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Abstract:

This paper introduces a rigorous formulation of the neutrosophic partial derivative as a natural
extension of the classical notion of partial differentiation. The principal difficulty in this context
arises from the indeterminate nature of the neutrosophic component which lacks a fixed numerical
value and therefore obstructs a direct analytical definition. To overcome this obstacle, we employ a
one-dimensional isometric transformation that preserves distances while mapping the problem into
a classical analytical framework. This transformation enables a simplified treatment within classical
logic, after which the results are consistently transferred back to the neutrosophic setting. The
proposed approach provides a coherent and mathematically sound methodology for defining and
analyzing neutrosophic partial derivatives.
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1. Introduction

Neutrosophic logic, introduced by Florentin Smarandache, was proposed as a comprehensive
mathematical framework for modeling uncertainty, indeterminacy, and inconsistency beyond the
capabilities of classical and fuzzy logics [1]. Within this framework, Smarandache defined the
standard form of neutrosophic real numbers and established the necessary conditions for the
existence of division between two neutrosophic real numbers [2]. Subsequently, in 2013, he
introduced the concepts of neutrosophic integration and mereo-integrals, together with neutrosophic
analogues of classical notions such as limits, continuity, derivatives, and integrals [3].

Further developments in neutrosophic analysis include applications of neutrosophic triplet groups
to physics [4], as well as numerous studies that significantly expanded the theoretical foundations
and applications of neutrosophic mathematics [5]. Owing to the central role of calculus in
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mathematical analysis, Smarandache later presented the fundamentals of neutrosophic pre-calculus
and neutrosophic calculus, focusing on the study of neutrosophic functions and their properties [6—
7].

In a related direction, Ahmed Hatip introduced the concept of special neutrosophic functions,
defining new classes of functions within neutrosophic logic. As particular cases, he proposed
neutrosophic versions of the floor (greatest integer) function, the absolute value function, and the
signum function [8]. Despite these advances, defining derivatives —especially partial derivatives—in
the neutrosophic setting remains a challenging problem due to the inherent indeterminacy of the
neutrosophic component.

Motivated by this challenge, the present work adopts a geometric perspective based on isometric
transformations to establish a consistent definition of the neutrosophic partial derivative.2.

Preliminaries

2.1 Neutrosophic Real Number [2]

Suppose that u is a neutrosophic number, then it takes the following standard form: u = u; + u,/
where uy,u, are real coefficients, and I represent indeterminacy, such 0./ = 0 and In = [, for all
positive integers n.

2.2 Definition [9]
Let R(I) =f{a + bl ;a,b € R} where I? = be the neutrosophic field of reals. The one-dimensional
Isometry (AH-Isometry) is defined as follows:

T:R(I) > R X R
T(a+ bl) = (a,a+b)

2.3 Remark [9]
T is an algebraic isomorphism between two rings, it has the following properties:

1) T isbijective.

2) T preserve addition and multiplication, i.e:

T[(a+bl)+ (c+dD)]=T(a+bl)+T(c+dl)
T[(a+ bl).(c+dI)] =T(a+ bl).T(c+dI)
3) Since T is bijective, then it is invertible by:
T-L:RxR-R() , T Ya,b)=a+ (b-a)l

4) T preserves distance, i.e.: The distance on R(I) can be defined as follows:
Let = a+ bl , B =c+ dl be two neutrosophic real numbers, then:
||E)|| =la—c|+I[la+b—c—d|—]a—cl|].
On the other hand, we have:

e

This implies that distance is preserved up to isometry. i.e. |[|[T(AB)|l = T(||ABI)
2.4 Definition [10]
Let :R(I) > R(I) ; f=f(X) and X = x; + x,1 € R(I) the f is called a neutrosophic real function
with one neutrosophic variable.
A neutrosophic real function f(X) written as follows:

fX) = fle + 2D = fOq) +I[f (g +x2) — f(x1)]

2.5 Theorem [11]

Any neutrosophic real function into two classical real functions, i.e., to the classical Euclidean plane
R X R.

Proof: Let f(X) = f(x; + x,1) = f(x;) + I[f(xy + x3) — f(x,)] a neutrosophic real function.

Now, using the one-dimensional AH-isometry, we have:

Ahmed Hatip, Tagi-Aldin Alkhatib, Neutrosophic partial derivative with two variables by AH-Isometry.



Neutrosophic Knowledge, Vol. 10, 2026

46 of 50

{f1 = f(x1)

fa = (1 +x3)

The functions (x;) , f(x; + x,) are real functions.

2.6 Definition:

Let (X,Y):R(ID)XR(I) = RU)XRU) ; X =x1 +x,1,Y =y, +y,] €ER(I) the f iscalled a

neutrosophic real function with two neutrosophic variable, and we can written as follows:
fXY) = f(xy + 220,y +y,1) = foxq, y1) +1f (1 + x2,¥1 +¥2) — f(x1,¥1)]

3. Neutrosophic Partial derivative:

In this section we define Neutrosophic Partial derivative with two neutrosophic variable.

3.1 Definition:

Let f(X,Y) = f(x1 + %21, y1 + y2I) = f(x1,¥1) + I[f(x1 + x2,¥1 + ¥2) — f(x1,¥1)] aneutrosophic
function on R(I) X R(I), then we define a neutrosophic partial derivative with two neutrosophic

variable f(X,Y) as follows:

of _ . _ . [X+AXY)—fXY) .
ax  Jx 7 % AX @
Where X = x; + x,1,Y =y, + y,1 € R(I), then:
% = f = lim f O+ Dxq, y1) — f(x1, 1) +
aX X AX1—>0 Ax1
lim f(xl +x; + Ay +x3), (1 + }’2)) —f(x +x2,91 +¥2) _
I A(xq+x2)—0 Ax; + x3) @)
l m f(x1 +Axqy,y1) — f(x1,51) J
Ax1-0 Axy

Take AH-Isometry for (2), we have:

of _ fx1 = lim fep+Ax1,y1)—f (x1,91)

0x1 T Ax-0 Axq
of _ f _ lim F(x1 43240001 +%2),(y14+¥2))—f (X1 +X2,y1+Y2)
9(x1+x2) (x1+x2) A(x1+x2)-0 A(x1+x2)
v

, are two partial derivative classical.
0x1 ~ 9(xq1+x2)

Now we take invertible AH-Isometry, we have a neutrosophic partial derivative:

of . [9f of _ f Qe+ Bxq,y1) — f(x1,91)
T po=rt| L Y| im +
X 0x1 0(x; +x5)]  Ax1-0 Axq
[ im f(x1 +x; + Ay +x3), (1 + J’Z)) —f(x +x2,91 +¥2) _]
; | aGer4tm)=0 ACx, + %) | _ i fEHAXY) — fY)
m [+ Axq,y1) — f(xq,91) | AX-0 AX
l Ax1-0 Ax1 J

3.2 Definition:

Let f(X,Y) = f(xq + 220, y1 + ¥2I) = f(x1,¥1) + I[f (x4 + x5, 1 + ¥2) — f(x1,¥1)] aneutrosophic
function on R(I) x R(I), then we define a neutrosophic partial derivative with two neutrosophic

variable f(X,Y) as follows:

of _ — i fX,Y +AY) - f(X,Y)

ay v = AY
Where X = x; + x,1,Y =y, + y,I € R(I), then:
of —f = i f (1, y1 + Ayy) — f(x1,¥1)
—=fy = lim +
ay Ay1-0 Ay,
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[ lim f(x1 +x,y1 +y, + A, + }’2)) =[x+ x2,y1 +¥2) _]
lA(y1+yz)—>0 Aly; +y,) I
1 4)
lim [y +8y1) — f(xq, 1)
Ay;-0 Ay,
Take AH-Isometry for (4), we have:
af —f ; f e,y + Ayy) — f(xy, 1)
= Ay1—>0 Ay,
af —f - lim f(x1 +x,y1 +y, + A, + 3’2)) = f(x1 +x2,51 +¥2)
La O +y2) 7O T aGiya)-0 Ay, +y2)
o9f of

, are two partial derivative classical.
0y1 " 0(y1ty2)

Now we take invertible AH-Isometry, we have a neutrosophic partial derivative:
) f of of
=fyr= ]
6 y1 00 +2)

. f(x1 + x5y ¥y, + A, + J’Z)) —fx +x2,91 +¥2)
lim -
— lim f O,y + Byr) — f(xy,y1) +1 A(y1+Y2)-0 A(y; +2)
Ay;-0 Ay, | lim e,y +Ayy) — f(x1,91)
l Ay;—0 Ay,

FUX,Y +AY) — F(X, 1)
AP S0 AY

3.3 Remark:

Let f(X,Y) = f(x1 + x20,y1 + ¥20) = f(x1,y1) + I[f(x1 + x2,¥1 + ¥2) — f(x1,¥1)] aneutrosophic
function on R(I) X R(I), then a neutrosophic partial derivative with two neutrosophic variables

fX,Y):

8 (9f\ _ 9% _ e FxXHAX)-fxXY) . fag (r1HAX1, Y1) = fiey (1Y1)
1) ax (ax) T oaxz frx = Al)lgrllo AX - A}}fﬂo Axy +
f(x1+x2)(x1 + 3, + A0 +x,), (1 +¥,)) — foegx) (X1 + X2, 71 + ¥2) B
I A(x1+x2)—0 A(xy + x3) (5)
lim fxl(xl + Axy,y1) — fo (x1,¥1)
l Ax1-0 Ax; J
of (8f\ _ 93*f _ o fyXY+A—fy(XY) . fy (v +Ay)—fy, (e1,y1)
) ay (ay) vz frv = Alllfr—r}o AY - Ayf‘lo Ay, +
f(y1+y2)(x1 +x,y1ty, + A, + J’Z)) - f(y1+y2)(x1 +x2,y1 +¥2) _]
I | A(y1+yz)*0 A, +y2) | (6)
l lim fyl(x1;)’1 + Ay,) — fyl(x1'y1) J
Ay,—0 Ay1
0 (or azf fY(X+AX,Y)—fy(X,Y) s fyq (x1+8x1,y1)—fy, (x1,1)
3) ax (aY) axay =frx = AX_>0 AX - ABIBO Axq +
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[ lim f(y1+y2)(x1 +x; + A(xy +x3), (4 + }’2)) = [y 4y (X1 + X2, 71 +2) _]

I |A(x1+x2)—>0 A(xl + xz) I

l lim fy, (a1 + Axy,y1) — £, (X1, 71) J
Ax1-0 Axyq

4) i(a_f) o%f = fey = lim FxXGYAAN XX e Sy Gty —fiey Guyn)

ay \ax/) ~ avox AY >0 AY Ay;-0 Ayy

AY1+Y2)-0 Alyy +y2)
lim fry e, ¥4+ By1) — fr, (e, ¥1)
Ay1-0 Ay,

I

[ lim f(x1+x2)(x1 +x,¥1 + ¥, + Ay, + 3’2)) - f(x1+x2)(x1 + X2, Y1 +¥2) _]

4. Example:
Find fx a Neutrosophic partial derivative using by definition:

f(X,Y) = XY? + X2Y
Sol:let X = x; + x,1,Y =y, + y,I € R(I), then:

(o1 +x) (1 + ¥2)% + (e + )2 (01 + y2) —

X,Y) = x,y,% + x,2 +1[
4 e LA (e 1% + x12y1)

Now take AH-Isometry for (9), we have:

{f(xp)ﬁ) = x1Y12 + x12y1 (10)
fl + 22,51 +y2) = O +x) 1 + y2)% + (1 + x2)2(y1 + ¥2) 11)

By using definition 3.1 on (10):

of im Qe+ Axq, y1) — f(x1,91)
- B Ax1—0 Ax1

[+ Axq,y1) — fxq,91) = (g + Ax1))’12 + (x; + Ax1)2y1 - x1y12 - x1ZJ’1
= x1y12 + A5’513’12 + x1ZY1 + 2x,Ax1y; + +(Ax1)ZJ’1 - x1y12 - x12y1

= A9513’12 + 2x; A%y, + (Ax1)ZY1 = A351()’12 +2xy1 + Axyy) =

of Ay (i + 2091 + Axqyy)
—=f,, = lim
axl 1 AX1—>0 Ax1

= Alim 1% + 2x0y1 + Ay yy) = 1% + 2%,
x1—-0
By using definition 3.1 on (11):

of . f(x1 +x, + A(xg +x3), (v1 + YZ)) —f(x +x2,91 +¥2)

— = = im
d(x; + x3) CRED A(xy+x2)—0 AQxy + x5)

f(x1 + x5 + A(x; +x3), (4 + YZ)) =[x+ x3,y1 +¥2)

2
= (x1 +x; + A(x; + xz))()ﬁ +y,)% + (x1 +x, + A(xy + xz)) 1 +y2) — (g + x) (v + )2

—(xy +x2)%(y1 + y2)
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= +2) 1 +¥2)2 + A +x) (0 + )7 + (g +x2)2 (0 +y2) +
2(x1 + x)A00 + x3)(y1 +y2) + (A(xl + xz))z(Y1 +y2) = (0 +x) (1 + ¥2)% = (1 + %)% (1 + )
= A + )+ ¥2)7 + 200 + x)A0 + x) (s +y2) + (A(xl + xz))z(}ﬁ +¥2)

=ACe + ) [y +¥2)2 + 200 +x) (s +y2) + A + ) +y2)] =

af _
A(x, +x,) fees e
_ im ACy + x)[(r1 + ¥2)* + 20 + %) (1 +y2) + ACe + x) (1 + 32)]
A(x1+x2)—0 A(xl + xz)

lim [y +¥2)% 4 200 +x) (1 +y2) + Al +x) (0 +y2)] =

- A(x1+x2)-0
of
0(xq +x3)

Now, take invertible AH-Isometry, we have a neutrosophic partial derivative:

= foe ) = 01 + 202 + 20 + x) (1 + ¥2)

of L [9f of

S =fy =T,

X 0x; 0(x1 +x3)

01 +y2)2 + 206 + )y +y2) —
(3’12 + 2x,y1)

] =Ty ® 4+ 2x,01, 1 +¥2)% + 200 + x) (1 + 52)]

=y12+2x1y1+1[ = Y2+ 2XY

5. Conclusion:

In this paper, we employed a one-dimensional AH-isometry to investigate the algebraic direct image
of the classical partial derivative. By analyzing this image within the transformed classical
framework, we were able to construct a well-defined notion of the neutrosophic partial derivative.

The results demonstrate that geometric transformations, particularly isometric transformations, are
not merely auxiliary techniques but can serve as fundamental methodological tools in neutrosophic
analysis. This approach lays a solid foundation for further developments in neutrosophic pre-
calculus and neutrosophic calculus, and it opens new avenues for addressing complex analytical
problems involving uncertainty and indeterminacy.
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