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ABSTRACT. In this study, we examined an Economic Order Quantity model for deteriorating items in the
context of a completely backlogged exponential demand rate and price dependence. For global warming, we
include the carbon tax in the total inventory cost of the proposed Economic Order Quantity model. This study
aims to minimize the average total cost for the proposed Economic Order Quantity model. Using the shortage
costs, we identify the different factors that impact the inventory cost. This research will examine inventory
modeling in different fuzzy environments of uncertainty. In trapezoidal fuzzy environments, fuzzy values are
considered inventory factors, including ordering costs, holding costs, and shortage costs. In a fuzzy neutrosophic
method, fuzzy values are also considered inventory factors, including ordering costs, holding costs, and shortage
costs. In this study, we developed the trapezoidal fuzzy Economic Order Quantity model and the neutrosophic
fuzzy Economic Order Quantity model to optimize the average total cost. The trapezoidal and neutrosophic
fuzzy Economic Order Quantity models are defuzzified by a trapezoidal intuitionistic defuzzification method
and a neutrosophic trapezoidal defuzzification method, respectively. To identify the suitable neutrosophic
fuzzy method, this study examines a comparison analysis between the neutrosophic fuzzy techniques using the
proposed numerical example. The numerical example presents a comparative study between several fuzzy and
crisp methods. Numerical calculations have also been done using the LINGO 21.0 software. The suggested
model has been supported by graphical representation and sensitivity analysis. In the end, we come to a

conclusion.
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1. Introduction

Fuzzy set theory is effective for the current scientific revolution in the disciplines of math-
ematical modeling, engineering, medical diagnosis, social sciences, and management. In his
study article, Prof. L.A. Zadeh [19] demonstrated the impreciseness principle. This newsletter
provides a brief overview of the distinction between fuzzy and crisp sets by examining mem-
bership classification and its formula. Smarandache |14] was the first to propose concepts of
the neutrosophic set and neutrosophic logic, approaching them from the standpoint of non-
standard analysis.

Deli and Subas developed an approach to multi-attribute decision-making [4] that uses a rank-
ing system for single-valued neutrosophic numbers. Suresh, Prakash, and Vengataasalam first
developed a ranking system for neutrosophic trapezoidal fuzzy numbers [15].

Zimmermann [20] developed the fuzzy programming approach for multiobjective optimiza-
tion problems by introducing the fuzzy set. The study conducted by Kundu and Chakrabarti
[6] proposed an Economic Order Quantity (EOQ) Model that incorporates fuzzy demand and
partial backlog. Dutta and Kumar’s [5] study looked at a fuzzy inventory model that deals
with managing deteriorating products that are in short supply, particularly when there is a
backlog that is completely full.

A fuzzy inventory model was introduced in a study by M. Maragatham and P.K. Laksh-
midevi [8] to handle the problem of decaying products with price-driven demand. D. Sharmila
and R. Uthayakumar [13| created an inventory model in their work that makes use of fuzzy
logic to manage shortages, exponential demand, and deteriorating products. Using a trape-
zoidal fuzzy number, Yao and Lee [1§] created a fuzzy inventory for fuzzy order quantities with
or without backorder. Trapezoidal fuzzy numbers were used by Bulancak and Kirkavak [2] for
EOQ with backorder. Sen and Malakar [12]examined an EOQ model with scarcity, taking into
account several factors including parabolic, trapezoidal, and triangular fuzzy numbers.

Backorders are any amounts of inventory that a business customer has requested but has not
yet received because it is currently out of stock. Backorders are an effective component of
an organization’s inventory control assessment [9]. The number of backordered items and the
turnaround time for these client requests might provide insight into how well the business
handles its inventory. When products gradually lose value due to damage, degradation, or
disintegration, this process is referred to as deterioration. This phenomenon is especially per-

tinent when it comes to materials that are meant for storage and possible future usage [16].
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Therefore, deteriorating cannot be prevented in any type of company situation.

Many years before the sales period, the companies must establish a number of strategies

with the goal of minimizing expenses and increasing profits |[10]. Thus, in the current competi-
tive market, information such as deterioration, shortages, and deviations in the manufacturing
process’s reliability is gaining attention.
Professionals in inventory management are now much more equipped to simulate carbon emis-
sions and carbon tax policies in relation to supply chain management and production difficul-
ties. The carbon tax’s main objectives are cost containment and long-term industrial structure
preservation. An inventory model developed by Wu and Chan [17] deteriorates when a carbon
tax is implemented. To maximize the refill period, Paul et al. [11] looked at carbon pricing
within a green inventory model. Maity et al. [7] recently developed an Economic Order model
with a supply-rate-dependent carbon tax scheme. In this study, we develop an Economic Or-
der Quantity model with deteriorating items and an exponential demand rate, which depends
on time;demand also depends on the price of inventory. We try to minimize the carbon tax
to minimize the average total cost of the proposed Economic Order Quantity model. The
inventory model is transformed into two fuzzy inventory models. In the first fuzzy model, it
is assumed that the trapezoidal fuzzy values represent holding costs, shortage costs, and pur-
chasing costs. An efficient method to optimize the results for the number of inventory orders,
the time, and the average total cost is presented. In addition, an effective algorithm is devel-
oped to identify the optimized result, and a numerical example is provided to demonstrate our
methodology.

The structure of this paper is as follows:

The fundamental definitions, as well as several assumptions and notations that are

highly helpful in extending this suggested model, are provided in Sections 2 and 3.

Section 4 provided a development of the crisp Economic Order Quantity model.

Section 5 provided numerical analysis and sensitivity analysis for the Crisp model.

We developed a trapezoidal fuzzy Economic Order Quantity model in Section 6. Sec-
tion 6 provided a normalized trapezoidal defuzzification method and a generalized

trapezoidal defuzzification method.

We developed a neutrosophic fuzzy Economic Order Quantity model in Section 7.

We provided a comparison analysis of neutrosophic techniques in Section 8. In this sec-
tion, we developed another neutrosophic approach in the neutrosophic fuzzy economic

order quantity model for comparison analysis.
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e Section 9 provided a comparative study between crisp and different fuzzy environments.
Section 10 provided the conclusion of this study. In addition, the limitations and future

research work of this study are provided in Section 10.

2. Preliminary

In this section, we outline some basic definitions which will help clarify the concepts dis-

cussed later.

2.1. Intuitionistic Fuzzy Set(IFS)

Let I be a fixed known set. An intuitionistic fuzzy set (IFS) L in I is defined by L = {<
z,¢r(x), Ar(x) > x € It.¢r(z): I — [0,1] and Ar(x) : I — [0,1] symbolize as membership
function and nonmembership function [16],respectively where 0 < ¢r(x) + Ar(xz) < 1 for all
xz el

2.2. Trapezoidal Fuzzy Number(TFN)

Let L = [a,b,c,d] be a trapezoidal fuzzy number,and the membership function [1] is defined

g:g;aﬁxﬁb

Lb<z<c

(d—z).
(d=c)’

L 0; Otherwise

by ¢r(z) =

where a,b,c,d € R.

c<zx<d,

2.3. Generalised Trapezoidal Fuzzy Number(GTFN)

Let L = [a,b,c,d;w] be a trapezoidal fuzzy number,and the membership function [1] is

(%;agxgb

wib<zx<e
ﬂ&dfcaj);c <z<d;

05 Otherwise

defined by ¢ (z) = where a,b,¢c,d € R and 0 < w < 1.

2.4. Neutrosophic set

Let U be a universal set. An indeterminacy Iy, a truth 77, and a falsity-membership
function F, — [16] where I (z) and Fp(z) are real standard elements of [0,1] — distin-
guish a neutrosophic set L in U. It is defined by L = {< x,I5(z),Tr(x), FrL(z) >: = €
U, I (x), T (x), Fr(x) € (0,1)} and where 0 < I (z), Tr(z), Fr(x) < 3.
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2.5. Single valued Trapezoidal Neutrosophic Number

A particular set of neutrosophic type in R is a single-valued trapezoidal neutrosophic num-
ber Lye, = (a1,b1,c1,d1;ag,ba, co, do;as, bs, c3,ds) |3], whose truth, indeterminacy, and falsity
membership function are defined by

=iian <z < by

Libp<z<c

(d1—z)
(di—c1)

05 Otherwise

TL(.TU) =

ser < o <dy;

)
bo—
((1722—;2)) jag <@ < by

0;00 <2< co

((dz:cé)) ;o2 <@ < d;

1; Otherwise

( (b3—2)
(bs—as3)’ 43 <z <3

0;b3 <2 <ec3

FL(JZ') =

(((ia;ic;,g)) ;o3 < x < ds;

1; Otherwise
respectively, where 0 < T, (x) + I(z) + Fr(z) < 3.

3. Notations and Assumptions

The following presumptions and notations are applied throughout this chapter in order to

develop the suggested models.

3.1. Notations

Here, the following notations are utilised:
Co : The cost of placing each order
C1 : The cost of holding each unit per unit of time
Cs : The cost of purchasing one unit at a time
Cj5 : Cost per unit of time shortage
6 : Function of deterioration (0 < 6 < 1)
D : Demand rate per unit of time at any given time t
T : Duration of the ordering cycle
Q@ : The quantity ordered per unit
Cs : The specified amount of carbon emissions associated with inventory maintenance
Cg : The variable amount of carbon emissions associated with inventory maintenance

Cy : Government charge for per unit of carbon emission
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Z(t1,T) : Total cost of inventory per unit of time

Cy : The fuzzy cost of placing each order

C1 : The fuzzy cost of holding each unit per unit of time
Cs3 : Fuzzy cost per unit of time shortage

Z(t1,T) : Fuzzy total cost of inventory per unit of time

3.2. Assumptions

The following presumptions guide the development of the suggested model.
(1) The demand rate increases exponentially with time t (D(t) = ce® ¢ > 0;a > 0).
(2) No lead time exists.
(3) Complete backlogs and shortages are permitted.

(4) Deterioration is not replenished or mended during the cycle.
(6) A time-dependent exponential function characterizes the holding cost (i.e.e®; a > 0).
(7) A linear time-dependent quadratic function characterizes the deterioration cost (i.e.kt;

k> 0).

)
)
)
)
(5) The rate of replenishment never stops.
)
)
>
(8) The carbon tax is a linear function dependent on time and inventory.

4. Crisp Model

Inventory level

Qlt)
-D(t)

T Time

FiGURE 1. Graphical representation of the proposed model

The launch or purchase of the product depends on ) and the following fulfillment of back-
orders. The inventory level steadily declines over the course of [0,¢;] and eventually drops to

Zero.
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Shortages and a complete backlog may arise during certain periods. Let I;(¢) and I2(t) repre-
sent the level of inventory available at time ¢, which is derived using the following equations:

dl

%—}—911 —ce™ + hs;0<t <t (1)
with 11(0) = Q,Il(t1> =0
dI
d—;:—ce“t+h8;t1§t§T (2)

with Ig(tl) = O,IQ(T) =-S.

Solving (1) and (2), we get the solutions. The solutions are given by

(6+a)t1 " h B
h=Grgla e+ gh-eu) (3)
b= (e — e+ ) (4)

_ c (6+a)t; E 6ty
Q= Gl e (5)
Szg(e“T— ™) — hs(T — ). (6)

Holding cost (HC =C fgl atI1 (t)dt Cl[ce(giz))tl {1 e (0 a)t1 }_ = c )(62at1 _1)+%(6at1 _
1) hse?t {1—6 (06— atl}]

0(0—a)

(7)

Deterioration cost (DC) = Cy Otl ktl(t)dt = Cs[{ kc?égj:))tl — k’wgml e — % _ %) _
ke  (tie®tL 1 eatl khst?

(9+a)( a (72_(172> 20 ] :

(8)
Shortage Cost (SC) = C3S = C3[< (e — 1) — hs(T — t1)].

(9)

Considering [7], Carbon Tax (CT') = C4(C5+ CsQt1) = CsCs5+ ?406)0 [e@+a)t 1] 4 %[1 -

eetl].

(10)

Total cost per unit of time Z(t1,T) = (C°+HC+DTC+SC+CT).

By solving the following equations, the ideal value of t; and T" can be found to minimize the

total cost function per time Z(¢1,7): gTZ =0 and % aZ =0.

oz _ 1 (64+a)t; _ _ 2ae??f1  ce?9t1 hse“tl _ hseff1 hsae®t1 (6+a)ty
Now, 57 = F[Ci{ce Ora)o=a) ~ @ta) T 0 o= a) + 9(9 o+ 1+ Ca{(kee
Otiy(1  tie=% 0t kce@+Ta)t1  khseft —0t1 e ket1e®1 | khsty
khse )(02 [} 02 ) + ( 0+a 0 )( + tle 9) (9+a) + } +

Cs(hs — ce®t + 0406(06(9+a)t1 _ hseetl)] =0

(11)
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and 5% = —[Co + O [“frray 1 =mar ) — matiray (€ = D+ G = 1) — G55 {1 —

_(p_ (0+a) 0 —0t —0 at ef kh
07} + Col{ ey — By — e — ) — (M - — ) + ]+
Cs[& (e =) —hs(T —t1)]+CaCs + GLEc [0 ah — 1] CaGehs[1 — )] 4 G2 (ce™T —hs) = 0.,
(12)

Using LINGO software and solving the following equations (11) and (12), we get the optimum

82—D>0and‘92—D>0forthistlandT

value of ¢; and T to minimize Z(t;,T). Since o I

respectively.

5. Numerical analysis for Crisp model
Input value

In Table 1, we develop a numerical example for the proposed EOQ model.

Parameters Value
Co Rs. 200 per unit order
C1 Rs. 16 per year
Cy Rs. 25 per year
Cs Rs. 15 per year
Cy Rs. 6 per year
Cs Rs. 3 per year
Cs Rs. 2 per year
0 0.12 units per year
a 0.8 per unit
c 100 per year
h 2
] Rs. 3 per unit per year
k 20

TABLE 1. Numerical input value for crisp model

Output value

In Table 2, we present the optimized output value for the above numerical example.

6. Trapezoidal fuzzy model

We examine the model in a trapezoidal fuzzy environment. It is difficult to define every
parameter precisely because of uncertainty.
Let Co = (41, ¢2,¢3,04),C1 = (01,02,03,04); C3 = (61,02,03,04) be the trapezoidal fuzzy
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Parameters | value

t1 0.19

T 0.23

Q 19.92
Z(t1,T) |1716.47

TABLE 2. Numerical output value for crisp model

Inventory level vs Time

0.05 0.10 015

FIGURE 2. Graphical representation for the Crisp model

QvstvsT

FIGURE 3. Inventory level vs Shortage starting time vs Total time

number. Then, the fuzzy total cost per unit time Z(t1,7) = A, B,C,D where A

{1—e oy

Ce(9+a)t1 1_6_(9_a)t1

7|91+ o Gra {5~z (1 - D+ (e = 1) -

hseft1
0(0—a)
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Parameters | Change(%) | @ tp | T Z
a -20 19.62 | 0.19 | 0.27 | 1690.36
a -10 19.78 1 0.19 | 0.25 | 1704.11
a 10 20.08 | 0.19 | 0.22 | 1727.58
a 20 20.23 | 0.19 | 0.21 | 1737.56
c -20 15.71 1 0.19 | 0.36 | 1505.83
c -10 17.8110.19 | 0.3 | 1620.04
c 10 21.69 | 0.19 | 0.19 | 1787.76
c 20 22.96 | 0.18 | 0.18 | 1850.34
Cs -20 21.55 | 0.21 | 0.21 | 1648.72
Co -10 20.81 | 0.2 | 0.21 | 1685.84
Cy 10 19.15] 0.19 | 0.25 | 1741.49
Co 20 18.45 | 0.18 | 0.26 | 1762.54
0 -20 19.9 |1 0.19 | 0.23 | 1715.69
0 -10 19.91 1 0.19 | 0.23 | 1716.08
0 10 19.9310.19 | 0.23 | 1716.86
0 20 19.94 1 0.19 | 0.23 | 1717.25
k -20 21.55 | 0.21 | 0.21 | 1648.72
k -10 20.81 | 0.2 | 0.21 | 1685.84
k 10 19.15 1 0.19 | 0.25 | 1741.49
k 20 18.45 1 0.18 | 0.26 | 1762.54
h -20 20.16 | 0.19 | 0.23 | 1725.31
h -10 20.04 | 0.19 | 0.23 | 1720.92
h 10 19.81 1 0.19| 0.24 | 1711.96
h 20 19.69 | 0.19 | 0.24 | 1707.39
Ce -20 20.33 | 0.21 | 0.21 | 1684.38
Cs -10 20.12 | 0.19 | 0.22 | 1700.93
Cs 10 19.72 1 0.19 | 0.24 | 1731.14
Cs 20 19.53 1 0.19 | 0.25 | 1745.05

TABLE 3. Sensitivity analysis for crisp parameters for the crisp model changing

from —20% to 20%

kee(0+a)t khseft —ot —0t k
{ra — e — 2 — ) — (S
e) = hs(T — t1)] + CaCs + Graglel® o — 1] 4 CaGhhall — e
(60+4a)t (0 a)t
B—* ¢2+ 2[069_:,_(1 1{1 e 1}_2a(ec+a)(62at1

tre*t | 1 _
( + 2z

a

—1)+ b8 (extr —

atq

62)+

a

th] ,

1) _ hseft1

khst

a){l—e*

O

(6—a)ty }] +
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[{kce(9+a>t1 khse‘”l}(i t1e= 01 e_etl)_ ke (tle“tl + 1 eat1)+ khStl]—l—ég[ (

(O+a) [4 (0+a) a aZ a2

02 0 T2

e™) — hs(T —t1)] + C4Cs + %[6(94’@)7&1 -1+ %[1 _ €9t1]] ’

C - % ¢3_|_0_3[ce(9+a)f1 {1 e—(e a)tl }_ c (62(1151 _ 1)—&-%(6“’51 _ 1) _ éz(seej’;l {1 _6—(9—a)t1 }] +

(6+a) 2a(0+a)

[{kce(9+“)tl _ khseetl}(i t1e= 01 e‘etl) ke (tle“tl + 1 e“tl)_|_ khStl] _{_53[ (

(0+a) 0 2 0 62 )  (0+a)\ a a a?

e1) — hs(T — t1)] + C4Cs + %fg;f[ el0+a)ts _ 1]+ %[1 _ €9t1] ’

(6+a)t —(o- a)t h ot
and D = 7 |¢4 + U4[C€(0+a)1{1 T -} - 2a(6c+a) (€2 — 1) + %(eatl -1 - 50 3

{1 -

_(H— (6+a) ot —0t —6 t t khst2
o S 04— A

02 0 e

Sa[2(e™ — ™) — hs(T — t1)] + C4Cs + GEasleraln — 1) 4 Cafole[y — eetl]] :

6.1. Normalized defuzzification method

Now, the a-cuts of the trapezoidal fuzzy numbers are given by Zp (o) = A+ (B — A)a where

A= 1 ¢1+0_1[Ce(9+a t1{1 e—(0— a)tl}_ c (eQatl—1)+%(6“t1—1)—£(506f2 {1—67(97@751}]4-

(0+a) 2a(0+a)

a a? a?

2[{kzce(9+’1>tl _ khseetl}(i tie=% e*gtl) ke (tleatl 4+ 1 e“t1)+ khsty ]—1-5 [ (e al _

(6+a) 0 6z 0 T2 (6+a)

™) = hs(T — t1)] + CaCs + GEelelralh —1] 4 CaGehof) — eetl]] :

B_f

(0+a)t (0 a)t hseft —(6—
br+ 0ol gy =}~ e (1 D - ) = (1

a a?

[{kce(eJr“)tl khseetl}(i tie” % e’gtl) _ ke )(tleatl + 1 e“t1)+ khst} ]—i—(; [ (

O+a) 0 6z — 0 e (0+a a?

) = hs(T — t)] + CaCs + GEelelralh —1] 4 CaGehof) — thl]] :

and ZR(Q) =D+ (C_ D)a where C = % ¢3 _i_o.g[ce(ZiZ)tl {1 e (0 a)t1 } _ 2a(9(3+a) (€2at1 _ 1) 4

—0ty 0t

et —1)— h569t1 {1 o—(6— at1}]_|_C [{kceg’::)tl khseeetl}(g%_tlee .

h k t1e%t1
fa ( )~ e (G

1) )+’“’”t1]+5[ (e9T — eat1) — hs(T — ty)] + C4C5 + Gog e@+a)ts 1] 4 CaCohaly _bta] |

(0+a)t (9 a)t ot _
D= 7| bs+oul G G —mpra (1 — D+ G (e =) — g {l—em T+
(0+a 0 —0 —0 at at kh t
Cal{ By — 5} — M — ) — ey (U T — G+ Tt Al (e

™) = hs(T — t1)] + CaCs + GEf[elreh — 1] 4 CaGehe1 — .
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The defuzzified value of the fuzzy number D(Z(t1,T)) obtained by the centroid approach
is provided by

fol a ZL(a);ZR(a) do

_ A+2B+2C+D
fOl ada 6 ’
By solving the following equations, the ideal value of ¢; and T can be found to minimize the

total cost function per time Z(t1,7T): agt(Z) =0 and aD(Z) = 0. Now, at = [ {cel0tats _

ae3at e2at hseat _ hsef hsae?t 0 a 0 e e~
TS~ T ey e(e a)l}—l_CZ{(kce( T — khse tl)(ef_itl )t

keel+a)h  khsef"1 _etl —0t1 91 kctie® khst1 aty (6+a)t1
( 0ta 0 ) (55— +tie — 9) ~“ta T 41 (hs — ce®™ + CyCq(ce

0t1 1 (0+ )t1 _ _2ae?t1 _ ce?et hse®*1t _ hseft1 hsae1 (0+a)t1
hse”™)] + zrloafce Ora)0—a)  (0Fa) + @ 0—a) T 9(9 oy b+ Co{(kce
k:hse"tl)( _ tiem et ) + (kce(g*'“)‘l _ khse’t1 )( —0h + t16_0t1 _ef1 kctjett1 khst1 } +

02 0 62 0+a 0 9) T T (6+a)

t 6+a)t ot 1 f+a)t 2ae2%t1 ce?%t1 | hsett h ot1
So(hs — ce™ 4 CyC(celT0h — hsefl1)] 4 3753{06( Ot“) ' Gret—a "ty T 0 (o= T
1 —vt1

hsaeatl }+ 02{(kce(9+a)t1 _ k‘hseetl)(ei _ tl@g _e e >+ (kceéii;‘)tl - khs@e“l )( ’gtl +te —0t1 _

—Ht at 2atq
9)1 — ket st } 4 Gy (s — oot 4 CyCig(ce @+ — hise®™)]| 4 i o e+t _7(9-25)(94) -

ce?*1 | hse®1  hseP’1 | hsae®1 (0+a)t: _ Oty 1 tie %1 0t kee(0ta)ts

) 7~ (=) T to—ay s + Col(kce khse®) (g2 — B )+ (U

e—6t1 T te —0t1 99;1 kféf:;l + khgtl } —l—54(h3 _ ce“tl 4 0406(66(04-(1)1&1 _ hseetl)] =0

khseeml )(

(13)

0t

(6+a)t —(6— a)t
aﬂd%z—ﬁ[%%ﬂfl[ce 1{1 e 1}_2 c (€2at1_1)+%(eat1_1) hse

(0+a) a(0+a) {1
—0tq —0tq

00— ) g ) e ()

a a?

Ou[G (e —e) = hs(T — t1)] + CaCs + Gesy [eHOn — 1) SG[1 — 1] + g (e — hs) -

(6+4a)t (9 a)t h hseft
sl P g (G 1)+ B 1) 1 e 0o 4

(0+a 6 —6 —0 at at kht
Cal{heay™ — 5% “}(5—% Lo et — Gy (B — )+ B 4 o[ (e

a2
) — hs(T — t1)] + CaCs + Goc[el0Toh — 1] 4 Calehe[1 — 0] 4 &2 (cenT —hs)—w[sbw

(0+a)t (0—a)t 0t k (64a)t
3[C69+a 1{1 e(g_a) 1}_2a(ec+a) (e2at1_1)+fal;( aty __ ) hse 1 {1_ (06— at1}]+0 [{ Cc(36+a) 1

—0t1 —0tq

M Y (g — B — ) — gy (B + - “”>+’“’l“11+5[ (T —et1) — hs(T —t1)] +

a a?

c a s a cel0ta)t _e—(0—a)t
C4C5+%lfg)[ o0+ )t1_1]+%[1_ 9t1“_|_573(ce T—hS)—W[¢4+O'4[ (0+a)1 1 ey 1}_

(e = 1) e — 1) piiay (L= O+ ol gyt — M) (G — g
a a
e~ 01 ) ke ) (tleatl _|_a%

(60+a)
) - s - - )+khst1]++5 [ ( atl)—hS(T—t1)]—|—C4C5—{— C4CG)(:[6(G+a)
1)+ GG — O]+ B (e — ) =0

2a(0+a)

(0+

(14)

>Oaur1da

Solving (13) and (14), we get the values of ¢; and t. Since 2 o

and T respectively, these values minimize Z.

6.2. Generalized defuzzification method

Now, the a-cuts of the trapezoidal fuzzy numbers are given by Zr(a) = A + %; 0<

w < 1 where
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1
A=z

D1+ o[ St (I} (et — 1) B (et — 1) — B g1 om0ty 4

a a?

[{kcew*“)tl . khse“l}(i tie” efgtl) ke (tleatl 4+ 1 ett1 )+ khSt ]_’_51[ (

(6+a) 0 0z — 0 e (0+a) a?

™) — hs(T — t1)] + CaCs + GEelellralh —1] 4 CaGehsfy — eatl]] :

¢2 +U2[ce<;_:l>t1 {1 e (0 a)ty }— 2a(90+a) (e2at1 1)+ %(e“tl —1)— éz(sgej;l {1— e—(0—a)ts N+

a

B=

CQ[{kce(9+“>tl . khseetl}(i tie— %% e*"tl) ke <t16at1 + 1 e“t1)+ khst} ]—1-5 [ (e al _

(0+a) 0 0z — 0 e O+a)\ «a a a?

eatl) — hS(T — t1)] + CyCs5 + %15;3)6[ el0+a)ty _ 1] + 704%6hs [1 — eatl] )

and Zg(a) = D+w 0 < w < 1 where C = % ¢3+03[ce<9+a>t1{1 e (0= atl}_

(6+a)
ot _ (6+a)t ot —ot
2a(06+a) (e2at1 _ 1) + %(eatl _ 1) hse 1 {1 _ —(0—a)t1 }] +CQ[{ kc?OJra) 1 khsee 1 }(0% o t160 1
—0t at kh t2 C4C
) e (B4 L >+22H@w —ett) ~hs(T—t1)] +CyCs-+ G O+ -

1] + CaCshs) _ Ot |

(0+a)t (0—a)t ot _
D = |ut ol Sosip () g (4~ D+ e — )~y 1O

CQ[{kC((i;Q_::))tl o khsgetl }(L _ t1e— %1 e*‘”l) _ (elfa)<tlit1 + ai %) + khst ] + (54[ ( al __

2

02 0 T2

e) — hs(T — t1)] + CaCs + Gfessle@roltn — 1] 4 CaGehery — ),

The defuzzified value of the fuzzy number D(Z(t;,T)) obtained by the centroid approach is
provided by

fol a ZL(OéHZ-ZR(a) do

—_ A+D + B—A+C—-D (30.) 2)A+2B+2C+(3w— 2)
fol ada 2 3w 6w

By solving the following equations, the ideal value of t; and 1" can be found to minimize the
: 3D( ) _ oD(Z) _
): =0 and == = 0.

total cost function per time Z(t;, T

oD _ (Bw—2) O+a)t 2 2at1 ceat1 hse®l  h 0ty hsaettl 0-+a)t
Now, Gt = “Gut 9[01{06( - (eﬁf)(o—w — ey T Gy T ey} T Co{ (ke
-6t —ot 0+a)t ot —ot ot
khseetl)(e%—“ee 1 _6921)+(kceé_:a)1 _k:hsge 1)( 1 +tie 9t1_66)1 _kfglfa)l khst1}+
61(hs — ce™ 4+ CyCg(cellTDtr — pseft)] 4 ﬁ[ag{ce Ota)ts _ (91‘26)2((;2@ - fgi:l) + hsegatl -
0 a —0 —0 (6+4a) 6 —0
i(z;e ;; + }ésge ;1 } +02{(k66 (0+a)t: khseetl)(eﬁ _ t1ea e 0;1 ) + (kceefa o k:hsge 1 )(e 0’51 +
tie —0t1 __ —;)tl B kffffi;l + khst1 }+52(h5 — ce1 _|_C4C6(Ce(9+a)t1 _ hsegtl)] + %[03{66(64_0‘)1&
2qe20t1 ce2at1 hsedtl h 0ty h atq 0+ ot t1e—0t1 e—0t1
Ora)0—a) ~ O0Ta) T 0 (9=a) T 6(0—a) } 4 Co{ (kee T — khse®) (s — DG — ) +

(6+a)t ot et —0t at
(kce 1 khs@e 1 )( 1 +te -0ty e "1 kct1e®l + k:hst1 } +53(h$ — ce®1 +C4C6(C€(9+a)t1

0+a 0) (0+a)
Oty (3w 2) 9+a)t1 _ _2a€?1 _ ce?ahh hse‘”l _ hse1 | hsaet1 (0+a)t1
hse)] + G o4 e @ra)o—a) ~ @0Fa) T 0 (o) T oo-—a) ) T C2ilkee
Oty 1 _ tie 1 e kee@ta)tt  khseft1\ e 1 —0t; _ e 1 kctie®t khsty
khse®) (g5 7 )+ (F 5 ) (g +te 7) (0+a) b+
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S4(hs — ce®t 4 C4Cg(cel@+Dh — pseft)] =0

(15)
and 57 = _(2(:;3) [}1 +01[ce((312)t1 {1 G (6 a)tl b - g (e 1)+ be(em —1) - 51(596—6;1){1 -
—(0—a)ty 1y +02ch?g:+;)>t1 _ khs@e@tl }(0% o tleeetl _ e;itl)_ (gljf:a)(tle:tl ?12 _ %) n kf;séﬁ] n
B[E(eT — ) — hs(T — )] + C4Cs + GESLN — 1] 4 GGl — ] 4y (ceT
hs) — ﬁ[@ T+ ooy [Ce<;r;))f1{1 e (60— a)tl} . 2a(ec+a) (eQatl —1) + %(6@1 1) — hse9f1 {1 .
—(B—a)tl}] +02cheé9::))t1 _ khsee(’tl }(0% o tle;‘%l B e_;;l)_ (elj_ca)(tle:tl +ai2 . 622 )+ kgztl] 4

52[g(eaT atl) hS( _tl)] +C4C5 + 04060[ (0+a)t1 _ 1] + C4%Ghs[1 _ e@tl]] + %(CGCLT o hS) o
oty

a (0+a)
(0+a)ty {1 e (9 a)t1 } . c )(€2at1 _ 1) + g—i(eatl _ 1) . éz(%e a){l _ ef(efa)tl}]
[{kce(9+“>tl . khseetl}(i tle*"tl e*"tl) ke (tle“tl + 1 e“t1)+ khst? ]—1-5 [ (

3wT2 [¢3 +o03 [Ce (0+a) 2a(6+a

0+ e
e*t) = hs(T — 1)) +CaCs + G e+ —1] 4 CuGpie(1 — ™) S (oo )= B
04[06((212);1 _(gi)a;)tl }_Za(g+a) (62at1—1)+gf2(eat1_1)_ hse"tl {1_ (-] 1y chﬁ#_
Eha®L (G — e — Sty - (glffa)(tlftl +5 -2+ kh“ ) + +6a[S ( — eah) — hs(T —

0]+ CaC + Y0+ — 1] Sy o) e — ) —
(16)

d 22D < 0 for this t;

Solving (15) and (16), 72

and T respectively, these values minimize Z.

7. Neutrosophic fuzzy model

The inventory model with backorder in a neutrosophic environment is explained in this
section. We use trapezoidal neutrosophic numbers to describe the inventory carrying cost,
holding cost, and shortage cost since they are in trapezoidal neutrosophic numbers:

Let Co = (Cor Coz, Cos, Coa) (Cor» Coas Cozs Coa) (Cors Coas Cozs Con):

Ol = (011, Chz2, Chs, 014)(0117 012’ 013’ 014)(01/17 01,27 01,37 01/4)’

and C3 = (Cy1, Ca2, Cs3, C3a) (Cyy, Ca, Oy, Cay) (Cyy, Gz, Cgy, Ciy).-

Let Z* = (a1, a2, a3, aq) (b1, ba, bs, by)(d1, da, ds, ds) be the trapezoidal neutrosophic fuzzy num-
ber.

Taking into account [8], the neutrosophic fuzzy average total cost is defined by

= = = (64a)t (6—a)t
Z(t1,T) = }[co + Crlesgrat (=g} (@ — 1) 4 (et — 1) -
ot (0+a)t ot —0t —0t at
L~ O] G G - e ) i
a kh
L - "’a?) + M 4 Gale(e — ) — hs(T — t)] + CiCs + Glscle®ran

1] + CaCshs[] — ) 1| (Cot, Coz, Cos, Cos, Cyy, Coa, Cog, Cog Cops Cogs Cogy Cou) +

ce(0+a)t _e—(0—a)t c a
(Clla 012, Cl?n C1147 Cll? C1127 C1137 C(147 C(117 C(127 C(137 Cf14)[ (0+a) - (Ofa) - } - 2a(0+a) (62 b —
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ot k (0+a)t k}h ot —0t —0t
1) gs(eatl 1) e}vb(%e—al){l e=(0-a)t }] + 02[{ cee+a : 896 - }(912 tlee : 6021)
at ¢ khst?
(Glf&-ca) (tlea : 12 221 ) 280 1]

(Cs1, Cs2, Cs3, Csa, Cyy, Cay, Cag, Cay, Csp, Cy, Cga, 034)[ (e — 1) — hs(T —t1)] + C4Cs +

%[e(e+a)tl - 1] + %[1 - eetl] = (alv az, asg, (I4)(b1, b, bs, b4)(d17d27 ds, d4)

(O+a)t —(9 a) 0
where a1 = 4 | o1 + On[ Sy {5500} = maray (97 — D) + (e — 1) — e {1 -
(04a)t ot —ot —0t at at khst2
—(6— a)t1}]+c[{kce9+a)l _khsee 1}(0%_15160 1 _6621)_(9’16&)(1513&1_’_(1%_%)_}_ 221]+
Canle(eT — ) — hs(T —11)] + C4Cs + G0 — 1] 4 CaGphey — ee“]],
(0+a)t _o—(0—a)t ot _(p_
Coz+C12[Ce(9+a) -{* e(afa) “}- 2a(9c+a) (e* _1)+%(€at1 —1)- (gweefal {1—e =0y 4

(6+a) a a? a?

[{kce((""“)tl _ khset1 }(i tie”% e‘gtl)_ kc (tleatl + 1 e )+ kh5t1]+032[ ( al _

(6+a) 0 2~ 0 e

) = hs(T — ta)] + ColCs o g e — 1] 4 St - ea“]] ,

(0+a)t (9 a)t ot —(6—
az = [CO3+C'13[C€9+a 1{1 50 1}—2a(§+a) (ezatl—l)‘f‘%(eatl—1)—5(596,;){1—6 G-a)try]4

(B — ST — B — ) - g (U5 - ) + ) Ol (e -

(6+a) 0 02 0 2 (6+a)\ a az  aZ 20 a
) = hs(T = t)] + CaGs + e — 1] S ea“]]
(6+a)t (9 a)t h hseft —(9—
aq = % CO4+CI4[069+G 1 {1 e 1 }_Qa(echa) <e2at1_1)4_072(661151_1)_95967(11 {1—6 C a)tl}]+
(04a)t ot —ot —ot at at khst2
Col{* G — 5} - tlee S-S ) (M T )+ ] Caalg (et -

) = hs(T — t1)] + CaCs + Gsle@r o — 1] + GGl - ee“]] ,

b = 4 |Cor+ Cli [ (=t b= gy (€24 = 1)+ 2 (e — 1) — et {1 — e~ (-0 )]

(6+a) 2a(0+a)

(04-a)t ot -0t —6t at at kh t
Col{* ey — 5 M — 25— — ) — @i (M + i — ) + St + CalE(eT -

™) = hs(T — t1)] + CaCs + GEelelralh —1] 4 CaGehof) — eetl]] :

(0+a)t (0 a)t h hsedt o
+ | Coat Clal gy {1 b — iy (€98 = 1)+ B2 (00 —1) — Bt {1 — = (0-0)a}] 4

(0+a)t ot —0t —ot k at at khst?
CQ[{kcfem) - M Y (g - B — ) - (9+ca)(tl€a S = )+ Tt O[S (e -

e¥1) — hs(T — t1)] + C4Cs + %‘fs)c[ el0+a)tr _ 1] + 704%6}“” 11— eetl]] ,

bs =

’ ’ (6+4a)t (0 a)t h hsebt e
7 | Cos+Cis“ray 1}—za(g+a)(e2at1—1)+9—;(eatl—1)—95;_;){1—6 (0—a)t1}] 4
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/

(0+a)t ot —ot —ot at t khst?
(oo _ khegtu )] et e ke sttt g enty 4 M)y o fe o

02 0 02 a a?

e™™) — hs(T — t1)] + C4Cs + %[6(94’@)7&1 -1+ %[1 _ €9t1]] ’

bi = [ Coy+ Oyt floe oty o (g2t 1) ha (gt 1) Bac™d {1 o=(0-a)tr )]y

(6+a) 2a(0+a)

(6+a) 6 —6 —6 a kh
[{kc?e_:a)tl _ khsee i1 }(9% _ t1ee L 69;1 ) _ (elica)(tlean + a% )+ stl] —|—C34[ ( .
e™™) — hs(T —t1)] + C4Cs + %fg;[ eta)tt _ 1] 4 %[1 _ €9t1]] :
(6+a)t —(0—a)t ot —(H—
dy = [001+C11[ce(9+a)1{1 < 1}—2a(§+a)(62at1—1)+%(eat1—1)—£‘2€_; {1—e~(O-a)t1} 4

(bt — Sty (g — gt — ) — e (et 4 — ety 4 B 4 O [2(en -

O+a) 0 (0+a) a

02 [

e™™) — hs(T —t1)] + C4Cs + %fg;f[ eta)tt _ 1] 4 %[1 _ eetl]] :

(04a)t —(9 a)t ot —(6—
002+012[C€(9+a)1{1 T 1}_2a(§+a)(62at1_1)+%(6at1_1)_£séef; {1—e @ a)tl}]+

(6+a) a a? a?

[{kcew“'“)tl _ khseft1 }(i tie” % e‘gtl)_ kc (tleatl + 1 e ) kh8t1]+c32[ (

(6+a) 0 2 0 e

e¥) — hs(T — t1)] + C4C5 + %[e(ﬂa)tl —1]+ %[1 _ eatl]] ’

7 7 (0+a)t (9 a)t ot (A
— % [COS+Cl3[ce(9+a) 1 {1 e 1 }_2a(9c+a)(62at1_1)_,_%(6@1_1)_&39@7;){1_6 ] a)tl}]+

2[{ kee®ta)tt  Ephgebtl }(0% t1e;9tl B 6_99;1 ) ke )(tleaatl + a12 el ) + khSt%] + C33[g(eaT _

(6+a) 0 B (0+a a?  a?

e™™) — hs(T — t1)] + C4Cs5 + ((75152)0[ e0+a)ts _ 1] 4 %[1 _ thl]] :

(6+a)t (9 a)t ot o
= [C04 Cl4[ce(a+a)l {l e 1 }_2a(5+a) (eQatl_1)4_%(6@1_1)_53967(11 {1—6 (0—a)t1 }]+

[{’m”*“’“ khag?s ) (dp — U™ — ety — ke (e 4 4 £y 4 BSR4 Gyl (e -

O+a) 0 0z~ 0 e (6+a)\ a a? = a2

e) = hs(T = t1)] + CaCs + G e — 1] 4 CuGpiefl — ee“]] ,

Taking into account [3], the defuzzified value of Z(t1,T) is given by
D(Z 0) = a1+a2+a3+a4+51+b21-;b3+b4+d1+d2+d3+d4
, .

Now, 8{3;2) = 25[(Ci1 4 Cra + Ciz + Cua + Chy + Chg + Cpy + Chy + Oy + Oy + Cls +
Cly){cel®+ot — JRueri _ eertl | haeth _ hoe?s | hese™s } +12Co{ (kee® )t — khse®'1) (5 —

tie %1 0t kce(0+a)t1  khseftl *‘”1 —0t —0t1  ketye®l 4 khst
7] T2 )+( +a - 0 )( +t1 1_¢ 0) - (Oii-a) 1}+<C31+C32+C33+

C34+Cél +CéQ +Cé3 +Cé4 +Cg1 +O§2 +C33 +C34) (hs —Ceatl + 120406 (Ce(e—‘ra)tl — 12h5€9t1 )] =0

(17)
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o 7 / / / / " " " "
and g(Z) - —712%2 [(C[)l + O[)Q + 003 + 004 + 001 + 002 + 003 + 004 + COl + 002 + 003 + Co4 +

)
’ ’ / ’ " 7 7 7 (6+4a) (0 a
(C114+Ci2+Ci3+Cru+C 1 +C 15 +C 5+ C 1 +C 1 +Cla+Cl3+Cry) [ 9Iatl {+= e - b

h h ot k (0+a)t k‘h ot 0t
2a(g+a)(62at1_1>+£(eat1 ) se 1 {1_ (6— atl}]+1202[{ Cngra 1 s@e 1}(0%_t160 1

—0 at @ kh / / / /
69;1) - (elj_ca)(tle ! + . - tl) + 2Zt ] (031 +C32+C33+034+031 +032+033+C34+

a a? a?

Ciy + Cyy + Cyg + 034)[ (eT —e1) — hs(T — t1)] + C4Cs5 + %ES)C [6(9+a)t1 — 1]+ 404096@ 1

1] + (Cs1+032+033+034+051+052+C33+034+031+032+033+034)( _ hs) =

(18)

2D~ 0 for this t;

Solving (17) and (18),

and T respectively, these values minimize Z.

8. Comparison analysis for the neutrosophic techniques

To identify the suitable technique for the proposed crisp model, develop a another neutro-

sophic fuzzy methods.

Second approach for neutrosophic fuzzy model

We use trapezoidal neutrosophic numbers to describe the inventory carrying cost, holding
cost, and shortage cost since they are in trapezoidal neutrosophic numbers:
Let Co = (Cot, Coz, Co3, Coa)(Cor, Coa, Cozy Coa) (Cons Cozs Cogs Con),
C1 = (C11, C1z, C13, C14) (O, C1a, i3, 1) (1 Cta, Oz, Oy,
and C3 = (C31, Cs2, Cs3, C34)(Cy, Csa, Cs3, Csy) (Ca, Oy, Oy, Cyy)-
Let Z* = (a1, a2, a3, aq) (b1, ba, bs, by)(d1, da, ds, ds) be the trapezoidal neutrosophic fuzzy num-
ber. Now, by another approach, the defuzzified value of Z(t1,T) is given by
D(Z) = D(Co) + D(O)[ gy} — magra (€ — D)+ Gl — 1) — 355 {1 -

(6+a) 2a(0+a
k (6+a)t k ot —0t —0t k at at kh t
—(6- atl}]—i_c[ c?9+a)1 hsg 1}(9%_&69 1_6621)_(9+Ca)(tleal+ai2_6a21)+ 22’ ]+
(03)[5(6 —e®) = hs(T = t1)] + CaCs + Gag[e O — 1] + GGl — ],

where, based on [3], the defuzzified value of the inventory carrying cost D(Cp) =
/ / / / 1! 1" " 1"
Co14+Co2+Co3+Coa+Co +Cho+Cr3+Coy+Co+Coo+Coa+C, .
01+C02+C03+C0a+Cop + 0212 0301701 FC02+ 03t haged on [3], the defuzzified value of the

! ! ! ! 1! /1! 1! /1!
. = C11+C124+C13+C14+C{+C5,+C 3 +C,+C {1 +C 5, +C 3 +C
holding cost D(Cy) = 2t entin T, P P ton 0 a® s and based on [3],

the defuzzified value of the shortage cost
(é ) C31+C32+C33+C34 +C'31 +C'32 +C’33 +034+031 +032 +033+CS4

For a comparative analysis between the proposed neutrosophic approach and the above
neutrosophic approach, we take the proposed numer-
ical example and consider Cy = (100, 160, 250, 320)(120, 180, 260, 330)(80, 130, 220, 280), C; =
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FIGURE 4. w vs Fuzzy average total cost

(9,15,20,24)(12,17, 21, 25)(7, 13,18, 23), and Cs = (7,13,17,20)(8, 14, 18,21)(5, 12, 16, 19).

In the first proposed neutrosophic approach, the optimum average total cost is 1669.42 and in

the next above neutrosophic approach, the optimum average total cost is 1706.76. The first

proposed neutrosophic method gives the most optimum result. In addition, the savings of

the first proposed approach is 2.74% and the savings of the other approach is 0.57%. Thus,

the first proposed neutrosophic method is more appropriate for the Economic Order Quantity

model.

9. Comparative study

Model Optimize average total cost
Crisp model 1716.47
Normalized Trapezoidal fuzzy model 1713.91
Proposed Neutrosophic fuzzy model 1669.42
Second approach for Neutrosophic fuzzy model 1706.76

TABLE 4. Comparison table for all models

In Table 3, we see that the savings of the normalized trapezoidal fuzzy model is 0.15%, the

savings of the neutrosophic fuzzy model is 2.74%.

In the figure, we observe that if the values of w are decreasing, then the fuzzy average total

costs increase.
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10. Conclusion & discussion
10.1. Conclusion

In a totally backlogged state, we introduced two fuzzy inventory models for damaged items
with shortages. Firstly, we introduced the trapezoidal fuzzy model. Secondly, we introduced
the neutrosophic fuzzy model. The ordering cost, holding cost, deterioration cost, shortage
cost, and carbon tax are included in the inventory model. Then we develop a trapezoidal
fuzzy model and a neutrosophic fuzzy model. Next, we compare between crisp and different
types of fuzzy models. We see that the neutrosophic fuzzy model gives a better result than
the trapezoidal fuzzy model. The comparative study shows that the neutrosophic fuzzy model

is more effective on the proposed EOQ model.

10.2. Limitations and future researches

There are some limitations on the databases and methodology used in our paper. We use
a single numerical example to justify the crisp and fuzzy inventory models. We tried to de-
velop the only neutrosophic fuzzy model using a deneutrification method. In the proposed
neutrosophic fuzzy model, we use an approach to optimize the average total cost in the in-
ventory models. In the proposed fuzzy models, we consider that the inventory carrying cost,
the holding cost, and the shortage cost are the only fuzzy numbers for uncertainty. But in the
comparative analysis section, we develop another technique to show that the first proposed

approach is a better technique to optimize the average total cost in inventory models.

In the future, one can consider the other parameters as the fuzzy numbers for the uncertainty
and use the other defuzzification methods in this proposed crisp model. In the future also, we
will try to develop other defuzzification methods for the neutrosophic fuzzy model and a new

approach for this type of model.
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