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Abstract:

This article compares Hyperfunction, Extra Hyperfunction, Super Hyperfunction, and Extra Super
Hyperfunction depending on the nth-PowerSet. The nth-PowerSet reflects many real-world
problems because any ontological object, like a system, organization, country, or entity, can be
represented by systems and subsystems by the nth-PowerSet. This article will review the concepts

and investigate some theorems and examples.
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1. Introduction

The magic of mathematics is generated by the concept of an abstract set and its abstract
concepts, such as abstract relations, functions, operations, etc. I will claim that - without hesitation-
if we could imagine a human body without a skeleton, then one can imagine mathematics without
the concept of a set. This is a sensory image, which provides us with the importance of a set in
mathematics. This article represents a modest (or humble) contribution to the field of the
hyper-structures of mathematics. The mathematical system of Hyper-Structure Theory appeared in
1934 when French mathematician Marty presented the Hyper-Groups structure. He extended the
codomain of the binary operation on a non-empty set "H" into the power set of H. He defined the
Hyper-Groups by taking the concept of left/right cosets on the set Hn, instead of the subset of "H"
with associative property [4]. At that time, the concept of HyperSet was not known. After more than

half a century, namely, in 1991, Barwise and Moss introduced the HyperSet [1]. So, there is no
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relationship between the HyperOperation and the HyperSet by the common word of hyper, and
both have different structures. In 2016, Smarandache proposed the SuperHyperOperation and
Super HyperAlgebra and their corresponding Neutrosophic SuperHyperOperation and
Neutrosophic Super Hyper-Algebra [8-12]. This article will review HyperFunction and introduce
Extra HyperFunction with some theorems. Moreover, we will present some facts about

SuperHyperFunction and n-SuperHyperFunction.

2. Power of A Set and Nt-Power of a Set

The concept of PowerSet was known in the classical books of Set Theory, for example [5,6]. In 2016,
Smarandache proposed the nth-PowerSet to construct new mathematical structures such as
SuperHyperOperation, Super HyperAlgebra, and Neutrosophic Super HyperAlgebra [8,-12]. This

section will review this concept, which will be used in subsequent sections.

Definition 1.2. [5,6] A set is a collection of well-defined objects called elements. This concept is due

to Georg Cantor (1845-1918).

Definition 2.2. [5,6] Let H be a universal set. A set P(H) = {S:S S H}is called the PowerSet of all

subsets of a set H.

Theorem 1.2. [5,6] If H is a finite set of order n, then the order of P(H) is equal to 2™.

Definition 3.2. [5,6] Let H be any set and n be any positive integer, then the set P,(H) is the set of

all n-elements of a subset of H with order n.

Definition 4.2. [8,9] (n -Power set) Let H be a universe of discourse set, and n € Z*. Define the
nt -Power set of a set H as follows:
P"(H) = P(P""'(H)),

= P(P"Y(P"2(H))

=P(P"'P"2(P"3(H))

= p(pntpn2pn=3..p1(P°(H)), where P°(H)=H, and P'(H)=P(H) with the
decreasing order relation of subsets, such as: P°(H) c P*(H) c P?(H)--P™ ' c P™. If we
excluded the empty set from P(H),Then P;(H) = P"(H)\@ defined in a similar way. The class
P™(H) plays a crucial role in complex reality.
Theorem 2.2. [8,9] Let X be a discrete finite set of 2 or more elements, and n > 1 is an integer.
Then:
PO(H) c PY(H) c P?(H) - P" ! c P,

Remark. For any subset A, we identify {A} with A.
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Example 1.2. Let H = {a} be a singleton set. Then the 0-order power of aset H: P°(H) = {a}, and
The 1st-order power of a set P°(H): P(H) = {0,{a}}. Also, the 2nd-order power of a set P*(H):

P2(H) = P(P*(1)) = P({9,{a}})

{0,{a}}
P*(H) = {{0},{{a}} {, and the 3rd-order power of a set P*(H):

0
{0, {a}}
P3(H) = P(P*(H)) = P{ {{9}, {{a}}
0

© (@)
{{m}, {{a}}}
:
{0 (@), {{)}}. {103, (11}, tre. tamn}. {101, {{te}}. 10, tap]. {103}, {{(e)} 0. (a3
{ton {on}. {0 {{tan}]. {03, (0, tamm) {leon) {{tal}]. {{03). t0. tamp}. {{{ta}} 0, ]
b

9}, {2} {{{a}}} (@ (@)}

P3(H) =

To calculate P*(H), we have the order of P*(H) = 216 = 65536 elements by Theorem 1.2. In this case and
beyond, we see the limitations of manual handling in classifying cases, and the role of the machine and
algorithms comes to solve some of the required problems. If we exclude the empty set, we get P;(H) = {a},
and the Is-order power of a set Pj(H):P;(H) ={{a}}, and the 2rd-order power of a set
Pi(H):P;(H) = {{{a}}}. We deduced that,

({{... {a} - }}\
P:(H) = {{{a}}} ,.

{{a}}
\ {a}. J

Example 2.2. Let H = {a,b,c,d}, then P°(H) = H = {a, b, c, d}, and

{a,b,c,d}
{a,b,¢, },{a b, d} {a,c d} {b c d}
P'(H) =< {a b}, {a c},{a d},{b,c},{b,d}, {c, d} ;. also,
{a}, {p},{c} {d}
\ s )

{a, b, c, d}
oo ) {abet{abdl{acd}{bcd
Pi(H) = {a,b},{a,c}.{a d},{b,c},{b,d}, {c.d}(
{a}, {b}, {c} {d}
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If n =2, then by Theorem 1.2 tells us the order of |P*(H)| = 2'® = 65536-elements, while the
order of |P;(H)| = 32768-elements.

3. HyperFunction and Inverse HyperFunction of one variable

The semantics of the word" HyperFunction" in mathematical language refers to the connection
between the universal set under consideration, say H. In classical set theory, and its power set,
written P(H), by unary or more operations. In 2016, Smarandache proposed the concept of a Super

HyperOperation as an extension of a HyperFunction [8].
1.3. HyperFunction of One Variable

Definition 1.1.3. [11,12] Let H be a universal set, and P(H) be the power set of H. A function
f" H v P(H) is called a HyperFunction, if for all h € H, then there exists an element E,e; € P(H)
such that f"(h) = E,;, for some y.

Observation. The codomain of HyperFunction includes the empty set. If we consider P*(H) =
P(H)\® , then the codomain of HyperFunction f":H — P*(H) does not include the empty set. If
H is a finite with order n, i.e.,0(H) = n, then the order O(P(H)) = 2™. The notation

P(H)" = {f" H + P(H)} represents the set of all hyperfunctions from H into P(H).

Example 1.1.3. Let H = {1,2,3} be asetand P(H) = {(D, H,{1},{2},{3},{1,2},{1,3}, {2,3}} is the power
set of H. Define the hyperfunction f* by f" H +— P(H) such that f*(1) = {1,2}, f"(2) = {1,3},
and f"(3) = {2}. Thenthe HypDom(f*) = {1,2,3},and Hypcd(f*) = {{1,2},{1,3}, {2}}

Example 2.1.3. Let H = {h} be a set of singleton elements, and P(H) = {@, H} be the power set of
H. The function:

(QifheH
f“”‘{mxthH

Or f(h) = {h}, forall h € H is a hyperfunction.

Example 3.1.3. Let H = {hy, h,, ..., h,} be a finite set, and P(H) be the power set of H. Then the
function:

_(0ifheH
fﬁM)_{H—{MthEH

or f(h) =H —{h}, forall h€EH isa hyperfunction. The following theorem tells us the main
properties of subsets of H under operations, union, intersection, difference, and subset between any

two subsets of H.

Theorem 1.1.3. Consider the hyperfunction f":H — P(H), ABCH, then:
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L f"AuB)=f"(A)uf"B),

2. f™AnB)c f"A)n B,

3. f"A) - f"B) c f*(A—-B), and
4. If Ac B, then f*(A) c f*(B).

Proof. (1) Assume that E,¢; € f"(A U B), for some y = 3a € (AU B) such that
f"(a) = E, ¢, for somey Since « € (AUB) = a € A= f"(a) = E,¢; € f"(A) for somey or
a € (AUB) = a € B = f"(a) =E,; € f"(B), forsomey , therefore, E,¢; € f"(A) U f"(B), we
deduced that f*(Au B) c f"(4) U f*(B). Conversely, assume that
E,c; € f*(A) U f"(B) = E,¢; € f"(A) VE,¢; € f"(B) = 3a € A such that f"(a) = E,¢; or

= 3a € B such that f"(a) = E,¢, since f*(a) = E,¢; and a € (AUB), hence E,¢; € f*(AUB),
thatis f*(A) U f*(B) c f*(A U B). Therefore, f*(AU B) = f*(4) U f*(B).
(2). Suppose that Ey¢; € f"(A N B) = 3a € (AN B) such that f"(a) = E,¢,, for somey
Since @ € (ANB) = a € A = f"(a) = E,¢,, for somey € f"(A) and
a € (ANB) = a € B= f"(a) = E,¢j,forsomey € f"(B) , therefore, E,¢; € f*(A) N f"(B) , we
deduced that f*(A N B) c f*(4) n f*(B).

(3). Consider E,¢; € (f*(A) — f"(B)) = E,,,for somey € f*(4) and E, ¢, forally & f*(B). Since
E,c; for somey € f*(4) = Ja € A such that f"(a) = E, ¢, for somey. Also, E,¢),forally ¢ f"(B)
= f"(a) ¢ f"(B)>a ¢ B. We have Ja€A and a ¢ B such that f"(a)=E,e forsomey,
therefore, a € (A—B) such that f"(a) = E,¢;, forsomey. Hence E,¢j, forsomey € "4 -B).
Thatis, f"(4) — f*(B) © f"(4 — B).

(4). Suppose that A € B and E¢; € f h(4), for some y, then there exists an a € A such that
f"(a) = E,¢; for somey , therefore @ € B such that f"(a) = E,¢; for somey, hence E,¢; € f*(B),
and consequently, f"(4) c f*(B). The next example illustrates that the previous theorem's

equality in parts 2 and 3 does not hold.

Example 4.1.3. Consider the set H = {a, b} with its power set P(H) = {®,{a}, {b},{a,b}}, A ={a} and
B = {b}. Define the hyperfunction f":H — P(H) by:

_({a},if heH
f%m_{avheH'

In this case, we get,

f'(a) = {a}, f"(b) = {a}, f*(@) n f*(b) ={a} n{a} = {a}, and ANB ={a}n{b} =0,

fMAnB) = f (@) =0,s0 f*(ANB) c f*(4) n f*(B). Also A — B = {a} — {b} = {a}. Moreover,
f*(A-B) =f"({a}) = {a}, while f*(a) — f"(b) = {a} — {a} = 0.

Hence f"(A) — f*(B) c f"(A — B). The next theorem provides the properties of the family of

subsets of H.
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Theorem 2.1.3. Consider the hyperfunction f": H +— P(H), for any family {APE ]} of subsets of H,
then:

L fh(UPEJAp) = Upe f"(4,), and
2. f"(NpesAp) € Npes f(A).
Proof. (1) Suppose that E,c; € Uye; f*(4,) & 3p € ],E,¢; € f(4,)
e 3dp e h €H > fh(h) = Ey
& 3p€J,h €Uy 4,3 fH(h) =E,
& f(h) = Epey € f"(Upes4p)-
(2). Suppose that E,e; € f*(N,ye;4,) = IR € Npej A, 3 fH(h) = E,g
= 3h,Vp €A, 3 f*(h) = E,
= 3, Vp,Eye; € f(A4,)
=By €[ )£y,
PEJ
Theorem 3.1.3. Let f":H +— P(H) be a hyperfunction and A4,B c H, then f" is a one-to-one
hyperfunction if and only if f*(A N B) = f*"(4) n f*(B).

Proof. Let f":H — P(H) be a hyperfunction and 4,B c H. Suppose that f" is a one-to-one

hyperfunction. To show that f*(A n B) = f"(4) n f*(B).

Let E,; € f"(AnB) & 3h € (ANB) 3 f""(h) = E,¢;, for some p.
& 3h € A>3 f"(h) = E,¢;, forsome p A3h € B 3 f""(h) = E,¢;, for some p.
& Eye; € f(A) NE,e; € fM(B).
& Eye; € (fM(A) n fH(B)).

Conversely, suppose that f*(4n B) = f*(4) n f*(B).

To show that the hyperfunction f": H — P(H) is a one-to-one. Let hy, h, € H with h; # h,

such that f"(h,) = f"(h,) = E,¢;. Consider A = hy,B = h,, we get,

A N fA(B) = f(h) N fP(hy) = Epe; # f(ANB) = f(9).

Definition 2.1.3. Let f": H — P(H) be a hyperfunction and g": P(H) — P?(H) be a hyperfunction.

Then the composition of the hyperfunction g" o f": H +— P?(H) such that
(g" o M) = g"(f*(h),vheH.

Example 4.1.3. Consider the set H = {a,b} with its power set P(H) = {@, {a}, {b}, {a, b}}, and

( {{to}, {ta}}. {tv3)}, tta, b}3}
{to}, {23}, {1} {0}, {{a}}, tta, b3} {0, {103}, b3} {{t}, {003}, (b3}
({0}, {ta}}}. {to3. {o3}} {0}, {fa, b1}}., {{a}, (03}, {{a2: o, 13}, {{b}, {a b})
{0}, {{a}}, {éb}}, {{a,b})

PZ(H) =
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Define f":H — P(H) 3 f"(a) = {b}, f"(b) = {a,b}, and g":P(H) -» P*(H) 3> g"({0}) = 0,
g"({a}) = {{b}}, g"({b}) = {{a}} and g"({a, b}) = {{b}}. Then the composition of the hyperfunction
g" o f" is given by:

(g" o fM(@) = g"(f"(@) = g"({b}) = {{a}}, and (g" ° fM)(b) = g"(f" (b)) = g"({a,b}) = {{b}}.

Definition 3.1.3. Let H be a universe of discourse set, n € Z*, and P"(H) is n**-Power set of a set
H. Then there exists a sequence of hyperfunctions fih, i=1,2,..,n.

flH - P(H), f}: P(H) — P?(H), f}: P?(H) — P3(H), ..., f: P""1(H) — P™(H) such that

(f o fara oo f2ro DG = (fit o farg © oo S (X))

= (o fiae ) (£ (R )

G0 (Fl (- 2 e)), v e .

2.3. Inverse HyperFunction of One Variable

Definition 1.2.3. Let H be a universal set, and P(H) be the power set of H. A function

fit:P(H) — H is called the inverse hyperfunction, if for all ¥y, E,e; € P(H), then there exists an
element h € H such that f;*(E,;) = h.

Observation. If f"H+~— P(H) is a hyperfunction, then f;*:P(H)— H maybe not inverse

hyperfunction by the following example.

Example 1.2.3. Let H = {1,2,3} beaset,and P(H) = {(Z), H,{1},{2},{3},{1,2},{1,3}, {2,3}} is the power set
of H. Consider f*:H — P(H) such that f*(1) = f*(2) = f*(3) = {2}. Then the f;*:P(H) — H is
givenby: £f71({2) = £, ({2D) = £ 1({3}) = {1}. £ is not an inverse hyperfunction.

Example 2.2.3. Let H = {1,2,3} beaset, and P(H) = {0, H,{1},{2},{3},{1,2},{1,3},{2,3}} is the power set
of H.Consider f*: H — P(H) asinexample 1.1.3. Then the f,;*: P(H) +— H is given by:
P2y =1, /7713 =2,and £,;1({2}) = 3. f;;* is an inverse hyperfunction.

Example 3.2.3. Let H = {1,2,3} beaset, and P(H) = {0, H,{1},{2},{3},{1,2},{1,3},{2,3}} is the power
set of H.Here, some inverse HyperFunction are defined by:

1 foA) = {If’i}jzg *2 or

2 gt = (oAt ATAZ0 o
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3. fri(A) = {;’hijrljr‘:g?t of Aif A+ 0

Theorem 1.2.3. If H is an infinite universal set or discourse, then there exists a denumerable set S
such that S c H.
Proof. Let H be an infinite universal set or discourse, and P(H) is a power set of a set H. Define

the inverse hyperfunction f;':P(H) — H as follows:

fh_l(H) = hy,
fi '(H = {1y}) = hy,
fh_l(H —{h, h2}) = hs,
fi '(H = {hq, hy, h3}) = hy,

fo '(H = {hy, hy, Ry, s n}) = higg
Since the set is infinite, hence the set H — {hy, hy, hs, ..., h,} # @, for any n € N. Since the inverse
hyperfunction fi7! is a choice function, we get h, # hy, forall n # k, we conclude that the set
S ={hy, hy, ..., hy, hyyyq, ...} is a denumerable subset of H, and the elements h,, are distinct according
to the hyperfunction f, ! is a choice function that chooses one element from H, say f; *(H) = hy,

and so on from other sets. The next theorem gives us some properties of hyperfunctions.

4. Extra HyperFunction of One Variable

Definition 1.4. Let H be a universal set, and P(H) be the power set of H. A function
fe":P(H) — P(H) is called an extra hyperfunction, if for all Ayc; € P(H). Then there exists an
element Bse; € P(H) such that fEh(A},e]) = Bse;. This is an extra hyperfunction including the

empty set.

Definition 2.4. [8,9,11,12] Let H be a universal set, and P*(H) be the power set of H. A function
fet:P*(H) — P*(H) is called an extra hyperfunction, if for all Aye; € P*(H). Then there exists an
element Bge; € P*(H) such that feh(AyE]) = Bse;- This is an extra hyperfunction that does not
include the empty set, where P*(H) = P(H)\®.

Example 14. Let H = {1,2,3} be a set and P(H) = {9, H,{1},{2},{3},{1,2},{1,3},{2,3}} is the power
set of H. Define the extra hyperfunction f¢" by f°":P(H) — P(H) such that f*"(4,¢;) = A%,

forall A,e; € P(H). f" is an extra hyperfunction.

Example 2.4. Let H = {a, b} be a set and P(H) = {(D, H,{a}, {b}} is the power set of H. Define the
extra hyperfunction f¢"*: P(H) — P(H) such that
@ =0, fe*({a}) ={a}, fe"({b}) = {b}, and fe"(H) = H is an extra hyperfunction.
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Theorem 1.4. Let H be a universal set, and P(H) be the power set of H. If f:H — H is a
one-to-one function, then the extra hyperfunction f": P(H) — P(H) is a one-to-one.

Proof. Case-1. If H = @, then P(H) = {@}. In this case,f¢": P(H) ~— P(H) is a one-to-one function,
because no two different elements of P(H) can have the same image as the set P(H) consists of
only one element.

Case-2. Suppose that H # @, then P(H) has at least two elements. Let's say A and B, and A # B.
Then there exists x €A and x € B = f(x) € f(A) and f(x) € f(B). Since f is a one-to-one, we
get f(A) # f(B), therefore, f¢"(A) # f°*(B). Hence f°" is a one-to-one.

Theorem 2.4. Let H be a universal set, and P(H) be the power set of H. If f:H —H is a
function, then the extra hyperfunction f°*: P(H) +— P(H) preserving the elementary set operations

as follows:

L f(Upe4,) = Upe f"(4,),
2. fEh(ﬂpe]Ap) = Npe; f"(A,), and
3. fMA-B)=f"(A)~f"(B).
Proof (1). Suppose that  f°*(E) € f°"(U,¢; 4,) © E € U,¢; 4,
< E € Ay, for some p € .
& fe"(E) € f¢"(A,), for some p € .
& f"(E) € U,e; f"(A,), for some p € J. Hence,
feh(UpEIAp) = Upe}feh(Ap)'

(2). Consider f°*(E) € f"(N, ¢, 4,)

@EEnAP

.S
S E€A, forall p€].

& fM(E) € f"(A,), forall p€].
& f(E) € Nyey f"(A4,), for all p € J. Therefore, f°"(N,e;4,) = Nye; FE(A).
(3). Assume that f°"(E) € f*"(A—B) & E € (A—B)
< EE€EANE &€B
= fME)E A NS (E) & f(B)
& fe(E) € (fe"(A) — fe"(B)). We deduced that,
f"(A—B) = f"(A) — f"(B).
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5. Super HyperFunction and Extra Super HyperFunction of One Variable

Definition 1.5. [3,8,9,11,12] Let H be a universal set, and P"(H) be the nth-PowerSet of H. A
function f°:H + P™(H) is called a super hyperfunction, if for all h € H. Then there exists an
¢j € P"(H) such that f¥(h) = E,¢;, where n>=2. When n =1, then f*(h) = frn).
The codomain of f* is includes the empty set. But when f*:H — B;(H) = P*"(H)\@ , then the

element E,
codomain of f° does not contain the empty set. The following theorem generalizes from

hyperfunction to super hyperfunction, namely, Theorem 1.3.

Theorem 1.5. Consider the super hyperfunction f*:H + P"(H), A,BcH, then:

L. f?(AuB) = f*(A) U f(B),

2. f*(AnB)c fi(A)nf(B),

3. fS(A)—f5(B) c f*(A-B), and
4. If Ac B, then f°(A) c f5(B).

Proof. By the same argument as Theorem 1.3. The following theorem is a generalization of Theorem
2.3.

Theorem 2.5. Consider the super hyperfunction f:H +— P™(H), for any family {A,¢,} of subsets of
H, then:

1. f5(Upe 4,) = Upe, f5(4,), and
2. £5(NpejAp) € Npes FE(AY).

Proof. By a similar method to Theorem 2.3.

Theorem 3.5. Let f°:H > P™(H) be a super hyperfunction and A4,B c H, then f* is a one-to-one
SuperHyperFunction if and only if fS(A N B) = f$(4) n f*(B).

Proof. By a similar method to Theorem 3.3.

Definition 2.5.[3, 8-12,] Let H be a universal set, and P"(H) be the nth-PowerSet of H. A function
f€:P™(H) — P"(H) is called an Extra SuperHyperFunction, or n-SuperHyperFunction if for all
Aye; € P"(H).Then there exists an element Bse; € P"(H) such that fS(Ayej) = Bse; € P*(H), where
m,n =0 . The following remark gives us the relationship between f", f;1, f°, f5, and f°.
Remark.

o If m=0andn =0, then f* maybe a classical identity function, an ordinary function, or a

permutation function.

e Ifm=0andn=1,then f% = fh

o Ifm=0andn=>=2, then f* = f*.

e If m=1andn=0,then f¢ = f; 1.
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e If m=1andn=1,then f¢ = f¢h,

e If m=1andn = 2, then we always get f°.

Example 1.5. Let H = {a,b} and P°(H) = H = {a, b}, P*(H) = {®,{a}, {b},{a, b}}, then
{0,{a},{b},{a,b}}
{03, e}, {1}, {(0), (e}, {{a, 03}, {4}, {101}, {Ca, B3}

PEH) =1 (@), ()} {(@}, {61}, {100, {te, B3} {, tren {03}). {ten. {te, b1}}. {{00}}. (G )}
{0}, {{a}}, {{b}}, {{a, b3} J
)
Define a super hyperfunction as follows: f5:H — P?(H) such that f*(a) = {b}, and
f5b) ={b} = {{{a}}, {{b}}, {{a, b}}} . Also, we can define an extra super hyperfunction or

2-SuperHyperFunction as f°:P(H) — P?(H) such that f°(®) =0, f*{a}) = {{b}}, F&{b}) =

{{a}}, and £({a,b}) = {{{a}), {{a, b}}}.
Theorem 3.5. Consider the extra super hyperfunction f®:P"(H) — P"(H), A,B c P"(H), then:

L. f®(AUB) =f*(A)Uf(B),

2. f*(ANnB)cfeA)nfe(B),

3. f¥(A)—f*(B) cf*(A-B), and
4. If Ac B, then f%(A) c f°(B).

Theorem 3.5 is a generalization of Theorem 1.5 for a fixed n = 2.

Proof. By the same argument as Theorem 1.3.

Theorem 4.5. Consider the extra super hyperfunction f°:P"(H) +— P"(H), for any family {A,¢;} of
subsets of P™(H), then:

L. f%(Upe4,) = Upe  f*(4,), and
2. f(NpesAp) € Npej fE(A).

Theorem 4.5 is an extension of Theorem 2.5, and the proof is similar to that of Theorem 2.3.

. Conclusions:

This paper presents a brief comparative study of hyperfunction, extra hyperfunction, and extra
super hyperfunction, presenting some characteristics for developing the concepts mentioned in the
reference list.
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