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1. Preliminaries

This section gathers the basic notions and notation used throughout the paper. Unless explic-

itly stated otherwise, all sets are finite.

1.1. Power Set and n-th Power Set

For a set S, the power set P(S) is the family of all subsets of S, including @ and S itself. The
n-fold (or n-th) iterated power set is obtained by re-applying the power-set operator n times,

starting from S |1}-4].

Definition 1.1 (Base Set). A base set is any subset S C U from which further constructions

(e.g., power sets, hyperstructures) are generated.
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Definition 1.2 (Power Set). [5,/6] The power set of S is
P(S) = {X|XCS}

Definition 1.3 (Nonempty Iterated Power Set). [2,4] Define P*(X) := P(X) \ {@} for any
set X, and set

PI(S):=P(S)\{e},  Pia(S):=P(Pi(9) (k=1).

Example 1.4 (Parliamentary coalition building). Let S = { P4, Pp, Pc'} denote three political

parties in a legislature. The nonempty coalitions are

Pi(S) = {{Pa},{Ps},{Pc},{Pa, P}, {Pa, Pc},{Pp, Pc'},{Pa, P, Pc}}.

Elements of P;(S) are nonempty sets of such coalitions (“coalitions of coalitions”). For in-
stance,

Coov = {Pa, Pp}, Csup = {Pc'}, B = {Cgov, Csup} € P5(9).
Here, B models a governing bloc composed of a governing coalition and a confidence-and-supply
partner. Alternative blocs, e.g. B’ = {{PA,PC}, {PB}}, represent competing alliance struc-
tures. Thus Pj(S) captures all feasible coalitions, while P;(.S) captures umbrella arrangements

of those coalitions, useful for coalition formation and voting analysis in comparative politics.

Example 1.5 (Inter-organizational research consortia). Let S = {U, N, G, I} represent a
university U, an NGO N, a government agency G, and an industry partner I. Project teams

are nonempty subsets of S, i.e. elements of Py (S). Consider the teams
T, ={U,1}, T> = {N,G}, T3 ={U,N} € Pi(9).
A multi-project consortium (e.g., for a large societal grant) is naturally modeled as
Q={T,T} € P5(9),

a nonempty set of nonempty teams. Enlarging the consortium to Q' = {7}, T, T3} captures
broader stakeholder participation. Thus P;(S) encodes all possible collaborative teams, while
P5(S) encodes consortia-of-teams, supporting analysis of governance, resource sharing, and

coordination across organizations in the social sciences.

1.2. Hypergraphs and SuperHypergraphs

Graph theory has been widely applied across diverse scientific domains [7,/8]. Hypergraphs
extend ordinary graphs by allowing each hyperedge to be any nonempty subset of vertices,
thereby encoding higher—order relations among entities [9,/10]. As extended concepts, Fuzzy
HyperGraphs [11},/12] and Neutrosophic HyperGraphs [13,/14] are well known. A SuperHyper-

Graph goes further by using iterated power sets so that hyperedges can connect objects drawn
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from higher ranks, enabling hierarchical and self-referential connectivity [15,/16]. Recent work

underscores the growing importance and breadth of applications of SuperHyperGraphs [17-20].

Definition 1.6 (Hypergraph). [9,21] Given a finite vertex set V', a hypergraph is a pair
H=(V.E), EcCPV)\{a},

whose members e € E are hyperedges. Apart from being nonempty, no constraint is placed on

the size of a hyperedge.

Definition 1.7 (n-SuperHyperGraph). (cf. [16]) Let Vp be a finite, nonempty base set and
define
PUX) =X, PMYX):=PPFX)) (k=>0).

Fix n > 1. An n-SuperHyperGraph is a pair
SHG™) = (V, B),

where the n-supervertex set satisfies @ # V' C P™(V}), and the n-superedge set is a nonempty

family of nonempty subsets of V:
o #ECPV)\ {2}

Equivalently, each e € F' is a finite nonempty collection of n-supervertices. When n = 0, this

reduces to an ordinary hypergraph on Vj.

Example 1.8 (Hypergraph in social science: bill co-sponsorship). Let the vertex set be five
legislators
V ={L1, La, L3, L4, Ls}.

Create one hyperedge for each bill, containing exactly those legislators who co-sponsor it:

ep1 = {L1, L2, L3},

ep2 = { L2, Lu},

eps = {L1, L3, Ls}.
Then

H=(V,E), E = {ep1,ep2,er3} C P(V)\ {2},

is a hypergraph of co-sponsorship. Each hyperedge collects all co-sponsors of a bill, so edges

naturally have size > 2 when bills have many supporters. This representation captures higher-

order collaboration patterns that ordinary graphs (pairwise ties) cannot.

Example 1.9 (n=2 SuperHyperGraph in social science: multi-level civil-society coalition).

Let the base set be individuals

Vo = {i1, 42, i3, 4,75, 76}
T. Fujita and A. Mehmood, Actor Hypernetworks and Urban Road Hypernetworks with
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First-level groups (organizations) are subsets of Vj:
Oa = {i1,i2}, Op ={ia,i3,ia}, Oc = {is,ig} € P(Vp).
Second-level units (consortia) are sets of organizations, i.e. elements of P(P(Vp)) = P2(Vp):
X ={04,05}, Y ={0p,0c} €P*(Vp).
Define the 2-supervertex set and superedges by
V={XY} P (W), E={{X}, {X,Y}}CP(V)\{z}

The pair SHG® = (V, E) is a 2-SuperHyperGraph: vertices are consortia (sets of organiza-
tions), while superedges record joint umbrella campaigns among consortia (e.g. { X, Y} denotes
a cross-consortium policy alliance). Thus the construction models hierarchical collective ac-

tion: individuals — organizations — consortia, with relations captured at the consortia level.

2. Main Results

This section presents the main results of the paper.

2.1. Actor network

An actor network links heterogeneous actants—humans, artifacts, texts, rules—through di-

rected associations, emphasizing relational materiality and performative agency (cf. [22-24]).

Notation 1 (Actants, labels, roles, signs, and weights). Let A be a finite nonempty set of
actants (heterogeneous entities: people, tools, devices, documents, microbes, requlations, etc.).
Let L be a finite set of association labels (e.g., enrols, binds, mediates, inscribes). Let

R be a finite set of role labels together with an orientation partition
m: R — {in, out, neu},

which determines, for each role, whether it contributes to an input side, an output side, or
is neutral within a joint association. We also allow a sign map o with codomain {—1,0,+1}
(e.g., hindering/neutral/enabling) and a nonnegative weight w (e.g., strength, confidence, rate

scale). Throughout, all sets are finite and nonempty.

Definition 2.1 (Actor network). An actor network is a tuple
N = (Aa E—>7 T, P 0, ’U)),

where A is the set of actants; E_, C AX A is a set of directed associations (arcs); 7 : A — types
assigns actant types; p : F_, — L assigns association labels; ¢ : E, — {—1,0,+1} and
w : E_, — R assign sign and weight. Semantically, (v — v) € E_, denotes that actant u

affects v along relation p(u— v) with intensity w(u—wv) and sign o(u—v).
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Example 2.2 (Actor network in disaster relief coordination). Let the actant set be
A= {G (gov. agency), N (NGO), L (logistics platform), D (donors),
C (affected community), M (media outlet), R (rumor post), F' (fact-checking group), Reg (emergency decree) }.
Types are assigned by
7(G) = 7(N) = 7(F) = “organization”, 7(L)= “platform”, 7(D) = “stakeholder”,
7(C) = “community”, 7(M) = “media”, 7(R)= “text”, 7(Reg) = “rule”.

Directed associations are

E_, ={G—N, G-»L, N—~C, D—-N, M—C, R—C, F—R, Reg—G, G—M}.

For each arc a € E_,, define the label p(a), sign o(a) € {—1,0,+1}, and weight w(a) € R>q

as:
p(G—N) = “grants”, o(G=-N) = +1, w(G—=N)=0.3,
p(G—L) = “deploys”, o(G=L) = +1, w(G—L)=0.9,
p(N—=C) = “delivers_aid”, o(N=C) = 41, w(N—=C)=1.0,
p(D—N) = “donates”, o(D—-N) = 41, w(D—N)=0.7,
p(M—C) = “broadcasts_warning”, oc(M—=C) = +1, w(M—C)=0.6,
p(R—C) = “misinforms”, o(R—C) = -1, w(R—C)=0.6,
p(F—R) = “debunks”, o(F—-R) = -1, w(F—R)=0.9,

p(Reg—G) = “authorizes”, o(Reg—G) = +1, w(Reg—G) =0.8,
p(G—M) = “issues _guideline”, o(G=M) = +1, w(G—=M)=0.7

The tuple N' = (A, E_,7,p,0,w) is an actor network capturing how rules, organizations,

media, and information (including misinformation) interact during emergency response.

Example 2.3 (Actor network in university technology transfer). Let
A = {U (university TTO), Lab (research lab), P (patent), S (startup),
VC (venture capital), Rg (regulator), Std (industry standard), Cust (customers) }.

Actant types are

7(U) = “university”, 7(Lab) = “lab”, 7(P) = “artifact”,

7(S) = “firm”, 7(VC) = “investor”,

7(Rg) = “regulator”, 7(Std) = “rule”, 7(Cust) = “market”.

Directed associations:

E_, ={Lab—U, U—P, P—S, U—S, VC—S, Rg—S, Std—S, S—Cust, Cust—S }.

T. Fujita and A. Mehmood, Actor Hypernetworks and Urban Road Hypernetworks with
Real-life Applications




Neutrosophic Computing and Machine Learning, 2025

6 of [28

Labels, signs, and weights:

p(Lab—U) = “invention_disclosure”, o(Lab—U) = +1, w(Lab—U) = 0.8,
p(U—P) = *“files patent”, o(U—-P) = +1, w(U—P)=0.9,
p(P—S) = “exclusivity”, o(P—S) = +1, w(P—S)=0.7,
p(U—S) “licenses”, o(U—=S) = +1, w({lU—S)=0.8,

p(VC—=S) = “funds”, o(VC—=S) = +1, w(VC—=S)=0.9,
p(Rg—S) = “compliance_cost”, oc(Rg—S) = -1, w(Rg—S)=0.6,
p(Std—S) = “reference_standard”, o(Std—S) = +1, w(Std—S) =0.5,

p(S—Cust) = “sells”, o(S—Cust) = +1, w(S—Cust)= 1.0,

p(Cust—S) = “feedback”, o(Cust—S) = +1, w(Cust—S)=0.4.

Thus N = (A, E_,, 7, p,0,w) encodes the flow from discovery to market, including enabling

artifacts (patents), constraints (regulation), and resource exchanges (funding, licensing).

2.2. Actor hypernetwork

An actor hypernetwork extends actor networks with hyperedges, representing multi-actor as-

sociations where groups of heterogeneous actants jointly perform actions or relations.

Definition 2.4 (Actor hypernetwork). An actor hypernetwork is the typed, signed, weighted,

role-annotated hypergraph
H = (Aa E, T, p, {/\6}6€E7 g, w),

where:

e A is the finite nonempty set of actants (the vertex set);

E CP(A)\ {9} is a nonempty family of hyperedges (joint associations);

7 : A — types assigns a type to each actant;

p: E — L assigns an association label to each hyperedge e;

for each e € E, the role map A : € — R annotates the role played by each incident actant;

e 0:FE—{-1,0,+1} and w : E — R>( assign sign and weight to hyperedges.

Write the role-induced partitions of e as

In(e) :={u €e:m(Ae(u)) =in}, Out(e):={u € e:m(A(u)) =out}, Neu(e):=e\(In(e)UOut(e)).

Intuitively, each e captures a single joint association involving multiple actants with specified

roles.
Example 2.5 (Participatory budgeting as an actor hypernetwork). Let the actant set be
A = { Cit (citizens’ assembly), Cou (city council), Plat (online platform),

Data (evidence dataset), Ord (budget ordinance), Aud (auditor) }.

T. Fujita and A. Mehmood, Actor Hypernetworks and Urban Road Hypernetworks with
Real-life Applications



Neutrosophic Computing and Machine Learning, 2025 7 of

We use the orientation partition 7 : R — {in, out, neu}:
m(proposer) =in, w(adopter)=out, w(enactor)=in,

m(artifact) = out, w(validator)=in, m(audited)=out, =(medium)= m(evidence)= neu.
Define three hyperedges E = {€delib, €enact, €audit } With labels, signs, and weights:

edelib = {Cit, Cou, Plat, Data}, p(egenn) = co_deliberates, o(egelib) = +1, w(egein) = 0.8,
€enact = {Cou, Ord, Aud}, p(€enact) = enacts, 0(€enact) = +1, w(€enact) = 0.9,
€audit = {Aud, Cou, Data}, p(€andit) = audits, o(€andit) = +1, w(eauait) = 0.6.
Role maps A¢ : e — R:

Aegns, (Cit) = proposer, Cou) = adopter,

(
., (Plat) = medium, equn, (Data) = evidence,

A
€delib >\
Aeenacs (Cou) = enactor, Aeanacs (Ord) = artifact, Ae.,..(Aud) = medium,
Aegoais (Aud) = validator, A, ,,(Cou) =audited, A, ,, (Data) = evidence.

H = (“47 E7 T, P, {)‘6}7 g, w)
is an actor hypernetwork in which
In(edelib) = {Clt}

Out(egerip) = {Cou}

In(eenact) = {Cou}

Out(€enact) = {Ord}

In(eauait) = {Aud}
, and
Out(eaygit) = {Cou}

The role-aware 2-section projects triadic (and higher) joint actions to directed influence

among actants.

Example 2.6 (Platform content moderation and appeals as an actor hypernetwork). Let
A = {Plat (platform), User, Post,

Mod (human moderator), AI (classifier),

Pol (policy document), Act (moderation action), Omb (ombudsperson) }.

T. Fujita and A. Mehmood, Actor Hypernetworks and Urban Road Hypernetworks with
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Use 7 with
m(source) =in, m(target)=out, w(appellant) = in,
m(decision) = out,
m(medium) = w(policy) = m(tool) = neu.
Define two hyperedges E = {emod; €app }:

emod = {Post, Act, Mod, AI, Pol, Plat}, p(emoq) = moderates, o(emod) = —1, w(€moq) = 0.7,

eapp = {User, Act, Omb, Plat, Pol}, p(eapp) = appeals, o(eapp) = +1, w(eapp) = 0.5.
Roles:
Ae,oq (Post) = source, Aepoq(Act) = target, Ao ,(Mod) =medium, ., (AI) = tool,
Ae,.q (Pol) = policy, Ae,oq (Plat) = medium,

Aeapp (User) = appellant, A, (Act) =decision, A, (Omb)=medium, M., (Plat)=medium,
Aeapp (Pol) = policy.

Thus In(emoq) = {Post}, Out(emoq) = {Act} capture the multi-actor decision event, while

In(eapp) = {User}, Out(eapp) = {Act} encode joint appeals with institutional intermediaries.

Theorem 2.7 (Actor hypernetworks are hypergraphs). Let H = (A, E, T, p,{\¢}, 0, w) be an
actor hypernetwork. Then the underlying pair (A, E) is a hypergraph.

Proof. By Definition E CP(A)\ {9}, i.e., each e € E is a nonempty subset of the vertex
set A. Hence (A, E) satisfies the axioms of a hypergraph.

Definition 2.8 (Role-aware directed 2-section (projection to an actor network)). Given an

actor hypernetwork H and the orientation partition m, define the projected actor network
Gr(H) = (A, E, 7, pyy 05, W),
with vertex set A and arc set
E, = {(u,v) e Ax A: Je€ E, uecln(e), v e Out(e) },

and weights aggregated by

woy(u,v) = 3 W)y max{l, [In(e)] - [Out(e)]}-
uGIn(e)e,eféOut(e)

Labels/signs are inherited from contributing hyperedges (ties resolved by confidence), e.g.,

p—(u,v) := p(e) and o_,(u,v) := o(e) for each contributing e.

T. Fujita and A. Mehmood, Actor Hypernetworks and Urban Road Hypernetworks with
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Example 2.9 (Role-aware directed 2-section (projection to an actor network)). Let the actor

hypernetwork be
H=(AE,1,p,{\}ecE,0,w), A= {Scientist (S),Lab (L), Journal (J), Paper (P), Funder (F)}.

Use the orientation partition 7= with 7(source) = in, 7(target) = out, and m(mediator) =
neu. Consider four hyperedges (joint associations), each with sign o(e) = +1 and weight w(e),
together with role maps A, on their supports:
Ewrite : SUPP = {5, L, P}, A(S) = source, \(P) = target, A(L) = mediator, p = inscribes, w = 1.0;
€submit : Supp = {S,J, P}, A(S) = source, A\(J) = target, A\(P) =mediator, p = submits, w = 0.6;
€grant : SUpp = {F, L, S}, A(F') = source, A\(S) = target, A(L) = mediator, p = funds, w = 0.8;
€collab : supp = {S, L, P, J}, A(S) = source, A(L) = source,

A(P) = target, A\(J) = target, p = collaborates, w = 1.4.
By Definition the projected actor network
Gr(H) = (A7 E, 7 p, U—>aw—>)
has arc set E_, = {(u,v) : Je € E, u € In(e), v € Out(e)}, and weights

wos (u,v) = 3 “’Z(e), Z, = max{1, [In(e)| - |Out(e)]}.
uGIn(e)e,eféOut(e)

Per-hyperedge contributions.
o eyrite: In = {5}, Out ={P},s0 Z=1. (S—P): 1.0.
® equbmit: In={S}, Out ={J},s0o Z=1. (S—=J): 0.6.
® egrant: In = {F}, Out = {S},s0 Z=1. (F—=S): 0.8.
® coollab: In = {S,L}, Out = {P,J},s0 Z =2-2=4. (S—P): L =035
(8§—J):0.35, (L—P):0.35, (L—J):0.35.
Aggregated arcs and weights. Summing identical arcs yields
w-(S,P)=1.0+0.35 =135 w(S,J)=0.6+0.35=0.95,
w— (L, P) = 0.35, w— (L, J) = 0.35,
w_ (F,S) =0.8.
Assign o, (u,v) = +1 for all arcs (all contributing hyperedges are positive). For labels, choose
the dominant contributor (largest single contribution) per arc:

p—(S, P) = inscribes (1.0 > 0.35), p_(S,J) = submits (0.6 > 0.35),

p—(L,P) = p_(L,J) = collaborates, p_(F,S)= funds.

T. Fujita and A. Mehmood, Actor Hypernetworks and Urban Road Hypernetworks with
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Result. The role-aware directed 2-section produces a typed, signed, weighted actor network

on A with arcs

(S—P), (S=J), (L=P), (L=J), (F=S),

and weights (1.35, 0.95, 0.35, 0.35, 0.8) respectively, summarizing the multi-actor joint rela-

tions into pairwise influences while accounting for role multiplicities via Z.

Theorem 2.10 (Actor hypernetworks strictly generalize actor networks). Let H be an actor
hypernetwork. Then G.(H) in Deﬁm’tion is an actor network. Moreover, if every hyperedge
has arity 2 and carries exactly one in and one out role, then G.(H) reduces to the usual actor
network obtained by interpreting each {u,v} € E as a single directed arc (u—v) with the same

label, sign, and weight.

Proof. (Projection is a network.) By construction, G, (#) has vertex set A and a set of directed
arcs E, C A x A, with types 7, labels p_,, signs o_,, and nonnegative weights w_,. Hence
Gr(H) is a typed, signed, weighted digraph—i.e., an actor network.

(Reduction under pairwise-only hyperedges.) Assume every e € E has the form e = {u,v}
with 7(Ae(u)) = in and w(Ae(v)) = out. Then Z, = 1 and E_, = {(u,v) : {u,v} € E} with
W (u,v) = D e upy wle). If the actor hypernetwork is simple (at most one such e per
unordered pair), then w_, (u,v) = w({u,v}) and labels/signs match those of e, giving exact
equality with the usual actor network constructed from these arcs. Therefore actor networks
are a special case of actor hypernetworks, and actor hypernetworks strictly generalize them by

allowing hyperedges of arity > 3.

2.3. Actor Superhypernetwork

An actor superhypernetwork generalizes hypernetworks using supervertices and superedges
from iterated powersets, capturing hierarchical multi-level associations across nested, hetero-

geneous actor configurations.

Notation 2 (Base actants, iterated powersets, flattening, and roles). Let Ay be a finite
nonempty set of base actants (people, devices, documents, institutions, biological samples,
etc.). For a set X, define PY(X) := X and P*1(X) := P(P*(X)) (k> 0).

For any Y € P*(Ag) (k > 1), define the flattening map recursively by

flat(u) = {u} (u € Ap),  flat(y) = | J flat(2),
Zey

and extend to S C P*(Ap) by flat(S) := Uycgflat(Y). Thus flat(Y) C Ay always.

T. Fujita and A. Mehmood, Actor Hypernetworks and Urban Road Hypernetworks with
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Let L be a finite set of association labels (e.g., inscribes, enrols, mediates, authorizes).

Let R be a finite set of role labels equipped with an orientation partition
m: R — {in, out, neu}.

We also allow a sign set {—1,0,4+1} (hindering/neutral/enabling) and nonnegative weights
in R>o. A type map 7 : Ay — types assigns categories to base actants. All sets are finite

throughout.

Definition 2.11 (Actor superhypernetwork at level n). Fix n > 1. An actor superhypernetwork
is the tuple
SHM = (V, E, 7, p, {Ae}ecE, 0, w),
with the following components.
e V is a nonempty set of n-supervertices such that V-C P"™(Ap).
e F is a nonempty family of n-superedges, with E C P(V) \ {@}.

e p: I/ — L assigns an association label to each superedge.

For each e € E, define its base support supp(e) := flat(e) C Ay and a role map A :

supp(e) — R. Write the role-induced partition of base actants as
In(e) := {u € supp(e) : 7(Ae(w)) =in}, Out(e) := {u: 7(Ae(u)) = out},
Neu(e) := supp(e) \ (In(e) U Out(e)).
e 0:FE — {—1,0,+1} assigns a sign; w : E — R>( assigns a nonnegative weight.

Semantics: each e € E denotes a single joint association that may tie together collections
of collections of actants (through V' C P™(Ap)), while roles A\ specify how base actants

participate in that joint event.

Example 2.12 (Public health vaccination rollout as an actor superhypernetwork at level

n=2). Base actants. Let the base set be
Ap = {MoH, StateH, Reg, Hosp, Clinic, NGO, Logi, Ware, Data}.
Orientation partition. Use 7 : R — {in, out, neu} with
m(source) = in, w(target)=out, w(medium)= neu.
Rank-1 groups (subsets of Ap).
Ggov = {MoH, StateH, Reg}, Gprov = {Hosp, Clinic, NGO}, Ggup = {Logi, Ware}, Gj; = {Data}.
Level-2 supervertices V C P?(Ay).
Caelivery = 1Ggovs Gprovs Gsup}s  Creport = {Ggov, Gits Gprov},  Capproval = {Ggovs Git }

and set V = {Cdeliverya Creportn C(aupproval}

T. Fujita and A. Mehmood, Actor Hypernetworks and Urban Road Hypernetworks with
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Level-2 superedges £ C P(V)\ {2}.

€rollout = {Cdelivery’ Creport}a €regulate = {Capprovalu Cdelivery}v
with labels and signs/weights
p(erollout) =rollout_and report, U(erollout) = +17 w(erollout) = 097

p(€regulate) = authorize_and_constrain, o(€regulate) = +1, W(€regulate) = 0.7.

Role maps on base supports. The base support of e;ojiout 18
supp(eroliout) = {MoH, StateH, Reg, Hosp, Clinic, NGO, Logi, Ware, Data}.

Define A by

€rollout
A(MoH) = A(StateH) = A(Logi) = source,
A(Hosp) = A(Clinic) = A(NGO) = A(Data) = target,
A(Ware) = A\(Reg) = medium.
Thus In(eponont) = {MoH, StateH, Logi}, Out(eyonout) = {Hosp, Clinic, NGO, Data}, and
Neu(epolout) = {Ware, Reg}.

For eregulate;
supp(€regulate) = {MoH, StateH, Reg, Hosp, Clinic, NGO, Logi, Ware, Data},
with
A(Reg) = A(MoH) = source,
A(StateH) = A(Hosp) = A(Clinic) = A(NGO) = target,
A(Logi) = A(Ware) = A\(Data) = medium.
Then In(ereguiate) = {Reg, MoH}, Out(éregulate) = {StateH, Hosp, Clinic, NGO}, and the re-

maining actants are neutral. This instantiates an actor superhypernetwork at level 2.

Example 2.13 (Climate agreement implementation as an actor superhypernetwork at level

n=2). Base actants.
Ao = {AEnv, BEnv, Secret, NGO, Regis, Sat, Bank}.
Orientation partition. Use 7 with
m(submitter) = 7(funder) = in,
m(recipient) = m(report) = out,
m(facilitator) = m(monitor) = neu.

Rank-1 groups.
Gparties = {AEnv, BEnv, Secret},
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Gurv = {Regis, Sat},
Geso = {NGO}, Gg, = {Bank}.

Level-2 supervertices V C P?(Ay).
CYNDC = {GpartieSa Gmrv}a

Cﬁnance = {Gparti687 Gﬁna GCSO}a

and V = {CNDC7 Cﬁnance}-
Level-2 superedges FE.

ereport = { ONDC; Cfinance }»
p(€report) = report_and finance flow, 0 (€report) = +1, W(ereport) = 0.8,
ereview = {ONDC},  Pl€review) = technical review, o(ereview) = +1, W(ereview) = 0.6.
Role maps on base supports. For ercport, the base support is
supp(ereport) = {AEnv, BEnv, Secret, Regis, Sat, Bank, NGO}.
Set
A(AEnv) = A(BEnv) = submitter,
A(Regis) = A\(Sat) = report,
A(Bank) = recipient,
A(Secret) = A(NGO) = facilitator.
Hence In(ereport) = {AEnv,BEnv}, Out(ereport) = {Regis, Sat, Bank}, and Neu(ereport) =
{Secret, NGO}.
For ereview;
supp(ereview) = {AEnv, BEnv, Secret, Regis, Sat},
with
A(Regis) = A(Sat) = monitor,
A(Secret) = facilitator,
A(AEnv) = A\(BEnv) = recipient.

Thus In(éreview) = & (pure review), Out(ereview) = {AEnv,BEnv}, and Neu(ereview) =

{Secret, Regis, Sat}. These constructions realize two actor superhypernetworks at level 2.

Theorem 2.14 (Actor superhypernetworks have SuperHyperGraph structure). For any
actor superhypernetwork SH™ in Definition the underlying pair (V,E) is an n-
SuperHyperGraph.
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Proof. By Definition V C P*(Ap) and E C P(V)\ {@} with both V, E nonempty. This
is exactly the axiom of an n-SuperHyperGraph.

Definition 2.15 (Role-aware directed 2-section on the base layer). Given SH™, define its

base-layer actor network
gW(SH(n)) = (A()a E—>7 Ty P—y O, w—))a
with arcs and weights

E., = {(u,v) ceAyx Ay: Je€ E, ueln(e), ve Ou‘u(e)}7

W— (’LL, U) = Z wZ(:) >

eckE:
u€ln(e), veOut(e)
Z. :=max{1, |In(e)| - |Out(e)[},

and labels/signs inherited from contributing superedges (ties resolved arbitrarily or by confi-

dence). This yields a typed, signed, weighted digraph on base actants.

Example 2.16 (Role-aware directed 2-section on the base layer). Consider an actor superhy-

pernetwork SH(™ (any n > 1) with base actants
Ap = {Lab, Company, Grant, Repo, Ethics}.
Use an orientation partition = with
m(source) = in, 7(target) = out, m(facilitator) = neu.

Suppose SH(™ has four superedges E = {€fund; Eproj; Etransfers €report }, €ach equipped with a
weight w(e), a sign o(e) = +1, and a role map A, : supp(e) — {source, target, facilitator}
on its base support supp(e) C Ayp:

efund : supp = {Grant, Lab, Company },

A(Grant) = source, A(Lab) = A(Company) = target, w =0.9;

eproj : supp = {Lab, Company, Repo, Ethics},
A(Lab) = A(Company) = source, A(Repo) = target, A(Ethics) = facilitator,
€transfer * SUPD = {CompaDY> Rep0}7

A(Company) = source, A(Repo) = target, w = 0.5;

€report - SUPD = {Lab, Grant, Repo},

A(Lab) = source, A(Repo) = target, A(Grant) = facilitator, w = 0.6.
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Applying the base-layer role-aware directed 2-section (Definition) yields the actor network
gTr(SH(n)) = (A07 E—h Ty P—, O, w—))a

with arc set
E., ={(u,v) € A2: e € E with u € In(e), v € Out(e)},

and weights

wo (u,v) = 3 wz(e), Z. = max{1, [In(e)| - [Out(e)]}.
uEIn(eg,evEE:Out(e)

Arc computation.
e ¢rng: In = {Grant}, Out = {Lab, Company}, so Z = 1-2 = 2. Contributions:
(Grant— Lab) = %2 = 0.45, (Grant — Company) = %2 = 0.45.
® eproi In = {Lab, Company}, Out = {Repo}, so Z = 2-1 = 2. Contributions:
(Lab— Repo) = % = 0.4, (Company — Repo) = % =0.4.
® Cuanster: In = {Company}, Out = {Repo}, so Z = 1. Contribution: (Company —
Repo) = 0.5.
® ereport: In = {Lab}, Out = {Repo}, so Z = 1. Contribution: (Lab— Repo) = 0.6.
Aggregated base-layer digraph. Summing contributions for identical arcs gives
w_,(Grant, Lab) = 0.45,
w_, (Grant, Company) = 0.45,
w_, (Lab, Repo) = 0.4 4 0.6 = 1.0,
w—, (Company, Repo) = 0.4 + 0.5 = 0.9.

Thus the role-aware directed 2-section on the base layer is a typed, signed (41 here), weighted
digraph capturing how sources (e.g., Grant, Lab, Company) direct influence toward targets (e.g.,

Lab, Company, Repo) after accounting for multi-actor joint associations and role multiplicities.

Theorem 2.17 (Reduction to actor hypernetworks (n = 1)). Let n = 1 and choose V =
{{a} :a € Ay} CP(Ap). For any family of nonempty subsets E CP(Ay) \ {2}, set

E:={eCV | ﬂat(e)EE}.
Associate to each e € E the same label/sign/weight as its support flat(e), and define Ao on

supp(e) = flat(e). Then SHW is an actor hypernetwork whose vertices are base actants and

whose hyperedges are exactly E with the given annotations.

Proof. For n = 1, every supervertex has the form {a} with flat({a}) = {a}. If e C V is
nonempty, flat(e) = {a : {a} € e} is the base set incident to e. By construction, the family
{flat(e) : e € E'} equals E’, S0 (AO,E’) is the underlying hypergraph. The transferred maps
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(py Ae,0,w) are defined on flat(e), hence we obtain an actor hypernetwork in the sense of

role-annotated hyperedges on Ay.

Theorem 2.18 (Reduction to actor networks (pairwise case)). Under the setting of Theo-
rem further restrict to supports |supp(e)| = 2 with exactly one in and one out role. Then
the base-layer 2-section QW(S’H(D) is precisely the typed, signed, weighted actor network whose
arc set contains (u—v) whenever {u,v} = supp(e) with u € In(e) and v € Out(e), and whose

arc weight equals w(e).

Proof. For any such e, we have |In(e)| = |Out(e)| = 1, hence Z, = 1. The 2-section contributes
the unique arc (u,v) with weight w(e), label p(e), and sign o(e). Summing over hyperedges

yields the stated actor network.

2.4. Urban Road Network

We formalize an urban road network as a finite, directed, weighted multigraph equipped with
standard traffic-engineering attributes (cf. |25,26]). An urban road network is a directed,
weighted graph of intersections and road segments, modeling connectivity, capacities, and

travel dynamics.

Definition 2.19 (Urban road network (primal, directed, lane/segment level)). (cf. [27-29])
Let I be a finite nonempty set of intersections (junctions) and let A be a finite set of directed
road segments (links). Each a € A is an oriented piece of roadway that carries traffic in one
direction between two intersections; two-way streets are represented by a pair of antiparallel

segments. The incidence maps are
tail, head : A — 1, a:u—v <= tail(a) = u, head(a) = v.
Each segment a is endowed with attributes:
¢y > 0 (length), C, > 0 (capacity), v > 0 (free-flow speed).
Define the free-flow travel time ¢ := ¢, /0. The tuple
R = (I, A,¢,Cv"
is an urban road network (URN).

Example 2.20 (Toy URN with three intersections and five directed segments (for Def. [2.19)).
Let the intersection set be I = {Jp, J2, J3} and the directed segment set

A= {a1:J1—>J2, CLQZJQ—>J1, a3:J2—>J3, a4:J3—>J2, a5:J1—>J3}.
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Here (a1, a2) model a two-way street via antiparallel links. Assign attributes (length ¢, in km,

capacity C, in veh/h, free-flow speed v in km/h):

link a al as as a4 as
(tail(a),head(a)) | (J1,J2) (Jo,J1) (J2,J3) (J3,J2) (J1,J3)
{q [km] 1.2 1.2 0.8 0.8 2.0
C, [veh/h] 1800 1800 1500 1500 2000
vff [km/h] 60 60 50 50 70

Then the free-flow times ¢ := ¢, /v (hours) are

tf =1.2/60 =0.020 h = 1.200 min, ¢ = 0.020 h = 1.200 min,
tf =0.8/50 =0.016 h = 0.960 min, ¢ =0.016 h = 0.960 min,
tf =2.0/70 = & ~0.028571 h ~ 1.714286 min.

Thus R = (I, A,¢,C,v%) is a concrete URN with explicit incidence, geometry, and capacities.

Definition 2.21 (Flows, VOC, and link performance). Let x, > 0 denote the (hourly) flow
on link a. Its volume—over—capacity is VOC, := x,/C,. A standard link travel-time function
is the BPR form

ta(aa) = t§(1+avocg) (@>0, B>1).

Example 2.22 (Computing VOC and BPR travel time (for Def. [2.21))). On the URN above,
suppose hourly link flows (veh/h)

T, = 1200, 4, = 600, q, = 1400, x4, =800, zas = 900,
and use the BPR form t,(z,) = T (1+ aVOCg) with («, 8) = (0.15,4) and VOC, := z,/C,.

Step-by-step derivations (two links).

1200 2 2\* 16
Link a; : VOC,, = — ==, VOC! = (2] == ~0.197530864
o @~ 1800 3’ a <3> 81 ’
16 2.4
14+aVOCE =1+0.15- o] = 1T gy = 10296296296,

ta, (Tq,) = tgl -1.0296296296 = 0.020 x 1.0296296296 = 0.0205925926 h = 1.235555556 min.

) 1400 14 4 14\* 38416
Link as . VOCa3 = ﬁ = B, VOCa3 = <15) = m ~ 0758834568,

38416 5762.4
1 414015 =1
+aVOC,, = 14015 e = 1+ ¥o625

tag (Ta5) = 1T, - 1113825185 = 0.016 x 1.113825185 = 0.017821203 h = 1.069272178 min.

= 1.113825185,
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All links (summary). With the same procedure,

link a ‘ al as as aq as
VOC, = z,/C, | 0.666667 0.333333 0.933333 0.533333 0.450000
1+0.15VOC? | 1.029630 1.001852 1.113825 1.012136 1.006151
ta(zq) [min] 1.235556 1.202222 1.069272 0.971651 1.724830

Each tq(z4) equals tf multiplied by 1 + 0.15VOC? as required by the BPR performance

function.

Remark 2.23 (Monotonicity, convexity, and concrete values). For BPR, t(z,) =
tfapc! (ar:a/C’a)ﬁf1 >0 and t"(z,) =tTap(B—1)C;2 (ava/Ca)’Bf2 > 0, hence t, is strictly
increasing and convex. With the commonly used (o, 8) = (0.15,4),

VOC, = 0.8 = t,=t1(1+0.15-0.8") = ¢T(1 4+ 0.06144) = 1.06144 ¢,

VOC, =1.2 = t, =tT(1+0.15-1.2%) = ¢T(1 +0.31104) = 1.31104 ¢
Definition 2.24 (OD pairs, paths, feasible flows). Let W C I x I be the set of ori-
gin—destination (OD) pairs with demands ¢, > 0 (w € W). A (simple) path p is a directed

sequence of links from o to d. Let Py, be the set of o—d paths for w = (o, d) and let P := |, Puw-
Path flows f, > 0 satisfy, for each w,

Z o = Qu, Tog = Zdapfp (a € A),

PEPw peEP
where 64, = 1 if link @ lies on path p and 0 otherwise. The vector = (4)qca is a feasible
link—flow.

Example 2.25 (Enumerating OD pairs, paths, and a feasible flow (for Def. [2.24])). Consider
the toy URN with intersections I = {.J1, J2, J3} and directed links

ay : J1— Jo, as : Jo— Js, as : J1—Js3.
Let the OD set be W = {w} with w = (Ji, J3) and demand ¢, = 1000 veh/h. There are two
simple J;—J3 paths:
Py =(a5),  Py=(a1,a3).
Choose nonnegative path flows
fp, =700, fr, = 300,
which satisfy the OD constraint Zpe{Pl,Pz} fp = 700 4+ 300 = 1000 = g. The implied link
flows, using z, = Zp dapfp, are
Tas = Oas,PL [P + Oas, Py fP, = 1- 700+ 0-300 = 700,

ZTq, = 0-7004 1 -300 = 300, ZTqz = 0-7004 1 -300 = 300.
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Thus © = (24, , Tas, Tas) = (300,300, 700) is a feasible link—flow vector induced by (fp,, fp,) =
(700, 300).

Definition 2.26 (Path costs and Wardrop user equilibrium). Define the link costs ¢,(z,) and
the cost of path p as ¢, (x) := ), dap ta(za). A feasible flow (f, x) is a Wardrop user equilibrium
(UE) if for each w and all p € Py,
>0 = = mi (1), =0 = > mi ().
Ip cp() pI/Ié%L ey () fp cp(z) > p?elg}ﬂ cp ()
If each t,(+) is continuous, strictly increasing, the UE exists and (with BPR) is characterized

by the Beckmann program

Ta
mifn O(x) := g / ta(s)ds s.t. the feasibility constraints in Def.
x, 0

acA

For BPR,

aC, [ x4 A+l

Example 2.27 (Checking a Wardrop user equilibrium with BPR costs (for Def. [2.26])). On
the same network, let q(;, 7,) = 1000 veh/h and adopt BPR link costs

ta(wa) =10 (14 a(2a/C0)"), (@, 8) = (0.15,4),
with free—flow times (minutes) and capacities (veh/h)
tf =120, Cp, = 1800; 1 =0.96, Coy = 1500; 1 =1.7142857, C,, = 2000.

Consider the candidate flow where all users take the direct path P; = (as):

fp =1000,  fp,=0 = . =1000, 24, = 24, = 0.
Path costs. Compute VOC,, = z4,/Cqs; = 1000/2000 = 0.5 and

1+aVOCE, =1+0.15-(0.5)* = 1+ 0.15 - 0.0625 = 1+ 0.009375 = 1.009375.
Hence
cp, = tas (1000) = £ . 1.009375 = 1.7142857 x 1.009375 = 1.7303571 min.

For the unused path P» = (a1, a3) we have z,, = 24, = 0, so

cp, = ta; (0) + 1y (0) =t 4+ ¢ =1.20 +0.96 = 2.16 min.

Wardrop conditions. The used path P; has cost cp, = 1.7303571 which equals the minimum
path cost, and the unused path satisfies cp, = 2.16 > cp,. Therefore

fp, >0 = cp, = min{cp,,cp,}, fp, =0 = c¢p, > min{cp,,cp,},

so (f,x) is a Wardrop user equilibrium for this OD and cost specification.
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2.5. Urban Road HyperNetwork

Signal phases, merging/diverging maneuvers, and coordinated movements naturally involve
sets of incoming links jointly producing sets of outgoing links. 'This is captured by a
role—annotated hypergraph on the same base A (links) or on the set of movements M C

Iin X Iout-

Definition 2.28 (Urban road hypernetwork (movement hyperedges)). Fix the URN R =
(I, A,...). An urban road hypernetwork is
Hroad = (‘/a E, {)\e}eEEa ps O, 'LU),

where V is either A (links) or a set M of atomic movements; £ C P(V) \ {@} is a nonempty
family of hyperedges (joint operations, e.g. a signal phase); each e € E carries a role map

Ae : € = {in, out, neu} that partitions
In(e) := A;(in), Out(e) := A (out), Neu(e) := ;' (neu),

and annotations: label p(e) (e.g. phase_1, merge, diverge), sign o(e) € {—1,0,+1} (hinder-

ing/neutral/enabling), weight w(e) > 0 (e.g. green—time share or saturation).

Definition 2.29 (Role-aware directed 2-section (movement projection)). Given Hyoaq, define

a directed, weighted graph on V with arc set
E. = {(u,v) €V?: Je€ E, ueln(e), v € Out(e)},

and weights

_ w(e)
wo () = ; max{1, |In(e)||Out(e)[}’
uEIn(e),véOut(e)

This recovers a digraph of effective pairwise influences induced by joint operations.

Example 2.30 (Emergency vehicle preemption at a 4-leg signal (urban road hyper-
network)). Let V' = A (links) with approaches {apin,@gn, Gsin, awin} and departures
{aNout, @ Eouts GSouts AWout - When a northbound ambulance triggers preemption, the controller
opens straight and right from the north approach while holding conflicts. Model this as the
single hyperedge epre with

In(epre) = {anin}, Out(epre) = {aSouts @Eout }, p(epre) = preemption, o(epre) = +1, w(epre) = 0.90.

Role—aware 2—section weight per ordered pair uses

= max{1, [In| - |Out|} = max{1,1-2} =2, w (u,v) = wéepre).

€pre

Z,

€pre

Hence each permitted movement gets

0.90
w—)(aNina CLSout) = w—)(aNina anut) = T = 0.45.
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All other pairs receive no contribution from epre.

Example 2.31 (Two on-ramps metered into a freeway mainline (urban road hypernetwork)).
Let V. = A with links {amup, @r1, aR2; @Mdown } denoting upstream mainline, two on-ramps,
and the downstream mainline. Coordinated ramp metering allocates a fixed share of discharge

toward the downstream bottleneck. Represent this with one hyperedge emeter:
In(emeter) = {aMupa aRri, aR2}a

Out(emeter) = {@Mdown
,O(emeter) = coordinated metering, J(emeter) =+1, w(emeter) = 0.75.

Then
Z,

€meter

=max{1,3-1} =3,
0.75
wo (u,v) = —3 =025 for (u,v) € {(amup, @Mdown) (AR1, @Mdown); (AR2, EMdown) }-
Thus each contributing input (mainline and both ramps) receives a projected influence weight

0.25 toward the downstream mainline under this joint operation.

Example 2.32 (Single-lane 4-leg roundabout (urban road hypernetwork)). Let V = A with

entries
{aNina A Fin s ASin, aWin}
and exits
{aNout; A Fout s ASout aWout}

. Gap-acceptance and circulating priority can be summarized as a joint operation that enables

entries to feed exits over a cycle. Model one cycle by the hyperedge e,:
In(ewn) = {anin, Ein, aSin, AWin },
Out(ew) = {anout, QEouts @Sout, AWout }
p(em,) = circulating priority,
o(en) = +1, w(eyxn) = 0.90.
The role-aware projection gives

Z,, = max{1,4-4} = 16,

wo (u,v) = % = 0.05625 for each u € In(eyp), v € Out(ey).

For instance,

W (aNin, CEout) = W= (ANin, GSout) = W—s (ANin, awout) = 0.05625,

and analogously for all other entry—exit pairs in the cycle (pairs not permitted in a particular

jurisdiction can be removed by excluding those v from Out(e)).
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Theorem 2.33 (Hypernetwork generalizes pairwise control). If every e € E has |In(e)| =
|Out(e)| = 1, then the 2-section recovers an ordinary directed graph on V'; thus hypernetworks

strictly generalize pairwise linking of movements.

Proof. Immediate from the definition of E_, and the denominator max{1, |In(e)| |Out(e)|}.

2.6. Urban Road SuperHyperNetwork

Corridors, subnetworks, and control groups naturally form collections of links/movements.

Superhypernetworks model joint operations across such collections using iterated powersets.

Definition 2.34 (Urban road superhypernetwork at level n). Let the base set be Vj := A

(links) or Vj := M (movements). For n > 1, an n—level urban road superhypernetwork is

SH(n) = (V7 Eu {)\G}EGE7 P, O, U)),

road
with V' C P"™(Vj) nonempty (supervertices are groups, corridors, or clusters at rank n) and
E CP(V)\ {2} nonempty (superedges are joint corridor-level operations). For each e € E,
let supp(e) € Vi be the union of base elements inside all supervertices of e; the role map
Ae : supp(e) — {in, out, neu} partitions base links into sources, sinks, and neutral participants.

Signs and weights annotate control/enabling strength at the group level.

Definition 2.35 (Base-layer 2—section). Project SH™ | to the base layer Vy by adding an

road

arc (u,v) for every e € E with u € In(e), v € Out(e), and aggregating weights as in the

hypernetwork projection.

Example 2.36 (Special-event detours (level n=2 urban road superhypernetwork)). Let the
base set be links V) = A = {ay,...,as} in a CBD. Form rank-1 groups (corridor/link clusters):
Gcore = {ala az, a3}’ Gdetour = {a47 as, a6}7 Gtransit = {a77 a8}-

Form rank-2 supervertices

C’event = {Gcorea Gtransit}a C’detour = {Gdetour}a

and set V = {Ceventacdetour} - PQ(VO) Define a Superedge €event = {Ceventvcdetour} D
with
p(€event) = marathon_control, o(€event) = +1, w(€event) = 0.75.

Role map A on the base support Supp(eevent) = C7ycore U Gdetour U Gtransit is

€event

In(eevent) = Gcore == {ah as, a3}7

OUt(eevent) = G'dctour == {CL4, as, a6}7

Neu(eevent) = Gtransit = {a77 a8}-
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Base-layer 2-section (pairwise projection). Using

1
Z. = max{1, |In(e)| |Out(e)|}, w (u,v) = Z w(e) {UEIHZ(e)WGOUt(e)}’

e

we have Z. .. =3-3 =9 and each in—out pair receives
w(eevent)  0.75 1
= = — =0.083333....
Zeevent 9 12
Thus the 9 arcs a; — a; (a; € {a1,a2,a3}, a; € {a4,as,a6}) each get weight 1/12; e.g.,
1
w-, (a1, aq) = w-(az, a5) = w(as, a6) = 17

Operationally, the superedge encodes a special-event plan that throttles core links (in) and

diverts flow to designated detour links (out), while ¢ransit links remain neutral.

Example 2.37 (District-scale green waves with ramp metering (level n=3 urban road super-
hypernetwork)). Let the base set be movements Vy = M = {b1,...,b12} along two opposed

arterials with ramps and cross-streets. Rank-1 groups (segment-level movement sets):
ST = {bl,bg,bg,b4}, Si = {b5,b6,b7},

Sy = {bsg,bg}, Sramp = {b10,b11,b12}.

Rank-2 supervertices (corridor level):
Cory = {5, 9x}, Corg = {S|, Sramp }-
Rank-3 supervertices (district level):
Da={Cory},  Dp={Corg},
and V = {Dy4,Dg} C P3(Vp).
Two superedges model coordinated operations:
ewave = {Da, DB}, p(ewave) = green_wave, 0(ewave) = +1,  w(ewave) = 0.60,

€meter — {DB}7 p(emeter) = ramp_metering, J(emeter) = +1, w(emeter) = 0.40.

Role maps on base supports:
In(ewave) = St = {b1,b2,b3,b4},  Out(ewave) = S| = {bs, bg, b7},
Neu(ewave) = Sx U Sramp = {bs, bg, b10, b11, b12}.
In(emeter) = Sramp = {b10,b11,b12}, Out(emeter) = S| = {bs, bs, b7},
Neu(emeter) = St U Sx.

Base-layer 2-section weights (same aggregation as in Example 1). For eyaye: |[In| = 4, |Out| = 3,
hence Z

Ewave

= 12 and each upstream—downstream pair gets

w(ewave)  0.60 1
= = — =0.05.
Zo 12 20
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There are 4 x 3 = 12 such arcs; e.g.,
’w%(bl, b5) == U)H(bz, bﬁ) = w*)(bzl, b7) = 0.05.

For emeter: [In| = 3, |Out| = 3, so Z, =9 and each ramp-to—downstream pair gets

meter

w(emeter)  0.40 2
= = — =~ 0.044444 . ..
9 45 ’

€meter

across 3 X 3 =9 arcs; e.g.,

2
w—; (b0, bs) = w— (b1, bg) = w— (b12,b7) = =

Interpretation. The rank-3 green-wave superedge coordinates offsets so upstream platoons
(in) feed downstream segments (out). The ramp-metering superedge throttles ramps (in)
toward the same downstream set (out). Their induced pairwise weights sum on common
ordered pairs—e.g., if a ramp movement also contributes via the platoon, the final arc weight

is 0.05 + .

Theorem 2.38 (Reductions). For n = 1 with V. = {{a} : a € W}, S%Eizld reduces to an
urban road hypernetwork on Vy. If, further, every superedge has exactly one in and one out

base link, the base—layer 2—section is precisely a directed graph on Vj.

Proof. Identical to the reductions proved earlier for generic (super)hypernetworks, applied
with Vp = A or Vo = M.

3. Conclusion

In this paper, we extended actor networks by employing HyperGraphs and SuperHyperGraphs.
Looking ahead, we hope that future research will further develop extended frameworks based
on Fuzzy Graphs |30], Intuitionistic Fuzzy Graphs |31},32], Hesitant Fuzzy Graphs |33], Picture
Fuzzy Graphs [34], Neutrosophic Graphs [35,36], and Plithogenic Graphs [37]. In addition,
for the concepts defined in this paper, we expect future progress in developing programming
tools, conducting quantitative computational analyses, performing experimental validations,

and investigating their mathematical properties.
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