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Abstract: In this manuscript, we discuss the metrizability of the topology produced by arbitrary
neutrosophic metric space. Further, we demonstrate that the resulting topology is completely metrizable
if the neutrosophic metric space is complete and a neutrosophic metric space is precompact if and only
if each sequence has a Cauchy subsequence. Furthermore, we present the idea of a non-Archimedean
generalised neutrosophic metric space, analyse its P and @ properties, and get certain results for two
semi-compatible mappings in this newly constructed space. In the end, we provide several nontrivial
examples to support our main results.
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1. Introduction

Fuzzy Sets, introduced by Zadeh [1], created a foundational work in the field of fixed point (FP)
theory by addressing uncertainty. For the researchers to investigate, this idea opened up a new
perspective. The most significant disadvantage of the fuzzy set was its lack of information on the non-
membership function. Numerous researchers examined the suitable and consistent concept of a fuzzy
metric space (FMS) presented by Kramosil and Michalek [2]. Additionally, they examined into this issue
and developed and investigated a number of distinct concepts related to a FMS. FMSs are an important
notion that George and Veeramani [3, 4] explored and demonstrated that all FMSs produce a Hausdorff
first countable topology. Additionally, it has been demonstrated by Gregori and Romaguera [5] that any
FMS can yield a metrizable topology and that if the FMS is complete, the generated topology can also be
completely metrizable (CM). An intuitionistic fuzzy set, a generalisation of fuzzy sets that include
membership and non-membership functions, was presented by Atanassov [6]. The intuitionistic fuzzy
metric space (IFMS) was recently established by Park et al. [7], and Park et al. [8-12] investigated
the numerous characteristics on IFMS. Saadati and park [13] derived the precompact set in IFMS and
prove that every sub set of IFMS is precompact set as well as complete iff it is compact. Jeyaraman et al.
[14] established the notion of non-Archimedean generalised IFMS. Park et al. [15] studied that every
sequence has Cauchy subsequence if and only if IFMS is precompect.
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Smarandache [16] presented the neutrosophic metric space (NMS) and expanded the concept of
IFMS. Riaz et al. [17] developed the notion of neutrosophic cone metric space and ¢- chainable NMS and
select three self-mappings for generalized the FP results in these spaces. Ishtiaq et al. [18] introduced the
notion of orthogonal NMS and generalized the FP results in the sense of orthogonal NMS. Das and
Tripathy [19] studied the neutrosophic simple b- open set, b- open cover, and b- compactness in
neutrosophic topological space. Two fundamental theorems of classical analysis, Baire's and Cantor's
intersection theorems, were established in the context of Neutrosophic 2-metric spaces (N2MS) by
Ishtiaq et al. [20]. Das et al. [21] introduced the notion of neutrosophic ifni-open set (OS), ifni- semi-open
set, ifni- pre-open set, ifni-b-OSin the sense of neutrosophic infi topological space. See [22-28] for more
related literature.

In this work, we establish the metrizability of the topology produced by any NMS. Furthermore,
we demonstrate that a NMS is precompact iff each sequence has a Cauchy subsequence, and that if the
NMS is complete, the generated topology is completely metrizable. We propose the notion of non-
Archimedean generalised neutrosophic metric space (NAGNMS) and generalized the FP results. Our
results improve the results of jeyaraman et. al [14] and park et al. [15]. In section 2, of this manuscript
we will discuss some basic definitions. In section 3, we will discuss second countablity, precompact, and
Baire Space on NMS. In section 4, we generalized the NMS and developed the notion of NAGNMS and
prove some interesting FP in this space also give some non-trivial examples which support our result.
In section 5, we will discuss the P,Q properties.

Preliminaries

In this, we will study some definitions that are support our main result.

Definition 2.1: [12] A mapping *: £2 - £ is called continuous t-norm (CIN) if it is fulfilling the
conditions which are given below:

* is continuous, commutative and associative,

a*1l=aforalla€Z,

a*b < cx*dwhenevera<candb <d,forallab,c,dE€:Z.

Definition 2.2: [12] A mapping A: £% — £ is said to be a continuous t-conorm (CTCN) if fulfilling the
conditions which are given below:

A is continuous, commutative and associative,

aA0 = a foralla € Z,

aAb < cAd whenevera < candb < d,foralla,b,c,d € 5.

Definition 2.3: [7] A 5-tuple (Z,P;, Ny,*,A) is called an IFMS if ¥,A are CTN and CTCN and P;, N; are
fuzzy sets defined on £% x (0, +0) fulfill below circumstances:

P;(e,3,7) > 0,N;(e,3,7) <1and 0 < P;(e,3,7) + N;(e,3,7) < 1,

Pi(e,3,7) = 1liffe = 3,

N;(e,3,7) =0 iffe =3,

P;(¢,3,7) = P;(3,¢,7) and N;(e,3,7) = N;(3,¢,17),

P;(¢,3,7) * P;(3, w, 1) < P;(e,w, T+ 1),

N;(e,3,T)AN;(3, w,A) = N;(e,w,T + 1),

P;(e,3,),N;(e,3,):(0,400) = (0,1] are continuous.

forevery ¢,3,w € Z and 4,7 > 0.
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Definition 2.4: [12] Let & bean [IFMSandlet 0 <r< 1,7 >0 and e € £. The set
B(e,r,t) ={3 € Z;P(e,3,7) >1—1,N;(e,37) <1},
is said to be an open ball, and the center of this open ballis e € & with radiusr. Let £ be an IFMS. Define
t={AcCcE;e€Aiffdr,7> 0,0 <r < 1suchthatB(er,7) C A}
Then 7 is a topology on Z.
Definition 2.5: [14] A 5-tuple (E, P,N,x,A)is called a non-Archimedean generalized IFMS if = is an
arbitrary set x, A are CTN and CTCN and P, N are fuzzy sets defined on £ X (0, +) fulfill the below
circumstances for all ¢,3, w,a € & and 4,7 > 0,
P(e,3,w,7) + N(e,3, w,7) <1,
P(e,3,w,7) >0,
Ple,3wt)=1iffe=3=w,
P(e,3, w,7) = P(p{e,3, w},7), where p is a permutation function (PF),
P(e,3,0,7) * P(a,w,w, 1) < P(e, 3, w, max{t, 1}),
P(e,3,w,"): (0,+) - [0,1] is continuous,
N(e3,w,T) >0,
N(e, 3w, 1) =1 iffe=3=w,
N(e,3,w,7) = N(p{ e 3 w},7), wherep isaPF,
N(e,3,0,7) AN(a, w, w,A) = N(e, 3, w, min{zt, 1}),
N(e,3, w,"): (0,+00) — [0,1] is continuous.

The pair (P,N) is called a generalized intuitionistic fuzzy metric on Z.

Definition 2.6: [14] The class of continuous functions ¢,:[0,1] — [0,1] are denoted by ®, such that
¢(7) > 7, wheret € [0,1) and ¢(1) = 1. similarly, (7) < 7, where 7 € [0,1) and ¥(0) = 0.
Definition 2.7: [14] LetX,Y: 5 — &, are self-mappings if w = Ye = Ye, for somee € =, thenw is said a
coincidence point (CP) of these mappings 2 and Y.

Preposition 2.1: [14] Assume that X,Y: 5 — Z, are self-mappings on Z if w = Ye = Ye, for somee € %,
thenw is a unique FP of ¥ and Y.

Definition 2.8: [16] A 6-tuple (Z,P, N, 0,x,A) is called a NMS if £ is an arbitrary set, x, A are CTN and
CTCN and P,N and O are neutrosophic sets defined on = 3 % (0, +) fulfill the circumstances which
are given below foralle,3,w,a € £ and 1,7 > 0,

P(e,3,7) + N(e,3,7) + 0(e,3,7) <3,

P(e,3,7) >0,

P(e,3,7) =1 iffe =3,

P(e,3,7) = P(3,¢1),

P(e,3,7) * P(3, w, 1) < P(e,w, T + 1),

P(e,3,7): (0, +) — (0,1] is continuous,

N(e3 1) <1,

N(e,3,7) =0 iffe =3,

N(e,3,7) = NG e 1),

N(e,3, T)AN(G, w,4) = N(e,w, T+ 1),

N(e, 3,):(0,40) = (0,1] is continuous,

0(e3,1) <1,

0(e,3,7) =0 iffe =3,

0(e,3,7) =0G, e 1),
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0(e,3,71)A0G, w, 1) = 0(e, w, T + 1),
0(e,3,): (0, +) = (0,1] is continuous.

Then, (P, N, 0) is called a neutrosophic metric on =.

Some Properties and Baire Space on NMS

In this, we will study some interesting results in the sense of NMS.
Definition 3.1: Let (£, P, N, O,x,A) be a NMS.

A convergent sequence {e,} € =, which convergent to e in Z if lim P(e,e,7) =1, lim N(e,e,7) =0
n—-oo n—oo

and lim O(e, e ) =0, for eacht > 0.
n—>oo

A sequence {e,} c Z, is said to be Cauchy sequence (CS) if for eachr,0 <r <1, and v > 0, there ex-
istsny € N such that P(e,,, ¢,,7) > 1 —1,N(ey, e, 7) <1, and O(ey, ¢, 7) <71, forall m,n = n,.

If every CSis convergent in Z, then Z is complete.

If £ is a complete NMS, then (P, N, 0) complete neutrosophic metric on Z.

A dense OS which has intersection of a countable number is dense in =, then Z is a Baire space.

If for each 7 >0 and r with 0 <t < 1, there is a finite subset A of & such that & =U,4 B(q,1,7),

then Z is said to be precompact.

In this case, P, N and O are precompact neutrosophic metric on Z.
Lemma 3.1: A T; topological space (Z,7) is metrizable iff it has an uniformly with a countable base.
Lemma 3.2: Suppose (Z,P,N,0,*,A) be an NMS. Then t is a Hausdorff topology and for each e €

E‘,{B(e,i,l) ne N}

Theorem 3.1: Let (£, P, N,0,*%,A) be an NMS. Then £ is a metrizable topological space.
Proof: For each n € N, we get

1 1 1 1 1 1
U, = {(e,a) € 52;P<e,u,—> > 1 ——,N(e,s,—) < —,O(e,g,—) < —}.
n n nw on n T n

Then, prove that {U,; n € N}, is a base for uniformity U on Z. Everyn € N, {(e,e);e € £} € U, also, since

1 1

P('3' ) (e'ﬁ'm)“‘;'
1 1 1
(e 3 ) (%n—“) ¥
1 1 1
"(e'&;)“’(e'ﬁ’m)ﬁ'

rlesd)=r(ued)
(ead) = w(sed).
ofesd)=ofued)

Hence U, € Uy, and U, = U;'. Similarly, every n € N, we have, by the continuity of CTN and CTCN,
anm € N, such thatm > 2n,

and
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1 1 11 1 1
(1-1)e(1-)>1-L 112
m m nTm m n

Let (¢,3), 3, w) € U,,. Then,

and

1 1 1
<()a() <=
m/ \m/ n
Therefore (¢, w) € U, and U, ° U, € U,. Thus {U;;n € N}, is a uniform base of U on Z. Therefore,
every e € 5, andn € N,
1 1 1y 1 1y 1 11
U,(e) = {3 € 5;P(e,3,—> >1 ——,N(e,3,—) <-,0 (e,g,—) < —} = B(e,—,—).
n n n/ n/ n n'n
Which show that the topology induced by U coincides with 7 and £ is metrizable topological space by
Lemma 3.2.
Theorem 3.2: Every separable NMS is second countable.
Proof: Assume that (£,P, N, 0,*,A) be the given separable NMS and let A = {a,; n € N}, be a countable

dense subset of Z. Suppose that B = {B (aj,%,%) RS N}. Then B is countable. Therefore, we show

that B € Z is a basis for the family of all open sets. Assume that G € Z is an arbitrary OSand e € G, then
there exists r,7 > 0,0 <t < 1, such that B(e,x,7) € G. Since r € (0,1), there exist A € (0,1), from the

above result [7], such that (1-A)*(1—-2)>1-1r,AAA<r. Select any m€N then % <

min{4, 7, }, for A € £ is dense there exists a; € A, suchthata; € B (e,n%, ) Now, if3 € B (e,%,—), then,

l 1
m m
T T 1 1
P(e,31) =P (e, aj’f) * P (aj,a, E) >P (e, aj,a> * P (aj,a,n—1)

2(1—%>*<1—%>2(1—1)*(1—A)>1—r,

N(e,3,7) <N (e, aj,%) AN (aj,g, g) <N (e, aj'n%) AN (aj,g, n%)

< (%) A (%) < MAM) <,

and

T

0(e,3,7) <0 (e, aj'E) AO (aj, 3 %) <0 (e, aj,%) AO (aj, 3 %)

Khaleel Ahmad, Umar Ishtiaq, Metrizability of Topology, Precompactness and Semi-Compatibal Mappings in Neutrosophic Metric
Spaces



Neutrosophic Sets and Systems, Vol. 95, 2026 6

< (n%) A (%) < (DA <1,

Consequently, the topology T hasabase B, and 3 € B(e,r,7). Then, £ is a separable metrizable space by
using Theorem 3.1. Hence = is second countable.

Theorem 3.3: Suppose Z be a complete NMS. Then = is completely metrizable (CM).

Proof: Assume that £ be an NMS. From Theorem 3.1, then uniformity U on £ has a base {U,;n € N}

where,
U {( ) € 52 P( 1)>1 ! N( 1><1 0( 1)<1}
= el ‘: ; e’ J_ __’ e! l_ _l e’ J_ _J
" 3 i n %) h ) Sh
for every n € N. Then the induced uniformity of P, N and 0 on Z, coincides with U. A sequence {e,},en
isa CSin & fixedr,7 with0 <r<1, and t > 0. Choosing k € N, such that% < min{t,t}. Then there
existng € N, then (e, e,) € Uy, for every m,n > ny. Thatis, for each m,n > n,,

1 1
Pley, e T) = P(em,en,E) >1 -7 >1-—r1,

1 1
N(ep, e T) < N (em, en —) <—<r,

k k—
1 1
0(ep e, 7) <0 (em, en E) < % <r

Hence, {e,} ey is a CS in complete NMS Z. so, {e,} is a convergent sequence and converges to e € Z.
Therefore, P, N and O are complete neutrosophic metric on =. Hence, & is CM.
Theorem 3.4: Let & be a complete NMS. Then every complete space = is a Baire space.
Proof: Let = be given complete NMS and B, # ¢ be OS. Also, let Dy, D,, -, be dense OSs in Z. So, By N
D; # ¢, from D, = Z. Lete; € By N D4, there exists t; > 0,0 < r; < 1, such that B(ey,11,71) € By N Dj.
Choosing rj <r; and 7; = min{r,, 1}, such that

B(eq,13,71) € By N D;.
Let B; = B(eq,1},71). Then B; N D, # ¢, from D, = £. Let e, € B; N D, there exists 7, > 0,0 <1, <1,

such that B(e,, 15, 7,) € B; N D,. Choosing 1, < r, and 7, = min {TZ,% }, such that

B(ey,15,75) € By N D,.
Let B,, = B(e,, 15, 73). Then by inductively methods, we can find e, € B,_; N D,. Hence there exists 7, >

0,0<r, < % such that,

B(en, 1, Tr) € By_q N D,,.
Let B, = B(e,, 1, T,). we show that {e,} is a CS. For given 7 > 0, > 0, select any ny € N, such that

1 1
— < 17,— < €. Then form = n = n,,
Mo Mo

1 1
P(ey, e, T) = P(em,en,ﬁ> >1 - >1—k¢,

1 1
N(ep e, T) <N (em, en E) < - <€,

1 1
O(eyen7) <O (em, e E) < ; <e.
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Therefore, by using Definition 3.1 which shows that {e,} is a CS. Hence, £ is complete, e, = ¢, in Z. But
ex € B(e,, 1, T,), for all k > n, and B(e,, 1, T,), is a closed set. Hence ¢ € B(e,, 1y, T5,) € B,—; N D, for
alln € N. Therefore, By N (N;2, D,) # ¢. Hence N;2; D, is dense in Z.

Theorem 3.5: An NMS (=, P, N, 0,,A) is precompact iff every sequence in £ has a Cauchy subsequence.
Proof: Let £ is a precompact NMS. Let {e, },eny be a sequence in Z. For eachm € N there is a finite
subset A,, of £ then Z = Uy, B (a,%,%). Hence, for m = 1, there exist an a; € A; and {el(n)}neN c

{entnen, therefore ey € B(ay,1,1), for every n € N. Also, for m = 2, there exist an a, € A, and

{ez(n)}neN c {el(“)}nEN then, e €B (az,%,%). By inductively methods, for m € N,m > 1, there exist
11

an a, € A, and {em(n)}neN c {em_l(n)}nEN' such that e, ) € B(am,;,;), for every n € N. Now,

consider {e“(")}neN c {e“—1(“)}ne1\1' Givent >0, andr with0 <t <1, there existny € N, we get

(1-30) (15 715 () <=

2
and — < 1. Therefore,
0

2 1 1
P(exy emwy 7) > P (ek(k)' e‘“(")'n_o) =P (ek(k)' em(n)'a) P (ek(k)' em(n)'%)

1 1
= (1——)*(1——) >1-r,
Mo Mo
2 1 1
N (ke emy ™) <N (ek(k), em(n),n—) =N (ek(k), em(n)’—) AN (ek(k), em(n),—)
0 Mo Mo

= (5p)8 ) <>

2 1 1
O () emmy T) < O (ekac)' em(n)%) <0 (ek(k)' em(n)’g) Ao (ek(k>» em(n)»n—o)

< (n—lo)A (%) <

Hence {en(n)}neN jis a CSin Z. Conversely, let & is a nonprecompact NMS. Hence, there exist T > 0,

and

and r with 0 < r < 1, then for each finite subset A of Z,

E =Uyey B(a,r,7). Fix ¢ €5, there exist e, € 5 —B(ey,r,7). Moreover, there exist e; € 5 —
U%—1 B(ex, 1, 7). By inductively methods, we construct a sequence {e,},ey of distinct points in £ such
that e 4 & Up_; B(e,1,7), for everyn € N. Hence {e,},en, has no CS. Consequently, if {e,} ey, has

Cauchy subsequence in Z, hence = is precompact NMS.

4. Non-Archimedean Generalized NMS

In this section, we discuss some FP results in of NAGNMS.
Definition 4.1: A 6-tuple (Z,P,N, 0, A) is called a NAGNMS if = is an arbitrary set, x, A are CTN and
CTCN and P,N and O are fuzzy sets defined on Z3 x (0, +), fulfill the below circumstances for all
¢,3,w,a€E, and 4, 7> 0,
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P(e,3w,7) + N(e,3, w,7) + 0(e,3 w,7) < 3,
P(e,3,w,7) >0,

P(e,3w,7) =1 iffe =3 = w,

P(e,3,w,7) = P(p{ e 3 w},7), where p isaPF,
P(e,3,0,7) * P(a,w,w, 1) < P(e,3, w, max{r, 1}),
P(e,3,w,): (0,+) — [0,1] is continuous,
N(e3,w,T) >0,

N(e,3w,7) =1 iffe =3 = w,

N(e,3,w,7) = N(p{ ¢, 3, w},7), where p isa PF,
N(e,3,a,7)AN(a, w, w, 1) = N(e,3, w, min{z, 1}),
N(e, 3, w,"): (0,4+00) - [0,1] is continuous,
0(e,3,w,7) >0,

0(e3w1)=1iff e=3=0,

0(e,3 w,7) = 0(p{ &3, w},7), where p isaPF,
0(e,3,0,7) AO(a, w,w,A) = 0(e,3, w, min{z, 1}),
0(e,3,w,7): (0,40) — [0,1] is continuous.

The pair (P,N,0) is said to be a generalized neutrosophic metric on =.
Definition4.2: Let 2,Y: Z - Z,ona NAGNMS (&, P, N,*,A). If these mappings are commute at their CP,
thatis, Xe = Ye, implies that XYh = YXh, then mappings are called weakly compatible

Definition 4.3: A pair (2, ) of self-mappings of a NAGNMS is said to be semi-compatible if lim XYe, =
1n—00

~

Ye,, whenever {e,} is asequencein & such that lim Ye, = lim Ye, =, for somee € Z.
n—>00 n—>0o

Example 4.1: Let £ =[0,1], with G-metric on £ defined by d(e,3w)=e — 3|+ 3 — 0|+ |w —
¢|. Denote a * b = ab, and aAb = min{1,a + b}, for alla,b € [0,1]. For alle,3,w € £, and t > 0, define G

—

on 53 x (0,), as follows:

T \d(e3w)
P(e,3,w,7T) = (r m 1) ,
1 d(e3,w)
Neso=(=5)

d(e3w)

0(e,3w,7) =1— (T-lr-l)

Then, (&,P,N,0,*,A) isa NAGNMS.
Lemma 4.1: Suppose that (£, P, N, 0,x,A) bea NAGNMS. Then P(e,3, w,.) isnon-decreasing, N(e,3, w,.)
is non-increasing and 0(e, 3, w,.) is neutral with respect to 7 foralle,3, w in Z.

In this manuscript, we suppose that lim P(e,3, w,7) =1, lim N(¢,3, w,7) =0, and lim 0(e,3,w,7) =0,
n—oo n—oo n-o0o

for all n € N.
Lemma 4.2: Suppose that (Z,P,N,0,x,A) be a NAGNMS. Let {3,} be a sequence in Z, where * is a
continuous t-norm, A is a continuous t-conorm satisfying 7 * 7 = 7, and (1 — 7)A(1 — 1) <1-7,
for all T € [0,1]. If there exists 7> 0, and ¢ € @, and Y € ¥, such that

PGt 3n+2:3n420) = O(PGrdnsts3ne1, D),

NGui1r3ns2 3420 < W(NGr o 3ns1s 3041, ),
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0(3n+1' In+2r In+2) T) < 1!’(0 (311 » 3n+1s In+1 T))'
n €N, then{3,}, isaCSin .

Proof: If we define

L= P(3n+1l Fn+20 3n+2s T)'
Pn = N(3n+1; n+20 In+2s T):
and

an = 0(3n+1! Bn+20 3n+2s T);
then
Ty 2 ¢(rn—1) > Th—1, (1)
Pr £ (Pn-1) <Ppog, (2)
In < (Gno1) <auog, 3)
Accordingly, the sequences 7;,, tends toalimit r <1 and represents an increasing sequence of positive
real numbers in [0,1]. In our contention that r = 1. We obtain r > ¢(x) >, if r <1, on taking n -
oo in (1), (2) and (3), which is a contradiction. Therefore r = 1. Hence, the sequence {p,},{g,} € [0,1]
are non-increasing sequences of positive real numbers and tends to a limit p,q = 0. We claim thatp,q =
0.If p,g > 1, on taking n— o in (1), (2) and (3) we get p <P(p) <p and q < YP(q) < g, which is
contradiction. So, p,q = 0. Therefore, for some positive integers p,q, we obtain,
P(3n' Bn+pr In+pr T) = PGB 3n+1s 341, T) * o0 % P(3n+p—1'3n+p' 3n+p'T)J
N(3w Bn+ps Jn+ps T) S NGuwdnt1r3ns, DA - A N(3n+p—1' 3n+ps n+p T):
0(311: Bn+pr In+pr T) < 0GB 3ns1s 3, DA - A 0(3n+p—1'3n+p' 3n+plT)'
as n — o, we have

gl_)rgj P(3nr Bn+p r Jntps T) =1
T11—>r§0 N (o 3rtp 3t T) = 0,

111—{90 0(3n' Bn+p s n+py T) = 0.

Hence, {3,} isa CS.
Definition 4.4: Suppose that (Z,P,N,0,,A) issaid tobea NAGNMS and a self-mapping T : £ = £ has
FPset {(T) # @. If {(T™) = {(T), so, T has property P foreach n € N.
Definition 4.5: Suppose that (£,P,N,0,x,A) be a NAGNMS and T,S:Z - £ be two self-mappings
with {(§) N {(T) # ¥.Hence, T and S have property Qif {(S™) n{(T™) = {(S) N {(T), foreach n € N.
Theorem 4.1: Assume (=,P,N,*,A) is said to be a NAGNMS with 7 > 7, and (1 — 1)A(1— 1) <
(1 — 7). Suppose Z,Y:E — E are two mappings fulfill below conditions for all ¢,3,w € %,
P(Ze,23,2w,7) = ¢(P(Ye, Y3, Yw, 1)), (3)
N(Ze, 23, w,7) < P(N(Ye, Y3, Yw, 1)), (4)
0e23,2w,1) < 1/)(0(Ye, Y3 Yo, T)), (5)
Where, ¢ €D, e ¥,7>0. If X(X) cY(£), is a subspace of Z which is complete. Therefore, the
coincident in £ of X and Y is unique. Furthermore, if ¥ and Y are semi-complete, then ¥ and Y
have a unique FP.
Proof: Suppose that e, € Z be any arbitrary point. Since X(Z) c Y(Z), so we choose a point ¢; in Z
such that ¥ (¢g) = Y(e;). By continuing this process, we select e, € Z, we can find e,,; € Z, then
3n=2e,=Ye, 1. n=0,1,2,--- (6)
we prove that the sequence {3,} is a CS. So, by (3), (4) and (5) we have

Khaleel Ahmad, Umar Ishtiaq, Metrizability of Topology, Precompactness and Semi-Compatibal Mappings in Neutrosophic Metric
Spaces



Neutrosophic Sets and Systems, Vol. 95, 2026 10

PG 3n+1r3n+1, T) = P(Zey, Zepiq, Xewyq, T)
= d)(P(Yen' Yen+1J Yen+1' T)) = ¢(P(3n—1' 3n' 3n: ’l')),
NG 3ns13n+1,T) = N(Zey, Zengq, Xegyr, T)
< P(NYey, Yeurr, Yener, ©)) = Y(NGuots 330 7))
O 3ns13n+1,T) = 0(Zey, Zepyq, Zeqyr, T)
< ¢(0(Yen, Yen+1JYen+1JT)) = 1/’(0(311—1;371» 3 T))-
Then, Lemma (4.2), {3,} isaCS. Which implies that the sequence {Ye,} isaCS.Now Y (&) iscomplete,
so there exists u € Y' (&), we obtain

lim3, = limXe, = lim Ye, = u.

n— oo n— 0o n—oo

For u € Y(Z), so there exists p € £ then Yp = u. Suppose that Zp # u. From (3), (4), and (5), we get
P(Xe, 2p, 2p,7) = (;b(P(Yen, Yp, Yy, ‘L')),
as n — oo, we get
P, 2p,2p,7) = ¢(P(Yp,Yp,Yp, 7)) = ¢p(1) = 1.
Which implies that P(u, 2p, 2p,7) = 1, and
N(Zey, Zp,2p,7) < P(N(Ye, Yp,Yp,1)),
as n — o, we get
N, 2p,2p,7) < Yp(N(¥p,Yp,Yp, 7)) = ¢(0) = 0.
This implies that N(u, 2p,2p,7) = 0, and
0Zey, 2p, 2p,T) < 1,[)(0 (Ye,, Yp,Yp, T)),
as n— o, we get
0w, 2p,2p,7) < Pp(0(¥p,Yp,Yp,7)) = ¥(0) = 0.
This implies that O(u, Zp,Xp,7) = 0. Which is contradiction, since Zp # u. Thus, Zp =Yp = u. Then,
2 and Y has CP whichis p. We will prove that ¥ and ¥ have unique CP. Suppose q € Z, is another
CPof2 and Y, then Xq =Yq. If Zp # Xq, we have
P(Zq,Zp,2p,7) 2 $(P(Yq,Yp,Yp, 7)) = ¢(P(Zq,Zp, 2p, 7)) > P(Zq, Zp, £p, 1),
N(Zq,2p,Zp,7) < Y(NYa,Yp, YD, 7)) = Y(N(Zq, Zp, £p, 7)) < N(Zq, Zp, Zp, 7),
0(Za,2p,2p,7) Y0¥ q,Yp,Yp, 1) = P(0(Zq,Zp, Zp, 7)) < O(Zq, Zp, Zp, 7).
which is a contradiction. Hence Xp = Xq. Furthermore, by proposition 2.1 if ¥ and Y are semi-
compatible then have unique FP.
Corollary 4.1: Suppose that (£,P,N, 0,*,4) is said to be a NAGNMS witht*7 > 17, and (1 — 7)A(1 —
7) < (1 — 7). Suppose X: Z - £ a mapping which fulfill the below conditions for all ¢,3, w € Z,
P(Je, 23, 2w, T) = ¢(P(e, 3,w,r)),
N(Ze, 53, 20,7) < P(N(e,3 0,1)),
0(Ze,23,2w,7) < w(O(e, 3, W, T)).
where 7 >0, and ¢ € @, and € ¥.So, X has a unique FP.
Theorem 4.2: Assume that (£,P,N, 0,*,A) is called a NAGNMSwitht*t>1, and (1 — 7)A(1 — 1) <
(1 — 1).If the mappings X,Y:Z — Z satisfy either
P(Xe, 23, 2w, 1) = p(min{P(Ye, Xe, Ye, 1), P(Y3,Y3,23,7),PYw, 2w, 2w,17)}), (7)
N(Ze¢,23,2w,7) < Y(max{N(Ye, Xe, e, 7),N(¥3,Y3,23, 1), NYw, 2w, Xw,17)}), (8)
0(Ze, 23, 2w,7) < P(max{O(Ye, Le, Xe, 7),0(Y3,Y3,23,1),0Yw, 2w, 2w, 7)}), (9)
or
P(Xe,23,2w,T) = p(min{P(Ye,Ye, Xe, 1), P(Y3,Y3,23,7),PYw,Yw, 2w, 7)}), (10)
N(Ze, 23, 2w,7) < Y(max{N(Ye, Ve, Xe,7),N(¥3,Y3,237),NYw,Yw, 2w, 7)}), (11)

Khaleel Ahmad, Umar Ishtiaq, Metrizability of Topology, Precompactness and Semi-Compatibal Mappings in Neutrosophic Metric
Spaces



Neutrosophic Sets and Systems, Vol. 95, 2026 11

0(Ze, 23, 2w,7) < Y(max{O(Ye, Ve, Ze,7),0(Y3,Y3,23,17),0Yw,Yw, Zw,17)}), (12)
forall ¢,3,w € Z,where p €D, and Y € ¥, 7> 0.If X(£) c Y (&), and Y(e) is a complete subspace of
Zthan ¥ and Y have a unique CP in Z. Furthermore, if ¥ and Y are semi-compatible, then X and Y
have a unique common FP.
Proof: Let Y and Y fulfill the conditions (10), (11) and (12). Let ey be an arbitrary point in Z. Since
2(EZ) c Y (&), so we choose a point e; in Z such that X(ey) =Y (e;). By continuing this process, we
select any e, € £, then we can find e,.; € Z, therefore X(e,) =Y (e,4+1). Inductively, construct a
sequence {3,} in £ we have
3n = 2ey, =VYen 4, n=201-- (13)
we prove that the sequence {3,} is a CS. So, by (10), (11) and (12) we have
PGB dntdne1, T) = P(Zeg, Zenyy, Zyp, 1)
= d(min{P(Yey, Zey, Zen, 1), P(Yenyq, Zenyy, Xeny1, ), P(Venyy, Zeyyq, Xeqyr, 7)3)
= ¢ (Min{P Gn—1,3n 3w T PG 3nt 1, 3n+1 T PG 3nt 1301, DD,
NG 3nt1 31, T = N(Zeg, Zeyyq, Xgq, 1
< Y(max{N Ve, ey, Xeq, 1), N(Veqp1, Zentq, Zeny1, 1), N(Veyq, Zenyy, Zenyr, 13
< Y(max{N Gn-1, 3w 3n T NGw 3n+ 1 3n41 Ty NG 3nt 1 3ne 1, D,
OGr3nt+13ns1,T) = 0(Zey, g1, 2nsr, 1
< Y(max{O(Yey, Zey, Zeq, 1), O(Veqy1, Zeqyr, Xeny1, T), O(Vepy, Zenyr, Xegy1, 1Y)
< Y(Max{0Gn-1, 3w 3w 1) O G 3n+1, 3041 T O Gro 3410 3nk 15 DI
Thus, we obtain
PG 3n+1r3ne1, T = ¢(MIn{P Gro1, 30 30 Ty PGB 3ns 12 3ne 1)),
NG 3n+1:3n+1, T < YMax{N Gr—1, 3 3 T N G 3nv 1 3n41)3),
O G 3n+15 3041, T) < Y(Max{O0 Gn—1, 3w 3w 7)) O G 3ns 1 3ns1) -
Without loss of generality, suppose that 3, # 3,41, for each n. (If there exists an n such that 3, = 3,41,
So 3, =2e, =Ye,q = Xeyy1 = Ye,yp, which implies that, Ye,.; = Ye,;4. Then, X and ¥ have a CP.)
PGro3ns1 3041 T) = B(P G 3nt 1030415 T)) > PGros 3nt 103041, T,
NG 3nt1 3041, < YN G 3t 13041, D)) < NG Sntts 3nr1, T,
OQGu3n+1r3n+1,T) < 1/)(0(311; 3n+1f3n+1'7)) < OB 3n+1 3n41, T)-
By Lemma (4.1), which is a contradiction. Hence,
PG 3n+1r3n+1,T) = ¢(P(3n—1r3m 3 T)),
NG s 13041, T) < YN Gt 3030 ),
OGn 3n+1:3n+1,T) < ¢(0(3n—1'3n» 3 T))-
Thus, by Lemma (4.2), {3,}is a CS, which implies that this sequence {Ye,} is a CS. For, Y (%) is
complete, so there exists u € Y'(£) we have

lim 3, = lim Y ¢, = lim Ye, = u.

n—oo n—oo n—co

Since u € Y(&), so there exists p € Z, such that Yp = u. Assume that Yp # u. By (7), (8), and (9)
P(Xe, 2p, 2p,7) = p(min{P(Ye,, Xe,, Xe,, 1), P(Yp, Zp, 2p,7), P(Yp, 2p, 2p,7)}),
as n — oo, we get
P, Zp, 2p, 1) = p(min{P(u,u,u,7), P(1, Zp, 2p,7)})
> ¢(min{1, P(u,2p, Zp, T)}).
Now, if P(u,2p,2p,7) = ¢(1) = 1, Which implies that P(u, Zp, Zp, 1) = 1.
N(Ze,, 2p, 2p, 1) < Y(max{N(Ye, Ze,, Xe,, ), N¥p,2p, Zp, ), N¥Vp,Zp, 2p,7)}),

asn — oo, we get
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N, Zp, Zp,7) < Y(max{N(u,u,u,7), N, Zp, Zp,7)})
< Y(max{1,N(u,Zp, Zp,7)}).
Now, if N(u,Zp,2p,7) < ¢P(1) =1, this implies that N(u, Zp,Zp,7) = 0.
0(Ze,, 2p, 2p,7) < Y(max{O(Ye,, Ze,, Ze,, ), 0(Yp, 2p, 2p,7), 0(Yp, 2p, 2p, 7)}),
as n — o, we get
Oy, Zp, 2p,7) < Y(max{O(,u,u,7),0,2p, 2p,7)})
< Y(max{1,0, 2p,2p,17)}).
Now, ifO(u, Zp, 2p,7) < (1) = 1,this implies thatO(u, Zp,Zp,7) = 0, this is a contradiction, for p # u.
Then
P(u,2p,2p, 1) = ¢>(P(u, 2, 2p, ‘L')) > P(u,2p, Xp, 1),
N, Zp, 2p,7) < gb(N(u, 2p, 2p, T)) < N@,2Zp, 2Zp, 1),
o, 2p,2p, 1) < 1/)(0(11, 2p, 2p, T)) <0, 2Zp, 2y, 1).
which is absurd. Hence, Xp = u. Thus, Zp = Yp = u. Therefore 2 and ¥ has CP which is p. We satisfy
that X and ¥ have unique CP in Z. Letq € = is another CP of 2 and Y then Xq =Yq. If Xp # Xq, we
have
P(Zq,2p,2p,7) = ¢(min{P(Yq,Yq,Yq,7), P(Yq, Zp,2p,7), P(Vp, 2p, Zp, 7)})
> ¢p(min{P(Zq,2q, 2q,7), P(Zq,2p, 2p,7), P(Yp, Zp, 2p,1)}) = (1) = 1.
This implies that P(Zq, Zp,2p,7) = 1.
N(Zq,2Zp, Zp,7) < P(max{N(Yq,Yq,Yq,7), N(Yq,2p,2p,7), N(Yp, Zp, Zp, 7)})
< Y(max{N(2q,2q, 2q,7), N(Zq,Zp, Zp,7), N(V'p, Zp, Zp,1)}) < ¥(0) = 0.
This implies that N(Zq,Zp,Zp,7) = 0.
0(2q,2p,2p,7) < Pp(max{0(Yq,Yq,Yq,1),0(Yq,2p, 2p,7), 0(Y'p, Zp, 2p, )})
< P(max{0(Zq, Zq, 2q,7),0(Zq, Zp, Zp, 1), 0(Yp, Zp, Zp, 7)}) < ¥(0) = 0.
This implies that O(Zq,Zp,2p,7) =0. By Lemma (4.1), which is a contradiction as Xp # Xq.
Furthermore, if X~ and Y are semi-compatible, so ¥ and ¥ have common FP which is unique by
proposition 2.1.
Corollary 4.2: Suppose that (£,P,N,0,x,A) is called a complete NAGNMS space with tx7>71
and (1 — 7)A(1 — 1) < (1 — 7). If the mappings 2: Z - = satisfy for alle, 3, w € Z, either
P(Ze, 23, 2w,T) = ¢p(min{P (e, Xe, Xe,7),P(3,23,23,7), P(w, 2w, Xw,T)}),
P(Ze, 23, 2w, T) = ¢p(min{P(e,e,2e,7),P(3,3,23 7), P(w, w, Zw,T)}),
and
N(Ze 23, 2w,7) < Y(max{N (e, 2e,Xe,7),N(3,23,23,7), N(w, 2w, Xw,T)}),
N(Ze 23, 2w,7) < Y(max{N(e,e, e, 7),N(3,3 23 17), N(w, 0, 2w,1)}),
Similarly,
02, 23,2w,7) < Y(max{O(e, Xe, 2e, 7),0(3,23,23,17),0(w, 2w, 2w, T)}),
0(Ze, 23, 2w,7) < P(max{O(e,e 2e,17),0(3,3 23 1), 0(w,w, Zw,1)}).
Wheret >0, and ¢ € @, € ¥. Then X has a unique FP.
Example 4.2: Let (£,P,N,0,x,A) be a NAGNMS defined in the Example 4.1. Define X,Y:Z - £ as

follows: Je = %, and Ye = g, and define ¢: [0,1] = [0,1], as ¢(2) = Y(7) = V7.

Then all the conditions of Theorem 4.1 are satisfying. Furthermore, self-mappings 2 and Y are also
tulfill (3), (4) and (5) for all ¢,3,w € R, and X and Y have a common FP 0, which is unique.

5. Properties P and Q
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In this, we will discuss that properties P and Q are fulfill the circumstances of the Theorems 4.1, and
4.3 also satisfy Corollary 4.1.
Theorem 5.1: Two self-mappings 2 and ¥ have the property @, by the conditions of Theorem 4.1.
Proof: From Theorem 4.1, {(X' ) N {(Y) # ¢. Therefore, {(Z™" ) N {(Y™) # ¢, for each positive integer n.
Letn be a fixed positive integer greater than 1 and suppose that U € {(2™) N {(¥Y™). We claim thatu €
(Z)NI). Let uedE™)N{(™). Then, for any positive integers i,j,k,x,[,A, satisfying 0 <
i,j,t,k,,A <n, wehave

P(Z1Yi, 5, 52Y*0,7) 2 ¢ (P(Y (21 0), Y (511 ), Y (571 Fu), 7))
> ¢ (P(5I71y 4y, g1y iy, gAYy 7)),

N(EY i, 57, 2470, 7) < o (N(Y(510), Y (E51r), Y (5371 k), 7) )
< (N(Z1y Ty, 5ty iy, SR, 7)),

O(Z i, 5w, 24k 1) < (0(r (£ w), Y (551 ), Y (5271 ku), 7))

< (O(Zi_leﬂu, Srlyitly pA-lyk+ly T))

Define
§=_min _ P(ZVu, IV u 2k, 1),
0<i,,j,l,Aksn
§=_max N(ZWu IV 24k, 1),
0<i,r,j,l,Aksn
§=_max O(ZWu XV 5vku, ).
0<iy,j,lAdksn

where v > 0. Let 0 < § < 1, then by using the conditions (3), (4), and (5) § = ¢(6) > 5,6 < (8) < 6, this
is contradiction then § = 0. In particular, P(Zuw,u,u,7) =1, an PYuuu,t)=1,NZuwuur1) =0,
and N(Yu,u,u,7) =0, same as, O(Xu,u,u,7)=0, and O(uuut) =0, for each 7>0 and
hence ¥ u = Yu = u, which is implies that, u € {(¥) N {(¥). Then, Y and Y have property Q.

Example 5.1: Let £ =[0,1], with G-metric on £ defined by d(e,3, w) =|e—3|+[3— w|+ |w —e].
Denote a *b = ab, and aAb = min{1,a + b}, for all a,b € [0,1]. For all ¢,3,w € £, and 7 > 0, define G
on =3 x (0, ), as follows:

d(e3w)

T
P ) ) ) = )
(¢,3 w, 7) (T n 1)
1 \43w)
N P ) = ( ) )
(€3 ©7) T+1
T \dle3w)
O(e,a,a),r):l—(r_l_l) .

Then, (&,P,N,0,%xA) is a NAGNMS. Define X,Y:Z - £ as follows: 2e=§, and Ye=§, and

define ¢:[0,1] - [0,1], as ¢ (1) = Y(7) = .
Then all the conditions of Theorem 4.1 are satisfying. Furthermore, self-mappings 2 and Y are also
tulfill (3), (4), and (5) for all¢,3, w € R, and 2 and ¥ have common FP 0, which is unique
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{(Z)ni(r)=0+¢, (14)

and

4P 2<2 . 2(0)) n¢ly Y(Y o Y(O)) =0 ¢. (15)
n—timei n—timei

Then, from (14) and (15) {(Z ) N {(¥Y) ={(E™) N (™). Hence X and Y have property Q.
Corollary 5.1: A mapping X has the property P, by the conditions of Corollary 4.1.
Theorem 5.2: Two self-mappings ¥ and ¥ have the property Q, by the conditions of Theorem 4.2.
Proof: By Theorem 4.2, {(Z) N{(Y) # @. Therefore, {(Z")NJ(¥Y™) # @, for each positive integer n.
Letn be a fixed positive integer greater than 1 and suppose that U € {(Z™" ) N {(¥Y™). We claim thatu €
((Z)NLY).Letue (™) Nn¢(¥™). Then, for positive integers i, j, 1,1, 4, k, satisfying 0 < i,v,j,,4, k <n,
we have

P(Y(2-ty/u), (2 u), 2 (2 Y ), 1),

P(ZY', 2V, 2%, 1) = ¢ | ming P(Y(Z¥ 1Y 'u), Z(Z% Yh), (271 ), 1), ¢ |,
P(Y (2 1vku), 2(ZA-1yku), 2 (24 1v k), 1),

P((1+1), (7 n), (57w) ),
> ¢| min{ P ((ZrH), (577N, (57 ), 1), ¢ |
P ((E4 1), (537ku), (24r*u), 7)),
N (Zu), 2(Z7 ), 2(Z51Y ), 1),

N(Zh, 2V, 22vR, 1) < 9 max< N(Y(27l), Z2(27vh), 2(27 Yt),7), ¢ |,
N(Y(2Av*u), (2471 k), 2 (241 ku), 1),

( (N (), (57), (57w), 1), ) \
<| max{ N (), (5, (57 ) ), ¢
N ((Z 1), (s3rku), (54rku), 7),
oY (2-1yu), (2 u), (271 ), 1),
0(Zrhy, 2V, YR, 1) < ¢ | max{ O(Y (27 1riu), Z(Z7 ), Z2(27 ), 1), ¢ ),
oy (24 vku), (24 vku), (24 1r*u), 1),
(0 ((F1r/*1), (51/w), (51 u),7), )
<| max{ o (), (57), (Z7M), 1),
0 ((z21r*+ 1), (47*), (547*u), 7)),

Define,
§= _min  P(ZVu,XVu 2k, 1),
0<i,zr,j,l,Aksn
§=_max N(ZWu IV 2k, 1),
0<ix,j,lAdksn
§=_max O(ZWurviu rvku, 1),
0<i,r,j,l,Aksn
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wheret > 0. Let 0 < 6 < 1, by (7), (8), and (9), we have

§ = ¢p(min{s, ,8}) = ¢p(5) > 4,

6 < yY(max{6,6,6}) = () < 4.
This is a contradiction and then § =1. In particular, P(X u,u,u,7) =1, and P(Yuuur7) =1,
N(Cu,u,u,7) = 0,and N(Yu,u,u,7) =0, O(Zu,u,u,7) = 0,and O(Yu,u,u,7) =0, for each7 > 0, so, Ju =
Yu = u, implies that, u € {(X ) N {(Y). Hence X and ¥ have property Q.
Corollary 5.2: A mapping 2~ has the property P, by the conditions of Corollary 4.2.

6. Conclusions

In this work, we established the metrizability of the topology produced by any neutrosophic metric
space. Further, we examined that the resulting topology is CM if the neutrosophic metric space is com-
plete and that a neutrosophic metric space is precompact if and only if each sequence has a Cauchy
subsequence. Furthermore, we introduced the concept of NAGNMS and proved several the FP results
in this new introduced setting. This work is extendable in the setting of orthogonal NAGNMS, non-
Archimedean generalized neutrosophic metric like spaces, non-Archimedean generalized neutrosophic

partial metric spaces and many others.
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