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Abstract: In this study, we developed a new approach to split quaternions using
neutrosophic sets, which have recently gained attention in mathematics, and examined
some properties of neutrosophic split quaternions. We also provided the matrix form of
these new quaternions.
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1. Introduction

Quaternions were introduced by the Irish mathematician Sir William Rowan Hamilton in
1843 and hold a significant place in mathematics, [1]. Quaternions, also known as four-
dimensional hypercomplex numbers, are widely utilized in various mathematical fields
such as commutative ring theory, number theory, group theory, geometric topology,
spectral theory of Riemannian manifolds, algebraic geometry, as well as in physics and

engineering.

After the work of Hamilton, in 1849, James Cockle introduced the set of split
quaternions, [2]. Later, Alag6z, Oral and Yiice gave the matrix form of split quaternions and

studied their properties, [3]. Split quaternions can be represented as
HS = {ql q=Qay + a1i + azj + agk, an € R, n= 0,1,2,3},
where the split quaternion bases i, j and k satisfy the following identities are known as

i?=-1,j2=k?>=1,ijk = 1.
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For any q = ag + a4i + a,j + azk € Hg, the real part of g defined by Re(q) = a, and
the imaginary part of q defined by Im(q) = a,i + a,j + azk. The conjugate of a split
quaternion number is defined as g =a,—a;i—a,j—azk . The split quaternion

multiplication is not commutative.

Neutrosophic numbers, a concept with roots in neutrosophy, were first introduced by
Florentin Smarandache in the early 21st century, [4]. The set of real neutrosophic real

numbers is defined as
N(R)={q;=a+bl|a,beR}
where I" =1, 0.1 =0, I represents indeterminacy.

More detailed information about neutrosophic numbers can be found in [4]. Also, using
this definition, Alhasan defined the general exponential form of a neutrosophic complex

number, [5]. A neutrosophic complex number is represented as
(e + 31D + (2 +y2Di,
where x;,%,,y1,y, €R, i2 = —1 and I is the indeterminacy element.

Neutrosophic numbers provide an extended mathematical framework by incorporating
indeterminacy into classical number systems. Within this framework, uncertain information
can be modeled more effectively by taking into account the components of truth,
indeterminacy and falsity together. This approach is particularly advantageous for the
analysis of complex and uncertain data encountered in fields such as artificial intelligence,

decision-making and quantum mechanics.

In recent years, Dertli and Tetik have combined the recently popular concepts of non-
Newtonian calculus and neutrosophy to define and examine some of the properties of non-
Newtonian neutrosophic numbers and non-Newtonian neutrosophic complex numbers, [6].
They also presented the non-Newtonian neutrosophic triangle inequality, frequently used
in analysis and geometry and some properties of the non-Newtonian neutrosophic norm.
This provides a broader perspective compared to existing studies, encompassing fields such

as quantum mechanics, artificial intelligence, analysis, geometry and medicine.

Drawing on the works of Smarandache, Alhasan et al. introduced the notion of
neutrosophic quaternion numbers in 2024, [7]. The set of neutrosophic quaternion numbers
are defined as

He = {ql = Qay + boI + v1| UI = (a1 + bll)l + (az + bz])] + (a3 + bgl)k,}
N as,bs €ER, s =0,1,2,3 ’
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where I" =1, 0.1 =0, I represents the indeterminacy and the quaternion bases i, j and

k satisfy the following identities
i?=j2=k*=ijk=-1,ij=—ji=kjk=—kj=1iki=—ik=j.

The neutrosophic quaternion number q; = agy + bol + v; consist of two parts. The part ag +
byl is called the neutrosophic real (scalar) part; the part v; = (a; + byI)i + (a, + b,1)j +
(az + b3k is called the neutrosophic vector part. The conjugate of a neutrosophic
quaternion number is defined as q; = ag + bol — v; = ag + byl — (a; + by )i — (a; + by1)j —

(az + b3I)k. The neutrosophic quaternion multiplication is not commutative.

Based on these definitions, in this study we define neutrosophic split quaternions and

their matrix representations. Moreover, we examine some of their properties.

2. The Neutrosophic Split Quaternions

Definition 2.1. The set of neutrosophic split quaternion numbers is defined as

H _ {qN = Qq + bol + v1| v = (al + bll)l + (az + bz[)] + (a3 + b31)k,}
Sv T as,bs ER,s =0,1,2,3 ’

where [" =1, 0.1 =0, I represents the indeterminacy and the split quaternion bases i, j

and k satisfy the following identities
i2=-1,j2=k*=1,ij=—ji=k,jk=—kj=—i,ki=—ik =j.

Definition 2.2. The operations of addition and multiplication for neutrosophic split

quaternions are given by

+:Hg, x Hg, — Hs,
(@von) = gy + oy = (ag + bol +vp) + (co + dol + )
= (ag + ¢o) + (by + do)I
+ ((ay + 1) + (by + dyI)i
+ ((ay + c2) + (by + d)I)j
+ ((az + c3) + (b3 + d3)I )k

and
. :HSN X HSN b HSN
(an,on) = qn oy = (ag + boD)(co +dol) — (ag + byI)(cy +d41)
+ (a, + by1)(cy, +dy1) + (ag + b3 (c3 + dsl)
+xi +yj + zk,
where
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X = (ao + bol)(cl + dll) + (a1 + bll)(CO + doI)
—(az + bzl)(c3 + dzl) + (az + bsI)(c; + d31),
y = (ag+bol)(c; +dzl) — (ag + byI)(c3 + dsl)
+(ay + byI)(co + dol) + (az + b31)(c; + dq1),
Z = (ao + bol)(C3 + d31) + (a1 + bll)(CZ + dzl)

—(ay + b,D)(c; +dqI) + (as + b3I)(co + dol).

Example 2.3. Let qy =1+21+ @B +5)i+(1+4)j+ 2 +3Dk and py=3+1+ 2+
2Di+ (1 + Dj + (2 + 4Dk. The addition and multiplication of qy,py € Hs,, are

Gy + oy =443+ (G +7Di+ (2 +50)j + (4 + 7Dk
and
Gy - Py = 2+ 181 + (11 + 13D)i + (=12D)j + (9 + 25Dk,
respectively.

Definition 2.4. The conjugate of a neutrosophic split quaternion qy = ag + byl + v; is qy =

ao + bol — U= ao + bol - (a1 + bll)l - (az + bz])] - ((13 + b31)k

Remark 2.5. For q,,q, € Hg, neutrosophic split quaternions can be written as

qn = by+col +(by +c1D)i+ (by + cy1)j + (b + c3Dk
= (bg+ col,by + 11, by + c31, b5 + c31)

(bo, b1, by, b3) + (co, €1, €2, ¢3)1

(bg + byi + byj + b3k) + (co + c1i + c3j + c3k)I

= ¢1t+q.l

In addition, we can write the conjugate of a neutrosophic split quaternion as qy = q; + q1.

Example 2.6. Let qy =1+ 31+ (2+50)i+ 3 +1)j + (1 + 2Dk € Hg,,. We can write

gy = (L+3L2+503+1,1+2I)

(1,2,31) + (3,5,1,2)]
(1+2i+3j+ k) + (3 +5i+ + 2k)I
= q1t+ql

Furthermore, the conjugate of qy is

v = @1taql
(1—-2i—3j—k)+(3—=5i—j—2k)I
1431—2+5Di—@+1D)j—(1+2Dk.

Definition 2.7. For a neutrosophic split quaternion qy = by + col + v; = by + col + (b +
c1D)i+ (by + c31)j + (b3 + c31)k, by + ¢yl is called the neutrosophic scalar part of gy and
vy = (by + c11)i + (b + c1)j + (b3 + c31)k is called the neutrosophic vector or imaginary
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part of gy. Denoted by S*(qy) and V*(qy), respectively. Therefore, a neutrosophic split
quaternion qy can be written as qy = S*(qy) + V*(qy). Since qy +py = (by + dg) + (co +
eo)] + ((by + dy) + (c1 + eDD)i+ ((by + dy) + (c3 + €)I)j + ((b3 + d3) + (c5 + e3)] )k
neutrosophic split quaternions can be written as S*(qy + py) = S*(qn) + S*(py). Similarly,
it can be easily seen that V*(qy + py) = V*(qn) + V*(pn)-

Using the above two definitions, the following corollary can be given:

Corollary 2.8. The neutrosophic real and neutrosophic imaginary parts of qy € Hs,, are

1
S*(qn) = E(QN +qn)

and

V*(aw) = 5 (an — ),
respectively.
Definition 2.9. The norm of a neutrosophic split quaternion is defined as
Ngy = an -Gy = (bo + co1)* + (by + ¢11)? — (by + 1) — (b3 + ¢33

Definition 2.10. The inverse of a neutrosophic split quaternion is defined as

gt = an
N — %X -
NQN

Example 2.11. Let qy =3+1+ (2+2D)i+ (1+1)j+ (2+ 4Dk € Hg,,. The norm of gy

and inverse of qy are

Ngy = B+D*+Q@+2D)*—-A+D*—-(2+41)?
= 8-16]
and
e 34+1—2+2Di—(1+Dj—(2+4Dk
N 8 — 161
341 (2+21>_ (1+1)_ <2+4I)k
~ 8-16/ \8—161)" \8—161)/ " \8—161
1
= 5B -141—(2—12Di - (1 +6D)j - (2 - 16Dk),
respectively.

Theorem 2.12. For any qy,py € Hs,, and 1 € R we have,

1) QN.pNZq_N'p_N/
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2) qv+pvn =9y t+DPn, v — PN = qn — Pn»

3) ﬁ: qn,

4) qn - Pn =DPn AN
5) An 9N = qn - qn = Ny,
6) Aqn = Aqw,

Proof.

1) Let qy = (ag+ bol) + (ay +bi1)i + (ap +b1)j + (a3 +b3Dk  and py = (co +
dol) + (c; + diDi+ (c; + dyI)j + (c3 + d3)k. Then qy = (ag + bol) — (a; + by1)i —
(az + by1)j — (az + bsDk and py = (co +dol) — (c; + diD)i— (c; + dyD)j — (c3 +
d3I)k. Using the multiplication of neutrosophic split quaternions and the definition

of the conjugate of a neutrosophic split quaternion, we obtain

qv pn = (ag+bo)(cy+dol) — (ag + bi)(cy +dyl)
+(a2 + bZI)(CZ + dZI) + (Clg + b31)(C3 + d3l)
—[(ag + bol)(c1 + dq1) + (ay + by1)(co + dol)
—(ay + byI)(c3 + d3l) + (az + b3I)(cy + dyD)]i
—[(ag + bol)(cz + dpI) — (ag + byI)(c5 + dsl)
+(ay + byI)(co + dol) + (az + b3I)(c; + dq1)]j
—[(ag + bol)(c3 + d3l) + (ay + byI)(c, + dy1)
—(ay + by 1) (cy + dqiI) + (a3 + b3I)(cy + doD)]k

and

Qv 'Pn = (co+dol)(ag + bol) — (¢q + dy1)(ay + byl)
+(cy +dy)(ay + byl) + (c3 + dsl)(az + b3l)
+[—(co + doI)(ay + byI) — (c; + di1)(ag + byl)
—(cy +dyl)(az + bsl) + (c3 + dsI)(ay + byl)]i
+[—(co + doD)(ay + byI) — (¢c; + dyI)(az + b3l)
—(cz + dy1)(ag + bol) + (c3 + d3zl)(ay + by1)]j
+[—(co + doD)(az + b3l) + (c; + dyI)(ay + byI)
—(cy +dy)(aq + byl) — (c3 + d3)(ag + byD]k.

Thus, it is easily seen that gy~ py = @y - Pn-
5) Let qy = (by+col) + (by +c1Di+ (by +cl)j+ (bs+c3Dk . Using  the
multiplication of neutrosophic split quaternions, the definition of the conjugate of a

neutrosophic split quaternion and the norm of a neutrosophic split quaternion, we

obtain
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and

Thus, it is easily seen that qy -Gy =Gy - gy = N

qn " an

qn * qn

(bg + coD)? + (by + c,1)? — (by + c31)? — (b3 + c31)?
+[—(bg + col)(by + c11) + (by + c;1)(by + col)
+(by + ;1) (b3 + c31) — (b3 + c31)(by + 3 1)]i
+[—(bg + col)(by + c,1) + (by + c11) (b3 + c31)
+(by + c21)(bg + col) — (b3 + c31)(by + ¢, D]j
+[—(bg + col) (b3 + c3I) — (by + c11)(by + 1)
+(by + c31)(by + c11) + (b3 + c31)(by + col)]k
(bo + col)? + (by + ¢11)? — (by + c31)? — (b3 + c31)?

NQN

(bo + col)? + (by + ¢11)? — (by + c31)? — (b3 + c31)?
+[(bg + col)(by + c11) — (by + c11)(bgy + col)

+(b, + c;1)(bs + c31) — (b + c31)(by + c;D]i

+[(by + col)(by + c3I) + (by + c11) (b3 + c31)

—(by + ;1) (b + col) — (b3 + c31)(by + ¢, D]j

+[(by + col) (b3 + c3I) — (by + c11)(by + 1)

+(by + ;1) (by + c11) — (bs + c31) (b + coD]k

(by + coD)? + (by + c11)? — (by + c;1)? — (b3 + c31)?
N,

an-

an:

Other properties can be similarly proven.

Let us now obtain the matrix representation of the neutrosophic split quaternion.

Theorem 2.13. Every neutrosophic split quaternion can be represented by a 2 x 2

neutrosophic complex matrix.

Proof.

Let qy € Hs,,, then there exist complex numbers q,q7,q3,q; such that q = (q; + q21) +

(g1 + q2D)j by definition of neutrosophic complex numbers.

is bijective and

0,1 =1((q1 + gD + (a1 + q3Dj) = (g1 + g51) + (g1 + 3D,

0q () =j((q1 + ¢5D + (qf + a5Dj) = (a1 + a31)j + (ai + q51).

The linear map ¢,: Hs,, — Hs,, is defined by ¢,(py) = pn.q forall py € Hg,,. This map

With this transformation neutrosophic split quaternions are defined as subset of the matrix

ring M,(N(C)), the set of 2 X 2 neutrosophic complex matrices:
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, atal @' +ael\ , .,
He =4\— —. — — ):91,91,95,q, € C¢.
SN {(Clll.l_l_qéll q{+q§1> q1,91,92, 4> }

Hg, and Hg, are essentially the same.

N

. a1 t+ax] qi +q7
Note2.14. M:q = (g, +qg,) + (¢} +g5Dje€eH,. —qg' =|— — = = |€H{
e q=1(q1+q20)+(q{ +qz1)j € Hs, — q ( T+ O+ 1) Sn

is bijective and preserves the operations.

! + II rn + n ! + II rn + n
Definition 2.15. Let Q = <Q1 12 KEN T > and P = (p1 LA )

@ +azl ql+ail Py +pil PPl

be any two 2 X 2 neutrosophic complex matrices. The sum and product of Q and P are

defined as
g@n - (BT Wil (s nl o)
qi +q31 q1+q;l py + 1 p1+pyl
- (@ e G
(qf +p7) + (q5 +py)1 (g1 +py) + (g5 +py)I
and

respectively, where
ay = (q1 + qzD (@1 + p2D) + (a1 + azD (] +p31),
@ = (q1 + @z D@1 + ;D) + (i + a3 (p1 + p31),
az = (q7 + a1 @i +p3D + (a1 + az1)(p] +p31),
ay = (g7 + q31) (i +p3D) + (a1 + a51) (p1 + p31).

3. Conclusions

In this study, we re-examined split quaternions and split quaternion matrices using
neutrosophic sets. Our findings offer new perspectives on quaternion theory and pave the
way for future research on neutrosophic applications. In future studies, the properties of
neutrosophic split quaternion matrices can be examined and neutrosophic split quaternions

can be combined with number sequences.
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