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Abstract. Alexander P. Sostak has proposed a fundamental approach to the notion of fuzzy topological space,
which depends on the generalization of classical (crisp) topology and Chang’s fuzzy topology. Unlike previous
approaches, not only the subsets were fuzzified, but also the conditions between them. In this paper, we present
the notion of neutrosophic topological space in Sostak’s sense by a simple way. Moreover, we investigate
interesting properties of this topological space which is considered as a generalization of fuzzy and intuitionistic

fuzzy topological spaces.

Keywords: Fuzzy sets; Atanassov’s intuitionistic fuzzy sets; neutrosophic sets; topology;

1. Introduction

F. Smarandache [17] generalized the notions of fuzzy sets and Atanassov’s intuitionistic fuzzy
sets to the notion of neutrosophic sets (NSs). He introduced this notion to deal with imprecise
and indeterminate data. NSs are defined by truth membership function (7T'), indeterminacy
membership function (I) and falsity membership function (F'). Many authors have studied
and applied the notion of neutrosophic sets in several areas such as decision making problems
(e.g. [21]), image processing (e.g. [25]), educational problem (e.g. |11]), conflict resolution
(e.g. [15]), social problems (e.g. [10]), medical diagnosis (e.g. [22]), supply chain management
(e.g. [1]). In particular, to exercise neutrosophic sets in real life applications suitably, Wang
et al. [23] defined the notion of single valued neutrosophic sets (SVNSs) as a subclass of a

neutrosophic sets, and investigated some of its properties. The studies, whether theoretical or
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applied on single valued neutrosophic set have been progressing rapidly. For instance, [2,6,8]
and more others.

We study in this paper the notion of neutrosophic topological space in Sostak’s sense as
an important generalized fuzzy topological space. Also, several interesting properties on this
structure are discussed.

The contents of the paper are organized as follows. In Section 2, we recall the necessary
basic concepts and properties of neutrosophic sets, and some related notions that will be
needed throughout this paper. In Section 3, we present the notion of neutrosophic topological
space in Sostak’s sense by a simple method. In Section 4, we study interesting properties of
this topological space which is considered as a generalization of fuzzy and intuitionistic fuzzy
topological spaces. Finally, we present some conclusions and discuss future research in Section
5.

2. Preliminaries

This section contains the basic definitions and properties of neutrosophic sets and some
related notions that will be needed throughout this paper. The notion of fuzzy sets was first

introduced by Zadeh [24].

Definition 2.1. [24] Let X be a nonempty set. A fuzzy set A = {(x,pa(z)) | x € X} is
characterized by a membership function pa : X — [0, 1], where pa(z) is interpreted as the

degree of membership of the element x in the fuzzy subset A for any = € X.

In 1983, Atanassov [3] proposed a generalization of Zadeh membership degree and introduced

the notion of the intuitionistic fuzzy set.

Definition 2.2. [3] Let X be a nonempty set. An intuitionistic fuzzy set (IFS, for short) A
on X is an object of the form A = {(x, ua(z),va(x)) | x € X} characterized by a membership
function pa @ X — [0,1] and a non-membership function v4 : X — [0, 1] which satisfy the

condition:

0 < pa(x)+va(z) <1, for any xz € X.

In 1998, Smarandache [17] defined the concept of a neutrosophic set as a generalization of
Atanassov’s intuitionistic fuzzy set. Also, he introduced neutrosophic logic, neutrosophic set
and its applications in [18,/19]. In particular, Wang et al. [23] introduced the notion of a single

valued neutrosophic set.

Definition 2.3. [18] Let X be a nonempty set. A neutrosophic set (NS, for short) A on X is
an object of the form A = {(z, pa(x),04(z),va(x)) | © € X} characterized by a membership
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function pa : X —]70,1%[ and an indeterminacy function o4 : X —]70,17[ and a non-

membership function v4 : X —]70,17[ which satisfy the condition:

0 < pa(x) +oa(z) +valz) <31, for any x € X.

Certainly, intuitionistic fuzzy sets are neutrosophic sets by setting o4(x) = 1—pa(x)—va(x).
Next, we show the notion of single valued neutrosophic set as an instance of neutrosophic

set which can be used in real scientific and engineering applications.

Definition 2.4. [23] Let X be a nonempty set. A single valued neutrosophic set (SVNS, for
short) A on X is an object of the form A = {(x,ua(x),0a(x),va(z)) | x € X} characterized
by a truth-membership function p4 : X — [0,1], an indeterminacy-membership function

o4 : X —[0,1] and a falsity-membership function v4 : X — [0, 1].

The class of single valued neutrosophic sets on X is denoted by SV N (X).

For any two NSs A and B on a set X, several operations are defined (see, e.g., [20,23]).
Here we will present only those which are related to the present paper.
(i) ACBif pa(z) < pp(z) and oa(x) < op(x) and va(z) > vp(z), for all z € X,
(iil) A= B if pa(x) = pp(z) and o4(x) = op(x) and va(z) = vp(x), for all x € X,
(iii) ANB = {(z,pa(x) AN up(x),ca(x) Nop(z),va(x) Vvg(z)) |z € X},
(V) AUB = {{z, ja(2) V 15 (@), 04(@) V 05(x), va(2) A vp(e)) | @ € X},
(v) A= {(0,1 = va(2),1 = oa(2), 1 — pa(a)) | = € X},
(vi) [A] = {{z, pa(x),04(x), 1 — pa(z)) | x € X},
(vil) (4) = {{z,1 - va(@), oa(@), va(@)) | = € X}.
In the sequel, we need the following definition of level sets (which is also often called («, 8, 7)-

cuts) of neutrosophic sets.

Definition 2.5. [2] Let A be a neutrosophic set on a set X. The («, 3,7)-cut of A is a crisp
subset

Aapy =12 € X | pa(r) > a and o4(x) > B and va(x) < v},
where «, 3,7 €]0,1].

Definition 2.6. [2] Let A be a neutrosophic set on a set X. The support of A is the crisp
subset on X given by

Supp(A) ={z € X | pa(z) #0 and o04(z) # 0 and v4(z) # 0}.
3. Neutrosophic topological spaces

In this section, we provide the basic definitions of neutrosophic topological space and several

properties of neutrosophic topological spaces in Sostak’s sense.
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3.1. Definitions

Definition 3.1. [16] Let X be non empty set and 7 is a family of neutrosophic subsets in X

satisfying the following axioms:
(i) 0,X € 7, with ) = (0.0.1) and X = (1.1.0).
(ii) For every A,B € 7, then AN B € 7.
(iii) For any {A4;,i € I} C 7, then UA; € 7.
In this case, the pair (X, 7) is called a neutrosophic topological space in Chang’s sense, and

any neutrosophic set in 7 is known as neutrosophic open set in X.

Remark 3.2. To avoid any confusion or misunderstanding of some equation, we will use the
symbols (C, L, L) to refer to the order, max, and min of neutrosophic sets and (<, A, V) to

refer to the usual order, max, and min on the unit interval [0, 1].

Now, we present the notion of neutrosophic topological space in Sostak’s sense by a simple

way.

Definition 3.3. Let X be non empty set and 7 is a family of neutrosophic subsets in X

satisfying the following axioms:

() pir(0) = 0 (0) = 1 and v (0) =,

pr(X) =0-(X)=1and v (X) =0.

(ii) For every Ay, Ay € IX,
pr (A1 11 Ag) > pir (A1) A pr(A2),
or(A1 M Ag) > 0-(A1) Nor(Az) and
vr (A1 M Ag) < wvr(Arn) Vo (Ag).

(iii) For any A; € IX,i € I,
pr(UierAs) > Nierpir (As),
or(UierAi) > Niero-(A;) and
vr(UierA;) < Viervr(A;).

In this case the pair (X, 7) is called a neutrosophic topological space in Sostak’s sense and
any set in 7 is known as neuterosophic open set in X. The functions u,,o, and v, repre-
sent the degree of openness, the degree of neutral-openness, and the degree of non-openness,

respectively.

Definition 3.4. Let X be non empty set and J is a family of neutrosophic subsets in X
satisfying the following axioms:
(i) #3(0) = o3(0) = 1 and v3(0) =0,
ws(X) =03(X)=1and v3(X) = 0.
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(ii) For every Aj, Ay € IX,
p3(Ar U Ag) > p(Ar) A pa(As),
o3(A1 U Ag) > 03(A1) A o3(Az) and
v3(A1 U Az) < v5(A1) Vrs(As).
(iii) For any 4; € IX i€ I,
pa(MierAi) > Nierpa(Aq),
(MierAi) > Nieros(A;) and
v3(MierAi) < Viervs(4q).

The pair (X, 7J) is called the closed set. The elements of J are called closer neutrosophic sets.

4. Properties of neutrosophic topological spaces in Sostak’s sense

In this section, we study interesting properties of neutrosophic topological spaces in Sostak’s

sense which is considered as a generalization of fuzzy and intuitionistic fuzzy topological spaces.

Proposition 4.1. Let (X, 7) be a neutrosophic topological space in Sostak sense, and A be a

neutrosophic subset on X. If the following statement hold:

(i) p3(A) = p-(A°),
(ii) 03(A) = 0-(A%),
(iii) v5(A) = v, (A°).

Then J is a gradation of closeness.

Proof. (i) We show that [p5(0) = 03(0) = 1 and v5(0) = 0] and [u3(X) = 05(X) =1 and
v3(X) = 0]. From (i), (ii) and (iii) of Definition [3.3 we get that,
p3(0) = pr(0°) = pr(X) = 1,
3(0) = 0-(0°) = 0-(X) =1 and
v3(0) = v (0°) = v (X) = 0.
By using the same methode, we obtain [u5(X) = 03(X) =1 and v3(X) = 0].

Q

(i) We show that pg(Ar U A2) > ps(A1) A pg(Az), 03(A1 U A2) > 03(A1) A 03(A2) and
v3(A1 U Ag) < v3(A1) V v3(Az). By (i), (i4) and (iii) of Definition we get that,
ps(A U Ag) = pur((A1 U A2)€) = pur(A§ 11 AS). Also, by using the same Definition
we conclude that pr(ASMNAS) > pur(AS) A (AS) = py (A1) Aps(Az). Thus puy(Ai1UA) >
w3(A1)Aps(Asz). In the same manner, we can show that o3(A;V As) > 05(A1)Uos(Az)
and v5(A; U Ag) <wvy(A1) Vrs(A4s).

(iii) We show that py(MierAi) > Nierps(Ai), 03(MicrAi) > Nieros(A;) and v3(MicrA;) <
Viervy(4;). From (i), (i7) and (iii) of Definition [B.3|we get that, ps(Micsd;) =
wr(MierAi)¢ = pr(Uier(4;)¢). Also, by using the same Definition we conclude
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that g (Uier(A:i)) > Nierpir(A§) = Nierps(A;). Hence ps(MierAi) > Nierpa(As).
In the same manner, we can show that o5(M;crA;) > Aicros(A;) and vy(Mierd;) <
Viervs(4A;).

Therefore, J satisfies the conditions of the gradation of closeness on X.

Proposition 4.2. Let (X, 7;)icr be a family of a neutrosophic topological spaces in Sostak’s

sense on X. Then their intersection Aicr(X,7;) is a neutrosophic topological space in Sostak’s

sense on X.

Proof. We put 7 = AkeyTk, and we will show that (X, 7) is a neutrosophic topological space

in Sostak’s sense on X.

(i)

(iii)

On the one hand 17 (0) = pii, o, 7k(0) = Agertir, (0) = Agerl = 1. In the same manner,
we get that o(0) = 1 and v-(0) = 0. On the other hand p (X) = pi, ., 7w(X) =
Akertir, (X) = Agerl = 1. By the same method, we get that o,(X) =1 and v-(X) = 0.
Hence, u,(0) = 0-(0) =1 and v, (0) =0, p(X) = 0-(X) =1 and v-(X) = 0.

We show that p (A1 M As) > pr (A1) A pr(Az),0:(A1 1 Ag) > 0,.(A1) A or(Ag) and
vr(A1 1 Ag) < vr(Ar) Ve (Ay), for every Ay, Ay € TX.

pr(A1 TV A2) = piygern, (A1 T A2) = Agerpin, (A1 T Ag) > Ager(pin, (A1) A pir (A2) =
(Akerpir, (A1) A (Akerpir, (A2)) = pr(A1) A pr(Az), it follows that p-(A; M Az) >
tr (A1) Apr(Az). In the same manner, we can show that o,(A1MA2) > o7(A1) Ao (Az)
and v, (A1 M Az) < v (A1) Vv (As).

We show that p-(UierAs) > Nierpir(Ai), o7 (UierAi) > Nieror(4A;) and vy (Uier4;) <
Viervr(A;). For any A; € IX

pr(Uicr As) = pragern, (Ai) = Arertir,(WictAr) > Aper(Nierpin, (A;)). Since 7 are
a neutrosophic topologies in Sostak’s sense, then it holds that Ager(Aierpir, (4:i)) >

Niel (Merpin (Ai)) = Nierpr(A;), it follows that p,(UicrAi) = Nierpr(A;)
or(UierAr) = 0uern(MA) = Agerorn,(UierAr) > Aper(Nieroq, (4:)) >
Nielr(Akeror,(Ai)) = Akeror(4;), then it follows that o,(Uicrdi) = Aieror(4;)
and v-(UierAr) = Viern (MA) = Apervn, (UierAr) < Aker(Niervn, (4i)) <
Niel(Akervr,(Ai)) = Akervr(4i), then vr(Uier4i) < Viervr(A;). Hence pr-(Uier4;) >

Nierpir (A3), 07(Uier Ai) > Nieror(A;) and vy (Uier As) < Viervr (4;).

Thus 7 is a neutrosophic topological space in Sostak’s sense. 0

Next, we provide a characterization in neutrosophic topological space in Sostak’s sense.

First, we need the following notions.
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Definition 4.3. Let f : (X,7) — (Y,7') be a mapping between two topologies. Then f is
called :

(1) open if pr(A) < pr(f(A)),0-(A) <o
(2) closed if uz(A) < py (f(A)),03(A) < o3 (f(A)) and v3(A) = vy (f(A4)).

Definition 4.4. Let (X, 7) and (Y,7’) are two neutrosophic topologies and f : X — Y is
a mapping and is called a neutrosophic continuous if u,(f~1(B)) > un(B),o-(f~1(B)) >
o.(B) and v, (f~Y(B)) < v(B), for every B € I', where f~1[B] is defined by f~![B](x) =
B(f(x)),Vz € X.

Theorem 4.5. Let (X, 1) and (X, T/) be two neutrosophic topological spaces in Sostak’s sense

and f: X — Y be a bijective mapping. The following statement are equivalent

(i) f~1 is a neutrosophic continuous,
(ii) f is a neutrosophic open,

(iii) f is a neutrosophic closed.

Proof. (i) = (i)

Suppose that f~! is a neutrosophic continuous, we need to prove that f is neutrosophic open.
Since f~! is a continuous mapping, then it holds that ./ (f(B)) > pr(B), 0. (f(B)) > 0,(B)
and v (f(B)) < v;(B) for any B € I’X. We get directly that f is a neutrosophic open.

(i6) = (4id)

Suppose that f is a neutrosophic open i.e., 7(4) < 7/(f(A)), and we need to prove that f is a
neutrosophic closed i.e., 3(A) < J'(f(A)). We have that J(A) = 7(A°). and psy(A4) = 7(A4°) <
7'(f(A°)), because that f is a neutrosophic open u/(f(A°)) = u~[(f(A)] = py(f(A)),
then it follows that py4) < py(f(A)). By using the same method, we can obtain that
o304y < 03 (f(A)). Also, v3(A) = 7(A°) > 7' f(A°), since f is neutrosophic open v, f(A°) =
ve[(f(A))] = vy (f(A)), then it follows that vy4) > vy (f(A)). Hence, f is a neutrosophic
closed.

Suppose that f is a neutrosophic closed i.e., J(A) < J’(f(A)), and we need to prove that f~!is
a neutrosophic continuous i.e., 7(A) < 7/(f(A)) for any A € I*, p, (A) = p3(A°) < py (f(A%)),
because that f is a neutrosophic closed pz(f(A€)) = puy[(f(A))] = pr f(A), then it holds that
pr(A) < pf(A). By using the same method, we can obtain that o,(A) < uf(A). Also,
vr(A) = uy(A°) > vy (f(AC)), from f is a neutrosophic closed vy (f(A€)) = vy[(f(A4))]] =
v f(A). Hence, v,(A) > v f(A). Thus, f~! is a neutrosophic continuous.
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5. Conclusion

In this work, we have studied the notion of neutrosophic topological spaces in Sostak’s sense

which is considered as a generalization of fuzzy and intuitionistic fuzzy topological spaces.

Future work will be directed to study topological properties in this case such as completeness,

compactness and other topological properties.
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