*(x)) + r*(x) 
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 = p*(x) + (q*(x) + r*(x)). 

 

That is the property of addition of MOD decimal 

polynomials is associative. 

 

Finally 0 ∈ [0, 1) acts as the additive identity of the MOD 

decimal polynomial. 

 

Further to each p*(x) ∈ *

nR (1)[x]  

 

we see there exists a unique s*(x) ∈ *

nR (1)[x]  such that  

     p*(x) + s*(x) = 0. 

 

That is s*(x) is the unique MOD decimal polynomial inverse 

of p*(x) and vice versa. 

 

Thus ( *

nR (1)[x] , +) is an infinite MOD decimal polynomial 

group of infinite order. 

 

Now we see how the operation × acts on *

nR (1)[x] .   

 

Before we define × we just show for any p*(x) the additive 

inverse of it in *

nR (1)[x] . 

 

Let p*(x)  = 0.378x
0.15

 + 0.9213x
0.9

 + 0.113x
0.01

 +  

0.017x
0.5

 + 0.1113 ∈ *

nR (1)[x] . 

 

The additive inverse of p*(x) is – p*(x) = 0.622x
0.15

 + 

0.0787x
0.9

 + 0.887x
0.01

 + 0.983x
0.5

 + 0.8887 ∈ *

nR (1)[x]  such 

that p*(x) + (–p*(x)) = 0. 

 

Let p*(x) = 0.2x
0.8

 + 0.9x
0.3

 + 0.11x
0.4

 + 0.3 

 

and q*(x) = 0.9x
0.6

 + 0.3x
0.5

 + 0.1x
0.7

 + 0.9 be in *

nR (1)[x] .  

To define product for these two MOD decimal polynomials. 
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p*(x) × q*(x)  =  (0.2x
0.8

 + 0.9x
0.3

 + 0.11x
0.4

 + 0.3) ×  

(0.9x
0.6

 + 0.3x
0.5

 + 0.1x
0.7

 + 0.9) 

 

=  0.18x
0.4

 + 0.81x
0.9

 + 0.099 + 0.27x
0.6

 +  

 0.06x
0.3

 + 0.7x
0.8

 + 0.033x
0.9

 + 0.09x
0.5

  

 + 0.02x
0.5

 + 0.09 + 0.011x
0.1

 + 0.03x
0.7

  

+ 0.18x
0.8

 + 0.81x
0.3

 + 0.099x
0.4

 + 0.27 

 

=  0.843x
0.9

 + 0.88x
0.8

 + 0.03x
0.7

 + 0.27x
0.6

  

 + 0.11x
0.5

 + 0.099x
0.4

 + 0.87x
0.3

 +  

 0.011x
0.1

 + 0.459 ∈ *

nR (1)[x] . 

 

It is easily verified p*(x) × q*(x) = q*(x) × p*(x) for all  

     p*(x), q*(x) in *

nR (1)[x] . 

 

We next show whether p*(x) × (q*(x) × r*(x)) is equal to 

(p*(x) × q*(x)) × r*(x). 

 

Let p*(x)  = 0.7x
0.6

 + 0.8x
0.4

 + 0.5  

 

q*(x)  = 0.8x
0.9

 + 0.7 and r*(x) = 0.2x
0.2

 + 0.3x
0.1

 +  

0.1 ∈ *

nR (1)[x] . 

 

We find [p*(x) × q*(x)] × r*(x)] 

 

=  [(0.7x
0.6

 + 0.8x
0.4

 + 0.5) × (0.8x
0.9

 + 0.7) ×  

(0.2x
0.2

 + 0.3x
0.1

 + 0.1) 

 

=  (0.56x
0.5

 + 0.64x
0.3

 + 0.4x
0.9

 + 0.49x
0.6

 + 0.56x
0.4

 +  

      0.35) × (0.2x
0.2

 + 0.3x
0.1

 + 0.1) 

 

=  (0.112x
0.7

 + 0.128x
0.5

 + 0.08x
0.1

 + 0.098x
0.8

 +  

0.112x
0.6

 + 0.07x
0.2

 + 0.168x
0.6

 + 0.192x
0.4

 + 0.12 + 

0.147x
0.7

 + 0.168x
0.5

 + 0.105x
0.1

 + 0.056x
0.5

 + 

0.064x
0.3

 + 0.04x
0.9

 + 0.049x
0.6

 + 0.056x
0.4

 + 0.035) 
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=  0.04x
0.9

 + 0.098x
0.8

 + 0.259x
0.7

 + 0.319x
0.6

 + 

0.352x
0.5

 + 0.248x
0.4

 + 0.105x
0.3

 + 0.07x
0.2

 + 

0.185x
0.1

 + 0.155      …  I 

 

 

Consider p*(x) × [q*(x) × r*(x)] 

 

p*(x) × [(0.8x
0.9

 + 0.7) × (0.2x
0.2

 + 0.3x
0.1

 + 0.1)] 

 

= [0.7x
0.6

 + 0.8x
0.4

 + 0.5] [0.16x
0.1

 + 0.14x
0.2

 + 0.24 +  

 0.21x
0.1

 + 0.08x
0.9

 + 0.07] 

 

=  0.112x
0.7

 + 0.128x
0.5

 + 0.080x
0.1

 + 0.098x
0.8

 + 

0.112x
0.6

 + 0.07x
0.2

 + 0.120 + 0.168x
0.6

 + 0.192x
0.4

 

+ 0.105x
0.1

 + 0.147x
0.7

 + 0.168x
0.5

 + 0.056x
0.5

 + 

0.064x
0.3

 + 0.040x
0.9

 + 0.049x
0.6

 + 0.056x
0.4

 + 0.035  

 

=  0.040x
0.9

 + 0.098x
0.8

 + 0.259x
0.7

 + 0.319x
0.6

 + 

0.352x
0.5

 + 0.248x
0.4

 + 0.105x
0.3

 + 0.07x
0.2

 + 

0.185x
0.1

 + 0.155      …  II 

 

I and II are not distinct so the operation is associative. 

 

Let p*(x) = 0.9x
0.7

,  

 

q*(x) = 0.6x
0.9

 and  

 

r*(x) = 0.12x
0.3

 ∈ *

nR (1)[x] . 

 

p*(x) × [q*(x) × r*(x)] 

 

= p*(x) [0.072x
0.2

] 

 

= 0.9x
0.7

 × 0.072x
0.2

 

 

= 0.0648x
0.9

       … I 

 

[p*(x) × q*(x)] × r*(x) 

 



92 MOD Planes  

 

 

 

 

 

 

 

= (0.9x
0.7

 × 0.6x
0.9

) × 0.12x
0.3 

 

= 0.54x
0.6

 × 0.12x
0.3

  

 

= 0.0648x
0.9

       … II 

 

I and II are equal. 

 

a × (b × c) = a × (b × c) for a, b, c ∈ [0, 1).  

 

So × operation on *

nR (1)[x]  is always associative. 

 

Infact p*(x) × [q*(x) + r*(x)] ≠ p*(x) × q*(x) +  

p*(x) × r*(x). 

 

Take p*(x) = 0.5x
0.8

  

 

q*(x) = 0.7x
0.4

 and r*(x) = 0.3x
0.4

 be the MOD decimal 

polynomials in *

nR (1)[x] . 

 

Consider p*(x) × [q*(x) + r*(x)] 

     = p*(x) × [0.7x
0.4

 + 0.3x
0.4

] 

     = p*(x) × 0 = 0.      … I 

Consider  

p*(x) × q*(x) + p*(x) × r*(x) 

     = 0.5x
0.8

 × 0.7x
0.4

 + 0.5x
0.8

 × 0.3x
0.4 

 

     = 0.35x
0.2

 + 0.15x
0.2

  

     = 0.5x
0.2

        … II 

 

I and II are distinct so the distributive law is not in general. 

 

Let us consider d

nR (1)[x] . 

Is d

nR (1)[x]  a ring or only a pseudo ring? 

d

nR (1)[x]  = i

i

i 0

a x
∞

=




∑ ai ∈ [0, 1)}.  

 

Let p
d
(x) = 0.3x

9.2
 + 0.4x

2.1
 + 0.8 
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and q
d
(x) = 0.7x

6.8
 + 0.7x

1.5
 + 0.3 ∈ d

nR (1)[x] . 

 

p
d
(x) + q

d
(x)  =  0.3x

9.2
 + 0.7x

6.8
 + 0.4x

2.1
 + 0.7x

1.5
 +  

0.1 ∈ d

nR (1)[x] . 

 

We see ‘+’ is a commutative operation with 0 as the 

additive identity. 

 

For every polynomial p
d
(x) ∈ d

nR (1)[x]  we have a unique 

q
d
(x) ∈ d

nR (1)[x]  such that p
d
(x) + q

d
(x) = (0). 

 

Let p
d
(x) = 0.71x

2.3
 + 0.912x

0.8
 + 0.016x

2.1
 +  

0.71 ∈ d

nR (1)[x] . 

 

q
d
(x) = 0.29x

2.3
 + 0.088x

0.8
 + 0.984x

2.1
 + 0.29 ∈ d

nR (1)[x]  is 

such that p
d
(x) + q

d
(x) = 0.  Clearly q

d
(x) = –p

d
(x).   

 

Thus d

nR (1)[x]under + is a group of infinite order which is 

abelian. 

 

Let p
d
(x) = 0.7x

9
 + 0.81x

2
 + 0.3 and 

 

 q
d
(x) = 0.1x

8
 + 0.5x + 0.4 ∈ d

nR (1)[x]  we see 

 

p
d
(x) × q

d
(x)  = (0.7x

9
 + 0.81x

2
 + 0.3) × (0.1x

8
 + 0.5x + 0.4) 

 

= 0.07x
17

 + 0.081x
10

 + 0.03x
8
 + 0.35x

10
 + 0.405x

3
 + 0.15x + 

0.28x
9
 + 0.324x

2
 + 0.12 ∈ d

nR (1)[x] , this is the way × operation 

is performed on d

nR (1)[x]  

 

We see for p
d
(x) = 0.3x

8
 + 0.9x + 0.1 

 

q
d
(x) = 0.4x

7
 + 0.8 and r

d
(x) = 0.1x

6
 ∈ d

nR (1)[x] . 
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We find [p
d
(x) × q

d
(x)] × r

d
(x) 

  

Now [p
d
(x) × q

d
(x)] r

d
(x) =  

 

[(0.3x
8
 + 0.9x + 0.1) × [0.4x

7
 + 0.8)] r

d
(x) 

 

= [0.12x
15

 + 0.36x
8
 + 0.04x

7
 + 0.24x

8
 +  

0.72x + 0.08] × 0.1x
6
  

 

= 0.012x
21

 + 0.036x
14

 + 0.004x
13

 + 0.024x
14

 +  

      0.008x
6
 + 0.072x

7  
… I 

 

Consider p
d
(x) × (q

d
(x) × r

d
(x)) 

 

= p
d
(x) × [0.4x

7
 + 0.8 × 0.1x

6
] 

 

= p
d
(x) × [0.04x

13
 + 0.08x

6
] 

 

= (0.3x
8
 + 0.9x + 0.1) (0.04x

13
 + 0.08x

6
) 

 

= 0.012x
21

 + 0.036x
14

 + 0.004x
13

 + 0.024x
14

 +  

    0.072x
7
 + 0.008x

6 
  … II 

 

I and II are identical infact the operation × is associative on 
d

nR (1)[x] .   

 

Now let us consider  

 

p
d
(x) = 0.3x

7
 + 0.8, 

  

q
d
(x) = 0.5x

5
 + 0.2 and  

 

r
d
(x) = 0.7 + 0.2x

8
 + 0.8x

5
 ∈ d

nR (1)[x] . 

 

p
d
(x) × (q

d
(x) + r

d
(x)) 

 

= p
d
(x) × [0.5x

5
 + 0.2 + 0.2x

8
 + 0.8x

5
 + 0.7] 
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= (0.3x
7
 + 0.8) [0.3x

5
 + 0.9 + 0.2x

8
] 

 

= 0.09x
12

 + 0.27x
7
 + 0.06x

15
 + 0.24x

5
 + 0.72 +  

       0.16x
8 
    … I 

 

p
d
(x) q

d
(x) + p

d
(x) r

d
(x) 

 

=  (0.3x
7
 + 0.8) × (0.5x

5
 + 0.2) + (0.3x

7
 + 0.8)  

 × (0.7 + 0.2x
8
 + 0.8x

5
) 

 

=  0.15x
12

 + 0.40x
5
 + 0.16 + 0.06x

7
 + 0.21x

7
 +  

0.56 + 0.06x
15

 + 0.16x
8
 + 0.24x

12
 + 0.64x

5

          … II 

 

Clearly I and II are distinct so we see ( d

nR (1)[x] , +, ×) is not 

a ring only a pseudo MOD polynomial ring as the distributive 

law is not true.   

 

Thus both d

nR (1)[x]  and *

nR (1)[x]  are only pseudo rings. 

 

Infact study of properties on MOD fuzzy plane would be a 

substantial work for any researcher. 

 

Thus both d

nR (1)[x]  and *

nR (1)[x]  enjoy different properties 

relative to differentiation and integration of polynomials.   

 

For in *

nR (1)[x]  usual integration and differentiation cannot 

be defined; infact we have infinite number of differentials and 

integrals for a given MOD decimal polynomials in *

nR (1)[x]  

never exists.   

 

Infact for every a ∈ (0, 1) we have a MOD derivative and a 

MOD integral not possible. 

 

We call this structure as MOD for two reasons one they are 

made up of small values and secondly they do not have the 

usual integrals or derivatives of the functions.  
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Defining equations of circles, ellipse, hyperbola, parabola or 

for that matter any conic on the MOD fuzzy plane happens to be 

a challenging problem for any researcher. 

 

Infact continuous curves in the real plane happens to be 

discontinuous parallel lines in the MOD fuzzy plane.  Infact they 

have zeros in certain cases.  Sometimes a continuous line and so 

on.   

 

We suggest some problems. 

 

Problem 

 

1. Obtain any special and interesting feature about MOD fuzzy 

plane. 

 

2. What is the striking property enjoyed by the MOD fuzzy 

plane? 

 

3. Is the MOD fuzzy plane orderable? 

 

4. Find the curve y = 0.5x
2
 in the MOD fuzzy plane.  

Is the function continuous in Rn(1)? 

 

5. Draw the function y = 0.7x +0.4 in the MOD fuzzy plane 

Rn(1).  

 

6. Draw the function y = 0.8x
2
 +0.6x + 0.1 on the MOD fuzzy 

plane Rn(1). 

 

(i) Is this function continuous or discontinuous? 

(ii) Does the function have zeros? 

(iii) Is this function derivable? 

 

7. Plot the function y
2
 = 0.4x on the MOD fuzzy plane Rn(1). 

 

8. What are the advantages of using functions in the fuzzy 

MOD plane? 
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9. Is it possible to define the distance concept on Rn(1)? 

 

10. Plot the function 0.7x
2
 + 0.7y

2
 = 0.2 on the MOD fuzzy plane 

Rn(1).  

(i) Will this be a circle in Rn(1)? Justify your claim. 

(ii) Is this function a line? 

 

11. Let 0.5x
2
 +0.25x

2
 = 0.3 be a function in the MOD fuzzy 

plane Rn(1). 

(i) Can we say the resultant is a curve? 

(ii) Will the graph be a straight line or a curve? 

(iii) Is this function a continuous curve or a line? 

 

12. Can Rn(1), the fuzzy MOD plane be considered as the MOD 

form of the coordinate plane? 

 

13. Can we have the notion of conics in the MOD fuzzy plane 

Rn(1)? 

 

14. Is it possible to have more than one MOD fuzzy 

transformation η1 from R to Rn(1)? 

 

15. Let R[x] be the real polynomials η : R[x] to d

nR (1)[x]  be a 

map. 

How many such MOD fuzzy transformations exist? 

 

16. Let R
d
[x] be the real polynomials η1:R

d
[x] → *

nR (1)[x]  be a 

MOD fuzzy real transformation. 

How many such MOD real transformations can be defined? 

 

 

17. Let  

p(x) = 0.3x
2.3

 + 0.7x
5.7

 + 0.2x
12.3

 + 0.5 ∈ d

nR (1)[x] . 

(i)   Find 
dp(x)

dx
 and ∫p(x) dx. 

(ii)   Is the integration the reverse process of    

  differentiation or vice versa? 

(iii)  Does integrals in R
d
(1)[x] exist? 
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18. Let p(x) = 0.9x
0.8

 + 0.7x
0.5

 + 0.61x
0.2

 + 0.71 ∈ *

nR (1)[x] . 

(i) Find 
dp(x)

dx(0.2)
. 

(ii) Find ∫p(x) dx (0.2), does it exist? 

(iii) Is 
d p(x)dx(0.2)

p(x)
dx(0.2)

∫
= possible? 

 

19. Let  

p(x) = 0.27x
0.71

 + 0.512x
0.3

 + 0.3107x
0.2

 + 0.7 ∈ d

nR (1)[x] . 

Study questions (i) to (iii) of problem 18 for this p(x). 

 

20. Let p(x) = 0.312x
0.9

 + 0.881x
0.7

 + 0.031x
0.003

 + 0.009 ∈ 
d

nR (1)[x] .Take α  = 0.007.  

Study questions (i) to (iii) of problem 18 for this p(x) 

with α =0.007 ∈ (0, 1). 

 

21. Let d

nR (1)[x]  be the MOD decimal fuzzy polynomial plane. 

(i) Prove on d

nR (1)[x]  we can define infinite number of      

  derivatives and no integrals. 

(ii)  Let p(x) = 0.72x
0.72

 + 0.49x
0.49

 + 0.332x
0.332

 + 0.7 ∈  

  d

nR (1)[x] ; does there exist α ∈ (0, 1) such that  

  
dp(x)

dx( )α

 =0 and ∫ p(x)dx (α) ≠ 0? 

(iii) Find ∫ p(x) dx (0.32), does it exist? 

(iv) Find
dp(x)

dx(0.32)
. 

 

22. Let *

nR (1)[x]  be the MOD fuzzy decimal polynomials.  

(i)  Study question (i) to (iv) problem 21 for p(x) with  

respect α = 0.98. 

(ii)  Compare the results. 

 

23. Obtain some special features enjoyed by d

nR (1)[x] . 
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24. Obtain the special features associated with *

nR (1)[x] . 

 

25. Is d

nR (1)[x]  a group with respect to +? 

 

26. Is d

nR (1)[x]a semigroup with respect to ×? 

 

27. Is Rn(1) a ring? 

 

28. Does the MOD fuzzy plane Rn(1) contain zero divisors? 

 

29. Can the MOD fuzzy plane Rn(1) contain idempotents? 

 

30. Can the MOD fuzzy plane Rn(1) contain S-zero divisors? 

 

31. Is the MOD fuzzy plane Rn(1) be a semigroup with zero 

divisors? 

 

32. Compare the MOD fuzzy plane Rn(1) with d

nR (1)[x]  and 
*

nR (1)[x] . 

 

33. Can *

nR (1)[x]  contain zero divisors? 

 

34. Let *

nR (1)[x]  be the MOD fuzzy plane. 

Let y = 0.3x
2
 + 0.4x + 1 ∈ *

nR (1)[x] . 

Draw the graph of y on *

nR (1)  

 

35. Obtain some special features enjoyed by R
d
[x]. 

 

36. Compare d

nR (1)[x]  with *

nR (1)[x] . 

 

37. What can be the practical uses of integration and 

differentiation using α ∈ (0, 1)? 

 

38. Can we define for every α ∈ R
+
 \ {0} the new type of 

differentiation on R[x]? 

What is the problem faced while defining it? 
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39. Draw the graph of the function y = 0.3x
2
 + 0.2 in the MOD 

fuzzy plane Rn(1)? 

 

40. Obtain a method to solve polynomial equations in d

nR (1)[x] . 

 

41. Show if α is a multiple root of p(x) ∈ d

nR (1)[x]  then α, in 

general is not a root of p′(x). 

 

42. Show that there exists a lot of difference between MOD 

fuzzy differentiation and usual differentiation. 

 

43. Show that there exists difference between usual integration 

and MOD fuzzy integration. 

 

44. What are the advantages of using derivatives with every α 

∈ (0, 1) in p(x) ∈ *

nR (1)[x]? 

 

45. What is the justification in using the derivatives of p(x) the 

power of x decreases by 1 and powers of x increases by 1 in 

integrals? 

 

46. What is the draw back in replacing 1 by any real? 

 

47. Is every function which is continuous in the real plane R 

continuous in the MOD fuzzy plane Rn(1)? 

 

48. Can we give representation for trigonometric functions in 

the MOD fuzzy plane?  Justify your claim. 

 

49. Obtain any interesting features enjoyed by the MOD fuzzy 

plane Rn(1). 

 

50. What are the special properties associated with R
d
[x]? 

 

51. What are the special features enjoyed by the MOD fuzzy 

decimal polynomials *

nR (1)[x]? 
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52. If p(x) ∈ *

nR (1)[x]  does there exist distinct α, β ∈ (0, 1)  

(α ≠ β) but 
dp (x)

dx( )

′

α

 = 
dp (x)

dx( )

′

β

? 

 

53. Can we say if αi, αj ∈ (0, 1) are distinct then ∫p(x) dx (αi) ≠ 

∫p(x) dx (αj) for every p(x) ∈ *

nR (1)[x]  αi ≠ αj? 

 

54. Is it possible to define step functions in the MOD fuzzy plane 

Rn(1)? 

 

55. Can we say for every p(x) ∈
*

nR (1)[x]  there exists a  

q(x) ∈ *

nR (1)[x]  such that  

i

dp(x)

dx( )α

 = 
j

dq(x)

dx( )α

 

αi ≠ αj,  αi, αj ∈ (0, 1)? 

 

56. What is the graph of y = 0.001x
4
 in the MOD fuzzy plane 

Rn(1)? 

 

57. What is the graph of y = 0.01x
4
 in the MOD fuzzy plane 

Rn(1)? 

Compare the graphs in problems 56 and 57. 

 

58. Find the graph of y = 0.1x
4
 in the MOD fuzzy plane. 

 

59. Does the graph y = 0.5x
5
 defined in Rn(1) have 5 zeros?  

Justify. 

 

60. y = 0.5x
2
, y = 0.5x

3
, y = 0.5x and y = 0.5x

4
 be four distinct 

functions on the MOD fuzzy plane.   

Compare the MOD fuzzy graphs of the four functions? 

 

61. Let f(x) = 0.9x
0.8

 + 0.3x
0.6

 + 0.21x
0.5

 + 0.01x
0.3

 + 0.92 ∈ 
*

nR (1)[x] . 

(i) Find 
df (x)

dx(0.8)
 and ∫ f(x) dx (0.8). 
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(ii) Find 
df (x)

dx(0.6)
 and ∫ f(x) dx (0.6). 

(iii) Find 
df (x)

dx(0.5)
 and ∫ f(x) dx (0.5). 

(iv) Find 
df (x)

dx(0.3)
 and ∫ f(x) dx (0.3). 

(v) Find 
df (x)

dx(0.120)
 and ∫ f(x) dx (0.120).   

 Show none of the integrals are defined. 

 

 

62. Is it possible to define the notion of circle in a MOD fuzzy 

plane? 

 

63. Can distance concept be adopted on a MOD fuzzy plane? 

 

64. Is a MOD fuzzy plane Euclidean? 

 

65. Can a metric be defined over the MOD fuzzy plane? 

 

66. How to solve equations in *

nR (1)[x]? 

 

67. If p(x) = 0.33x
0.2

 + 0.75x
0.1

 + 0.2 ∈ *

nR (1)[x] . 

(i) Is p(x) solvable? 

(ii) Can p(x) have more than two roots? 

(iii) Does the roots of p(x) belong to [0, 1)? 

 

68. Can we say 0.5
th
 degree polynomials can have five roots? 

 

69. Can a MOD quadratic polynomial be defined in *

nR (1)[x]? 

 

70. If p(x) = 0.7x
0.6

 + 0.83x
0.3

 + 0.2 ∈ *

nR (1)[x]  can we say p(x) 

is a special quadratic in 0.3 that is 
2(0.3)0.7x + 0.83x

0.3
 + 0.2? 
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Chapter Four 
 
 

 
 
MOD NEUTROSOPHIC PLANES AND  
MOD FUZZY NEUTROSOPHIC PLANES 
 
 
 

 

In this chapter we introduce the notion of MOD neutrosophic 

planes and MOD fuzzy neutrosophic planes. This is very 

important as the concept of indeterminacy plays a vital role in 

all types of problems. 

 

Recall I is called the indeterminacy defined and developed 

by Florentin Smarandache in [3, 4] and I
2
 = I which will denote 

the neutrosophic or the indeterminacy concept.  

 

For more about this concept refer [3, 4]. 

 

 We denote the MOD neutrosophic plane by 
I

mR (m) = {a + bI | a, b ∈ [0, m)} 

 =  {(a, b) | a is the real part and b is the neutrosophic part},  

  m ≥ 1. 

 

The MOD neutrosophic plane is represented as 
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Figure 4.1 

 

When m = 1 that is I

nR (1) is defined as the MOD 

neutrosophic fuzzy plane.   

We will give examples of them and work with them. 

 

Example 4.1:  Let I

nR (5) be the MOD neutrosophic plane 

associated with the MOD interval [0, 5). 

0 1 2 3 4 5

1

2

3

4

5
I

 
Figure 4.2 
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We see how representations of the MOD neutrosophic 

numbers are made in the MOD neutrosophic plane.  

 Recall 〈R ∪ I〉 = {a + bI | a, b ∈ R, I
2
 = I} is the real 

neutrosophic plane.  We can get the map of 〈R ∪ I〉 into I

nR (m) 

in the following way.   

 

We know I

nR (m) is built using the intervals [0, m) and [0, 

mI). 

 

 We show how the MOD neutrosophic transformation works. 

 

ηI : 〈R ∪ I〉 → I

nR (m) 

 

ηI (I) = I,  ηI (tI) = tI if t < m 

and  

ηI (tI) = rI where 
r

m
 + s = 

t

m
  if t > m. 

 

 

ηI (tI) = 0 if  t = m. 

 

η (t) = t if  t < m; 

 

= r if t > m and 
t

m
 = s + 

r

m
 

 

= 0  if t = m. 

 

 This is the way by the MOD neutrosophic transformation the 

neutrosophic real plane is mapped on to the MOD neutrosophic 

plane I

nR (m). 

 

 We will illustrate this by some examples. 

 

   Let 8 + 25.2I ∈ 〈R ∪ I〉. 
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   ηI (8 + 25.2I) = 3 + 0.2I ∈ I

nR (5). 

 

   Let –7 + 14.8I ∈ 〈R ∪ I〉. 
   ηI (–7 + 14.8I) = (3 + 4.8I) ∈ I

nR (5). 

 

   Let –15 + 25I ∈ 〈R ∪ I〉; 
 

   ηI (–15 + 25I) = 0 ∈ I

nR (5). 

 

   ηI (–72  – 49I) = (3 + I) ∈ I

nR (5). 

 

   ηI (24 – 71I) = (4 + 4I) ∈ I

nR (5). 

 

 This is the way MOD neutrosophic transformation from  

〈R ∪ I〉 to I

nR (5) is made. 

 

   Let I

nR (12) be the MOD neutrosophic plane. 

 

ηI (24 + 40I) = 4I ∈ I

nR (12). 

 

ηI (27 + 48I) = 3 ∈ I

nR (12). 

 

ηI (10 + 4I) = 10 + 4I ∈ I

nR (12) 

 

ηI (–2I) = 10I ∈ I

nR (12) 

 

ηI (–4) = 8 ∈ I

nR (12) 

 

ηI (–5 – 20I) =  (7 + 4I) ∈ I

nR (12) and so on. 

 

Infact we have only a unique MOD neutrosophic 

transformation from 〈R ∪ I〉 to I

nR (m). 
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Let us now study the behaviour of functions on the 

neutrosophic plane. 

 

Let y = (8 + 5I)x be a function defined on the real 

neutrosophic plane.  

Now this function is defined on I

nR (6)[x] as yn = (2 + 5I)x. 

 

Thus if  〈R ∪ I〉[x] is the real neutrosophic polynomial 

collection then we can map every p(x) to  

 

pn(x) ∈ I

nR (m) [x] = i

i

i 0

a x
∞

=




∑  ai ∈ I

nR  (m)}. 

 

We will illustrate this situation by some simple examples. 

 

Let p(x) = 5.3x
9
 + 3.21x

7
 + 40x

2
 + 3 ∈ 〈R ∪ I〉[x] 

 

ηI : 〈R ∪ I〉[x] → I

nR (4) [x]. 

 

ηI(p(x)) = ηI (5.34x
9
 + 3.21x

7
 + 40x

2
 + 3)  

 

= 1.34x
9
 + 3.21x

7
 + 3 ∈ I

nR (4). 

 

Thus we can say several p(x) is mapped on to one. 

 

pn(x) ∈ I

nR  (4).  

 

Let p(x)  =  246x
21

 – 481x
18

 + 46x
10

 – 5x
8
 + 6x

2
 +  

5x – 17 ∈ 〈R ∪ I〉[x]. 

 

ηI (p(x)) = 2x
21

 + 3x
18

 + 2x
10

 + 3x
8
 + 2x

2
 + x + 3 ∈ I

nR  (4). 

 

This is the way MOD neutrosophic transformations are 

carried out. 

 



108 MOD Planes  

 

 

 

 

 

 

 

One of the natural questions can be differential  

of pn(x) ∈ I

nR (4)[x]. 

  

The answer is yes. 

 

 

Let pn(x) = (1 + 3I)x
8
 + (3I + 2.2)x

5
 + 1.6Ix

3
 + 2.15Ix  

+ 3.001 ∈ I

nR (4). 

 

   ndp (x)

dx
 = 8 (1+3I)x

7
 + 5 (3I + 2.2)x

4
 + 3 (1.6I)x

2
 + 2.15I + 0 

 

= 0 + (3I + 2.2)x
4
 + 0.8Ix

2
 + 2.15I ∈ I

nR (4). 

 

Now we can also have polynomials of the form  

 

p(x) =  (140 +25I)x
5
 + (–30 + 7I)x

4
 + (13 – 43I)x

3
 +  

   7Ix
2
 + 2x + (17 – 26I) ∈ 〈R ∪ I〉 [x]. 

 

η1(p(x)) =  Ix
5
 + (2 + 3I) x

4
 + (1 + 2I)x

3
 + 3Ix

2
 + 2x +  

(1 + 2I) ∈ I

nR  (4). 

 

This is the way the MOD transformation of polynomials are 

carried out.   

 

Let I

nR (7)[x] be the MOD neutrosophic polynomial. 

 

Let p(x)  =  (40 + I)x
18

 + (43 – 14I)x
15

 + (25 + 7I)x
6
 +  

(–23 + 12I)x
5
 + (–3 –14I)x

3
 + (–2 + 10I)x +  

3 – 15I  ∈ 〈R ∪ I〉[x]. 

 

Let ηI : 〈R ∪ I〉[x] →
I

nR (7)[x] be the MOD neutrosophic 

transformation.  

 

ηI(p(x)) =  (5 + I)x
18

 + 1x
15

 + 4x
6
 + (5 + 5I)x

5
 + (4)x

3
 +  

(5 + 3I)x + (3 + 6I) ∈ I

nR (7)[x]. 
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We can thus see this transformation is such that infinite 

number of neutrosophic real numbers are mapped onto a single 

MOD neutrosophic element in I

nR (m)[x].  

 

 

Let p(x) =  3.17x
10

 + (I + 1.89)x
8
 + (2I + 0.3)x

5
 +  

(4.37 + 3.1107I)x
3
 + (0.79 + 0.82I)x +  

(1.3071 +I) ∈ 〈R ∪ I〉[x]. 

 

We define ηI : 〈R ∪ I〉[x] → I

nR (6)[x] as ηI (p(x)) = p(x) as 

every coefficient is less than 6.   

 

We find the derivative of p(x). 

 

Now 
dp(x)

dx
 = 10 × 3.17x

9
 + 8 × (I + 1.89)x

7
 +  

5(2I + 0.3) x
4
 + 3(4.37 + 3.1107I)x

2
 + (0.79 

+ 0.82I)  

  

 

=  1.7x
9
 + (2I + 3.12)x

7
 + (4I + 1.5)x

4
 + (1.11  

 + 3.3321I) x
2
 + (0.79 + 0.82I) ∈ I

nR (6). 

 

It is important to note that if p(x) is a polynomial in the 

MOD neutrosophic plane of degree say s (s > 1), then the first 

derivative need not be of degree (s – 1); it can be zero or a lesser 

power than s–1.   

 

All these will be illustrated by some examples. 

 

 Let p(x) = 2x
10

 + 3x
5
 + 4.7301 ∈ I

nR (5)[x]. 

 

Clearly degree of p(x) is 10 but the first derivative of p(x) is  

 

   
dp(x)

dx
 = 20x

9
 + 15x

4
 + 0 = 0. 
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Thus the first derivative of the MOD polynomial  

p(x) ∈ I

nR (5)[x] is zero. 

 

Let p(x) = 2.5x
40

 + 3x
10

 + 2x
5
 + 3.711 ∈ I

nR (5)[x].  

 

We now find the derivative of p(x),  

 

dp(x)

dx
  = 2.5 × 40x

39
 + 30x

9
 + 10x

4
 + 0 

 

    = 0. 

 

Let p(x)  =  4x
5
 + 2.31x

2
 + 4.5 ∈ I

nR (5)[x]. 

 

dp(x)

dx
  =  20x

4
 + 4.62x + 0  

 

   =  4.62x ∈ I

nR (5)[x]. 

 

Thus p(x) is a degree 5 and the first derivative is of degree 

one.   

 

So the fifth degree polynomial in I

nR (5)[x] has its first 

derivative to be of degree one. 

 

Let p(x) ∈ I

nR (4)[x] we can find p′(x) which can be zero or 

a constant or of degree much less than degree p(x) – 1. 

 

p(x) = 0.3x
6
 + 2.7x

5
 + 1.3x

4
 + 0.7x + 1.2 ∈ I

nR (4)[x]. 

 

dp(x)

dx
 = 1.8x

5
 + 1.5x

4
 + 1.2x

3
 + 0.7 ∈ I

nR (4)[x]. 

 

Degree of p(x) is 6 and its first derivative of p(x) which is 

p′(x) is of degree 5. 
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Let p(x) = 2x
5
 + 4x + 0.3 ∈ I

nR (4)[x]; 

 

dp(x)

dx
 = 2x

4
.  Thus a fifth degree polynomial is a 

constant. 

So polynomials in I

nR (m)[x] and in 〈R ∪ I〉[x] behave 

differently for a sth degree polynomial in 〈R ∪ I〉[x] has its 

derivative to be of degree (s–1). 

 

But a sth degree polynomial in I

nR (m)[x] may have its first 

derivative to be zero or constant or of degree s–k (k ≠ 1) is 

possible. 

 

Next we have the main result which is based on the roots of 

the polynomial in I

nR (m)[x]. 

 

It is pertinent to keep on record that in general it is very 

difficult to solve polynomial equations in I

nR (m)[x] (m > 1).   

 

Thus it is left as an open conjecture to solve the following 

problems. 

 

(i) Can we say a sth degree polynomial in I

nR (m)[x] 

has s and only s roots? 

(ii) Can we have a sth degree polynomial in I

nR (m)[x] 

to have more than s roots? 

(iii) Can sth degree polynomial in I

nR (m)[x] has less 

than s roots? 

(iv) If α is a multiple root of s(x) ∈ I

nR (m)[x]; can we 

say α is a root of  
ds(x)

dx
? 

 

All the four problems are left as open conjectures. 
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Let s(x) = (x + 2.1) (x +1)
2
 (x + 3) ∈ I

nR (4)[x].  

 

The roots in the usual sense are 3, 3 1 and 1.9 ∈ [0, 4). 

 

s(x)  = (x + 2.1) (x
2
 + 2x + 1) (x+3)  

 

= (x
3
 + 2x

2
 + x + 2.1x

2
 + 2.1 + 0.2x) (x + 3) 

=  (x
4
 + 2x

3
 + x

2
 + 2.1x

3
 + 2.1x + 0.2x

2
 + 3x

3
 + 2x

2
  

 + 3x + 2.3x
2
 + 2.3 + 0.6x) 

 

=  x
4
 + (2 + 3 + 2.1)x

3
 + (1 + 0.2 + 2 + 2.3)x

2
 +  

 (2.1 + 3 + 0.6)x + 2.3 

 

s(x) =  x
4
 + 3.1x

3
 + 1.5x

2
 + 1.7x + 2.3. 

 

s(3) =  3
4
 + 3.1 ×  27 + 1.5 ×9 + 1.7 × 3 + 2.3 

  

=  81 + 1.3 + 1.1 + 1.5 + 83.7 

 

  =  1 + 1.3 + 1.1 + 1.5 + 2.3 

  

=  3.2 ≠ 0. 

 

But if  

s(x) =  (x + 2.1) (x+1)
2
 (x+3) 

 

 s(3) =  (3 + 2.1) (3 + 1)
2
 (3 + 3) 

 

  =  0. 

 

Thus one may be surprised to see 3 is a root of  

s(x) = (x + 2.1) (x + 1)
2
 (x+3). 

 

But when the same s(x) is expanded s(3) ≠ 0. 

 

So we now claim this is due to the fact in general in I

nR (m) 

or I

nR (m)[x] the distributive law in not true.  
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That is why studying the properties of MOD neutrosophic 

polynomials in I

nR (m)[x] is a difficult as well as it is a new 

study in case of polynomials. 

 

That is why we have proposed those open problems.   

 

Now so we can think of integrating the MOD neutrosophic 

polynomials in I

nR (m)[x] to see the problems we face in this 

adventure. 

 

Let us to be more precise take  

p(x) = 4.2x
5
 + 3.2x

4
 + 2.5x + 3 ∈ I

nR (6)[x]. 

 

∫p(x) dx = ∫4.2x
5
dx + ∫3.2x

4
 dx + ∫2.5xdx + ∫3dx  

 

= undefined + 
5 23.5x 2.5x

5 2
+ + 3x + c.  

 

Clearly 
22.5x

2
 is not defined as 2 does not have inverse 

in [0, 6). 

 

Thus in general integration is not defined for every 

p(x) ∈ I

nR (m)[x]. 

 

So integration in case of MOD neutrosophic polynomials in 

general is not an easy task.  

 

Now can we define on the MOD neutrosophic plane the 

notion of conics? 

 

This also remains as an open problem. 

 

Now we study the algebraic structure enjoyed by I

nR (m). 
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We will first give some examples before we proceed onto 

prove a few theorems. 

 

Example 4.2:  Let I

nR (7) = {a + bI | a, b ∈ [0, 7), I
2
 = I} be the 

MOD neutrosophic plane. 

 

Let (6.3 + 3I) and 3.7 + 4.1I ∈ I

nR (7).  

  

(6.3 + 3I) + (3.7 + 4.1I) 

  

= 10 + 7.1I 

 

= 3 + 0.1I ∈ I

nR (7). 

 

It is easily verified 0 = 0 + 0I ∈ I

nR (7)  acts as the identity, 

for 0 + x = x + 0 for all x ∈ I

nR (7). 

 

Let x = 0.7 + 3.4I ∈ I

nR (7) we see  

 

y = 6.3 + 3.6I ∈ I

nR (7) is such that x + y = 0. 

 

Thus to every x ∈ I

nR (7) we have a unique y ∈ I

nR (7) such 

that x + y = 0 and y is called the additive inverse of x and vice 

versa. 

 

Thus ( I

nR (7), +) is an abelian group with respect to addition 

known as the MOD neutrosophic plane group. 

 

DEFINITION 4.1:  Let 
I

n
R (m) be the MOD neutrosophic plane. 

I

n
R (m) under + (addition) is a group defined as the MOD 

neutrosophic plane group. 

 

Example 4.3:  Let ( I

nR (12); +) be a MOD neutrosophic group.  

Clearly I

nR (12) is of infinite order and is commutative. 
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Example 4.4:  Let { I

nR (19), +} be a MOD neutrosophic group 

of infinite order.   

 

 Next we proceed onto define the notion of product ‘×’ in 
I

nR (m). 

 

DEFINITION 4.2:  Let 
I

n
R (m) be the MOD neutrosophic plane 

relative to the MOD interval [0, m). 

 

 Define × in 
I

n
R (m) as for x = a + bI and y = c + dI ∈  

I

n
R (m); 

 

    x × y = (a + bI) × (c + dI) 

 

     = ac + bcI + adI + bdI 

 

     = ac + (bc + ad + bd)I (mod n) 

is in 
I

n
R (m). 

 

 Thus {
I

n
R (m), ×} is a semigroup which is commutative and 

is of infinite order. 

 

 {
I

n
R (m),×} is defined as the MOD neutrosophic plane 

semigroup. 

 We will give some examples of this in the following. 

 

Example 4.5:  Let S = { I

nR (10), ×} be the MOD plane 

neutrosophic semigroup.  

 

   Let x = 4 + 8I  and y = 5 + 5I ∈ S; 

 

 

   x × y  = (4 + 8I) × (5 + 5I) 

 

     = 0. 
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 Thus S has zero divisors. 

 

 Let x = 5I ∈ I

nR (10). x
2
 = x.  Thus the semigroup S has 

idempotents.  The MOD neutrosophic semigroup has both zero 

divisors and idempotents.  

 

Example 4.6:  Let { I

nR (17), ×} be the MOD neutrosophic 

semigroup.  Let x = 8.5I and y = 2 + 2I be in I

nR (17). 

 

      x × y = 0. 

 

Example 4.7: Let { I

nR (20), ×} = S be the MOD neutrosophic 

semigroup.  S has zero divisors, units and idempotents. x = 3 

and y = 7 ∈ S is such that x × y = 1 (mod 20). 

 

   x = 9 ∈ S such that x
2
 = 1 (mod 20). 

 

Example 4.8:  Let { I

nR (25), ×} = S be the MOD neutrosophic 

semigroup.  

 

 We see P = {a + bI | a, b ∈ {0, 5, 10,15, 20} ⊆ [0, 25)} is a 

subsemigroup of finite order. 

 

 Interested reader can find subsemigroups. 

 

Example 4.9:  Let M ={ I

nR (127), ×} be the MOD neutrosophic 

plane semigroup.  M has subsemigroups of finite order. 

 

 We see I

nR (m) is a group under ‘+’ and semigroup under ×, 

however { I

nR (m), +, ×} is not a ring.  The main problem being 

the distributive law is not true.  

 

 For a × (b + c) ≠ a × b + a × c for all a, b, c ∈ I

nR (m). 
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Example 4.10:  Let I

nR (6) be the MOD neutrosophic plane. 
I

nR (6) is a MOD neutrosophic plane group and I

nR (6) is a MOD 

neutrosophic plane semigroup. 

 

 Let x = 3.7 + 4.2I,  

 

 y = 2.4 + 16I and z = 3.6 + 4.4I ∈ I

nR (6). 

 

 Consider  

x × (y + z) = (3.7 + 4.2I) × [(2.4 + 1.6I) +  

(3.6 + 4.4I)] 

 

     = (3.7 + 4.2I) (0) 

  

= 0         … I 

 

 Now  

x × y + x × z 

     = (3.7 + 4.2I) × (2.4 + 1.6I) + (3.7 + 4.2I) ×  

             (3.6 + 4.4I) 

 

     = (2.88 + 4.08I + 5.92I + 0.76I) +  

(1.32 + 3.12I + 4.28I + 2.48I) 

 

     = 2.88 + 4.76I + 1.32 + 3.88I 

 

     = 4.2 + 2.64I      … II 

 

 Clearly I and II  are distinct hence the claim. 

 

 That is the distributive law in general is not true in I

nR (m). 

 

DEFINITION 4.3:  Let {
I

n
R (m), +, ×} be defined as the pseudo 

MOD  neutrosophic plane ring which is commutative and is of 

infinite order. 

 

 We give some more examples of this situation.  
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Example 4.11:  Let { I

nR (7), +, ×} = R be the MOD neutrosophic 

plane pseudo ring. R is commutative and is of infinite order. 

 

 Take x = 3.2 + 5.4I 

 

 y = 5.9 + 2.1I and z = 6 + 4I ∈ I

nR (7). 

 

 x × (y + z)  = (3.2 + 5.4I) × (5.9 + 2.1I + 6 + 4I) 

  

    = (3.2 + 5.4I) × (1.9 + 6.1I) 

 

    = (6.08 + 3.26I + 5.52I + 4.94I) 

 

    = 6.08 + 6.72I      … I 

 

Now we find 

 

 x × y + x × z = 3.2 + 5.4I × 5.9 + 2.1I + 3.2 + 5.4I × 6 + 4I 

 

 = (4.88 + 3.86I + 6.72I + 4.34I) + 5.2 + 4.4I + 5.8I + 0.6I 

 

 = 2.08 + 4.72I         … II 

 

 Clearly I and II are distinct, hence the distributive law in 

general is not true in I

nR (7). 

 

 Now we see that is why we had problems in solving 

equations. 

 

 Recall I

nR (m)[x] = i

i

i 0

a x
∞

=




∑  ai ∈

I

nR (m)} is the MOD 

neutrosophic polynomials.   

 

The natural interest would be the highest structure enjoyed 

by this MOD neutrosophic polynomials I

nR (m) [x]. 
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Example 4.12:  Let I

nR (9)[x] be the MOD neutrosophic 

polynomials. I

nR (9)[x] under addition is a group of infinite 

order which is abelian.  For take 

 

 p(x) = 0.8x
7
 + 5x

6
 + 7.2x

4
 + 3.12 and  

 

 q(x) = 3.4x
7
 + 2.7x

4
 + + 1.3x

3
 + 5.7 be in I

nR (9)[x]. 

 

We find 

 

 p(x) + q(x) = 0.8x
7
 + 5x

6
 + 7.2x

4
 + 3.12 + 3.4x

7
 + 2.7x

4
 +  

     1.3x
3
 + 5.7 

 

        =  4.2x
7
 + 5x

6
 + 0.9x

4
 + 1.3x

3
 +  

8.82 ∈ I

nR (9)[x]. 

 

 This is the way the operation of addition is performed.  

 

 Clearly ‘+’ operation is commutative for  

 

p(x) + q(x) = q(x) + p(x) can be easily verified. 

 

 Now 0 ∈ I

nR (9) [x] is such that p(x) + 0 = 0 + p(x) = p(x). 

 

 We see for every p(x) in I

nR (9)[x] there is a unique  

q(x) ∈ I

nR (9)[x] such that p(x) + q(x) = 0. 

 

 For let p(x)  = 0.321x
9
 + 6.312x

8
 + 0.929x

6
 + 6.2x

5
 +  

4.3x
2
 + 5.09x + 0.9991 ∈ I

nR (9)[x]. 

 

 Now q(x) =  8.679x
9
 + 2.688x

8
 + 8.071x

6
 + 2.8x

5
 +  

4.7x
2
 + 3.91x + 8.0009 in I

nR (9)[x] is such  

that p(x) + q(x) = 0. 

 

 q(x) is the unique additive inverse of p(x) and verse versa. 
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 Thus I

nR (9)[x] is an abelian group under +. 

 

Example 4.13:  Let ( I

nR (5)[x], +) be the MOD polynomial 

neutrosophic group. 

 

 For every  

 p(x) = 0.43x
10

 + 3.1x
9
 + 2.5x

2
 + 3.3x + 0.914 ∈ I

nR (5)[x]; 

the inverse of p(x) is denoted by 

 –p(x) = 4.57x
10

 + 1.9x
9
 + 2.5x

2
 + 1.7x + 4.086 ∈ I

nR (5)[x] 

is such that p(x) + (–p(x)) = 0. 

 

DEFINITION 4.4:  {
I

n
R (m)[x], +} is defined to be the MOD 

polynomial group of infinite order which is commutative. 

 

Example 4.14: Let I

nR (12)[x] be the MOD neutrosophic 

polynomial set.  Define the operation × on I

nR (12)[x] as 

follows. 

 

  Let p(x) = 6.16x
10

 + 8.21x
5
 + 7.01x

2
 + 5.1 and  

 

q(x) = 3.1x
8
 + 6.4x

2
 + 7 ∈ I

nR (12)[x]. 

 

p(x) × q(x)  =  (6.16x
10

 + 8.21x
5
 + 7.01x

2
 + 5.1) ×  

(3.1x
8
 + 6.4x

2
 + 7) 

 

    =  7.096x
18

 + 1.451x
13

 + 9.731x
10

 + 3.81x
8
 +  

     3.424x
12

 + 4.544x
7
 + 8.864x

4
 + 8.64x

2
 +  

     1.07x
2
 + 7.12x

10
 + 11.7 + 9.47x

5
  

 

    =  7.096x
18

 + 1.451x
13

 + 4.851x
10

 + 3.424x
12

 +  

     3.81x
8
 + 4.544x

7
 + 8.864x

4
 + 9.77x

2
 +  

     9.47x
5
 + 11.7 ∈ I

nR (12)[x]. 

 

 This is the way product is obtained. 

 

 It is easily verified that p(x) × q(x) = q(x) × p(x). 
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 Further I

nR (m)[x] for any m is a commutative semigroup of 

infinite order. 

 

 This semigroup is defined as the MOD neutrosophic 

polynomial semigroup. 

 

Next we proceed onto give examples of pseudo MOD 

neutrosophic rings of polynomials. 

Example 4.15:  Let I

nR (10)[x] be the MOD neutrosophic 

polynomial. ( I

nR (10)[x], +) is a group and ( I

nR (10)[x], ×) is a 

semigroup. 

 

   Let p(x) = 0.3x
8
 + 6.1x

4
 + 0.8, 

 

q(x) = 0.4x
2
 + 0.9x + 1 

 

and r(x) = 5x
6
 + 0.3x

3
 + 0.1 ∈ I

nR  (10) [x]. 

 

 Consider p(x) × (q(x) + r(x)) =  

 

   = (0.3x
8
 + 6.1x

4
 + 0.8) × [0.4x

2
 +0.9x + 1 + 5x

6
 +  

    0.3x
3
 + 0.1] 

 

 =  0.12x
10

 + 2.44x
6
 +0.32x

2
 + 0.27x

9
 + 5.49x

5
 + 

0.72x +0.3x
8
 + 6.1x

4
 + 0.8 + 1.5x

14
 + 0.5x

10
 + 

4x
6
 + 0.09x

11
 + 1.83x

7
 + 0.24x

3
 + 0.03x

8
 + 

0.61x
4
 + 0.08 

 

 =  1.5x
14

 + 0.09x
11

 + 0.62x
10

 +0.27x
9
 +0.33x

8
 + 

0.72x + 1.83x
7
 + 6.44x

6
 + 5.49x

5
 + 0.24x

3
 + 

0.32x
2
 + 6.71x

4
 + 0.88     … I 

 

 Consider p(x) × q(x) + p(x) × r(x) 

 

 = (0.3x
8
 + 6.1x

4
 + 0.8) (0.4x

2
 + 0.9x + 1) + (0.3x

8
 

+ 6.1x
4
 + 0.8) (5x

6
 + 0.3x

3
 + 0.1) 
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 =  0.12x
10

 + 2.44x
6
 + 0.32x

2
 + 0.27x

9
 + 5.49x

5
 + 

0.72x + 0.3x
8
 + 6.1x

4
 + 0.8 + 1.5x

14
 + 0.5x

10
 + 

4x
6
 + 0.03x

8
 + 0.61x

4
 + 0.08 + 0.09x

11
 + 1.83x

7
 

+ 0.24x
3
  

 

   =  1.5x
14

 + 0.09x
11

 + 0.62x
10

 + 0.27x
9
 + 0.33x

8
 +  

    1.83x
7
 + 6.44x

6
 + 5.49x

5
 + … + 0.88  … II 

 

 It is easily verified I and II are not distinct for this set of 

MOD polynomials. 

 

   Let us consider p(x) = 0.3x
4
 + 8,  

 

q(x) = 4x
3
 + 8x + 0.1 and 

 

r(x) = 6x
3
 + 0.4 ∈ I

nR (10)[x]. 

 

 p(x) × [q(x) + r(x)] 

 

   =  (0.3x
4
 + 8) × [4x

3
 + 8x + 0.1 + 6x

3
 + 0.4] 

 

   =  (0.3x
4
 + 8) (8x + 0.5) 

  

=  2.4x
5
 + 4x + 0.15x

4
 + 4     … I 

 

 p(x) × q(x) + p(x) × r(x) 

 

   =  (0.3x
4
 + 8) (4x

3
 + 8x + 0.1) + (0.3x

4
 + 8)  

(6x
3
 + 0.4) 

 

   =  1.2x
7
 + 2x

3
 + 2.4x

4
 + 4 + 0.03x

4
 + 0.8 + 1.8x

7
 +  

    4x
3
 + 0.12x

4
 + 3.2 

 

   =  3x
7
 + 2.55x

4
 + 6x

3
 + 8     … II 

 

 Clearly I and II are distinct so for this triple p(x), q(x), r(x) 

∈ I

nR (10)[x]; 
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 p(x) × (q(x) + r(x)) ≠ p(x) × q(x) + p(x) × r(x). 

 

 Thus ( I

nR (m)[x], +, ×) is only a MOD neutrosophic 

polynomial pseudo ring and is not a ring for the distributive law 

in general is not true. 

 

 We proceed to define the MOD pseudo neutrosophic 

polynomial ring. 

DEFINITION 4.5:  Let 
I

n
R (m)[x] be the MOD neutrosophic 

polynomial, (
I

n
R (m)[x], +) is an abelian group under +. 

 (
I

n
R (m)[x], ×) is a commutative semigroup.  Clearly for 

p(x), q(x), r(x) ∈ 
I

n
R (m)[x] we have  p(x) × [q(x) + r(x)] ≠ p(x) 

× q(x) + p(x) × q(x) in general for every triple.  Hence S = 

(
I

n
R (m)[x], +, ×) is defined as the MOD neutrosophic 

polynomial pseudo ring. 

 

 We see S is of infinite order and S contains idempotents and 

zero divisors and is commutative. 

 

 We will give one to two examples of them. 

 

Example 4.16:  Let { I

nR (7)[x], +, ×} be the MOD pseudo 

neutrosophic polynomial ring. 

 

Example 4.17:  Let { I

nR (12)[x], +, ×} be the MOD pseudo 

neutrosophic polynomial ring. 

 Now we see solving equations in I

nR (m)[x] is a very 

difficult task.   

 

For even if we consider  

 s(x)  =  (x – α1) (x – α2) … (x – αn) ≠ x
n
 –  

(α1 + … + αn) x
n–1

 + … ±  α1 … αn(mod m) 

   =  s1(x). 

 

Thus this leads to a major problem for s (αi) = 0 but s1(αi) ≠ 0. 

 



124 MOD Planes  

 

 

 

 

 

 

 

 So working with pseudo rings we encounter with lots of 

problems. 

 However in several places the integrals in I

nR (m)[x] is not 

defined.   

 

Differentiation does not in general follow the classical 

properties in I

nR (m)[x].  

 

Thus lots of research in MOD neutrosophic polynomials 

pseudo rings remains open. 

 

 Next we proceed onto define the new concept of MOD fuzzy 

neutrosophic plane.   

 

In the MOD neutrosophic plane if we put m = 1 we get the 

MOD neutrosophic fuzzy plane.   

 

 We will denote the MOD fuzzy neutrosophic plane by  
I

nR (1) = {a + bI | a, b ∈ [0, 1), I
2
 = I}.  

 

0 1

1

I

 
Figure 4.3 
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 Now we see I

nR (1) is the MOD fuzzy neutrosophic plane.  

All properties of I

nR (m) can be imitated for I

nR (1), however the 

MOD fuzzy neutrosophic polynomials do not help in integration 

or differentiation if m = 1. 

 

   For if p(x) = 0.3x
5
 + 0.2x

3
 ∈ I

nR (1)[x];  

 

   
dp(x)

dx
  =  5 × 0.3x

4
 + 0.6x

2
  

 

     =  0.5x
4
 + 0.6x

2
. 

 

 But if p(x) = 0.9x
10

 + 0.5x
2
 is in I

nR (1)[x] then 
dp(x)

dx
 = 0. 

 

 So we see p(x) is degree 10 but its derivative is zero. 

 

 However ∫p(x) dx = ∫0.3x
5
 dx + ∫ 0.2x

3
 dx is not defined. 

 

  Let x = 0.3 + 0.7I and y = 0.9 + 0.4I ∈ I

nR (1). 

 

  Now x + y  = 0.3 + 0.7I + 0.9 + 0.4I 

 

     = 0.2 + 0.1I ∈ I

nR (1). 

 

 It is easily verified 0 ∈ I

nR (1) is such that x + 0  = 0 + x = x 

for all x ∈ I

nR (1). 

 

 We see for every x ∈ I

nR (1) there exists a unique y such 

that x + y = 0. 

 

 For x = 0.9 + 0.2I in I

nR (1) we have y = 0.1 + 0.8I such that 

x + y = 0.  
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 { I

nR (1), +} is a MOD fuzzy neutrosophic abelian group of 

infinite order under +. 

 

   Consider x = 0.8 + 0.6I and  

 

   y = 0.5 + 0.8I ∈ I

nR (1). 

 

 

 

   x × y  =   (0.8 + 0.6I) × (0.5 + 0.8I) 

 

     =  0.4 + 0.3I+ 0.64I + 0.48I 

 

     =  0.4 + 0.42I ∈ I

nR (1). 

 

 This is the way product is defined and { I

nR (1), ×} is 

defined as the MOD fuzzy neutrosophic semigroup of infinite 

order. 

 

   Let x = 0.4 and y = 0.8I  ∈ I

nR (1); 

 

    x × y = 0.24 I ∈ I

nR (1). 

 

 Now this MOD fuzzy neutrosophic semigroup has 

subsemigroups and ideals. 

 

 P = 〈0.2 + 0.2I〉 is a fuzzy neutrosophic MOD subsemigroup 

of { I

nR (1) , ×}. 

 

 Let M = {aI | a ∈[0, 1)} ⊆ { I

nR (1) , ×} be an ideal; called 

the fuzzy MOD neutrosophic ideal of { I

nR (1) , ×}. 

 

 Thus the MOD fuzzy neutrosophic semigroup has both ideals 

and subsemigroups. 

 

   Let x = 0.3 + 0.8I ∈ I

nR (1)  
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  then x
2
  = (0.3 +0.8I) ×  (0.3 + 0.8I) 

 

    = 0.09 + 0.24I + 0.24I + 0.64I 

 

    = 0.09 + 0.12I ∈ I

nR (1). 

 

 { I

nR (1), +, ×} is only a pseudo  MOD fuzzy neutrosophic 

ring for distributive law is not true. 

 

   Let x = 0.7 + 0.4I  

 

   y = 0.5 + 0.2I and  

 

   z = 0.5 +0.8I ∈ I

nR (1). 

 

 x × (y + z) = 0.7 + 0.4I × (0.5 + 0.2I + 0.5 + 0.8I) 

    = 0.7 + 0.4I × 0  = 0      … I 

 

xy + xz = 0.7 + 0.4I × 0.5 + 0.2I + 0.7 + 0.4I × 0.5 + 0.8I 

 

  = 0.35 + 0.2I + 0.14I + 0.08I + 0.35 + 0.2I +  

   0.56I + 0.32I 

 

  = 0.7+ 0.5I        … II 

 

Clearly I and II  are different that is why we call { I

nR (1), +, 

×} as the MOD fuzzy neutrosophic pseudo ring. 

 

 Clearly this pseudo ring has subrings and ideals. 

 

 Consider P = {aI | a ∈ [0, 1)} ⊆ I

nR (1), +, ×}.  P is a pseudo 

ideal of I

nR (1) of infinite order. 

 

 I = {a | a ∈ [0, n)} is only a pseudo subring of I

nR (1) and is 

not an ideal  of  I

nR (1). 
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 We see MOD fuzzy neutrosophic planes behave like MOD 

neutrosophic planes except some special features like 

 

 x × y  = (a + bI) (c + d)  

 

   = 0 is not possible with a, b, c, d ∈ (0, 1) 

 

 Study of these concepts is left as an exercise to the reader. 

 

 Next we proceed onto study the notion of MOD fuzzy 

neutrosophic polynomials of two types.  

 

   Let I

nR (1)[x] = i

i

i 0

a x
∞

=




∑  ai ∈ I

nR (1)}.  

 

   Let p(x) = 0.3x
7
 + 0.7x

2
 + 0.1 

 

   and q(x) = 0.7x
3
 + 0.5x

2
 + 0.8 ∈ I

nR (1)[x]; 

 

 p(x) + q(x)  = 0.3x
7
 + 0.7x + 0.1 + 0.7x

3
 + 0.5x

2
 + 0.8 

 

    = 0.3x
7
 + 0.7x

3
 + 0.2x

2
 + 0.9. 

 

 It is easily verified p(x) + q(x) ∈ I

nR (1)[x]. 

 

 Further p(x) + q(x) = q(x) + p(x) and 0 ∈ I

nR (1)[x] is such 

that  0 + p(x) = p(x) + 0 = p(x). 

 

 Now we show for every p(x) ∈ I

nR (1)[x] there exists a 

unique q(x) ∈ I

nR (1)[x] such that p(x) + q(x) = q (x) + p(x) = 0. 

 

 We call q(x) the inverse of p(x) with respect to addition and 

vice versa. 
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 Thus { I

nR (1)[x], +} is an additive abelian group of infinite 

order. 

 

 Let p(x)  =  0.9x
21

 + 0.331x
20

 +0.108x
8
 + 0.912x

4
 +  

0.312 ∈ I

nR (1)[x]. 

 

 We see  

 

q(x) =  0.1x
21

 + 0.669x
20

 + 0.892x
8
 + 0.088x

4
 +  

0.688 ∈ I

nR (1)[x] is such that p(x) + q(x) = 0. 

 

 Consider p(x), q(x) ∈ I

nR (1)[x] we can find product 

 

 p(x) × q(x)  and p(x) × q(x) ∈ I

nR (1)[x]. 

 

  Let p(x) =0.31x
8
 + 0.24x

3
 + 0.197 and 

 

  q(x) = 0.9x
3
 + 0.6x

2
 + 0.5 be in I

nR (1)[x]. 

 

 p(x) × q(x) =  (0.31x
8
 + 0.24x

3
 + 0.197) × (0.9x

3
 +  

0.6x
2
 + 0.5) 

 

 =  0.279x
11

 + 0.216x
6
 + 0.1773x

3
 + 0.186x

10
 + 

0.144x
5
 + 0.1182x

2
 + 0.155x

8
 + 0.120x

3
 + 

0.985 ∈ I

nR (1)[x]. 

 

 All these happens when the coefficients are real. 

 

 Let p(x) = (0.3 + 0.7I)x
10

 + (0.8 + 0.4I)x
3
 + (0.7 + 0.5I)  

 

and q(x) = (0.5 + 0.2I)x
3
 + (0.4 + 0.9I) ∈ I

nR (1)[x]. 

 

p(x) + q(x) = (0.3 + 0.7I)x
10

 + (0.8 + 0.4I)x
3
 + (0.7 + 

0.5I) + (0.5 + 0.2I)x
3
 + (0.4 + 0.9I) 
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=  (0.3 +0.7I)x
10

 + (0.3 + 0.6I)x
6
 + (0.1 + 0.4I) 

is in I

nR (1)[x]. 

 

p(x) × q(x) =  [(0.3 + 0.7I)x
10

 + (0.8 + 0.4I)x
3
 + (0.7 + 

0.5I)] × (0.5 + 0.2I)x
3
 + (0.4 + 0.9I)  

 

 =  (0.3 + 0.7I) (0.5 + 0.2I)x
13

 + (0.8 + 0.4I) 

(0.5 + 0.2I)x
6
 + (0.7 + 0.5I) (0.5 + 0.2I)x

3
 + 

(0.3 + 0.7I) × (0.4 + 0.9I)x
10

 + (0.8 + 0.4I) 

(0.4 + 0.9I)x
3
 + (0.7 + 0.5I) (0.4 + 0.9I). 

 

 =  (0.15 + 0.35I + 0.06I + 0.14I)x
13

 + (0.32 + 

0.2I + 0.08I + 0.16I)x
6
 + (0.35 + 0.25I 

+0.14I + 0.1I)x
3
 + (0.12 + 0.28I + 0.63I + 

0.27I)x
10

  + (0.32 + 0.16I + 0.72I + 0.36I)x
3
 

+ (0.28 + 0.2I + 0.63I + 0.45I) 

 

 =  (0.15 +0.55I)x
13

 + (0.32 + 0.44I)x
6
 + (0.35 

+ 0.49I)x
3
 + (0.12 + 0.18I)x

10
 + (0.32 + 

0.24I)x
3
 + (0.28 + 0.28I) 

 

 =  0.15 + 0.55I)x
13

 + (0.32 +0.44I)x
6
 + (0.12 + 

0.18I)x
10

 + (0.67 + 0.73I)x
3
 + (0.28 + 0.28I) 

is in I

nR (1)[x]. 

 

 { I

nR (1)[x], ×} is a semigroup of infinite order which is 

commutative. 

 

 We see { I

nR (1)[x], +, ×} is not a MOD fuzzy neutrosophic 

polynomial ring only a pseudo ring; for  

 

p(x) × (q(x) + r(x)) ≠ p(x) × q(x) + p(x) × r(x)  

for p(x), q(x), r(x) ∈ I

nR (1)[x]. 

 

  Let p(x) = 0.3x
20

 + 0.7x
10

 + 0.3,  

  

   q(x) =  0.5x
2
 + 0.7x + 0.12  and  
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r(x) =  0.9x
6
 + 0.5x

2
 + 0.88 ∈ I

nR (1)[x]. 

 

 Consider p(x) × (q(x) + r(x)) 

 

  = p(x) × [0.5x
2
 + 0.7x + 0.12 + 0.9x

6
 + 0.5x

2
 + 0.88] 

 

  = (0.3x
20

 + 0.7x
10

 + 0.30) × [0.9x
6
 + 0.7x] 

  

  = 0.27x
26

 + 0.63x
16

 + 0.27x
6
 + 0.21x

21
 + 0.49x

11
 + 0.21x 

             … I 

 

 

 We find p(x) × q(x) + p(x) × r(x) 

 

=  0.3x
20

 + 0.7x
10

 + 0.3 × 0.5x
2
 + 0.7x + 0.12 + 

0.3x
20

 + 0.7x
10

 + 0.3 × 0.9x
6
 + 0.5x

2
 + 0.88 

 

=  0.15x
22

 + 0.35x
12

 + 0.15x
2
 + 0.21x

21
 + 0.49x

11
 + 

0.21x +0.036x
20

 + 0.084x
10

 + 0.036 + 0.27x
26

 + 

0.63x
16

 + 0.27x
6
 +0.15x

22
 + 0.35x

12
 + 0.15x

2
 + 

0.264x
20

 + 00.616x
10

 + 0.264 

 

=  0.27x
26

 + 0.3x
22

 + 0.21x
21

 + 0.3x
20

 + 0.63x
16

 + 

0.7x
12

 + 0.49x
11

 +0.7x
10

 + 0.27x
6
 + 0.3x

2  
+ 

0.21x + 0.3        … II 

 

 We see I and II are distinct hence in general  

 

p(x) × (q(x) + r(x)) ≠  p(x) × q(x) + p(x) × r(x); 

 

for p(x), q(x), r(x) ∈ I

nR (1)[x]. 

 

 Thus { I

nR (1)[x], +, ×} is a MOD fuzzy neutrosophic 

polynomial pseudo ring of infinite order. 
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 We say we cannot perform usual integration on p(x) ∈ 
I

nR (1)[x].   

 

However differentiation can be performed for some fuzzy 

neutrosophic polynomials, it may be zero. 

 

 Let p(x) = 0.7x
12

 + 0.5x
10

 + 0.2x
6
 + 0.8x

4
 + 0.17x + 0.5 be 

in I

nR (1)[x]. 

 

We find the derivative of p(x). 

 

   
dp(x)

dx
 = 0.4x

11
 + 0 + 0.2x

5
 + 0.2x

3
 + 0.17 + 0 is in I

nR (1)[x]. 

 

  

The second derivative of p(x) is 
 

2

2

d p(x)

dx
 = 0.4x

10
 + 0 + 0.6x

2
 + 0 is in I

nR (1)[x]. 

 

The third derivative of p(x) is 
 

3

3

d p(x)

dx
 = 0.2x. 

 

Thus a twelfth degree MOD fuzzy polynomial has its third 

derivative to be a polynomial of degree one and the forth 

derivative is a constant viz  
4

4

d p(x)

dx
 = 0.2 and the fifth 

derivative of p(x); 
5

5

d p(x)

dx
 = 0.  Thus a 12

th
 degree polynomial 

in I

nR (1)[x] has its fifth degree to be zero. 

 

Hence these derivatives of MOD fuzzy polynomials do not 

behave like the usual derivative polynomials in R[x]. 
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Finally we cannot integrate any of these polynomials in 
I

nR (1)[x]. 

 

To over come this situation we define the new notion of 

MOD fuzzy neutrosophic decimal polynomials. 

 
Id

nR (1)[x] = {∑ai x
i
 | ai ∈ I

nR (1) and i ∈ [0, 1)}. 

 
Id

nR (1)[x] is defined as the decimal MOD fuzzy neutrosophic 

polynomials or MOD fuzzy neutrosophic decimal polynomials. 

 

Let p(x) =  0.3x
0.12

 + 0.2x
0.17

 + (0.1 + 0.3I)x
0.01

 +  

(0.34 + 0.21I)x
0.015

 + (0.45 + 0.32) ∈ Id

nR (1)[x]. 

 

 We see the powers of x are in [0, 1) and the coefficients of x 

are in I

nR (1). 

 

 We can add two polynomials in Id

nR (1)[x], as follows. 

 

 If p(x) = 0.34x
0.3

 + 0.21x
0.1

 + 0.7 

 

and q(x) = 0.4x
0.3

 + 0.84x
0.1

 + 0.5x
0.004

 + 0.8 are in Id

nR (1)[x],  

 

then p(x) + q(x)  

 

=  0.34x
0.3

 + 0.21x
0.1

 + 0.7 + 0.4x
0.3

 +  

0.84x
0.1

 + 0.5x
0.004

 + 0.8 

 

=  0.74x
0.6

 + 0.05x
0.1

 + 0.5 + 0.5x
0.004

 ∈ Id

nR (1)[x]. 

 

 This is the way + operation is performed on Id

nR (1)[x]. 

Further 0 acts as the additive identity and for every  

p(x) ∈ Id

nR (1) [x] we have a q(x) in Id

nR (1)[x] such that  

 

p(x) + q(x) = 0. 
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 Thus ( Id

nR (1) [x], +) is an additive abelian group of infinite 

order. 

 

 Now we can find product of two polynomials p(x), q(x) in 
Id

nR (1)[x]. 

 

 Let p(x) = 0.3x
0.7

 + 0.8x
0.5

 + 0.6x
0.2

 + 0.1 

 

and q(x) = 0.9x
0.5

 + 0.6x
0.2

 + 0.7 be in Id

nR (1)[x]. 

 

 p(x) × q(x)  =  (0.3x
0.7

+ 0.8x
0.5

 + 0.6x
0.2

 + 0.1) ×  

(0.9x
0.5

 + 0.6x
0.2

 + 0.7) 

 

 =  0.27x
0.2

 + 0.72 + 0.54x
0.7

 + 0.09x
0.5

 + 

0.18x
0.9

 + 0.48x
0.7

 + 0.36x
0.2

 + 0.06x
0.2

 + 

0.21x
0.7

 + 0.56x
0.5

 + 0.42x
0.2

 + 0.07  

 

 =  0.18x
0.9

 + 0.23x
0.7

 +0.65x
0.5

 + 0.11x
0.2

 + 

0.79 ∈ Id

nR (1)[x]. 

 

 Now ( Id

nR (1)[x], ×) is defined as the MOD fuzzy decimal 

polynomial neutrosophic semigroup of infinite order.   

 

However ( Id

nR (1)[x], +, ×) is not the MOD fuzzy decimal 

polynomial neutrosophic ring as  

 

 p(x) × (q(x) + r(x)) ≠ p(x) × q(x) + p(x) × r(x) in general for 

p(x), q(x), r(x) ∈ Id

nR (1)[x]. 

 

  Consider p(x)  = 0.3x
0.21

 + 0.4x
0.5

 + 0.5, 

 

    q(x)  = 0.8x
0.4

 + 0.2x
0.2

 + 0.4  

 

and r(x)  = 0.2x
0.4

 + 0.8x
0.8

 + 0.7∈ Id

nR (1) [x]. 

 

p(x) × (q(x) + r(x)) 
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= p(x) × [0.8x
0.4

 + 0.2x
0.2

 + 0.4 + 0.2x
0.4

 + 0.8x
0.8

 + 0.7] 

 

= 0.3x
0.21

 + 00.4x
0.5

 + 0.5 × 0.1 

  

= 0.03x
0.21

 + 0.04x
0.5

 + 0.05     … I 

 

Consider p(x) × q(x) + p(x) × r(x) 

 

= (0.3x
0.21

 + 0.4x
0.5

 + 0.5) × (0.8x
0.4

 + 0.2x
0.2

 + 0.4) +  

   (0.3x
0.21

 + 0.4x
0.5

 + 0.5) × (0.2x
0.4

 + 0.8x
0.8

 + 0.7) 

 

 

 

=  0.24x
0.61

 + 0.32x
0.9

 + 0.4x
0.4

 + 0.06x
0.41

 +0.08x
0.1

 +    

0.1x
0.2

 + 0.12x
0.21

 + 0.16x
0.5

 + 0.2 + 0.06x
0.61

 +    

0.08x
0.9

 + 0.1x
0.4

 + 0.24x
0.01

 + 0.32x
0.3

 + 0.4x
0.8

 + 

0.21x
0.21

 + 0.28x
0.5

 + 0.35     … II 

 

Clearly I and II are distinct hence the definition of pseudo 

ring. 

 

We can differentiate and integrate in a very special way.  

We can not use usual differentiation or integration instead we 

use special integration or differentiation using α ∈ (0,1).   

 

We will just illustrate this by an example or two. 

 

Let p(x)  =  (0.3 + 0.5I)x
0.7

 + (0.8 + 0.2I)x
0.5

 +  

(0.7 + 0.1I) ∈ Id

nR (1)[x]. 

 

We take α = 0.3 we find  

 

dp(x)

dx(0.3)
  =  (0.3 + 0.5I) 0.7 × x

0.4
 + (0.8 + 0.2I) ×  

(0.5x
0.2

) + 0 

 

=  (0.21 +0.35I)x
0.4

 + (0.4 + 0.1I) x
0.2

. 
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Similarly 

 

∫p(x) dx = 
0(0.3 0.5I)x

0

+

 + 
0.8(0.8 0.2I)x

0.5 0.3

+

+

. 

 

We see a section of the integration is undefined in such 

cases we say the decimal integration does not exist for α = 0.3. 

 

Suppose we decimal integrate using α = 0.1 then  

 

∫p(x) dx (0.1)  

 

= 
0.8(0.3 0.5I)x

0.8

+

 + 
0.6(0.8 0.2I)x

0.6

+

 + 
0.1(0.7 0.1I)x

0.1

+

 

 

We see for the same polynomial the decimal integral is not 

defined for α = 0.1 ∈ (0, 1). 

 

Let p(x) = (0.2 + 0.5I)x
0.8

 + 0.72x
0.4

 + 0.31Ix
0.2

 +  

(0.03 + 0.4I) ∈ Id

nR (1)[x].  

 

We find the decimal derivative and the decimal integral of 

p(x) relative to α = 0.6 ∈ (0.1). 

 

 
dp(x)

dx(0.6)
 = (0.2 + 0.5I)0.8x

0.2
 + 0.72 × 0.4x

0.8
 +  

0.31I × 0.2x
0.6

  

 

    = (0.16 + 0.4I)x
0.2

 + 0.288x
0.8

 +  

0.062Ix
0.6

 ∈ Id

nR (1)[x]. 

 

 ∫p(x) dx(0.6) = 
0.4(0.2 0.5I)x

0.4

+

 + 
00.72x

0
+  

0.80.31x

0.6 0.2
+

+
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0.6(0.03 0.4I)x

0.6

+

 + C is defined. 

 

 This is the way decimal integration and decimal 

differentiation are carried out. Study in this direction is 

interesting.   

 

We propose the following problems for the reader. 

 

Problems : 

 

1. Derive some special features enjoyed by I

nR (m) the 

MOD neutrosophic plane. 

 

2. Prove there exists infinite number of distinct MOD 

neutrosophic planes. 

 

3. Prove solving equations in I

nR (m)[x] is not an easy 

task. 

 

4. Study the properties enjoyed by I

nR (5). 

 

5. What is the algebraic structure enjoyed by I

nR (8)? 

 

6. Study  I

nR (m) when m is a prime. 

 

7. In I

nR (m) when m is not a prime; study the special 

feature enjoyed by a non prime. 

 

8. Let p(x) = 9x
20

 + 5.37x
15

 + 10.315x
10

 + 15.7x
5
 ∈  

I

nR (20) [x]. 

 

Find the derivative of p(x). Does 
20

20

d p(x)

dx
 exist? 

 

9. Can we integrate p(x) ∈  I

nR (20)[x] in problem 8. 
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10. Find some special features enjoyed by the MOD 

neutrosophic semigroups ( I

nR (m), ×). 

 

(i) Find ideals in  I

nR (m). 

 

(ii) Can  I

nR (m) have ideals of finite order? 

 

(iii) Can  I

nR (m) have subsemigroups of finite order? 

 

(iv) Can we have subsemigroups of infinite order which  

       are not ideals of  I

nR (m)? 

 

11. Let S = { I

nR (20), ×} be the MOD neutrosophic 

semigroup. 

 

(i)  Study questions (i) to (iv) of problem 10 for this S. 

 

(ii)  Can S have S-zero divisors? 

 

(iii) Prove S has zero divisors. 

 

(iv) Can S have S-idempotents? 

 

(v)  Prove S has idempotents. 

 

(vi) Can S have idempotents which are not  

S-idempotents? 

 

12. Let S1 = { I

nR (19), ×} be the MOD neutrosophic 

semigroup. 

 

Study questions (i) to (vi) of problem 11 for this S1. 

 

13. Let S2 = { I

nR (25), ×} be the MOD neutrosophic 

semigroup. 
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Study questions (i) to (vi) of problem 11 for this S2. 

 

14. Obtain any other special feature enjoyed by the MOD 

fuzzy neutrosophic group ( I

nR (m), +). 

 

15. Let M = { I

nR (m), +, ×} be the MOD neutrosophic 

pseudo ring. 

 

(i) Show M has zero divisors. 

 

(ii) Prove M has subrings of finite order. 

 

(iii) Can M have ideals of finite order? 

 

(iv) Prove M has subrings which are not ideals. 

 

(v) Prove M has infinite order pseudo subrings which  

       are not ideals. 

 

(vi) Can M have S-idempotents? 

 

(vii) Can M have S-ideals? 

 

(viii) Is M a S-pseudo ring? 

 

(ix) Can M have S-zero divisors? 

 

(x) Obtain any other special feature enjoyed by M. 

 

16. Let N = { I

nR (29), +, ×} be the MOD neutrosophic 

pseudo ring. 

 

Study questions (i) to (x) of problem 15 for this N. 

 

17. Let T = { I

nR (30), +, ×} be the MOD neutrosophic 

pseudo ring. 

 

Study questions (i) to (x) of problem 15 for this T. 
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18. Let M1 = { I

nR (2), +, ×} be the MOD neutrosophic 

pseudo ring. 

 

Study questions (i) to (x) of problem 15 for this M1. 

 

19. Let P = { I

nR (20), +, ×} be the MOD neutrosophic 

pseudo ring. 

 

Study questions (i) to (x) of problem 15 for this P. 

 

20. Obtain any other special feature enjoyed by the MOD 

neutrosophic pseudo ring { I

nR (m), +, ×}. 

 

21. Let I

nR (m)[x] be  MOD neutrosophic polynomials. 

 

(i) Show all polynomials in I

nR (m)[x] are not  

       differentiable. 

 

(ii) Show for several polynomials in I

nR (m)[x] the  

      integrals does not exist. 

 

(iii) If degree of p(x) ∈ I

nR (m)[x] is t and t/m will the 

(a) derivative exist? 

(b) integral exist? 

 

22. Let I

nR (7)[x] be the MOD neutrosophic polynomial 

pseudo ring. 

 

Study questions (i) to (x) of problem 15 for this  
I

nR (7)[x]. 

 

23. Let I

nR (24)[x] be the MOD neutrosophic polynomial 

pseudo ring. 
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Study questions (i) to (x) of problem 15 for this  
I

nR (24)[x]. 

 

24. Let M = I

nR (15)[x] be the MOD neutrosophic 

polynomial. 

 

Study questions (i) to (iii) of problem 21 for this M. 

 

 

25. Let p(x) = 9x
20

 + 4x
12

 + 3.5x
9
 + 6.3x

7
 + 2.71x

2
   

+ 0.19 ∈ I

nR (10)[x]. 

 

(i) Find 
dp(x)

dx
. 

 

(ii) Is p(x) an integrable function? 

 

(iii) How many higher derivatives of p(x) exist? 

 

(iv) Is every polynomial in I

nR (10)[x] integrable? 

 

(v) Can every derivative of p(x) in I

nR (10)[x] exists? 

 

 26. Give some special properties enjoyed by I

nR (m)[x]. 

  

27. M = ( I

nR (m) [x], ×) be a MOD neutrosophic polynomial 

semigroup. 

 

(i) Can M have zero divisors? 

 

(ii)  Can M have S-ideals? 

 

(iii) Is M a S-semigroup? 

 

(iv) Can M have zero divisors? 

 

(v) Can M have zero divisors which are not S-zero  
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 divisors? 

 

(vi) Can M have subsemigroups of infinite order which  

 are not ideals? 

 

(vii) Can M have ideals of finite order? 

 

(viii) Is deg (p(x)) × deg q(x) = deg (p(x) × q(x)) in  

   general for p(x), q(x) in M? 

 

28. Let N = ( I

nR (12)[x], ×) be a MOD neutrosophic 

polynomial semigroup. 

 

Study questions (i) to (viii) of problem 27 for this N. 

 

29. Let P = ( I

nR (17)[x], ×) be a MOD neutrosophic 

polynomial semigroup. 

 

Study questions (i) to (viii) of problem 27 for this P. 

 

30. Let M = ( I

nR (m)[x], ×) be a MOD neutrosophic 

polynomial semigroup. 

 

(i) Can M have subgroups of finite order? 

 

(ii) Let p(x) and q(x) ∈ M. p(x) is of degree t and q(x)  

      of degree s. 

 

 Is deg (p(x) + q(x)) = deg p(x) + deg q(x)? 

 

31. Let M1 = ( I

nR (20)[x], ×) be a MOD neutrosophic 

polynomial semigroup. 

 

Study questions (i) to (ii) of problem 30 for this M1. 

 

32. Let M2 = ( I

nR (47)[x], ×) be a MOD neutrosophic 

polynomial semigroup. 
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Study questions (i) to (ii) of problem 30 for this M2. 

 

33. What is the algebraic structure enjoyed by  

 { I

nR (m)[x], +, ×}? 

 

34. Prove { I

nR (m)[x], +, ×} cannot be given the ring 

structure. 

 

(i) Find a triple in I

nR (m)[x] such that they are not  

     distributive. 

 

(ii) Does there exist a triple in I

nR (m)[x] which is  

      distributive? 

 

35. Let S = { I

nR (27)[x], +, ×} be the MOD neutrosophic 

polynomial pseudo ring. 

 

Study questions (i) to (ii) of problem 34 for this S. 

 

36. Study questions (i) to (ii) of problem 30 for  

S1 = { I

nR (29)[x], +, ×} the MOD neutrosophic 

polynomial pseudo ring. 

 

37. Let R = { I

nR (m)[x], +, ×} the MOD neutrosophic 

polynomial pseudo ring. 

 

(i) Can R have zero divisors? 

(ii) Can R have S-zero divisors? 

(iii) Can R be a S-pseudo ring? 

(iv) Can R have finite pseudo ideals? 

(v) Can R have finite subrings? 

(vi) Can R have S-units? 

(vii) Can R have finite pseudo subrings? 

(viii) Will the collection of all distributive elements in R  

    from any proper algebraic structure? 

(ix) Can R have S-idempotents? 
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(x) Can we say integration and differentiation of all  

p(x) ∈ R is possible? 

 

38. Let R1 = { I

nR (216)[x]; +, ×} be the MOD neutrosophic 

polynomial pseudo ring. 

 

Study questions (i) to (x) of problem 37 for this R1. 

 

39. Let R2 = { I

nR (29)[x]; +, ×} be the MOD neutrosophic 

polynomial pseudo ring. 

 

Study questions (i) to (x) of problem 37 for this R2. 

 

40. Study the special features associated with MOD fuzzy 

neutrosophic polynomials I

nR (1)[x]. 

 

41. Study the special features associated with I

nR (1) the 

MOD fuzzy neutrosophic plane. 

 

42. Let { I

nR (1), +} be the MOD fuzzy neutrosophic group. 

 

(i) Find subgroups of finite order. 

(ii) Find subgroups of infinite order. 

(iii) Give any special feature enjoyed by I

nR (1). 

 

43. Let S = { I

nR (1), ×} be the MOD fuzzy neutrosophic 

semigroup. 

 

(i)   Find ideals of S. 

(ii)   Can S be a S-semigroup? 

(iii)  Find S-ideals of S. 

(iv)  Can S have S-zero divisors? 

(v)   Can S have S-units? 

(vi)  Can S have S-idempotents? 

(vii)  Can the concept of units ever possible in S? 

(viii)  Show ideal in S are of infinite order. 

(ix)  Can S have finite order subsemigroup? 
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(x)   Obtain any other interesting property associated  

        with S. 

 

44. Let P = { I

nR (1), +, ×} be the MOD fuzzy neutrosophic 

pseudo ring. 

 

(i) Study all special features enjoyed by P. 

(ii) Can P have zero divisors? 

(iii) Is P a S-pseudo ring? 

(iv) Can P have S-zero divisors? 

(v) Can P have units? 

(vi) Can P have finite subrings? 

(vii) Can P have ideals of finite order? 

(viii) Can P have S-ideals? 

(ix) Mention any other striking feature about P. 

 

45. Let S = { I

nR (1)[x], +} be the MOD fuzzy neutrosophic 

polynomial group. 

 

Study questions (i) to (iii) of problem 42 for this S. 

 

46. Let S = { I

nR (1)[x], ×} be the MOD fuzzy neutrosophic 

polynomial semigroup. 

 

Study questions (i) to (x) of problem 43 for this S. 

 

47. Let B ={ I

nR (1)[x], +, ×} be the MOD fuzzy 

neutrosophic pseudo ring. 

 

Study questions (i) to (ix) of problem 44 for this B. 

 

48. Study Id

nR (1)[x], the MOD neutrosophic fuzzy decimal 

polynomials. 

 

49. Study for S = { Id

nR (1)[x], +} the MOD fuzzy 

neutrosophic decimal polynomial group questions (i) to 

(iii) of problem 42 for this S. 
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50. Let B = { Id

nR (1)[x], ×} be the MOD fuzzy neutrosophic 

decimal polynomial semigroup. 

 

Study questions (i) to (x) of problem 43 for this B. 

 

51. Let M = { Id

nR (1)[x], +, ×} be the MOD fuzzy 

neutrosophic decimal polynomial pseudo ring. 

 

Study questions (i) to (ix) of problem 44 for this M. 

 

52. Show in case of Id

nR (1)[x] for any p(x) ∈ Id

nR (1)[x] we 

can have infinite number of  

 

(i) decimal differentiation. 

(ii) decimal integration. 

(iii) If α = β, α, β ∈ (0, 1) can we have 
dp(x) dp(x)

dx( ) dx( )
=

α β

  

  for some p(x) ∈ Id

nR (1) [x]? 

(iv) Show for α ≠ β, α, β ∈ (0, 1) can we have a  

p(x) ∈ Id

nR (1) [x] such that  

∫p(x) dx(α) = ∫p(x) dx (β)? 

(v) Can we have a p(x) ∈ Id

nR (1)[x] for which  

dp(x)
0

dx( )
=

α

 for a α ∈ (0, 1)? 

(vi) Can we have a p(x) ∈ Id

nR (1)[x] for which  

∫p(x) dx(α) is undefined for a α ∈ (0, 1)? 

 

53. What are advantages of using decimal differentiation 

and decimal integration of MOD fuzzy neutrosophic 

decimal polynomials? 

 

54. Obtain any other interesting feature about Id

nR (1)[x]. 



 
 
 
 
 
Chapter Five 
 
 

 
 
THE MOD COMPLEX PLANES 
 
 
 

In this chapter we proceed onto define, develop and describe the 

concept of MOD complex planes. 

 

 Let C be the usual complex plane we can for every positive 

integer n define a MOD complex plane.  Thus we have infinite 

number of MOD complex planes. 

 

DEFINITION 5.1:  Let Cn(m) = {a + biF |a, b ∈ [0, m),  
2

F
i = m–1}. Cn(m) is a semi open plane defined as the MOD 

complex plane. 

 

 We diagrammatically describe in Figure 5.1. 

 

 This plane is defined as the MOD complex plane.   

 

We will describe the above by the following examples. 

 

Example 5.1:  Let Cn(10) = {a + biF |a, b ∈ [0, 10), 2

Fi = 9} be 

the MOD complex plane associated with the MOD interval  

[0, 10). 
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Figure 5.1 

 

Example 5.2:  Let Cn(7) = {a + biF |a, b ∈ Z7 and 2

Fi = 6} be the 

MOD complex plane associated with the MOD interval [0, 7). 

 

Example 5.3:  Let Cn(3) = {a + biF |a, b ∈ [0, 3) and 2

Fi = 2} be 

the MOD complex plane associated with the MOD interval [0, 3). 

 

Example 5.4:  Let Cn(2) = {a + biF |a, b ∈ [0, 2) and 2

Fi = 1} be 

the MOD complex plane associated with the MOD interval [0, 2). 

 

 Cn(2) is the smallest MOD complex plane.   

 

However we cannot say Cn(m) for a particular m is the 

largest MOD complex plane as one can go for m+2, m+3, …, 

m+r; r a big integer.  

 

 How to get at these MOD complex plane from the complex 

plane C?   

 

We know for every a + bi ∈ C is mapped by the complex 

MOD transformation;  

 

ηc : C → Cn(m); defined as  
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ηc (a + bi) = a + biF if 0 ≤ a, b < m and 2

Fi  = m–1. 

 

ηc (a + bi) = c + diF if both a, b > m is given by  

 

a c
x

m m
= + and d is given by 

b d
y

m m
= + . 

ηc (a + bi) = 0 if a = b = m or a = mx and b = my.  

 

ηc (a + bi) = a + ciF  if 0 < a < m  and c is given by  

 

b c
x

m m
= + . 

 

ηc (a + bi) = d + biF  if 0 < b ≤ m  and  

 

a d
y

m m
= + . 

 

ηc (a + bi) = m – a + (m – b)iF if a and b are negative but 

less than m.  

 

ηc (a + bi) = m–c + (m–d)iF if both a and b are –ve and 

greater than m;  c and d defined as earlier. 

 

 We will first illustrate these situations before we proceed to 

define properties associated with Cn(m). 

 

Example 5.5:  Let Cn(6) be the MOD complex plane. We define  

 

ηc : C → Cn(6). For  25 + 46.3i ∈ C. 

 

ηc (25 + 46.3i) = (1 + 4.3iF) where 2

Fi  = 5. 

 

For 3.1 + 2.7i ∈ C; ηc (3.1 + 2.7i) = 3.1 + 2.7iF. 

 

For 4.205 + 12.03i ∈ C; ηc (4.205 +12.03i) = 4.205 + 0.03iF 
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For 12 + 18i ∈ C; ηc (12 + 18i) = 0. 

 

For 24 + 0.089i ∈ C; ηc (24 + 0.089i) = 0.089iF. 

 

 For –2 + 6.07i ∈ C; ηc (–2 + 6.07i) = 4 + 0.07iF. 

 

 – 46 – 27.3i ∈ C; ηc (–46 – 27.3i)  = 2 + 2.7iF ∈ Cn(6) 

and so on.  This is the way the MOD complex transformation is 

carried out. 

 

Example 5.6:  Let Cn(11) = {a + biF | a, b ∈ [0, 11), 2

Fi  = 10} be 

the MOD complex plane. 

 

 ηc : C → Cn(11) is the MOD complex transformation and it 

is defined as follows: 

 

   ηc (a + bi) = a + biF if a, b ∈ [0, 11). 

 

   ηc (19 + 0.2i) = 8 + 0.2iF ∈ Cn(11) 

 

ηc (240 + 361.3i) = (9 + 9.3iF) 

   

ηc (–421 + 3i) = (8 + 3iF) 

  

ηc (214 – 149.6i) = (5 + 4.4iF). 

 

This is the way the MOD complex transformation is done.  

Infact infinite number of points in C are mapped by ηc on to a 

single point. 

 

Example 5.7:  Let ηc : C → Cn(13).  

 

   ηc (27 + 0.3i) = (1 + 0.3iF) 

 

ηc (42 + 40.7i) = (3 + 1.7iF) and so on. 

 

ηc (–52 – 20.8i) = (0 + 5.2iF) 



The MOD Complex Planes 151 

 

 

 

 

 

 

ηc (8 – 48.3i) = (8 + 3.7iF) and  

 

ηc ((6.1 + 5.2i) = 6.1 + 5.2iF. 

 

This is the way ηc  the MOD complex transformation is 

defined from C to the MOD complex plane Cn(13).  

 

Now we proceed onto define the MOD complex plane 

polynomial or MOD complex polynomials with coefficients from 

the MOD complex plane Cn(m).  

 

Cn(m)[x] = i

i

i 0

a x
∞

=




∑ ai ∈ Cn(m) = {a + biF | a, b ∈[0, m),   

 
2

Fi  = m – 1} is defined as the MOD complex polynomials. 

 

Now we have infinite number of distinct MOD complex 

polynomials for varying m. 

 

We will give examples of them. 

 

Example 5.8:  Let Cn(5)[x] = i

i

i 0

a x
∞

=




∑  ai ∈ Cn(5) = {a + biF | a, 

b ∈[0, 5),  2

Fi  = 4} be the MOD complex polynomial with 

coefficients from Cn(5). 

 

Example 5.9:  Let Cn(9)[x] = i

i

i 0

a x
∞

=




∑  ai ∈ Cn(9) = {a + biF | a, 

b ∈[0, 9),  2

Fi  = 8}} be the MOD complex polynomial. 

 

 Clearly Cn(9)[x] is different from Cn(5)[x] given in example 

5.8. 
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Example 5.10:  Let Cn(12)[x] = i

i

i 0

a x
∞

=




∑  ai ∈ Cn(12) = {a + 

biF | a, b ∈[0, 12),  2

Fi  = 11}} be the MOD complex polynomial 

with coefficients from Cn(12).  

 

We can as in case of MOD complex transformation,  

ηc : C → Cn(m) in case of MOD complex polynomial also 

define the same MOD complex transformation. 

 

ηc : C[x] → Cn(m)[x] as ηc[x] = x and ηc : C →  Cn(m) and  

ηc case of MOD complex transformation. 

 

Thus we see the total complex polynomial C[x] is mapped 

on to the MOD complex polynomials.  

 

We will illustrate this situation by some examples. 

 

Example 5.11:  Let C[x] be the complex polynomial ring and  

Cn(20)[x] be the MOD complex polynomial.  

 

We have a unique MOD transformation ηc : C[x] → 

Cn(20)[x] such that ηc (x) = x and ηc (C) = Cn(20). 

 

 Now we show how operations on Cn(m) and Cn(m)[x] are 

defined in the following. 

 

Example 5.12: Let Cn(15) = {a + biF | a, b ∈ [0, 15), 2

Fi  = 14} 

be the MOD complex plane. 

 

   x = 5.3 + 12.5iF and y = 8.6 +3iF ∈ Cn(15), 

 

x + y  = (5.3 + 12.5iF) + (8.6 + 3iF) 

= (13.9 + 0.5iF) ∈ Cn(15). 

 

 It is easily verified for every pair x, y ∈ Cn(15) 

 

   x + y ∈ Cn(15). 
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 Infact 0 ∈ Cn(15) serves as the additive identity.   

  

For x + 0 = 0 + x = x for all x ∈ Cn(15). 

 

 Further for every x ∈ Cn(15) there exist a unique y ∈ Cn(15) 

such that x + y = 0. 

 

 

 

 Let x = 6.331 + 9.2305iF ∈ Cn(15) we have  

 

y = 8.669 + 5.7695iF ∈ Cn(15) such that x + y = 0. 

 

 Thus y is the inverse of x and x is the inverse of y. 

 

 Hence (Cn(15), +) is a group of infinite order and is 

commutative. 

 

Example 5.13:  Let Cn(10) = {a + biF | a, b ∈ [0, 10), 2

Fi  = 9} be 

a group of infinite order under addition modulo 10.  

 

Example 5.14:  Let Cn(7) = {a + biF | a, b ∈ [0, 7), 2

Fi  = 6} be a 

group of infinite order under +.  

 

Example 5.15:  Let Cn(20) = {a + biF | a, b ∈ [0, 20), 2

Fi  = 19} 

be a group of infinite order under + modulo 20.  

 

 Now we can give some other operation on Cn(m).  

 

 We define the product on Cn(m). 

 

Example 5.16:  Let Cn(12) = {a + biF | a, b ∈ [0, 12), 2

Fi  = 11} 

be the MOD complex plane. 

 

  Let x = 0.37 + 4.2iF and y = 5 + 9iF ∈ Cn(12). 

 

  x × y  =  (0.37 + 4.2iF) × (5 + 9iF) 
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    = 0.37 × 5 + 4.2iF × 5 + 0.37 × 9iF + 4.2iF × 9iF  

 

    = 1.85 + 9iF + 3.33iF + 1.8 × 11 

 

    = 9.65 + 0.33iF ∈ Cn(12). 

 

  We see for every x, y ∈ Cn(12); 

  

   we have x × y ∈ Cn(12). 

 

   x × y = y × x for all x,  y ∈ Cn(12). 

 

 We have 0 ∈ Cn(12) is such that x × 0 = 0 for all x ∈ 

Cn(12). 

 

 We may or may not have Cn(12) to be a group.  Clearly  

{Cn (12), ×} is only a semigroup. 

 

 Further {Cn(12), ×} has zero divisors,  idempotents and 

units. 

 

 Cn(12) is an infinite commutative semigroup under product. 

 

Example 5.17:  Let {Cn(10), ×} be the semigroup. 

 

 Let x = 5+ 5iF and y = 2 + 4iF ∈ Cn(10) is such that  

 

x × y = 0. 

 

   x
2
  = (5 + 5iF) × (5 + 5iF) 

  

    = 5 + 5 × iF + 5iF + 5 × 9 = 0. 

 

  Let x  = 3.2  + 4.8iF and y = 9 +8iF ∈ Cn(10). 

 

  x × y  = (3.2 + 4.8iF) × (9 + 8iF) 
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    = 3.2 × 9 + 4.8iF × 9 + 3.2 × 8iF + 4.8 × 8 × 9 

  

    = 8.8 + 3.2iF + 5.6iF + 8.4 ×9 

  

    = 8.8iF + 4.4 ∈ Cn(10). 

 

Example 5.18:   Let Cn(11) be the semigroup under ×. 

 

 x = 1.9 + 5.2iF  and y = 3 + 10iF ∈ Cn(11). 

  x × y  = (1.9 + 5.2iF) × (3 + 10iF)  

 

    = 5.7 + 4.6iF + 8iF + 3 

 

    = 8.7 + 1.6iF ∈ Cn(11). 

 

 Let x = 0.37 + 0.5iF and y = 10 +10iF ∈ Cn(11); 

 

  x × y  = (0.37 + 0.5iF) ×  (10 +10iF) 

 

    = 3.7 + 5iF + 3.7iF + 5 × 10 

 

    = 9.7 + 8.7iF ∈ Cn(11). 

 

Example 5.19:  Let {Cn(5), ×} be the semigroup. 

 

  Let x = 3.1 + 0.52iF and y = 0.8 + 4iF ∈ Cn(5); 

 

  x × y  = (3.1 + 0.52iF) × (0.8 + 4iF) 

 

    = 2.48 + 4.16iF + 2.4iF + 2.08 × 4 

 

    = 0.8 + 1.56iF ∈ Cn(5). 

 

 Thus Cn(5)  is only a semigroup.  

 

THEOREM 5.1:  Let Cn(m) be the MOD complex plane.   

{Cn(m), +} be a group.   
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Then  

 

(1)  {Cn(m),  +} has subgroups of infinite order. 

 

(2) If m is not a prime, {Cn(m), +} has more number of  

subgroups. 

 

The proof of the theorem is left as an exercise to the reader. 

 

THEOREM 5.2: Let {Cn(m), ×} = S be the semigroup (m, a non 

prime). 

 

 (i) S has subsemigroups of  infinite order. 

 (ii) S has zero divisors. 

 (iii) S has idempotents. 

 

 The proof is left as an exercise to the reader.  

 

Next we show {Cn(m), +, ×}, MOD complex plane is not a 

ring  for distributive law is not true in general for elements in 

Cn(m). 

 

We will just show this fact by some examples. 

 

Let x = 0.31 + 0.2iF, y =  6 + 7iF and z = 4 + 3iF ∈ Cn(10). 

 

Consider x × (y + z) = 0.31 + 0.2iF × (6 + 7iF + 4 + 3iF) 

 

   = 0.31 + 0.2iF × 0 

 

   = 0         … I 

 

We find  

x × y + x × z = 0.31 + 0.2iF × 6 + 7iF + 0.31 + 0.2iF × 4 + 3iF 

 

=  1.86 + 1.2iF + 2.17iF + 1.4 × 9 + 1.24 +  

 0.8iF + 0.93iF + 0.6 × 9  

 

=  (1.86 + 2.6 + 1.24 + 5.4) + (1.2 + 2.17 +  
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0.8 + 0.93)iF 

 

=  1.1 + 5.10iF     … II 

 

Clearly I and II are distinct. 

 

Hence in general x ×(y + z) ≠ x × y + x × z for  

x, y, z ∈ Cn(m). 

 

Thus we define {Cn(m), +, ×} be the MOD complex pseudo 

ring. 

 

{Cn(m), +} to be the MOD complex group and {Cn(m), ×} to 

be the MOD complex semigroup. 

 

We have several interesting properties associated with the 

pseudo ring of MOD complex plane. 

 

The pseudo MOD complex ring has ideals, subsemirings, 

units, zero divisors and idempotents. 

 

This will be illustrated by some examples. 

 

Example 5.20: Let {Cn(6),+, ×} be the MOD complex pseudo 

ring. {Cn(6), +, ×} has subrings which are not ideals of both 

finite and infinite order. 

 

 S = {[0, 6) ⊆ Cn(6), +, ×} is a pseudo subring of infinite 

order which is not an ideal of {Cn(6), +, ×}. {Z6, +, ×}⊆ Cn(6) is 

a subring of finite order which  is not an ideal. 

 

 S1 = {{0, 2, 4}, +, ×} ⊆ Cn(6) be a subring of finite order 

which is not an ideal. 

 

Example 5.21: Let S = {Cn(10), +, ×} be the MOD complex 

pseudo ring. 

 

 S has zero divisors, idempotents and units. 
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Example 5.22: Let S = {Cn(19), +, ×} be the MOD complex 

pseudo ring. 

 

 R has zero divisors and units. 

  

 Now we proceed onto define MOD complex polynomial 

pseudo ring and describe their properties. 

 

DEFINITION 5.2:  Let Cn(m)[x] =
∞

=




∑ i

i

i 0

a x  ai∈ Cn(m)} be the 

MOD complex polynomial plane. 

 

 We will illustrate this situation by some examples. 

 

Example 5.23: Let Cn(10)[x] be the MOD complex polynomial 

pseudo ring plane.  

 
Example 5.24: Let Cn(19)[x] be the MOD complex polynomial 

plane pseudo  ring.  

 

Example 5.25: Let Cn(43)[x] be the MOD complex polynomial 

pseudo ring.  

 

Example 5.26: Let Cn(148)[x] be the MOD complex polynomial 

pseudo ring.  

 

 

 Let (0.5 + 6.1iF) + (7.2 + 0.5iF)x
2
 + (3.2  + 4iF) x

3
  

 

   = p(x) ∈ Cn(8)[x] 

 

where Cn(8)[x] is the MOD complex polynomial plane. 

 

 Let q(x) =  (4 +0.3iF) +(3.8 +0.7iF)x + (6.8 +0.7iF)x
2
 +  

(0.9 + 0.2iF)x
4
 ∈ Cn(8)[x] 

 

 p(x) + q(x)  
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=  (0.5 + 6.1iF) + (7.2 + 0.5iF)x
2
 +(3.2 + 4iF)x

3
 +  

(4 + 0.3iF) + (3.8 + 0.7iF)x + (6.8 + 0.7iF)x
2
 +  

(0.9 + 0.2iF)x
4
  

 

   =  (4.5 + 6.4iF) + (3.8 + 0.7iF)x + (6 + 1.2iF)x
2
 +  

    (3.2 + 4iF)x
3
 + (0.9 + 0.2iF) x

4
. 

 

 This is the way the operation + is performed on Cn(8)[x]. 

 We see for every q(x), p(x) ∈ Cn(8)[x]; p(x) + q(x) ∈ 

Cn(8)[x], 0 ∈ Cn(8)[x] acts as the additive identity as  

p(x) + 0 = 0 + p(x) = p(x) ∈ Cn(8)[x]. 

 

 Now for every p(x) ∈ Cn(8)[x] there exist a unique q(x) in 

Cn(8)[x] such that p(x) + q(x) = 0 and q(x) is the called the 

additive inverse of p(x) and vice versa.  

 

 Let p(x) =  (0.8 + 4.5iF) + (1.8 + 3.75iF)x + (4.2 + 3.5iF)x
2
  

+ (0.9 + 6.72iF)x
3
 ∈ Cn(8)[x]. 

 

 We see  

 

q(x) =  (7.2 + 3.5iF) + (6.2 + 4.25iF)x + (3.8 + 4.5iF)x
2
  

  + (7.1 + 1.28iF)x
3
 ∈ Cn(8)[x] is such that  

 

q(x) + p(x) = p(x) + q(x) = 0. 

 

 Thus {Cn(8)[x], +} is a group defined as the MOD complex 

polynomial group of infinite order which is abelian. 

 

 We will illustrate this situation by some examples. 

 

Example 5.27: Let {Cn(6)[x], +} be the MOD complex 

polynomial group. 

 

Example 5.28: Let G = {Cn(37)[x], +} be the MOD complex 

polynomial group. 

 

Example 5.29: Let G = {Cn(64)[x], +} be the MOD complex 

polynomial group.  
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Before we proceed to describe MOD semigroups we describe 

the MOD complex transformation from C[x] to Cn(m)[x]. 

 

 Let C[x] be the complex polynomials; Cn(m)[x] be the MOD 

complex polynomial plane. 

 

 ηc : C[x] → Cn(m)[x] is defined as ηc[x] = x and  

 

 ηc : C → Cn(m) is defined in the usual way that is ηc  is the 

MOD complex transformation from C to Cn(m). 

 

 Thus using this MOD complex transformation we can map 

the whole plane C[x] into the MOD complex polynomials plane 

Cn(m)[x] for m ∈ N. 

 

 Infact just now we have proved Cn(m)[x] to be a group 

under +. 

 

 Now we define the operation × on Cn(m)[x]. 

 

 For p(x) = 3.2x
7
 + 2.5x

3
 + 4x + 1 and  

 

 q(x) = 0.5x
3
 + 0.8x

2
 + 2 in Cn(5)[x] we find  

 

 p(x) × q(x) = (3.2x
7
 + 2.5x

3
 + 4x + 1)  × (0.5x

3
 + 0.8x

2
 + 2) 

 

   =  1.6x
10

 + 1.25x
6
 + 2x

4
 + 0.5x

3
 + 2.56x

9
 + 2x

5
 +  

    3.2x
3
 + 0.8x

2
 + 1.4x

7
 + 0 + 3x + 2 ∈ Cn(5)[x]. 

 

 This is the way product operation is performed. 

 

 Let p(x) = (3 + 2iF)x
2
 + (0.6 + 0.4iF)x + (0.7 + 0.5iF) 

 

 and q(x) = (0.2 + 0.4iF)x
3
 + (0.4 + 3iF) ∈ Cn(5) [x]. 

 

 We find p(x) × q(x) = ((3 + 2iF)x
2
 + (0.6 + 0.4iF)x +  

(0.7 + 0.5iF)) × ((0.2 + 0.4iF)x
3
 + (0.4 + 3iF)) 
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 =  (0.12 + 0.08iF + 0.24iF + 0.16 × 4)x
4
 + (0.6 + 0.4iF + 

1.2iF + 0.8 × 4)x
5
 + (0.14 + 0.1iF + 0.28iF + 0.2 × 

4)x
3
 + (1.2 + 0.8iF + 4iF + 4)x

2
 + (0.24 + 0.16iF + 

1.8iF + 1.2 × 4)x + (0.28 + 0.2iF + 2.1iF+ 1.5 × 4) 

 

 =  (0.76 + 0.32iF)x
4
 + (3.8 + 1.6iF)x

5
 + (0.94 + 

0.38iF)x
3
 + (0.2 + 4.8iF)x

2
 + (0.04 + 1.96iF)x + (1.28 

+ 2.3iF) ∈ Cn(5) [x]. 

 

 This is the way product operation is performed on Cn(5)[x]. 

 

 {Cn(5)[x]} is a semigroup of infinite order which is 

commutative. 

 

Example 5.30:  Let S = {Cn(8)[x], ×} be the MOD complex 

polynomial semigroup. S has zero divisors and units. 

 

Example 5.31:  Let P = {Cn(12)[x], ×} be the MOD complex 

polynomial semigroup. S has zero divisors and units. 

 

Example 5.32:  Let M = {Cn(13)[x], ×} be the MOD complex 

polynomial semigroup.  

 

 {Cn(m)[x], ×} = B is defined as the MOD complex 

polynomial semigroup. 

 

 B is of infinite order and is commutative. 

 

Example 5.33:  Let B = {Cn(12)[x], ×} be the MOD complex 

polynomial semigroup.  

 

 {Z12[x], ×} is a subsemigroup of B and is of infinite order.  

{Z12, ×} is a finite subsemigroup of B.   

 

 Rn(12)[x] ⊆ B is again only a subsemigroup and is not an 

ideal of B. 

 



162 MOD Planes  

 

 

 

 

 

 

 

 

 {[0, 12), ×} ⊆ B is only a subsemigroup and is not an ideal 

of B. 

 

 {[0, 12)[x], ×} is once again a subsemigroup of B and is not 

an ideal. 

 

 p(x) = 4 + 4x
2
+ 8x

3
 and  q(x) = 6 + 3x

2
 ∈ B are such that 

p(x) × q(x) = 0. 

 

 Infact B has infinite number of zero divisors. 

 

Example 5.34:  Let {Cn(29)[x], ×} = S be the MOD complex 

polynomial semigroup.  S has infinite number of zero divisors. 

S has subsemigroup of both finite and infinite order.  

 

 Now having seen MOD complex polynomial groups and 

semigroups.  

 

We now proceed onto define MOD complex polynomial 

pseudo rings. 

 

 Let S = {Cn(m)[x], +, ×} be the MOD complex polynomial 

under the binary operations + and ×. 

 

 Now S is define as the MOD complex polynomial pseudo 

ring as for p(x), q(x), r(x) ∈ S we may not in general have  

 

p(x) × (q(x) + r(x)) = p(x) × q(x) + p(x) × r(x). 

 

 Because the triples need not always be distributive we 

define {Cn(m)[x], +, ×} as only a pseudo ring.  

 

 We will proceed onto describe with examples the complex 

MOD polynomial pseudo rings. 

 

Example 5.35:  Let {Cn(15) [x], +, ×} be the MOD complex 

polynomial pseudo ring. 

 

 Let p(x) = 0.7x
8
 + (2 +4iF)x

4
 + 2iF,  
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 q(x) = 10.3x
5
 + (10 + 0.8iF)x

2
 +(3.1 + 7.2iF) 

 

and r(x) = 4.7x
5
 + (5 + 14.2iF)x

2
 + (11.9 + 7.8iF) ∈ Cn(15)[x]. 

 

  Consider p(x) × (q(x) + r(x)) 

 

   =  (0.7x
8
 + (2 + 4iF)x

4
 + 2iF) × (10.3x

5
 + (10 +  

    0.8iF)x
2
 +(3.1 + 7.2iF) + 4.7x

5
 + (5 + 14.2iF)x

2
 +  

    (11.9 + 7.8iF)) 

 

  =  (0.7x
8
 + (2 + 4iF)x

4
 + 2iF) × 0   … I 

 

 Now we find 

 

 p(x) × q(x) + p(x) + r(x) 

 

=  [0.7x
8
 + (2 + 4iF)x

4
 + 2iF] × (10.3x

5
 + (10 + 0.8iF)x

2
 

+ (3.1 + 7.2iF) + [0.7x
8
 + (2 + 4iF)x

4
 + 2iF] × (4.7x

5
 

+ (5+ 14.2iF)x
2
 + (11.9 + 7.8iF)) 

 

=  7.21x
13

 + (7 + 0.56iF)x
10

 + (2.17 + 5.04iF) + (5.6 + 

11.2iF)x
9
 + (14.8 + 11iF)x

6
 + (4.8 + 11.8iF)x

4
 + 

5.6iFx
5
 + (7.4 + 5iF)x

2
 +(6.2iF + 6.6) + 3.29x

13
 +(5 + 

9.94iF)x
10

 +(8.33 + 5.46iF)x
8
 + 9.4iFx

5
 +(10iF + 

7.6)x
2
 +(8.8iF + 9.6) + (9.4 + 3.8iF)x

9
 + (10.2 + 

3.4iF)x
6
 + (3.2iF +10.6) x

2
 

 

  ≠  0           … II 

 

 Clearly I and II are distinct.  Hence we see {Cn(m)[x], +, ×} 

can only be a pseudo ring.  It is not a ring. 

 

 Further Cn(m)[x] has ideals subrings, zero divisors, units 

and idempotents.  

 

Study in this direction is interesting as the non distributivity 

gives lots of challenges. 
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 For instance we cannot write (x + α1) (x + α2) …(x + αn)  

 

= x
n
 (α1 + … + αn)  x

n–1
 + i j

i j

x x
≠

∑ x
n–2

 + … + α1 α2 … αn. 

 That is why αi may make one side equal to zero but the 

other side of the equation is not zero in general this is mainly 

because the distributive law is not true. 

 

Example 5.36:  Let {Cn(6)[x], +, ×} be the complex MOD 

polynomial pseudo ring. 

 

 Let (x + 3.2) (x + 1.5) (x + 3) = p(x). 

 

We see p(3) = 0, 

   p(4.5) = 0 and  

   p(2.8) =0. 

 

 (x + 3.2) (x + 1.5) (x + 3) = (x
2
 + 3.2x + 1.5x + 4.8) (x + 3)  

 

   = x
3
 + 4.7x

2
 + 4.8x + 3x

2
 + 9.6x + 4.5x + 2.4 

 

   = x
3
 +1.7x

2
 + 0.9x + 2.4 = q(x). 

 

  Put x = 3 

 

  q(3) = 27 + 1.7 × 9 + 0.9 × 3 + 2.4 

 

   = 5.4 ≠ 0. 

 

 q(2.8)  = (2.8)
3
 + 1.7(2.8)

2
 + 0.9 × 2.8 + 2.4 

 

   = 3.952 + 1.328 + 2.52 + 2.4 

 

   = 4.20 ≠ 0. 

 

 Thus q(3) ≠ 0 but p(3) = 0 and so on.   

 

It is an open problem how to over come this situation.   
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Study in this direction is being carried out. 

 

 Now regarding the derivatives and integrals we define a 

new type of MOD complex polynomials. 

  

 d

nC (m)[x] = i

i

i

a x



∑  ai ∈ d

nC  (m) and i ∈ R
+
 reals or zero} 

 

 In this case we call d

nC (m)[x] as the MOD complex decimal 

polynomials. 

 

 Let p(x) = (3 + 4.1iF) x
2.1

 +(1 +0.2iF)x
0.1

 + (0.1 + 0.5iF)  and 

q(x)  = (2 + 0.3iF) x
1.2

 + (4 + 0.2iF) ∈ d

nC (5)[x]; be the MOD 

complex decimal polynomial plane. 

 

 p(x) × q(x)  =  [(3 + 4.1iF)x
2.1

 + (1 +0.2iF)x
0.1

 +  

(0.1 + 0.5iF)] × [(2 + 0.3iF)x
12

 +(4 +0.2iF)] 

 

 =  (1 +  3.2iF + 0.9iF + 1.23 × 4)x
3.3

 +(2+0.4iF +0.6iF + 

0.6 × 4) x
1.3

 +(0.2 + iF + 0.03iF + 0.15 × 4) x
1.2

 + (12 

+ 16.4iF + 0.6iF + 0.82 × 4)x
2.1

 +(4 + 0.8iF + 0.2iF + 

0.04 × 4)x
0.1

+(0.4 + 2iF + 0.02iF + 0.4)  

 

 =  (0.92 + 4.1iF)x
3.3

 +(2.24 + iF)x
1.3

 + (0.8 + 1.03iF)x
1.2

 

+ (0.28 + 2iF) x
2.1

 + (4.16 + iF)x
0.1

 +(0.8 + 2.02iF) is 

in d

nC (5)[x]. 

 

 This is the way operations are performed on d

nC (5)[x]. 

 

 Now we can both differentiate and integrate MOD decimal 

polynomials.  Here also at times they will exist and at times 

they may not exist. 

 

Example 5.37:  Let { d

nC (6)[x], +} be the MOD decimal complex 

polynomial group. 
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Example 5.38:  Let { d

nC (7)[x], +} = G be the MOD decimal 

complex polynomial group.  G has subgroups of both finite and 

infinite order. 

 

Example 5.39:  Let { d

nC (64)[x], +} = G be the MOD decimal 

complex polynomial group.  G has subgroups. 

 

 Now we define G = { d

nC (m)[x], +} to be the MOD complex 

decimal polynomial group.  

 

Example 5.40:  Let { d

nC (10)[x], ×} = S be the MOD decimal 

complex polynomial semigroup.  S is of infinite order. 

 

Example 5.41:  Let P = { d

nC (15)[x], ×} be the MOD decimal 

complex polynomial semigroup. P has ideals and 

subsemigroups. P has units, zero divisors and idempotents.  

 

Example 5.42:  Let X = { d

nC (13)[x], ×} be the MOD complex 

polynomial semigroup.   

 

 P = { d

nC (m)[x], ×} is defined as the MOD complex decimal 

polynomial semigroup.  

 

 We have infinite number of such semigroups depending on 

m∈ Z
+
 \ {1}. 

 

 We will give some examples of them. 

 

Example 5.43:  Let S = { d

nC (15)[x], ×} be the MOD complex 

decimal polynomial semigroup.  S has infinite number of zero 

divisors and few units. 

 

Example 5.44:  Let M = { d

nC (13)[x], ×} be the MOD complex 

polynomial semigroup.  M has zero divisors, units and 

idempotents. 
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Example 5.45:  Let S = { d

nC (24)[x], ×} be the MOD complex 

polynomial semigroup.  M has zero divisors and idempotents. 

 

Example 5.46:  Let T = { d

nC (128)[x], ×} be the MOD complex 

decimal polynomial semigroup.   T has zero divisors, units and 

idempotents.  

 

 Now having seen group and semigroup of MOD complex 

decimal polynomials, we proceed onto define MOD complex 

decimal polynomials pseudo ring.  

 

 { d

nC (m)[x], +, ×} is defined as the MOD complex decimal 

polynomial pseudo ring as the distributive laws are not true in 

case of MOD complex decimal polynomial triples. 

 

 That is in general  

p(x) × (q(x) + r(x)) ≠ p(x) × q(x) + p(x) × r(x)  

 

for p(x), q(x), r (x) ∈ { d

nC (m) [x], +, ×}. 

 

 We will give examples of them. 

 

Example 5.47:  Let { d

nC (4)[x], +, ×}  = S be the MOD complex 

decimal polynomial pseudo ring. 

 

 Let p(x) = (2 + iF)x
8
 + (3 + 0.5iF)x

4
 + (0.7 + 0.5iF), 

 

 q(x) = (3 +0.7iF) + (0.6 + 2iF)x
3
 and  

  

r(x) = (1 + 9.3iF) + (3.4 + 2iF)x
3
 ∈ d

nC (4)[x]. 

 

 p(x) × [q(x) + r(x)]  

 

=  (2 + iF)x
8
 + (3 + 0.5iF)x

4
 + (0.7 + 0.5iF)  

[(3 + 0.7iF) + (0.6 + 2iF)x
3
 + (1 + 9.7iF) +  

(3.4 +2iF)x
3
] 
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   =  p(x) × 0 

 

   =  0          …  I 

 

 

 Now p(x) × q(x) + p(x) × r(x)  

 

 =  [(2 + iF)x
8.1

 + (3 + 0.5iF)x
4.2

 + (0.7 + 0.5iF)] 

× (3 + 0.7iF) + (0.6 + 2iF)x
3
  + [(2 + iF)x

8
 + 

(3 + 0.5iF)x
4
 + (0.7 + 0.5iF)] × (1 + 3.93iF) + 

(3.4 + 2iF)x
3
  

 

 =  [(6 + 3iF +1.4iF + 0.7 × 3) x
8.1

 + (9 + 1.5iF + 

2.1iF + 0.35 × 3)x
4.2

 + (2.1 + 1.5iF + 0.49iF 

+ 0.35× 3) + (1.2 + 0.6iF + 0 + 2 × 3)x
11.1

 +  

(1.8 + 0.3iF + 6iF + 1 × 3)x
7.2

 + (0.42 + 0.3iF 

+ 1.4iF + 3) x
3
 + (2 + iF + 3.86iF +  3.93 × 

3)x
8.1

 + (3 + 0.5iF + 3.79iF + 1.965 × 3)x
4.2

 

+ (7 + 0.5iF + 2.751iF + 1.965 × 3) + (2.8 + 

0 + 3.4iF + 2 × 3)x
11.1

 + (3.2 + 1.7iF + 2iF + 

3)x
7.2

 + (2.38 + 2iF + 1.70iF + 3)x
3
  

 

 =  (0.1 + 0.4iF)x
8.1

 + (2.05 + 3.6iF)x
4.2

 + (3.25 

+ 1.99iF) + (3.2 + 1.7iF)x
3
 + (3.79 + 

0.86iF)x
8.1

 + (0.895 + 0.29iF)x
4.2

 + (0.895 + 

3.251iF) + (0.8 + 3.4iF)x
11.1

 + (2.2 + 

3.7iF)x
7.2

 + (1.38 + 3.7iF)x
3
   

 

 =  (0.8 + 1.4iF) x
3
 + (3.89 + 1.26iF) x

8.1
 + 

(2.945 + 3.89iF) x
4.2

 + (0.145 + 1.241iF) + 0 

+ (3 + 2iF)x
7.2

      … II 

 

 Clearly I and II are distinct. 

 

 Hence d

nC (4)[x] is a MOD complex decimal polynomial 

pseudo ring.   

 

We have shown how the distributive law is not true. 
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Example 5.48:  Let B = { d

nC (128)[x], +, ×} be the MOD 

complex decimal polynomial pseudo ring. 

 

Example 5.49:  Let S = { d

nC (17)[x], +, ×} be the MOD complex 

decimal polynomial pseudo ring. 

 

Example 5.50:  Let P = { d

nC (18)[x], +, ×} be the MOD complex 

decimal polynomial pseudo ring. 

 

 Now having seen examples of MOD complex decimal 

polynomial rings we now proceed onto define different types of 

differentiation and integration on these polynomials. 

 

Example 5.51:  Let S = { d

nC (7)[x], +, ×} be the MOD complex 

decimal polynomial pseudo ring. 

 

 Let p(x) =  (2 + 3iF)x
3.2

 + (0.71 + 0.53)x
0.1

 +  

(0.36 + 4.2iF) ∈ S. 

 

 
dp(x)

dx(0.5)
 = (2 + 3iF) × 3.2x

2.7
 + term not defined + 0. 

 

 So we see this special type of derivatives are also not 

defined. 

 

 So we see the derivative with respect other values are not 

useful. 

 

 However the integration is defined in most cases with some 

simple modifications.   

 

  Let p(x) = 0.31x
2.1

 + 2.432x
0.1

 + 4.2 ∈ d

nC (5) [x]. 

 

  ∫p(x) dx (0.3) = 
2.4 0.40.31x 2.432x

2.4 0.4
+  + 4.2x

0.3
 + C. 
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 However we do not have meaning for this situation. 

 

 Thus we may have seemingly calculated the integral but is 

meaningless.  

 

We just give in supportive of our argument that the division 

is meaningless in Zn, [0, n), Rn([0, n)) and so on.  

 Consider Z5 for instance we want to find 
3

2
; for 3, 2 ∈ Z5.  

 

3

2
 ≠ 1.5  but 

3 93

2 3 1

×

=

×

 

 

   = 9 ≡ 4 (mod 5). 

 

So what sort of consistent division is to be used if we want 

to have multiplication to be the reverse process of division?  

 

 Let Z7 be the ring of modulo integer 
3

4
 = 0.75 in R;  

but 3, 4 ∈ Z7. 

 

3

4
 = 

3 2 6
6

4 2 1

×

= =

×

. 

 

So with this hurdle even in modulo integers we leave this 

problem as an open problem. 

 

Thus we feel it is not an easy task to integrate these  

p(x) ∈ Cn(m)[x]. 

 

Let p(x) = (3 + 0.2iF)x
3
 + (2.1 + 1.2iF)x + (4 +0.301iF) ∈ 

Cn(5) [x] 

 

∫ p(x) dx = 
4 2

F F(3 0.2i )x (2.1 1.2i )x

4 2

+ +

+  +  

(4 + 0.301iF)x + k 
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the integral exist. 

 

∫ p(x) dx (0.51) 

 

 = 
4.51 2.51 1.51

F F F(3 0.2i )x (2.1 1.2i )x (4 0.301i )x
k

4.51 2.51 1.51

+ + +

+ + +   

 

In R[x] and C[x] we see every polynomial can be both 

differentiated and integrated however in case d

nC [m][x]  and  
d

nR [m][x]  this is not possible.  

 

More so this is not possible in case of Cn(m)[x] and 

Rn(m)[x]. 

 

Now we have studied such integration and differentiation of 

MOD complex polynomials and MOD complex decimal 

polynomials.  

 

We now proceed on to suggest some problems. 

 

Problems: 

 

1. Find some special features enjoyed by MOD complex 

planes. 

 

2. Show we have infinite number of MOD complex planes. 

 

3. Prove we have for a given MOD complex plane Cn(m) 

only  one MOD complex transformation ηc. 

 

4. Obtain interesting features enjoyed by  ηc. 

 

5. Define  ηc : C → Cn(20) and show kernel ηc ≠ {φ}. 

 

6. Prove {Cn(15), +} = G is an abelian group of infinite 

order. 

 

(i) Find subgroups of G. 
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(ii) Can G have infinite order subgroups? 

(iii) Can G have finite subgroups? 

 

7. Let {Cn(29), +} =  S be the MOD complex plane group. 

 

Study questions (i) to (iii) of problem 6 for this S. 

 

 

8. Let B = {Cn(24), +} be the MOD complex group. 

 

Study questions (i) to (iii) of problem 6 for this B. 

 

9. Let S = {Cn(12), ×} be the MOD complex semigroup. 

 

(i) Find subsemigroups of S which are not ideals. 

(ii) Is S a S-semigroup? 

(iii) Find S-ideals if any in S. 

(iv) Can ideals of S be of infinite order? 

(v) Can S have S-units? 

(vi) Can S have idempotents which are not  

       S-idempotents? 

(vii) Can S have zero divisors and S-zero divisors? 

 

10. Let B = {Cn(19), ×} be the MOD complex semigroup. 

 

Study questions (i) to (vii) of problem 9 for this B. 

 

11. Let S1 = {Cn(27), ×} be the MOD complex semigroup. 

 

Study questions (i) to (vii) of problem 9 for this S1. 

 

12. Let M = {Cn(m), ×, +} be the MOD complex pseudo 

ring. 

 

(i)    Prove M is commutative. 

(ii)   Can M have zero divisors? 

(iii)  Can M have pseudo ideals? 

(iv)  Can M have S-pseudo ideals? 

(v)   Is every ideal of M is of infinite order? 
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(vi)  Can M have subrings of finite order? 

(vii) Is M a S-pseudo ring? 

(viii) Can M have units? 

(ix)  Does every element in M invertible? 

(x)   Does M have only finite number of invertible  

        elements? 

(xi)  Find any other special feature enjoyed by M. 

 

(xii) Can M have idempotents which are not S- 

        idempotents? 

 

13. Let R = {Cn(29), ×, +} be the MOD complex pseudo 

ring. 

 

Study questions (i) to (xii) of problem 12 for this R. 

 

14. Let B = {Cn(28), ×, +} be the MOD complex pseudo 

ring. 

 

Study questions (i) to (xii) of problem 12 for this B. 

 

15. Let S = {Cn(64), ×, +} be the MOD complex pseudo 

ring. 

 

Study questions (i) to (xii) of problem 12 for this S. 

 

16. Let Cn(m)[x] be the MOD complex plane. 

 

(i) Study all properties of Cn(m)[x]. 

(ii) Define ηc; C[x] → Cn(m)[x] so that ηc is a MOD  

 complex transformation.  

  

17. Let S ={Cn(m)[x], +} be the MOD complex polynomial 

group. 

 

(i) Prove S is commutative. 

(ii) Prove Cn(m) ⊆ S. 

(iii) Can S have finite subgroups? 

(iv) Obtain any other special property enjoyed by S. 
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18. Let P = {Cn(24)[x], +} be the MOD complex polynomial 

group. 

 

Study questions (i) to (iv) of problem 17 for this P. 

 

 

 

19. Let B = {Cn(19)[x], +} be the MOD complex polynomial 

group. 

 

Study questions (i) to (iv) of problem 17 for this B. 

 

20. Let M = {Cn(625)[x], +} be the MOD complex 

polynomial group. 

 

Study questions (i) to (iv) of problem 17 for this M. 

 

21. Let S = {Cn(m)[x], ×} be the MOD complex polynomial 

semigroup. 

 

(i) Is S a S-semigroup? 

(ii) Can S have S-ideals? 

(iii) Can S have S-units? 

(iv) Can S have units which are not S-units? 

(v) Can S have finite ideals? 

(vi) Can S have finite subsemigroups? 

(vii) Can S have idempotents? 

(viii) Can S have zero divisors? 

(ix) Obtain any other special property associated with S. 

 

22. Let S = {Cn(12)[x], ×} be the MOD complex polynomial 

semigroup. 

 

Study questions (i) to (ix) of problem 21 for this B. 

 

23. Let S = {Cn(31)[x], ×} be the MOD complex polynomial 

semigroup. 
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Study questions (i) to (ix) of problem 21 for this S. 

 

24. Let T = {Cn(243)[x], ×} be the MOD complex 

polynomial semigroup. 

 

Study questions (i) to (ix) of problem 21 for this T. 

 

25. Let S = {Cn(m)[x], +, ×} be the MOD complex 

polynomial ring. 

 

(i) Obtain some of the new properties associated with S. 

(ii) Can S be a S-pseudo ring? 

(iii) Can S have S-pseudo ideals? 

(iv) Can S have S-units? 

(v) Can S have zero divisors? 

  (vi) Can S have infinite number of idempotents? 

  (vii) Prove S has subrings of finite order. 

  (viii) Can S have infinite number of units? 

  (ix) Prove S has ideals of infinite order only. 

  (x) Can S have infinite number of idempotents? 

  (xi) Prove in S; x × (y + z) = x × y + x × z for some  

x, y, z ∈ S. 

  

26. Let S1 = {Cn(127)[x], +, ×} be the MOD complex 

polynomial ring. 

 

Study questions (i) to (xi) of problem 25 for this S1. 

 

27. Let P = {Cn(48)[x], +, ×} be the MOD complex 

polynomial ring. 

 

Study questions (i) to (xi) of problem 25 for this P. 

 

28. Let M = {Cn(128)[x], +, ×} be the MOD complex 

polynomial ring. 

 

Study questions (i) to (xi) of problem 25 for this M. 
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29. Obtain some ingenious methods of solving MOD 

complex polynomials in Cn(20)[x]. 

 

30. Solve p(x) = 0.39 + 4.28x
2
 ∈ Cn(5)[x]. 

 

31. Solve p(x) = 0.39 + 0.51x
2
 + 6.7x ∈ Cn(7)[x]. 

 

32. Solve p(x) = 5x
2
 + 10x + 5 ∈ Cn(15)[x]. 

 

33. Prove if p(x) ∈ Cn(81)[x] has a multiple root α then the 

derivative of p(x) may or may not have α to be a root of 

p′ (x) in general. 

 

34. Prove for (x + 0.3)
2
  (x + 6.5) ∈ Cn(10)[x], 

(x + 0.3)
2
 (x + 6.5) ≠ (x

2
 + 0.6x + 0.09) × (x + 6.5). 

 

35. Show because of the non distributivity of a triple in 

Cn(m)[x]; 

α is a root of p(x) = (x + α1) … (x + αn) then α in 

general is not a root of (x + α1) … (x + αn) expanded by 

multiplying. 

 

36. When can p(x) ∈ Cn(m)[x] be integrated? 

 

37. Show every p(x) ∈ Cn(m)[x] need not have derivatives. 

 

38. What are the problems associated with integral and 

differential of p(x) ∈ Cn(m)[x]? 

 

39. Let p(x) = 5x
2
 + 0.3x + 5.3 ∈ Cn(6)[x]. 

 

(i) Find p′(x). 

(ii) Find ∫ p(x) d(x). 

(iii) Find all the roots of p(x). 

(iv) Can p(x) have more then two roots? 

(v)  p1(x) = 3.2x
6
 + 4x

3
 + 3x

2
 + 0.37x + 0.7 ∈ Cn(6)[x]. 

Study questions (i) to (iv) for this p1(x). 

(vi) How many times a nth degree polynomial in  
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 Cn(m)[x] be derived? 

(vii) Show the difference between usual differentiation  

 in C[x] and in Cn(m)[x]. 

 

40. Can we use any other modified form of differentiation 

and integration for p(x) ∈ Cn(m)[x]? 

 

 

 

 

41. Let p(x) = 14.3x
30

 + 3.3x
15

 + 7.5 ∈ Cn(30)[x]. 

 

 

Find (i) 
dp(x)

dx
. 

 

(ii) ∫ p(x) dx. 

 

42. What are special features enjoyed by d

nC (m)[x]? 

 

43. Can p(x) ∈ d

nC (q)[x] be differentiable, where  

 

p(x) = (3 + 5iF)x
9.1

 + (2 +0.3iF)x
2.5

 + (0.31 + 0.94)x
0.7

  

+ (4.3 + 0.5iF)? 

 

 

44. Find the integral of  p(x) given in problem 43. 

 

 

45. Let p(x) = 0.31x
4.31

 + (5.321 + 4iF) + (3.2 +0.6iF)x
3.12

  

+ (0.33 + 6.71iF)x
2.1

 ∈ Cn(7)[x]. 

 

 

(i) Find 
dp(x)

dx(0.3)
. 
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(ii) Find 
dp(x)

dx(6.3)
; does the derivative exist? 

 

(iii) Find ∫ p(x) dx (0.3). 

 

(iv) ∫p(x) dx (6.3). 

 

46. Let {Cn(10)[x], +, ×} = S be the MOD complex pseudo 

polynomial ring. 

 

(i)  Prove S has ideal. 

(ii) Can S have S-ideals? 

(iii) Can S has S-zero divisors? 

(iv) Can S have S-units? 

(v)  Can S have idempotents? 

(vi) Is S a S-pseudo ring? 

(vii) Can S have S-sub pseudo rings which are not  

S-ideals? 

(viii) Can S have finite S-ideals? 

(ix) Find all units of S. 

(x) Obtain any other special feature enjoyed by S. 

 

 

47. Let B = {Cn(29)[x], +, ×} be the MOD complex 

polynomial pseudo ring. 

 

(i)  Study questions (i) to (x) of problem 46. 

(ii)  Find 3 polynomials in B which does not have  

derivatives. 

(iii) Give 3 polynomials in B which has derivatives. 

(iv) Give 2 polynomials in B which is not integrable. 

(v)  Give 2 polynomials in B which are integrable. 

 

 

48. Let P = {Cn(24)[x], +, ×} be the MOD complex 

polynomial pseudo ring. 

 

Study questions (i) to (v) of problem 47 for this P. 
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49. Let P = {Cn(4)[x], +, ×} be the MOD complex 

polynomial pseudo ring. 

 

For p(x) = (0.3 +0.4iF)x
8
 +(0.7 + 2.1iF)x

4
 +  

         (0.715 + 0.4iF)x
12

 ∈ Cn(4) [x]. 

 

(i)  Find 
dp(x)

dx
 and ∫p(x) dx. 

 

(ii) Study questions (i) to (v) of problem 47 for this P. 

 

50. Obtain the special features enjoyed by d

nC (m)[x]. 

 

51. Show all p(x) ∈  d

nC (m)[x] cannot be integrated. 

 

52. Show B = { d

nC (m)[x], ×, +} is only a pseudo ring of 

MOD complex polynomials. 

 

53. Let B = { d

nC (24)[x], +, ×} be the pseudo MOD decimal  

polynomial complex ring. 

 

(i)   Show B has zero divisors. 

(ii)  Can B have S-zero divisors? 

(iii) Find units B which are not S-units. 

(iv) Can B be a S-pseudo ring? 

(v)  Can B have ideals of finite order? 

(vi) Does B have S-ideals? 

(vii) Find all finite subrings of  B. 

(viii) Show there are subrings of infinite order in B  

   which are not ideals. 

(ix) Find some special features associated with B. 

(x)  Show B can have finite number of units. 

(xi) Show B cannot have infinite number of  

idempotents. 
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54. Let C = { d

nC (128)[x], +, ×} be the MOD complex 

decimal polynomial pseudo ring. 

 

Study questions (i) to (xi) of problem 53 for this C. 

 

55. Let p(x) = (0.25 + 100iF) x
13.9

 + (4.3 + 25iF)x
3.9

 +  

(2.7 + 3iF) ∈C (C given in problem 54). 

 

(i)  Find 
dp(x)

dx(0.3)
. 

(ii)  How many times p(x) should be derived so that  
t

t

d p(x)

dx(0.3)
 = 0? 

 

(iii) Find ∫p(x) dx(0.3). 



 
 
 
 
 
Chapter Six 
 
 

 
MOD DUAL NUMBER PLANES 
 
 
In this chapter we introduce the notion of MOD dual number 

plane.  In [16]  has introduced several properties about dual 

numbers. 

 

Recall R(g) = { a + bg /  a, b are reals in R and g is such that 

g
2
 = 0 } is defined as dual numbers. 

 

Clearly R(g) is of infinite order we can give the dual 

numbers the plane representation. The associated graph is given 

in Figure 6.1. 

 

This is defined as the real dual number plane. Several 

properties about these planes have been systematically carried 

out in [16]. 

 

Here we at the outset claim, we have infinite number of 

MOD dual number planes for a given ‘g’. 

 

Let Rn(m) denote the usual MOD real plane associated with 

[0, m). 

 

Rn(m)[g] = { a + bg | a, b ∈ [0, m) with g
2
 = 0}.   

 

We define Rn(m)[g] as the MOD dual number plane 

associated with [0, m). 
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Figure 6.1 

 

 

We will give examples of MOD dual number planes before 

we proceed on to define the concept of MOD dual number 

transformation. 

 

Example 6.1:    Let Rn(3) [g] = { a + bg | a, b ∈ [0,3),  g
2
 = 0} 

be the MOD dual number plane associated with the MOD interval 

[0, 3). The associated graph is given in Figure 6.2. 

0.5 + 1.5g in Rn(3)[g] is marked in the MOD dual number 

plane. 

 

Example 6.2:    Let R
n
(10)[g] = { a + bg | a, b ∈ [0,10),  g

2
 = 0} 

be the MOD dual number plane. The associated graph is given in 

Figure 6.3. 
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Let 5 + 3g ∈ Rn(10) [g]; it is represented in the MOD dual 

number plane as above. 

 

Let 2 + 8g ∈ Rn(10) [g]  it is represented as above. 

 

This is the way MOD dual number are represented in the 

MOD dual number plane.   

 

The elements a + bg ∈ Rn(m)[g] are known as MOD dual 

numbers lying in the MOD dual number plane Rn(m)[g]. 

 

Example 6.3:    Let Rn(7) [g] = {a + bg | a, b ∈ [0,7), g
2
 = 0} be 

the MOD dual number plane.  

 

Any MOD dual numbers 3 = 4.1g and 2.5 + 2.6g ∈ Rn(7) [g] 

are given the following representation in the MOD dual number 

plane. 
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1
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3
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5
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x

g

(3,4.1)

(2.5,2.6)

 
Figure 6.4 
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Example 6.4:  Let Rn(8)[g] = {a +bg | a, b ∈[0,8),  g
2
 = 0} be 

the MOD dual number plane. Any MOD dual number in  

Rn(8)[g] can be represented in the MOD dual number plane. 

 

We have seen the concept of MOD dual number planes and 

the representation of MOD dual numbers in that plane.  

 

Now we see for a given g with g
2
 = 0  we can have one and 

only one real dual number plane but however MOD dual number 

planes are infinite in number for a given g  with   

g
2
 = 0.     

 

For R(g) = { a + bg | a, b ∈ R , g
2
 = 0} for the same g we 

have  Rn(m) [g] = { a + bg | a, b ∈[0, m)  g
2
 = 0} for varying 

finite integer m ∈ Z
+
 \{0}.  

 

Thus we have infinite number of MOD dual number planes 

for a given g. 

 

We can define ηd : R (g) → Rn(m)[g] by  

 

ηd(a+bg) =

gif a =0 and b=1.

a + bg if both a and b are less than m.

a r
r + bg where b<m and d

m m

b s
a sg when a mand d

m m

a r b s
r sg when d and e

m m m m

0if a mr, b ms

b r
0 rg if a mt and d

m m

a s
s 0 if b mt e

m m

when negativeappropriatem

= +

+ < = +

+ = + = +

= = =

= + = = +

= + = = +

odification ismade






















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This map ηd is defined as the MOD dual number 

transformation.   

 

We will illustrated this situation by some examples. 

 

Example 6.5:  Let Rn(6)(g) be the MOD dual number plane. We 

will  

 

define ηd : R(g) →Rn(6)(g) 

 

 Let 24.3 + 8.7 g ∈ R(g) 

 

 ηd (24.3 + 8.7g) = (0.3 + 2.7g) ∈ Rn(6)(g). 

 

 ηd (–40:4 + 17.5g)  = (6 – 4.4 + 5.5g) 

      = (1.6 + 5.5g)∈ Rn(6)[g]. 

  

 ηd (13.93 + 18g) = (1.93 + 0) ∈ Rn(6)[g]. 

 

 ηd (56.31 – 14.7g) = 2.31 + 3.3g ∈ Rn(6)[g]. 

 

 ηd (12 + 24g) = 0. 

 

 ηd (48 – 15.3g) = 2.7g and so on. 

 

 This is the way operations are performed on Rn(6)[g]. 

 

 As in case of Rn(m) or Cn(m) or Rn(m)[x] or Cn(m)[x] we 

can show Rn(m)[g] the MOD dual numbers plane is a group 

under addition +. 

 

 We will just illustrate this by an example or two. 

 

Example 6.6:  Let Rn(5)(g) = {a + bg | a, b ∈ [0, 5), g
2
 = 0} be 

the MOD dual number plane. S = {Rn(5)(g), +} is a group. 

 

 For let x = 3.001 + 0.2g and y = 2.052 + 3.019g ∈S 

 

 x + y = (3.001 + 0.2g) + (2.052 + 3.019g) 
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= 0.053 + 3.219g ∈ S. 

 

This is the way operation + is performed on S. 

 

We see 0 acts as the additive identity of S. 

 

For every p ∈ Rn(5)(g) we have a unique q ∈ Rn(5)(g) such 

that p + q = 0. 

 

Let p = 2.53 + 0.87g ∈ Rn(5)(g) 

 

then q = 2.47 + 4.13g in Rn(5) (g) is such that p + q = 0. 

 

Thus we see Rn(5)(g) is an abelian group under +. 

 

Rn(m)(g) = {a + bg | a, b ∈ [0, m), g
2
  = 0} under + is a 

group defined as the MOD dual number group.   

 

We will give some examples of them. 

 

Example 6.7:   Let G = {Rn(20)(g), +} be the MOD dual number 

group of infinite order. 

 

Example 6.8:   Let G = {Rn(37)(g), +} be the MOD dual number 

group of infinite order. 

 

Example 6.9:   Let G = {Rn(128)(g), +} be the MOD dual 

number group. 

 

Now we can define product on MOD dual number plane 

Rn(m)(g). 

 

 {Rn(m)(g), ×} is a semigroup which has infinite number of 

zero divisors, finite number of units and idempotents. 

 

 S = {Rn(m)g, ×, g
2
 = 0} is defined as the MOD dual number 

semigroup.  
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 We will examples of them. 

 

Example 6.10:   Let G = {Rn(5)(g), ×} be a MOD dual number 

semigroup. 

 

Example 6.11:   Let S = {Rn(15)(g), ×} be the MOD dual 

number semigroup. S has zero divisors and units. 

 

Example 6.12:   Let T = {Rn(140)(g), ×} be the MOD dual 

number semigroup.  

 

 Now having seen the definition and examples it is a matter 

of routine for the reader to study all the related properties. 

 

 Now {Rn(m) (g), +, ×} is defined as the MOD dual number 

pseudo ring as in this case also the distributive law is not true in 

general. 

 

 We will give examples of them. 

Example 6.13:   Let S = {Rn(10)(g), +,  ×} be the MOD dual 

number pseudo ring. S has zero divisors, units and idempotents.  

 

Example 6.14:   Let S = {Rn(43)(g), +, ×} be the MOD dual 

number pseudo ring. S has infinite number of zero divisors but 

only finite number of units and idempotents.  

 

Example 6.15:   Let S = {Rn(128)(g), +, ×} be the MOD dual 

number pseudo ring. S has units, zero divisors and idempotents. 

 

 Now we proceed onto study the MOD dual number pseudo 

polynomial ring. 

 

 P ={Rn(m)(g) [x] = {∑aix
i
 | ai ∈ Rn(m)(g)} is defined as the 

MOD dual number polynomials. 

 

Now it is a matter of routine to check {Rn(m)(g) [x], +} is 

defined as the MOD dual number polynomial group.  

 

We will first give one or two examples of them. 
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Example 6.16:   Let S = {Rn(9)(g)[x], +} be the MOD dual 

number polynomial group under +. 

 

Example 6.17:   Let S = {Rn(12)(g)[x], +} be the MOD dual 

number polynomial group.  This has subgroups of both finite 

and infinite order.  

 

Example 6.18:   Let S = {Rn(37)(g)[x], +} be the MOD dual 

number polynomial group. 

 

 Now we can define the product operation on the MOD dual 

number  polynomials {Rn(m)(g)[x], ×} = S is defined as the 

MOD dual number polynomial semigroup. 

 

 The study of properties of S is a matter of routine and is left 

as an exercise to the reader. 

 

Example 6.19:   Let S = {Rn(3)(g)[x], ×} be the MOD dual 

number polynomial semigroup which has infinite number of 

zero divisors. 

 

Example 6.20:   Let P = {Rn(12)(g)[x], ×} be the MOD dual 

number polynomial semigroup. 

 

 P has idempotents and units only finite in number. 

 

Example 6.21:   Let B = {Rn(243)(g)[x], ×} be the MOD dual 

number polynomial semigroup. B has infinite number of zero 

divisors.  

 

 Study of ideals, subsemigroups etc is considered as a matter 

of routine.   

 

We now proceed onto study MOD dual number polynomial 

pseudo ring.  

 

We define R ={Rn(m)(g)[x], +, ×} to be the MOD dual 

number polynomial pseudo ring.  R has units zero divisors, 
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idempotents, subrings and ideals.  This is left as a matter of 

routine. 

 

 However we will provide examples of them. 

 

Example 6.22:   Let M = {Rn(20)(g)[x], +, ×} be the MOD dual 

number polynomial pseudo ring.  M has infinite number of zero 

divisors. All ideas of M are of infinite order. 

 

Example 6.23:   Let B = {Rn(4)(g)[x], +, ×} be the MOD dual 

number polynomial pseudo ring. 

 

 Let p(x) = (3 + 0.2g)x
7
 + (0.4 + 2g)x

3
 + (0.8 + g) and  

 

 q(x) = (0.4 + 2g)x
2
 + (3.2 + 0.7g) ∈ B. 

 

 p(x) × q(x) = [(3 + 0.2g)x
7
 + (0.4 + 2g)x

3
 + (0.8 + g)] ×  

  [(0.4 + 2g)x
2
 + (3.2 + 0.7g)] 

 

 =  (1.2 + 0.08g + 2g)x
9
 + (0.16 + 0.8g + 0 + 

0.8g)x
5
 + (0.32 + 1.6g + 0.4g)x

2
 + (1.6 + 2.1g + 

0.64g) x
7
 + (1.28 + 2.4g + 0.28g) x

3
 + (2.56 + 

0.56g + 3.2g) 

 

 =  (1.2 + 2.08g)x
9
 + (0.16 + 0.16g)x

5
 + (0.32 + 2g) 

x
2
 + (1.6 + 2.74g)x

7
 + (1.28 + 2.68g)x

3
 + (2.56 

+ 3.76g) ∈ B. 

 

 

 This is the way product is defined on these pseudo dual 

number polynomials.   

 

We will now proceed onto show how integration and 

differentiation is possible on p(x) ∈ Rn(m)[x] only if defined. 

 

 Let  

p(x) = (0.7 + 2g)x
3
 + (4 + 0.8g)x

2
 + (0.9 + 0.5g) ∈ Rn(6)(g) [x] 

 



MOD Dual Number Planes 191 

 

 

 

 

 

 

 
dp(x)

dx
 = 3(0.7 + 2g)x

2
 + 2(4 + 0.8g)x + 0 

 

 = (2.1 + 0)x
2
 + (2 + 1.6g) x. 

 

 ∫p(x) dx = 
4 3(0.7 2g)x (4 0.8g)x

4 3

+ +

+  + (0.9 + 0.5g)x + c. 

 

 Clearly as 
1

4
 and 

1

3
 are not defined this integral is 

undefined.  

 

This sort of study is considered as a matter of routine and is 

left as an exercise to the reader.  

 

 Next we proceed onto define MOD special dual like number 

planes. 

 

 Recall a + bg where a and b are reals with g
2
 = g is defined 

as the special dual like numbers. 

 

 We know R(g) = {a + bg | a, b ∈ R(reals) g
2
 = g} is defined 

as the special dual like number collection. 

 

 For more about this please refer [17]. 

 

 Rn(m)(g) = {a + bg | a, b ∈ [0, m), g
2
 = g} is defined as the 

MOD special dual like number plane.   

 

 We will illustrate this situation by some examples. 

 

Example 6.24:  Let Rn(4)(g) = {a + bg | a, b ∈ [0, 4), g
2
 = g} be 

the MOD special dual like number plane. The associated graph is 

given in Figure 6.5.  

 

We call the elements of  Rn(4)(g) as MOD special dual like 

numbers. 
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Example 6.25:  Let S = {Rn(5)(g)} = {a + bg | a, b ∈ [0, 5) and  

g
2
 = g} be the MOD special dual like number plane. 

0.5 + 0.5g and 2.1 + 2g are known as MOD special dual like 

numbers of S. The associated graph is given in Figure 6.6.  

 

 We will show how product and sum are defined on MOD 

special dual like numbers. 

 

Example 6.26:  Let S = {Rn(10)(g)} = {a + bg | a, b ∈ [0, 10) 

and g
2
 = g}  be the MOD special dual like numbers. 

 

 Let  x = 8.3 +0.74g and y = 5.72 +6.261g ∈ S. 

 

 x + y = (8.3 + 0.74g) + (5.72 + 6.261g)  

 

 = (4.02 + 7.001g) ∈ S. 

 

 It is easily verified (S, +) is a group under ‘+’, 0 acts as the 

additive identity.  Further for every x in S we have a unique  

y ∈ S such that  

 

 x + y = y + x = 0 y is the inverse of x and vice versa. 

 

 Let x = 0.89 + 3.731g ∈ S. 

 

 y = 9.11 + 6.269g ∈ S is such that x + y = 0 and y is the 

inverse of x and x is the inverse of y. 

 

 Thus {Rn(m)(g) | g
2
 = g, +} is defined as the MOD special 

dual like number group.   

 

We have subgroups of both finite and infinite order. 

 

 We will illustrate this situation by some examples. 

 
Example 6.27:  Let S = {Rn(23)(g) | g

2
 = g, +} be the MOD 

special dual like number group. 
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Example 6.28:  Let S = {Rn(24)(g) | g
2
 = g, +} be the MOD 

special dual like number group. 

 Let us define product on Rn(m)(g). 

 

 For x = 10 + 0.8g and  

 

 y = 4.6 +2.8g ∈ Rn(24)(g); 

 

 we find x × y = (10 + 0.8g) (4.6 + 2.8g) 

 

 = 22+3.68g + 4g + 2.04g 

 

 = 22 + 9.72g ∈ Rn(24)(g). 

 

 We see {Rn(m)(g), ×} is a semigroup defined as the MOD 

special dual like number semigroup. 

 

 We will give a few examples of them. 

 

Example 6.29:  Let S = {Rn(47)(g) | g
2
 = g, ×} be the MOD 

special dual like number semigroup. 

 

Example 6.30:  Let S = {Rn(48)(g) | g
2
 = g, ×} be the MOD 

special dual like number semigroup. 

 

 We see these semigroups have units, zero divisors, 

idempotents subsemigroups and ideals. 

 

 Study in this direction is a matter of routine hence left as an 

exercise to the reader. 

 

 Now we define S = {Rn(m)(g), +, ×} to be the MOD special 

dual like number pseudo ring. 

 

 Cleary S is of infinite order we call it pseudo as  

a × (b + c) = (a × b + a × c) for a, b, c ∈ R. 

 

 We will show this by examples.  
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Example 6.31:  Let R = {Rn(6)(g), +, ×} be the MOD special 

dual like number pseudo ring. 

 

 Let x = 2.4 + 3.2g       y = 0.5 + 2.8g and 

 

 z = (5.5 + 3.2g) ∈  R. 

 

 x × (y + z) = (2.4 + 3.2g) × [0.5 + 2.8g + 5.5 + 3.2g] 

 

 = 0      ---   I 

 

 Consider x × y + x × z 

 

 = (2.4 + 3.2g) × (0.5 + 2.8g) + (2.4 + 3.2g) × (5.5 + 3.2g) 

 

 = (1.20 + 1.60g + 0.72g + 2.96g) + (1.2 + 5.6g +  

4.24g + 1.68g) 

 

 = (1.2 + 5.28g) + (1.2 + 5.52g) 

 

 = 2.4 + 4.8g   ---   II 

 

 Clearly I and II are distinct that is why we call R to be the 

MOD special dual like number pseudo ring. 

 

 We will give an example or two of this. 

 

Example 6.32:  Let S = {Rn(17)(g) | g
2
 = g, +, ×} be the MOD 

special dual like number pseudo ring. 

 

Example 6.33:  Let M = {Rn(28)(g) | g
2
 = g, +, ×} be the MOD 

special dual like number pseudo ring. 

 

 M has units, zero divisors, idempotents, subrings and ideals. 

 

 This study is considered as a matter of routine and hence 

left as an exercise to the reader. 
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 Next we proceed onto study the MOD special dual like 

number polynomials. 

 

 T = {Rn(m)(g)[x] = {∑ai x
i
 | ai ∈ Rn(m) (g); g

2
 = g} is 

defined as the MOD special dual like number polynomials. 

 

 We define + and × operation on T. 

 

 Infact T under + operation is a group and under × operation 

is a semigroup. 

 

 We will just give some examples for all these work is 

considered as a matter of routine. 

 

Example 6.34:  Let S = {Rn(6)(g)[x], +} be the MOD special 

dual like number polynomial group.  

 

Example 6.35:  Let S = {Rn(11)(g)[x]} be the MOD special dual 

like number polynomial group. 

 

 We define {Rn(m)(g) [x], +} = R to be the MOD special dual 

like number polynomial group. 

 

 Now {Rn(m)(g)[x], ×} = S is defined as the MOD special 

dual like number polynomial semigroup. 

 

 We give examples of them. 

 

Example 6.36:  Let S = {Rn(20)(g)[x] | g
2
 = g, ×} be the MOD 

special dual like number polynomial semigroup. 

 

 Let p(x) = (6 + 0.8g)x
5
 + (10 + 8.1g)x  + (5 + 7g)  and  

 

 q(x) = (0.6 + 5g)x
2
 + (0.7 + 0.2g) ∈ S. 

 

 p(x) × q(x) = [(6 + 0.8g)x
5
 + (10 + 8.1g)x  + (5 + 7g)] × 

[(0.6 + 5g)x
2
 + (0.7 + 0.2g)] 
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 =  (3.6 +0.48g +10g + 4g) x
7
 + (6 + 8.6g + 10g + 

0.5g)x
6
 + (3 + 4.2g + 5g + 15g)x

2
 + (4.2 + 0.56g + 

1.2g +0.16g) x
5
 +(7 + 5.67g + 2g + 16.2g)x + (3.5 + 

4.9g + g+ 1.4g) 

 

 =  (3.6 + 14.48g)x
7
 + (6 + 19.1g)x

6 
+ (3 + 4.2g)x

2
 + 

(4.2 + 1.92g)x
5
 +(7 + 3.87g)x + (3.5 + 6.3g) ∈ S. 

 

 This is the way the product operation is performed on S. 

 

Example 6.37:  Let P = {Rn(43)(g)[x], ×} be the MOD special 

dual like number semigroup. 

 

 Now having seen the form of MOD special dual like number 

group and semigroup we proceed onto define, describe and 

develop the notion  of MOD special dual like number pseudo 

rings.   

 

S = {Rn(m)(g)[x], +, ×} is defined as the MOD special dual 

like number polynomial pseudo ring. 

 

 We call it pseudo ring as for p(x), q(x) and r(x) ∈ S we see  

 

 p(x) × (q(x) + r(x)) ≠ p(x) × q(x) + p(x) × r(x). 

 

 We will give one or two examples before we proceed to 

define MOD special quasi dual numbers plane.  

 

Example 6.38:  Let S = {Rn(29)(g)[x], +, ×, g
2
 = g} be the MOD 

special dual like number pseudo polynomial ring. 

 

 S has zero divisors, units, idempotents ideals and subrings. 

 

 Study of this type is considered as a matter of routine and is 

left as an exercise to the reader. 

 

Example 6.39:  Let S = {Rn(48)(g)[x], +, ×, g
2
 = g} be the MOD 

special dual like number polynomial ring. 
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 Now we can define differentiation integration on p(x) ∈ S. 

 

 Let p(x) = (8 + 10g)x
7
 + (4 + 0.5g)x

5
 + (0.3 + 0.4g) ∈ S. 

 

 
dp(x)

dx
 = 7 (8+10g)x

6
 + 5 (4+0.5g)x

4
. 

 

 ∫p(x) dx = 
8 6(8 10g)x (4 0.5g)x

8 6

+ +

+  + (0.3 + 0.4g)x + C. 

 

 We can have derivatives or integrals to be defined or at 

times not defined in S. This is the marked difference between 

the usual polynomials in R[x] and MOD polynomials in  

Rn(m)(g)[x]. 

 

 Now we proceed onto define the MOD special quasi dual 

number plane.  

 

 Recall R(g) ={a + bg | a, b ∈ R (reals) g
2
 = –g} is defined as 

the special quasi dual numbers. 

 

 We define  

 

Rn(m)(g) = {a + bg | a, b ∈ [0, m) with g
2
 = (m–1)g} to be 

the MOD special quasi dual numbers plane. 

 

 We will give examples of them and describe the plane.  

Further we can have the ηq to be MOD special quasi dual number 

transformation. 

 

Example 6.40:  Let Rn(3)(g) = {a + bg | a, b ∈ [0, 3), g
2
 =2g} be 

the MOD special quasi dual number plane. 

 The associated graph is given in Figure 6.7.  

 

2.1 + 0.5g = x ∈ Rn(3)(g). 

 

 a + bg are called MOD special quasi dual numbers. 
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Figure 6.7 

 

 For ηq : R(g) → Rn(m)g defined similar to ηd;  

 ηq(g) = g. 

 

 This is the way the mapping is done. 

 

 We can as in case of other MOD dual numbers define + and 

× on {Rn(m)g | g
2
 = (m–1)g}  

 

 {Rn(m)(g), +, g
2
 = (m–1)g} is a group defined as the MOD 

special quasi dual number group. 

 

 We will give examples of them. 

 

Example 6.41:  Let S = {Rn(7)(g) | g
2
 = 6g, +} be the MOD 

special quasi dual number. 

 

Example 6.42:  Let M = {Rn(12)(g) | g
2
 = 11g, +} be a MOD 

special quasi dual number group. 
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Example 6.43:  Let B = {Rn(256)(g) | g
2
 = 255g, +} be the MOD 

special quasi dual number group. 

 

 Now we can define product on Rn(m)(g) with g
2
 = (m–1)g 

as follows: 

 

 Let us consider Rn(8) g with g
2
 = 7g. 

 

 Let x = 3.1 + 4.5g and  

 

 y = 0.8 + 5g ∈ Rn(8)(g). 

 

  x × y  = (3.1 + 4.5g) × (0.8 + 5g) 

 

    = 2.48+ 4g + 7.5g + 6.5 × 7g 

   =  2.48 + 3.5g + 5.5g 

 

   =  2.4g + g ∈ Rn(8)(g). 

 

 This is the way product is defined on Rn(8) (g). 

 

 Cleary Rn(m)(g) with g
2
 = (m–1)g is a semigroup under 

product. 

 

Example 6.44:  Let B = {Rn(9)(g) | g
2
 = 8g, ×} be the MOD 

special quasi dual number semigroup. 

 

Example 6.45:  Let B = {Rn(23)(g) | g
2
 = 22g, ×} be the MOD 

special quasi dual number semigroup. 

 

 All properties of this semigroup is considered as a matter 

routine and hence left as an exercise to the reader. 

 

 Now {Rn(m)(g) with g
2
 = (m–1)g, +, ×} is defined as the 

MOD special quasi dual number pseudo ring. 

 

 We say it is only a pseudo ring as for any  

x, y, z ∈ Rn(m)(g); 
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 x × (y + z) ≠ x × y + x + z. 

 

 We will give one or two examples of them. 

 

Example 6.46:  Let S = {Rn(93)(g) | g
2
 = 92g, +, ×} be the MOD 

special quasi dual number pseudo ring. 

 

 S has units, zero divisors, idempotents, subrings and ideals. 

 

 This work is a matter of routine and is left as an exercise to 

the reader. 

 

Example 6.47:  Let S = {Rn(19)(g) | g
2
 = 18g, +, ×} be the MOD 

special quasi dual number pseudo ring. 

 

Example 6.48:  Let B = {Rn(128)(g) | g
2
 = 127g, +, ×} be the 

MOD special quasi dual number pseudo ring. 

 

 Now having seen examples them we proceed to define MOD 

special quasi dual number polynomials and the algebraic 

structures on them. 

 

 Let Rn(m) (g) [x] = {∑ai x
i
 | ai ∈ Rn(m)g; g

2
 = (m–1)g} is 

defined as the MOD special quasi dual number polynomials. 

 

Example 6.49:  Let S = {Rn(17)(g) [x] | g
2
 = 16g} be the MOD 

special quasi dual number polynomials. 

 

Example 6.50:  Let B = {Rn(44)(g)[x] | g
2
 = 43g} be the MOD 

special quasi dual number polynomials. 

 

 We can define the operation +, × and (+, ×} on Rn(m)(g) 

[x].  This is also considered as a matter of routine. 

 

Example 6.51:  Let B = {Rn(10)(g)[x] | g
2
 = 9g, +} be the MOD 

special quasi dual number polynomial group. 

 

Example 6.52:  Let B = {Rn(43)(g)[x] | g
2
 = 42g, +} be the MOD 

special quasi dual number polynomial group. 
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Example 6.53:  Let M = {Rn(24)(g)[x] | g
2
 = 23g, +} be the 

MOD special quasi dual number polynomial group. 

 

Example 6.54:  Let B = {Rn(19)(g)[x] | g
2
 = 18g, ×} be the MOD 

special quasi dual number polynomial semigroup. 

 

 B has zero divisors, units idempotents, ideals and 

subsemigroups. 

 

Example 6.55:  Let T = {Rn(25)(g)[x] | g
2
 = 24g, ×} be the MOD 

special quasi dual number polynomial semigroup. 

 

 S = {Rn(m)(g)[x], +, ×, g
2
 = (m–1)g} is defined as the MOD 

special quasi dual number polynomial pseudo ring.   

 

 It is a matter of routine to check in general  

p(x) × q(x) + r(x)) ≠ p(x) × q(x) + p(x) × r (x) for p(x), q(x), 

r(x) ∈ S. 

 

 We will give one or two examples of them. 

 

Example 6.56:  Let S = {Rn(19) (g) [x] | g
2
 = 18g, +, ×} be the 

MOD special quasi dual number polynomial pseudo ring. 

 

 S has units, zero divisors, idempotents, ideals and subrings. 

 

 Study in this direction is a matter of routine and left as an 

exercise to the reader. 

 

 We can integrate or differentiate any p(x) ∈ S if and only if 

it is defined otherwise it may not be possible. 

 

 We will just give one or two illustrates is differentiation and 

integration. 

 

Example 6.57:  Let R = {Rn(7)(g)[x] | g
2
 = 6g, +, ×} be the MOD 

special quasi dual number polynomial pseudo ring. 
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 Let p(x) = (5 + 3g)x
8
 + (0.8 + 2.5g) x

4
 + (6.2+5.7g) 

belong  to Rn(7)(g)[x]. 

 

   
dp(x)

dx
 = 8(5 + 3g)x

7
 + 4(0.8 + 2.5g)x

3
  

 

     = (5 + 3g)x
7
 + (3.2 + 3g)x

3
. 

 

 For this p(x) the derivative exist. 

 

 Consider ∫p(x)dx = 
9 5(5 3g)x (0.8 2.5g)x

9 5

+ +

+  +  

 

(6.2 +5.7g)x + c 

 

 = 
9 5(5 3g)x (0.8 2.5g)x

2 5

+ +

+ + (6.2 + 5.7g) x + c 

 

 = 4(5 + 3g)x
9
 + 3(0.8 + 2.5g) x

5
 + (6.2 + 5.7g)x + c 

 

 = (6 + 5g)x
9
 +(2.4 + 0.5g)x

5
 + (6.2 + 5.7g)x + c. 

 

 This is the way both integration and differentiation is 

carried out.  The integration and differentiation may not exist 

for all p(x) ∈ R. 

 

   Let p(x) = (5 + 5g)x
7
 ∈ R. 

 

   
dp(x)

dx
 = 0. 

 

   However ∫ p(x) dx 

 

   = ∫ (5 + 5g)x
7
 + (4.37 + 2.56g) 

 

   
8(5 5g)x

8

+

 + (4.37 + 256g) x = c 
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 Thus the integral exists. 

 

 However p(x) = (3 + 0.3g)x
6
 + (0.8 + 4g)x

13
 ∈ Rn(7)(g)[x] 

 

 ∫p(x) dx is not defined in this case.  

 

Example 6.58:  Let R = {Rn(19)(g)[x], g
2
 = 18g, +, ×} be the  

MOD special quasi dual number polynomial pseudo ring. 

 

 Let p(x) = (18.1 + 3.5g) x
18

 + (10g + 3.7)x
37

 ∈ R. 

 

 The integral of p(x) does not exist. 

 

 The derivative exist in this case. 

 

Example 6.59:  Let R = {Rn(4)(g)[x], g
2
 = 3g, +, ×} be the  MOD 

special quasi dual number polynomial pseudo ring. 

 

 Let p(x)  = (2 + 2g)x
20

 + 2x
15

 + 2g 

 

 and q(x) = (2 + 2g) + 2x
10

 + 2gx
15

 ∈ R. 

 

 Clearly p(x)  × q(x) = 0. 

 

 ∫p(x) dx = 
21 16(2 2g)x 2x

21 16

+

+  + 2gx + c 

 

is not defined. 

 

 ∫ q(x) dx = (2 + 2g)x + 
11 162 x 2gx

11 16

×

+  + c 

 

this is also not defined as 16 ≡ 0 (mod 4). 

 

dp(x)

dx
  = 20 (2 + 2g)x

19
 + 15 × 2x

14 
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    = 2x
14

. 

 

  
2

2

d p(x)

dx
 = 2 × 14x

13
 = 0. 

 

 Thus we see a 20
th
 degree MOD special quasi dual number 

polynomial in R is such that its second derivative itself is zero. 

 

 Thus we see in case of MOD special quasi dual numbers 

polynomials a nth degree polynomial in general need not have 

all the n derivatives to be non zero.  In some cases even the first 

derivatives may be zero. 

 

 In some case the second derivatives may be zero and so on. 

 

 Thus all the classical properties of calculus may not in 

general be true in case of MOD special quasi dual polynomials. 

 

 Likewise the integrals may not be defined for every MOD 

special quasi dual number polynomials.  

 

Example 6.60:  Let S = {Rn(6) (g) [x], g
2
 = 5g, +, ×} be the  

MOD special quasi dual number polynomial pseudo ring.  S has 

infinite number of zero divisors.  

 

 If p(x) = x
12

 + x
6
 + (3 + 4g) then 

dp(x)

dx
 = 0. 

 

   ∫p(x) dx = 
13 7x x

13 7
+ + (3 + 4g)x + c 

 

     = x
13

 + x
7
 + (3+ 4g)x + c. 

 

 We see the basic or classical property integration is the 

reverse process of differentiation is not true. 

 

   Further 
d

dx
 ∫ p(x) dx = p (x) for this p(x). 
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d

dx
 ∫ p(x) dx = 

d

dx
 (x

13
 + x

7
 + (3 + 4g)x + c) 

 

    = 13x
12

 + 7x
6
+ (3 + 4g) 

 

    = x
12

 + x
6
 + (3 + 4g). 

 

 However consider 

 

 p(x) = x
3
 + x

2
 + (4 + 3g) ∈ R 

 

dp(x)

dx
 = 3x

2
 + 2x + 0 

 

∫p(x) dx = 
4 3x x

4 3
+  + (4 + 3g)x + c 

 

Clearly as 
1

4
 and 

1

3
 are not defined in Rn(6)(g). 

 

We see ∫ p(x) dx is not defined. 

 

So 
d

dx
∫ p(x) dx ≠ p(x).  

 

In view of all these we can state the following result. 

 

THEOREM 6.1:  Let {Rn(m)(g)[x], +, ×} = R be the MOD special 

quasi dual number polynomial pseudo ring. 

 

(i) If m is not a prime and p(x) = 1p

1
a x  + 2p

2
a x  + 

3p

3
a x  where a1, a2, a3 ∈ Rn(m)(g) and p1, p2 

and p3 divide m then ∫p(x)dx is undefined. 
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(ii) If p(x) = x
tm

 + x
sm

 + x
rm

 + … + x
m
 then 

dp( x )

dx
= 0. 

 

 

The proof is direct and hence left as an exercise to the 

reader. 

 

THEOREM 6.2:  Let R = {Rn(m)(g)[x], g
2
 = (m–1)g, +, ×} be the 

MOD special quasi dual number polynomial pseudo ring. 

 

If  p(x) is a nth degree MOD special quasi dual number 

polynomial in R then in general p(x) need not have all the 

(n–1) derivatives to be non zero. 

 

Proof is direct and hence left as an exercise to the reader. 

 

 However solving polynomials in R happens to be a 

challenging process as R happens to be a pseudo ring in 

the first place and secondly working in Rn(m)(g) is a 

difficult task.  

 

 We suggest a few problems for the reader.  

 
Problems: 

 

1. Obtain some special features enjoyed by the MOD dual 

numbers plane Rn(m)(g) where g
2
 = 0. 

 

2. Prove {Rn(9)(g), g
2
 = 0, +} = G be the MOD dual 

number group. 

(i) Can G have finite subgroups? 

(ii) Can G have subgroups of infinite order? 

 

3. Let {Rn(43)(g); g
2
 = 0, +} = H be the MOD dual number 

group. 

Study questions (i) to (ii) of problem 2 for this H. 
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4. Enumerate all the special features enjoyed by MOD dual 

number groups. 

 

5. Let S= {Rn(5)(g), g
2
 = 0, ×} be the MOD dual number 

semigroup. 

 

(i) Find S-subsemigroups if any of S. 

(ii) Is S a S-subsemigroup? 

(iii) Can S have S-ideals? 

(iv) Can ideals of S be of finite order? 

(v) Can S have S-units? 

(vi) Can S have S-idempotents? 

(vii) Can S have infinite number of idempotents? 

(viii) Can S have zero divisors? 

(ix) Find any other special feature enjoyed by S. 

(x) Can S have S-zero divisors? 

 

6. Let S1 = {Rn(24)g, g
2
 = 0, ×} be the MOD dual number 

semigroup. 

Study questions (i) to (x) of problem 5 for this S1. 

 

7. Let S = {Rn(43)g, g
2
 = 0, ×} be the MOD dual number 

semigroup. 

Study questions (i) to (x) of problem 5 for this S1. 

 

8. Let S = {Rn(27)g, g
2
 = 0, +, ×} be the MOD dual number  

pseudo ring. 

(i) Can S be a S-pseudo ring? 

(ii) Can S have ideals of finite order? 

(iii) Can S have S-ideals? 

(iv) Can S have S-subrings which are not S-ideals? 

(v)  Can S have S-zero divisors? 

(vi) Can S have infinite number of units? 

(vii) Can S have infinite number of S-idempotents? 

(viii) Can S have S-zero divisors? 

(ix) Obtain some special features enjoyed by S. 

(x)  Can S have S-units? 

(xi) Can S have idempotents which are not  

S-idempotents? 
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9. Let S1 = {Rn(17)g, g
2
 = 0, +, ×} be the MOD dual 

number pseudo ring. 

Study questions (i) to (xi) of problem 8 for this S1. 

 

10. Obtain all special features associated with the MOD dual 

number polynomial pseudo rings. 

 

11. Prove in case of such polynomials pseudo ring the usual 

properties of differentiation and integration are not in 

general true. 

 

12. Let R = {Rn(12)(g)[x], g
2
 = 0, +, ×} be the MOD dual 

number pseudo polynomial ring. 

Study questions (i) to (xi) of problem 8 for this R. 

 

13. Let M = {Rn(19)(g)[x], g
2
 = 0, +, ×} be the MOD dual 

number pseudo polynomial ring. 

Study questions (i) to (xi) of problem 8 for this M. 

 

14. Let W = {Rn(12)(g)[x], g
2
 = 0, +, ×} be the MOD dual 

number pseudo polynomial ring. 

(i) Study questions (i) to (xi) of problem 8 for this W. 

(ii) Find 3 polynomials in W whose derivatives are  

zero. 

(iii) Find 3 polynomials in W whose integrals are zero. 

(iv) Does there exist a polynomial p(x) ∈ W which is  

integrable but not differentiable and vice versa. 

 

15. Let R = {Rn(m)(g), g
2
 = g} be the MOD dual like 

number plane. 

Study the special features enjoyed by M.  

 

16. Let R = {Rn(24)(g)[x], g
2
 = g, +} be the MOD dual like 

number group. 

(i) What are the special features associated with P? 

(ii) Give the map 

η  : R(g) ={a + bg | a, b ∈ reals, g
2
 = g} → Rn(24) g; 

which is a MOD dual like number transformation. 
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(iii) Find subgroups of both finite and infinite order  

in P. 

 

17. Let R = {Rn(43)(g)| g
2
 = g, +} be the MOD dual like 

number group. 

 

Study questions (i) to (iii) of problem 16 for this P. 

 

18. Let B = {Rn(28)(g) | g
2
 = g, ×} be the MOD dual like 

number semigroup. 

 

(i)  Can B be a S-semigroup? 

(ii) Can B have subsemigroups which are  

S-subsemigroups? 

(iii) Can B have S-ideals? 

(iv) Can ideals in B be of finite order? 

(v)  Can B have S-zero divisors? 

(vi) Can B have infinite number of S-units and units? 

(vii) Can B have S-idempotents? 

(viii) Find all special features enjoyed by B. 

 

19. Let R = {Rn(43)(g) | g
2
 = g, ×} be the MOD dual like 

number semigroup. 

 

Study questions (i) to (viii) of problem 18 for this N. 

 

20. What are the special features associated with MOD dual 

like number pseudo rings? 

 

21. Let B = {Rn(12)(g) | g
2
 = g, +, ×} be the MOD dual like 

number pseudo ring. 

 

(i) Can B be a S-pseudo rings? 

(ii) Find all finite subrings of B. 

(iii) Can B be have S-zero divisors? 

(iv) Can B have idempotents which are not  

S-idempotents? 

(v) Can B have infinite number of units? 
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(vi) What are special features associated with B? 

(vii)Can B have finite S-ideals? 

(viii) Find S-subrings which are not ideals or S-ideals. 

 

22. Let S = {Rn(43)(g) | g
2
 = g, +, ×} be the MOD special 

dual like number pseudo ring. 

 

Study questions (i) to (viii) of problem 21 for this S. 

 

23. Let M = {Rn(m)(g)[x] | g
2
 = g} be the MOD special dual 

like number polynomials.  Enumerate the special 

features enjoyed by M. 

 

24. Let W = {Rn(24)(g)[x] | g
2
 = g, +, ×} be the MOD special 

dual like number polynomial pseudo ring. 

 

Study questions (i) to (viii) of problem 21 for this W. 

 

25. Let B = {Rn(43)(g)[x] | g
2
 = g, +, ×} be the MOD special 

dual like number polynomial pseudo ring. 

 

Study questions (i) to (viii) of problem 21 for this B. 

 

26. Let B = {Rn(m)(g) | g
2
 = (m–1)g} be the MOD special 

quasi dual number plane. 

 

Study the special features associated with B. 

 

27. Let M = {Rn(8)(g) | g
2
 = 7g, +} be the MOD special 

quasi dual number group. 

 

(i)  Find all subgroups of finite order M.  

 

(ii) Obtain all subgroups of infinite order in M. 

 

(iii) Study any other special features enjoyed by M. 

 

28. Let B = {Rn(24)(g) | g
2
 = 23g, +} be the MOD special  

quasi dual number group.  
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Study questions (i) to (viii) of problem 21 for this B. 

 

29. Let N = {Rn(m)(g) | g
2
 = (m–1)g, ×} be the MOD special 

dual number semigroup. 

 

Obtain all the special features enjoyed by N.  

 

30. Let B = {Rn(6)(g) | g
2
 = 5g, ×} be the MOD special dual 

number semigroup. 

 

(i)  Is B a S-semigroup? 

(ii) Can B have S-ideals? 

(iii) Can ideals of B have finite number of elements in  

them? 

(iv) Can B have infinite number of units? 

(v)  Can B have units which are not S-units? 

(vi) Find all S-idempotents. 

(vii) Find all S-zero divisors of B. 

(viii) Can B have infinite number of zero divisors? 

(ix) Can B have S-subsemigroups? 

 

 

31. Let W = {Rn(24)(g) | g
2
 = 23g, ×} be the MOD special 

quasi dual number semigroup. 

 

Study questions (i) to (ix) of problem 30 for this W. 

 

32. Let S = {Rn(17)(g)[x]| g
2
 = 16g, ×} be the MOD special 

quasi dual number polynomial semigroup. 

 

Study questions (i) to (ix) of problem 30 for this S. 

 

33. Let S1 = {Rn(28)(g)[x] | g
2
 = 27g, ×} be the MOD special 

quasi  dual number polynomial semigroup. 

 

Study questions (i) to (ix) of problem 30 for this S1. 
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34. Let B = {Rn(m)(g) | g
2
 = (m–1)g, +, ×} be the MOD 

special quasi dual number pseudo ring. 

 

(i) Study all special features enjoyed by B.  

(ii) Is B a S-pseudo ring? 

(iii) Can B have S-ideals? 

(iv) Can B have ideals of finite order? 

(v) Can B have S-zero divisors? 

(vi) Can B have units? 

(vii) Can B have idempotents? 

(viii) Can B have units which are not S-units? 

(ix) Find all subrings of finite order. 

(x) Can B have a S-subrings which is not an S-ideals? 

 

35. Let M = {Rn(24)(g) | g
2
 = 23g, +, ×} be the MOD special 

quasi dual number pseudo ring. 

 

Study questions (i) to (x) of problem 34 for this M. 

 

36. Let N = {Rn(47) (g) | g
2
 = 46g, +, ×} be the MOD special 

quasi dual number pseudo ring. 

 

Study questions (i) to (x) of problem 34 for this N. 

 

37. Let S = {Rn(m) (g)[x] | g
2
 = (m–1)g, +, ×} be the MOD 

special dual number pseudo ring. 

 

(i)  Study questions (i) to (x) of problem 34 for this S. 

 

(ii)  Give three MOD special quasi dual number 

      polynomials such that their derivative is zero and  

       integral does not exist. 

 

(iii) Give three MOD special quasi dual number  

polynomial such that their derivative exist and the  

integral does not exist. 

 

38. Let M= {Rn(92)(g)[x] | g
2
 = 91g, +, ×} be the MOD 

special quasi dual number polynomial pseudo ring. 
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(i)  Study questions (i) to (x) of problem 34 for this M. 

 

(ii)  Give three MOD special quasi dual number  

polynomials whose derivative is zero but the  

integral exist. 

 

39. Enumerate  the special features associated with MOD 

special quasi dual number  polynomial pseudo rings. 

 

40. Prove solving equations in Rn(m)(g)[x] with g
2
=(m–1)g 

is a difficult problem. Prove this by example. 

 

41. Let p(x) = (3 + 4g)x
10

 + (0.2 + 3.2g)x
5
 + (0.43 + 4.1g) ∈ 

Rn(5)(g)[x] where g
2
 = 4g.  Find 

 

(i) 
dp(x)

dx
. 

(ii) ∫p(x) dx. 

(iii) Solve p(x) for roots. 

(iv) Can p(x) generate an ideal in Rn(5)(g)? 

  



 

 

 

FURTHER READING  

 
 

1. Herstein., I.N., Topics in Algebra, Wiley Eastern Limited, 

(1975). 

2. Lang, S., Algebra, Addison Wesley, (1967). 

3. Smarandache, Florentin, Definitions Derived from 

Neutrosophics, In Proceedings of the First International 

Conference on Neutrosophy, Neutrosophic Logic, Neutrosophic 

Set, Neutrosophic Probability and Statistics, University of New 

Mexico, Gallup, 1-3 December (2001). 

4. Smarandache, Florentin, Neutrosophic Logic—Generalization 

of the Intuitionistic Fuzzy Logic, Special Session on 

Intuitionistic Fuzzy Sets and Related Concepts, International 

EUSFLAT Conference, Zittau, Germany, 10-12 September 

2003. 

5. Vasantha Kandasamy, W.B., On Muti differentiation of decimal 

and Fractional Calculus, The Mathematics Education, 38 (1994) 

220-225. 

6. Vasantha Kandasamy, W.B., On decimal and Fractional 

Calculus, Ultra Sci. of Phy. Sci., 6 (1994) 283-285. 



216 MOD Planes 

 

 

 

 

7. Vasantha Kandasamy, W.B., Muti Fuzzy differentiation in 

Fuzzy Polynomial rings, J. of Inst. Math and Comp. Sci., 9 

(1996) 171-173. 

8. Vasantha Kandasamy, W.B., Some Applications of the Decimal 

Derivatives, The Mathematics Education, 34, (2000) 128-129. 

9. Vasantha Kandasamy, W.B., On Partial Differentiation of 

Decimal and Fractional calculus, J. of Inst. Math and Comp. 

Sci., 13 (2000) 287-290.  

10. Vasantha Kandasamy, W.B., On Fuzzy Calculus over fuzzy 

Polynomial rings, Vikram Mathematical Journal, 22 (2002) 

557-560.   

11. Vasantha Kandasamy, W. B. and Smarandache, F., N-algebraic 

structures and S-N-algebraic structures, Hexis, Phoenix, 

Arizona, (2005).  

12. Vasantha Kandasamy, W. B. and Smarandache, F., 

Neutrosophic algebraic structures and neutrosophic N-algebraic 

structures, Hexis, Phoenix, Arizona, (2006).  

13. Vasantha Kandasamy, W. B. and Smarandache, F., 

Smarandache Neutrosophic algebraic structures, Hexis, 

Phoenix, Arizona, (2006).  

14. Vasantha Kandasamy, W.B., and Smarandache, F., Fuzzy 

Interval Matrices, Neutrosophic Interval Matrices and their 

Applications, Hexis, Phoenix, (2006). 

15. Vasantha Kandasamy, W.B. and Smarandache, F., Finite 

Neutrosophic Complex Numbers, Zip Publishing, Ohio, (2011). 

16. Vasantha Kandasamy, W.B. and Smarandache, F., Dual 

Numbers, Zip Publishing, Ohio, (2012). 

17. Vasantha Kandasamy, W.B. and Smarandache, F., Special dual 

like numbers and lattices, Zip Publishing, Ohio, (2012). 



Further Reading  217 
 

 

 

 

 

 

18. Vasantha Kandasamy, W.B. and Smarandache, F., Special quasi 

dual numbers and Groupoids, Zip Publishing, Ohio, (2012). 

19. Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic 

Structures using Subsets, Educational Publisher Inc, Ohio, 

(2013). 

20. Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic 

Structures using [0, n), Educational Publisher Inc, Ohio, (2013). 

21. Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic 

Structures on the fuzzy interval [0, 1), Educational Publisher 

Inc, Ohio, (2014).  

22. Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic 

Structures on Fuzzy Unit squares and Neturosophic unit square, 

Educational Publisher Inc, Ohio, (2014).  

23. Vasantha Kandasamy, W.B. and Smarandache, F., Algebraic 

Structures on Real and Neturosophic square, Educational 

Publisher Inc, Ohio, (2014).  

 

 

 



 

 

 

 

 

 

INDEX   

 

 

 

 

 

 

D 

 

Decimal polynomial ring, 73-4 

 

F 

 

Fuzzy MOD real plane, 20-5 

Fuzzy real MOD plane, 20-5 

 

M 

 

MOD complex decimal polynomial group, 155-8 

MOD complex decimal polynomial pseudo ring, 155-9 

MOD complex decimal polynomial semigroup, 155-9 

MOD complex decimal polynomials, 154-160 

MOD complex group, 142-6 

MOD complex planes, 137-150 

MOD complex polynomial group, 147-152 

MOD complex polynomial pseudo ring, 147-155 



Index  219 
 

 

 

 

 

 

 

 

MOD complex polynomial semigroup, 147-153 

MOD complex polynomial, 141-8 

MOD complex pseudo ring, 146-8 

MOD complex semigroup, 142-6 

MOD complex transformation, 140-148 

MOD dual number plane group, 172-6 

MOD dual number plane pseudo ring, 172-9 

MOD dual number plane semigroup, 172-7 

MOD dual number plane, 169-173 

MOD dual number polynomial group, 175-7 

MOD dual number polynomial pseudo ring, 175-8 

MOD dual number polynomial semigroup, 175-7 

MOD dual number polynomials, 175-7 

MOD dual number transformation, 170-5 

MOD function, 21-8 

MOD fuzzy neutrosophic abelian group, 117-120 

MOD fuzzy neutrosophic decimal polynomials, 124-7 

MOD fuzzy neutrosophic planes, 117-120 

MOD fuzzy neutrosophic polynomial group, 119-125 

MOD fuzzy neutrosophic polynomial pseudo ring, 119-127 

MOD fuzzy neutrosophic polynomial semigroup, 119-126 

MOD fuzzy neutrosophic polynomials, 119-123 

MOD fuzzy neutrosophic pseudo ring, 118-121 

MOD fuzzy neutrosophic semigroup, 117-120 

MOD fuzzy plane, 20-5, 67-75 

MOD fuzzy polynomials, 70-5 

MOD fuzzy transformation, 70-5 

MOD interval pseudo ring, 54-6 

MOD neutrosophic plane group, 106-112 

MOD neutrosophic plane pseudo ring, 110-5 

MOD neutrosophic plane semigroup, 106-112 

MOD neutrosophic planes, 97-105 

MOD neutrosophic polynomial group, 110-5 

MOD neutrosophic polynomial semigroup, 110-7 

MOD neutrosophic polynomial pseudo ring, 106-117 

MOD neutrosophic transformation, 99-105 

MOD plane, 7 

MOD polynomials, 50-9 

MOD real plane, 9-58 



220 MOD Planes 

 

 

 

 

MOD special dual like number group, 182-5 

MOD special dual like number plane, 178-184 

MOD special dual like number polynomials, 182-4 

MOD special dual like number pseudo ring, 182-5 

MOD special dual like number semigroup, 180-4 

MOD special quasi dual number group, 185-7 

MOD special quasi dual number plane, 185-190 

MOD special quasi dual number polynomial group, 185-9 

MOD special quasi dual number polynomial pseudo ring, 185-9 

MOD special quasi dual number polynomials, 185-9 

MOD special quasi dual number pseudo ring, 185-9 

MOD special quasi dual number semigroup, 185-189 

MOD standardized function, 57-9 

MOD standardized, 56-9 

MOD transformation, 7 

MODnization, 56-9 

MODnized polynomial, 58-9 

MODnized, 56-9 

 

P 

 

Pseudo MOD neutrosophic plane pseudo ring 

Pseudo MOD ring, 56-60 

 

S 

 

Semi open square, 9 

Special MOD distance, 14 



ABOUT THE AUTHORS 
 

Dr.W.B.Vasantha Kandasamy is a Professor in the Department of 
Mathematics, Indian Institute of Technology Madras, Chennai. In the 
past decade she has guided 13 Ph.D. scholars in the different fields of 

non-associative algebras, algebraic coding theory, transportation 
theory, fuzzy groups, and applications of fuzzy theory of the problems 
faced in chemical industries and cement industries. She has to her 
credit 694 research papers. She has guided over 100 M.Sc. and 
M.Tech. projects. She has worked in collaboration projects with the 
Indian Space Research Organization and with the Tamil Nadu State 
AIDS Control Society. She is presently working on a research project 
funded by the Board of Research in Nuclear Sciences, Government of 
India. This is her 104th book. 

On India's 60th Independence Day, Dr.Vasantha was conferred 
the Kalpana Chawla Award for Courage and Daring Enterprise by the 
State Government of Tamil Nadu in recognition of her sustained fight 
for social justice in the Indian Institute of Technology (IIT) Madras 
and for her contribution to mathematics. The award, instituted in the 
memory of Indian-American astronaut Kalpana Chawla who died 
aboard Space Shuttle Columbia, carried a cash prize of five lakh 
rupees (the highest prize-money for any Indian award) and a gold 
medal. 
She can be contacted at vasanthakandasamy@gmail.com  
Web Site: http://mat.iitm.ac.in/home/wbv/public_html/  
or http://www.vasantha.in  
 

 
Dr. K. Ilanthenral is the editor of The Maths Tiger, Quarterly Journal 
of Maths. She can be contacted at ilanthenral@gmail.com  
 

 
Dr. Florentin Smarandache is a Professor of Mathematics at the 
University of New Mexico in USA. He published over 75 books and 200 
articles and notes in mathematics, physics, philosophy, psychology, 
rebus, literature. In mathematics his research is in number theory, 
non-Euclidean geometry, synthetic geometry, algebraic structures, 
statistics, neutrosophic logic and set (generalizations of fuzzy logic 
and set respectively), neutrosophic probability (generalization of 
classical and imprecise probability).  Also, small contributions to 
nuclear and particle physics, information fusion, neutrosophy (a 
generalization of dialectics), law of sensations and stimuli, etc. He got 

the 2010 Telesio-Galilei Academy of Science Gold Medal, Adjunct 
Professor (equivalent to Doctor Honoris Causa) of Beijing Jiaotong 
University in 2011, and 2011 Romanian Academy Award for Technical 
Science (the highest in the country). Dr. W. B. Vasantha Kandasamy 
and Dr. Florentin Smarandache got the 2012 New Mexico-Arizona and 
2011 New Mexico Book Award for Algebraic Structures. He can be 
contacted at smarand@unm.edu 
 




	1-7.pdf (p.1-6)
	Chapter1.pdf (p.7-8)
	chapter2new.pdf (p.9-72)
	Chapter3.pdf (p.73-102)
	Chapter4.pdf (p.103-146)
	Chapter5.pdf (p.147-180)
	Chapter6.pdf (p.181-214)
	ref.pdf (p.215-217)
	index.pdf (p.218-220)
	about.pdf (p.221)


 
 
    
   HistoryItem_V1
   TrimAndShift
        
     Range: From page 1 to page 6
     Trim: none
     Shift: move up by 18.00 points
     Normalise (advanced option): 'original'
      

        
     32
     1
     0
     No
     0
     270
    
     Fixed
     Up
     18.0000
     0.0000
            
                
         Both
         1
         SubDoc
         6
              

       CurrentAVDoc
          

     None
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus2
     Quite Imposing Plus 2.0d
     Quite Imposing Plus 2
     1
      

        
     1
     221
     5
     6
      

   1
  

 HistoryList_V1
 qi2base



