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Abstract. Graph Attention Networks (GAT) employ self-attention to aggregate neighboring node features in
graphs, effectively capturing structural dependencies. HyperGraph Attention Networks (HGAT) extend this
mechanism to hypergraphs by alternating attention-based vertex-to-hyperedge and hyperedge-to-vertex up-
dates, modeling higher-order relationships. In this work, we introduce the n-SuperHyperGraph Attention Net-
work, which leverages SuperHyperGraphs—a hierarchical generalization of hypergraphs—to perform multi-tier
attention among supervertices and superedges. Our investigation is purely theoretical; empirical validation via
computational experiments is left for future study.
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1. Preliminaries

We collect here the basic notions and notation used throughout the paper. Unless stated

otherwise, all underlying sets are finite.

1.1. SuperHyperGraphs

Graph theory studies mathematical properties of graphs—structures of vertices connected
by edges—to model complex pairwise relationships in diverse contexts [1,2]. A hypergraph
generalizes a graph by allowing edges to connect any number of vertices, thereby model-
ing higher-order group interactions [3,/4]. An n-SuperHyperGraph further generalizes hyper-
graphs hierarchically, using the n-th iterated powerset to define supervertices and superedges
that capture multi-level connections [5,6]. An n-SuperHyperGraph is known to generalize

multigraphs [7], multi-hypergraphs [8,9], subset-vertex graphs [10], hypergraphs, power set
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graphs |11], and more, offering an intuitive framework for representing real-world hierarchical
network structures. Therefore, n-SuperHyperGraphs have been extensively studied and ap-
plied across diverse fields and from multiple perspectives [12,/13]. Below we present definitions

of these and related concepts. Let H be a nonempty set and n € N.

Definition 1.1 (Powerset). (cf. [14]) Let S be any set. The powerset of S, denoted P(S5), is

the collection of all subsets of S:
PS)={A|AC S}
In particular, ) € P(S) and S € P(S5).
Definition 1.2 (Nonempty Powerset). Let S be any set. The nonempty powerset of S, denoted
P*(S), is
PY(S)={A|ACS, A#0}.

Definition 1.3 (Hypergraph). [15L/16] A hypergraph H = (V(H), E(H)) consists of

e A finite vertex set V(H).
e A finite collection E(H) of nonempty subsets of V(H), called hyperedges.

Hypergraphs are well suited to model higher-order interactions among elements of V(H).

Example 1.4 (Student Enrollment Hypergraph). Let V(H) = {Alice, Bob, Carol, Dave} be

the set of students. We define three courses as hyperedges:
eMath = {Alice, Bob, Carol}, eppysics = {Bob, Dave}, emistory = {Alice, Carol}.
Then
E(H) = { eMath; €Physics, CHistory }»
and
H = (V(H), E(H))

is a hypergraph modeling student—course enrollment, where each hyperedge groups all students

enrolled in the corresponding course.

Definition 1.5 (n-th Iterated Powerset). (cf. [17,18]) For a set H and integer n > 1, the n-th
iterated powerset of H, denoted P"(H), is defined recursively by

PYH)=P(H), P""'(H)=7P(P"(H)).
Its nonempty analogue is given by

Pi(H) =P*(H), Pnpi(H) =P (P,(H)).
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Example 1.6 (Iterated Powersets of {1,2}). Let
H={1,2}.
Then the first iterated powerset is
PYH)=P(H) = {0, {1}, {2}, {1,2}}.
The second iterated powerset is
P*(H) = P(P'(H)),
which consists of all 2% = 16 subsets of P*(H). For instance,
0, {0}, {{nn{2}}, {0.{1}.{2},{1,2}}

are elements of P?(H). The third iterated powerset P3(H) = P(P?(H)) then contains 2!6 =
65,536 elements, each a subset of P?(H).

Definition 1.7 (n-SuperHyperGraph). [19,20] Let V) be a finite base set. Define iteratively
P(Vo) = Vo.  P"(Vo) = P(P* (V).
An n-SuperHyperGraph is a pair
SuHG™ = (V,E), V,E C P"(Vp),
where each element of V is called an n-supervertex and each element of E an n-superedge.

Example 1.8 (Corporate Team and Department Structure). Let the base set V) be the roster

of employees in a company:

Vo = {Ayano, Ichiro, Shinya, Dave, Eve}.
First, form the set of informal project teams (elements of P1(Vp)):

Ty = {Ayano, Ichiro}, 75 = {Shinya, Dave}, T3 = {Ichiro, Shinya, Eve}.
Next, form the set of formal departments as collections of teams (elements of P?(Vj)):
Dy ={T1, To}, Dy ={T», T3}.
Finally, define cross-department working groups, also as collections of teams:
Wy =A{T, Ts}, Wy ={T1, Ts, T3}.

Then
V ={Dy, Do}, E={W;, W2} C P*(Vp).
Thus SUHG®) = (V, E) is a 2-SuperHyperGraph whose supervertices D; are departments (sets

of teams), and whose superedges W; are working groups (sets of teams) spanning multiple

departments.
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1.2. Graph Attention Network

Graph Attention Networks (GATSs) enable each node to aggregate feature information from its
neighbors by computing attention weights across multiple heads, thereby capturing structural
dependencies within the graph [21]. Related concepts include Graph Neural Networks (22,23,
Recurrent Neural Networks [24}25], and Dynamic Neural Networks [26,27].

Definition 1.9 (Graph Attention Network). (cf. [28,29]) Let G = (V, E) be a graph with

= |V vertices and edge set E C V x V. Suppose each vertex i € V' has an initial feature
vector hgo) € Rfo. A Graph Attention Network with L layers and K attention heads per layer
is defined recursively for [ =0,...,L — 1 by:

hng) = H ( Z a (1) ““)hg.l)) for each i € V,
N JEN(3)

where:

Wk ¢ RF+1/KxFi ig g learnable weight matrix for head k in layer [.

For each head k, a learnable attention vector altk) ¢ R2(Fi+1/K) and LeakyReLU

activation yields unnormalized scores
el = LeakyReLU((a®) T [w PR | wEPn07).

The normalized attention coefficients are

aw _ oxp(e”)
’ > meni) exp(e; ey

e 0 is a nonlinear activation function (e.g. ReLU).

N(i) ={j | (i,j) € E}.

|| denotes vector concatenation across the K heads, so hl(-lH) € R+,

After L layers, the final node representations {hEL)}ieV can be used for downstream tasks such

as node classification or link prediction.

Example 1.10 (Traffic Speed Forecasting with GAT). (cf. [30,31]) Consider a road network
represented as a graph G = (V| E), where each vertex i € V is a traffic sensor on a highway, and
an undirected edge (i,7) € E exists if sensors ¢ and j are located on adjacent road segments.
At each discrete time ¢, sensor i records its average vehicle speed v We construct the input
feature vector

0) t—T+1 , t—T+2 t T
h; :[vi ) V; ,...,vi]eR

from the past T time-steps. A Graph Attention Network with L layers then computes

h§l+1>:}|szl(Za““ lkh(”) 1=0,... L—1,
JEN(3)
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ij

where N (i) are the neighboring sensors of i, and « are attention weights learned per head

k. Finally, a readout MLP maps hEL) to a one-step-ahead speed prediction @f“. By assigning
higher attention to sensors whose past speeds better explain local traffic dynamics, the GAT
captures spatial dependencies and yields more accurate short-term forecasting compared to

fixed-weight graph convolutions.

1.3. HyperGraph attention network

A HyperGraph Attention Network (HGAT) extends this mechanism to hypergraphs by al-
ternating attention-based aggregation between vertices and hyperedges, thereby modeling

higher-order relationships among groups of nodes (cf. [32,33]).

Definition 1.11 (Hypergraph Attention Network (HGAT)). (cf. [34,[35]) A Hypergraph At-
tention Network (HGAT) operates on a hypergraph

G=V,E,W),

where V' is the set of N vertices, £ the set of M hyperedges, and W assigns weights to
hyperedges. Let

A€ {0,1}VM
be the incidence matrix with A;; = 1 iff vertex i belongs to hyperedge j, and let

H(l) c ]RNXd, E(l) c RMXd

be the feature matrices of vertices and hyperedges at layer .

HGAT alternates two attention-based aggregation modules:

(1) Attentive vertex—hyperedge aggregation Choose a trainable projection W € Réxd

and attention mechanism a : RY x RY — R. Compute raw coeflicients
Qi = exp(a(hEZ)I/V, e§l)W)), jeN(®),
where N (i) = {j | A;; = 1}. Normalize and mask by A:
A = A © softmax(ReLU(HOW (EOW)T)) € [0, 1]¥*M.
Then update hyperedge features:
g+ — o (AT H(l))’
where o is an activation function (e.g. ReLU).

(2) Attentive hyperedge—vertex aggregation Similarly, with projection W7, compute

B = AT © softmax(ReLU(EVW, (HOW)T)) € [0, 1]V,
T. Fujita and A. Mehmood, SuperHyperGraph Attention Networks
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and update vertex features:

HFY = (BT ED).

HGAT Layer: One HGAT layer applies (1) then (2) in sequence, passing messages ver-
tex—hyperedge—vertex to capture high-order correlations. A full HGAT stacks L such layers,
yielding final vertex embeddings H (%),

Example 1.12 (Document Classification via Word Hypergraph). (cf. [36,37]) Consider a
corpus of N documents V' = {di,...,dy}. Let the vocabulary be W = {wy,...,wyp}. We
build the hypergraph

G=V&), E={ej|ej={di €V |w; appearsin d;}}.
(0)

Each vertex d; is represented by a TF-IDF feature vector h;” € R¥ and each word hyperedge

e; by the one-hot indicator ego) € RM (or by a learned embedding of word w;).

An HGAT layer then alternates:

(1) Document— Word attention: Compute unnormal-
ized scores ay; = exp(a(hz(-l)VV, eg-l)W)) for each (d;,e;) with d; € e;, normalize and mask

by the incidence matrix A € {0, 1}V*M:

A = A @ softmax(LeakyReLUHOW (EOW)T)), B = 5(ATHD).

(2) Word—Document attention: Similarly, with projection W7,

B = A" @ softmax(LeakyReLU(EW Wy (HOW)T)), HUHD = o(BTEWV).

After L layers, the final document embeddings hl(-L) are fed into a softmax classifier to predict
each document’s topic label. By attending over word-based hyperedges, HGAT captures both
the individual document content and higher-order relationships among documents sharing the

same words.

2. Main Results: n-SuperHyperGraph Attention Network (n-SuHGAT)

The n-SuperHyperGraph Attention Network (n-SuHGAT) generalizes further to n-
superhypergraphs, performing iterative attention across n-level supervertices and superedges

to capture deep hierarchical interactions in complex data structures.

Definition 2.1 (n-SuperHyperGraph Attention Network (n-SuHGAT)). Let SuHG™ =
(V| EM) be an n-SuperHyperGraph with [V | = N, |[E(™| = M, and incidence matrix

A ¢ {0, 1} VXM A =1 «= p-supervertex u € V™ lies in n-superedge v € E™.

uv
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At layer [, let
H(l) c RNXd, E(l) c RMXd

be feature matrices of n-supervertices and n-superedges. An n-SuHGAT layer performs:

(1) Supervertex— Superedge attention: Choose a learnable projection W € R4 and

attention kernel a: R¥ x R¥ — R. Compute unnormalized scores
Eup = a(h(ul)VV, eg)l)W), (u,v) with A7) = 1.
Normalize over each supervertex’s incident superedges and mask by A™):
AW =AM o softmaX(LeakyReLU(H(l)W (E(l)W)T)) € [0,1]N*M,
Update superedge features:
pU+1) — J((A(”))T H(l)).
(2) Superedge— Supervertex attention: With projection W7, compute
B = (A" & softmax(LeakyReLU(EOW; (HOW,)T)) € [0,1]M*V,
and update supervertex features:

H(H-l) — U((B(n))T E(l))

Example 2.2 (Cross-Department Project Collaboration). Let the base set Vj be the set of
all employees in a company:

Vo = {Ayano, Ichiro, ... }.
Form the first-level powerset P1(Vj) of project teams (each a subset of employees), then
the second-level powerset P2(V) of departments (each a set of teams). We build the 2-
SuperHyperGraph

SuHG® = (V(2),E(2)), V) = {Dept,, Depty,...} C P*(Vy), E®@ = {Proj,,Projg,...} € P*(V),

where each Dept; is a set of teams and each Proj; is a set of departments collaborating on
a project. The incidence matrix A® e {0, 1}|V<2)‘X|E<2>‘ indicates which department lies in
which project.

We assign initial features as follows:

o _ 1 1 o _ 1 (0)
iDept = |Dept| Z (m va)’ Proj = |Proj Z ha”

TeDept veT deProj

where z, € R? is a learned embedding of employee v.

A 2-SuHGAT layer then alternates:
(1) Department—Project attention:

A® = A® @ softmax(LeakyReLUHYW (EOW)T)),  EUD = 5(A@)THD).
T. Fujita and A. Mehmood, SuperHyperGraph Attention Networks
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(2) Project—Department attention:

B® = (AT @ softmax(LeakyReLU(EV W, (HOW)T)), HUHD = o((B@)TEWD).

After L layers, the final department embeddings H (L) capture both intra-department and
cross-project influences, and can be used to predict metrics such as departmental performance

or project success likelihood.

Example 2.3 (Cross-Divisional Strategic Initiatives). Let the base set Vi be the roster of all

employees:
Vo = {Ayano, Ichiro, ... }.
First form
PL(Vp) = {teams}, P?(Vp) = {departments}, P>3(Vj) = {divisions}.
We construct the 3-SuperHyperGraph
SuHG®) = (V3 EG)) v = (Division,, ..., Divisionp}, E® = {Initiative,, ..., Initiativeg},

where each Division, C P?(Vp) is a set of departments, and each Initiative, C P?(Vp) is the set
of divisions collaborating on that initiative. The incidence matrix A®) € {0,1}7*? indicates
which division participates in which initiative.

We define initial features by hierarchical averaging:

1 1 1 1
O (7 ) O RO 0 10
Dept |Dept] TEZD;pt |T| ;x ’ Div |DiV| dEZD:iV d > CInit |Init| (Sezln:it 5

where z,, € R? is the feature of employee v.

A 3-SuHGAT layer then alternates:
(1) Division—Initiative attention:

A® = AB) & softmax(LeakyReLU(HOW (EOW)T)),  EUD = o((AGHTHD).

(2) Initiative— Division attention:
B® = (A®)T & softmax(LeakyReLU(EOW, (HOW)T)), HITY = o(BB)TED).
After L layers, the final division embeddings H%) encode both intra-division structure and

cross-initiative influences. These representations can be used to predict each division’s contri-

bution to initiative success or to identify strategic synergy among divisions.
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Example 2.4 (Global Consulting Alliance Analysis). Let the base set Vj be the roster of all

employees in a global consulting firm:
Vo = {Alice, Bob,... }.
Organizational levels are defined by iterated powersets:
PL(Vp) = {teams}, P?*(Vp) = {departments}, P3(Vp) = {divisions}, P*(Vp) = {portfolios}.
We construct the 4-SuperHyperGraph SuHG® = (VW E®), where
v = {Portfolioy, ..., Portfoliop}, EW = {Alliance, ..., Allianceg},

with each Portfolio, C P3(Vp) a set of divisions, and each Alliance, C P3(V}) a set of portfolios

collaborating on a global initiative. The incidence matrix
Y e {0,1}7%¢, Agé) =1 <= Portfolio, € Alliance,.

Initial features are defined hierarchically:

_ © o _ 1 (0)
team - |T| Z Lo, dept |D‘ Z h hle - |S| Z hD ’
TeD DeS

port |P‘ Z hS ’ ealh |A| Z h

SepP peEA
where z,, € R? is the embedding of employee v.
A 4-SuHGAT layer alternates:

(1) Portfolio— Alliance attention:

AW = AW softmaX(LeakyReLU(H(l)W (E(Z)W)T)), B+ = U((A(4))TH(I)).

(2) Alliance—Portfolio attention:
B@W = (AT @ softmax(LeakyReLU(EV W, (HOW)T)), HUD =6 ((BW)TEV).

After L layers, the final portfolio embeddings H) capture both intra-portfolio structure and

cross-alliance influences, enabling predictions of alliance success metrics.

Theorem 2.5 (n-SuHGAT Generalizes GAT and HGAT). Let GAT be the special case n =0
(vertices VO = Vp, edges of size-2 give adjacency) and HGAT the case n = 1. Then:
n=0 = n-SuHGAT = Graph Attention Network,

n=1 = n-SuHGAT = Hypergraph Attention Network.

Moreover, every n-SuHGAT layer respects the n-SuperHyperGraph structure via the incidence

matriz A,

T. Fujita and A. Mehmood, SuperHyperGraph Attention Networks
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Proof. For n = 0, VO = V), E© consists of all size-2 subsets of V;, and A©) becomes the
usual adjacency. The two-phase attention reduces to node—node and node—node updates,
recovering exactly the GAT formulas.

Forn=1, VM =1, EW are hyperedges, and AW s the incidence matrix of the hypergraph.
The two-phase attention matches the HGAT aggregation rules.

In general, the use of A to mask and normalize messages ensures that attention is only passed
along valid n-supervertex—n-superedge incidences, hence preserving the n-SuperHyperGraph’s

structure at every layer.

Theorem 2.6 (Permutation Equivariance). Let SUHG™ = (V) E()) with incidence A™,
and let Py € {0, 1}V*N " Pg € {0, 1}M*M be permutation matrices acting on supervertices

and superedges. Define permuted features
HY =p, HO  EO = pp O A = p, A pL.
Then one n-SuHGAT layer applied to (ﬁ(l),E(l),g(")) yields
B = py pUt) ) — p, (),
so the network is equivariant under simultaneous relabeling of supervertices and superedges.

Proof. In the supervertex—superedge step the unnormalized scores satisfy
HOW (EOW)T = Py (HOW (EOW)T) PE.

Applying row-wise softmax and masking by A = PVA(")Pg gives A = p, A PL.
Hence ECHD = o(AMT HO) = Py o(AM)T HD) = pp B+,

Similarly for the superedge—supervertex step one shows B(™ = Py B(™ Pg and thus H 1)

Py HU+D | This completes the proof of equivariance. 0

Theorem 2.7 (Special-Case Reduction). Forn =0, an n-SuHGAT layer reduces to a standard
Graph Attention layer on G = (VO,E(O)). For n = 1, it reduces to a Hypergraph Attention
layer on H = (Vy, EW).

Proof. When n = 0, V(© = V;, E© consists of edges of size two, and A is the adjacency
matrix. The two-phase attention then aggregates node — node messages exactly as in GAT.
When n =1, V) = Vg, EW is the hyperedge set, and A the incidence matrix. The su-

pervertex—superedge and superedge—supervertex updates coincide with the HGAT formulas.

|
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Theorem 2.8 (Layerwise Lipschitz Continuity). Assume the attention kernel a is Lipschitz
with constant L,, and o, LeakyReLU are 1-Lipschitz. Then each n-SuHGAT layer is Lipschitz
continuous in the input features (H(l),E(l)). Concretely, there exists C' > 0 (depending on
JADI, W, [Will, and Lo) such that

HH(1+1) _ ﬁ(m)HF + HE(Z+I) _E(HI)HF < C(HH(Z) —HO|p 1 |EO - EU)HF)'

Proof. Both aggregation steps are compositions of linear maps, LeakyReLU, softmax, masking
by A" and o. Each component is Lipschitz: the linear map with weight W has constant
|W||, LeakyReLU and o are 1-Lipschitz, and softmax over each row is Lgy,-Lipschitz in the
row-vector argument. Masking by A is non-expansive. Chaining these gives an overall

layer-wise Lipschitz constant
C = [WI| Lesn [| A + [|W1 | Lo [ A™]].

aog

Theorem 2.9 (Message-Passing Equivalence). An n-SuHGAT layer on SuHG™ s an in-
stance of a Message-Passing Neural Network (MPNN) on the associated bipartite graph
B = (V(”) U E®, E"), where each supervertexr u € V(™) is connected to each incident su-

(n) _

peredge v € E™ whenever Ay, = 1. In particular, the two attention phases
HY - Y gng O — g+
correspond exactly to the standard MPNN message-aggregate-update steps on B.

Proof. Define B with adjacency

so that messages flow along edges (u,v). In the first phase, each u-to-v message aq(ﬁ,)W hq(f) is

computed, aggregated at v, and passed through o, exactly matching the MPNN form
my= Y MMAD.e)), eV =U(my,el).
ueN (v)

The second phase is identical but with roles swapped. Hence the full n-SuHGAT layer is a
two-step MPNN on B.

T. Fujita and A. Mehmood, SuperHyperGraph Attention Networks
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Theorem 2.10 (Row-Stochastic Attention). In each n-SuHGAT layer, the attention matrices

A € [0, 1V*M and B™ € [0, 1JM*N are row-stochastic:

M N
YA =1 (vu), Y BI =1 (w).
v=1 u=1

Thus each update is a convexr combination of neighbor features.

Proof. By definition, A(™ is obtained by applying softmax over each row u of the masked
score matrix LeakyReLU(HOW (EWW)T). Softmax ensures >, exp(euy)/ ., exp(eywr) = 1.
Masking by A zeroes out non-neighbors but does not change the normalization over the
n)

remaining entries. An identical argument applies to B! 0

Theorem 2.11 (Constant-Feature Invariance). If at layer 0 all supervertices share the same
feature hQ(LO) = c € R? and all superedges share eg,o) =d € R?, then for every layer | all HY

rows remain equal and all EY rows remain equal.

Proof. Assume hq(f) =c; and eg,l) = d; for all u,v. Then every unnormalized score

ew = a(lW, ;W)

is the same constant independent of (u,v). After masking, each row of the score matrix is

constant, so softmax yields Al =1 /deg(u) for each neighbor v. Hence

4o 5 ko) -t~
ueN (v)

a single vector for all v. The second phase is identical, so hgﬂ) = o(dy41) = ¢4 for all w.

By induction, the constant-feature property holds at every layer.

3. Conclusion

In this work, we introduced the n-SuperHyperGraph Attention Network, which leverages Su-
perHyperGraphs—a hierarchical generalization of hypergraphs—to perform multi-tier atten-
tion among supervertices and superedges. In future work, we plan to integrate advanced
graph algorithms, conduct empirical evaluations on diverse real-world datasets, and develop
extensions of the n-SuperHyperGraph Attention Network using frameworks such as Fuzzy
Graphs [38], Intuitionistic Fuzzy Graphs [39], Spherical Fuzzy Graphs [40,41], Bidirected
Graphs [42,43], Neutrosophic Graphs [44-46], and Plithogenic Graphs [47,/48]. For example,
we will explore extensions and algorithmic refinements of the n-SuperHyperGraph Attention
Network inspired by Fuzzy Graph Attention Networks [49-51], and perform systematic per-

formance evaluations.
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