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“Neutrosophics Knowledge” has been created for publications on advanced studies in
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neutrosophic statistics that started in 1995 and their applications in any field, such as the
neutrosophic structures developed in algebra, geometry, topology, etc.
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Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of
neutralities, as well as their interactions with different ideational spectra.
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This theory considers every notion or idea <A> together with its opposite or negation
<antiA> and with their spectrum of neutralities <neutA> in between them (i.e. notions
or ideas supporting neither <A> nor <antiA>). The <neutA> and <antiA> ideas together
are referred to as <nonA>.

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and
<antiA> only).

According to this theory every idea <A> tends to be neutralized and balanced by <antiA>
and <nonA> ideas - as a state of equilibrium.

In a classical way <A>, <neutA>, <antiA> are disjoint two by two. But, since in many
cases the borders between notions are vague, imprecise, Sorites, it is possible that <A>,
<neutA>, <antiA> (and <nonA> of course) have common parts two by two, or even all
three of them as well.

Neutrosophic Set and Neutrosophic Logic are generalizations of the fuzzy set and respectively
fuzzy logic (especially of intuitionistic fuzzy set and respectively intuitionistic fuzzy logic).
In neutrosophic logic a proposition has a degree of truth

(1), a degree of indeterminacy (I), and a degree of falsity (F), where T, I, Fare standard
or non-standard subsets of /-0, 7+/.

Neutrosophic Probability is a generalization of the classical probability and imprecise
probability.

Nentrosophic Statistics is a generalization of the classical statistics.

What distinguishes the neutrosophics from other fields is the <neutA>, which means
neither <A> nor <antiA>.

<neutA>, which of course depends on <A>, can be indeterminacy, neutrality, tie game,
unknown, contradiction, ignorance, imprecision, etc.

All submissions should be designed in MS Word format using our template file:

http:// fs.unm.edu/NK/Nk-paper-template.doc.

A variety of scientific books in many languages can be downloaded freely from the Digital
Library of Science:

http:// fs.unm.edu/ScienceLibrary.htm.

To submit a paper, mail the file to the Editor-in-Chief. To order printed issues, contact the
Editor-in-Chief. This journal is non-commercial, academic edition. It is printed from
private donations.

Information about the neutrosophics you get from the UNM website:

http:// fs.unm.edu/neutrosophy.htm.. The home page of the journal is accessed on
http://fs.unm.edu/NK.
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Article

Indeterminacy Fuzzy Set coincides with the Picture Fuzzy Set,
and both are particular cases of the Refined Neutrosophic Set

Florentin Smarandache®

' University on New Mexico, Gallup Campus, United States

* Correspondence: smarand@unm.edu
Received: April 30, 2026; Accepted: May 12, 2026; Published: May 17, 2026

Abstract: In this short note, we analyze the relationship between C. Ardil’s Indeterminacy Fuzzy
Set (IDFS) and Bui Cong Cuong’s Picture Fuzzy Set (PFS). We show that Ardil’s “epistemic freedom
residual” mathematically coincides with Cuong’s “refusal degree,” and that the two formalisms
satisfy the same admissible simplex constraint. Consequently, IDFS and PFS are mathematically
equivalent representations under different notations and interpretations. Furthermore, we show
that both structures can be regarded as particular cases of the n-refined neutrosophic set and its
generalized extensions.

Keywords: Indeterminacy Fuzzy Set, Picture Fuzzy Set, n-Refined Neutrosophic Set, Nonstandard
Refined Neutrosophic Set, Refined Neutrosophic Over/Under/Off-Set, Nonstandard Refined
Neutrosophic Over/Under/Off-Set.

1. Introduction

We present, for comparison, the definitions of Indeterminacy Fuzzy Set [1] and Picture Fuzzy
Set [2] below, and it is clearly seeing that they are the same. Since the Picture Fuzzy Set was
introduced in 2014 by Cuong [2], it may represent an earlier formulation of the same mathematical
structure.

The other definitions below (n-Refined Neutrosophic Set, Nonstandard Refined Neutrosophic
Set, Refined Neutrosophic Over/Under/Off-Set, Nonstandard Refined Neutrosophic
Over/Under/Off-Set) are displayed because they are generalizations of the Indeterminacy Fuzzy Set
(Picture Fuzzy Set).

2. Definition 1.

Indeterminacy Fuzzy Set. Let X be a nonempty universe. An IDFS A on X is

A ={{x, TA(x), IA(x), FA(x)) | x € X},

where TA, IA, FA : X — [0, 1] satisfy the simplex constraint 0 < TA(x) + IA(x) + FA(x) <1 (¥x € X).

(1) The quantity pA(x) =1 - TA(x) - IA(x) - FA(x) = 0 is the epistemic freedom residual.
The admissible state space is the closed simplex

A«={(T,LF)e[0, 1P | T+I+F<1}.
(2) The boundary T+1+F =1 (i.e., 0 = 0) contains all IFS states embedded by

D, v) = (1, 1 - p=v, v).

Interior points (g > 0) are exclusive to IDFS.

Florentin Smarandache. Indeterminacy Fuzzy Set coincides with the Picture Fuzzy Set, and both a particular cases of the
Refined Neutrosophic Set
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The maximum entropy IDFS state (1/4, 1/4, 1/4) with o = 1/4 achieves entropy In4, strictly
exceeding the IFS maximum In3. [1]

3. Definition 2.

Picture Fuzzy Set A on a universe X is an object in the form of
A ={(x, HA(X), NA(X), VA(X))Ix € X'}
where YA (x) € [0, 1] is called the degree of positive membership of x in A, nA(x) € [0, 1] is called the
degree of neutral membership of x in A and vA(x) € [0, 1] is called the degree of negative membership
of x in A, and where pA, nA and vA satisfy the following condition:
(Vx € X) (MA(X) + NA(X) + VA(x) < 1).
Now (1 - (LA(x) + NA(x) + VA(x)) could be called the degree of refusal membership of x in A.
Let PFS(X) denote the set of all the picture fuzzy sets on a universe X. Basically, picture fuzzy
sets based models may be adequate in situations when we face human opinions involving more

answers of types: yes, abstain, no, refusal. [2]

4. Theorem 1 (Equivalence of IDFS and PFS)

Let A be an Indeterminacy Fuzzy Set (IDFS) on universe X:
A= {00 Ty (), L (x), Fa(x)) | x € X}
such that
Ta(x) + Li(x) + F4(x) < 1.
Let B be a Picture Fuzzy Set (PFS):
B = {(x, ta(x), na(x), va(¥)) | x € X}
with
Ha(x) +1a(x) +va(x) < 1.
Then IDFS and PFS are mathematically equivalent under the bijective mapping:
Ta(x) © pa(x),
Ly(x) © na(x),
F4(x) © vy (x).
Moreover,
pa(x) =1 =T,(x) = I;(x) — Fa(x)
coincides with the Picture Fuzzy Set refusal degree:
Ta(x) =1 = pa(x) = na(x) = va ().

Therefore,

pa(x) = my(x),
which proves the equivalence of the two formalisms.

Proof.

Under the above correspondence between membership components, the admissible state spaces
are identical since both satisfy the same simplex constraint. The residual quantity in IDFS equals the
refusal degree in PFS through direct substitution. Hence every IDFS induces a unique PFS and vice
versa, establishing a one-to-one correspondence. m

5. Definition 3

Single-Valued n-Refined Neutrosophic Set/Logic/Probability [3], where there are many
refinements Ty, Tz, ...Tp; I, I, ...I; F1, Fo, ..., Fs, with integers p, r, s> 1, and p + r + s =n, and all numerical
T, To, .. Tp, Iy, I, ..It, Fi, Fo, ..., Fs€ [0, 1].

And Set-Valued n-Refined Neutrosophic Set/Logic/Probability, where similarly there are many
refinements Ti, Tz, ... Tp; I, 2, ...I; F1, By, ..., Fs, with integers p, r, s> 1 and p + r + s =n, and all subsets
T, Tz, .. Tp, Iy, Ip, ..It, F1, B, ..., s C [0, 1].

Florentin Smarandache: Indeterminacy Fuzzy Set coincides with the Picture Fuzzy Set, and both a particular cases of the
Refined Neutrosophic Set
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6. Definition 4

More generalization there is the Nonstandard Refined Neutrosophic Set [4] (within the Extended
Nonstandard Analysis), where Ti, Tz, ..Tp, I, Iz, ..It, F1, Fo, ..., Fs€ ]0, 1[ and they may be reals,
hyperreals, monads, or binads.
7. Definition 5

Further on, one has the Refined Neutrosophic Over/Under/Off-Set/Logic/Probability [3, 4],
where all subcomponents T1, Tz, .. Tp, I, I, ..It, F1, F2, ..., Fs€ [Q, W], withQ < 0 <1 < W.
8. Definition 6

Also, Nonstandard Refined Neutrosophic Over/Under/Off-Set/Logic/Probability, where all
subcomponents T1, T, .. Tp, I, I, ..It, F1, B2, ..., Fs€ [-Q, ¥+], with Q < 0 <1 < ¥, and they may be reals,
hyperreals, monads, or binads (within Extended NonStandard Analysis). [4, 5]

Hierarchy and Generalization of Neutrosophic Structures

Refined Neutrosophic Over/Under/Off-Set Refined Neutrosophic
(Over/Under/Off-NS) N\ _____ Over/Under/Off-Set
C Components in [Q, ¥]

Nonstandard Refined withQ<0<1<¥
Neutrosophic Set
(Nonstandard n-Refined NS) Nonstandard Refined
(@ = Neutrosophic Set
Components in ]-0, 1+[
Refined Neutrosophic Set (reals, hyperreals, monads, binads)
(n-Refined NS)
C Refined Neutrosophic Set
e Multiple refinements
Picture Fuzzy Set T, l;, Fk € [0,1]
= withp,rrs=21andp+r+s=n )
Indeterminacy Fuzzy Set e Platirs Fuzzy Set
(IDFS = PFS) . = Indeterminacy Fuzzy Set
(T, I, F) € [0,1]° with
FolI+Fs1
Residual / Refusal degree:
p=n=1-(T+I+F)

! Inclusion chain:
i Picture Fuzzy Set = Indeterminacy Fuzzy Set C Refined Neutrosophic Set C N dard Refined Neutr:

phic Set C Refined Neutrosophic OverlUnder/Oﬂ—Seti

9. Conclusion

Definitions 1 and 2 coincide, but using different notations. While the mathematical structure of
the Indeterminacy Fuzzy Set coincides with that of the Picture Fuzzy Set, one may still distinguish
the semantic interpretation of the residual component. In the IDFS framework, the quantity pis
interpreted as an epistemic freedom residual, whereas in the PFS framework it is interpreted as a refusal
degree. Therefore, the present note does not deny possible semantic reinterpretations, but rather
establishes that the underlying mathematical formalism is equivalent.

Florentin Smarandache: Indeterminacy Fuzzy Set coincides with the Picture Fuzzy Set, and both a particular cases of the
Refined Neutrosophic Set



Neutrosophic Knowledge, Vol. 11, 2026 4

References

1. Ardil, C. (2026). Quantum logic framework for autonomous loitering munition systems selection: An
indeterminacy fuzzy sets approach. International Journal of Electrical and Computer Engineering, 20(5).

2. Cuong, B. C. (2014). Picture fuzzy sets. Journal of Computer Science and Cybernetics, 30(4), 409—420.
https://doi.org/10.15625/1813-9663/30/4/5032

3. Florentin Smarandache (2013). n-valued refined neutrosophic logic and its applications to physics. Progress
in Physics, 4, 143-146. https://fs.unm.edu/RefinedNeutrosophicSet.pdf

4.  Florentin Smarandache. (n.d.). Improved definition of nonstandard neutrosophic logic and introduction to
neutrosophic hyperreals (3rd version). arXiv. https://fs.unm.edu/NonStandard Analysis-Imamura-proven-
wrong.pdf

5. Florentin Smarandache. (2016). Neutrosophic overset, neutrosophic underset, and neutrosophic offset similarly for

neutrosophic over-/under-/off-logic, probability, and statistics. Pons Editions.
https://fs.unm.edu/NeutrosophicOversetUndersetOffset.pdf, https://fs.unm.edu/Over-Under-Off.htm

Florentin Smarandache: Indeterminacy Fuzzy Set coincides with the Picture Fuzzy Set, and both a particular cases of the
Refined Neutrosophic Set


https://doi.org/10.15625/1813-9663/30/4/5032
https://fs.unm.edu/RefinedNeutrosophicSet.pdf?utm_source=chatgpt.com
https://fs.unm.edu/NonStandardAnalysis-Imamura-proven-wrong.pdf?utm_source=chatgpt.com
https://fs.unm.edu/NonStandardAnalysis-Imamura-proven-wrong.pdf?utm_source=chatgpt.com
https://fs.unm.edu/NeutrosophicOversetUndersetOffset.pdf?utm_source=chatgpt.com
https://fs.unm.edu/Over-Under-Off.htm

Neutrosophic Knowledge, Vol. 11, 2026
University of New Mexico

‘lq

Article

Refined Uncertain Set, Refined Nonstandard Uncertain Set,
Refined Uncertain Over/Under/Off-Set,

Refined Nonstandard Uncertain Over/Under/Off-Set

Florentin Smarandache®

' Math and Science Department, University of New Mexico, Gallup Campus, USA
* Correspondence: smarand@unm.edu

Received: April 28, 2026; Accepted: May 9, 2026; Published: May 16, 2026

Abstract: This short note introduces four generalized frameworks for modeling refined uncertainty:
Refined Uncertain Set, Refined Nonstandard Uncertain Set, Refined Uncertain Over/Under/Off-Set,
and Refined Nonstandard Uncertain Over/Under/Off-Set. These frameworks extend refined
neutrosophic structures to a broader class of uncertainty representations, including fuzzy,
intuitionistic fuzzy, picture fuzzy, gq-rung orthopair fuzzy, spherical fuzzy, plithogenic, and related
models. The proposed approach enables the decomposition of uncertainty components into refined
subcomponents and further extends them into nonstandard and over/under/off domains.
Analogous extensions may also be developed for logic, measure, probability, and statistics.

Keywords: Uncertain set theory; refined uncertainty; nonstandard analysis; neutrosophic set;
refined neutrosophic logic; over-/under-/off-set; uncertainty formalism.
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1. Introduction and Motivation

Many uncertainty theories have been proposed to represent imprecise, incomplete, inconsistent,
or indeterminate information, including fuzzy sets, intuitionistic fuzzy sets, neutrosophic sets,
picture fuzzy sets, plithogenic sets, spherical fuzzy sets, and their various extensions. However, these
theories often remain isolated and use different mathematical structures.

The notion of refinement, introduced in neutrosophic theory, allows uncertainty components to
be decomposed into semantically meaningful subcomponents. Such decomposition permits a more
nuanced representation of truth, indeterminacy, falsity, or other uncertainty factors.

The purpose of this note is to generalize the refined neutrosophic framework to a broader
category called uncertain systems, thereby providing a common conceptual structure applicable to
many existing uncertainty theories.

By uncertain, we refer to all fuzzy-based or uncertainty-based representations, including but not
limited to: Fuzzy Sets, Intuitionistic Fuzzy Sets, Picture Fuzzy Sets (Ternary Fuzzy Sets),
Neutrosophic Sets, Pythagorean Fuzzy Sets, Fermatean Fuzzy Sets, q-Rung Orthopair Fuzzy Sets,
Spherical and n-Hyperspherical Fuzzy Sets, Refined Neutrosophic Sets, Plithogenic Sets, and related
uncertainty extensions.

Florentin Smarandache: Refined Uncertain Set, Refined Nonstandard Uncertain Set, Refined Uncertain Over/Under/Off-
Set, Refined Nonstandard Uncertain Over/Under/Off-Set
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2. Refined Uncertain Structures

Definition 1. Refined Uncertain Set / Logic / Measure / Probability

A Refined Uncertain Set is an uncertain set whose uncertainty components are decomposed
into multiple refined subcomponents.

Suppose an uncertainty representation consists of n subcomponents partitioned into:

Ty, Ty oo, Tp; Iy Iy oy L Fy, By o
where
pr,s=1Lp+r+s=mn, and T,I;, F € [0,1].

The refinement process decomposes uncertainty information into semantically meaningful
categories. For example, truth may be refined into several kinds of evidence, indeterminacy into
different sources of ambiguity, and falsity into different categories of contradiction or opposition.

This definition generalizes the concept of the Refined Neutrosophic Set [1] to broader
uncertainty systems.

Definition 2. Refined Nonstandard Uncertain Set / Logic / Measure / Probability
A further generalization is the Refined Nonstandard Uncertain Set, defined within the
framework of Extended Nonstandard Analysis [2].
In this case,
T I, Fy €170, 1]
where the subcomponents may be: real numbers, hyperreal numbers, monads, or binads.
This extension enables modeling uncertainty beyond standard real-valued boundaries.

Definition 3. Refined Uncertain Over/Under/Off-Set | Logic / Measure /| Probability
A Refined Uncertain Over/Under/Off-Set extends refined uncertainty beyond the classical
interval [0-1].
The refined subcomponents satisfy:
Ty, I, Fy € [Q, W]
where
A<0<I<WY
Such generalization permits:
— overset values (> 1), representing over-membership or super-evidence,
— underset values (< 0), representing negative evidence or anti-membership,
— offset structures, where both under- and over-values coexist.
This extends the notion of neutrosophic over-/under-/off-set [3] to a general uncertainty
framework.

Definition 4. Refined Nonstandard Uncertain Over/Under/Off-Set / Logic / Measure / Probability

Finally, the Refined Nonstandard Uncertain Over/Under/Off-Set combines refinement,
nonstandard analysis, and over/under/off extensions.

The refined subcomponents satisfy:

T, I, F, €107, W[
where
OA<0<1<Y,

and the components may be: real numbers, hyperreal numbers, monads, or binads.

This structure represents the most general refined uncertain framework introduced in this note.

Definition 1 Definition 2 Definition 3 Definition 4
Refined Uncertain Set / Refined Nonstandard Uncertain Set / Refined Uncertain Refined Nonstandard Uncertain
Logic / Measure / Probability Logic / Measure / Probability Over/Under/Off-Set / Over/Under/Off-Set /
There are many refinements (on d Nonstandard Analysis) Logic / Measure / Probability Logic / Measure / Probability
;o BN S £ T ; ton
Fy € - g+
Fy, F,, ..., Fg with integers p,r,s > 1, Ti, 1, Fi €]70,1%( T, I, Fy € [, %], T, I, Fx €97, ¥*(,
p+r+s=n,and and they may be where 2 <0<1< V¥, where 0 <0<1<¥,
and they may be
T /,, F. € [0, 1]‘ reals, hyperreals, monads, or binads. y may

reals, hyperreals, monads, or binads.

Figure 1: Definitions.
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3. Illustrative Example

Consider an environmental assessment problem in which ecological sustainability is evaluated
through refined criteria.
Truth-membership may be refined into:
T = (T, T;) = (0.8,0.7)
where:
— T, represents ecosystem integrity,
— T, represents biodiversity resilience.
Indeterminacy may be represented as:
1 =(0.2)
due to incomplete field measurements.
Falsity may be refined into:
F = (F,F,)=(0.1,0.3)
where:
— F; measures pollution stress,
— F, measures habitat fragmentation.
In over/under/off extensions, some values may exceed the classical interval [0, 1], allowing the
representation of exceptional support or negative evidence.

1. UNCERTAIN SYSTEMS (Examples) 2. REFINEMENT IDEA 3. VALUE DOMAINS
By "uncertain” we mean a broad family . Standard domal Definition 1
of fuzzy and fuzzy-extension models. Each uncertainty component is decomposed e b s efinition

into several

— P 0, R0l

Fuzzy Intuitionistic 2 0 1
Sots Fuzzy Sets Truth component 71 7'2 o~ Tp
i ) Nonstandard domain Definition 2
Spherical & £ =
Hyperspherical Eichisl ey, 70 85 T, 1y, F €]-0,1%(
el Fuzzy Sets ‘ ‘ b >
Uncertain Indeterminacy I I I F 1 (reals, hyperreals,
Systems component = 1 Ll ¢ $ monads, binads)
k >
AR Ovops Heuligeopic | (rz1) Over / Under / Off domain Definition 3
Fuzzy Sets Sets P
Faisity F F F —) > Thcl¥
Plithogenic  Pythagorean alsity component P el =
Sets Fuzzy Sets E =4 Q 0 : 1 M Q<0<1<¥
(s=1)
Nonstandard Over / Under / Off domain Definition 4
and related extensions .. -0 1+ To Iy, Fe €107, 94
Total number of refined subcomponents: | =
T (n>3) 0 2<0<1<¥
Rl Tih = s a- 0 1 pr (reals, hyperreals,
monads, binads)
Figure 2: Refined Uncertain Framework.
----------------------------------------------------------- Applicatians’Across'ManyiFleltls) ~—=—=—=-=sbosmessnasmsaievissaaianais
Environmental @M Heaithcare o) Al & intelligent ~%4 Risk Analysis & 3% Finance & S@% Social Sciences & Physics &
Assessment Decision Making Systems a ll Management e Economics (%) Humanities Engineering

The proposed refined uncertain frameworks provide a unified, flexible, and extensible f dation for deling plex uncertainty.

Figure 3: Applications.

4. Conclusion

This short note introduced four generalized frameworks for representing refined uncertainty:
the Refined Uncertain Set, Refined Nonstandard Uncertain Set, Refined Uncertain
Over/Under/Off-Set, and Refined Nonstandard Uncertain Over/Under/Off-Set. These structures
extend the refined neutrosophic paradigm toward a broader class of uncertainty theories, including
fuzzy, intuitionistic fuzzy, spherical fuzzy, plithogenic, q-rung orthopair fuzzy, and related systems.

The proposed framework enables the decomposition of uncertainty components into refined
subcomponents, thereby allowing a more detailed and semantically meaningful representation of
uncertain information. Furthermore, the incorporation of nonstandard analysis and over/under/off
domains extends the modeling capability beyond classical intervals, permitting the representation of
exceptional, incomplete, contradictory, or nonconventional uncertainty values.

Florentin Smarandache: Refined Uncertain Set, Refined Nonstandard Uncertain Set, Refined Uncertain Over/Under/Off-
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By establishing a unified and extensible conceptual structure, the present work opens the

possibility for developing corresponding generalized forms of uncertain logic, measure, probability,
statistics, and decision-making models. Future research may focus on formal axiomatization,
algebraic properties, aggregation operators, similarity and distance measures, and applications in
artificial intelligence, environmental systems, engineering, social sciences, and complex decision

environments.
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1. Introduction

Zadeh [1] developed fuzzy set theory to deal with uncertainty. Since then, many researchers
have studied fuzzy logic and fuzzy set theory in an attempt to solve a range of real-world
problems involving ambiguous circumstances. According to Smarandache [2], neutrosophic
sets (NSs) are a useful mathematical tool for dealing with confusing, inconsistent, and incom-
plete real-world data. Neutrosophic sets are distinguished by a truth-membership function
(T'), an indeterminacy-membership function (I), and a falsity-membership function (F') that
can all have values in the standard or non-standard interval of 0 to 1. Because the concept

of a Neutrosophic Set is important, several extended notions of Neutrosophic Sets have also
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been introduced [20-22].

Akram [3-6] distinguishes between two soft computing methods for conveying ambiguity and
uncertainty: fuzzy sets and soft sets. They used soft computing models to examine graph
ambiguity and uncertainty. Several regular fuzzy soft graph properties were investigated. He
then discussed intuitionistic fuzzy soft graphs, neutrosophic soft graphs, and their uses. In a
soft graph, each vertex and edge has a set of parameters. According to Satham Hussain [7],
fuzzy sets and neutrosophic soft sets are effective ways to describe data with information. This
method was used to create neutrosophic soft graphs. Decision-makers can then customize their

findings to fit their particular fields of expertise.

Satham Hussain [8] introduced the ideas of neutrosophic graphs and strong neutrosophic graphs,
which served as a basis for more in-depth research. Neutrosophic graphs and graph compo-
nents are combined in this new theoretical framework. The total membership values for truth,
indeterminacy, and falsity in this case fall between 0 and 2 as truth and falsity are considered
dependent variables. Applications in operations research and issues in social networks are the
focus of this theory’s development. In the latter industry, the rise of phony or false profiles is
an especially serious issue. A new solution to these problems is provided by the neutrosophic
graph model. Examples were provided to demonstrate the suggested concepts, and strong,

complete, and self-complementary neutrosophic graphs were examined.

The complex neutrosophic soft set model, which blends neutrosophic and soft sets, was pro-
posed by Said Broumi [9,10]. It presents and illustrates the fundamental operations of set
theory along with other concepts related to this model structure. The use of this paradigm
is demonstrated using a decision-making challenge including subjective and ambiguous infor-
mation. This illustration shows how well the approach manages ambiguity and encourages
well-informed decision-making. It also introduced fermatean neutrosophic graphs and pro-
vides opportunities for further research to enhance the methodology and take into account its

ramifications in other domains, such as artificial intelligence and decision science.

The concept of complex neutrosophic soft graphs (CNSGs), which provide a sophisticated
framework for simulating indeterminacy, ambiguity, and uncertainty in complex systems, is
introduced and developed by Suriya [11-14]. High degrees of neutrosophic uncertainty and
complex-valued memberships for both edges and vertices under soft set parameters define a
strong complex neutrosophic soft graph (SCNSG). We present a novel measure that considers

the cumulative strength and uncertainty of connections within graph characteristics, as well

Agilarasan K. etc., Cartesian Product of Complex Neutrosophic Soft Graphs
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as the complements of a complex neutrosophic soft graph and a strong complex neutrosophic

soft graph.

The Cartesian product of complex neutrosophic soft graphs is defined and its basic structural
characteristics are examined in this work. The Cartesian product procedure is used to analyze
vertex and edge membership functions. A number of preservation outcomes concerning graph
structure and connectivity are established. The suggested structure shows how smaller graphs
can be methodically transformed into complex neutrosophic soft graphs. Additionally, pos-
sible uses of complex neutrosophic soft graphs for complex network systems and uncertainty

modeling are examined.

2. Preliminaries

This section provides a basic description and example to support the key findings.

Definition 2.1. [10] Assume U # ¢, a complex fuzzy set A is an entity with the following
structure:

A={(z,pa(x)): 2 € U} = {z, X 4(x)e™2 ()}
where i = /—1,X4(x) € [0,1] and 0 < wa(zx) < 2.
Definition 2.2. [1] Assume U # ¢. A complex intuitionistic fuzzy set A is defined as follows:

A={(z,Xa(x),34(x)) 2 €U}

A= {(2,%X4(x)e" @) 3,(2)e2 @) : 2 € U}
where i = /=1,X4(z),34(z) € [0,1], va(z),vx(x) € [0,27] and 0~ < Xa(x) + Fa(z) < 17.
Definition 2.3. [1] Assume U # ¢. An object with the shape of a complex neutrosophic set
A is

A={(z,X4(x),Da(x),3r(x)): 2 €U}
A= {(z, Xa(x)e™4 )9 4 (2)e"4), 34 ()1 @) 2 € U}

where i = /—1,X4(2),Da(x),34(x) € [0,1],an(x), Ba(z),vx(x) € [0,27] and 0~ < X4(x) +
Da(z) + 3a(x) < 3.

Definition 2.4. ( [}]) A fuzzy soft graph G = (G*, M, N, R) is an ordered quadruple that
meets the following conditions:

o G* = (V,E) is a simple graph,

e R is a non-empty set of parameters,

e (M, R) is a fuzzy set defined over the vertex set V,

Agilarasan K. etc., Cartesian Product of Complex Neutrosophic Soft Graphs
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e (N,R) is a fuzzy set defined over the edge set E,
e For each a € R, the pair (M(a), N(a)) forms a fuzzy graph associated with G*, such
that:
N(a)(zy) < min{M(a)(z), M(a)(y)}
holds for all x,y € V.
$(a) represents the fuzzy graph (M(a), N(a)). A fuzzy soft graph can be thought of as a family
of fuzzy graphs parameterized by R. M(G*) denotes the class of all fuzzy soft graphs over G*.

Definition 2.5. [3] An intuitionistic fuzzy soft graph G = (G*, F, K, Q) is an ordered four
tuple if it satisfies the following conditions:
o G* = (V,E) is a simple graph,
e () is a non-empty set of parameters,
e (F,Q) is an intuitionistic fuzzy set over V,
e (K, Q) is an intuitionistic fuzzy set over E,
e (F(a),K(a)) is an intuitionistic fuzzy graph of G* for all a € Q. That is
Xk (a)(ab) < min{Xp(,)(a), Xp@)(b)}
3K (ay(ab) > max{3r()(a), 3r@)(0)}
for all a € Q and z,y € V. The intuitionistic fuzzy graph (F(a),K(a)) is denoted by H(a)

for convenience. An intuitionistic fuzzy soft graph is a parameterized family of intuitionistic

fuzzy graphs.

Definition 2.6. [7/ A neutrosophic soft graph G = (G*, M, N, R) is defined as a quadruple
satisfying the following conditions:
o G* = (V, E) represents a simple (i.e., undirected and without loops or multiple edges)
graph,
e R is a non-empty collection of parameters,
e (M, R) denotes a neutrosophic set defined over the vertex set V,
e (N, R) denotes a neutrosophic set defined over the edge set E,
e For every a € R, the pair (M(a), N(a)) forms a neutrosophic subgraph of G*. Specifi-
cally, the following conditions hold:

X (o) (ry) < min{Xpra)(2), Xara)(¥)}
DN (o) (ry) < min{D ara)(2), Dara)(¥) }
() (zy) > max{3rr) (), 301(a) (W)}
For case of use, $(a) is used to represent the neutrosophic fuzzy graph (M(a), N(a)). A

neutrosophic fuzzy soft graph may therefore be thought of as a family of neutrosophic fuzzy
Agilarasan K. etc., Cartesian Product of Complex Neutrosophic Soft Graphs
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graphs that are parameterized by R. M(G*) represents the class of all neutrosophic fuzzy soft
graphs over G*, for alla € R and x,y € V.

3. Cartesian Product of Complex Neutrosophic Soft Graphs.

We explain the Cartesian product of complex neutrosophic soft graphs.

Definition 3.1. A Complex Neutrosophic Soft Graph (CNSG) is defined as an ordered
quadruple G = (G*, 6, R, L) that satisfies the following conditions:

o G* = (V,E) is a simple graph.

e L is a non-empty set of parameters.

e (6, L) constitutes a complex neutrosophic soft (CNS) set over the vertex set V.

e (R, L) represents a CNS set over the edge set E.

e For each parameterl € L, the pair (6(1), R(1)) forms a complex neutrosophic soft graph

(CNSG) on G*.

1. Let V = {ly,la,--- , 1}, and consider the functions:

%6(1) V= [07 1]7 2)6“) V= [07 1]7 SG(I) V= [07 1]

The degrees of truth-membership, indeterminacy-membership and falsity-membership for each
vertex p; € V under the parameter | € L are represented by these functions, respectively.
Furthermore, in [0, 27], let As@), Beqy, and Cg(yy represent the corresponding argument func-

tions for every membership function. Afterward, for every vertex p;:

0 < o) (pi)e o0 P) £ Yy (pi)e e P 4 36 (py)e!“ow P < 2

2. For the edge set E CV QV, the corresponding functions are defined as:
%ﬁ(l) E— [07 1]7 g)ﬁ(l) B — [07 1]7 3ﬁ(l) B — [07 1]

With regard to parameter l, these functions indicate the degrees of truth-membership,
indeterminacy-membership and falsity-membership for every edge p;p; € E. The functions
Ag@), Baqy, and Cgqy € [0,27] are argument functions. These also correspond to the associ-
ated membership functions.

For each edge p;p; € E, the following conditions must be satisfied:
X (pipy)e 0 PP < (X (pi) A Xy (py)]e e PN den @)}
D) (pip; )€ B0 PiPI) < (D) (i) A D) (py)]e Pew PN Bew (pi)}
3ﬁ(l) (pipj)eioﬁ(l)(pipj) > [36(”(%) v SG(l)(pj)]ei{Ce,(l)(pi)\/C@(z)(pj)}
Furthermore, each edge satisfies the bounded magnitude condition:

0 < Xgq)(pipy)e 5O PP) 4 gy (pipy)e PO PP 4+ 300 (pipy)e’ 50 PiPi) < 2
Agilarasan K. etc., Cartesian Product of Complex Neutrosophic Soft Graphs
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For simplicity, the pair (&(1),R(1)) is known as the complex neutrosophic graph G. Thus, a

CNSG is a parameterized structure that expands on the idea of a complex neutrosophic graph.
Definition 3.2 (Cartesian product of complex neutrosophic soft graphs). Let
G1 = (G7,61, 81, L) and Go = (G5, 629, Ro, L)
be two complex neutrosophic soft graphs (CNSGSs), where
G1 = (W1, Ev), G5 = (V, Bs).
The Cartesian product of G1 and Ga, denoted by

G1®G2,

is the CNSG
G1(X) G2 = (G, 6,8, L1 x Ly),

where the underlying crisp graph is
G*= (V1 x Vo, E),
with
E={(p.q)p, %) |p€ Vi, q1g2 € E2} U{(p1.9)(p2,q) | p1p2 € E1, q € Va}.

For each (I, k) € L1 x Lo, the vertex-membership values are defined by

X, ()o6a(hy (P @) € AS1050200P) = [Xg ) (p) A Xy 1y ()] e (A1 Az ()

Vs, (s (k) (D> q) € iBe1 (e, (P:0) = e, (P )/\@eg(k)(qnei(BG“”(p)ABG?(’“)(q)),

361 (006 k) (Ps @) € Ce1088:00 @D = [3 4 (p )\/362(1@((1)}€i(061<”(p)v%2“)@),

for all (p,q) € Vi x V3.

The edge-membership values are defined as follows.
(1) If (p,q1)(p,q2) € E, where p € V1 and qi1q2 € Es, then

Xq ek (0, @) (0, 02)) e A ey (Pa)P.e)) = [Xs,0)(P) AN Xay) (0102)]

e i(AGI (PN A gy (1) (@1 QQ)) ,

Vs, ek (9, 01) (D, @2)) € P20 (P0)P02) — [ ) (p) A D g, 1) (0162)]

e i(Be, 1) (P)ABay (k) (4102)) 7

35 o) (9, 01) (P, @2)) e Fnesnam(Pa)pe) = (3. o (p)V 35,4 (q192)]

e i(Ce, 1) (P)VCiy k) (102)) )
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(2) If (p1,q)(p2,q) € E, where pips € Ey and q € Va, then

Xty (0o () ((ph ) (p2, q)) e HAs; (@R (k) (P1,0)(P2,9)) [:{ﬁl(l)(plpZ) A X, (k) (q)}

e i(Ag, (1) (P1P2) A ey (1) (2)) ’

Vi, ek (1, @) (02, @) e Prr0esam (r0@20) — 9 (p1p2) A D, (1) (0)]

e i(Bg, 1) (P1p2) ABe, (1) () 7

35 et (01, @) (P2, @) e “Rwesat (PLOW2D) = [3¢ ) (p1p) V 36,1 (0)]

e i(Cay 1y (P1P2)VCey (i) (@)

Theorem 3.3. Cartesian product G1 Q) Go = (V1 Q) Vo, E1 Q) E2) of two CNSGs, G1 and Ga,
is also the CNSG of G1 Q) Ga.

Proof: Two cases are examined. Case 1: For p € V1, qiqs € F»

X, (1) @ () (P01) (pg2) €51 ) @ 2 (P01)(P2)) =
[Xe,(1)(P) A Xyt (Q12)] " HAo10 P A (1152)}

< [Xe, )(P) A Xy (@1) A Xy (q2)]Je A0 @A, 0 (0 e (@)1

= [[Xe,0) (P) A Xy (0] A [Be, (1 (P) A X, 1y (2)]J V401 0P A2t (I, ) I A 1 (02)}
= [Xe, () @ &) (101) A X5, () @ () (r2) e/ HAO1 0 @200 TN, () @ 0300 (12}

Vi (1) @ (k) ((001) (Pa2) )€ P 0 @ 20 (P21 (2)) =
@61”) (p) A Do (k) (qqu)]ei{BGI(l)(p)/\BftQ(k)(‘IUD)}

< [2361(1) (p) A [@GQ(k) (q1) A 2)62(k)(qz)]]ei{BG)l(l)(p)/\{BGQ(k)(‘II)/\BGQ(k)(‘D)}}
= [De,)(P) N Deaii) (@)] A [Des, 1) (D) A Desy 1 (g2)]]e P10 PN Bz ()M Bey 1) ()N Beg i (42))
= Ve, 1) @20 (101) AN D&, (1) @ &2k (T02)] € e{Bs; (1) ® 6,k (T11)ABs, (1) @ 85(k) (T2)}

35000 @ s () (1) (pg2) )€ 1 0 @ sz (P21 (P2)) =
36, 1)(P) V 3y (k) (q12)]e HCor 0 PNV Crao ez}

< 36,0 () V Beat (1) V 3, (k) (42)]] {010 PV {Coat [0V Cori @)1
= [[36,1)(P) V 3600 (@1)] V [Be, 1) () V 3 (k) (@2)]] "1 Co10 PV Coni (1)1 0 (P)V oy i (02))
= 3,0 @ () (rd1) V 36, @ a(k) (ra2) e {10 @2 MV 0 @ 0yt (1))

for all pq1,pg2 € G1 Q) G

Case 2: For q € Vo, pip2 € E
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X5, () @ 5ak) (010) (p2q)) €420 © stz (P10 (P20)) _
[%GQ(k) (q) A Xy () (p1p2)]ei{A62<k)(q)/\Aﬁl(l)(plp2)}

< [Xeui) (@) A [Xe,0)(P1) A X, 1y (p2)]]e o2 (DM Ae 0P Mo 0 (2]}
— [[%62(14:) (q) A %61(l)(p1)] A [%62(@((]) A 3661(l)(p2)“ eHAs, (k) (DN s, 1) (P1)INAs,y (k) (A As (1) (P2)}

= [x61(l) ®6s(k) (p1q) A X&) @ &2 (k) (p2q)]€i{A61(l)®62(k)(pIQ)/\A61(Z) ® &5 (k) (P20)}

Vs (1) @ () (1) (p29)) € P10 @ 520 (P10 (20)) =
[@GQ(k) (@) A Vs ) (plpz)]ei{Be2(k)(q)/\Bﬁl(w(;sz)}

< Dis) (@) A B0 (21) A Doy o (o) Pea N Foro s )
= (D) (@) A Ve, ) ()] A Dz (0) A Dy 1y (p2)]JeHFo200 @ Bor 0y I B 10 (01 By ) (2))

= [De1) @ 2(b) (P10) A D, (1) @ 831y (P20) /P10 @20 P10 B8 ) @ 810 (P2}

35%1 )& fial k)((p1q)( q))eicﬁlm®§2(k)((p1q)(p2q)) _
[36:(6) () V 35, 1) (p1p2)] e (Co20 @V Ci 0 (P1p2)}

< [Beay (@) V [3e,0)(P1) V 3, 1y (p2)]]e! 10200 @V {Co10) ()Y Coy 0y (p2)})

= [[362(k)(q) v 361(0 (p1)] Vv [362(k)(q) \/ 361(0 (p2)]]ei{062(k)(q)vcﬁl(l)(pl)}v{cﬁg(k)(q)VCGil(l)(PZ)}

= 36, () @ (k) (P10) V 36,() @ &2 (k) (P24)] €' 1710 @ @200 P10V T () @ 80 (P20)}

for all p1q,p2q € G1 Q) Gs.

Example 3.4. Ezamine two CNSGs G1 = (V1,Ey) and Go = (Va, E3) of G = (V,E), as
shown in figure 1. From this, we obtain the cartesian product (G1 Q) G2) as shown in figure 2.
Let (S, L) be a CNSS over V and let L = (I) be a set of parameters. The complex neutrosophic
approzimation function & : L — L(V') is defined by

{p1, (.3e"7(16) | 7im(18) " geim(L4))}
6(l1) = {p% ('2€i7r(1.7)’ .6€i7r(1'7), -76“'(1'8))}
{p3’ ('562'#(1.4)7 _8€i7r(1.6), .4€i7r(1'6))}

Let (&,K) be a CNSS over V and let K = (ki1,k2) be a set of parameters. The complex
neutrosophic approzimation function & : K — K(V) is defined by

Agilarasan K. etc., Cartesian Product of Complex Neutrosophic Soft Graphs
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{q17 ( 46“1— (1.5) 5€Zﬂ'(1 4) Ge’bﬂ' (1.5) )}
&) =
{Q27 ( 66”1— (1.3) 76Z7r(1 5) 4el7l' (1.8) )}
6([ ) {QL ( 36”(1 2) 7@”(1 4) 66” (1.7) )}
2 p—
{qo, (:2e7™1-0) eim(15)  geim(1-5))1

Let (R, L) be a CNSS over E and let L = (l) be a set of parameters. The complex neutrosophic
approzimation function R : L — L(E) is defined by

{p1p2, (1em(1:5) | 5ein(1.6)  gein(1.9))}

Al = | | |
{(pap3, (:2¢77(13) 6eim(15) | 7¢im(18))}

Let (R, K) be a CNSS over E and let K = (k1,k2) be a set of parameters. The complex neu-
trosophic approzimation function R : K — K(FE) is defined by

R(ky) = {{qu]g, (.3ei7r(1.2)7 .4€i7r(1.3)’ _761'77(1.8))}
ﬁ(]@) = {{fh, q2('26i7r(1.2)7 '6ei7r(1.4)’ '861'71'(1.7))}

p1p2 /\ p2p3 O
b1 b2 b3
() ()

G1(1)

q192 q192
Ga(k1) Ga(k2)

Figure 1: Complex Neutrosophic Soft Graphs.

Vertices of CNSG G1 @ G2
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S1() Q S2(k1) =

G1() @ Ga(k2) =

Edges of CNSG G1 @ G2

Ri1(l) @ Ra(k1) =

fi1(1) @ Ra(ke) =

{plqu 367;71—(1.5) ’

{p2q1, (:2¢7(1-5)

{psq1, (4e™(14)

{PIQQa 367"7"(1‘3) )

{p2q27 26i7r(1.3) )

~~ o~ o~ ~ ~~

| {p3qz, (:5e™(1:3),

{p1a1, (:3e™(12)

{p2aq1, (:2¢"(12)

{psq1, (:3e"™(12)

{p1g2, (:2¢"7(10)

{p2go, (:2¢m(1-6)

2ez7r (1.4)

(-
(-
(-
(-
(-
(-

{p3Q27

{p1( )’ 3ez7r (1. 2)
{p2(q102),
{p3( )7 36” (1. 2)

(-

( 2617T (1. 2)

(-
{(pp2)qr, (.1e™™(15)

(-

(-

(-

{( 1eim(1.3)
{(p2p3 267,#(1 3)
(

)
P1P2)q2,

)ai,

)

{(p2p3) gz, (2¢"7(13)

{p1(q1g2), (:2¢7012),
{p2(q192), (:2¢712),
{p3(q1g2), (:2¢'7(12),
{(p1p2)a1, (.1em(1-2)
(1eim(15)
S (-

)
{ p1p2)Q2,
) 2627T(1 2)

{ (p2ps3

\ {(p2p3)q27 ('26Z7T(1.3)7

o)

9 .

g .

.76”(1'5), .
6eim(1)

719

), 7m0,
.66”(1'4), .
.76”(1'4), .
), 6eim(19),.
), 6em015)

.66”(1'5) .

567L7r(1 4)

5€i7r(1.4) )

4eim(13)
4eim(1.3)
4eim(1.3)
im0
| 6eim(19)
 Bein(14)
. Geim(15)
Geim(14)
Beim(14)
Geim(14)

_561'71*(1.5)
'6€i7r(1.4)

.66i7r(1'5)

‘761'77(1‘8)

5 .

9 .

g .
I

)
)
)

, 8erm(19))}
)
)
)

I

I

5.

, .76171'(1.8))}

}
}
}

7€i7r(1.8)

7ei7r(1.8)

8ei7r(1.9)

}
}
}

7ei7r(l.8)

7ei7r(1.8)

.Sezn(l 7) )}
'86177(1 8) )

.8€Z7T(1 7) )}
.56iﬂ(1'4) )

h
19))
19))}

et (L. 8))}
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(p1p2)g2 /\ (p2p3)q2 (p1p2)g2 (p2p3)q2
ple P2qg2 @l& P1G2 p2q2 P3q2
) s ) ) ) S
S & S S S S
= = = = = =
Sy ISW ISY Sy ISW ISY

plQ? @Q @CH Piq1 p2q1 p3q1

(pp)ar ./ (p2p3)as (P1p2)@1 (p2p3)q1

G1(1) @ Ga(k1) G1(1) @ Ga(k2)

Figure 2: Cartesian product of CNSG.

4. Application: Decision-Making in Wireless Communication Networks using

CNSG

A wireless sensor network (WSN) monitors system or environmental conditions by connecting
several sensor nodes and exchanging data. However, uncertainties like noise, interference, and
propagation delay, which result in phase changes in sent signals, often impede communica-
tion. Additionally, incomplete or missing data from particular sensors results in ambiguity,
while transmission errors or packet losses lead to inaccurate information. Because of these
features, it is difficult to assess communication link reliability using conventional deterministic
or even fuzzy models. Implementing a more comprehensive framework that can simultaneously
describe and analyze multiple types of uncertainty is therefore crucial. The Complex Neutro-
sophic soft Graph model generates such a structure by integrating truth, indeterminacy, and
falsity degrees with complex (phase) and soft computing techniques. The goal of this technique
is to determine the most reliable communication link between sensor nodes while accounting

for all of the entangled uncertainty.
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Figure 3: Wireless Communication Networks.

Sensor nodes:

{ul, ('561'1,8#, .46i1'6ﬁ, .4€i1'3ﬂ)}
{ug, (7€l 67 7eil3m 3eilsm))
{'LL3, (.567,'1.77r7 .6€i1'47r, .567:1'87T)}

{U4, (.46i1.97r’ .5€i1.27r7 '562'1.777)}

S(h) =
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{ul, (.66i1'77r, .3€i1.47r7 3etl T }
{ug, (.86 41137 2eil-5m)1

)

)
{U3, (.6€i1'8ﬂ, .66“'777, .4€i1'3ﬂ)}

)

(g, (Tei197, 5eil 87 3eildm))
Communication path:

({uugtiy, (A7, 361127 4ilom))
{ugus, (.56i1'57r, 6et3T .Geil-ﬁﬂ)}
{uguy, (.37 5eil:2m | 5eil8m)Y
{U1’U,4, (.4621'6ﬂ-, .4611.171” .7611'6ﬂ-)}
{U1U37 (.561'1.67r7 _4€i1.37r7 .6€i1'77r)}
{uguy, (.3eM57 5eil-2m | 5eil6m)y
{’UJUQ, (.6@1157"’ .361'1.271’ 3etl- Gn)}
{ugus, (.5el4™ | 41137 5eildm))
{u3u47 (.66i1'77r7 .5€i1'67r 4 11 371-)}

R(l2) = A |
{uguy, (5eH-07 3eil-57  3eil2m)Y
{uqus, (4eH-07 3eil4m Geildm))
\ {’UQU4, (.6€i1'57r, .46“'27" 3¢l 471')}

Each edge in the Complex Neutrosophic Soft Graph is assigned a composite reliability score
(R), which measures the overall reliability of each communication channel. This score takes
into account the results of the complex neutrosophic representation’s truth, indeterminacy,

and falsity components. The equation for calculating the dependability of an edge is

[Q:jﬁ(l) (wiwj) + Sﬁ(l)(wiwj)] eiZ‘Aﬁ(l)(wiwj)— [Bﬁ(l)(wiwj);rcﬁ(l)(wiw]-)]
2

R(wiw;) = Z’%ﬁ(z) (wiw;)—
Then,
R(wywy) = 350357
R(waws) = 15670107

R(wswy) = .35e0-557

The most reliable path is between ws and wy with R(wawys) = .45€70-307,
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The least reliable path is w; — ws with R(wjws) = 0.05¢0-257.

As a result, CNSG suggests the communication link (wewy) as the most reliable path for data

transfer.

5. Conclusion

This paper presented a formal definition and analysis of the Cartesian product of complex neu-
trosophic soft graphs. Vertex and edge membership functions were employed to investigate
the fundamental structural properties of the resulting graphs. By establishing preservation
results under the Cartesian product operation and examining its applications in CNSGs, it
was shown that complex neutrosophic soft graphs can be systematically constructed from
simpler ones. The proposed framework strengthens the theoretical foundations of complex
neutrosophic soft graph theory and opens promising directions for further research and appli-
cations in complex network analysis and uncertainty modeling. It is also hoped that future
studies will explore extensions based on Plithogenic Graphs [15,16], HyperGraphs [17], and
SuperHyperGraphs [18,19, 23, 24].
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Abstract. The paper presents and studies the Randic Index for neutrosophic graphs and uncertain graphs. It
provides an effective model for uncertainty and imprecision in edge and vertex relations. This study analyzes
the Randic Index’s properties for neutrosophic soft graphs and the impact of isomorphism between graphs.
Additionally, the idea is expanded to directed neutrosophic soft graphs, providing a new method for analyzing
directed structures in the presence of uncertainty. A real-world example shows how the Randic Index can be
used to help choose the ideal location for a waste management plant. This technique underlines the Randic
Index’s practical usefulness in urban planning and infrastructure development, illustrating its greater influence

across various disciplines.

Keywords: Randic Index; Neutrosophic soft graph; Randic Index in Neutrosophic soft graph.

1. Introduction

Numerous practical problems in computer applications, systems analysis, computer networks,
transportation, operations research, and economics may be resolved with the aid of graph

theory. In essence, a graph is a relational model used to explain problems in the actual world
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that call for interactions between items. The items and their relationships are represented by
the vertices and edges of the graph, accordingly. For a variety of causes, such as informa-
tion loss, a lack of supporting evidence, faulty statistical data, and insufficient information,
the information supplied in many optimization scenarios is erroneous or imprecise. Generally

speaking, information concerning a real-life situation can be unclear.

Cantor proposed the fundamental concept of classical graph theory. Each vertex or edge in
a classical graph can either belong to the graph or not. As a result, uncertain optimization
scenarios cannot be represented by ordinary graphs. Since real-world issues are usually un-
foreseen, it is challenging to replicate them with traditional graphs. Fuzzy set theory was
proposed by Zadeh [1]. Neutrosophic sets are a helpful mathematical tool for handling am-
biguous, inconsistent, and incomplete data in the real world, according to Smarandache’s
theory. A truth-membership function (t), an indeterminacy-membership function (i), and a
falsity-membership function (f) create neutrosophic sets independently in the real standard
or nonstandard unit interval [0,1]. As extensions of the Neutrosophic Set, concepts such as
the Double-valued Neutrosophic Set [24] and the SuperHyperNeutrosophic Set [25] are also
known. To facilitate the use of NS in real-world applications, Wang developed the notion of
single-valued neutrosophic sets, a subclass of neutrosophic sets. The earlier study was moti-
vated by the introduction of the notions of neutrosophic vague graphs and strong neutrosophic
vague graphs by Satham Hussain [2]. Neutrosophic Graphs and their extended concepts, such
as Neutrosophic HyperGraphs [18], Neutrosophic SuperHyperGraphs [19], Quadripartitioned
neutrosophic graphs [22,23], and Plithogenic Graphs [20,21], have been studied in recent years.

In addition to discussing the characteristics of neighborly regular and irregular fuzzy graphs,
Nagoor Gani [3,4] defines regular and irregular fuzzy graphs. Then, Liangsong Huang [5]
introduced a study of regular and irregular neutrosophic soft graphs, the two types of degree,
dmp-regular, td,,-regular and m-highly irregular neutrosophic soft graphs, and some properties

are shown.

The concept of complex neutrosophic soft graphs (CNSGs), which provide a sophisticated
framework for simulating indeterminacy, ambiguity, and uncertainty in complex systems, is
introduced and developed by Suriya [6-9]. High degrees of neutrosophic uncertainty and
complex-valued memberships for both edges and vertices under soft set parameters define a
strong complex neutrosophic soft graph (SCNSG). We present a novel measure that considers
the cumulative strength and uncertainty of connections within graph characteristics, as well

as the complements of a complex neutrosophic soft graph and a strong complex neutrosophic
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soft graph.

Yahya [10] introduces the features of ambiguous graphs and subgraphs as well as their Randic
Index. This study uses isomorphic properties to investigate the upper and lower boundaries
of the Randic Index of vague graphs. We introduce Randic indices for directed ambiguous

graphs. Finally, an application of the Randic Index in construction was presented.

We introduce the neutrosophic graph features and the Randic Index. Using a variety of isomor-
phic features, this paper investigates a truth-membership function, indeterminacy-membership
function, and falsity-membership function of the Randic Index in neutrosophic soft graphs.
After introducing Randic indices for neutrosophic soft graphs and neutrosophic digraphs, the-

orems are explored through examples. The Randic Index is used in construction.

2. Preliminaries

This section provides the basic definitions and an example needed to support the main results.

We begin with the definition of a fuzzy soft graph.

Definition 2.1. ( [11]) A fuzzy soft graph G = (G*, M, N, R) is an ordered quadruple that
meets the following conditions:
o G*=(V,E) is a simple graph,
e R is a non-empty set of parameters,
e (M,R) is a fuzzy set defined over the vertex set V,
e (N, R) is a fuzzy set defined over the edge set F,
e For each a € R, the pair (M (a), N(a)) forms a fuzzy graph associated with G*, such
that:
N(a)(zy) < min{M(a)(z), M(a)(y)}
holds for all z,y € V.
$H(a) represents the fuzzy graph (M (a), N(a)). A fuzzy soft graph can be thought of as a family
of fuzzy graphs parameterized by R. M(G*) denotes the class of all fuzzy soft graphs over G*.

Definition 2.2. [12] An intuitionistic fuzzy soft graph G = (G*, F, K, Q) is an ordered four
tuple if it satisfies the following conditions:

o G*=(V,E) is a simple graph,

e () is a non-empty set of parameters,

e (F,Q) is an intuitionistic fuzzy set over V,

e (K,Q) is an intuitionistic fuzzy set over E,

o (F(a),K(a)) is an intuitionistic fuzzy graph of G* for all a € Q. That is
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s (a)(ab) < min{™Apq)(a), Ap@)(0)}
Cr(ay(ab) > max{€pq)(a), Cp(q) (D)}

for all a € Q and x,y € V. The intuitionistic fuzzy graph (F(a),K(a)) is denoted by H(a)

for convenience. An intuitionistic fuzzy soft graph is a parameterized family of intuitionistic

fuzzy graphs.

Definition 2.3. [13] A neutrosophic soft graph G = (G*, M, N, R) is defined as a quadruple
satisfying the following conditions:
o G* = (V,E) represents a simple (i.e., undirected and without loops or multiple edges)
graph,
e R is a non-empty collection of parameters,
o (M, R) denotes a neutrosophic set defined over the vertex set V,
e (N, R) denotes a neutrosophic set defined over the edge set E,
e For every a € R, the pair (M(a), N(a)) forms a neutrosophic subgraph of G*. Specifi-
cally, the following conditions hold:

An (o) (ry) < min{Apsq)(2), Anra)(¥)}

B N (o) (ry) < min{DBy;(0)(2), Bar@a)(y) }

() (zy) = max{€yr(q)(®), Car(a)(¥)},
For ease of use, $(a) is used to represent the neutrosophic fuzzy graph (M(a),N(a)). A
neutrosophic fuzzy soft graph may therefore be thought of as a family of neutrosophic fuzzy

graphs that are parameterized by R. M(G*) represents the class of all neutrosophic fuzzy soft
graphs over G*, for alla € R and x,y € V.

Definition 2.4. [10] The Randic Index of a vague graph G = (S, K) is shown by RI(G) and

explained as follows:

where,

N[

RIp(G) = Z (Bs(ci)Ps(cj)Dy(ci)Dip(cs))

i#j,cic;€EE

S

RIn(G) = D (Rs(c)Rs(cj)Da(ci)Dax(c;))
i#j,cic; €EE

where true and false parts of the node c; degrees are Dy and Dy, respectively.

Definition 2.5. [8] The Randic Index of a neutrosophic graph G = (S, K) is shown by RI(G)
and explained as follows:
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where,
1
Ry (G) =
() i;ﬁj,cZZCjGE V(s (ci)Bs(cj)Dy(ci)Dy(cy))
1
Ry(G) =
=) i;éj,czi:cjeE v (Bs(ci)Qs(cj)Da(ci)Dalc;))
1
Re(G) =
el i;éj,cZZcJ-EE \/(Q:S(Ci)%S(Cj)DER(Ci)Dm(Cj))

that the true, indeterminacy and false parts of the node c; degrees are Dy, Doy and Cy, respec-
tively.
3. The Randic Index in Neutrosophic Soft Graphs

In this section, we investigate the Randic index in neutrosophic soft graphs. The relevant

definitions and related materials are presented below.

Definition 3.1. The Randic Index of a neutrosophic soft graph G = (S, K) is shown by R(Q)

and explained as follows:
R(G) = Ramn)(G), Ry ) (G), Rem) (G))

where,

Ry (G) =D > !

NEN itj.cic;€E \/ (As(n) (€i)As(n) () Dau(n) (€i)Dauny (¢5))

Rum(@ =3 Y !

NEN ijicics€E \/(%S(n) (€i)Bsn) (cj)Dn(n)(ci)Dpm)(ci))

Rew)(G) =D D, .

nEN itjcic;€E \/(QS(n)(ci)QS(n) (¢j)De(n)(€ci)Dem)(c)))

that the true, indeterminacy and false parts of the node c; degrees are Dyy(n), Dp(n) and De(n),

respectively. For each parameter n € N, the pair (S(n), K(n)) forms a neutrosophic soft graph
(NSG) on G*.

Example 3.2. Let G be the neutrosophic soft graph shown in Figure 1. Then

D, (c1) = (0.6,1.3,2.0), Dy, (c2) = (0.5,0.9,1.4),

D, (c3) = (0.4,1.7,2.2), Dy, (cs) = (0.3,1.1,1.4),
and

Dy, (c1) =(0.4,1.5,2.4), Dy, (c2) = (0.4,1.0,1.6),

D, (c3) = (0.5,1.3,2.5), D, (ca) = (0.3,1.0,1.5).
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Furthermore,
1
> = (5.27 4 7.91 4 11.79 + 7.86 + 8.33)
neN i \/QlS(n)(Ci)%(n)(cj)@m(n)(Ci)%{(n)(cj)
cic;€EE
+(10.21 4+ 9.13 + 10.21 4 11.18)
— 81.89,
1
> = (1.69 + 1.17 + 0.91 + 1.32 + 1.06)
neN i \/%sm)(Ci)%sm(Cj)%(m(ci)%(n)(ca')
cic;€E
+ (1.09 + 1.48 + 1.60 4 1.18 + 1.13)
= 12.63,
and
1
> = (1.09 + 0.96 + 0.96 + 1.09 + 0.74)
neN i) \/Q:S(n) (ci)€s(n)(¢i)Den) (€i)Dem)(c5)
cic;€R
+ (0.79 4+ 0.72 4+ 0.82 4 0.89 + 0.55)
— 8.61.
Hence,
R(G) = (Ram) (G), Rep(n)(G), Reny (G)) = (81.89, 12.63, 8.61).
(0.3,0.8,0.5) (0.2,0.8,0.7) (0.4,0.6,0.5) (0.2,0.5,0.8)

@ (0.1,0.7,0.8) @ @ (0.2,0.5,0.8) @

(0.2,0.4,0.6) (0.2(0.5,0.5,)0.7)

0.2,0.4,0.8
. ( )

(0.1,0.4,0.9)

0.3,0.4,0.7 0.2,0.6,0.8
@ ( ) (e @ ( ) (e
(0.3,0.5,0.6) (0.4,0.6,0.5) (0.2,0.8,0.7) (0.3,0.7,0.6)
G(n1) G(n2)

Figure 1. Neutrosophic soft graph G.
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Theorem 3.3. Let G = (S, K) be a neutrosophic soft graph on the underlying graph
G*=(V,E),
and firmn € N. Let
= |V| and b:=|E|.
Assume that all terms appearing in Ry()(G), Rpn)(G), and Remn)(G) are well defined. Then

b b b
—1  Pew(@)z_—p Rew(G) 2

a—1"

Proof. Since G is a neutrosophic soft graph, for every b;,b; € V we have
0< Aguy(bi) S1,  0< Bypy(bi) <1, 0< oy (i) < 1.
Hence,
Asn) (0i)Asm)(bj) <1, By (bi)Bsmy(bj) <1, gy (bi)Csimy(bj) < 1. (1)

Since |V| = a, each vertex is adjacent to at most a — 1 vertices. Therefore,

bib;eE

CD%(n) Z sBI( 17
bibjel

@g(n) Z QK(n bb)<a—1
bib;eE

for all b; € V. Consequently,

for all b;,b; € V. Thus,
As () (06)Ass () (07)Daa(m) (08) Daa(my (b5) < (a — 1)%,

B 5(n) (05)Bs(n) (b;)Dap () (i) D) (b5) < (a — 1)2,

€5 () () () D) (b1) Dy (b)) < (a — 1)° (2)
By taking reciprocals and square roots, from (2) we obtain
1 1
> T
\/le(n)(bi)mS(n)(bj)gﬂ(n)(bi)gﬁl(n)(bj) “r
1 1
>

\/’Bs DB 5(m) (0;)Dsn) (0:) Dy (b)) ¢~ 1
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1 1
>

\/CS(n D€ (0)D ey (b:)Demy(b) ¢~ 1

for every edge b;b; € E. Summing these inequalities over all b edges yields

b b b
T Rpn) (G) > T Rem) (G) >

This completes the proof.

Ran)(G) >

a—1

Example 3.4. Let G be the neutrosophic soft graph given in Example 3.2. Then

a=|V|=4, b=|E|=5,

and

%m(n)(G) = 81.89, %%(n)(G) = 12.63, %@(n)(G> = 8.61.
Moreover,

b 5
—1-3"7 1.67.
Therefore,
R (G)>L R (G)>L Ren) (G) > b
A(n) a—_1 B(n) a—_1 ¢(n) a—1

Theorem 3.5. Let G = (S, K) be a strong neutrosophic soft graph so that S is a constant
function and |V| = a. Then, Ryy)(G) < 59—, Rpp)(G) < and Ren)(G) < 59—,

= 20 ﬁ(n) 203n)
where, (vl(n),vz(n),v3(n)) = (%S(n)(b ) %S(n) (b ) st( )(bz)), bi eV
Proof: Since a strong neutrosophic soft graph is generally a neutrosophic subgraph of the
corresponding complete neutrosophic soft graph, it is simple to prove that Ry (G) < 5

= 21}2 )
Rp(n) (G) < 55— and Re (G) <

1(n)
21)5(”)

a
205

Theorem 3.6. Let G be a complete neutrosophic soft graph so that S is a constant
function. Then R(G) = (QUa( ),2v2“<) 21}5(”)), where a = |V| and (vi(n),Va(n), V3(n)) =
(As(n) (bi)s Bs(n) (i) €y (bi)), b; € V.

Proof: Since S is a constant and Ug) (b)) = Vi), Bsm)(bi) = vam), Csm)(bi) = V3,
b; € V. Since G is complete neutrosophic soft graph, QlK(n)(bb) = {Ag(n)(bi) A Agemy(bj)},
B (n) (03bs) = {Bs(n) (bi) A Bs(ny (b))} and Cx ) (bibj) = {5y (bi) A Csny (b))}, Vbibj € E.

( 1))

Since G is complete and |V | = a, there are pairs of vertices and Q edges. Addition-

ally, each vertices in G is adjacent to (a — 1) vertices. Then,

Damy(i) = Y > Uy (i) = vimy = Vi(m) -+ - Vi) (@ — 1 times) = (a — 1)vy ()
neN bib;eE

Da(n)(bi) = Z Z B i (n) (Dibj) = Vo) - Vagn) * + V() (@ — 1 times) = (a — 1)vay,)
neN bib;e B

Suriyakumar G etc., The Randic Index in Neutrosophic Soft Graphs and its Applications



Neutrosophic Knowledge, Volume 11, 2026 33

Dem®i) = D D Ci(uy(biby) = v3(n) - V3(n) -+ - V3my (@ — 1 times) = (a — 1)v3()
neN bibjGE

Therefore,

NEN i]bibyCE \/QlS(n) (0:)25(n) (b)) Day(m) (bi) Dy (b5)

B ala—1) 1
2 \/(Ul(n)vl(n)(a = Dvymy(a = D)
N a
21}%(”)

Ry (G) =Y >

NEN i#]bib;€E \/%S(n)(bz‘)%sm)(bj)@%(n) (bi)D 3 (n)(b5)
afa—1) 1
2 \/(02(n)vz(n)(a — Dwggny(a — 1)vge))

a

21)%(”)

Rew)(G) =D D, .

nEN i) bib;€E \/Q:S(n) (0:)€s(n) (b)De(n) (b)) De(n) (b)
ala—1) 1
2 \/(Us(n)vza(n) (a = Dvgmy(a = Dvgm))

a

= ——
21)3(n)

H@nC€7 %(G) = (21)?(”) ) 21}5(”) ) 2v§(n) ) .

Proposition 3.7. If two neutrosophic soft graphs G and G' are isomorphic to each other,
then, R(G) = R(G)
Proof: Let G = (S,K) and G' = (S', K') be two isomorphic neutrosophic soft graphs. Then ,
there is a bijection | : G — G’ so that

Ay (03) = A () (L(bi)) = A () (b7),

B g(n) (0i) = Bgr(n) (L) = Bg(ny(b),

Cs(n) (bi) = €1y (1(Di)) = Ty (b7),
Vb eV and

A (n) (03b5) = A ger () (L(:)1(b5)) = Ak () (B3,

B e (n) (Dibs) = B gcr () (LBi)L(b5)) = B () (B0,
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Cre(n) (bibj) = Cer(y (L(0i)1(D5)) = € ey (BD]),

W bzb] € FE.
So, for each b; € V' there exists a vertex b, € V' so that D(b;) = D(¥).
Thus, we have the proof.

Example 3.8. Let G and G’ be the neutrosophic soft graphs shown in Figure 2. Assume that

there exists an isomorphism
0:V(G) = V(G
such that
A (n) (€(bi)) = Ag(ny(ai), B (n) (€(bi)) = B (ai), Cor(n) (L(bs)) = Cs(my (as),

and

Agcr(ny (€(ba)L(by)) = Ape(ny (aia),
B 1 (n) (L(01)0(D5)) = B () (i),

Crer(n) (L) (D)) = ey (aiay),
forall1 <i,j < 3.

Then
Roi(n) (G) = 25.000 + 35.355 + 35.355 = 95.710 = S)‘ig[(n)(G’),

R (n)(G) = 1.207 + 1.304 4 1.102 = 3.613 = Ry () (G"),
and

Ren)(G) = 1.181 + 1.056 + 1.398 = 3.635 = S)%(n)(G').
Hence,

R(G) = R(G).
(0.2,0.7,0.8) (0.4,0.6,0.5)
(0.2,0.6,0.8) (0.2,0.3,0.8)

(0.1,0.6,0.9) (0.2,0.4,0.7)

(0.3,0.6,0.6) (0.2,0.8,0.7)  (0.2,0.4,0.7) (0.3,0.5,0.6)

G(n1) G(n2)
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(0.2,0.7,0.8) (0.4,0.6,0.5)

(0.2,0.6,0.8) (0.1,0.6,0.9) (0.2,0.3,0.8) (0.2,0.4,0.7)

0.2,0.5,0.7 0.1,0.3,0.8
e O L)
(0.3,0.6, 0.6) (0.2,0.8,0.7) (0.2,0.4,0.7) (0.3,0.5, 0.6)

G'(n1) G'(n2)
Figure 2. Two isomorphic neutrosophic soft graphs G and G'.

Theorem 3.9. Let G = (5, K) be a neutrosophic soft graph, and fiz n € N. Assume that
Agmy(bi) >0, By (bi) >0, Csny(bi) >0 (Vb € V),

and define

B = gnelg Dau(n) (i), p2 = gnelg Dop(n) (bi), w3 = gnelg De(n) (bi),

1 = max D) (bi), 2 = Mmax Doz (ny (bi), 73 = Mmax Den) (bi)-

Suppose moreover that py, o, s > 0. Define
1

fr=) 7

bibseE \/Q[S(n)(bi>915(n)(bj>
1

far= > ;

bib,cE \/%S(n)(bi)%s(n)(bj)

f3:= Z !

bib e E \/Cs(n)(bi)%(n)(bj)

Then
D oedgm@ <, Zomyu@ <2 Lange <
m M1 2 2 13 H3

Proof. For each b; € V, the -, B-, and €-degrees are

Damy(bi) = D AgmyBiby),  Damyb) = > Br(y(bidy),  Dewy(b) = > Ciny(bidy).

bibjGE bibjEE bibjEE
By the definitions of u, and 7,, we have

1 < Dy (bi) < m, 2 < De(n) (bi) < 12, f3 < Doy (bi) < m3
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for all b; € V. Hence, for every edge b;b; € E,
13 < Doy (0i) Dy (bj) < 71t
M% < :D%(n)(b ):D%(n)(b ) < 7727

s < Den) (b)) De(ny (bj) < 3.

Multiplying by the positive quantities g, (bi)As() (b)),  Bsn)(bi)Bsm)(bj), and
€5(n)(bi)&s(n)(bj), respectively, yields

W) (b)) ()13 < W) (0i) A g ) () D a1y (03) Dy (b5) < Ay (b5)Ass ) (b))
B () (b)) B s(m) (0j) 115 < Big(n) (01)B () (0:)D 3 (m) (0:) D) (05) < Big(my (bi) By (b33,

Cs(n) (0:)Cs(m) (0153 < €5 (1) €5y (0;)D ey (0:) D) (05) < C5) (03) E 5 (b5

Taking reciprocals and square roots reverses the inequalities, so for every edge bibj € F,

1
m \/le bi)As(n) (b \/le (n) (D)5 (05) D () (bi) D) (b ,Ul \/le bi)RAs(n) (b ;)
1 1
72 \/%S(n i) Bs(n) (b \/%s ) B5(n) (05)DB(n) (bi) D) (b M2 \/‘BS(n i) B 5(n) (b n
L <
n3 \/QS(n) (bi)€s \/Qs ) (0)De(n) (i) Dy (b5) 13 \/QS(n) (bz')@s(n) (b))

Summing over all edges gives the desired bounds.

Theorem 3.10. Let G = (S, K) be a neutrosophic soft graph with |V| = a, and fir n € N.

Assume that

Then

Cs(n) (0:) sy (b)
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Proof. Since |V| = a, each vertex is incident with at most a — 1 edges. Because G is a

neutrosophic soft graph, for every edge b;b; € E we have
As¢ () (bibs) < min{Ag(n)(b:), As(n) (b5)},
B ¢(n) (bibj) < min{B () (bi), Bsn) (b5)},
Cre(ny (bibj) < min{Cg(y) (bi), Ty (b5)}-

Hence, for each b; € V,

Z g (n)(bibj) < (a — 1)R:Ag(n) (bi),

bib;eE

Dumy(bi) = D By (bibj) < (a — 1)Bg(ny (b)),
bibjcE

= ) Cyybiby) < (a— 1)) (Bi).
bibj€E

Therefore, for every edge b;b; € E,
W) (b)As () (b;)Du(n) (b3)Da(my (b5) < (@ = 1)*Ag ) (b5)*Ag ) (b5)?,
B () (b)) B s(n) (b)) D5y (b:)Dap () (b5) < (@ = 1)*Big () (0:)*Big(my (b)),

€5n) (00) €5 (0:)De(n) (b)) De(ny (b)) < (@ — 1)*E gy (b5)* C gy (b))

Taking reciprocals and square roots, we obtain

1 1
Z )
\/915 b )Qm(n)(bi)gm(n)(bj) (a - 1)Q[S(n) (bi)gls(n)(bj)
1 - 1
\/sBS (b )’D%(n)(bi)@%(n)(bj) ~ (a— 1)%S(n)(bi)%5(n)(bj)7
1 1

> .
\/QS D5 (07)Dem) (0:)Demy(b) (@~ Vs (b1)Csmy (b5)

Summing over all edges completes the proof.

Theorem 3.11. Let G = (S, K) be a complete, reqular, and totally reqular neutrosophic soft
graph on |V| = a wvertices, and fit n € N. Assume that there exist positive constants
T1(n)y T2(n)s T3(n)s Pi(n)s P2(n)s M3(n)

such that, for every b; € V,

Dam)(bi) =1y, Dm)(bi) = 22wy, Dew)(bi) = T3(n)s

and

Doy (bi) = himy,  tDpmy(bi) = homy,  tDem)(bi) = hym.-
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Set
Vi(n) = R1n) — T1(n)s Va(n) = ha(n) — Ta(n)s V3(n) = h3(n) — T3(n)-
Then
a 1 1 1
@) = (%m(n)(G)7m%(n)(G)7%€(N)(G)) N <2> <U1(n)ml(n)7 U2(n)*2(n) , U3(n)x3(n)) '

Proof. Since G is regular, the three degree functions are constant on V', namely,
Dam)(bi) = T1(m)y,  Da@)(bi) = Tom)y,  Dem)(bi) = 2300y (VO €V).
Since G is totally regular, the total degrees are also constant:
Do) (b)) = Pimys Oum)(0i) = hamy,  Dem)(bi) = hapy (Vb € V).
By definition of total degree,
Do (n) (bi) = Day(n) (bi) + As(ny (bi),
tD%8(n) (i) = Dp(n)(bi) + Bs(n)(bi),

tDen) (bi) = De(n) (i) + Cs(ny(bi)-
Therefore,

As(n)(0i) = hin) — T1(n) = Vi(n)s

Cs(n)(bi) = ha) — T3(n) = V3(n)
for all b; € V. Thus the vertex-membership functions are constant.

Because G is complete on a vertices, the number of edges is

5| = (;) _ a(a2— o)

Moreover, every edge b;b; € E contributes the same quantity to each component of the Randic

index. Hence

1
bib,eE \/ms(n)(bi)mS(n)(bj)gm(n) (bi)Dau(n) (b5)

() e = ()
2) OO Tim) \2/) Vim)Tim)

and similarly,

a 1 a 1
o) = () ey 0= (3) ey

Combining these equalities gives the result.
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4. Application of the Randic Index in Construction

A government organization plans to build a waste processing facility in a region that contains
a number of medium-sized cities. The ideal site should minimize logistical and environmental
issues, have existing infrastructure (partial facilities, land, staff), be easily accessible to nearby

cities for effective waste transportation, and have administrative and public support.

The example shows how to use the Randic Index and a neutrosophic soft graph to choose the
ideal city for a waste management plant. The selection process takes into account a variety of
parameters, including public support, infrastructure availability, road connection and environ-
mental concerns, which are represented as nodes (cities) and edges (roads) with neutrosophic
weights signifying a truth, indeterminacy and falsity-membership function. Based on their
population statistics, cities like C1, Co, Cs, and Cy are evaluated using imprecise truth, in-
determinacy, and falsity-membership ratings. The Randic Index, a graph-theoretic metric, is

used to determine node centrality and significance.

Table 1: Weight of vertices in G
Ciyl | City2 | Ciy3 |

G

(RAs1), Bsy: €s1))
Road connection

City 4 ‘

(0.2,0.6,0.7) | (0.4,0.8,0.5) | (0.3,0.5,0.6) | (0.3,0.7,0.6) |

(As2), Bs(2): €s(2))

Environment | (0.3,0.4,0.6) | (0.3,0.5,0.7) | (0.4,0.4,0.6) | (0.2,0.3,0.8) |
Table 2: Weight of edges in G
G Cy — Coy Cy — Cs C3—Cy C,—Cy Cy — Cs Cy—Cy
(A1) Bren), 1) | (0.2,0.6,0.8) | (0.3,0.5,0.6) | (0.2,0.4,0.7) | (0.1,0.5,0.9) | (0.1,0.4,0.8) | (0.2,0.6,0.7)
(Ax(2), Bre(2), Cx2) | (02,0.3,0.8) | (0.3,0.4,0.7) | (0.2,0.3,0.8) | (0.1,0.2,0.8) | (0.3,0.4,0.7) | (0.2,0.3,0.9)
Table 3: The population of cities
G City 1 | City 2 | City 3 | City 4
Population | 172567 | 92566 | 132890 | 159463
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Figure 3: Neutrosophic soft graph G
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Let
D, (1) = (0.4,1.5,2.5), Dy, (c2) = (0.7,1.7,2.1),
D, (c3) = (0.6,1.3,2.1), Dy, (cs) = (0.5,1.8,2.2),
and
D, (c1) = (0.6,0.9,2.3), Dy, (c2) = (0.7,1.0,2.4),
Dy (c3) = (0.8,1.1,2.2), Dy, (cs) = (0.5,0.8,2.5).
Then
1
Yy = (6.68 + 6.30 + 6.09 + 9.13 + 8.33 + 4.88)
neN it \/QLS(n)(Ci)ms(n)(Cj)gm(n)(ci)gﬂ(n)(cj)
cic;€E
+ (5.14 4 3.86 4 5.59 4 7.45 4 4.17 4 6.90)
= 74.52,
1
> = (0.90 4+ 1.06 + 1.11 4 0.94 + 1.31 + 0.76)
nEN ifj \/%S(n)(Ci)fBS(n) (¢j)D(n)(ci) D) (c5)
cic;€ER
+(2.36 + 2.13 4 3.08 + 3.40 4 2.51 4 2.89)
= 22.45,
and
1
S>> = (0.74+ 0.87 + 0.78 4 0.66 + 0.73 + 0.85)
neN iZj \/Q:S(n) (ci)€sn) (¢))Den) (i) Demy (c))
cic;€EE
+ (0.66 + 0.67 + 0.62 + 0.60 4 0.74 4 0.55)
= 8.47.
Hence,
R(G) = (Ra(n)(G), Ry () (G), Ry (G)) = (74.52, 22.45, 8.47).
Further,
Roun) (G — 1) = T4.52 — 5.14 — 7.45 — 4.17 — 6.68 — 9.13 — 8.33 = 33.62,
Rou(n) (G — 2) = T4.52 — 6.68 — 6.30 — 4.88 — 5.14 — 3.86 — 6.90 = 40.76,
Rou(n) (G — ¢3) = 74.52 — 6.30 — 6.09 — 8.33 — 3.86 — 5.59 — 4.17 = 40.18,
Roi(n) (G — c4) = T4.52 — 6.09 — 9.13 — 4.88 — 5.59 — 7.45 — 6.90 = 34.48.
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Rp(n) (G — 1) =22.45 - 0.90 — 0.94 — 1.31 — 2.36 — 3.40 — 2.51 = 11.03,
Reg(n) (G — ¢2) = 22.45 — 0.90 — 1.06 — 0.76 — 2.36 — 2.13 — 2.89 = 12.35,
Reg(n) (G — ¢3) = 22.45 — 1.06 — 1.11 — 1.31 — 2.13 — 3.08 — 2.51 = 11.25,
Reg(n) (G — c4) = 22.45 — 1.11 — 0.94 — 0.76 — 3.08 — 3.40 — 2.89 = 10.27.
Ren)(G — 1) =847 —0.74 — 0.66 — 0.73 — 0.66 — 0.60 — 0.74 = 4.34,
Ren) (G — c2) = 8.47 —0.74 — 0.87 — 0.85 — 0.66 — 0.67 — 0.55 = 4.13,
Ren) (G — ¢3) = 8.47 - 0.87 — 0.78 — 0.73 — 0.67 — 0.62 — 0.74 = 4.06,
Ren) (G — c4) = 8.47 - 0.78 — 0.66 — 0.85 — 0.62 — 0.60 — 0.55 = 4.41.

The calculation above indicates that avoiding nodes C1, Co, C3, and Cy is inappropriate for
building a waste processing facility. City Cy has the largest population and the greatest
number of transportation routes, making it the most crucial and vital factor in maintaining a

high Randic Index. City C is the ideal location for the waste management facility.

5. Conclusion

Fuzzy graphs are less accurate, less adaptable, and less compatible than neutrosophic soft
graphs. In social networks, neutrosophic soft graphs are frequently used to find the most
productive members of a team or organization. The Connectivity Index has numerous uses
in psychology, medical science, social groupings, and computer networks. This work presents
Randic indices for neutrosophic soft graphs and subgraphs, along with their properties. Us-
ing certain isomorphic properties, a truth, indeterminacy, and falsity-membership function of
the Randic Index of neutrosophic soft graphs is examined. Eccentricity index and Wiener
index for neutrosophic incidence graphs are two things we intend to investigate further. It is
also hoped that further research will advance extensions based on HyperGraphs [14,15] and

SuperHyperGraphs [16,17,26, 27].
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Abstract. Uncertainty is an essential feature of modern IT Service Management, because service quality, reli-
ability, utility, process effectiveness, infrastructure status, and operational decisions are often evaluated under
incomplete, imprecise, or indeterminate information. Motivated by this observation, this paper proposes a
mathematical framework for Uncertain IT Service Management based on the notion of uncertain sets. After
recalling basic uncertainty models, including fuzzy sets and neutrosophic sets, we introduce an M-Uncertain
IT Service Management system, where M is a fixed uncertain model with degree domain Dom(M). The pro-
posed framework represents I'T services, infrastructure components, management processes, allocation relations,
uncertainty-degree maps, quality, utility, reliability, aggregation schemes, and global evaluation functions in a
unified mathematical form.

We prove that the overall uncertainty map induced by an M-Uncertain IT Service Management system is
well-defined. Consequently, every such system naturally determines an uncertain set of type M on the set of IT
services. We also show that fuzzy IT Service Management and neutrosophic IT Service Management are obtained
as special cases by selecting the corresponding uncertainty model. Furthermore, we formulate Agile IT Service
Management and Uncertain Agile IT Service Management in order to describe iterative service improvement
through agile cycles, backlog items, and iteration-dependent evaluations. The proposed framework therefore
provides a model-independent basis for studying IT Service Management and Agile IT Service Management
under various forms of uncertainty, including fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic, and related
settings.

Keywords: Uncertain set, fuzzy set, neutrosophic set, IT Service Management, Agile IT Service Manage-

ment, uncertainty modeling, well-definedness.
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1. Preliminaries

This section introduces the basic notions and definitions used throughout this paper.

1.1. Fuzzy Sets and Neutrosophic Sets

A fuzzy set assigns to each element a membership degree in the interval [0,1]. In this way, it
represents uncertainty by allowing gradual membership rather than only binary membership or
non-membership [1]. Related extensions, such as hyperfuzzy sets [2,3], hesitant fuzzy sets [415],
bipolar fuzzy sets [6], and picture fuzzy sets [7,8], are also widely studied. We recall below

the basic definitions needed for the present discussion.

Definition 1.1 (Fuzzy Set). [I] Let Y be a nonempty universe. A fuzzy set 7 on'Y is a
mapping

T:Y —[0,1].
A fuzzy relation on Y is a fuzzy subset 6 of Y X Y. If 7 is a fuzzy set on'Y and d is a fuzzy

relation on Y, then § is called a fuzzy relation on 7 if
0(y,z) <min{7(y),7(2)} forally,ze€Y.

Neutrosophic sets extend fuzzy sets by explicitly incorporating indeterminacy. This allows
them to describe situations that cannot be adequately represented as simply true or false, or
even as partially true in the usual fuzzy sense. Hence, neutrosophic sets provide a flexible
framework for modeling uncertainty, ambiguity, and conflicting information [9-11]. Related
concepts, such as neutrosophic graphs [12H15] are also known. Moreover, further extensions,
including plithogenic sets [16-19], have also been studied. The basic definition is recalled as

follows.

Definition 1.2 (Neutrosophic Set). 10/ Let X be a nonempty set. A neutrosophic set A on

X is characterized by three membership functions
Ty: X —[0,1], Iy:X —10,1], Fyq:X —1[0,1],

where, for each x € X, the values Ta(x), La(x), and Fa(x) represent the degrees of truth,

indeterminacy, and falsity, respectively. These values satisfy
0 <Ty(x)+ Ia(z)+ Fa(x) < 3.
2. Uncertain Sets

An uncertain set assigns to each element a degree taken from a specified uncertainty model.
This notion provides a unified way to treat fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic,
and related set-theoretic frameworks [20]. We first recall the notion of an uncertain model,

which specifies the admissible domain of uncertainty degrees.
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Definition 2.1 (Uncertain Model). [20] Let U denote the class of all uncertain models. Each
M € U is specified by the following data:

e a nonempty set
Dom(M) C [0,1]*

of admissible degree tuples, for some integer k > 1;
e model-specific algebraic or geometric constraints imposed on the elements of Dom(M);
o when M is used for graph structures, model-specific admissibility relations between

vertexr degrees and edge degrees.
Typical examples include the following:

o Fuzzy model:

Dom(M) = [0, 1].
o Intuitionistic fuzzy model:
Dom(M) = {(n,v) € [0,1* | p+v < 1}.
e Neutrosophic model:
Dom(M) = {(T,I,F) € [0,1? |0< T+ I+ F < 3}.
e Plithogenic model and other related extensions.

Definition 2.2 (Uncertain Set). [20/ Let X be a nonempty universe, and let M be a fized

uncertain model with degree domain
Dom(M) C [0,1]*.
An uncertain set of type M, or simply a U-set, on X is a pair
U= (X, pm),

where
wnr 2 X — Dom (M)
is called the uncertainty-degree function, or the membership map, of U.

For each x € X, the value ppr(z) € Dom(M) represents the degree, or tuple of degrees, to

which x belongs to the uncertain set according to the model M.
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3. Results: Uncertain IT Service Management

IT Service Management systematically designs, delivers, operates, and improves IT services so
that technology resources support organizational goals, business needs, users, and service qual-
ity [21-26]. In this section, we introduce a framework for Uncertain IT Service Management
based on the notion of an uncertain set. The purpose of this framework is to provide a unified
mathematical formulation that includes fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic,

and other uncertainty-based IT management models as special cases.

Definition 3.1 (M-Admissible Aggregation Scheme). Let M be a fized uncertain model, and
let

Dy = Dom(M)
be its degree domain. An M-admissible aggregation scheme on a finite set X is a family of
maps
AX = {AX : Dy — Dy | AC X},
where

Dy ={f|f:A— Dy}

Thus, for each subset A C X, the map Qlil( aggregates an A-indexed family of uncertainty
degrees into a single admissible uncertainty degree in Dyy.
When A = 0, the set D%/[ consists of the unique empty function. In this case, Qléf assigns to

it a prescribed default degree in Dyy.

Definition 3.2 (Uncertain IT Service Management). Let M be a fized uncertain model with

degree domain
Dy = Dom(M) C [0,1]*

for some integer k > 1. An Uncertain I'T Service Management system of type M, briefly called
an M-UITSM system, is a tuple

UITSMM = (SaI7P7a7IU’S7IU’IJl’LP7QM7UM7RM79’[I791P7@70)7

satisfying the following conditions.

(1) S is a finite nonempty set of IT services.

(2) I is a finite set of IT infrastructure components, such as servers, databases, storage de-
vices, network devices, cloud resources, and security components.

(8) P is a finite set of IT management processes, such as Incident Management, Problem
Management, Change Management, Release Management, Service Level Management,

and Availability Management.
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(4)

a: S — 2l x 2P

is an allocation map. If

a(s) = (Is, Py),
then Is C I is the set of infrastructure components supporting the service s, and Ps C P
is the set of management processes associated with s.

(5)

us S — Dy

is the service-level uncertainty map. The value pg(s) represents the uncertain managerial

status of the service s.
(6)

/J,[:I—)DM

is the infrastructure-level uncertainty map. The value uy(i) represents the uncertain op-
erational status, reliability, or adequacy of the infrastructure component i.
(7)

,up:P—>DM

is the process-level uncertainty map. The value pp(p) represents the uncertain maturity,

compliance, or effectiveness of the management process p.
(8)
QM S — Dy

is the uncertain quality map. The value Qpr(s) represents the uncertain quality assessment

of the service s.
(9)
UM S — DM

is the uncertain utility map. The value Ups(s) represents the uncertain utility, business

value, or economic evaluation of the service s.
(10)
Ry : S — Dy
is the uncertain reliability map. The value Rp(s) represents the uncertain reliability or
availability assessment of the service s.
(11) A is an M-admissible aggregation scheme on I. It aggregates the uncertainty degrees of
infrastructure components.
(12) AT is an M-admissible aggregation scheme on P. It aggregates the uncertainty degrees of

management processes.

Takaaki Fujita, A Proposed Mathematical Framework for Uncertain IT Service Management
and Agile I'T Service Management



Neutrosophic Knowledge, Volume 11, 2026 50 I:l

(13)

0:DY — Dy

is an M -admissible global evaluation function. It combines the service-level uncertainty,
uncertain quality, uncertain utility, uncertain reliability, aggregated infrastructure uncer-
tainty, and aggregated process uncertainty into a single final uncertainty degree.

(14) C is a collection of crisp cost parameters. For example, one may take
C= (CI7CP7B)7

where
cr ZI—)RZ(), Cp:P%Rzo, BERE().

Here, c;(i) is the operating cost of the infrastructure component i, cp(p) is the operating

or administrative cost of the management process p, and B is a budget bound.

For each service s € S, where a(s) = (I, Ps), define

fir(s) = g, (pal1,)
and
fip(s) = A, (relp,)-
The overall uncertain ITSM degree of s is then defined by
st () = © (s (5), Qua (). Uni (), Rar(5), ir(5), Tp(s) ).
The pair
UnyzTsmy = (S tuzTsMa)

is called the uncertain set induced by the M-UITSM system.
Theorem 3.3 (Well-Definedness of Uncertain IT Service Management). Let
UITSMy = (S, 1, P,cv, s, ity pipy Qur, Unts Rar, 25, 27,0,0)
be an M-UITSM system. Then the map
PUTZTS My =S — D

is well-defined. Consequently,

Z/{L{ITSMM = (S) ,U’Z/IZTSMM)

is an uncertain set of type M on S.
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Proof. Let s € S be arbitrary. Since
a: S — 2l xaf
is a function, there exists a unique pair
a(s) = (Is, Ps)
such that Iy C I and P; C P.
Since
pwr I — Dy
is a function, its restriction
wrlr, : Is — Dy
is also a function. Hence,
prlr, € Dy
Because 2! is an M-admissible aggregation scheme on I, the map
A - DI — Dy
is defined. Therefore,
fir(s) = A7, (prl1,)
is a uniquely determined element of Dj;.
Similarly, since
up: P — Dy
is a function, its restriction
wuplp, : Ps — Dy
is an element of Dﬁj. Since
Ap, : Dy — Dy
is defined, the value
fip(s) = Ap, (nplp,)
is a uniquely determined element of Dj;.

Moreover, by the definition of an M-UITSM system, all of the following values belong to Dj;:

.US(S)7 QM(S)’ UM(S)a RM(S)a HI(S)? ﬁP(s)'

Since
0:D%, — Dy

is a function, the value

O (ns(5), Qui(s), Uni(s), R (), T (s), Tip(s))
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is uniquely determined and belongs to Dj;. Hence,

HUTTSM pr (S) S DM

is well-defined for every s € S.
Therefore,
PUTTS My =S — D

is a well-defined function. Since Dj; = Dom(M), the pair

(Sv HULTSM pr )

satisfies the definition of an uncertain set of type M on S. Thus,

MUITSMM = (S, MZ/{ITSMM)

is an uncertain set of type M.

Proposition 3.4 (Fuzzy and Neutrosophic ITSM as Special Cases). The M-UITSM frame-
work contains both Fuzzy IT Service Management and Neutrosophic IT Service Management
as special cases.
More precisely, the following statements hold:
(1) If
Dy = 1[0,1],

then an M-UITSM system becomes a fuzzy ITSM framework.

(2) If
Dy ={(T,I,F) € [0,12 |0< T+ I+ F <3},
then an M-UITSM system becomes a neutrosophic I'TSM framework.

Proof. First, suppose that
Dy =10,1].
Then every uncertainty map appearing in UZT SM s assigns to each object a single member-
ship degree in [0, 1]. Hence, the service-level, infrastructure-level, process-level, quality, utility,
and reliability evaluations are all fuzzy evaluations. Consequently, the induced uncertain set
(S, buzTsMar )

is a fuzzy set on S.

Next, suppose that
Dy ={(T,1,F) €[0,1 |0 < T+ 1+ F <3},

Then every uncertainty degree is a neutrosophic triple consisting of truth, indeterminacy,

and falsity degrees. Therefore, the service-level, infrastructure-level, process-level, quality,
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utility, and reliability evaluations are all neutrosophic evaluations. Consequently, the induced

uncertain set
(57 IU’Z/{ZTSMA{)

is a neutrosophic set on S.
Thus, the proposed M-UITSM framework contains fuzzy I'TSM and neutrosophic I'TSM as

particular instances obtained by selecting the corresponding uncertain model M.

Remark 3.5. The definition of an M-UITSM system is intentionally model-independent.
Therefore, by changing the underlying uncertain model M, the same formal structure can rep-
resent intuitionistic fuzzy ITSM, neutrosophic ITSM, plithogenic ITSM, and other uncertainty-
based IT management frameworks. This shows that Uncertain IT Service Management pro-
vides a unified mathematical setting for studying uncertainty-oriented approaches to IT service

evaluation and management.

4. Additional Results: Uncertain Agile IT Service Management

Agile IT Service Management organizes I'T services, processes, infrastructure, backlogs, and
iterations to improve quality, reliability, and value through continuous adaptive service delivery
cycles iteratively [27-29]. Uncertain Agile IT Service Management extends agile ITSM by
assigning uncertainty degrees to services, backlogs, iterations, quality, reliability, and utility

under evolving information conditions dynamically.

Definition 4.1 (Agile IT Service Management). An Agile IT Service Management system,
briefly an Agile ITSM system, is a tuple

.AITSM - <57]7P7K737a76777Q7R7an))v

where:

e S is a finite nonempty set of IT services;

I is a finite set of IT infrastructure components;

P is a finite set of IT management processes;

K is a finite nonempty set of agile iterations, such as sprints;

B is a finite set of backlog items;

a: S — 2l x2P

s an allocation map assigning to each service its supporting infrastructure components

and related IT management processes;
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B:K — 2B

assigns to each iteration the backlog items selected for that iteration;

7:B—>25><2P

associates each backlog item with the services and processes affected by it;

Q: 5 x K — R, R:Sx K —|[0,1], U:SxK—=>R
are, respectively, the quality, reliability, and utility evaluation maps for services during

agile iterations;

P:5x K — R
is the global agile I'TSM evaluation map, defined by
(I)(S, k) = (Q(S7 k)) R(S7 k)a U(Sa k))

Thus, an Agile ITSM system is a mathematical framework in which IT services, infrastructure,

management processes, backlog items, and agile iterations are organized so that service quality,

reliability, and utility can be evaluated iteratively.

Definition 4.2 (Uncertain Agile IT Service Management). Let M be a fized uncertain model

with degree domain
Dy = Dom(M) C [0,1]™

for some integer m > 1. An Uncertain Agile IT Service Management system of type M,

briefly an M-UAITSM system, is a tuple

Z/{AITSMM == (SvI7PaKaBa(XaB”.)/:MSaMI?/JLPaMBaQM:RMvUMa(—))v

where:
e S.I,P,K,B,«a,[,v are as in an Agile ITSM system;

°
MSZS—>DM, MI3I—>DM7 /LP:P—>DM, MB:B—>DM

are uncertainty maps for services, infrastructure components, IT management pro-

cesses, and backlog items, respectively;

QM:SXK—)DM, RM:SXK—)DM, UMSXK—>DM

are uncertain quality, uncertain reliability, and uncertain utility maps;
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[ ]
©: D}, — Dy
1s an M -admissible global evaluation function.

For each service s € S and each iteration k € K, the overall uncertain agile ITSM degree is

defined by
HUATTS M (8, K) = O (s (s), Qe (s, k), Rar(s, k), Unr (s, k).
The pair
UyazTsmy = (S X K, g azrsma)

is called the uncertain set induced by the M-UAITSM system.

Theorem 4.3 (Well-Definedness of Uncertain Agile ITSM). Let
UALTSMu = (8,1, P, K, B, 8,7, s, i1, fop» 148, Qar, Rar, Unr, ©)
be an M-UAITSM system. Then the map
MUATTS My =S X K — Dy

1s well-defined. Consequently,

UyazTsmy = (S X K, iy ArT8Mu1)
is an uncertain set of type M on S x K.
Proof. Let (s,k) € S x K be arbitrary. Since

s S — Dy, Qm: S X K — Dy, Ry : S x K — Dy, Uy : Sx K — Dy
are functions, the values
us(s), Qum(s k), Rar(s, k), Un(s, k)
are uniquely determined elements of Djs. Since
©: D} — Dy
is also a function, the value
O(us(s),Qni(s, k), Rar(s, k), Uni(s,k))
is uniquely determined and belongs to Dj;. Hence
HUATTS My (S, k) € Dy

is well-defined for every (s, k) € S x K. Therefore,

HUATTS My =S X K — Dy
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is a well-defined function. Since Dj; = Dom(M), the pair

(S x K, jyazm8M»1)

satisfies the definition of an uncertain set of type M. Thus,

UyazTsmy = (S X K, g azrsmay)

is an uncertain set of type M on S x K.

Remark 4.4. If Dy = [0, 1], then an M-UAITSM system becomes a fuzzy agile ITSM frame-
work. If
Dy ={(T,1,F)€[0,1P |0< T +1+F <3},

then it becomes a neutrosophic agile I'TSM framework. Hence, the proposed definition gives a

unified model for agile IT service management under several types of uncertainty.

5. Conclusion

In this paper, we proposed a mathematical framework for Uncertain IT Service Management
by using the notion of uncertain sets. The main idea was to represent IT services, infras-
tructure components, management processes, quality, reliability, utility, allocation relations,
aggregation schemes, and global evaluation functions within a unified uncertainty-based struc-
ture. In particular, we defined an M-Uncertain I'T Service Management system, where M is
a fixed uncertain model with degree domain Djy; = Dom(M).

We proved that the overall uncertainty map induced by an M-UITSM system is well-defined.
Therefore, every such system naturally determines an uncertain set of type M on the set of I'T
services. This result provides a basic mathematical justification for treating uncertainty-aware
IT service evaluation as an uncertain set-theoretic structure. We also showed that fuzzy IT
Service Management and neutrosophic I'T Service Management can be obtained as special cases
by choosing appropriate degree domains. Hence, the proposed framework is not restricted to
a single uncertainty model, but can be adapted to fuzzy, intuitionistic fuzzy, neutrosophic,
plithogenic, and related settings.

Furthermore, we introduced Agile IT Service Management and Uncertain Agile IT Service
Management in order to describe service management processes that are updated iteratively
through agile cycles, such as sprints and backlog-based improvements. In this setting, the eval-
uation of service quality, reliability, and utility may vary across iterations. The uncertain agile
framework therefore offers a way to model time-dependent or iteration-dependent uncertainty
in IT service improvement.

The present study is theoretical in nature. Future research may develop concrete examples,

computational models, decision-making procedures, and empirical applications based on the
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proposed frameworks. In particular, it would be useful to investigate how uncertain I'TSM and
uncertain agile I'TSM can be applied to incident management, change management, service
reliability assessment, cloud service operations, cybersecurity operations, and multi-vendor
service integration. Further studies may also examine suitable aggregation functions, ranking

methods, optimization models, and software tools for practical implementation.
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Abstract: This short note examines the mathematical relationship between the recently introduced
Neutral Set and the established Single-Valued Neutrosophic Set (SVNS). By means of a formal
comparison of definitions, notation, and admissibility conditions, we show that the Neutral Set is
mathematically equivalent to the SVNS, differing only in symbolic representation. Specifically, the
membership functions denoted by truth, indeterminacy, and falsity in the Neutral Set correspond
directly to the truth-membership, indeterminacy-membership, and falsity-membership functions of
the SVNS under a simple notational transformation. Furthermore, the informational regimes
identified for the Neutral Set—sub-ideal (incomplete information), intuitionistic (complete
information), and paraconsistent (contradictory information)—coincide with the interpretative
framework already established in neutrosophic set theory. We conclude that the Neutral Set should
be regarded as a reformulation or particular representation of the Single-Valued Neutrosophic Set
rather than a novel mathematical structure.

Keywords: Single-Valued Neutrosophic Set, Neutral Set, neutrosophic logic, neutrosophic set
theory, mathematical equivalence, indeterminacy, truth membership, falsity membership,
paraconsistent information, uncertainty modeling.

1. Introduction

The introduction of new mathematical structures in uncertainty modeling, fuzzy systems, and
generalized set theories requires careful examination in order to distinguish genuinely novel concepts
from reformulations of already established frameworks. Such distinctions are particularly important
for preserving conceptual clarity, terminological consistency, and the cumulative development of
scientific knowledge. In many cases, newly proposed structures may differ only in notation or
terminology while remaining mathematically equivalent to previously defined models.

Recently, C. Ardil [1] introduced the concept of a Neutral Set as a framework intended to
represent truth, indeterminacy, and falsity through three independent mappings taking values in the
interval ([0,1]). The proposed structure identifies distinct informational regimes depending on the
sum of these components, namely incomplete, intuitionistic, and paraconsistent information.

At the same time, the Single-Valued Neutrosophic Set (SVNS), originally developed within
neutrosophic set theory [2], is defined through truth-membership, indeterminacy-membership, and
falsity-membership functions satisfying the same admissibility condition. The SVNS framework
already encompasses incomplete, complete, and contradictory information according to the total sum
of its three components.
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The objective of this short note is to examine the formal relationship between the Neutral Set
and the Single-Valued Neutrosophic Set. By comparing their mathematical definitions and
interpretative mechanisms, we demonstrate that the Neutral Set is mathematically equivalent to the
Single-Valued Neutrosophic Set, differing primarily in symbolic notation. Furthermore, we show that
the assumption of independent components in the Neutral Set corresponds to a particular case within
the broader neutrosophic framework. The analysis presented here contributes to maintaining
mathematical coherence in the taxonomy of uncertainty models and clarifies the position of the
Neutral Set within neutrosophic set theory.

2. Definitions and Formal Comparison

In this section, we present the definitions of the Neutral Set and the Single-Valued Neutrosophic Set
in order to establish a formal comparison between the two mathematical structures.

2.1. Neutral Set

According to Ardil [1], a Neutral Set (A) defined on a universe of discourse (X) is represented as:
A ={(x, p(x), n(x), v(x)) | x € X}, where
u,n,v:X—1[01]
are independent mappings satisfying the condition
0<u(x)+nx+vix)<3
The quantities u(x), 1n(x), and v(x) denote the degrees of truth, indeterminacy, and falsity
associated with the element x, respectively. Furthermore, Ardil defines an informational density
function:
S(x) = p(x) + n(x) + v(x)
Based on the value of S(x), three informational regimes are distinguished:
e Incomplete information, when S(x) <1
¢ Complete (intuitionistic) information, when S(x) =1
e Paraconsistent information, when S(x) > 1

2.2. Single-Valued Neutrosophic Set

The Single-Valued Neutrosophic Set (SVNS), introduced in neutrosophic set theory [2], is defined
on a universe of discourse (U) as:
A ={(x, T(x), I(x), Fx)) | x € U}
where
T,L,F:U—[0,1]
represent the truth-membership, indeterminacy-membership, and falsity-membership
functions, respectively, satisfying the condition
0<T(x) +Ix)+F(x)<3
Within the neutrosophic framework, the functions T(x), I(x), and F(x) may be independent,
partially independent, partially dependent, or dependent.
Similarly, the informational interpretation depends on the sum of the three components:
e Incomplete information, when T(x) + I(x) + F(x) <1
e Complete information, when T(x) + I(x) + F(x) =1
¢ Contradictory (paraconsistent) information, when T(x) + I(x) + F(x) > 1

2.3. Preliminary Comparison

A direct comparison between the two definitions reveals a one-to-one correspondence between
their components:

T() = px)
I(x) =n(x)
F(x) = v(x)
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Moreover, both structures satisfy the same admissibility condition:

0<T(x)+Ix) +F(x)<3

which is equivalent to

0<pux+nx)+v(x)<3

Likewise, both frameworks adopt the same interpretation of informational regimes, namely
incomplete, complete, and contradictory (paraconsistent) information according to the total sum of
their respective components.

The only apparent distinction concerns the explicit requirement of independence among the
mappings in the Neutral Set definition, whereas the Single-Valued Neutrosophic Set framework
permits independent, partially dependent, or dependent components. Therefore, the Neutral Set may
be viewed as a particular case within the broader neutrosophic framework.

The following section formally establishes the mathematical equivalence between the Neutral
Set and the Single-Valued Neutrosophic Set.

3. Mathematical Equivalence Between the Neutral Set and the Single-Valued Neutrosophic Set

In this section, we formally establish the mathematical relationship between the Neutral Set and
the Single-Valued Neutrosophic Set (SVNS).
Proposition 1
Let
An ={(x, p(x), n(x), v(x)) | x € X}
be a Neutral Set defined on a universe of discourse X, and let
Asvns = {{x, T(x), I(x), Fx)) | x € U}

be a Single-Valued Neutrosophic Set defined on a universe of discourse U.
If the following component-wise correspondence is established:

T(x) =p()

Ix) =n(x)

F(x) = v(x)
then the Neutral Set is mathematically equivalent to the Single-Valued Neutrosophic Set.
Proof
The definition of a Neutral Set requires that the mappings

wn,v:X—1[01]
satisfy the admissibility condition
0 +nx) +v(x)<3
Similarly, the definition of a Single-Valued Neutrosophic Set requires that
T,I,F:U—[0,1]

satisfy
0<T(x) +Ix) +F(x)<3
Substituting the correspondence
T(x) = p()
I(x) =n(x)
F(x) = v(x)

into the SVNS condition yields:
0<pux+nx) +v(x)<3
which is precisely the admissibility condition of the Neutral Set.
Moreover, the semantic interpretation of the three components coincides in both frameworks:
e u(x) corresponds to T(x) (truth degree),
¢ 1(x) corresponds to I(x) (indeterminacy degree),
e  v(x) corresponds to F(x) (falsity degree).
Likewise, the informational regimes are identical in both structures:
e Incomplete information, when pu(x) + n(x) + v(x) < 1
or equivalently T(x) + I(x) + F(x) <1
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e Complete information, when p(x) + n(x) + v(x) =1
or equivalently T(x) + I(x) + F(x) =1

o Contradictory (paraconsistent) information, when p(x) + n(x) + v(x) > 1
or equivalently T(x) + I(x) + F(x) >1

Hence, the Neutral Set and the Single-Valued Neutrosophic Set possess identical mathematical
structures, identical admissibility constraints, and identical interpretative mechanisms.

The only distinction lies in notation and in the explicit assumption that the three mappings are
independent in the Neutral Set framework. Since the Single-Valued Neutrosophic Set already permits
independent components as a valid case, the Neutral Set constitutes a particular instance of the more
general neutrosophic framework.

Therefore, the so-called Neutral Set is mathematically equivalent to the Single-Valued Neutrosophic
Set. o

4. Discussion

The result established in Proposition 1 demonstrates that the Neutral Set does not introduce a
new mathematical structure distinct from the Single-Valued Neutrosophic Set (SVNS). Rather, the
comparison reveals a direct correspondence between the components of the two frameworks,
namely:

T(x) = p(x), Ix) =n(x), F(x) = v(x)
together with the same admissibility condition:
0<T(x)+Ix) +F(x)<3

and identical interpretations of informational regimes.

From a mathematical perspective, two set-theoretical models that possess the same functional
structure, the same constraints, and the same semantic interpretation should be regarded as
equivalent representations of the same concept rather than distinct theories. The introduction of
alternative notation, by itself, does not constitute mathematical novelty unless accompanied by new
operators, new algebraic properties, generalized domains, or genuinely different semantics.

A possible distinction may be identified in the explicit requirement of independence among the
mappings p(x), 1n(x), and v(x) in the Neutral Set framework. However, this distinction does not
invalidate the equivalence established above. In fact, the Single-Valued Neutrosophic Set already
includes independent components among its admissible configurations, while also allowing partial
dependence or full dependence. Consequently, the Neutral Set can be interpreted as a restricted or
particular case of the broader neutrosophic framework rather than an independent mathematical
construction.

The present analysis also highlights a broader methodological issue in uncertainty modeling and
generalized set theories: the proliferation of terminologies for mathematically equivalent structures
may create conceptual fragmentation and unnecessary ambiguity in the literature. For scientific
coherence, newly introduced frameworks should be carefully examined in relation to pre-existing
theories in order to determine whether they represent genuine mathematical innovations or
alternative reformulations of known concepts.

Therefore, based on the formal correspondence established in this paper, the Neutral Set should
be understood as a notational reformulation of the Single-Valued Neutrosophic Set and, more
specifically, as a particular case included within neutrosophic set theory.

5. Conclusion

This short note examined the mathematical relationship between the recently introduced Neutral
Set and the established Single-Valued Neutrosophic Set (SVNS). Through a formal comparison of
definitions, admissibility conditions, and semantic interpretations, we demonstrated that the two
frameworks are mathematically equivalent under a direct component-wise correspondence between
their respective functions of truth, indeterminacy, and falsity.
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The analysis showed that both structures employ identical mappings into the interval [0,1],

satisfy the same condition
0<T(x)+Ix) +F(x)<3

and admit the same informational regimes associated with incomplete, complete, and
contradictory (paraconsistent) information. The only distinction identified concerns the explicit
assumption of independence among the mappings in the Neutral Set framework, which constitutes
a particular case already included within the broader Single-Valued Neutrosophic Set formalism.

Consequently, the Neutral Set should be regarded not as a new mathematical structure, but as a
reformulation of the Single-Valued Neutrosophic Set under alternative notation. More generally, this
study emphasizes the importance of evaluating newly proposed uncertainty models against
established frameworks in order to preserve conceptual consistency and avoid unnecessary
terminological proliferation in the scientific literature.
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Abstract: In real-life situation, making the right decision can significantly impact One’s lifespan.
Cropland selection for agriculture is a popular Multi Criteria Decision Making (MCDM)problem.
Therefore, many researchers are interested in conducting research in the agricultural field. The main
aim of farmer optimizing land and water resources and enhancing agricultural system. However,
making the right decision in crop land selection is a challenging task due to the uncertainty of
available information. Neutrosophic sets have the potential to deal with uncertain or incomplete data
due to the independent components structure. In this paper, we have defined a genebralised
aggregation operator in single valued Neutrosophic set (SVNS)context and its basic properties. We
have designed a general structure for MCDM problem, followed by some steps. A real-life example

of Crop land selection is also demonstrated to highlight effectiveness of the proposed operator and
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MCDM method. The effectiveness of the proposed method was examined by comparing it with some

existing methods.

Keywords: Single valued Neutrosophic set; Generalized Aggregation operator; Crop land selection;
Multi Criteria Decision making.

1.Introduction

The invention of the neutrosophic set (NS) by F. Smarandache is a significant exploration in research.
Neutrosophic set is the generalization of intuionistic fuzzy set (IFS). IFSs contain only two
independent components: truth and falsity, whereas NSs contain three independent components:
truth, falsity, and indeterminacy which are held in the ]0,1*[. In 2010 Wang et. al introduced Single
Values Neutrosophic Set (SVNS) on the basis of standard interval [0,1]. Due to its three components,
any incomplete and uncertain information can be easily handled by the SVNSs. The attractive
structure of SVNSs has gained significant attention from many researchers, who are now focusing

their work in the SVNS environment.
1.1 Motivation of the study

Senapati [2] in 2024 develop Aczel-Alsina aggregation operator in SVNSs and proved its necessary
properties and construct a strategy for MADM issues in SVNS environment. Ye [3] introduced two
aggregation operators for SVNSs, applying them to solve MCDM problems. Nancy and Garg [4]
proposed some operations for SVNNs under Frank norm operations and developed averaging and
geometric aggregation operators for decision-making problems. Liu et al. [5] proposed a MAGDM
strategy based on power average operators in SVNSs and grey relational analysis (GRA) for the
Ranking according to Compromise Solution (MARCOS) method. Liu et al. [6] integrated SVNS with
Dombi extended power aggregation operators, proposing two weighted operators and applying
them to an intelligent transportation system. Kara et al. [7] proposed the SVNS-ARLON method for
service provider ranking, demonstrating its applicability in real-world scenarios. Garai et al. [8]
proposed an SVNS-softmax aggregation approach, validating it through application to an MCDM
problem. Agriculture is one of the fundamental resources of the global economy. Agricultural
technology advancements are leading to higher crop yields, increased food production, and more
efficient land use, revolutionizing farming practices. Sustainable farming methods play a vital role in
guaranteeing food security and reducing ecological footprint simultaneously. The agricultural sector
is crucial to India's economy, focusing on promoting equitable growth, boosting rural incomes, and
strengthening food security measures. MCDM is a method that evaluates alternatives holistically,

considering multiple conflicting criteria, and has been effectively used to assess various aspects of
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the agriculture sector. The presence of uncertainty significantly impacts on the assessment of
agriculture land selection. Due to the advantages of TMF, FMF and IMF, SVNS can cope with
incomplete information for selection agricultural decision-making problem. An SVN-distance
measure was proposed by Mishra et al. [9] to determine the dissimilarity between SVNSs. They also
proposed a hybrid ranking strategy in SVNS to assess the agro-climatic regions of India. An MCDM
strategy was formulated by Garai & Garg [10] to tackle water resource management (WRM) issues in
the Puruliya district of West Bengal, under a neutrosophic environment. In 2021 Zeng et. Al [11]
defined SVN-Graph and applied this graph in Food and Agriculture Organization.

Inspired by these innovative ideas. We developed a generalized aggregation operator in an SVNS
environment and proposed an MCDM technique based on the aggregation operator for agricultural

land selection.
1.2 Contribution of the study

The purpose of this study is to design a method that recommends the best alternative from a
collection of feasible options. For this decision-making purpose, at first, we develop a generalized
aggregation operator and proves its related impotent properties. We also investigate the sensitivity
analysis for this operator. A multi-step MCDM approach was developed and demonstrated through
a numerical example focusing on crop land location selection based on key criteria. The main

contributions of this study are that:

¢ We defined a generalized SVNS aggregation operator.

e We proved its basics properties.

¢ We design a MCDM framework for decision making based on proposed operator.

e we solve a real decision-making task to check validity and practicability of MCDM method.
e A comparative study with existing methods is conducted to verify the proposed approach

and demonstrate its strengths.
*The results are outlined and discussed to assess the method's reliability and effectiveness.
Structure of this study

This manuscript is arranged into the following sections. Section 2 provides a brief overview of
fundamental concepts related to SVNSs and their operations. In section 3 introduces a novel
neutrosophic power mean aggregation operator, along with a discussion of its fundamental
properties. In Sect. 4, we defined new power mean operator based MCDM decision making method.
Section 5 provides a numerical illustration of land selection for agriculture. In section 6, we provide

a comparative analysis. Finally, in Sect. 7 the paper is concluded.
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2.Basic Preliminaries

Neutrosophic sets(N.S): [1] Let X be a universe. A neutrosophic set A over X is defined by
A={<x, (Tz(¥), 1;(X), Fx(¥)) >: ¥ € X} where T;(¥),1;(¥) and F;(¥) are known as truth part,

indeterminacy parts and falsity part, in function form respectively. These are in function form as :
Ti: X =]—0, 17 I X =]—0,17[, Fy: X >]—0,1%[ suchthat 07 < Tx(¥) + I;(¥) + Fx(¥) < 3*

Single valued Neutrosophic set (SVNS):[14] Let X be a universe. A single valued neutrosophic

(SVN)set 4 over X is represent as

Ty X - [0,1]1;: X > [0,1]F4: X - [0,1] such that 0 < Tz(¥) + [;(¥) + F4(X) < 3. For simplicity, a
SVNN can be written as A =(Tx, I5, Fx)Tx € [0,1] ,I5 € [0,1], Fx € [0,1]

and 0SS Ty + Ix+Fz <3
2.1 Some Operations [14]

Let A={<¥, (T;(¥), 1;(X),Fz(¥)) >:%¥ € X} and B={<¥, (T5(¥),15(¥),F5(¥)) >: ¥ € X} be two SVNSs

in X then operations between them defined by Wang et al. [14]as follows:

1.4

(p]

B & Tz(%) < Ty(X),13(%) = I15(X), ,F5(¥) = F5(x) vXeX
2A=B ifandonlyif ACB,Bc A vieX
3.A=<x, (Fs1 — 15, Ty) >:x € X} vx€X

However, the likely correction would be A¢ = {< X, (Fz1—14T;) >:¥ € X} should be
Ac={<x, (Fx(%),1 — 1;(0), Tx(%)) >: % € X}

4. AU B = A=(<x, (max(T,;(J?),Tg (), min([5(%), I3()), min(F5(¥), F (;z)) >:¥€X) VE€EX

oo’

5. An B = A={<¥x, (min(Tg(i), T5(X)), max(1;(%), [5(%X)), max(F (%), F,;(;z)) >:Xx€eX} vieX

3.New Neutrosophic Power mean operator

Let,N = A;,4,,45,4,, ... ... .. ... ... Ap be the set of P neutrosophic sets. The neutrosophic power mean

operator f,: N - Nis expressed as
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1 1 1
£, = CEA(T2,@)N, CEE(15,69)D7, C 2 (F&,6)" (1)
Where g>0, areal number and p is a positive number

Special Cases:

Case 1: when g=1, the Eq (1) reduces to the following form:
fiGO=C S, Tay (0, - TP 11, (D), - T2, F5,(0)

Case 2: when q=0, the Eq (1) reduces to the following form:

£, = (’JHL T D Iy 11, (D T Fi (),.)

Case 3: Similarly, when g=2, 3,......... the Eq. (1) reduces to quadratic mean

transformation function, cubic mean transformations functions and so on.

Case 4: When gq— o
foo () = (max{T3,(3, }, max{iz, (3}, max(F, (I

3.1 Properties of power mean operator
Property 1: Idempotency

If all Tgi(i =123, .. ....)I,qi(i =123, .. ....)anngi(i =12,3,.....) are equal, i€, Ty, =Tz =Tz =

3

Th, =Ta, =Ta, =Ty, Iy, =1y, =lg, =1z, =g, =g, = o g Fyg, =Fy, =F5, =Fy, =

4

Fy. = A = R O
Then £,(¥) = G224 (T5,()D", CE2(15,)D, C A (Fx ) D

1 1 T L
=(Cxpx (T, G Xpx Unhs, G XxpX (Fp)a)y=<Ty, I, Fx >

Property 2: Monotonically

Let set of neutrosophic numbers 4; < B;
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i.e, TE(J?) < Tﬁ(f),lz;(f) > IE(f), ,F;ﬁ(f) > FE(f) vxeX

fo A= E (T, G)) T, (G2 Ug (0)7), (S EL (F, )7) ) <
G ms,)7) . G Us, D), (G2 (Fa, (0)7) V£, B ()
Proof: since Tz (X) < T (X)for every i

Then we have (T5(®)” < (T5(®)" = 32, (T2 ®)” < 32, (T )’

p 14
z%; TA,_(x) <%; Tg, (x)
= (22 (ra®)")" = (32 (o)) ©

Further I (X) = I5(%)

= (®)" = (15)"

p p
= (x®)' = Z (1)’

i i=1

p 14
:%Z () >%Z I5)
= (5 ()")' 2 (20 (100)) ©

And

Fz (%) = Fg (%)

= (Fz®)" = (Fa®)’
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p

p
= (Fr®)' 2 Z (Fr®)’

i i=1

p

2. (Fac)’

i=1

P
=Y (Fz®)" 2

S| -
S|

1

1 1

= (G2 (Fa®)") = G20, (Fat)')" @)
From Eq(5), Eq(6), Eq(7) we obtain

p @ . ¢ . P 7
L gy L PR JPNY
fAG®) =< (5;(7",4,.(@) ) .(p;(ui(x))) (p;(FAi(x))) ><

1 1 1

P q p a P 7
1 1 1
<<;;(T§,-<f))q) .(Eg(lgi(x))“) (5;(&455))“) = /,B(9)

Property 3: Boundness

Let N = N(¥) be collection of Neutrosophic sets in((X), and N* =<
max{T, (¥)},min{l, (¥)} min{F, (X)}> N~ =< min{T, (¥)},max{l,(¥)} max{Fy, (X)}>, then N~ <
13 L L L 13 13

f(®) < N*
3.2 Score and accuracy function

Here, I adopted [12] score and accuracy function for comparing two single valued Neutrosophic

number as follows:

Let A = (Ty, 15, Fx),be a SVNN, then

_14+(T5-Fz)—2I4

i). S(4) , where S(4) € [0,1]

ii)§(4) = Tz — I;(1 — Tx) — Fz(1 — I) where §(4) € [-1,1]
In [12], there is a order relation for two SVNNSs, which is given as follows:
Let P = (Ty 15 Fy) and let Q = (T4,145,F;) are two SVNNS.

If S(P)>S(Q)= P>Q,again if S(P)=S(Q), then If §(P)>§(Q)= P>Q
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4 An MCDM technique constructed by employing the proposed aggregation operator in the
SVNS setting

This part presents a systematic framework for assessing and prioritizing various options under

neutrosophic sets, facilitating effective decision analysis. Let us assume that {£4, £,, L3, Ly, ... ... L,}
represents n alternatives or options, which are ranked based on the attributes {Cy, C,, C3, Cy, ... ... C,}

The decision-maker expresses opinions for alternatives based on attributes in terms of single-valued
neutrosophic numbers (SVNs). Now, we describe the MCDM framework using the following steps

based on the proposed operators:
Step 1: Formation of alternatives versus attributes decision matrix

The interrelationship of the alternatives £;(i = 1,2,3....,n) and their corresponding
criteriaC;(j = 1,2,3 ....,n) is captured in terms of SVNs and can be illustrated through a matrix

representation M': M*: Alternatives versus attributes decision matrix

G, C, e Cp
LI (Tllrflliﬁll) (lerf12!F12) (Tlm! ilmt Flm)
LZ ( T211721'F21) (TZZJIZZIFZZ) (TZm! iZmIFZm)
Ln ( Tnlr inl: Fnl) (Tan ian Fnz) (Tnm» inm» an)

Step 2: Aggregate the decision matrix using proposed operator
Utilizing the proposed operator (Eq. 1), we aggregate the original decision matrix (M1) and derive
a new decision matrix (M?) that synthesizes the information in a structured form.

M2: Aggregated decision matrix
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Cuce
Agg 1Agg pAgg
Ly (T Ly Ry
Agg 1499 pAgg
L, (T21 T By )
Agg ;Agg rAdg
Ln (Tnl 4 [nl 4 Fnl )

Step 3: Calculate Score Values from Aggregate decision matrix using proposed Score function

Eq. (8) is employed to compute the score values of alternatives from matrix M2, resulting in real-
valued scores that quantify their performance.

Step 4: Calculate Accuracy Values from Aggregate decision matrix using proposed Score function
Eq. (9) is employed to compute the score values of alternatives from matrix M2, resulting in real-
valued scores that quantify their performance.

Step 5: Prepare Ranking order based on score, accuracy and values

Alternatives are ranked according to the obtained score and accuracy measures. Alternatives with
higher score values are considered the most preferable. When two alternatives have identical score
values, their accuracy values are then used to differentiate them.

Step 6: End

5 Crop-land selection by the multi criteria decision making approach through SVNSs

Agricultural systems are vulnerable to climate change, with notable effects on water resources
and crop output. Climate change poses serious threats to agricultural production, potentially
escalating the likelihood of food scarcity and famine. The growing population's demands and natural
resource degradation pose significant threats to sustainable agriculture. Advancements in
agricultural technologies boost productivity, yet they gradually.
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Start
¥

Alternatives versus attributes decision matrix
Aggregate the decision matrix using proposed operator
Calculate Score Values from Aggregate decision matrix using proposed Score function

Calculate Accuracy Values from Aggregate decision matrix using proposed Score function

Prepare Ranking order based on score, accuracy values

Comparison Study
¥
End

Figure 1: Flow chart of the decision-making process using power aggregation operator.
exhaust natural resources. Introducing technology in farming requires careful consideration of its
ecological consequences. A plant needs rain for specific time frame, and the soil must contain
moisture substance etc. Therefore, for selecting appropriate agricultural crop land is a challenging
thing. Knowledgeable producers select farmland by examining soil conditions, water availability,
and local climate to ensure optimal crop growth and limited environmental effects.

Properly chosen agricultural land supports efficient production, reducing input use and mitigating
negative effects on the environment.

Determining the appropriate soil and climate conditions is a necessary prerequisite to starting
agricultural production that reduce the farmer loss and increase the productivity. Here, I adapted
[13] following criteria for choosing appropriate Crop land for planting.

(G,) Climate

(C,) Soil quality

(C;) Water availability

(C,) Transportation

(Cs) Energy access

(C¢) Biodiversity
Step 1: Formation of Land versus Criteria decision matrix

The decision maker provides the rating values of criteria in terms of neutrosophic number with
respect to the land, and represents these values in matrix form for easy calculation and
understanding. The following matrix M?is presented below:
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M?: Land versus criteria decision matrix

¢

¢, Cs Ca Cs Ce

£, 1(0.6,04,0.3)
£, |(0.3,0.1,0.4)

L5 |(0.6,0.3,0.5)

£, '(0.7,03,03)

(0.7,0.3,0.4) (0.8,0.4,0.6) (0.6,0.2,0.4) (0.8,0.3,0.6) (0.9,0.5,0.6)
(0.5,0.2,0.2) (0.8,0.3,04) (0.6,0.3,0.5) (0.7,0.4,0.3) (0.4,0.5,0.6)
(0.7,0.3,0.5) (0.8,0.3,0.5) (0.4,0.3,0.2) (0.6,0.4,0.6) (0.8,0.4,0.3)

(0.3,0.4,0.3) (0.7,0.4,05) (0.8,0.3,04) (0.7,0.3,05) (0.50.3,0.6)

Step 2: Aggregated decision matrix using proposed operator
By using proposed operator (Eq. 1), the aggregate decision matrix of (M? ) and new decision
matrix are obtained, synthesizing the information in a structured form.

Aggregated decision matrix

When g=1 the aggregate decision matrix is:

| CAgg

£, (0.73,0.35,0.48)
£,| (0.55,0.30,0.42)
L3] (0.65,0.35,0.40)
£, (0.62,0.33,0.42)

When gq=2 the aggregate decision matrix is:

| CAgg

£, (0.74,0.36,0.46)
£,| (0.58,0.34,0.43)
L] (0.67,0.28,0.37)
£,! (0.61,0.27,0.43)

When q=0 the aggregate decision matrix is:

| Cagg

L] (0.72,0.34,0.47)
L,| (0.52,0.27,0.40)
£ (0.63,0.35,0.38)
£, (0.59,0.33,0.40)

When q->the aggregate decision matrix is:

Cagg

£, (0.90,0.50,0.60)
£,| (0.80,0.50,0.60)
(0.80,0.40,0.50)
£,! (0.80,0.40,0.60)

h
w N
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Step 3: Score values of Aggregated decision matrix
Eq (8) is employed to compute the score values of alternatives from aggregated decision
matrix, resulting in real —valued score that quantify their performance.
When g=1,

S(£,)=0.285, S(L,)=0.265, S(L3)=0.265, S(L,)=0.27
When g=2,

S(£4)=0.30, S(£,)=0.235, S(L3)=0.37, S(L,)=0.32
When g=0

S(£,)=0.285, S(£,)=0.290, S(£3)=0.275, S(L,)=0.265

When q->ee, S(£;)=0.15, S(£,)=0.10, S(£3)=0.20, S(L,)=0.20

Step 4: Accuracy values of Aggregated decision matrix

Eq (9) is employed to compute the accuracy values of alternatives from aggregated decision matrix,
resulting in real —valued score that quantify their performance
When g=1,

8(£1)=0.3505,8 (£,)=0.121, & (£35)=0.268,5 (L£,)=0.213.

When g=2,

0(L£1)=0.348,8 (£;)=0.153, § (£3)=0.311,8 (£,4)=0.191.

When g=0,

0(£1)=0.315,8 (£;)=0.099, § (£3)=0.254,6 (L,)=0.187.

When q-><,

6(£1)=0.55,6 (£,)=0.40, & (£3)=0.60,6 (L£4)=0.36

Step 4: Ranking order based on score, accuracy values
When q=0,

Score ranking;:

0.290>0.285>0.275>0.265=> L, > L, > L3 > L,
Accuracy ranking:

0.3146>0.2535>0.1867>0.0984 = L; > L3 > L, > L,
When g='1,

Score ranking;:

0.285>0.270>0.265(TWO)=> L; > L, > L, = L3
Accuracy ranking:

0.3505>0.268>0.2132>0.121 = L; > L3 > L, > L,
When q=2,

Score ranking:

0.370>0.320>0.30>0.235=> L3 > L, > L, > L,
Accuracy ranking;:

0.348>0.3112>0.1908>0.1534 = L; > L3 > L, > L,.
When q->

Score ranking:
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0.20(tw0)>0.15>0.10=> L3 = L, > L, > L,
Accuracy ranking:
0.60>0.55>0.40>0.36 = L3 > L; > L, > L,

Step6: End
Score Values for Different q
L_Jang
0.35 -
- 3
v}
0.30
0.25
So20
A

g=0 q=1 q=2 q=w
q

Figure 2: Score values for different gparameters for alternatives £,,L,, L3,and L,. This plot
shows how scores vary with changing gvalues in our proposed method.

Accuracy (8) Values for Different q

Accuracy (8)

Figure 3: Accuracy (0) values for different q parameters for alternatives £, , £, , Lzand £,. This plot

shows the variation in accuracy with changing q values in the proposed method.

Comparative study:

A comparative analysis is performed to evaluate the efficacy of the proposed ranking method against

existing techniques, including [2], [4]

Shyamal Dalapati, Supriya Mukherjee, Florentin Smarandache, Abhijit Mukherjee, Animesh Mahata
and Banamali Roy. New Generalized Aggregation Operator in Single Valued Neutrosophic Set
Environment and Its Application to Crop Land Selection Problem



Neutrosophic Knowledge, Vol. 11, 2026 78

Operator Ranking order alternatives Best Alternatives
Senapati(2024) Ly >L,>L;>L,(e=1) Ly
Senapati(2024) Ly >L,>L,>Li(e=2) Ly
Nancy and Garg(2016) Ls>L,>L,>L Ly
Our Method L,>Ly>Ly>Ly(q=0) L,
Our Method Li>L,>L,=L3(g=1) Ly
Our Method Ly>Ly> L >Ly(q=2) Ly
Our Method Ly=L,> Ly > L,(q—> ) L
....... Ly > Ly > L, > L,(AccuracyRanking) L

Table 1: Comparison of ranking results using different operators

In Table-1, we have presented a comparative analysis. By senapati [2] (2024) method, the
best alternative is £; and the worst oneis L3 . According to the Nancy and Garg (2016) method, the
best alternative is £,, and the worst one is L1. By our proposed method, when g=1, the best
alternative is £; and the worst one is £ 3. when q=2, the best alternative is L;and the worst one is
L,. when q —oo, the best alternative is £; and the worst one is £,. Based on the above comparative

study, it is evident that the proposed method achieves better results more quickly than the existing

methods.

3D Bar Chart of Ranking Results (Colored by Alternative)
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Figure 4: 3D bar chart showing ranking results of alternatives using different operators. The bars are

colored by alternative, and stars indicate the best-performing alternatives.

Conclusions

In recent times, aggregation operators have emerged as a prominent area of research within decision-
making contexts. Selecting suitable cropland is a crucial decision-making issue in agriculture. The

decision-making method with an aggregation operator, which has been successfully applied in the
agricultural field, is an interesting topic of research.In this study, we have proposed a new
aggregation operator based on SVNSs and proved its necessary properties. We structured a general
MCDM method to select cropland for agriculture. The introduced approach is tested on a cropland
selection example based on standard criteria. We analyzed the ranking results of our proposed
method with the help of a significant comparative study with existing methods. The results obtained
for different values of q indicate that the proposed operator works stably and reliably. For q=1, it
reflects the best alternative, which is the same as the best alternative obtained from the Senapati (2024)
operator result and For qg=2 and as q —co, the best alternative is the same as the result obtained by
Nancy and Garg (2016). This proves that the operator can efficiently handle the complexity and
uncertainty of real problems. The proposed MCDM technique requires that each alternative be
evaluated against the same set of criteria. This is a necessary condition because the aggregation
operators used in this technique are designed to handle a uniform number of criteria across all
alternatives enabling the calculation of overall aggregation values. It also has application potential in
practical decision-making, especially in teachers” election processes, school management decisions,
weather forecasting, and investment evaluation. Future research will concentrate on expanding this

operator to other neutrosophic sets and applying it across diverse social and technological domains.
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Figure 5: Line graph showing the ranking order of alternatives Li,L,, L3, £, using differ-ent
decision-making approaches. The methods compared include Senapati’s operators for e=1, 2, Nancy-
Garg (2016), and the proposed method for q =0, 1, 2, . A lower rank indicates a better performing
alternative (Rank 1 being the best).
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Abstract: This systematic review examines how neutrosophic logic has been applied in psychology
and behavioral science, with particular attention to the representation of psychological
indeterminacy through the Truth, Indeterminacy, and Falsity triad. Following a PRISMA-based
search strategy, records were identified from Scopus, Web of Science, PubMed, PsycINFO, Google
Scholar, ResearchGate, and specialized neutrosophic sources. After screening and eligibility
assessment, 30 studies were included in the qualitative synthesis. The reviewed literature indicates
that neutrosophic approaches have been used mainly in psychological assessment, behavioral
decision-making, clinical diagnostic support, sentiment/perception analysis, and theoretical
modeling of ambivalence. The findings suggest that neutrosophic tools may complement classical
and fuzzy approaches by explicitly modeling neutrality, hesitation, contradiction, and incomplete
information. However, the current evidence remains uneven, with many studies being conceptual,
computational, or preliminary rather than clinically validated. Future research should prioritize
empirical validation, transparent reporting, reproducible tools, and accessible software for
researchers and practitioners.

Keywords: Neutrosophic Logic; Neutropsyche; Human Behavior; Indeterminacy; Systematic
Review; Psychometrics; Cognitive Dissonance; Decision-Making; PRISMA; TIF Triad

1. Introduction
1.1. Limitations of Classical Psychological Approaches in Explaining Human Behavior

Traditional psychological approaches often rely on Boolean logic or classical crisp sets to
differentiate between psychological states, for example rational and irrational thinking. However,
such differences are complex and cannot always be captured through a simple true/false distinction
or by a strict membership/non-membership decision. Fuzzy logic improves on Boolean logic by
allowing degrees of truth or membership, yet it remains limited when a psychological state contains
uncertainty, neutrality, hesitation, or conflicting evidence. These dimensions are particularly
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important in decision-making situations involving stress, incomplete information, and subjective
ambivalence.

Current psychometric models frequently treat ambiguous or inconsistent responses as
measurement error. Acciarini et al. (2021) compare traditional psychometric models with stochastic
descriptions of human behavior and show that decision processes may include contradictions.
Berthet (2022) similarly argues that psychological measurement often contains cognitive noise or
ambivalence. A more comprehensive framework should therefore be able to represent contradictory,
neutral, and uncertain information without reducing it to error alone.

1.2. Theoretical Foundations of Neutrosophic Logic and Its Interdisciplinary Applications

Florentin Smarandache introduced Neutrosophic Logic as an extension of classical and fuzzy
approaches. In this framework, a proposition is evaluated through three independent components:
Truth (T), Indeterminacy (I), and Falsity (F). These components form the foundation of neutrosophic
modeling and have been applied in several disciplines, including psychology, where the emerging
concept of Neutropsyche attempts to describe human tendencies and behavior through a triadic
structure.

Recent publications have explored neutrosophic concepts in cultural psychology, cognitive
science, psychological ambivalence, and the modeling of human tendencies as dynamic systems.
Examples include works by Christianto and Smarandache (2024), Wang and Smarandache (2025),
and Smarandache (2026). These studies provide the theoretical background for examining whether
neutrosophic logic can contribute to the analysis of complex behavioral data.

1.3. Research Objectives and Research Questions of the Systematic Review

This systematic review synthesizes the growing literature at the intersection of neutrosophic logic
and behavioral science. By following PRISMA-oriented procedures, the study evaluates how
neutrosophic tools have been used to model human behavior and psychological indeterminacy.

The primary research objectives are:
e  To identify the limitations of classical and fuzzy logic in selected psychological literature.

e Toanalyze applications of neutrosophic sets in personality, emotions, decision-making, and
assessment.

e To determine the theoretical contribution of Neutropsyche to contemporary psychological
modeling.

This review is guided by the following research questions:

1. How does neutrosophic logic represent psychological indeterminacy compared with classical and
fuzzy models?

2. In what ways have neutrosophic Likert scales and related assessment tools been used to improve
behavioral data extraction?

3. What gaps remain in the integration of neutrosophic logic into clinical and social psychology?

2. Materials and Methods (PRISMA)

This systematic review was conducted in accordance with the Preferred Reporting Items for
Systematic Reviews and Meta-Analyses (PRISMA) statement. The methodology was designed to
support a transparent and reproducible synthesis of the literature concerning applications of
neutrosophic logic in psychological and behavioral sciences.

2.1. Literature Search Strategy and Databases Used

A comprehensive search was performed in major international databases to identify relevant
studies published between 2014 and 2026. The databases searched included Scopus, Web of Science,

Hanane El ghouat , Applications of Neutrosophic Logic in Psychology and Human Behavior: A Systematic
Review



Neutrosophic Knowledge, Vol. 11, 2026 84 of 90

PubMed, and PsycINFO. Additional searches were conducted through Google Scholar,
ResearchGate, and specialized neutrosophic sources to identify recent or field-specific publications.
The archives of Neutrosophic Sets and Systems were also manually consulted to include foundational
works by Smarandache and collaborators.

The search strategy used Boolean operators AND/OR with terms appearing in titles, abstracts,
and/or keywords, including: neutrosophic logic, Neutropsyche, indeterminacy, neutrosophy, human
behavior, decision-making, psychological assessment, and neutrosophic sets.

2.2. Inclusion and Exclusion Criteria for Study Selection

Inclusion criteria were defined as follows:

e Studies applying neutrosophic logic, neutrosophic sets, or neutrosophic probability
structures to psychological theories, behavioral models, social science diagnostics, or decision-
making.

e Peer-reviewed journal articles, conference papers, and book chapters presenting a clear
mathematical or conceptual framework.

e  English-language publications accessible to the international community of neutrosophic
and behavioral-science researchers.
e  Studies explicitly addressing one or more T, I, and F components in relation to human
cognition, behavior, or assessment.

Exclusion criteria were defined as follows:
e  Purely mathematical works on neutrosophic topology, abstract algebra, or geometry
without application to human behavior, psychology, or decision-making.
e  Editorials, blog-style material, raw unpublished data, and unpublished student theses.

e  Duplicate records, repeated versions of the same study, or preliminary records superseded
by a later publication.

2.3. Study Selection Process and Data Extraction

The selection process consisted of four stages: identification, screening, eligibility assessment, and
inclusion.

1. Identification: records were identified through database searches and supplementary searches,
then imported into reference management software.

2. Screening: titles and abstracts were screened for relevance to neutrosophic logic, behavioral
science, and psychological applications.

3. Eligibility: full-text articles were assessed against the inclusion and exclusion criteria. Particular
attention was given to studies addressing behavioral decision-making, psychological assessment,
and diagnostic ambiguity.

4. Inclusion: 30 studies met the criteria and were included in the qualitative synthesis.

For each included study, data were extracted using a structured form covering authorship, year
of publication, neutrosophic method used, psychological domain, and contribution to the modeling
of human behavior or cognition. Extracted methods included single-valued neutrosophic sets,
interval neutrosophic sets, neutrosophic Likert scales, and neutrosophic multi-criteria decision-
making approaches.
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3. Results

3.1. General Characteristics of the Selected Studies

Studies included in the
qualitative synthesis

(N =30)

Records after duplicates removed

(N =124)

Records excluded
(N =263)

Focus on purely mathematical
neutrosophic topology without
behavioral application
Non-peer-reviewed (editorials,
brief notes)
Strictly engineering or technical
context

Full-text articles excluded

(N =35)
No clear connection to human
behavior or psychological
diagnostics (N = 18)
Redundant data or preliminary
versions of later studies (N = 12)

Did not meet linguistic or
peer-review standards (N = 5)

The final synthesis included 30 papers addressing non-binary or neutrosophic approaches to
behavioral and psychological modeling. The publication pattern suggests increased attention after
2020. Earlier papers were largely theoretical and focused on the concept of Neutropsyche and its
implications, while more recent studies have increasingly addressed empirical applications, decision-
making frameworks, and software-assisted neutrosophic data analysis.

The reviewed studies came from different research contexts and included journal articles,
conference papers, and specialized book chapters. The collection reflects an interdisciplinary
literature rather than a mature clinical evidence base. Therefore, the findings should be interpreted
as a structured synthesis of current applications and theoretical directions rather than as proof of

clinical superiority.

3.2. Applications of Neutrosophic Logic in Psychological and Behavioral Studies
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Three main areas of application were identified in the reviewed literature:
e DPsychological assessment and measurement: neutrosophic scales, particularly

Neutrosophic Likert Scales, have been proposed to allow respondents to express agreement,
disagreement, neutrality, and uncertainty more explicitly than in classical Likert formats.

¢ (linical diagnosis and decision-making: neutrosophic multi-criteria decision-making
methods have been applied to problems involving overlapping symptoms and incomplete
information. For example, Gomez and Ludefia (2023) applied neutrosophic reasoning to anxiety
diagnosis, while Abdel-Basset et al. (2019) used neutrosophic MCDM in professional selection
contexts relevant to psychology.

e  Organizational and social behavior: studies such as Nabeeh (2023) and Al Awadh (2022)
used single-valued neutrosophic sets to model decision-maker behavior under uncertainty in
professional and organizational contexts.

3.3. Main Findings on the Contribution of Neutrosophic Logic to Understanding Human Behavior

Across the 30 reviewed studies, neutrosophic logic appears to contribute mainly by formalizing
indeterminacy rather than treating it only as random error. The following findings summarize the
main contributions identified in the selected studies.

1. Ambivalence can be represented as a measurable component. Classical models often treat
ambivalence as an exception or outlier, whereas neutrosophic approaches model it through the I
component within a triadic structure.

2. Neutrosophic sets may refine sentiment and perception analysis by separating neutral or
indeterminate responses from positive and negative polarities. Reported accuracy gains should
be interpreted cautiously because they depend on datasets, models, and validation procedures.

3. The Neutropsyche and related personality models describe psychological traits as dynamic
tendencies rather than fixed binary categories.

4. Neutrosophic models may be useful in difficult or crisis situations where information is
incomplete, contradictory, or uncertain, because they explicitly encode the unknown component
instead of forcing a binary classification.

Table 1. Summary of representative studies and their contributions to behavioral

science.
Author(s) and Neutrosophic Psychological Key contribution to psychology
year tool/model domain
Smarandache Neutropsyche; Theoretical Introduced and developed a triadic
(2016, 2026) neutrosophic psychology structure (T, I, F) for modeling
personality human tendencies as dynamic
systems.
Patro and Neutrosophic Psychometrics Proposed a scale format that allows
Smarandache Likert Scale respondents to express uncertainty
(2024) or neutral feelings during
assessment.
Gomez and Neutrosophic Clinical Applied indeterminacy to the
Ludena (2023) | MCDM/TOPSIS diagnosis interpretation of overlapping
symptoms in anxiety-related
diagnostic support.
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Wang and Single-valued Cognitive Formalized the representation of
Smarandache neutrosophic sets science psychological ambivalence and states
(2025) of uncertainty.

Nabeeh (2023) | Integrated SVNS Organizational Modeled decision strategies under
decision-making behavior professional uncertainty and multi-

criteria constraints.

Dhamodharan | Neutrosophic Social Separated neutral sentiment from

(2024) sentiment analysis | psychology positive and negative polarities in

perception analysis.

Sahin (2022) Neutrosophic Cognitive Discussed limitations of binary logic
uncertainty psychology in explaining gray areas of behavior
modeling and risk perception.

Duran et al. Confirmatory Well-being and | Converted the Satisfaction with Life

(2021) neutrosophic life satisfaction Scale into a neutrosophic form and
analysis compared confirmatory analysis

results.

Berthet (2022) Cognitive-bias Behavioral Interpreted cognitive biases as
framework economics responses to uncertain or incomplete

information rather than only as
erTors.

Heredia et al. AHP, Delphi, and | Crisis Integrated expert judgment and

(2024) neutrosophic logic | management neutrosophic logic for decision-

making in complex environments.

4. Discussion

4.1. Interpretation of Findings in the Context of Contemporary Psychological Theories

This systematic review indicates that neutrosophic logic can function as a bridge between
mathematical formalization and the complexity of human cognition. In classical interpretations of
cognitive dissonance, two conflicting beliefs or facts may produce psychological tension. A
neutrosophic interpretation adds an explicit indeterminate component, allowing the model to
represent hesitation, uncertainty, or the subjective feeling of not knowing how to decide.

The analysis of personality traits also suggests that rigid boundaries between traits may be
insufficient for describing actual psychological variability. In this context, the neutrosophic
component of indeterminacy can represent ambiguous or unstable responses without immediately
classifying them as error. This perspective is consistent with recent discussions of cognitive biases,
where some responses may reflect processing under uncertainty rather than simple irrationality.

4.2. Theoretical and Conceptual Contributions of Neutrosophic Logic to Psychology

Smarandache (2016, 2026) proposed the Neutropsyche model to represent human tendencies and
behaviors through a triadic structure. The theoretical value of this framework lies in moving from
binary opposition toward a model that can include truth, falsity, and indeterminacy simultaneously.
This is particularly relevant in psychological contexts where respondents may agree with an item,
disagree with it, and still retain some degree of uncertainty or neutrality.
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For psychological assessment, neutrosophic scales may provide a more detailed structure for
collecting data on perceptions, attitudes, experiences, and evaluations. In clinical or diagnostic
contexts, neutrosophic multi-criteria decision-making can support the interpretation of overlapping
symptoms when available information is incomplete or uncertain. These contributions remain
promising, but they require stronger empirical testing before broad practical adoption.

4.3. Limitations of the Current Literature and Future Research Directions

Despite growing interest, the literature remains limited. Many studies are still theoretical,
computational, or based on preliminary applications. There is a lack of large longitudinal clinical
studies comparing traditional psychological diagnostic methods with neutrosophic frameworks
under controlled conditions.

A second limitation concerns usability. Neutrosophic methods may require mathematical
knowledge that is not common among behavioral researchers and clinicians. Future work should
therefore focus on transparent validation studies, open datasets when possible, user-friendly
software, and reporting standards that make neutrosophic models easier to evaluate and reproduce.

5. Conclusions

This systematic review examined how neutrosophic logic can be used to model aspects of human
behavior that are difficult to capture through binary or fuzzy approaches alone. The reviewed studies
show that the Truth-Indeterminacy-Falsity triad may be useful for representing ambivalence,
uncertainty, and neutrality in psychological assessment, behavioral decision-making, and theoretical
personality modeling.

The use of Neutrosophic Likert Scales and neutrosophic multi-criteria decision-making methods
suggests a possible direction for instruments that preserve uncertain or neutral information rather
than eliminating it during analysis. Nevertheless, the field requires stronger empirical evidence,
clearer methodological standards, and accessible computational tools.

Future research should prioritize empirical validation in clinical and social psychology,
comparative studies against existing psychometric models, and software that allows researchers to
apply neutrosophic methods without excessive computational barriers.
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Abstract: In this short note we show that C. Ardil’s assertation “neutrality is frequently interpreted as

a manifestation of the indeterminacy component” is false. We have showed from the beginning in 1998

that “Neutrosophy is a new branch of philosophy, which studies the origin, nature, and scope of
neutralities, as well as their interactions with different ideational spectra” [1].

His Score-Based Ranking for Neutrosophic Logic is wrong [3] and his Neutrosophic Conjunction and
Neutrosophic Disjunction operators are superficial (reduced only to min/max operations), while the
Neutrosophic Logic Operators are based on T-norm and T-conorm and have a general form.

Neutral Set/Logic, that uses only neutrality, is a subclass of the Neutrosophic Set/Logic, that uses both

neutrality and all types of indeterminacies.

Keywords: Neutrosophy, Neutrality, Single-Valued Neutrosophic Set, Neutral Set, neutrosophic
logic, neutrosophic set theory, mathematical equivalence, indeterminacy, truth membership,

falsity membership, paraconsistent information, uncertainty modeling.

1. Introduction

In [3] C. Ardil asserts: “Neutrosophic Logic and related neutrosophic set theories have emerged as

influential frameworks for representing uncertainty, inconsistency, incompleteness, and

indeterminacy. Within this paradigm, neutrality is frequently interpreted as a manifestation of the

indeterminacy component. This paper re-examines that assumption from philosophical, ontological,

and mathematical perspectives.”

2. Etymology and Definition of Neutrosophy ([1], p. 16, 1998)
A) Etymology: Neutro-sophy [French neutre < Latin neuter, neutral, and Greek sophia,
skill/wisdom] means knowledge of neutral thought.
B) Definition: Neutrosophy is a new branch of philosophy, which studies the origin, nature, and
scope of neutralities, as well as their interactions with different ideational spectra.
We have clearly explained in 2021 on the paper [2] that:

"Indeterminacy" is just a generic name for everything that exists in between the opposites
<A > and <antiA>,
it is not strictly (literary) "indeterminacy" (= unclearness).

3. Type of Indeterminacies and Neutralities [2]
"Indeterminacy" is a whole group or class of concepts in between the opposites <A> and <antiA>,
and the type of "indeterminacy" depends on each application’s space.
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For examples ( see again the link https://fs.unm.edu/Indeterminacy.pdf ):

(Friend, Neutral, Enemy), Indeterminacy = Neutral (in this case)
(Proton, Neutron, Electron), Indeterminacy = Neuron

(Win, Tie-game, Lose), Indeterminacy = Tie-game

(Matter, Unmatter, Antimatter), Indeterminacy = Unmatter
(Male, Transgender, Female), Indeterminacy = Transgender
(Small, Medium, Tall), Indeterminacy = Medium

(White, Red, Black), in this case Indeterminacy = Red

(True, Partially-true & Partially-false, False), in this case
Indeterminacy = Partially-true & Partially-false

“The most general definition, the classification, and many real examples of Indeterminacies from
our everyday life, utilized in the neutrosophic theories and their applications, are presented below
in an understandable manner. “Indeterminacy” should not be taken into the narrow sense of a
lexical dictionary, but as something that is in between the opposites.

Because of dealing with various types of indeterminacies (vague, unclear, uncertain, conflicting,
incomplete, hesitancy, neutrality, unknown, etc.) related to the data or to the procedures employed
in our real world, we may extend by neutrosophication any classical scientific or cultural crisp
concept from any field of knowledge to a corresponding neutrosophic (un-crisp) concept, since in
our world more things are indeterminate or partially indeterminate than completely determinate.

Firstly, let's define the neutrosophic triplets. Let be an item (concept, notion, idea, sentence, theory
etc.) <A> and its opposite <antiA>. In between the opposites <A> and <antiA>, there is a neutral (or
indeterminacy) part, denoted by <neutA>.

The <neutA > is neither <A> nor <antiA>,

or sometimes the <neutA> is a mixture of partial <A> and partial <antiA>. [2]

Of course, we consider the neutrosophic triplets (T, I, F) that make sense in the world, and there are
plenty of such triplets in our everyday life [1].

4. Score Function for Neutrosophic Logic [4]
It is defined as:
S(T,I, F) = [T+(1-1)+(1-F)]/ 3= [2+T-I-F] / 3
and represents the average of positiveness of the single-valued neutrosophic components T, I, F,
where T is considered of positive quality, while I and F of negative quality which implies that 1 — I and 1- F are
of positive quality.
Ardil’s (actually AI’s) Scor Function, defined as
S(T,LF)=T-F
is wrong, because the component I is completely ignored.

And, by the way, only the Score Function is not enough in order to get a total order on the set of triplets (T, I, F),

two more functions are needed:
Accuracy Function and Certainty Function [see 4].
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5. Neutrosophic Conjunction and Neutrosophic Disjunction

C. Ardil uses only min/max for these operators, which is superficial, since the Neutrosophic
Conjunction and Disjunction are based more generally on T-norm and T-conorm.

About applying min/max/max or min/min/max (and similarly for max/min/min or max/max/min) it
depends to where is indeterminacy/neutrality I close to, either much close to F, or respectively much
closer to T.

Neutral Set/Logic, that uses only neutrality, is a subclass of the Neutrosophic Set/Logic, that uses both
neutrality and all types of indeterminacies.
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Abstract. Double-valued neutrosophic sets provide an effective framework for representing uncertainty, in-
determinacy, and inconsistency by incorporating truth, falsity, and two distinct indeterminacy components.
Hypergraphs generalize classical graphs by allowing a hyperedge to connect more than two vertices, making
them suitable for modeling higher-order relationships in complex systems.

In this paper, we extend the concept of double-valued neutrosophic sets to hypergraph structures and intro-
duce the notion of a double-valued neutrosophic hypergraph (DVNHG). We develop the fundamental theory of
DVNHGS by defining their height, level hypergraphs, lower and upper truncations, transition levels, and core
hypergraph structures. Furthermore, we investigate ordered and sectionally elementary DVNHGs and study
properties of double-valued neutrosophic transversals and minimal transversals.

In addition, we introduce the concept of T-related double-valued neutrosophic hypergraphs and establish sev-
eral fundamental results concerning their transversal structures. The proposed framework generalizes existing
neutrosophic hypergraph models and provides a richer mathematical tool for representing complex uncertainty

in higher-order relational systems.

Keywords: Neutrosophic hypergraph, Single-valued neutrosophic hypergraph, Double-valued neutrosophic
hypergraph.
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1. Introduction

Fuzzy set theory was introduced by Zadeh [1] as a mathematical framework for representing
vague and imprecise information. Later, Smarandache introduced neutrosophic sets (NSs)
as a more general tool for handling ambiguous, incomplete, indeterminate, and inconsistent
information [2,3]. A neutrosophic set is characterized by three independent components:
a truth-membership function (T), an indeterminacy-membership function (I), and a falsity-
membership function (F), whose values are usually taken from the standard or nonstandard
real unit interval. To facilitate the application of neutrosophic sets in practical problems,
Wang et al. [4] proposed the notion of a single-valued neutrosophic set (SVNS), in which the

three membership degrees are restricted to the standard interval [0, 1].

Neutrosophic sets generalize fuzzy sets and intuitionistic fuzzy sets by treating truth, indeter-
minacy, and falsity as independent information components. This feature makes neutrosophic
models more flexible for describing uncertainty than classical, fuzzy, or intuitionistic fuzzy
models. In graph theory, neutrosophic information has been incorporated into vertices and
edges, giving rise to several types of neutrosophic graphs (cf. [35,36]). Broumi et al. [5] studied
various classes of single-valued neutrosophic graphs, including complete, constant, and strong
single-valued neutrosophic graphs. Akram et al. [6,7] further investigated operations and
structural properties of complex and single-valued neutrosophic graphs. Moreover, plithogenic

sets are also known as an extended concept of neutrosophic sets [26,27].

Double-valued neutrosophic sets, together with their applications to minimal spanning trees
and clustering techniques, were first proposed by Ilanthenral Kandasamy [8]. Double-valued
neutrosophic graphs were subsequently introduced by Takaaki Fujita [9]. In the double-valued
neutrosophic framework, the indeterminacy component is divided into two distinct parts: in-
determinacy leaning toward truth and indeterminacy leaning toward falsity. This separation
enables a more refined representation of ambiguous and mixed information than the single-
valued neutrosophic setting. More recently, triple-valued neutrosophic sets were proposed as

an extension of double-valued neutrosophic sets [10,11,25].

Hypergraphs provide a natural extension of classical graphs by allowing a hyperedge to connect
more than two vertices. In uncertain environments, this higher-order structure has been com-
bined with fuzzy and neutrosophic frameworks. Kaufmann introduced the notion of fuzzy hy-
pergraphs, and Chen [12] later introduced interval-valued fuzzy hypergraphs. Lee-Kwang [13]

generalized the concept of fuzzy hypergraphs and reformulated it for the fuzzy partition of
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a system. Akram and Dudek [14] investigated several properties of intuitionistic fuzzy hy-
pergraphs and presented their applications. Akram [15] further introduced various concepts
related to single-valued neutrosophic hypergraphs, including line graphs, dual hypergraphs,
and transversal single-valued neutrosophic hypergraphs. Because of the importance of study-
ing neutrosophic hypergraphs, neutrosophic hypergraphs have been investigated in works such
as [31-34]. Table 1 provides a concise comparison between single-valued neutrosophic hyper-

graphs and double-valued neutrosophic hypergraphs.

Many related concepts have also been developed in the theory of neutrosophic graphs. For
example, neutrosophic soft graphs combine soft-set parameters with neutrosophic graph struc-
tures, thereby modeling uncertain relationships through truth, indeterminacy, and falsity de-
grees assigned to vertices and edges [21-24]. In addition, complex neutrosophic soft graphs
(CNSGs) have been developed by SuriyaKumar et al. [16-20] as an advanced framework for
representing ambiguity, uncertainty, and indeterminacy in complex systems. In particular,
strong complex neutrosophic soft graphs (SCNSGs) incorporate soft-set parameters together
with complex-valued membership degrees for both vertices and edges, providing a flexible rep-
resentation of neutrosophic uncertainty. Related studies have investigated the complements
of complex neutrosophic soft graphs and strong complex neutrosophic soft graphs, proposed
measures reflecting the cumulative strength and uncertainty of graph relations, and investi-
gated structural properties of strong double-valued complex neutrosophic graphs, including

their subgraphs and complements.

The advantages of DVNHG over SVNHG are DVNHGs provide a more detailed representation
of uncertainty by separating indeterminacy into truth-oriented and falsity-oriented compo-
nents. DVNHGs can effectively handle inconsistent, incomplete, and conflicting information.
DVNHGSs possess greater descriptive power for modelling complex systems. DVNHGs offer
more accurate representations of real-world scenarios involving multiple information sources.
DVNHGs enhance decision-making processes under uncertain environments. The relationship
between SVNHG and DVNHG is an SVNHG can be regarded as a special case of a DVNHG
when the truth-oriented and falsity-oriented indeterminacy components are combined into a

single indeterminacy degree. Therefore,

SVNHG C DVNHG.

Hence, DVNHGs constitute a more generalized and expressive framework for modelling un-

certainty in hypergraph structures.
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TABLE 1. Comparison between SVNHGs and DVNHGs

Feature

SVNHG

DVNHG

Basic Structure
Membership ~ Compo-

nents

Vertex Representation

Hyperedge Representa-

tion

Constraint

Height of Hypergraph
Treatment of Indeter-
minacy

Information Richness
Ability to Model Uncer-
tainty

Ability to Capture Con-
flicting Information
Expressiveness
Computational  Com-
plexity

Main advantage

Based on Single-Valued Neu-

trosophic Sets (SVNSs)
Truth (t), Indeterminacy (i),
Falsity (f)

FEach vertex has three degrees:
(ts,is,fs) € [0,1]%.

Each hyperedge has three de-
grees: (tx,irx,fx) € [0,1]3.

0<t+i+f<3
(max t, max i, min f)

Single indeterminacy degree

Moderate
Good

Limited

Lower

Lower

Simpler and easier to handle.

Based on Double-Valued Neu-
trosophic Sets (DVNSs)
Truth (t), Truth-oriented
Indeterminacy (i'), Falsity-
oriented Indeterminacy (i),
Falsity (f)

Each vertex has four degrees:
(ts, i, ik, s) € [0, 1]%.

Each hyperedge

(fK,i%,iEK,fK) €

has four
degrees:
[0, 1]%.
0<t+it+il+§<4

(max t, maxi‘, max i/, min f)
Two independent indetermi-
nacy degrees

High

Better

More effective

Higher
Higher

More expressive for ambigu-

ous and mixed evidence.

Motivated by these developments, this paper introduces double-valued neutrosophic hyper-
graphs. Specifically, we define double-valued neutrosophic hypergraphs, level hypergraphs,
lower truncations, upper truncations, and transition levels. Furthermore, we introduce T-
related double-valued neutrosophic hypergraphs and discuss several properties of their minimal

transversals.

2. Preliminaries

In this section, we recall the basic definitions and notation needed in the sequel. In particu-
lar, we review single-valued neutrosophic sets, single-valued neutrosophic hypergraphs, single-
valued neutrosophic graphs, and double-valued neutrosophic graphs. These notions serve as
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the foundation for the construction of double-valued neutrosophic hypergraphs developed in

the next section.

Definition 2.1. The support of a single-valued neutrosophic set A = {(z,ta(x),ia(z),fa(z)) :
x € X} is denoted by supp(A), defined by supp(A) = {z | ta(z) # 0;ia(z) # 0;fa(x) # 0}.

The support of a single-valued neutrosophic set is a crisp set.

Definition 2.2. The height of a single-valued neutrosophic set A = {(x,ta(x),ia(z),fa(z)) :
x € X} is defined as h(A) = (suprexta(r); suprexia(z);infrexfa(x)). A single-valued
neutrosophic set A is called normal if there exists at least one element x € X such that

ta(z) =1,ia(z) = 1,f4(x) = 0.

Definition 2.3. Let A = {(z,ta(z),ia(x),fa(x)) : * € X} be a single-valued neutrosophic
set on X and let a,b,c € [0,1] such that a + b+ c < 3. Then the set Ay = {(z;ta(z) >
a,ig(x) > b,fa4(x) < c)} is called (a,b,c) -level subset of A. (a,b,c) -level set is a crisp set.

Definition 2.4. The height of a single-valued neutrosophic hypergraph $ = (0, €), is denoted
by h($), is defined by h($) = \/,{h(&;) | € € ¢}

Definition 2.5. Let G* = (V,E) be a graph. A SVNG on G* or an SVNG where
S = (ts,is,fs) is a single-valued neutrosophic set on V and K = (tx,ix,fx) is a single-

valued neutrosophic set on E

1. V = {uy,ug, ..., un} such that ts: V — [0,1], ig : V. — [0,1] and fs : V — [0, 1], indicates

the degree of truth, indeterminacy and falsity membership function of the element u; € V

0 < to(us) +is(ug) + fs(u;) <3

2. ECV XV where tgg : VxV — [0,1], ig : VxV = [0,1] and fx : V xV — [0,1].
indicates the degree of truth, indeterminacy and falsity membership of the element u;u; € E,

respectively and such that,
0< tK(uiuj) + iK(uin) + fK(uiuj) <3

such that

tre (uguy) < min{ts(u;), ts(uy)}
iK(uin) < min{is(ui),is(uj)}

fr(wing) > max{fs(u;), fs(u;)}
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Definition 2.6. Let us examine the graph G* = (V, E). A double-valued neutrosophic graph
(DVNG) on G* or a DVNG where S = (tg, i, ifS, fs) is a double-valued neutrosophic set on 'V

and K = (tK,i’}(,ifK,fK) is a double-valued neutrosophic set E C'V x V where,

1.V = {u,ug,...;un} such that tg : V. — [0,1], i : V — [0,1], ifg : V. — [0,1] and
fs : V. — [0,1], indicates the degree of truth membership function, indeterminacy leaning
towards truth, indeterminacy leaning towards falsity and falsity membership function of the

element u; € V
0 < ts(ui) + () + i (ui) + fs(ui) < 4

2. E CV xV where tx : VxV — [0,1], i% : V. xV = [0,1], ifK :VxV = [0,1]
and fg : V. xV — [0,1]. indicates the degree of truth membership function, indeterminacy

membership and falsehood membership of the element u;u; € E, respectively and such that,
0 < tr(winy) + ik (usug) + 1fK(u,u]) + fre(uiuy) < 4

such that

Definition 2.7. Let S be a finite nonempty set of vertices. A fuzzy hypergraph is an ordered
pair G = (S, K), where K = {Ky,Ko, -+, Ky} is a family of fuzzy subsets of S. FEach
hyperedge S; is defined by a membership function tg, : S — [0, 1], where tx,(u) represents the
degree of membership of the verter u in the hyperedge K;. Hence, a fuzzy hypergraph may be

written as

G = (S, {tKlytK27 e 7th}>'

Definition 2.8. Let S be a finite nonempty set of vertices. An intuitionistic fuzzy hypergraph
is an ordered pair G = (S, K), where K = {Kj, Ko, -+, Ky} is a family of intuitionistic
fuzzy subsets of S. For each hyperedge K;, there exist two functions tg, : S — [0,1] and
fr, : S — [0, 1], representing the membership degree and non-membership degree of a vertex in

K;, respectively, satisfying

0 < tg,(u) +fx,(u) <1, Vu € S.
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The hesitation degree is defined by

PK; (u) =1-—tg, (u) - fKi (u)

Therefore, an intuitionistic fuzzy hypergraph can be represented as

G = (‘S’a {(tKl?le)7 (tK2>fK2)7 T (thv me)})

Definition 2.9. Let S be a finite nonempty set of vertices. A neutrosophic hypergraph is an
ordered pair G = (S, K), where K = {K1,Ka, -+, Ky} is a family of neutrosophic subsets
of S. For each hyperedge K;, there exist three functions tx, : S — [0,1], ig, + 5 —
[0, 1], fre, © S — [0,1], where tx,(u), ik, (u), and fx,(u) denote the truth-membership,
indeterminacy-membership, and falsity-membership degrees of the vertex uw in the hyperedge

K;, respectively. These functions satisfy
0 < tg,(u) +igk, (u) + fx, (u) < 3, Yu € S.
Therefore, a neutrosophic hypergraph can be represented as

G = (Sv {(tK17iKl7le)7 (thviszfK2)7 B (th’iKm’ me)}) :

Definition 2.10. A Neutrosophic Super-Hypergraph is a generalization of a neutrosophic hy-
pergraph in which both vertices and hyperedges may themselves be neutrosophic sets. This
model is capable of representing higher-order and hierarchical relationships under uncertainty.
Let S = {51,892, ,Sn} be a finite family of neutrosophic sets called super-vertices. A Neu-
trosophic Super-Hypergraph is an ordered pair G = (S, K), where K = {K1,Ka, -+, Kn}
is a family of neutrosophic super-hyperedges joining one or more super-vertices. FEach
super-vertex S; is associated with three membership functions ts(S;), 1is(S:), fs(Si)
S — [0,1], representing the truth-membership, indeterminacy-membership, and falsity-
membership degrees, respectively. Similarly, each super-hyperedge K; is characterized by
tx(Kj), ik(Kj), fr(K;): K —[0,1], such that

0< ’cs(Si) + is(Si) + fs(Si) <3,

and
0 <tk (Kj) +ik(Kj) + fr(K;) < 3.

Therefore, a Neutrosophic Super-Hypergraph is represented as

g - (S7K7t57157f57tK7iK7fK> .
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3. DOUBLE-VALUED NEUTROSOPHIC HYPERGRAPHS (DVNHGSs)

Double-valued neutrosophic hypergraphs model higher-order relations by assigning truth, fal-
sity, and two indeterminacy degrees to vertices and hyperedges under compatibility constraints,

enabling richer information representation.

Definition 3.1. A double-valued neutrosophic hypergraph on & is an ordered pair
H=(3,¢),

where
P ={V,Vo,...,Vp,}
s a finite family of double-valued neutrosophic sets on &, and € is a double-valued neutrosophic

relation on U satisfying the following conditions.

(1) For every crisp hyperedge
e ={uy,ug,...,u} C &,

the following inequalities hold:

1&(6) < mln{ijﬁ/i (ul),lj{/l (u2), ,1%/1(ur)},

1&(6) < mln{li/ (w1), Ii/,b- (u2), 71& (ur)}>
and

fe(e) > max{fy, (u1), fv; (u2), ... fv;(ur)}.
Moreover,

0 < te(e) +ig(e) +ig(e) + Fele) < 4.
(2) The supports of the double-valued neutrosophic sets in U cover &, that is,
n
| supp(vi) = &.
=1
The set e = {uy,ua,...,u,} is called a crisp hyperedge of H = (U, €).

Definition 3.2. Assume that $ = (U, €) is a DVNHG on &. The height of $), denoted by
h($), is defined by
h($) = (h($), hie(H), his (5), h3(H)),

where
h($) = 5 nax o, (v),
ha($) = | max i (v),
hi(9) = | maxx i} (v),
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and

B(9) = min_fs,(v).

0, €E¢,vE®
Here, ts,(v), igi(v), igi(v), and fs,(v) denote, respectively, the truth-membership degree, the
truth-oriented indeterminacy degree, the falsity-oriented indeterminacy degree, and the falsity-

membership degree of the vertex v with respect to the hyperedge 0;.

Definition 3.3. Assume that $ = (0, €) is a DVNHG on &. Let A, B4, B%,C € [0,1] satisfy
0<A+B*+B°+C <4
The (A, B4, BC, C)-level hypergraph of $) is the crisp hypergraph
55(A,BA,BC,C) _ (;B(A,BA,BC,C)7 QE(A,BA,BC,C)),
where, for each d; € €,
MO e | (0) 2 A, i (2) = B, 1 (2) 2 BC, fi(2) < €}
The hyperedge set is defined by
@(A,BA,BC,C) _ {(EEA,BA,BC,C) ‘ 5 e e €§A,BA7BC,C') ” @},
and the vertex set is defined by
Q](A,BA,BC,C) _ U QEZ(A,BA,BC,C).
;€€

Thus, HABLBO) g ¢ crisp hypergraph.
Definition 3.4. Assume that $ = (0, €) is a DVNHG on &, and write
h($) = (he, hie, by, hs).
For parameters satisfying
0< A<h,, 0 < B4 < hy, 0 < BY < hy, hy <C <1,

let
fJ(A,BA,BC,C) _ (m(A,BA,BC,C)7 QE(A,BA,BC,C))

be the (A, B4, BC, C)-level hypergraph of $.

A finite sequence
{(A1, B{*, BY,C1), (A2, BY, BY ,Cs), ..., (Am, Bi, BS, Cin) }
is called a fundamental sequence of § if the following conditions hold:
he=A1 > As > - > A, >0,

hi =B > B3t > ... > BA >0,
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hy = BY > BY > ... > BS >0,

and
hy=C1 <Cy<---<Cp <1
Moreover, for each k € {1,2,...,m — 1}, the following two conditions are satisfied:
(1) If
At <A< Ay, By <(BY < B, B, < (B) < By,
and

Cr < C' < Ciy1,
then
@(Alv(BA)/7(BC)I70,) — @(Ak7B]?7B]§7Ck)
(i) The level hyperedge sets are strictly nested as

@(Ak,B,?,BE,Ck) C G(Ak+17B;?+17BE+1yck+l)'

The fundamental sequence of § is denoted by Fs(9).
The set of level hypergraphs

{5<A1,Bf,B€,cl) §(A2,851,B5.Ca) ~ﬁ(Am,B,?;,Bs;,cm)}
is called the set of core hypergraphs, or the core set, of $ and is denoted by c(9).

Example 3.5. Assume a DVNHG $ = (0, €) on

& = {u1, u2, u3, us, us, ug }
, where u; = (0.8,0.6,0.7,0.5), us = (0.5,0.5,0.4,0.3), uz = (0.6,0.4,0.5,0.4), uy =
(0.2,0.3,0.2,0.1), us = (0.7,0.6,0.8,0.5), ug = (0.4,0.5,0.4,0.3). The DVNR € is given
as, €({ui,u2,us}) = (0.5,0.4,0.4,0.3), E€({uq,us,us}) = (0.2,0.3,0.2,0.1), E({ui,us}) =
(0.4,0.5,0.4,0.4), ¢({ug, us}) = (0.5,0.5,0.4,0.4) and €({us,us}) = (0.2,0.3,0.2,0.1). The
corresponding DVNHG is given in Figure 1.

(A1, Bi*, BY,C1) = (0.8,0.6,0.7,0.5)
(Ag, Bst, BY | Cy) = (0.5,0.4,0.4,0.3)
(A3, B5Y, B, C3) = (0.4,0.4,0.4,0.3)
(A4, B}, B, C4) = (0.2,0.3,0.2,0.1)

Note that the sequence
{(A,B{!, BY ,C1), (A2, B, BY ,Cs), (A3, B, BS , Cs), (A4, By, BY , C4)}

satisfies all the conditions of definition 3.4. Thus, it is a fundamental sequence of $. The
corresponding (Aj;, Bf, B]C, Cj) -level hypergraphs are shown in Figures 2-5.
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FicURE 1. double-valued neutrosophic hypergraph £
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FIGURE 2. ,V)(Al’Bf"BlC’Cl) -level hypergraph

[ [ [
U U2 us

FIGURE 3. Y)<A27B2A’B2C702) -level hypergraph

Definition 3.6. A DVNHG $ = (0, €) is called ordered if its core set c($)) is ordered. More
precisely, if

)

A1,B{,BS C Az,B3' \BY ,C! Am,Bf,BS ,.Crm
C(ﬁ):{ﬁ( 1a171’1),5‘{)( 2727272)7...7ﬁ( »PmHrPmo )}

then
§ALBILBYC1) ¢ 5(A2,BSLBECo) L. C g(Am.Bin, B Cm)

A DVNHG $) = (0, €) is called simply ordered if c($)) is simply ordered. That is, writing

ﬁ(Ai’BlA’BiC’C") = (61', @i), 1= 1, 2, e, M,

ec &y \ ¢,
then

€ SZ @1
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FIGURE 4. 5’3(‘43’3?’330703) -level hypergraph
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FIGURE 5. 5(A4,Bf,Bf,C4) -level hypergraph

{

Example 3.7. Assume that $ = (U, €) is « DVNHG as shown in Figure 1. The set of core
hypergraphs is given by
() = {ﬁ(Al,Bf‘,Blc,Cl)7ﬁ(Ag,Bg‘,Bg,Cg)’5(A3,B§‘,B30,Cg)’ﬁ(A4,Bf,Bf,C4)} :
where
HALBLELC) — (6, €)), &, = {ur}, ¢ =0,
§A2:B8.55.C2) — (85, €,), Gy = {u1,uz, us}, € = {{u1,uz,us}},
A3 BEBTC) — (85, €5), &3 = {u1, uz,us, ug},

€3 = {{u1,u2, us}, {u1,us}},
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and

A4,B2A BS C.
HALBLBLC) — (8, @y), &y = {u1, ug, u3, usg, us, ug },

Q34 - {{Ul, uz, u3}7 {ula Uﬁ}, {’LL4, us, uﬁ}a {’UQ, U5}, {u3a U4}}
Note that

f_)(Al,Bf‘,Blc,C'l) C 57)(1427354,320702) C S:J(A37B§‘7Bg,c7c3) C 5:)(144731‘7340704)'

Hence, $ = (U0, &) is an ordered DVNHG. Also, $ = (0, €) is simply ordered.

Definition 3.8. Let $ = (U, €) be a DVNHG with
35(9) = {(A1, B{, BY ,C1), (A2, B§", BY , C3), ..., (Am, Bin, B, C) } -
Then $ is called sectionally elementary if, for every k € {1,2,...,m — 1}, the equality
e(A.(BA)(B).C") _ @(ArB{ B Ck)
holds for all parameters satisfying
App < A < Ay, Bity < (BY) < B, B, < (BY) < B,

and

Cr < C' < Ciy.

Definition 3.9. Assume that V is a DVNS on J. For 0 < A, B4, B¢, C < 1, define the level

set
V(ABABC.0) {u €3 ‘ ty(u) > A, i\ (u) > BA, il (u) > B, fy(u) < c} .

The lower truncation of V at level (A, B4, B¢, C) is the DVNS Via,Ba,o ¢y defined by

ty(u), ifue VABLE0)
t‘/'[(A,BA,BC,C)] (U) =

0, otherwise,
it : A,BA BC C
; (u) = it (u), ifueVl ),
Vi A gC -
[(4,B4,BC,0)] .
0, otherwise,

) ) A pC
i (u) = il (u), ifueVABLESO)
L =

[(4,B4,B¢,0)] 0, otherwise,

and

i ()= d () e V(4,84,8,0)
Vi A pC u) =
e 0, otherwise.
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Definition 3.10. Assume that V is a DVNS on J. For 0 < A,B4, B¢ C < 1, define
V(ABABC.C) {u €3 ‘ ty(u) > A, i) > BA, i, (u) > BC, fy(u) < c} .
The upper truncation of V at level (A, B4, B¢, C) is the DVNS V((A,B4,BC.C)] defined by

A if u e VABLBYO)

tyianancoy(w) =1
ty(u), otherwise,

. A pC
B4, if u € VABLBE0)

t
Yl(4,BA,BC 0))] (u) = " )
iy, (u), otherwise,

BC,  ifueyABLBEOO)

iV[(A,BA,BC,C)] (u) =

iy, (u), otherwise,

and

C, if u e VABLBY0)
fyia.84,8¢ 0y (u) = )
fv(u), otherwise.

Definition 3.11. Assume that $ = (0, €) is a DVNHG. The lower truncation of $ at level
(A, BA, B¢, C) is denoted by
Na,Ba,BC,C) = (m[(A,BA,BC,C)]v @[(A,BA,BC,C)]) ,
where
V((a,84,B0,0) = {V[(A,BA,BC,C)] ‘ Ve Qj},

and €[4 pa po o) is obtained by applying the same lower truncation to each member of €.

The upper truncation of $) at level (A, B4, B¢, C) is denoted by

HlABAB0) (m[(A,BA,BC,C)]’ G[(A,BA,BC,C)]>

)
where

ql(4,B4,BC,C)] _ {V[(A,BA,BC,C)] ‘ Ve m},

and elABLBEON s obtained by applying the same upper truncation to each member of €.

Definition 3.12. Assume that V is a DVNS on &. A quadruple (A, B4, B, C) is called a

transition level of V' if
A€ (0,4(h(V)),  BYe(0,i'(m(V)), B e (0,7(h(V))),
and
C € (f(n(V)),1],

and the level cut of V changes at (A, B4, B®,C).
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Example 3.13. Assume that = (U,€¢) is a DVNHG as shown in Figure 1. The
(0.4,0.4,0.4,0.3)-level hypergraph of $) is shown in Figure 4. Then the lower truncation

$[(0.4,0.4,0.4,0.3)] = (%[(0.4,0.4,0.4,0.3)}> @[(0.4,0.4,0.4,0.3)])
of $ is a DVNHG on

&1 = {u1, uz, u3, us}

as given in Figure 6.

\

FIGURE 6. Lower truncation of $

Note that

&1 = | supp (Vi(0.4,0.40.40.3))
Ve

The upper truncation

$1(0:40.40403)] _ (@(0.4,0.4,0.4,0.3)] e[(o.4,o.4,0.4,0.3)])

of  is a DVNHG on
& = {ul,uz,us,u4,u5au6}

as given in Figure 7.

Definition 3.14. Assume that $ = (U,€) is a DVNHG. A double-valued neutrosophic
transversal (DVNT) p is a DVNS of & satisfying the condition 6"®) N ph®) = ¢ for all
0 € E, where h(d), is the height of 0.

A minimal double-valued neutrosophic transversal py is the DVNT of $ with the property that
if p C p1, then p is not a DVNT of $).

Let us denote the family of minimal DVNTs of ) by T,.($).
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Us Ug

FIGURE 7. Upper truncation of

Definition 3.15. A DVNT p with the property that p(A’BA’BC’C) € TT(YJ(A’BA’BC’C)) , for
all(A, B4, B€,C) € [0,1], is called the locally minimal DVNT of $). The collection of all
locally minimal DVNTs of §) is represented by T ($)).

Note that T () C T,.(9), but the converse is not generally true.

Definition 3.16. Assume that
V is a DVNS on &. Then, the basic sequence of V' determined by V', denoted by Dg(V),
is defined as {(A1, B{*, BY,C1)V, (Ag, Bs', BS ,C2)V, -+, (A, B, B, C)V'}, where
e Ay >Ay > >A,B >By >--->BA B >BY >--.>BY, C;<(Cy<--- <
Cn
o (A1, B{,BY,Cy) =h(V)
o {(Ay, B4, BY,Co)V, -+ (An, B2, BS,C,)V'} are the transition levels of V

Definition 3.17.
Assume that Dg(V) = {(Ay, B{*, BY,C1)V, (Ag, Bst, BS,C2)V, -, (An, B, BS,C,)V'} is the
basic sequence of V.. Then the set of basic cuts Ds(V') is defined as,

DC(V) _ {V(A’BA’BC’C)‘(A7BA,BC,C) c DS(V)}

Lemma 3.18. Assume that $ = (0, €) is a DVNHG with
3s($9) = {(A1, B, BY ,C1), (A2, B, B, C), -+, (An, By}, B, Cn)}. Then
e If (A, B4, B¢, C) is a transition level of p € Ty(), then there exists an € > 0 such
that for all Ay € (A,A+¢], B{ € (B4, BA+¢], BY € (BY,B” +¢], 01 € (C,C +¢] is
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mim’malﬁ(A’BA’BC’C) transversal extension of p(A’BA’BC’C), i.e., p(Al’Bf7Bf’Cl) cJcC
p(A7BA’BC7C), then J is not a transversal ofﬁ(A7BA’BC7C).

o T.(9), i.e., the collection of minimal transversals of § is sectionally elementary.

o 5:(T-(9)) is properly contained in Fs(H).

o pABLBYC) ¢ TT(YJ(A’BAvBC’C)), for all p € T.(9) and for every Ay < A < Aj,

Bst < BA< B, BY < B¢ <B{, Cy>C > (.

4. T-Related DVINHGs

T-related DVNHGs are double-valued neutrosophic hypergraphs whose consecutive core hyper-
graphs preserve minimal transversals compatibly, ensuring global and locally minimal transver-

sal structures coincide across transition levels.

Definition 4.1. A DVNHG $) = (0, €) is N-tempered DVNHG of H = (V,E) if there exists
H = (V,E), a crisp hypergraph and a DVNS N such that € = {{.|e € E}, where

min{ty(z)|x €e}, if x€e

te(z) = 4

0, otherwise.
. B min{i'y(z)|z € e}, if v€e
te(z) = ,

0, otherwise.
) min{ify(z)|x € e}, if x€e
ile(a) =

0, otherwise.

max{fy(z)|x € e}, if x€e
fe(x) =

0, otherwise.

An N-tempered DVNHG $) = (0, €) determined by H and DVNS N is denoted by N ® H.

Definition 4.2. A pair (&,3) of crisp hypergraphs is T-related if whenever g is a minimal
transversal of &, k is any transversal of § and g C k, then there exists a minimal transversal

I of 3 such that g C 1 C k.

Definition 4.3. Assume that $ = (U, €) is a DVNHG with
Fs(9) = {(A1, B{, BY,C1), (Ag, B§, BS ,Ca), -+ , (A, B, BS,C,)}. Then, $ is T-related if

from the core set

A1,BA BC C Aq,B2 B .C Am,BA BC Cp,
c(f)):{ﬁ( 1,1,1,1)75( 2727272)’... §( B )}

)

of 9, every successive ordered pair (.V)(Aj’BJA’BJ'C’CJ'),ﬁ(Aj‘l’Bﬁl’Bjcfl’Cj‘l)) 1s T-related.
If §s(H) contains only one element, $) is considered to be trivially T-related.
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Theorem 4.4. If $ = (U, €) is a T-related DVNHG, then
T.(9) = T7(9).
Proof. Assume that $ = (U, €) is a T-related DVNHG with
8.(9) = {(A1, BY', BY . C1), (A2, B3, BY, Cs), ... (An, Byl By, Ca) }
We prove that every minimal DVNT of §) is locally minimal. Since
7 (%) C T,(9),

it is enough to show that
T:(H) € T, (9).
Let 0 € T,.($). We show that, for every admissible level (A, B4, B¢, C),

§A.BAB.C) T. (fJ(A,BA,BC,C))'

First, suppose that §s($)) consists of only one element, say
3:(9) = {(A, B, BY ,C1)} -
Then Lemma 3.18 implies that, for each 6 € T,.($)),

5(A,BA,BC,C) eT. (ﬁ(A,BA,BC,C))

for all admissible levels satisfying
0<A<t(h(9)), 0<B*<i(h(®)),

0< BY <i(h(®), 0<f(h(®)<C.
Hence,
5 € T (9).

Therefore,

in this case.

Next, suppose that §s($) contains at least two elements. Let

§(ALB{BY .C1) C §(A2,B5 . BY ,C2) C...C §(An,Bi B Cn)

be the corresponding sequence of level cuts of .

We first prove that
§UABILBE Ca) ¢ T, (552 BEBE €20,

Suppose, to the contrary, that

5(14273?,320,02) gé T. (S,')(AQaBéquQCaCQ)).
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Since
5(141731‘4,310701) cT, (_6(141,314,310,01))

and the ordered pair
(ﬁ(Az,Bg‘,BQC,Og) f)(Al,Bf,B?,cn)

is T-related, there exists a minimal transversal po of 53“2732/4 BF'.C2) quch that

5(141,314,310,01) (A27B§’Bg702)‘

Cp2CH
Let

pL = 5(141,314,310701)'

Construct a DVNS £ from § by replacing the cut §(A2,B5".B5.02) ith p2, while preserving the

remaining lower-level structure. Equivalently, one may write
&= §5(As,B31, B .Cs) (e N'711),

where 71 is an elementary DVNS with support p; and height
(Ak, Bi,BY,Cr), k=12

Then £ is a DVNT of $ and
§Co,

which contradicts the minimality of ¢ in 7.()). Therefore,

5(A2,BQA,BQC,C2) cT, (53(/42,354735,02)).

Repeating the same argument successively for all adjacent pairs in the fundamental sequence,

we obtain
5(Ak7B]?7B}§7Ck) [= TT (ﬁ(Ak7B£7BE7Ck))

for every kK = 1,2,...,n. By Lemma 3.18, this also holds for every admissible level lying

between two consecutive fundamental levels. Hence
§ABABOC) ¢ (YJ(A,BA,BC,C))
for every admissible level (4, B4, B¢, C). Thus,
€T (9).

Since 0 € T,.($) was arbitrary, we obtain

T.(9) C T (%).
Together with T)*($) C T,.($), this proves

T.(9) =T} (9).

|
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Example 4.5. Assume that $ = (0, €) is a DVNHG represented by the incidence matriz in
Table 2. Note that

6(0.870.870.870.8) - {{Ul, UQ}, {u27 ’LL3}, {u17 u3}} )

04040404 — 60, iy ug}, {ua, ug, us}, {ur, us, us}}

@(02020202) — (60 g ug, us}, {ug, us, ua, us}, {ur, ug, ug, us}} .

Clearly,
Fs(9) = {(0.8,0.8,0.8,0.8), (0.4,0.4,0.4,0.4), (0.2,0.2,0.2,0.2)} .
Also,
TT’(yj) - {pla p27p3} - T:(f))u
where
p1 = {(u1,0.8,0.8,0.8,0.8), (u2,0.8,0.8,0.8,0.8) } ,
p2 = {(u2,0.8,0.8,0.8,0.8), (u3,0.8,0.8,0.8,0.8) } ,
and
p3 = {(u1,0.8,0.8,0.8,0.8), (us3,0.8,0.8,0.8,0.8) } .
TABLE 2. Incidence matrix of the DVNHG $ = (7, €)
¢ (G €3
up | (0.8,0.8,0.8,0.8) (0,0,0,1) (0.8,0.8,0.8,0.8)
uz | (0.8,0.8,0.8,0.8) | (0.8,0.8,0.8,0.8) (0,0,0,1)
us (0,0,0,1) (0.8,0.8,0.8,0.8) | (0.8,0.8,0.8,0.8)
ug | (0.4,0.4,0.4,0.4) | (0.4,0.4,0.4,0.4) | (0.2,0.2,0.2,0.2)
us | (0.2,0.2,0.2,0.2) | (0.2,0.2,0.2,0.2) | (0.4,0.4,0.4,0.4)
Since
{ug,us} € T, (5(0.4,0.4,0.4,0.4))
and

no minimal transversal of $(

{us} €T, (5(0.2,0.2,0.2,0.2))7

0.20.2.02.02) contains {uy,us}. Hence the ordered pair

(5(0.4,0.4,0.4,0.4) 5(0.2,0.2,0.2,0.2)>

is not T-related. Therefore, $) is not T-related.

Theorem 4.6. Assume that $ = (0, €) is an ordered DVNHG. Then

T.(9H) =T1;(H) <<= $H is T-related.
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Proof. By Theorem 4.4, if ) is T-related, then

It remains to prove the converse.

Assume that
7,(9) =T (9)

and suppose, for a contradiction, that §) is not T-related. Let
SS(S;J) - {(Alv B1A7 Blcv Cl)a (A27 B?a 3207 02)7 ey (An7 B'r/z-,l) Bga Cn)} 3

and let

o($) = {ﬁ(Al,Bf‘,Bf,cl),ﬁ(Az,BQA,BQC,cz), . ,ﬁmn,B;;‘,Bs,cn)} _
Since $ is not T-related, there exists an index j € {1,2,...,n — 1} such that the ordered pair

(ﬁ(Aj’Bf7Bf’Cj) , 5’_)(Aj+1’Bf+1’Bf+1ij+1)>

is not T-related.

By the definition of T-relatedness, there exist a minimal transversal
. BA RC .
p; € T (54551 BS Co)y

and a transversal p;y1 of

A e}
5(Aj+lij+1ij+1=Cj+l)

such that

Pj S Pj+1;

B

A
1B

.. . c . .
but no minimal transversal N of 55(AJ+17 7+1:Ci+1) gatisfies

pi €N Cpjy1.
Since $) is ordered, we have
ﬁ(Aj7Bf7Bf7Cj) C ﬁ(AjJrlvBﬁt,-l?ng&-l?CjJrl)'

Bjc-‘-pcj-'—l)-

. A . .
Therefore, p; is not a transversal of Y_)(AJ“’BHI’ ; otherwise, it would contradict the

above choice of p; and pjt1.

.. , A pC .
Choose a minimal transversal £ of 53<AJ+1’BJ+1’BJ+1’CJ“) such that

£ C pjy1-
By the non-T-relatedness assumption, { cannot contain p;. Hence

pj L&
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Using p; as the cut at level (4;, BJA7 Bjc, C;) and & as the cut at level (4,41, Bﬁrl, BjcJr17 Cjit1),

one can construct a minimal DVNT ¢ of $ such that

6 € T(9)
but
sAir1,BY B 1,Ca) ¢ T, (ﬁ(Aj+1va‘+1ijC+1ij+1))_
Thus,
6 & T (H).
This gives
6 € T.(9H)\ T (9),

which contradicts the assumption

Therefore, $ must be T-related.

Corollary 4.7. Assume that $ = (0, €) is an ordered DVNHG with
8a(9) = {(A1, B, BY,C1). (A2, B3, BY . Ca), ..., (An, B}, By, Cn) }

and

A1,B{,BY C Az,B3' . BY ,C An,B#,BS ,Cn
C(ﬁ):{j’)( 171v171)7ﬁ( 2727272)’.. ‘6( yPnH»DPn s )}

If an ordered pair

(ﬁ(Aijf7BijCj)75‘/')(Aj+1’Bf+17Bf+l’Cj+1)>

is not T-related, then:

(Aj+1a Bﬁi—l? B]C-i-b Cj+1) € §s (Tr(ﬁ))-

(Aj+17 B}‘4+17 BJC+1, Cj+1)

is a transition level for some

0 € T,(9) \ T, (%)-
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5. Conclusions

In this study, we integrated the concept of double-valued neutrosophic sets into hypergraph the-
ory in order to handle uncertainty and indeterminacy situations more effectively. The proposed
double-valued neutrosophic hypergraph model provides a flexible framework for representing
uncertainty through truth, indeterminacy, and falsity membership degrees. We investigated
several fundamental properties of double-valued neutrosophic hypergraphs, including transi-
tion levels, lower truncations, and upper truncations. Moreover, we studied the properties of
minimal transversals and their relationship with T-related double-valued neutrosophic hyper-
graphs. The proposed framework shows its potential for describing double-valued uncertain
systems and identifying hidden relationships among interconnected structures. Future research
may extend this framework to interval-valued (hyperfuzzy) [39,40], bipolar [37,38], and other
generalized neutrosophic hypergraphs. We also hope that further extensions using HyperSoft
graphs [28], SuperHyperGraphs [29, 30], and related higher-order structures will be investi-

gated in future studies.
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