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1. Preliminaries and Definitions

This section introduces the fundamental concepts and definitions necessary for the discussions
in this paper. Throughout this paper, we consider finite and undirected sets. For readers

seeking a more comprehensive understanding of set theory, we recommend referring to [10].

1.1. Multiset

A multiset is a generalized set where elements can appear multiple times, defined by a base

set and a multiplicity function (cf. [11-13]).

Definition 1.1 (Multiset). (cf. [13,[14]) Let X be a nonempty set and let Ny = {0,1,2,...}

denote the set of nonnegative integers. A multiset M on X is defined as a pair (A, m) where:

(1) A is a subset of X (called the support or carrier set of M);
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(2) m : A — Ny is a function, called the multiplicity function, which assigns to each

element a € A its multiplicity m(a).

For any x € X \ A, we set m(z) = 0. We often denote the multiset by
{a™) ;g € A},

or, when the support is understood, simply by A. This definition permits us to represent a
multiset either as a pair (A, m) or as a collection in which each element a is repeated m(a)

times.

Example 1.2 (A Simple Multiset). Let X = {a,b}. Consider the multiset M with support
A = {a,b} and multiplicity function m defined by
m(a) =2 and m(b) =1.
Then M may be represented by
{a,a,b}.

Alternatively, introducing indices to distinguish repeated elements, we may write

(M, 0 p0y.

1.2. MultiFuzzy Set

A Fuzzy Set assigns each element a single membership degree in [0, 1] [2,|15,/16], whereas a
MultiFuzzy Set assigns multiple membership values derived from different lattices [17-19]. As

a related concept, the notion of HyperFuzzy Sets has also been studied [20}21].

Definition 1.3 (Fuzzy Set). [2] Let X be a nonempty set. A fuzzy set A on X is characterized
by its membership function
wa: X —[0,1].

That is, the fuzzy set A is defined as

A={(z,pa(x)) |z € X},

where p4(z) represents the degree to which the element x € X belongs to the set A.

Definition 1.4 (Multi-Fuzzy Set). [17] Let X be a nonempty set and let {L;};en be a family

of complete lattices. A multi-fuzzy set A in X is an object of the form

A ={(z, m(2), p2(z), p3(x),...) | v € X},

where, for each ¢ € N, the function
is called the i-th membership function of A.
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If there exists a positive integer k such that only the first £k membership functions are considered
(i.e., the sequence has finite length k), then A is said to be a multi-fuzzy set of dimension k.

In this case, A may be identified with a mapping
k
pa X — H L;,
i=1
and often one takes L; = [0,1] for all i =1,2,...,k.

Example 1.5 (A Multi-Fuzzy Set of Dimension 2). Let X = {x1, 22} and take L; = Ly =

[0, 1]. Define the membership functions
pi(x1) =08, po(r1) =02, pi(xe) =04, pa(z2)=0.5.
Then the multi-fuzzy set A is given by
A= {(21, 0.8, 0.2), (2, 0.4, 0.5)}.

This is a standard multi-fuzzy set of dimension 2.

1.3. MultiNeutrosophic Set

A Neutrosophic Set assigns to each element three independent membership degrees—truth
(T), indeterminacy (I), and falsity (F')—each taking values in [0, 1], thereby enabling flexible
modeling of uncertainty [22(25]. The notion of MultiNeutrosophic Sets has been investigated
in a growing body of work [26-29]. Owing to their scientific importance, a wide range of related
applications has also been explored in recent studies [30-33]. In addition, related concepts such

as the HyperNeutrosophic Set have been introduced and studied [34}35].

Definition 1.6 (Neutrosophic Set). [3,136] Let X be a non-empty set. A Neutrosophic Set
(NS) A on X is characterized by three membership functions:

Ty: X — 10,1, I4:X —]0,1], Fu:X —][0,1],

where for each z € X, the values Ty(x), I4(x), and F4(x) represent the degrees of truth,

indeterminacy, and falsity, respectively. These values satisfy the following condition:
0< TA(m) + IA(.T) + FA(x) < 3.

Example 1.7 (Neutrosophic Set in Real Life: Medical Diagnosis). Consider a doctor diagnos-
ing a disease in a patient. Let X be the set of all possible diagnoses, and let A be a neutrosophic
set representing the likelihood of a particular disease D being present in a patient.
For a given diagnosis x € X, the doctor assigns three independent membership degrees:
e Ty(x) (Truth degree): The degree of confidence that the patient has disease D based
on lab results.
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e [4(z) (Indeterminacy degree): The uncertainty due to insufficient or conflicting data.
o Fy(x) (Falsity degree): The degree of confidence that the patient does not have disease
D based on medical history.

For example, let x = D represent a flu diagnosis, and assume:
TA(D)=0.7, I4(D)=0.2, Fa(D)=0.1.

This means that the doctor believes with 70% confidence that the patient has the flu, there is
20% uncertainty, and a 10% chance that the patient does not have it.

Definition 1.8 (MultiNeutrosophic Set). (cf. [26]) Let & be a universe of discourse, and let
M be a subset of U. A MultiNeutrosophic Set (MNS) M is defined as:

M:{(.7,‘,<T1,T2,...,Tp;11,12,...,Ir;Fl,FQ,...,FSD|.I‘EZ/{},

where:
e pr,s>0withp+r+s=n2>2,
e At least one of p, r, s satisfies > 2 to ensure the multiplicity of truth (T"), indeterminacy
(I), or falsehood (F),
o I Ty,...., Ty 11, In, ..., I,; F1, Fy, ..., Fs C[0,1],

e The following condition is satisfied:

p r s p r i
0< Zinij —|—Zinf[k —i—Zianl < Zsuij —I—Zsupfk —I—ZsupFl <n.
j=1 k=1 =1 j=1 k=1 I=1

Example 1.9 (MultiNeutrosophic Set in Real Life: Stock Market Analysis). In financial
decision-making, investors assess stocks based on multiple uncertain parameters. Let X be
the set of all stocks under consideration, and let M be a multi-neutrosophic set representing
the evaluation of a stock S based on various expert analyses.

For each stock z € X, multiple experts provide their independent evaluations:

o Ti(z),Ta(x), ..., Tp(x) represent the degrees of belief from different financial analysts
that the stock will increase in value.

o [1(z),Is(x),...,I.(z) represent the uncertainty due to market fluctuations and unpre-
dictable external factors.

o Fi(x), Fy(x),..., Fs(x) represent the degrees of belief that the stock will decrease in

value.

For instance, let x = S be a particular stock, and assume:
T1(S)=0.6, T»(S)=0.7, I(S)=0.3, I2(S)=04, Fi(S)=0.1, F(S)=0.2.

Here, two experts predict the stock price increase with confidence levels of 60% and 70%, while
the uncertainty levels are 30% and 40%, and the chances of price decline are 10% and 20%.
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This model allows investors to make decisions considering multiple perspectives and uncer-

tainties.

1.4. Multisoft set

A Soft Set is a parameterized family of subsets used to handle uncertainty, introduced by
Molodtsov in 1999 for decision-making problems [37,[38]. A Multisoft Set generalizes Soft Sets
by handling multiple parameters, allowing more flexible and complex uncertainty modeling in
decision-making and classification problems [39-41]. Related concepts such as the HyperSoft
Set |42-44] and the SuperHyperSoft Set [45,/46] have also been studied.

Definition 1.10 (Soft Set [38]). Let U be a universe set and E be a set of parameters. Let
A C E and denote by P(U) the power set of U. A pair (F, A) is called a soft set over U if

F:A—PQ).

For each parameter ¢ € A, the set F(e) is called the e-approximation of the soft set (F, A). In

other words, a soft set over U is a parameterized family of subsets of U.

Example 1.11 (Soft Set in a Housing Decision Problem). Let the universe be a set of houses
U = {h1, ho, h3, hy, hs},
and let the set of parameters be
E = {Expensive, Modern, Spacious}.
Choose A = E. Define the soft set (F, A) by
F(Expensive) = {h1,ha}, F(Modern) = {hg, hs,hsa}, F(Spacious) = {h1,hs, hs}.
This soft set represents the attractiveness of houses based on the given criteria.

Definition 1.12 (Multisoft Set). [39-41] Let U be a universe set and E be a set of parameters.
Let A C E and let P(U) denote the power set of U. A pair (F, A) is called a multisoft set over
U if

F:A—P).
That is, a multisoft set over U is a parameterized family of subsets of U. The term ”multisoft
set” is used to emphasize its role in handling multiple approximations or decision parameters,

thereby generalizing the classical notion of a soft set.
Example 1.13 (Multi-Soft Set in a Car Selection Problem). Let the universe be a set of cars

U ={ci1,c2,¢c3,¢4,05},
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and let the set of parameters be
E = {Cheap, Fuel-Efficient, Reliable}.
Choose A = E. Define the multisoft set (F, A) by
F(Cheap) = {c1,c3,¢5}, F(Fuel-Efficient) = {c1,c2,ca}, F(Reliable) = {ca,c3,cq,c5}.

This multisoft set is used to model multiple approximations for car selection based on cost,

fuel efficiency, and reliability.

1.5. Multirough Set

A Rough Set approximates a subset using lower and upper bounds based on equivalence
classes, capturing certainty and uncertainty in membership [47-49]. A Multirough Set is a

generalization of a Rough Set [50]. The definitions are provided below.

Definition 1.14 (Rough Set Approximation). [51] Let X be a non-empty universe of dis-
course, and let R C X x X be an equivalence relation (or indiscernibility relation) on X.
The equivalence relation R partitions X into disjoint equivalence classes, denoted by [z]|r for

x € X, where:
[zlr ={y € X | (z,y) € R}.
For any subset U C X, the lower approzimation U and the upper approzimation U of U are

defined as follows:

(1) Lower Approximation U:
U={rec X |[[z]r CU}.

The lower approximation U includes all elements of X whose equivalence classes are
entirely contained within U. These are the elements that definitely belong to U.
(2) Upper Approzimation U:

U={zeX|[z]gnU # 0}.

The upper approximation U contains all elements of X whose equivalence classes have

a non-empty intersection with U. These are the elements that possibly belong to U.

The pair (U, U) forms the rough set representation of U, satisfying the relationship:
UCUCU.

Example 1.15 (Rough Set in a Housing Market). Consider a universe U =
{h1, ha, hs, hq, hs, he} of houses. Define an equivalence relation R by neighborhood so that:

[h1]r = {h1,ha}, [h3]r = {h3,ha}, [hs]r = {hs, he}.

T. Fujita and A. Mehmood, Iterative MultiFuzzy Set, Iterative MultiNeutrosophic Set,
Iterative Multisoft set, and MultiPlithogenic Sets




Neutrosophic Computing and Machine Learning, Vol. 40, 2025 7 of

Let X = {h1, hs, hs} be the set of houses with gardens. Then:

X={reUllz]r C X} =2,
since in every equivalence class, at least one house is missing from X; and

X={zxeU|[zlgnX # o} =U.

Thus, the rough set approximation of X is (&, U), capturing complete uncertainty.
Definition 1.16. [50] Let U be a universal set, and let Ry, Ro, ..., R, be equivalence relations
(indiscernibility relations) on U. For any subset X C U, the Multirough Set of X is defined
by the collection of lower and upper approximations with respect to each equivalence relation
R;.
For each i = 1,2,...,n, we define:

e The Lower Approzimation of X with respect to R;:
X; = {x eU ’ [x]RL QX},

where [z]g, denotes the equivalence class of  under R;.

e The Upper Approximation of X with respect to R;:
X;={zeU|[z]g NX #0}.
The Multirough Set of X is then the collection:
MR(X) ={(X;,X;) |i=1,2,...,n}.

Example 1.17 (Multirough Set in a Housing Market with Two Criteria). Using the same

universe U = {hy, ha, hs, ha, hs, he}, consider two equivalence relations:
(1) Ry (by neighborhood):
[hi]r, = {h1,ha}, [hs]r, = {h3,ha},  [hs]r, = {hs, he}.
(2) Rz (by house type): Assume detached houses D; = {hy,hs, hs} and semi-detached
houses Dy = {ha, ha, h¢}.
Let X = {hy, hs, hs} (houses with gardens, coinciding with detached houses). Then for R;:
X,=9 and X;=U.
For Rs:
X, =Dy ={hy,h3,hs} and Xg= D; = {hy,hs3, hs}.

The multirough set of X is
MR(X) = {(Xy, X1), (Xp, X2)} = {(&,U), ({h1, hs, hs}, {h1, hs, hs})},

illustrating how different criteria yield distinct approximations.
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1.6. Plithogenic Set

The Plithogenic Set is a mathematical framework designed to integrate multi-valued degrees
of appurtenance and contradiction, making it particularly effective for addressing complex
decision-making scenarios. Numerous studies have explored the properties and applications of
Plithogenic Sets, as highlighted in works such as [52-55]. The formal definition is presented

below.

Definition 1.18 (Plithogenic Set). [56,57] Let S be a universal set, and P C S. A Plithogenic
Set PS is defined as:

PS = (P,v, Pv,pdf,pCF)
where:

e v is an attribute.

e Pu is the range of possible values for the attribute v.

e pdf : P x Pv— [0,1]% is the Degree of Appurtenance Function (DAF)|
e pCF : Pv x Pv — [0,1]! is the Degree of Contradiction Function (DCF).

These functions satisfy the following axioms for all a,b € Puv:
(1) Reflexivity of Contradiction Function:
pCF(a,a) =0
(2) Symmetry of Contradiction Function:

pCF(a,b) = pCF(b,a)

Example 1.19 (Plithogenic Set — Laptop Selection under Conflicting Priorities). Let the
universe of laptops be P = {/1, {2, ¢35} and consider the single attribute v = “priority objective”
with value set

Pv = {lightweight, performance, battery}.
Degree of Appurtenance Function (DAF). Let pdf : P x Pv — [0, 1] be given by

‘lightweight performance battery

4 0.85 0.55 0.50
ly 0.60 0.85 0.40
l3 0.45 0.65 0.80

(Each entry is the membership degree of the laptop to the corresponding value of v.)

It is important to note that the definition of the Degree of Appurtenance Function varies across different
papers. Some studies define this concept using the power set, while others simplify it by avoiding the use of the
power set [58|. The author has consistently defined the Classical Plithogenic Set without employing the power

set.
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Degree of Contradiction Function (DCF). Let pCF : Pv x Pv — [0, 1] be symmetric
with pCF(a,a) = 0:

‘lightweight performance battery

lightweight 0 0.60 0.30
pCF =
performance 0.60 0 0.50
battery 0.30 0.50 0

(Heavier performance parts contradict lightweight more strongly, and high performance tends
to contradict long battery life.)

A simple plithogenic aggregation (relative to a dominant value). Suppose the
decision-maker’s dominant value is d = battery. Define compatibility weights w(a | d) :=
1 —pCF(a,d) for a € Pu:

w(lightweight | d) = 1 — 0.30 = 0.70,
w(performance | d) =1 — 0.50 = 0.50,
w(battery | d) =1 —0 = 1.00.

For z € P, compute a (normalized) plithogenic score

> wlal|d)pdf(x,a)
S(z|d) = £ € [0,1].

Y wlal|d)

ac€Pv

FEaxplicit calculations. The denominator is 0.70 + 0.50 + 1.00 = 2.20.

For ¢; : prdf =0.70-0.85 + 0.50-0.55 + 1.00-0.50

1.370
=0.595+0.275 4 0.500 = 1.370, Sty | d) = 290 ~ 0.62.

For fy: Y wpdf =0.70-0.60 + 0.50-0.85 + 1.00-0.40

1.245
=0.420 +0.425+0400 = 1245, S(b2 | d) = 55~ ~057.

For f5: Y wpdf =0.70-0.45 + 0.50-0.65 + 1.00-0.80

1.440
=0.315+0.325 + 0800 = 1440,  S(fs | d) = 5~ ~0.65.

Outcome. Ranking by S(- | battery) gives f3 (=~ 0.65) > ¢; (=~ 0.62) > {5 (~ 0.57). This
example shows how a Plithogenic Set uses the contradiction matrix pC'F' to attenuate/boost

membership degrees relative to a chosen dominant value.

2. Results of This Paper

This section presents the results obtained in this paper.
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2.1. nth-Iterative Multiset
We now generalize the notion of a multiset by allowing its elements to themselves be multisets,

iteratively.

Definition 2.1 (nth-Iterative Multiset). Let X be a nonempty set. We define the collection

of nth-iterative multisets on X recursively as follows:
(1) For n = 0, define
MOX) = X.

(2) For each integer n > 1, an nth-iterative multiset on X is a multiset whose elements are

(n — 1)th-iterative multisets. Formally, define
MM(X) = {m : M HX) = Ny | supp(m) is finite },
where the support of m is given by
supp(m) = { & € MPL(X) [ m(z) £0}.

An element of M™(X) is called an nth-iterative multiset on X. In particular, M!(X) is the

set of all usual multisets on X.

Example 2.2 (1st-Iterative Multiset). Let X = {a,b}. Then a Ist-iterative multiset on X is

just a multiset on X. For instance, define m : X — Ny by

Then m € M!(X) represents the multiset

{a,a,b}.
Example 2.3 (2nd-Iterative Multiset). Let X = {a,b}. First, consider two distinct multisets
in M(X):

e M given by my(a) = 2 and my(b) = 1, so that M; = {a,a,b};
e M given by ma(a) =1 and ma(b) = 1, so that My = {a, b}.

Now, a 2nd-iterative multiset on X is a multiset whose elements are multisets from M1!(X).

For example, define
m: MY X) = Ng with m(M;) =3, m(M) =2,
and m(M) = 0 for all other M € M!(X). Then m represents the 2nd-iterative multiset
{My, My, My, Mo, Ms},

which can be thought of as a multiset of multisets on X.
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2.2. Iterative Multi-Fuzzy Set

We now generalize the concept of a multi-fuzzy set by allowing its membership values to

themselves be multi-fuzzy sets. This leads to an iterative (or recursive) structure.

Definition 2.4 (Iterative Multi-Fuzzy Set). Let X be a nonempty set and fix a positive integer

k (the dimension). Define the base level as

k
F = HL“
i=1

where each L; is a complete lattice (usually L; = [0,1]). For each integer n > 1, define the

collection of nth-iterative multi-fuzzy sets on X recursively by
FI(X) = {M L X o }
An element M € F(X) is called an nth-iterative multi-fuzzy set on X of dimension k. In
particular, when n = 1 we have
k
Ao ={m:x > 7} ={m: x> ] L},
i=1
which is exactly the collection of standard multi-fuzzy sets of dimension k.

Example 2.5 (1st-Iterative Multi-Fuzzy Set (Standard Multi-Fuzzy Set)). Let X = {x, z2}

and k = 1 with L; = [0,1]. Then a lst-iterative multi-fuzzy set is a function
M:X —[0,1].
For instance, define
M(.’L’l) = 0.7, M(fL’Q) =0.3.

This corresponds to the fuzzy set {(x1,0.7), (x2,0.3)}.

Example 2.6 (2nd-Iterative Multi-Fuzzy Set). Let X = {x1,z2} and k = 1 with L; = [0, 1].

Then a 2nd-iterative multi-fuzzy set is a function
N:X — F{(X),
so that for each x € X, N(x) is a fuzzy set on X. For example, define:
N(z1): X —[0,1], N(z1)(z1)=0.8, N(z1)(z2)=0.2,

N(.%‘Q) X - [0, 1], N(mg)(ml) = 0.4, N(Q?Q)(H?Q) =0.6.

Thus, the 2nd-iterative multi-fuzzy set N assigns to z; the fuzzy set {(z1,0.8), (z2,0.2)} and
to x2 the fuzzy set {(z1,0.4), (x2,0.6)}.
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Theorem 2.7. Let X be a nonempty set and let k be a fized positive integer. Then every

multi-fuzzy set A of dimension k on X is an element of ]-',% (X). In other words,
k
FX)={A: x> ][] L}
i=1
coincides with the collection of all multi-fuzzy sets of dimension k on X.

Proof. By definition, a multi-fuzzy set A of dimension k is given by a mapping

k
pa: X =[] Ls,
=1

where for each x € X, the tuple pa(x) = (u1(z), p2(x), ..., ur(x)) represents the membership
degrees with respect to each lattice L;. On the other hand, by the recursive definition of

iterative multi-fuzzy sets, the collection F}(X) is defined as
FL) = (M X = 7).

with F? = Hle L;. Hence, every function

k

,uA:X—>HLZ-
i=1

is an element of F} (X). Therefore, the notion of a multi-fuzzy set of dimension k is recovered

exactly as the first-iterative level of the iterative multi-fuzzy set hierarchy. g

Theorem 2.8 (Iterative Multi-Fuzzy Sets as Multi-Fuzzy Sets of Multi-Fuzzy Sets). Let X
be a nonempty set and k a positive integer. Then for any n > 1, an nth-iterative multi-fuzzy
set

MeFHX)={F: X - F"X)}

is a multi-fuzzy set whose membership values are (n — 1)th-iterative multi-fuzzy sets. In par-

ticular, a 2nd-iterative multi-fuzzy set is a multi-fuzzy set of (standard) multi-fuzzy sets.

Proof. We prove by induction on n.

Base case (n = 1): By definition,

k
FX)={M:X > F}={M:X > ]]L},
i=1
which is exactly the collection of standard multi-fuzzy sets of dimension k.

Inductive step: Assume that for some n > 1, every element of F'(X) is a multi-fuzzy set

whose membership values are (n — 1)th-iterative multi-fuzzy sets. Then by definition,

FrX)={M: X = F(X)}.
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Since by the induction hypothesis each element of F}!(X) is itself a multi-fuzzy set, it follows
that every function M : X — F'(X) is a multi-fuzzy set whose membership values are multi-

fuzzy sets (namely, the (n — 1)th-iterative ones). This completes the induction.

2.3. Iterative Multi-Neutrosophic Set

Iterative Multi-Neutrosophic Sets extend Multi-Neutrosophic Sets by recursively applying
multi-valued truth, indeterminacy, and falsity functions, capturing hierarchical uncertainty

across multiple levels.

Definition 2.9 (Base Level for Multi-Neutrosophic Sets). Fix nonnegative integers p, r, s with

p+r+ s> 2. Define the base neutrosophic space by

r

ND = (ﬁ[o, 1]) X (H[o, 1]) X (f[[o, 1]).

j=1 k=1 =1

An element of N

prs 1S & tuple

(Tl,...,Tp; Il,...,IT; Fl,...,FS)
that represents the membership degrees in the truth, indeterminacy, and falsity components.

Definition 2.10 (Iterative Multi-Neutrosophic Set). Let X be a nonempty set. For each
integer n > 1, define the collection of nth-iterative multi-neutrosophic sets on X recursively as
follows:
(1) For n =1, set
N (X) = { M:X = ND,, }
That is, a 1st-iterative multi-neutrosophic set is exactly a multi-neutrosophic set on
X with p truth-membership functions, r indeterminacy-membership functions, and s
falsity-membership functions.

(2) For each integer n > 2, define

NTL

p?rﬁs

(X) = {M X o NTTLX) }

p’/r7s

An element of N

p,r.s

(X) is called an nth-iterative multi-neutrosophic set on X (of type (p,r,s)).

Example 2.11 (1st-Iterative Multi-Neutrosophic Set). Let X = {x1, 22} and choose p = 2,
r = 1, s = 1 so that each element is characterized by two truth-membership values, one

indeterminacy value, and one falsity value. Define M € /\/'217171(X ) by:
M(z1) = (0.7, 0.6; 0.2; 0.1), M(zz) = (0.4, 0.5; 0.3; 0.2).
Then

M = {(z1,(0.7,0.6;0.2;0.1)), (22, (0.4,0.5;0.3;0.2))}
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is a multi-neutrosophic set on X (the standard case).

Example 2.12 (2nd-Iterative Multi-Neutrosophic Set). Let X = {z1,z2} and consider the
same parameters p = 2, r = 1, s = 1. A 2nd-iterative multi-neutrosophic set N € N22’171(X) is
a function from X to J\/217171(X ). For example, define:

N(z1)(xz1) = (0.8, 0.7; 0.1; 0.0),
N(z1) € N21,1,1(X) by

N(z1)(z2) = (0.5, 0.4; 0.3; 0.2),

and

N(x2)(x1) = (0.6, 0.5; 0.2; 0.1),
N eNd,(X) by )
N(xQ)(I‘Q) = (0.3, 0.2; 0.4; 0.3).

Thus, N assigns to each x € X a multi-neutrosophic set on X, and hence N is a 2nd-iterative

multi-neutrosophic set.

Theorem 2.13. Let X be a nonempty set and let p,r,s be fixed nonnegative integers with

p+r+s>2. Then:

(a) The collection Ny, ((X) of Ist-iterative multi-neutrosophic sets coincides with the col-
lection of all multi-neutrosophic sets on X with p truth-, r indeterminacy-, and s
falsity-membership functions.

(b) If we set v = s =0 and p = k (with k > 1), then N,€17070(X) is isomorphic to the
collection of multi-fuzzy sets of dimension k on X. Consequently, the iterative multi-
neutrosophic set framework generalizes both multi-neutrosophic sets and iterative multi-

fuzzy sets.

Proof. (a) By definition, a 1st-iterative multi-neutrosophic set on X is a function

M:X = NO

p7,r7s ’

where N, . = ( 500, 1]) X (H};:l[(), 1]) X (Hle[o, 1]) This is exactly the structure of a
multi-neutrosophic set as defined earlier.

(b) Suppose now that r = s =0 and p = k. Then
k

NIS,O,O = H[O’ 1]7

j=1

and a lst-iterative multi-neutrosophic set is a function

k
M:X = []lo,1].
j=1

This is precisely the definition of a multi-fuzzy set of dimension k£ on X (see, e.g., the definition
of multi-fuzzy sets). Hence, the framework of iterative multi-neutrosophic sets subsumes the

classical notion of multi-fuzzy sets.
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Theorem 2.14 (Iterative Multi-Neutrosophic Sets as Multi-Neutrosophic Sets of Multi-Neu-
trosophic Sets). Let X be a monempty set and let p,r,s be fixed nonnegative integers with

p4+r+s>2. Then for any n > 1, an nth-iterative multi-neutrosophic set
MeN (X)={F:X >N} 1(X)}

is a multi-neutrosophic set whose membership values are (n — 1)th-iterative multi-neutrosophic
sets. In particular, a 2nd-iterative multi-neutrosophic set is a multi-neutrosophic set of (stan-

dard) multi-neutrosophic sets.

Proof. The proof is analogous to that for iterative multi-fuzzy sets.

Base case (n = 1): By definition,

N o(X) = {M X 5 N2, ),

where
N, = (f[[o, 1]) % (f[[o, 1]) % (f[[o, 1)
j=1 k=1 =1

Thus, ./\/;}77“78()( ) is exactly the collection of standard multi-neutrosophic sets.

Inductive step: Assume that for some n > 1, every element of A" (X) is a multi-

P8
neutrosophic set whose membership values are (n — 1)th-iterative multi-neutrosophic sets.

Then by definition,
NJFUX) ={M: X = N}, (X) }.

p7T1S

Since each element of N},
EA]

(X) is a multi-neutrosophic set by the induction hypothesis, any
mapping M : X — N, ((X) is a multi-neutrosophic set whose membership values are multi-

neutrosophic sets. This completes the induction.

2.4. Iterative Multi-Soft Set

We now generalize the concept of a multisoft set by defining an iterative multi-soft set re-
cursively. The idea is to allow the approximations themselves to be multisoft sets, thereby

creating a hierarchy or nested structure of approximations.

Definition 2.15 (Iterative Multi-Soft Set). Let U be a nonempty universe and E be a set of

parameters. Define the base level as

the power set of U. Then, for a fixed n € N and for any subset A C FE, an nth-iterative
multi-soft set over U is defined recursively as follows:
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(1) For n =1, define
SHU):={F:A-S"U)},

so that a 1st-iterative multi-soft set is simply a soft set (or multisoft set) over U.
(2) For n > 2, define
S"U):={F:A—S"YU)}.

That is, an nth-iterative multi-soft set is a mapping from a set of parameters A into

the collection of (n — 1)th-iterative multi-soft sets over U.

An element F' € §"(U) is called an nth-iterative multi-soft set over U with parameter set A.

Example 2.16 (1st-Iterative and 2nd-Iterative Multi-Soft Sets). Let U = {hi, ho, h3} be a
set of houses, and let E' = {expensive, modern, green surroundings} be a set of parameters.

1st-Iterative Level: A soft set (or multisoft set) F' € S'(U) is defined as
F:E —PU),
where E’ C E. For instance, let ' = {expensive, modern} and define
F(expensive) = {hy, ha}, F(modern) = {ho, hs}.

Then (F, E') is a 1st-iterative multi-soft set over U.
2nd-Iterative Level: A 2nd-iterative multi-soft set G € S?(U) is a mapping

G:A— SYU),

for some A C E. For example, let A = {aj, a2} be a new set of meta-parameters, and define
G as follows:

G(o) =Fi, G(a)=Fy,

where Fy, Fy € SY(U) are defined by:
Fy(expensive) = {h1}, Fi(modern) = {hy,ha},

Fy(expensive) = {hg, hg}, Fy(modern) = {hs}.

Then G is a 2nd-iterative multi-soft set over U. In this structure, each meta-parameter in A

is associated with a soft set (i.e., a lst-iterative multi-soft set) over U.

Theorem 2.17. Let U be a universe set and E be a set of parameters. Then every multisoft

set (F, A), where F : A — P(U), is a 1st-iterative multi-soft set over U; that is,
S U)={F:A—=PU)|ACFE},

and hence the concept of an iterative multi-soft set generalizes the classical notion of a multisoft
set.
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Proof. By definition, a multisoft set over U is a mapping
F:A—P),
which is exactly the definition of a 1st-iterative multi-soft set:
SHU):={F:A-8"U)},

where S°(U) = P(U). Thus, every multisoft set is an element of S'(U). Consequently, the

iterative framework
S U)={F:A—-S"1U)}

for n > 2 extends the notion of a multisoft set to higher levels, thereby generalizing it.

2.5. Iterative Multi-Rough Set

Iterative Multi-Rough Sets generalize Multi-Rough Sets by recursively applying rough approx-

imations, capturing multi-level uncertainty through nested equivalence relations.

Definition 2.18 (Iterative Multi-Rough Set). Let U be a nonempty set and let
{RY,RY,..., Rgo} be a family of equivalence relations on U. For any subset X C U, define
the first-order multi-rough set of X as

MRYX) = {(L(O), Y§°)> ‘ i= 1,2,...,n0},
where for each 1,
XO={zeU|lpcX}, X\={2eU|[lpnX+0}.
Assume now that for each integer k > 1 we are given a family of equivalence relations
{R},RS,...,RE }
on the set
Uy, := MRF(X).
Then the (k + 1)th iterative multi-rough set of X is defined by
MRFL(X) = {(gg’“), ?5’”) ‘ Y eU, j= 12nk}
where for each j and for a given Y € Uy,
Y —{ZeU| (2 SV} YW —{zeuy 2] Y #0).

An element of MR¥*1(X) is called a (k + 1)th-order iterative multi-rough set of X.
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Example 2.19 (First- and Second-Order Multi-Rough Sets). Let U = {1, 2, 3,4} and consider
the equivalence relation R? on U that partitions U into the blocks {1,2} and {3,4}. Let
X ={1,3}.

First-Order: For the single equivalence relation R (i.e., ng = 1), compute:
XO = {zeU|lzlpCX}=2,
since neither {1,2} C {1,3} nor {3,4} C {1,3}. Also,
XY (2 eU | ulpnX£0}=1{1,234}

since both equivalence classes have a non-empty intersection with X (i.e., 1 € {1,2} and
3 € {3,4}). Hence,

MRM(X) = {(@, {1,2,3,4})}.
Second-Order: Now, let U; = MRYX) = {Y } where Y = (@, {1,2,3,4}). Define an
equivalence relation R! on Uj as the universal relation (i.e., [Y]z = U; for the unique element
Y). Then, for this R,

YO ={ZeU |[Z]m CY}
Since [Y]g = Uy = {Y} and {Y} C Y is false (as Y is a pair, not a set containing Y'), we
have YV = &. However, the upper approximation is
YWo{zet|[Z]pmnY £0}=U, ={V}.
Thus,
MRA(X) = { (e, ("} }.
This simple example illustrates the recursive construction of iterative multi-rough sets.
Theorem 2.20. Let U be a universal set, X C U, and let {RY, RY, .. .,RQLO} be a family of

equivalence relations on U. Then the first-order iterative multi-rough set MRY(X) coincides

with the classical multirough set of X. That is,
MRNX) = {(X;,X,) |i=1,2,....n0},
where
Xi={2€U|[a]p €CX} and X;={2€U|[a]pNX#0}.
Proof. By definition, the first-order iterative multi-rough set is given by
MRY(X) = {(XEO), yg‘))) ‘ i = 1,2,...,n0},

where
XO —{2eU|[a]lpCX} and X ={zeU|[z]pnX A0}
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This is precisely the definition of the classical multirough set of X as provided earlier. Hence,

MR (X) generalizes (in fact, equals) the classical multirough set.

2.6. MultiPlithogenic Set

MultiPlithogenic Sets are mathematical structures that extend Plithogenic Sets by incorpo-

rating multiple attributes, handling uncertainty, and contradictions in decision-making.

Definition 2.21 (MultiPlithogenic Set). Let S be a universal set and P C S be a subset.
Let v be an attribute with a set of possible values P,. Let {L;}¥_; and L }§:1 be families of
complete lattices (typically, L;, L; = [0, 1] or products thereof). A MultiPlithogenic Set (MPS)
on P is defined as the 5-tuple

MPS = (P, v, Py, {pdfi}éﬂ:lv {pCFj}é:l)’

where:

e For each i =1,...,k, the function
pdfi:PXPv%Li

is called a Degree of Appurtenance Function (DAF). For every x € P and « € P,, the
value pdf;(z, a) represents one component of the membership degree of = with respect
to the attribute value a.

e For each j =1,...,[, the function
pCFj: P, x P, — L
is called a Degree of Contradiction Function (DCF). These functions satisfy, for all
a,B € Py,
pCFj(a,a) =0 (reflexivity) and pCFj(a,B) =pCF;(5,a) (symmetry).

Example 2.22 (Color-Based Decision Making). Let S = R and P = [0,10]. Suppose the

attribute v is “color” with possible values
P, = {red, green, blue}.

Define two Degree of Appurtenance Functions:

50 if a = red,
pdfi(x, o) =<1 — 1% if o = green,

0.5 if o = blue,
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and
0.5 if a = red,
pdfa(x, o) = T if & = green,
1—45 if a=Dhlue.
Also, define a single Degree of Contradiction Function:

0 ifa =0,
0.3 if a#p.

pCFl:PUXPU%[Oa]-]v pCFl(awB):

Then the 5-tuple

MPS = ([o, 10], v, {red, green, blue}, {pdf1, pdfs}, {pC’Fl})

defines a MultiPlithogenic Set that assigns to each x € [0, 10] a pair of membership degrees
(via pdf; and pdfa) for each color, along with a contradiction measure between any two color

values.

Theorem 2.23. Let S be a universal set and P C S. Consider the following specializations

of a MultiPlithogenic Set:
(a) If k=1 and | = 1, then the MultiPlithogenic Set

(Pv v, Pva {pdfl}a {pCFl})

reduces to the classical Plithogenic Set.

(b) If the attribute v is omitted (or considered trivial) and pdf; : P — [0,1]* (with k > 1),
then the structure is equivalent to a multi-fuzzy set of dimension k on P.

(¢) If we choose k = 3 and define

pdf1($7a> :T(I',Oé), pde(.Z',Oé) :I(x,a), pdf3(x7a) :F(.Z',OZ),
with an appropriate definition of pCFy (or by ignoring it), then the MultiPlithogenic
Set specializes to a multi-neutrosophic set.
Thus, the MultiPlithogenic Set framework unifies and generalizes Plithogenic Sets, Multi-

Neutrosophic Sets, and Multi- Fuzzy Sets.

Proof. (a) In the classical Plithogenic Set (see, e.g., [57]), one considers a single Degree of
Appurtenance Function pdf : P x P, — [0,1]® and a single Degree of Contradiction
Function pCF : P, x P, — [0,1]!. By setting k = 1 and [ = 1 in the definition of a
MultiPlithogenic Set, we obtain

(P7 v, Py, {pdfl}a {pCFl})v

which is identical to the classical definition.
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(b) A multi-fuzzy set of dimension k on P is defined as a mapping
k

M:P—>H[O,1],

i=1
assigning to each element x € P a k-tuple of membership degrees. By omitting the
attribute v and setting P, to a singleton (or ignoring it), and by taking the single DAF
pdfi : P — [0,1]%, the MultiPlithogenic Set reduces to the multi-fuzzy set structure.
(¢) In a multi-neutrosophic set, each element x € P is characterized by three membership
degrees: truth 7'(x), indeterminacy I(z), and falsity F'(z). By setting k¥ = 3 and
defining

pdf1($,a) = T(.Z‘,Od), pdfg(x,a) = I(x,a), pdfg(l‘,Oé) = F(J), Oé),

for each a € P,, the MultiPlithogenic Set becomes a structure in which each element
is assigned a triple of membership values. With a suitable (or even trivial) definition
of the contradiction function pCFi, this framework exactly recovers the notion of a
multi-neutrosophic set.
In each case, the MultiPlithogenic Set is seen to specialize to the corresponding classical set by
appropriate choices of the parameters k, [ and the functions pdf; and pC'F};. Thus, the general

framework indeed unifies and generalizes the three types of sets.

3. Iterative MultiPlithogenic Set: Definition and Reductions

An Tterative MultiPlithogenic Set recursively assigns plithogenic-valued memberships, layering
appurtenance and contradiction across levels for hierarchical, multi-attribute, robust uncer-

tainty modeling.

Notation 1. Fiz a nonempty universe P (of objects to be evaluated), a single attribute v with

a finite value set P,, and two finite index sets:
Z=A{1,...,k} for DAF components, J =A{1,...,4} for DCF components.

Let {Li}ier and {L’};e7 be complete lattices (typically L; = L’ = [0,1]).

Definition 3.1 (Iterative MultiPlithogenic codomains). Define the level-0 plithogenic fiber as
2(0) = H Lz
1€l

Recursively, for n > 1 set
(P P) = {@:Px P, — £ I(PR) |
(Thus an element of £ is a plithogenic-valued mapping on P x P, whose values are level-

(n — 1) objects.)
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Definition 3.2 (Iterative MultiPlithogenic Set (order mn)). Let n € N, n > 1. An Iterative
MultiPlithogenic Set of order n on P is a tuple

IMPS™ .— (P, v, Py, {PDF™ },cz, {pCF, }jej),

where

e for each i € Z, the i-th iterative Degree of Appurtenance Function (DAF) is
PDF" . Px P, — £ (P, P,);
e for each j € J, the Degree of Contradiction Function (DCF)

pCF; :

P,xP, — L
is symmetric and reflexive: pCF;(a,a) =0, pCF,(a, 8) = pCF;(8, ) for all a, 8 €
P,.
When n = 1 we get the classical (non-iterative) case PDFZ(.I) :Px P, — £0) = [Ler Lis ie.,
ordinary MultiPlithogenic DAF's.

Remark 3.3 (Semantics). For n = 1, each PDFZ(l)(x,oz) € [l,ez Lr is a k-tuple of base
degrees. For n > 2, the value PDFE") (z, ) is itself a (level-(n—1)) plithogenic-valued mapping
on P x P,, enabling hierarchical (self-similar) refinement of membership information across

several layers.

Example 3.4 (IMPS of order 2: Bike-share station selection with time-of-day contexts).
Let the universe of candidate stations be P = {si,s2,s3}. Consider the attribute v =

“user priority” with value set
P, = {commute (C), leisure (L), safety (S5)}.

Contradiction (symmetric, reflexive) is specified by

lc L s
Cl 0 03 05
L|l03 0 02
S|105 02 0

pCF =

We build an [lterative MultiPlithogenic Set of order 2, where the iterative DAF PDF® .
P x P, — [0, 1]% returns a vector over the context set = = {peak, off}. Let the context-weights
be Apeax = 0.7 and Aog = 0.3. The level-2 DAFs are:

. cC L S
s1 | (0.80, 0.60) (0.50, 0.70) (0.60, 0.70)
s2 | (0.70, 0.50) (0.60, 0.60) (0.80, 0.90)
s3 | (0.60, 0.60) (0.70, 0.80) (0.50, 0.60)
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Inner (context) aggregation. For z € P and a € P, set
My.q = 0.7PDF® (2, a) pear. + 0.3 PDFP (2, a) o
. Explicitly:
For s;: C':0.7-0.80+0.3-0.60=0.74, L:0.7-0.5040.3-0.70 = 0.56, S :0.7-0.60 + 0.3 -0.70 = 0.63;
For so: C:0.64, L:0.60, S:0.83; For s3: C:0.60, L:0.73, S :0.53.

Plithogenic aggregation (dominant value d = S). Set weights w(a | d) := 1 — pCF(a, d):
w(C|8)=1-05=05w(L|S)=1-0.2=0.8, w(S|S)=1; denominator ) w(a |S) =

2.3. Define the score
Zaepv w(a | d) My.a

ST =S e wta )
Numerics.
Se(s1) = 0.5-0.74 + 0.82‘ (;.56 +1.0-0.63 _ 0.37 + 0.24;18 + 0.63 ~ 0,630,
S(ss) = 0.5-0.64 + 0.82-.(;.60 +1.0-0.83 _ 0.32 + 02.4.38 +0.83 ~ 0,700,
S(ss) = 0.5-0.60 + 0.82-.(;.73 +1.0-0.53 _ 0.30 + 0;524 + 0.53 ~ 0.615.

s9 is preferred under safety-dominant policy: sg (0.709) > s1 (0.630) = s3 (0.615).

Example 3.5 (IMPS of order 3: Wind-farm site planning with season and day-night layers).
Let P = {A,B} be candidate sites and v = “planning objective” with

P, = {capacity (Cap), cost (Cost), wildlife (Bird)}.
Contradiction (symmetric, reflexive) is

‘ Cap Cost Bird
Cap | O 0.4 0.6
Cost | 0.4 0 0.2
Bird | 0.6 0.2 0

pCF =

We construct an order-3 IMPS whose iterative DAF PDF®) : P x P, — [0,1]°*7 returns
a 2 x 2 array over seasons S = {Winter, Summer} and times 7' = {Day, Night}. Context
weights: (Opay, ONight) = (0.6,0.4) and (owinter; 0Summer) = (0.5,0.5). Level-3 DAFs (entries
are (Day, Night)):

Cap Cost Bird

A: Winter | (0.75, 0.70) (0.50, 0.55) (0.80, 0.85)

A : Summer | (0.65, 0.60) (0.45, 0.50) (0.70, 0.75)
( ) ( ) ( )

B: Winter | (0.85, 0.80) (0.60, 0.65) (0.60, 0.65
B: Summer | (0.75, 0.70) (0.55, 0.60) (0.55, 0.60)
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Inner (time-of-day) aggregation. For each site/objective/season,

m™) .= 0.6 (Day) + 0.4 (Night).

For site A:
Cap : Winter 0.6-0.75 4+ 0.4-0.70 = 0.73, Summer 0.63;
Cost : Winter 0.52, Summer 0.47;
Bird : Winter 0.82, Summer 0.72.

For site B:

Cap: (0.83,0.73), Cost: (0.62,0.57), Bird: (0.62,0.57).
Season aggregation. For each site/objective,
m®) := 0.5 (Winter) + 0.5 (Summer).

Thus
A: Cap = 0.5(0.73 + 0.63) = 0.68, Cost = 0.495, Bird = 0.77;

B: Cap = 0.78, Cost = 0.595, Bird = 0.595.
Plithogenic aggregation (dominant value d = Bird). Weights w(a | d) = 1 — pCF(a, d)

give
w(Cap | Bird) = 0.4, w(Cost | Bird) = 0.8, w(Bird | Bird) = 1.0, Zw =2.2.

S aep, wla | d)ymb)

Define Sy(z) := 55 . Numerics.
0.4-0.68+0.8-0.495+1.0-0.77  0.272+0.396 + 0.770  1.438
Swira(A) = 2.2 - 2.2 = og T 065
0.4-0.78 +0.8-0.595 + 1.0 -0.595  0.312 + 0.476 + 0.595  1.383
Spira(B) = 2.2 - 2.2 = Tgq ~ U629

With wildlife protection dominant, site A (= 0.655) slightly outperforms site B (= 0.629).
Changing the dominant value (e.g., to capacity) would alter the contradiction weights and

may reverse the ranking.

Theorem 3.6 (IMPS generalizes MultiPlithogenic Sets). Let n = 1. Then the class of order-1
IMPS coincides with the class of MultiPlithogenic Sets. In particular, the correspondence

(P.v, Py IPDF D Yicr, pCF }jeg ) < (v, Py {pdfiYier, {pCF ez ).
with pdf; := PDFEI) : P x Py — [],e7 Lr, is an identity of data.
Proof. By Definition , £0) — [I,cz Lr. For m = 1, Definition prescribes PDFZ(»l) :
P x P, — £ for each i, which are exactly the DAF components of a (non-iterative) Mul-

tiPlithogenic Set, with the same DCFs. No further structure is added or removed; hence the

two notions coincide.
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Theorem 3.7 (IMPS generalizes Iterative MultiFuzzy Sets). Fiz k = |Z| > 1, let all L; =
[0,1], take £ = 0 (no DCFs), and let P, = {ag} be a singleton. For each n > 1 there is a
natural bijection

{order—n IMPS on P with P, = {040}} = Fi(P),

where FP(P) = {M : P — Fp Y(P)} with F) = Hle[O, 1] is the space of order-n Iterative
MultiFuzzy Sets.

Proof. We proceed by induction on n.
Base n = 1. An order-1 IMPS as specialized in the statement consists of PDFEI) : Px{ap} —
Hfle[(), 1]. Identify P x {ag} with P and define

k
M(z) = (PDFgl)(x,ao),...,PDF,S’(x,aO)) e [lo. 1 = 7,
=1

which yields a bijection between specialized order-1 IMPS and maps M : P — F? = F}(P).
Step n — n + 1. An order-(n + 1) IMPS has PDanH) : P x {ap} = £(P{ap}). By

Definition £(P, {ag}) is the set of maps P — £~V (P, {ag}), which by the induction
hypothesis is naturally identified with F}'(P). Hence for each € P we may define

M(z) = (pDF§”+”(a;,a0),...,PDF,&”*”@,%)) e FI(P),

obtaining a bijection P — FJ(P), i.e. M € F{""'(P). The construction is reversible at every

stage; thus we have a natural bijection for all n.

Theorem 3.8 (IMPS generalizes Iterative MultiNeutrosophic Sets). Fix nonnegative integers
p,r,s withp+r+s>2and setk=p+r+s, L; =[0,1]. Let P, = {ap} and choose £ = 0.

For each n > 1 there is a natural bijection
{order—n IMPS on P with P, ={ao} and k =p+1r+ S} = Ny s(P),

where N, (P) ={M : P — N 1 (P)} and N, o = ([0,1]P x [0,1]" x [0,1]%) is the order-n

Tterative MultiNeutrosophic space.

Proof. Order the index set Z so that the first p coordinates correspond to truth, the next
r to indeterminacy, and the last s to falsity. The proof mirrors Theorem For n = 1,
the specialized IMPS data are PDFED : P — [[?47*°0,1). Grouping the coordinates into
(Tv,....,Tp; In, ..., Ip; F1, ... Fy) yields a map M : P — [0,1]7 x [0,1]" x [0,1]* = N, ,, i.e.
(P). For n — n + 1, the codomain £ (P, {ag}) identifies with Ny s(P)

is a map P — N}, ((P), i.e. an

1
an element of NV,

by the induction hypothesis, hence x — (PDFZ(”H)(:U, ao))iez

element of NVt L(P). All steps are bijective and natural, completing the proof.
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4. Conclusion and Future Works

In this paper, we extended the frameworks by introducing and defining new structures: It-
erative MultiFuzzy Sets, Iterative MultiNeutrosophic Sets, Iterative MultiSoft Sets, Iterative
MultiRough Sets, and MultiPlithogenic Sets. In the future, we aim to investigate further
extensions utilizing Graphs [59], HyperGraphs [60-62], and SuperHyperGraphs [63,,64].
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