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Abstract. Double-valued neutrosophic sets provide an effective framework for representing uncertainty, in-
determinacy, and inconsistency by incorporating truth, falsity, and two distinct indeterminacy components.
Hypergraphs generalize classical graphs by allowing a hyperedge to connect more than two vertices, making
them suitable for modeling higher-order relationships in complex systems.

In this paper, we extend the concept of double-valued neutrosophic sets to hypergraph structures and intro-
duce the notion of a double-valued neutrosophic hypergraph (DVNHG). We develop the fundamental theory of
DVNHGS by defining their height, level hypergraphs, lower and upper truncations, transition levels, and core
hypergraph structures. Furthermore, we investigate ordered and sectionally elementary DVNHGs and study
properties of double-valued neutrosophic transversals and minimal transversals.

In addition, we introduce the concept of T-related double-valued neutrosophic hypergraphs and establish sev-
eral fundamental results concerning their transversal structures. The proposed framework generalizes existing
neutrosophic hypergraph models and provides a richer mathematical tool for representing complex uncertainty

in higher-order relational systems.

Keywords: Neutrosophic hypergraph, Single-valued neutrosophic hypergraph, Double-valued neutrosophic
hypergraph.
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1. Introduction

Fuzzy set theory was introduced by Zadeh [1] as a mathematical framework for representing
vague and imprecise information. Later, Smarandache introduced neutrosophic sets (NSs)
as a more general tool for handling ambiguous, incomplete, indeterminate, and inconsistent
information [2,3]. A neutrosophic set is characterized by three independent components:
a truth-membership function (T), an indeterminacy-membership function (I), and a falsity-
membership function (F), whose values are usually taken from the standard or nonstandard
real unit interval. To facilitate the application of neutrosophic sets in practical problems,
Wang et al. [4] proposed the notion of a single-valued neutrosophic set (SVNS), in which the

three membership degrees are restricted to the standard interval [0, 1].

Neutrosophic sets generalize fuzzy sets and intuitionistic fuzzy sets by treating truth, indeter-
minacy, and falsity as independent information components. This feature makes neutrosophic
models more flexible for describing uncertainty than classical, fuzzy, or intuitionistic fuzzy
models. In graph theory, neutrosophic information has been incorporated into vertices and
edges, giving rise to several types of neutrosophic graphs (cf. [35,36]). Broumi et al. [5] studied
various classes of single-valued neutrosophic graphs, including complete, constant, and strong
single-valued neutrosophic graphs. Akram et al. [6,7] further investigated operations and
structural properties of complex and single-valued neutrosophic graphs. Moreover, plithogenic

sets are also known as an extended concept of neutrosophic sets [26,27].

Double-valued neutrosophic sets, together with their applications to minimal spanning trees
and clustering techniques, were first proposed by Ilanthenral Kandasamy [8]. Double-valued
neutrosophic graphs were subsequently introduced by Takaaki Fujita [9]. In the double-valued
neutrosophic framework, the indeterminacy component is divided into two distinct parts: in-
determinacy leaning toward truth and indeterminacy leaning toward falsity. This separation
enables a more refined representation of ambiguous and mixed information than the single-
valued neutrosophic setting. More recently, triple-valued neutrosophic sets were proposed as

an extension of double-valued neutrosophic sets [10,11,25].

Hypergraphs provide a natural extension of classical graphs by allowing a hyperedge to connect
more than two vertices. In uncertain environments, this higher-order structure has been com-
bined with fuzzy and neutrosophic frameworks. Kaufmann introduced the notion of fuzzy hy-
pergraphs, and Chen [12] later introduced interval-valued fuzzy hypergraphs. Lee-Kwang [13]

generalized the concept of fuzzy hypergraphs and reformulated it for the fuzzy partition of
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a system. Akram and Dudek [14] investigated several properties of intuitionistic fuzzy hy-
pergraphs and presented their applications. Akram [15] further introduced various concepts
related to single-valued neutrosophic hypergraphs, including line graphs, dual hypergraphs,
and transversal single-valued neutrosophic hypergraphs. Because of the importance of study-
ing neutrosophic hypergraphs, neutrosophic hypergraphs have been investigated in works such
as [31-34]. Table 1 provides a concise comparison between single-valued neutrosophic hyper-

graphs and double-valued neutrosophic hypergraphs.

Many related concepts have also been developed in the theory of neutrosophic graphs. For
example, neutrosophic soft graphs combine soft-set parameters with neutrosophic graph struc-
tures, thereby modeling uncertain relationships through truth, indeterminacy, and falsity de-
grees assigned to vertices and edges [21-24]. In addition, complex neutrosophic soft graphs
(CNSGs) have been developed by SuriyaKumar et al. [16-20] as an advanced framework for
representing ambiguity, uncertainty, and indeterminacy in complex systems. In particular,
strong complex neutrosophic soft graphs (SCNSGs) incorporate soft-set parameters together
with complex-valued membership degrees for both vertices and edges, providing a flexible rep-
resentation of neutrosophic uncertainty. Related studies have investigated the complements
of complex neutrosophic soft graphs and strong complex neutrosophic soft graphs, proposed
measures reflecting the cumulative strength and uncertainty of graph relations, and investi-
gated structural properties of strong double-valued complex neutrosophic graphs, including

their subgraphs and complements.

The advantages of DVNHG over SVNHG are DVNHGs provide a more detailed representation
of uncertainty by separating indeterminacy into truth-oriented and falsity-oriented compo-
nents. DVNHGs can effectively handle inconsistent, incomplete, and conflicting information.
DVNHGSs possess greater descriptive power for modelling complex systems. DVNHGs offer
more accurate representations of real-world scenarios involving multiple information sources.
DVNHGs enhance decision-making processes under uncertain environments. The relationship
between SVNHG and DVNHG is an SVNHG can be regarded as a special case of a DVNHG
when the truth-oriented and falsity-oriented indeterminacy components are combined into a

single indeterminacy degree. Therefore,

SVNHG C DVNHG.

Hence, DVNHGs constitute a more generalized and expressive framework for modelling un-

certainty in hypergraph structures.
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TABLE 1. Comparison between SVNHGs and DVNHGs

Feature

SVNHG

DVNHG

Basic Structure
Membership ~ Compo-

nents

Vertex Representation

Hyperedge Representa-

tion

Constraint

Height of Hypergraph
Treatment of Indeter-
minacy

Information Richness
Ability to Model Uncer-
tainty

Ability to Capture Con-
flicting Information
Expressiveness
Computational  Com-
plexity

Main advantage

Based on Single-Valued Neu-

trosophic Sets (SVNSs)
Truth (t), Indeterminacy (i),
Falsity (f)

FEach vertex has three degrees:
(ts,is,fs) € [0,1]%.

Each hyperedge has three de-
grees: (tx,irx,fx) € [0,1]3.

0<t+i+f<3
(max t, max i, min f)

Single indeterminacy degree

Moderate
Good

Limited

Lower

Lower

Simpler and easier to handle.

Based on Double-Valued Neu-
trosophic Sets (DVNSs)
Truth (t), Truth-oriented
Indeterminacy (i'), Falsity-
oriented Indeterminacy (i),
Falsity (f)

Each vertex has four degrees:
(ts, i, ik, s) € [0, 1]%.

Each hyperedge

(fK,i%,iEK,fK) €

has four
degrees:
[0, 1]%.
0<t+it+il+§<4

(max t, maxi‘, max i/, min f)
Two independent indetermi-
nacy degrees

High

Better

More effective

Higher
Higher

More expressive for ambigu-

ous and mixed evidence.

Motivated by these developments, this paper introduces double-valued neutrosophic hyper-
graphs. Specifically, we define double-valued neutrosophic hypergraphs, level hypergraphs,
lower truncations, upper truncations, and transition levels. Furthermore, we introduce T-
related double-valued neutrosophic hypergraphs and discuss several properties of their minimal

transversals.

2. Preliminaries

In this section, we recall the basic definitions and notation needed in the sequel. In particu-
lar, we review single-valued neutrosophic sets, single-valued neutrosophic hypergraphs, single-
valued neutrosophic graphs, and double-valued neutrosophic graphs. These notions serve as
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the foundation for the construction of double-valued neutrosophic hypergraphs developed in

the next section.

Definition 2.1. The support of a single-valued neutrosophic set A = {(z,ta(x),ia(z),fa(z)) :
x € X} is denoted by supp(A), defined by supp(A) = {z | ta(z) # 0;ia(z) # 0;fa(x) # 0}.

The support of a single-valued neutrosophic set is a crisp set.

Definition 2.2. The height of a single-valued neutrosophic set A = {(x,ta(x),ia(z),fa(z)) :
x € X} is defined as h(A) = (suprexta(r); suprexia(z);infrexfa(x)). A single-valued
neutrosophic set A is called normal if there exists at least one element x € X such that

ta(z) =1,ia(z) = 1,f4(x) = 0.

Definition 2.3. Let A = {(z,ta(z),ia(x),fa(x)) : * € X} be a single-valued neutrosophic
set on X and let a,b,c € [0,1] such that a + b+ c < 3. Then the set Ay = {(z;ta(z) >
a,ig(x) > b,fa4(x) < c)} is called (a,b,c) -level subset of A. (a,b,c) -level set is a crisp set.

Definition 2.4. The height of a single-valued neutrosophic hypergraph $ = (0, €), is denoted
by h($), is defined by h($) = \/,{h(&;) | € € ¢}

Definition 2.5. Let G* = (V,E) be a graph. A SVNG on G* or an SVNG where
S = (ts,is,fs) is a single-valued neutrosophic set on V and K = (tx,ix,fx) is a single-

valued neutrosophic set on E

1. V = {uy,ug, ..., un} such that ts: V — [0,1], ig : V. — [0,1] and fs : V — [0, 1], indicates

the degree of truth, indeterminacy and falsity membership function of the element u; € V

0 < to(us) +is(ug) + fs(u;) <3

2. ECV XV where tgg : VxV — [0,1], ig : VxV = [0,1] and fx : V xV — [0,1].
indicates the degree of truth, indeterminacy and falsity membership of the element u;u; € E,

respectively and such that,
0< tK(uiuj) + iK(uin) + fK(uiuj) <3

such that

tre (uguy) < min{ts(u;), ts(uy)}
iK(uin) < min{is(ui),is(uj)}

fr(wing) > max{fs(u;), fs(u;)}
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Definition 2.6. Let us examine the graph G* = (V, E). A double-valued neutrosophic graph
(DVNG) on G* or a DVNG where S = (tg, i, ifS, fs) is a double-valued neutrosophic set on 'V

and K = (tK,i’}(,ifK,fK) is a double-valued neutrosophic set E C'V x V where,

1.V = {u,ug,...;un} such that tg : V. — [0,1], i : V — [0,1], ifg : V. — [0,1] and
fs : V. — [0,1], indicates the degree of truth membership function, indeterminacy leaning
towards truth, indeterminacy leaning towards falsity and falsity membership function of the

element u; € V
0 < ts(ui) + () + i (ui) + fs(ui) < 4

2. E CV xV where tx : VxV — [0,1], i% : V. xV = [0,1], ifK :VxV = [0,1]
and fg : V. xV — [0,1]. indicates the degree of truth membership function, indeterminacy

membership and falsehood membership of the element u;u; € E, respectively and such that,
0 < tr(winy) + ik (usug) + 1fK(u,u]) + fre(uiuy) < 4

such that

Definition 2.7. Let S be a finite nonempty set of vertices. A fuzzy hypergraph is an ordered
pair G = (S, K), where K = {Ky,Ko, -+, Ky} is a family of fuzzy subsets of S. FEach
hyperedge S; is defined by a membership function tg, : S — [0, 1], where tx,(u) represents the
degree of membership of the verter u in the hyperedge K;. Hence, a fuzzy hypergraph may be

written as

G = (S, {tKlytK27 e 7th}>'

Definition 2.8. Let S be a finite nonempty set of vertices. An intuitionistic fuzzy hypergraph
is an ordered pair G = (S, K), where K = {Kj, Ko, -+, Ky} is a family of intuitionistic
fuzzy subsets of S. For each hyperedge K;, there exist two functions tg, : S — [0,1] and
fr, : S — [0, 1], representing the membership degree and non-membership degree of a vertex in

K;, respectively, satisfying

0 < tg,(u) +fx,(u) <1, Vu € S.
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The hesitation degree is defined by

PK; (u) =1-—tg, (u) - fKi (u)

Therefore, an intuitionistic fuzzy hypergraph can be represented as

G = (‘S’a {(tKl?le)7 (tK2>fK2)7 T (thv me)})

Definition 2.9. Let S be a finite nonempty set of vertices. A neutrosophic hypergraph is an
ordered pair G = (S, K), where K = {K1,Ka, -+, Ky} is a family of neutrosophic subsets
of S. For each hyperedge K;, there exist three functions tx, : S — [0,1], ig, + 5 —
[0, 1], fre, © S — [0,1], where tx,(u), ik, (u), and fx,(u) denote the truth-membership,
indeterminacy-membership, and falsity-membership degrees of the vertex uw in the hyperedge

K;, respectively. These functions satisfy
0 < tg,(u) +igk, (u) + fx, (u) < 3, Yu € S.
Therefore, a neutrosophic hypergraph can be represented as

G = (Sv {(tK17iKl7le)7 (thviszfK2)7 B (th’iKm’ me)}) :

Definition 2.10. A Neutrosophic Super-Hypergraph is a generalization of a neutrosophic hy-
pergraph in which both vertices and hyperedges may themselves be neutrosophic sets. This
model is capable of representing higher-order and hierarchical relationships under uncertainty.
Let S = {51,892, ,Sn} be a finite family of neutrosophic sets called super-vertices. A Neu-
trosophic Super-Hypergraph is an ordered pair G = (S, K), where K = {K1,Ka, -+, Kn}
is a family of neutrosophic super-hyperedges joining one or more super-vertices. FEach
super-vertex S; is associated with three membership functions ts(S;), 1is(S:), fs(Si)
S — [0,1], representing the truth-membership, indeterminacy-membership, and falsity-
membership degrees, respectively. Similarly, each super-hyperedge K; is characterized by
tx(Kj), ik(Kj), fr(K;): K —[0,1], such that

0< ’cs(Si) + is(Si) + fs(Si) <3,

and
0 <tk (Kj) +ik(Kj) + fr(K;) < 3.

Therefore, a Neutrosophic Super-Hypergraph is represented as

g - (S7K7t57157f57tK7iK7fK> .
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3. DOUBLE-VALUED NEUTROSOPHIC HYPERGRAPHS (DVNHGSs)

Double-valued neutrosophic hypergraphs model higher-order relations by assigning truth, fal-
sity, and two indeterminacy degrees to vertices and hyperedges under compatibility constraints,

enabling richer information representation.

Definition 3.1. A double-valued neutrosophic hypergraph on & is an ordered pair
H=(3,¢),

where
P ={V,Vo,...,Vp,}
s a finite family of double-valued neutrosophic sets on &, and € is a double-valued neutrosophic

relation on U satisfying the following conditions.

(1) For every crisp hyperedge
e ={uy,ug,...,u} C &,

the following inequalities hold:

1&(6) < mln{ijﬁ/i (ul),lj{/l (u2), ,1%/1(ur)},

1&(6) < mln{li/ (w1), Ii/,b- (u2), 71& (ur)}>
and

fe(e) > max{fy, (u1), fv; (u2), ... fv;(ur)}.
Moreover,

0 < te(e) +ig(e) +ig(e) + Fele) < 4.
(2) The supports of the double-valued neutrosophic sets in U cover &, that is,
n
| supp(vi) = &.
=1
The set e = {uy,ua,...,u,} is called a crisp hyperedge of H = (U, €).

Definition 3.2. Assume that $ = (U, €) is a DVNHG on &. The height of $), denoted by
h($), is defined by
h($) = (h($), hie(H), his (5), h3(H)),

where
h($) = 5 nax o, (v),
ha($) = | max i (v),
hi(9) = | maxx i} (v),
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and

B(9) = min_fs,(v).

0, €E¢,vE®
Here, ts,(v), igi(v), igi(v), and fs,(v) denote, respectively, the truth-membership degree, the
truth-oriented indeterminacy degree, the falsity-oriented indeterminacy degree, and the falsity-

membership degree of the vertex v with respect to the hyperedge 0;.

Definition 3.3. Assume that $ = (0, €) is a DVNHG on &. Let A, B4, B%,C € [0,1] satisfy
0<A+B*+B°+C <4
The (A, B4, BC, C)-level hypergraph of $) is the crisp hypergraph
55(A,BA,BC,C) _ (;B(A,BA,BC,C)7 QE(A,BA,BC,C)),
where, for each d; € €,
MO e | (0) 2 A, i (2) = B, 1 (2) 2 BC, fi(2) < €}
The hyperedge set is defined by
@(A,BA,BC,C) _ {(EEA,BA,BC,C) ‘ 5 e e €§A,BA7BC,C') ” @},
and the vertex set is defined by
Q](A,BA,BC,C) _ U QEZ(A,BA,BC,C).
;€€

Thus, HABLBO) g ¢ crisp hypergraph.
Definition 3.4. Assume that $ = (0, €) is a DVNHG on &, and write
h($) = (he, hie, by, hs).
For parameters satisfying
0< A<h,, 0 < B4 < hy, 0 < BY < hy, hy <C <1,

let
fJ(A,BA,BC,C) _ (m(A,BA,BC,C)7 QE(A,BA,BC,C))

be the (A, B4, BC, C)-level hypergraph of $.

A finite sequence
{(A1, B{*, BY,C1), (A2, BY, BY ,Cs), ..., (Am, Bi, BS, Cin) }
is called a fundamental sequence of § if the following conditions hold:
he=A1 > As > - > A, >0,

hi =B > B3t > ... > BA >0,
Suriyakumar G et al., DOUBLE-VALUED NEUTROSOPHIC HYPERGRAPHS
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hy = BY > BY > ... > BS >0,

and
hy=C1 <Cy<---<Cp <1
Moreover, for each k € {1,2,...,m — 1}, the following two conditions are satisfied:
(1) If
At <A< Ay, By <(BY < B, B, < (B) < By,
and

Cr < C' < Ciy1,
then
@(Alv(BA)/7(BC)I70,) — @(Ak7B]?7B]§7Ck)
(i) The level hyperedge sets are strictly nested as

@(Ak,B,?,BE,Ck) C G(Ak+17B;?+17BE+1yck+l)'

The fundamental sequence of § is denoted by Fs(9).
The set of level hypergraphs

{5<A1,Bf,B€,cl) §(A2,851,B5.Ca) ~ﬁ(Am,B,?;,Bs;,cm)}
is called the set of core hypergraphs, or the core set, of $ and is denoted by c(9).

Example 3.5. Assume a DVNHG $ = (0, €) on

& = {u1, u2, u3, us, us, ug }
, where u; = (0.8,0.6,0.7,0.5), us = (0.5,0.5,0.4,0.3), uz = (0.6,0.4,0.5,0.4), uy =
(0.2,0.3,0.2,0.1), us = (0.7,0.6,0.8,0.5), ug = (0.4,0.5,0.4,0.3). The DVNR € is given
as, €({ui,u2,us}) = (0.5,0.4,0.4,0.3), E€({uq,us,us}) = (0.2,0.3,0.2,0.1), E({ui,us}) =
(0.4,0.5,0.4,0.4), ¢({ug, us}) = (0.5,0.5,0.4,0.4) and €({us,us}) = (0.2,0.3,0.2,0.1). The
corresponding DVNHG is given in Figure 1.

(A1, Bi*, BY,C1) = (0.8,0.6,0.7,0.5)
(Ag, Bst, BY | Cy) = (0.5,0.4,0.4,0.3)
(A3, B5Y, B, C3) = (0.4,0.4,0.4,0.3)
(A4, B}, B, C4) = (0.2,0.3,0.2,0.1)

Note that the sequence
{(A,B{!, BY ,C1), (A2, B, BY ,Cs), (A3, B, BS , Cs), (A4, By, BY , C4)}

satisfies all the conditions of definition 3.4. Thus, it is a fundamental sequence of $. The
corresponding (Aj;, Bf, B]C, Cj) -level hypergraphs are shown in Figures 2-5.
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FIGURE 2. ,V)(Al’Bf"BlC’Cl) -level hypergraph
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U U2 us

FIGURE 3. Y)<A27B2A’B2C702) -level hypergraph

Definition 3.6. A DVNHG $ = (0, €) is called ordered if its core set c($)) is ordered. More
precisely, if

)

A1,B{,BS C Az,B3' \BY ,C! Am,Bf,BS ,.Crm
C(ﬁ):{ﬁ( 1a171’1),5‘{)( 2727272)7...7ﬁ( »PmHrPmo )}

then
§ALBILBYC1) ¢ 5(A2,BSLBECo) L. C g(Am.Bin, B Cm)

A DVNHG $) = (0, €) is called simply ordered if c($)) is simply ordered. That is, writing

ﬁ(Ai’BlA’BiC’C") = (61', @i), 1= 1, 2, e, M,

ec &y \ ¢,
then

€ SZ @1
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FIGURE 4. 5’3(‘43’3?’330703) -level hypergraph
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FIGURE 5. 5(A4,Bf,Bf,C4) -level hypergraph

{

Example 3.7. Assume that $ = (U, €) is « DVNHG as shown in Figure 1. The set of core
hypergraphs is given by
() = {ﬁ(Al,Bf‘,Blc,Cl)7ﬁ(Ag,Bg‘,Bg,Cg)’5(A3,B§‘,B30,Cg)’ﬁ(A4,Bf,Bf,C4)} :
where
HALBLELC) — (6, €)), &, = {ur}, ¢ =0,
§A2:B8.55.C2) — (85, €,), Gy = {u1,uz, us}, € = {{u1,uz,us}},
A3 BEBTC) — (85, €5), &3 = {u1, uz,us, ug},

€3 = {{u1,u2, us}, {u1,us}},
Suriyakumar G et al., DOUBLE-VALUED NEUTROSOPHIC HYPERGRAPHS
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and

A4,B2A BS C.
HALBLBLC) — (8, @y), &y = {u1, ug, u3, usg, us, ug },

Q34 - {{Ul, uz, u3}7 {ula Uﬁ}, {’LL4, us, uﬁ}a {’UQ, U5}, {u3a U4}}
Note that

f_)(Al,Bf‘,Blc,C'l) C 57)(1427354,320702) C S:J(A37B§‘7Bg,c7c3) C 5:)(144731‘7340704)'

Hence, $ = (U0, &) is an ordered DVNHG. Also, $ = (0, €) is simply ordered.

Definition 3.8. Let $ = (U, €) be a DVNHG with
35(9) = {(A1, B{, BY ,C1), (A2, B§", BY , C3), ..., (Am, Bin, B, C) } -
Then $ is called sectionally elementary if, for every k € {1,2,...,m — 1}, the equality
e(A.(BA)(B).C") _ @(ArB{ B Ck)
holds for all parameters satisfying
App < A < Ay, Bity < (BY) < B, B, < (BY) < B,

and

Cr < C' < Ciy.

Definition 3.9. Assume that V is a DVNS on J. For 0 < A, B4, B¢, C < 1, define the level

set
V(ABABC.0) {u €3 ‘ ty(u) > A, i\ (u) > BA, il (u) > B, fy(u) < c} .

The lower truncation of V at level (A, B4, B¢, C) is the DVNS Via,Ba,o ¢y defined by

ty(u), ifue VABLE0)
t‘/'[(A,BA,BC,C)] (U) =

0, otherwise,
it : A,BA BC C
; (u) = it (u), ifueVl ),
Vi A gC -
[(4,B4,BC,0)] .
0, otherwise,

) ) A pC
i (u) = il (u), ifueVABLESO)
L =

[(4,B4,B¢,0)] 0, otherwise,

and

i ()= d () e V(4,84,8,0)
Vi A pC u) =
e 0, otherwise.
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Definition 3.10. Assume that V is a DVNS on J. For 0 < A,B4, B¢ C < 1, define
V(ABABC.C) {u €3 ‘ ty(u) > A, i) > BA, i, (u) > BC, fy(u) < c} .
The upper truncation of V at level (A, B4, B¢, C) is the DVNS V((A,B4,BC.C)] defined by

A if u e VABLBYO)

tyianancoy(w) =1
ty(u), otherwise,

. A pC
B4, if u € VABLBE0)

t
Yl(4,BA,BC 0))] (u) = " )
iy, (u), otherwise,

BC,  ifueyABLBEOO)

iV[(A,BA,BC,C)] (u) =

iy, (u), otherwise,

and

C, if u e VABLBY0)
fyia.84,8¢ 0y (u) = )
fv(u), otherwise.

Definition 3.11. Assume that $ = (0, €) is a DVNHG. The lower truncation of $ at level
(A, BA, B¢, C) is denoted by
Na,Ba,BC,C) = (m[(A,BA,BC,C)]v @[(A,BA,BC,C)]) ,
where
V((a,84,B0,0) = {V[(A,BA,BC,C)] ‘ Ve Qj},

and €[4 pa po o) is obtained by applying the same lower truncation to each member of €.

The upper truncation of $) at level (A, B4, B¢, C) is denoted by

HlABAB0) (m[(A,BA,BC,C)]’ G[(A,BA,BC,C)]>

)
where

ql(4,B4,BC,C)] _ {V[(A,BA,BC,C)] ‘ Ve m},

and elABLBEON s obtained by applying the same upper truncation to each member of €.

Definition 3.12. Assume that V is a DVNS on &. A quadruple (A, B4, B, C) is called a

transition level of V' if
A€ (0,4(h(V)),  BYe(0,i'(m(V)), B e (0,7(h(V))),
and
C € (f(n(V)),1],

and the level cut of V changes at (A, B4, B®,C).
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Example 3.13. Assume that = (U,€¢) is a DVNHG as shown in Figure 1. The
(0.4,0.4,0.4,0.3)-level hypergraph of $) is shown in Figure 4. Then the lower truncation

$[(0.4,0.4,0.4,0.3)] = (%[(0.4,0.4,0.4,0.3)}> @[(0.4,0.4,0.4,0.3)])
of $ is a DVNHG on

&1 = {u1, uz, u3, us}

as given in Figure 6.

\

FIGURE 6. Lower truncation of $

Note that

&1 = | supp (Vi(0.4,0.40.40.3))
Ve

The upper truncation

$1(0:40.40403)] _ (@(0.4,0.4,0.4,0.3)] e[(o.4,o.4,0.4,0.3)])

of  is a DVNHG on
& = {ul,uz,us,u4,u5au6}

as given in Figure 7.

Definition 3.14. Assume that $ = (U,€) is a DVNHG. A double-valued neutrosophic
transversal (DVNT) p is a DVNS of & satisfying the condition 6"®) N ph®) = ¢ for all
0 € E, where h(d), is the height of 0.

A minimal double-valued neutrosophic transversal py is the DVNT of $ with the property that
if p C p1, then p is not a DVNT of $).

Let us denote the family of minimal DVNTs of ) by T,.($).
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Us Ug

FIGURE 7. Upper truncation of

Definition 3.15. A DVNT p with the property that p(A’BA’BC’C) € TT(YJ(A’BA’BC’C)) , for
all(A, B4, B€,C) € [0,1], is called the locally minimal DVNT of $). The collection of all
locally minimal DVNTs of §) is represented by T ($)).

Note that T () C T,.(9), but the converse is not generally true.

Definition 3.16. Assume that
V is a DVNS on &. Then, the basic sequence of V' determined by V', denoted by Dg(V),
is defined as {(A1, B{*, BY,C1)V, (Ag, Bs', BS ,C2)V, -+, (A, B, B, C)V'}, where
e Ay >Ay > >A,B >By >--->BA B >BY >--.>BY, C;<(Cy<--- <
Cn
o (A1, B{,BY,Cy) =h(V)
o {(Ay, B4, BY,Co)V, -+ (An, B2, BS,C,)V'} are the transition levels of V

Definition 3.17.
Assume that Dg(V) = {(Ay, B{*, BY,C1)V, (Ag, Bst, BS,C2)V, -, (An, B, BS,C,)V'} is the
basic sequence of V.. Then the set of basic cuts Ds(V') is defined as,

DC(V) _ {V(A’BA’BC’C)‘(A7BA,BC,C) c DS(V)}

Lemma 3.18. Assume that $ = (0, €) is a DVNHG with
3s($9) = {(A1, B, BY ,C1), (A2, B, B, C), -+, (An, By}, B, Cn)}. Then
e If (A, B4, B¢, C) is a transition level of p € Ty(), then there exists an € > 0 such
that for all Ay € (A,A+¢], B{ € (B4, BA+¢], BY € (BY,B” +¢], 01 € (C,C +¢] is
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mim’malﬁ(A’BA’BC’C) transversal extension of p(A’BA’BC’C), i.e., p(Al’Bf7Bf’Cl) cJcC
p(A7BA’BC7C), then J is not a transversal ofﬁ(A7BA’BC7C).

o T.(9), i.e., the collection of minimal transversals of § is sectionally elementary.

o 5:(T-(9)) is properly contained in Fs(H).

o pABLBYC) ¢ TT(YJ(A’BAvBC’C)), for all p € T.(9) and for every Ay < A < Aj,

Bst < BA< B, BY < B¢ <B{, Cy>C > (.

4. T-Related DVINHGs

T-related DVNHGs are double-valued neutrosophic hypergraphs whose consecutive core hyper-
graphs preserve minimal transversals compatibly, ensuring global and locally minimal transver-

sal structures coincide across transition levels.

Definition 4.1. A DVNHG $) = (0, €) is N-tempered DVNHG of H = (V,E) if there exists
H = (V,E), a crisp hypergraph and a DVNS N such that € = {{.|e € E}, where

min{ty(z)|x €e}, if x€e

te(z) = 4

0, otherwise.
. B min{i'y(z)|z € e}, if v€e
te(z) = ,

0, otherwise.
) min{ify(z)|x € e}, if x€e
ile(a) =

0, otherwise.

max{fy(z)|x € e}, if x€e
fe(x) =

0, otherwise.

An N-tempered DVNHG $) = (0, €) determined by H and DVNS N is denoted by N ® H.

Definition 4.2. A pair (&,3) of crisp hypergraphs is T-related if whenever g is a minimal
transversal of &, k is any transversal of § and g C k, then there exists a minimal transversal

I of 3 such that g C 1 C k.

Definition 4.3. Assume that $ = (U, €) is a DVNHG with
Fs(9) = {(A1, B{, BY,C1), (Ag, B§, BS ,Ca), -+ , (A, B, BS,C,)}. Then, $ is T-related if

from the core set

A1,BA BC C Aq,B2 B .C Am,BA BC Cp,
c(f)):{ﬁ( 1,1,1,1)75( 2727272)’... §( B )}

)

of 9, every successive ordered pair (.V)(Aj’BJA’BJ'C’CJ'),ﬁ(Aj‘l’Bﬁl’Bjcfl’Cj‘l)) 1s T-related.
If §s(H) contains only one element, $) is considered to be trivially T-related.
Suriyakumar G et al., DOUBLE-VALUED NEUTROSOPHIC HYPERGRAPHS




Neutrosophic Knowledge, Volume 11, 2026 111 of 119

Theorem 4.4. If $ = (U, €) is a T-related DVNHG, then
T.(9) = T7(9).
Proof. Assume that $ = (U, €) is a T-related DVNHG with
8.(9) = {(A1, BY', BY . C1), (A2, B3, BY, Cs), ... (An, Byl By, Ca) }
We prove that every minimal DVNT of §) is locally minimal. Since
7 (%) C T,(9),

it is enough to show that
T:(H) € T, (9).
Let 0 € T,.($). We show that, for every admissible level (A, B4, B¢, C),

§A.BAB.C) T. (fJ(A,BA,BC,C))'

First, suppose that §s($)) consists of only one element, say
3:(9) = {(A, B, BY ,C1)} -
Then Lemma 3.18 implies that, for each 6 € T,.($)),

5(A,BA,BC,C) eT. (ﬁ(A,BA,BC,C))

for all admissible levels satisfying
0<A<t(h(9)), 0<B*<i(h(®)),

0< BY <i(h(®), 0<f(h(®)<C.
Hence,
5 € T (9).

Therefore,

in this case.

Next, suppose that §s($) contains at least two elements. Let

§(ALB{BY .C1) C §(A2,B5 . BY ,C2) C...C §(An,Bi B Cn)

be the corresponding sequence of level cuts of .

We first prove that
§UABILBE Ca) ¢ T, (552 BEBE €20,

Suppose, to the contrary, that

5(14273?,320,02) gé T. (S,')(AQaBéquQCaCQ)).
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Since
5(141731‘4,310701) cT, (_6(141,314,310,01))

and the ordered pair
(ﬁ(Az,Bg‘,BQC,Og) f)(Al,Bf,B?,cn)

is T-related, there exists a minimal transversal po of 53“2732/4 BF'.C2) quch that

5(141,314,310,01) (A27B§’Bg702)‘

Cp2CH
Let

pL = 5(141,314,310701)'

Construct a DVNS £ from § by replacing the cut §(A2,B5".B5.02) ith p2, while preserving the

remaining lower-level structure. Equivalently, one may write
&= §5(As,B31, B .Cs) (e N'711),

where 71 is an elementary DVNS with support p; and height
(Ak, Bi,BY,Cr), k=12

Then £ is a DVNT of $ and
§Co,

which contradicts the minimality of ¢ in 7.()). Therefore,

5(A2,BQA,BQC,C2) cT, (53(/42,354735,02)).

Repeating the same argument successively for all adjacent pairs in the fundamental sequence,

we obtain
5(Ak7B]?7B}§7Ck) [= TT (ﬁ(Ak7B£7BE7Ck))

for every kK = 1,2,...,n. By Lemma 3.18, this also holds for every admissible level lying

between two consecutive fundamental levels. Hence
§ABABOC) ¢ (YJ(A,BA,BC,C))
for every admissible level (4, B4, B¢, C). Thus,
€T (9).

Since 0 € T,.($) was arbitrary, we obtain

T.(9) C T (%).
Together with T)*($) C T,.($), this proves

T.(9) =T} (9).

|
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Example 4.5. Assume that $ = (0, €) is a DVNHG represented by the incidence matriz in
Table 2. Note that

6(0.870.870.870.8) - {{Ul, UQ}, {u27 ’LL3}, {u17 u3}} )

04040404 — 60, iy ug}, {ua, ug, us}, {ur, us, us}}

@(02020202) — (60 g ug, us}, {ug, us, ua, us}, {ur, ug, ug, us}} .

Clearly,
Fs(9) = {(0.8,0.8,0.8,0.8), (0.4,0.4,0.4,0.4), (0.2,0.2,0.2,0.2)} .
Also,
TT’(yj) - {pla p27p3} - T:(f))u
where
p1 = {(u1,0.8,0.8,0.8,0.8), (u2,0.8,0.8,0.8,0.8) } ,
p2 = {(u2,0.8,0.8,0.8,0.8), (u3,0.8,0.8,0.8,0.8) } ,
and
p3 = {(u1,0.8,0.8,0.8,0.8), (us3,0.8,0.8,0.8,0.8) } .
TABLE 2. Incidence matrix of the DVNHG $ = (7, €)
¢ (G €3
up | (0.8,0.8,0.8,0.8) (0,0,0,1) (0.8,0.8,0.8,0.8)
uz | (0.8,0.8,0.8,0.8) | (0.8,0.8,0.8,0.8) (0,0,0,1)
us (0,0,0,1) (0.8,0.8,0.8,0.8) | (0.8,0.8,0.8,0.8)
ug | (0.4,0.4,0.4,0.4) | (0.4,0.4,0.4,0.4) | (0.2,0.2,0.2,0.2)
us | (0.2,0.2,0.2,0.2) | (0.2,0.2,0.2,0.2) | (0.4,0.4,0.4,0.4)
Since
{ug,us} € T, (5(0.4,0.4,0.4,0.4))
and

no minimal transversal of $(

{us} €T, (5(0.2,0.2,0.2,0.2))7

0.20.2.02.02) contains {uy,us}. Hence the ordered pair

(5(0.4,0.4,0.4,0.4) 5(0.2,0.2,0.2,0.2)>

is not T-related. Therefore, $) is not T-related.

Theorem 4.6. Assume that $ = (0, €) is an ordered DVNHG. Then

T.(9H) =T1;(H) <<= $H is T-related.

Suriyakumar G et al., DOUBLE-VALUED NEUTROSOPHIC HYPERGRAPHS



Neutrosophic Knowledge, Volume 11, 2026 114 of 119

Proof. By Theorem 4.4, if ) is T-related, then

It remains to prove the converse.

Assume that
7,(9) =T (9)

and suppose, for a contradiction, that §) is not T-related. Let
SS(S;J) - {(Alv B1A7 Blcv Cl)a (A27 B?a 3207 02)7 ey (An7 B'r/z-,l) Bga Cn)} 3

and let

o($) = {ﬁ(Al,Bf‘,Bf,cl),ﬁ(Az,BQA,BQC,cz), . ,ﬁmn,B;;‘,Bs,cn)} _
Since $ is not T-related, there exists an index j € {1,2,...,n — 1} such that the ordered pair

(ﬁ(Aj’Bf7Bf’Cj) , 5’_)(Aj+1’Bf+1’Bf+1ij+1)>

is not T-related.

By the definition of T-relatedness, there exist a minimal transversal
. BA RC .
p; € T (54551 BS Co)y

and a transversal p;y1 of

A e}
5(Aj+lij+1ij+1=Cj+l)

such that

Pj S Pj+1;

B

A
1B

.. . c . .
but no minimal transversal N of 55(AJ+17 7+1:Ci+1) gatisfies

pi €N Cpjy1.
Since $) is ordered, we have
ﬁ(Aj7Bf7Bf7Cj) C ﬁ(AjJrlvBﬁt,-l?ng&-l?CjJrl)'

Bjc-‘-pcj-'—l)-

. A . .
Therefore, p; is not a transversal of Y_)(AJ“’BHI’ ; otherwise, it would contradict the

above choice of p; and pjt1.

.. , A pC .
Choose a minimal transversal £ of 53<AJ+1’BJ+1’BJ+1’CJ“) such that

£ C pjy1-
By the non-T-relatedness assumption, { cannot contain p;. Hence

pj L&
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Using p; as the cut at level (4;, BJA7 Bjc, C;) and & as the cut at level (4,41, Bﬁrl, BjcJr17 Cjit1),

one can construct a minimal DVNT ¢ of $ such that

6 € T(9)
but
sAir1,BY B 1,Ca) ¢ T, (ﬁ(Aj+1va‘+1ijC+1ij+1))_
Thus,
6 & T (H).
This gives
6 € T.(9H)\ T (9),

which contradicts the assumption

Therefore, $ must be T-related.

Corollary 4.7. Assume that $ = (0, €) is an ordered DVNHG with
8a(9) = {(A1, B, BY,C1). (A2, B3, BY . Ca), ..., (An, B}, By, Cn) }

and

A1,B{,BY C Az,B3' . BY ,C An,B#,BS ,Cn
C(ﬁ):{j’)( 171v171)7ﬁ( 2727272)’.. ‘6( yPnH»DPn s )}

If an ordered pair

(ﬁ(Aijf7BijCj)75‘/')(Aj+1’Bf+17Bf+l’Cj+1)>

is not T-related, then:

(Aj+1a Bﬁi—l? B]C-i-b Cj+1) € §s (Tr(ﬁ))-

(Aj+17 B}‘4+17 BJC+1, Cj+1)

is a transition level for some

0 € T,(9) \ T, (%)-
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5. Conclusions

In this study, we integrated the concept of double-valued neutrosophic sets into hypergraph the-
ory in order to handle uncertainty and indeterminacy situations more effectively. The proposed
double-valued neutrosophic hypergraph model provides a flexible framework for representing
uncertainty through truth, indeterminacy, and falsity membership degrees. We investigated
several fundamental properties of double-valued neutrosophic hypergraphs, including transi-
tion levels, lower truncations, and upper truncations. Moreover, we studied the properties of
minimal transversals and their relationship with T-related double-valued neutrosophic hyper-
graphs. The proposed framework shows its potential for describing double-valued uncertain
systems and identifying hidden relationships among interconnected structures. Future research
may extend this framework to interval-valued (hyperfuzzy) [39,40], bipolar [37,38], and other
generalized neutrosophic hypergraphs. We also hope that further extensions using HyperSoft
graphs [28], SuperHyperGraphs [29, 30], and related higher-order structures will be investi-

gated in future studies.
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