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Abstract. Hypergraphs extend ordinary graphs by permitting a single hyperedge to connect any nonempty

set of vertices, thereby representing intrinsically multiway interactions. To capture hierarchical or multi-layer

organization, SuperHyperGraphs further iterate the powerset construction, so that aggregates formed at one

level can themselves act as vertices or edge endpoints at higher levels. While this modeling perspective is

increasingly relevant, a systematic treatment of hierarchical SuperHyperGraphs remains at an early stage and

many foundational notions are not yet widely standardized. Addressing this gap, we introduce and investigate

three hierarchical extensions: Hierarchical SuperHyperGraphs, Hierarchical Directed SuperHyperGraphs, and

Hierarchical Bidirected SuperHyperGraphs.

Keywords: SuperHyperGraph, Hierarchical Superhypergraphs, Hierarchical Directed SuperHyperGraphs,
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1. Introduction

1.1. SuperHyperGraph theory

Graphs are a classical and widely used abstraction for relational data: vertices represent

entities, and edges encode binary relations between pairs of entities [1]. Various related ex-

tensions, including Fuzzy Graphs [2, 3] and Neutrosophic Graphs [4–6], are also known. In

many contemporary applications, however, interactions are not merely pairwise. Collabora-

tive teams, multi-agent protocols, and shared-resource systems routinely exhibit higher-order

dependence, where a single interaction simultaneously involves three or more participants. In

such settings, ordinary graphs may be structurally inadequate. A finite hypergraph addresses

this limitation by allowing a hyperedge to join an arbitrary nonempty subset of vertices, thereby

representing genuinely multiway relations within a single combinatorial object [7–9]. A wide

variety of extensions and related hypergraph structures have also been studied, including

Fuzzy Hypergraphs [10, 11], Intuitionistic Fuzzy Hypergraphs [12–14], Hypertrees [15–17], Soft

Hypergraphs [18,19], Meta-HyperGraphs [20], Neutrosophic Hypergraphs [21,22], and Directed

Hypergraphs [23, 24]. Hypergraphs are also widely used in applications such as Hypergraph

Partitioning [25–27] and Hypergraph Neural Networks [8, 28, 29], further highlighting the im-

portance of research on hypergraph structures and their theoretical and computational prop-

erties.

Higher arity alone does not capture another ubiquitous feature of modern data: hierarchi-

cal or multi-scale organization. Typical examples include modules composed of submodules,

communities nested within larger communities, and layered service architectures. A natural

set-theoretic mechanism for modeling such nesting is to iterate the powerset operator. This

idea motivates finite SuperHyperGraphs, in which set-valued aggregates produced at one level

may serve as vertices (and participate in edges) at higher levels. Consequently, one obtains

supervertices and superhyperedges that encode both multiway interaction (as in hypergraphs)

and aggregation across scales (groups, groups of groups, and so forth) within a unified frame-

work [30–32]. Related hierarchical encodings also appear in complex-network modeling and

applied sciences [33, 34]. Unless stated otherwise, the index n in P n(·) and the level of an

n-SuperHyperGraph are taken to be nonnegative integers. A comparison of Graphs, Hyper-

Graphs, and SuperHyperGraphs is presented in Table 1.

A further direction studied in the literature is that of hierarchical superhypergraphs [32,35–37].

Informally, these are superhypergraphs in which vertices may inhabit multiple powerset levels

and superhyperedges are permitted to connect mixed-level supervertices. To maintain coher-

ence across levels, one typically imposes a downward-closure condition: whenever a higher-level

aggregate is included as a vertex, its lower-level constituents are included as well. This require-

ment prevents multilevel objects from being introduced in isolation and ensures consistency

T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
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Table 1. Comparison of Graphs, HyperGraphs, and SuperHyperGraphs.

Aspect Graph HyperGraph SuperHyperGraph

Vertices Atomic vertices. Atomic vertices. Set-valued or higher-

level supervertices.

Edges Connect pairs of ver-

tices.

Connect arbitrary

nonempty sets of ver-

tices.

Connect supervertices,

including higher-level

aggregates.

Main structure Pairwise relations. Higher-order relations. Higher-order and hierar-

chical relations.

Typical representation G = (V,E). H = (V,E), E ⊆ P(V )\
{∅}.

SHG(n) = (V,E), V ⊆
P n(V0).

with their internal decomposition. For reference, the comparison between (finite) superhyper-

graphs and hierarchical superhypergraphs is summarized in Table 2.

1.2. Directed Graphs and HyperGraphs

Directed Graphs, Directed HyperGraphs, and Directed SuperHyperGraphs are also well-known

graph-theoretic structures. These models are frequently used when directional information

needs to be explicitly incorporated into a graph-based representation.

A directed graph uses oriented edges between vertex pairs, representing asymmetric relation-

ships, flows, dependencies, or transitions from sources to targets [38,39]. A directed hypergraph

uses directed hyperedges connecting multiple vertices, representing higher-order interactions

with specified source sets and target sets simultaneously [40, 41]. A Directed SuperHyper-

Graph extends directed hypergraphs by using set-valued supervertices and directed superedges,

thereby representing hierarchical, higher-order, and directional interactions across nested lev-

els [32]. As in the undirected setting, these structures have also been extended and studied

under various uncertainty-aware frameworks, including Fuzzy Directed Graphs [42, 43] and

Neutrosophic Directed Graphs [44, 45]. Related graph concepts that extend directed graphs,

such as Bidirected Graphs [46,47], are also known. A comparison of Directed Graphs, Directed

HyperGraphs, and Directed SuperHyperGraphs is presented in Table 3.

1.3. Our contributions

The considerations above highlight the importance of SuperHyperGraph-based modeling.

However, systematic work on hierarchical SuperHyperGraphs is still in its early stages, and

many basic notions remain relatively unfamiliar to a broader audience. Motivated by this

gap, we introduce and study three hierarchical extensions: Hierarchical SuperHyperGraphs,

T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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Table 2. Concise comparison between (finite) superhypergraphs and hierar-

chical superhypergraphs.

Aspect Superhypergraph (e.g., n-

SHG)

Hierarchical superhyper-

graph (height r)

Vertex domain V ⊆ P n(V0) (single fixed pow-

erset level)

V ⊆
r⋃

k=0

P⟨k⟩(V0) (multiple lev-

els allowed)

Vertex levels Uniform: all vertices have the

same level n

Non-uniform: vertices may have

mixed levels ℓ(x) ∈ {0, . . . , r}

Edges E ⊆ P(V ) \ {∅} Same form, but edges may be

cross-level (contain vertices of

different levels)

Hierarchy/coherence

constraint

Not required by definition Typically required: downward

closure (if X ∈ V with ℓ(X) ≥
1, then its constituents are in V )

Interpretation Multiway relations among

same-level aggregates

Multiway relations plus ex-

plicit multi-scale aggregation

(objects, groups, groups of

groups, . . . )

Typical use Higher-order interaction at a

fixed abstraction level

Joint modeling of interaction

and hierarchical organization

across scales

Hierarchical Directed SuperHyperGraphs, and Hierarchical Bidirected SuperHyperGraphs. For

each structure, we provide precise definitions and investigate foundational properties, with

the aim of clarifying their set-theoretic organization and their ability to represent cross-level

interactions in a coherent way. A comparison of Directed SuperHyperGraphs and Hierarchical

Directed SuperHyperGraphs is presented in Table 4.

2. Preliminaries

This section establishes notation and summarizes the set-theoretic and combinatorial notions

needed in the sequel. Throughout, all sets that serve as vertex domains are assumed to be

finite, and we write N0 := N ∪ {0}.
T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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Table 3. Comparison of Directed Graphs, Directed HyperGraphs, and Di-

rected SuperHyperGraphs.

Aspect Directed Graph Directed HyperGraph Directed SuperHyper-

Graph

Vertices Atomic vertices. Atomic vertices. Set-valued supervertices.

Directed relations Connect ordered pairs of

vertices.

Connect source and target

sets of vertices.

Connect source and target

sets of supervertices.

Interaction type Pairwise and directional. Higher-order and direc-

tional.

Hierarchical, higher-

order, and directional.

Main feature Directed binary relations. Directed multiway rela-

tions.

Directed multiway rela-

tions among higher-level

aggregates.

Table 4. Comparison of Directed SuperHyperGraphs and Hierarchical Di-

rected SuperHyperGraphs.

Aspect Directed SuperHyperGraph Hierarchical Directed SuperHyper-

Graph

Vertex structure Supervertices belong to a fixed powerset

level.

Supervertices may belong to multiple hi-

erarchical levels.

Directed edges Directed superedges connect same-level

supervertices.

Directed superedges may connect differ-

ent levels.

Hierarchy No explicit hierarchy condition is re-

quired.

Downward closure preserves hierarchical

coherence.

Main feature Directed higher-order interactions. Directed higher-order and cross-level in-

teractions.

2.1. SuperHyperGraphs

We begin with the set-theoretic constructions underlying SuperHyperGraphs and then recall

the standard hypergraph terminology.

Definition 2.1 (Base set). A base set is a fixed nonempty set S whose elements represent

ground-level objects. Higher-level objects are obtained from S by applying the powerset op-

erator, possibly iterated.

Definition 2.2 (Powerset). (see, e.g., [48]) For a set S, the powerset of S is

P(S) := {A | A ⊆ S }.

In particular, ∅ ∈ P(S) and S ∈ P(S).

T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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Definition 2.3 (n-fold iterated powerset). [49] Let X be a set. Define P0(X) := X, and for

n ∈ N0 set

P n+1(X) := P
(
P n(X)

)
.

When we exclude the empty set at the outermost stage, we write

P n
∗ (X) := P n(X) \ {∅}.

Definition 2.4 (Hypergraph). [50,51] A hypergraph is an ordered pair H = (V,E) such that

• V is a finite set whose elements are called vertices, and

• E is a finite set of nonempty subsets of V , i.e.,

E ⊆ P(V ) \ {∅}.

Elements of E are called hyperedges.

Hence a hyperedge may contain more than two vertices, allowing the representation of multiway

relations.

Example 2.5 (A concrete hypergraph). Consider the hypergraph

H = (V,E),

where

V = {v1, v2, v3, v4}

and

E = {e1, e2, e3},

with

e1 = {v1, v2, v3}, e2 = {v2, v4}, e3 = {v1, v3, v4}.

Then each ei is a nonempty subset of V , so indeed

E ⊆ P(V ) \ {∅}.

Hence H = (V,E) is a hypergraph.

This example illustrates the difference between ordinary graphs and hypergraphs. In partic-

ular, the hyperedges e1 and e3 each join three vertices at once, so they represent genuinely

multiway relations rather than merely pairwise ones.

Figure 1 shows an incidence representation of this hypergraph.

For example, since

v1, v2, v3 ∈ e1,

the hyperedge e1 connects the three vertices v1, v2, v3 simultaneously. Likewise,

v2, v4 ∈ e2 and v1, v3, v4 ∈ e3.

T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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v1

v2

v3

v4

e1

e2

e3

vertices

hyperedges

Figure 1. An incidence representation of the hypergraph H = (V,E), where

V = {v1, v2, v3, v4}, e1 = {v1, v2, v3}, e2 = {v2, v4}, and e3 = {v1, v3, v4}.

Therefore, this hypergraph contains both a two-vertex hyperedge and three-vertex hyperedges,

illustrating the flexibility of the hypergraph model.

Definition 2.6 (n-SuperHyperGraph). (see [30]) Let V0 be a finite nonempty base set and let

n ∈ N0. An n-SuperHyperGraph on V0 is a pair

SHG(n) = (V,E)

satisfying

V ⊆ P n(V0) and E ⊆ P(V ) \ {∅}.

Elements of V are called n-supervertices, and elements of E are called superhyperedges (equiv-

alently, each superhyperedge is a nonempty subset of the supervertex set V ).

Example 2.7 (A concrete 2-SuperHyperGraph). Let V0 = {1, 2, 3} and take n = 2. Then

P1(V0) = P(V0) and P2(V0) = P(P(V0)).

Define five 2-supervertices (each is a set of subsets of V0):

v1 = {{1}}, v2 = {{2}}, v3 = {{1}, {2}}, v4 = {{2, 3}}, v5 = {{1, 2, 3}}.

Set

V = {v1, v2, v3, v4, v5} ⊆ P2(V0).

Define two superhyperedges

e1 = {v1, v2, v3}, e2 = {v3, v4, v5},
T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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v1 v2 v3 v4 v5

{{1}} {{2}} {{1}, {2}} {{2, 3}} {{1, 2, 3}}

e1 = {v1, v2, v3}

e2 = {v3, v4, v5}

Figure 2. A concrete 2-SuperHyperGraph SHG(2) = (V,E) on V0 = {1, 2, 3}.
Vertices are 2-supervertices in P2(V0), and each superhyperedge is a nonempty

subset of V .

and set E = {e1, e2} ⊆ P(V ) \ {∅}. Then SHG(2) = (V,E) is a 2-SuperHyperGraph on V0. A

schematic diagram is given in Figure 2.

2.2. Directed SuperHyperGraph and Bidirected SuperHyperGraph

A directed superhypergraph uses ordered superedges (Tail,Head) to model directional higher-

order interactions from a tail set of supervertices to a head set, whereas a bidirected superhy-

pergraph assigns each supervertex–superedge incidence a sign in {−1, 0, 1} and requires every

superedge to satisfy a balancing condition (signed sum = 0).

Definition 2.8 (Directed n-SuperHyperGraph). (cf. [30]) Let S be a nonempty base set and

let n ≥ 0 be an integer. Define the iterated powersets by

P0(S) := S, Pk+1(S) := P
(
Pk(S)

)
(k ≥ 0).

A directed n-SuperHyperGraph is a pair

DSHG(n) = (V,E),

where V ⊆ Pn(S) is the set of n-supervertices, and E is a set of directed n-superedges. Each

directed n-superedge e ∈ E is an ordered pair

e = (T,H),

where T,H ⊆ V . We write Tail(e) := T and Head(e) := H, and interpret e as carrying a

directed interaction (or “flow”) from the entire tail set Tail(e) into the head set Head(e). In

many applications one additionally assumes Tail(e) ̸= ∅ and Head(e) ̸= ∅.

Example 2.9 (A concrete directed 1-SuperHyperGraph). Let S = {1, 2, 3, 4} and take n = 1.

Then P1(S) = P(S). Define the vertex set of 1-supervertices by

V =
{
{1}, {2}, {3}, {4}, {1, 2}, {3, 4}

}
⊆ P(S).

T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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{1} {2} {3} {4}

{1, 2} {3, 4}

T = {{1}, {2}} T ′ = {{3}, {4}}

H = {{1, 2}} H ′ = {{3, 4}}

e : T → H f : T ′ → H ′

Figure 3. A directed 1-SuperHyperGraph DSHG(1) = (V,E) with two di-

rected superedges e = (T,H) and f = (T ′, H ′), where arrows indicate directed

aggregation from tail sets to head sets.

Consider the directed 1-superedge

e = (T,H), T =
{
{1}, {2}

}
⊆ V, H =

{
{1, 2}

}
⊆ V,

which represents a directed aggregation from the tail set { {1}, {2} } into the head set { {1, 2} }.
Add another directed 1-superedge

f = (T ′, H ′), T ′ =
{
{3}, {4}

}
⊆ V, H ′ =

{
{3, 4}

}
⊆ V.

Then DSHG(1) = (V,E) with E = {e, f} is a directed 1-SuperHyperGraph. The concrete

example is illustrated in Figure 3.

Definition 2.10 (Bidirected n-SuperHyperGraph). Let S be a nonempty base set and let

n ≥ 0 be an integer. Define the iterated powersets by

P0(S) := S, Pk+1(S) := P
(
Pk(S)

)
(k ≥ 0).

Let V ⊆ Pn(S) be a nonempty set of n-supervertices, and let

P∗(V ) := P(V ) \ {∅}

denote the nonempty powerset of V . A bidirected n-SuperHyperGraph is a triple with incidence

signs

H(n) = (V,E, τ),

where E ⊆ P∗(V ) is a family of n-superedges and τ : V × E → {−1, 0, 1} is a bidirection

function such that

τ(v, e) = 0 ⇐⇒ v /∈ e,

T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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and for every superedge e ∈ E the balancing condition∑
v∈e

τ(v, e) = 0

holds. (Here τ(v, e) = +1 and τ(v, e) = −1 may be interpreted as opposite local incidence

orientations of v at e.)

Example 2.11 (A concrete bidirected 2-SuperHyperGraph). Let S = {1, 2} and n = 2. Then

P1(S) = P(S) and P2(S) = P(P(S)). Choose the 2-supervertex set

V =
{
v1, v2, v3, v4

}
⊆ P2(S),

where

v1 = {{1}}, v2 = {{2}}, v3 = {{1}, {2}}, v4 = {{1, 2}}.

Define two 2-superedges

e = {v1, v2, v3, v4}, f = {v1, v3},

so E = {e, f} ⊆ P∗(V ). Define τ : V × E → {−1, 0, 1} by

τ(v1, e) = +1, τ(v2, e) = +1, τ(v3, e) = −1, τ(v4, e) = −1,

τ(v1, f) = +1, τ(v3, f) = −1,

and τ(v, g) = 0 for all remaining pairs (v, g) (equivalently, whenever v /∈ g). Then the balancing

condition holds: ∑
v∈e

τ(v, e) = 1 + 1− 1− 1 = 0,
∑
v∈f

τ(v, f) = 1− 1 = 0.

Hence H(2) = (V,E, τ) is a bidirected 2-SuperHyperGraph.

3. Review: Hierarchical Undirected SuperHyperGraphs

A hierarchical SuperHyperGraph permits supervertices from several levels of an iterated pow-

erset hierarchy and allows a superhyperedge to contain supervertices from different levels, while

imposing a downward-closure condition that preserves the internal hierarchical structure.

Definition 3.1 (Hierarchical SuperHyperGraph of height r). Let S be a finite nonempty base

set and let

r ∈ N0.

Define the nonempty iterated powerset tower(
P⟨k⟩(S)

)r
k=0

recursively by

P⟨0⟩(S) := S,

T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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and

P⟨k+1⟩(S) := P
(
P⟨k⟩(S)

)
\ {∅} (0 ≤ k < r).

Thus every element of P⟨k+1⟩(S) is a nonempty set of elements of P⟨k⟩(S).

Define the hierarchical universe of height r by

Ur(S) :=

r⋃
k=0

P⟨k⟩(S).

For each

x ∈ Ur(S),

define its level by

ℓ(x) := min
{
k ∈ {0, 1, . . . , r} : x ∈ P⟨k⟩(S)

}
.

A hierarchical SuperHyperGraph of height r on S is a pair

H⟨r⟩ = (V,E)

satisfying the following conditions.

(H1) (Hierarchical vertex set) The set V is a finite nonempty subset of the hierarchical uni-

verse:

∅ ̸= V ⊆ Ur(S).

Elements of V are called hierarchical supervertices.

(H2) (Cross-level superhyperedges) The superhyperedge family E satisfies

E ⊆ P(V ) \ {∅}.

Thus every

e ∈ E

is a nonempty subset of V . Elements of E are called hierarchical superhyperedges.

In particular, a superhyperedge may contain supervertices belonging to different hi-

erarchical levels.

(H3) (Downward-closure coherence) If

X ∈ V and ℓ(X) ≥ 1,

then every immediate constituent of X is also a hierarchical supervertex. Equivalently,

X ⊆ V.

For every

k ∈ {0, 1, . . . , r},

define the k-th vertex layer by

Vk := {x ∈ V : ℓ(x) = k}.
T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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Then

V =
⋃̇r

k=0
Vk,

where the dot denotes disjoint union.

Remark 3.2 (Possible level ambiguity). Because the objects under consideration are sets, it

is possible in principle that the same set-theoretic object belongs to more than one member

of the powerset tower. The level function

ℓ(x) = min
{
k : x ∈ P⟨k⟩(S)

}
resolves such an ambiguity by assigning x to its smallest admissible level.

If complete separation of the hierarchical levels is required, one may instead replace the levels

by tagged copies

{k} × P⟨k⟩(S),

which makes the levels pairwise disjoint by construction.

Example 3.3 (Grocery kits and weekly plans as a hierarchical SuperHyperGraph). Consider

a grocery-delivery platform that sells individual items, curated kits, and weekly meal plans.

Let the base set be

S = {m, c, p, s},

where

m = “milk”, c = “cereal”, p = “pasta”, s = “sauce”.

Take

r = 2.

Define two level-1 supervertices

b := {m, c} ∈ P⟨1⟩(S), d := {p, s} ∈ P⟨1⟩(S),

representing two grocery kits.

Define the level-2 supervertex

w := {b, d} ∈ P⟨2⟩(S),

representing a weekly plan consisting of the two kits.

Set

V = {m, c, p, s, b, d, w} ⊆ U2(S).

The vertex layers are

V0 = {m, c, p, s}, V1 = {b, d}, V2 = {w}.

Define

ebk := {m, c, b}, epa := {p, s, d},
T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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w = {b, d}

b = {m, c} d = {p, s}

m c p s

Level 2

Level 1

Level 0

ebk epa

ewp

epromo

Figure 4. A hierarchical SuperHyperGraph of height 2 representing grocery

items at level 0, grocery kits at level 1, and a weekly plan at level 2. Dashed

arrows indicate immediate-constituent relations, while rounded boxes represent

cross-level superhyperedges.

ewp := {b, d, w}, epromo := {m, c, p, s, b, d, w},

and let

E = {ebk, epa, ewp, epromo}.

Clearly,

E ⊆ P(V ) \ {∅}.

The downward-closure condition is satisfied because

b = {m, c} ⊆ V, d = {p, s} ⊆ V,

and

w = {b, d} ⊆ V.

Therefore

H⟨2⟩ = (V,E)

is a hierarchical SuperHyperGraph of height 2.

The superhyperedges are genuinely cross-level. For example,

ebk = {m, c, b}

contains vertices from levels 0 and 1, while

epromo = {m, c, p, s, b, d, w}

contains vertices from all three levels.

A schematic representation is shown in Figure 4.

T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
Direction, and Bidirection
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4. Review: Hierarchical Directed SuperHyperGraphs

A hierarchical directed SuperHyperGraph extends the preceding hierarchical framework by

assigning an ordered tail set and head set to each superhyperedge. Both the tail and the

head may contain supervertices from different hierarchical levels, thereby allowing directed

interactions to propagate across the hierarchy.

Definition 4.1 (Hierarchical directed SuperHyperGraph of height r). Let S be a finite

nonempty base set and let

r ∈ N0.

Use the same nonempty iterated powerset tower as in Definition 3.1:

P⟨0⟩(S) := S,

and

P⟨k+1⟩(S) := P
(
P⟨k⟩(S)

)
\ {∅} (0 ≤ k < r).

Define

Ur(S) :=
r⋃

k=0

P⟨k⟩(S),

and, for

x ∈ Ur(S),

define

ℓ(x) := min
{
k ∈ {0, 1, . . . , r} : x ∈ P⟨k⟩(S)

}
.

A hierarchical directed SuperHyperGraph of height r on S is a quadruple

H⟨r⟩
→ = (V,E, ∂−, ∂+)

satisfying the following conditions.

(HD1) (Hierarchical vertex set) The set V is a finite nonempty subset of the hierarchical uni-

verse:

∅ ̸= V ⊆ Ur(S).

(HD2) (Directed cross-level superedges) The set E is a finite set of directed-superedge identi-

fiers, and

∂−, ∂+ : E −→ P(V ) \ {∅}

are respectively the tail-incidence map and head-incidence map.

For every

e ∈ E,

the sets

∂−(e) ⊆ V and ∂+(e) ⊆ V
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are nonempty and are called respectively the tail and head of e.

No requirement is imposed that all members of either ∂−(e) or ∂+(e) have the same

level. Consequently, a directed superedge may represent a genuinely cross-level directed

interaction.

(HD3) (Downward-closure coherence) If

X ∈ V and ℓ(X) ≥ 1,

then every immediate constituent of X also belongs to V :

X ⊆ V.

Remark 4.2 (Tail–head overlap). Definition 4.1 permits

∂−(e) ∩ ∂+(e) ̸= ∅.

Thus it adopts a general incidence-map convention for directed hypergraphs.

If a particular application requires disjoint tails and heads, one may add the condition

∂−(e) ∩ ∂+(e) = ∅ (∀ e ∈ E).

Remark 4.3 (Underlying directed hypergraph). If the hierarchical level information is for-

gotten, then

H⟨r⟩
→ = (V,E, ∂−, ∂+)

is a directed hypergraph in the incidence-map sense adopted above: every e ∈ E has a

nonempty tail ∂−(e) ⊆ V and a nonempty head ∂+(e) ⊆ V . Thus the additional struc-

ture is precisely the placement of the vertices in the hierarchical universe together with the

downward-closure condition.

Example 4.4 (Multi-level incident response with directed escalation). Consider a cybersecu-

rity incident-response workflow in which low-level alerts are aggregated into cases and cases

are subsequently escalated to higher-level response queues.

Base set and height. Let

S = {a, p, e, c},

where

a = “unusual login”, p = “port scan”,

e = “malware email”, c = “critical host touched”.

Take

r = 2.

Then

U2(S) = P⟨0⟩(S) ∪ P⟨1⟩(S) ∪ P⟨2⟩(S)
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contains atomic alerts, nonempty sets of alerts, and nonempty sets of such sets.

Hierarchical vertex set. Define the level-1 incident cases

C1 := {a, p} ∈ P⟨1⟩(S),

and

C2 := {e, c} ∈ P⟨1⟩(S).

Define the level-2 response queue

Q := {C1, C2} ∈ P⟨2⟩(S).

Set

V = {a, p, e, c, C1, C2, Q} ⊆ U2(S).

Its layers are

V0 = {a, p, e, c}, V1 = {C1, C2}, V2 = {Q}.

The downward-closure condition holds because

C1 = {a, p} ⊆ V, C2 = {e, c} ⊆ V,

and

Q = {C1, C2} ⊆ V.

Directed cross-level superedges. Let

E = {e1, e2, e3}

be a set of directed-superedge identifiers and define

∂−, ∂+ : E −→ P(V ) \ {∅}

by

∂−(e1) = {a, p}, ∂+(e1) = {C1},

∂−(e2) = {e, c}, ∂+(e2) = {C2},

and

∂−(e3) = {C1, C2}, ∂+(e3) = {Q}.

Thus e1 and e2 represent aggregation from level 0 to level 1:

{a, p} −→ {C1}, {e, c} −→ {C2},

while e3 represents escalation from level 1 to level 2:

{C1, C2} −→ {Q}.

Consequently,

H⟨2⟩
→ = (V,E, ∂−, ∂+)

T. Fujita et al., Basic Theory of Hierarchical SuperHyperGraphs: Cross-Level Incidence,
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Q = {C1, C2}

C1 = {a, p} C2 = {e, c}

a p e c

Level 2 (queue)

Level 1 (case)

Level 0 (alert)

e1 e2

e3

∂−(e1) ∂−(e2)

∂−(e3)

∂+(e1) ∂+(e2)

∂+(e3)

Figure 5. A hierarchical directed SuperHyperGraph of height 2 modeling

incident-response aggregation and escalation. The directed superedges e1, e2, e3

are represented by the tail and head incidence maps ∂− and ∂+.

is a hierarchical directed SuperHyperGraph of height 2 on S.

A schematic representation is shown in Figure 5.

5. Results: Hierarchical Bidirected SuperHyperGraphs

In this section, we introduce a hierarchical bidirected n-SuperHyperGraph as a family of

bidirected n-SuperHyperGraphs organized by refinement and coarsening maps. Unlike the

powerset-level hierarchy considered in the preceding sections, the hierarchical index used here

does not represent the depth of the iterated powerset construction. Rather, all supervertices

belong to the fixed ambient space Pn(S), while the hierarchy is induced by parent maps

between successive refinement layers.

Definition 5.1 (Hierarchical bidirected n-SuperHyperGraph). Let S be a finite nonempty

base set and let n ≥ 1 be an integer. Define the iterated powersets recursively by

P0(S) := S, Pk+1(S) := P
(
Pk(S)

)
(k ≥ 0),

and write

P∗(X) := P(X) \ {∅}

for the family of all nonempty subsets of X.

A hierarchical bidirected n-SuperHyperGraph of height L ∈ N0 is a tuple

H(n)
hier =

(
(Vℓ, Eℓ, τℓ)

L
ℓ=0, (πℓ)

L
ℓ=1

)
satisfying the following axioms.

(H1) (Bidirected structure at each hierarchical layer) For every

ℓ ∈ {0, 1, . . . , L},

the set

Vℓ ⊆ Pn(S)
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is nonempty,

Eℓ ⊆ P∗(Vℓ),

and

τℓ : Vℓ × Eℓ −→ {−1, 0, 1}

satisfies

τℓ(v, e) = 0 ⇐⇒ v /∈ e

for all v ∈ Vℓ and e ∈ Eℓ, together with the balancing condition∑
v∈e

τℓ(v, e) = 0 (∀ e ∈ Eℓ).

(H2) (Vertex refinement and parent maps) For every

ℓ ∈ {1, . . . , L},

there exists a surjective map

πℓ : Vℓ ↠ Vℓ−1,

called the parent map, such that

v ⊆ πℓ(v) (∀ v ∈ Vℓ),

and

u =
⋃

v∈π−1
ℓ (u)

v (∀u ∈ Vℓ−1).

Thus every supervertex in the coarser layer Vℓ−1 is exactly the union of its children in

the finer layer Vℓ.

(H3) (Edge projection and incidence-sign compatibility) For every

ℓ ∈ {1, . . . , L}

and every e ∈ Eℓ, define

πℓ(e) := {πℓ(v) | v ∈ e} ⊆ Vℓ−1.

Then

πℓ(e) ∈ Eℓ−1.

Moreover, for every incident pair v ∈ e, the incidence sign is preserved under the parent

map:

τℓ(v, e) = τℓ−1

(
πℓ(v), πℓ(e)

)
(∀ v ∈ e).
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Remark 5.2 (Nature of the hierarchical index). The index ℓ in Definition 5.1 is a refinement-

layer index, not an iterated-powerset level. Indeed,

Vℓ ⊆ Pn(S) (ℓ = 0, . . . , L),

so all layers consist of n-supervertices. The hierarchy is generated by the maps

VL
πL−−→ VL−1

πL−1−−−→ · · · π2−→ V1
π1−→ V0.

Thus increasing ℓ corresponds to moving toward finer representations, whereas decreasing ℓ

corresponds to coarsening.

Remark 5.3 (Compatibility of the balancing conditions). Axiom (H1) requires balancing

independently at every hierarchical layer, while (H3) requires incidence signs to be inherited

from the projected edge.

For e ∈ Eℓ and u ∈ πℓ(e), define

me(u) :=
∣∣{v ∈ e : πℓ(v) = u}

∣∣.
Then (H3) implies ∑

v∈e
τℓ(v, e) =

∑
u∈πℓ(e)

me(u) τℓ−1

(
u, πℓ(e)

)
.

Consequently, the fine-layer balancing condition requires∑
u∈πℓ(e)

me(u) τℓ−1

(
u, πℓ(e)

)
= 0,

whereas the coarse-layer balancing condition gives∑
u∈πℓ(e)

τℓ−1

(
u, πℓ(e)

)
= 0.

Thus the two balancing conditions are compatible constraints rather than redundant require-

ments.

Example 5.4 (A two-level hierarchical bidirected 1-SuperHyperGraph). Let

S = {1, 2, 3, 4}

and let n = 1, so that

P1(S) = P(S).

Level 1 (fine layer). Let

V1 =
{
{1}, {2}, {3}, {4}

}
⊆ P(S),

and define

e1 =
{
{1}, {2}, {3}, {4}

}
∈ P∗(V1), E1 = {e1}.
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Define

τ1 : V1 × E1 −→ {−1, 0, 1}

by

τ1({1}, e1) = +1, τ1({2}, e1) = +1,

τ1({3}, e1) = −1, τ1({4}, e1) = −1.

Thus ∑
v∈e1

τ1(v, e1) = 1 + 1− 1− 1 = 0.

Hence

(V1, E1, τ1)

is a bidirected 1-SuperHyperGraph.

Level 0 (coarse layer). Let

V0 =
{
{1, 2}, {3, 4}

}
⊆ P(S),

and define

e0 =
{
{1, 2}, {3, 4}

}
∈ P∗(V0), E0 = {e0}.

Define

τ0 : V0 × E0 −→ {−1, 0, 1}

by

τ0({1, 2}, e0) = +1, τ0({3, 4}, e0) = −1.

Then ∑
u∈e0

τ0(u, e0) = 1− 1 = 0,

so

(V0, E0, τ0)

is also a bidirected 1-SuperHyperGraph.

Hierarchy and compatibility. Define the parent map

π1 : V1 ↠ V0

by

π1({1}) = π1({2}) = {1, 2},

and

π1({3}) = π1({4}) = {3, 4}.

The map π1 is surjective, and every fine supervertex is contained in its parent:

{1}, {2} ⊆ {1, 2}, {3}, {4} ⊆ {3, 4}.
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{1, 2} {3, 4}
+1 −1

{1} {2} {3} {4}
+1 +1 −1 −1

Level 0 (coarse)

Level 1 (fine)

e0 = {{1, 2}, {3, 4}}

e1 = {{1}, {2}, {3}, {4}}

π1 : V1 ↠ V0

Figure 6. A two-level hierarchical bidirected 1-SuperHyperGraph. Rounded

boxes depict the superedges e0 and e1. The labels +1 and −1 indicate the values

of the bidirection functions τ0 and τ1, respectively. Dashed arrows represent

the parent map π1.

Furthermore, ⋃
v∈π−1

1 ({1,2})

v = {1} ∪ {2} = {1, 2},

and ⋃
v∈π−1

1 ({3,4})

v = {3} ∪ {4} = {3, 4}.

Hence Axiom (H2) is satisfied.

The projected fine edge is

π1(e1) = {π1(v) | v ∈ e1}

=
{
{1, 2}, {3, 4}

}
= e0 ∈ E0.

Moreover,

τ1({1}, e1) = τ0({1, 2}, e0) = +1,

τ1({2}, e1) = τ0({1, 2}, e0) = +1,

and

τ1({3}, e1) = τ0({3, 4}, e0) = −1,

τ1({4}, e1) = τ0({3, 4}, e0) = −1.

Thus Axiom (H3) also holds.

Consequently,

H(1)
hier =

(
(V0, E0, τ0), (V1, E1, τ1), π1

)
is a hierarchical bidirected 1-SuperHyperGraph of height 1.

A schematic representation is shown in Figure 6.
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Theorem 5.5 (Bidirected n-SuperHyperGraphs as the height-zero case). Let S be a finite

nonempty base set and let n ≥ 1. Every bidirected n-SuperHyperGraph

H(n) = (V,E, τ)

has a canonical realization as a hierarchical bidirected n-SuperHyperGraph of height L = 0.

Conversely, every hierarchical bidirected n-SuperHyperGraph of height L = 0 is naturally iden-

tified with a bidirected n-SuperHyperGraph.

Proof. Let

H(n) = (V,E, τ)

be a bidirected n-SuperHyperGraph. Thus

∅ ̸= V ⊆ Pn(S), E ⊆ P∗(V ),

and

τ : V × E −→ {−1, 0, 1}

satisfies

τ(v, e) = 0 ⇐⇒ v /∈ e

for all v ∈ V and e ∈ E, together with∑
v∈e

τ(v, e) = 0 (∀ e ∈ E).

Define a hierarchical object of height L = 0 by setting

(V0, E0, τ0) := (V,E, τ).

Since L = 0, there are no parent maps

πℓ, ℓ ∈ {1, . . . , L},

to specify. Axiom (H1) holds exactly because (V,E, τ) is a bidirected n-SuperHyperGraph,

whereas Axioms (H2) and (H3) are vacuously satisfied. Hence

H(n)
hier =

(
(V0, E0, τ0)

)
is a hierarchical bidirected n-SuperHyperGraph of height 0.

Conversely, suppose that

H(n)
hier

has height L = 0. Then the hierarchical structure consists only of the triple

(V0, E0, τ0).

By Axiom (H1),

∅ ̸= V0 ⊆ Pn(S), E0 ⊆ P∗(V0),
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and

τ0 : V0 × E0 −→ {−1, 0, 1}

satisfies

τ0(v, e) = 0 ⇐⇒ v /∈ e

and ∑
v∈e

τ0(v, e) = 0 (∀ e ∈ E0).

These are precisely the defining conditions of a bidirected n-SuperHyperGraph. Therefore

(V0, E0, τ0)

is a bidirected n-SuperHyperGraph.

Hence the class of bidirected n-SuperHyperGraphs is exactly the height-zero subclass of hier-

archical bidirected n-SuperHyperGraphs.

6. Conclusion

In this paper, we introduced and studied three hierarchical extensions: Hierarchical SuperHy-

perGraphs, Hierarchical Directed SuperHyperGraphs, and Hierarchical Bidirected SuperHyper-

Graphs. These frameworks extend the conventional SuperHyperGraph setting by incorporating

explicit hierarchical relationships across multiple levels. In particular, Hierarchical SuperHy-

perGraphs allow cross-level superhyperedges while maintaining coherence through downward

closure, whereas Hierarchical Directed SuperHyperGraphs incorporate directional cross-level

interactions through tail and head incidence maps. For Hierarchical Bidirected SuperHy-

perGraphs, we formulated level-wise bidirected structures together with parent maps, edge

compatibility, and consistency of incidence signs across adjacent levels. We also showed that

the ordinary bidirected n-SuperHyperGraph is recovered as the height-0 special case of the

hierarchical bidirected framework.

These constructions provide a basic mathematical foundation for representing systems that

simultaneously exhibit higher-order interactions, hierarchical aggregation, and directional or

bidirectional relationships. Future work may investigate further structural properties, includ-

ing connectivity, paths, cycles, matrix representations, and related invariants. We also expect

that uncertainty-aware extensions based on fuzzy graphs [3], neutrosophic graphs [6, 52], and

plithogenic graphs [53,54] will provide useful directions for further generalization. Algorithmic

aspects, including the design and analysis of practical algorithms, as well as experimental and

empirical investigations of the proposed models in real-world hierarchical systems, also remain

important topics for future research.
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