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Abstract. This paper introduces the concept of a prefilter on the collection of neutrosophic sets. The charac-
teristic set and characteristic value of prefilters are introduced and their fundamental properties are explored.
The relationships between filters and prefilters are examined, with particular emphasis on how ultrafilters cor-
respond to maximal filters via specific mappings such as ix and wx Additionally, the concept of prime prefilters
are defined and their basic properties are studied. The compatibility between filters and prefilters is also dis-

cussed.
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1. Introduction

Neutrosophic sets, introduced by Florentin Smarandache in 1998 [2], are a generalization
of the classical and fuzzy set theories. Unlike classical set theories where an element either
belongs to a set or does not, neutrosophic sets allow for the representation of truth (T'), indeter-
minacy (I), and falsity (F) as independent components. These components are not necessarily
complementary, allowing for a more flexible representation of uncertain, inconsistent, and im-
precise information. In mathematical terms, a single valued neutrosophic set N in a universe
X is characterized by a truth, indeterminacy, falsity membership function for each element in
the universe. The values of these functions range independently within the interval [0, 1].

Neutrosophic filters extend the notion of filters in classical set theory and fuzzy set theory
to the neutrosophic context. R. Lowen introduced the concept of prefilters in fuzzy set the-
ory in his paper [3]. Also discussed the characterisation of maximal prefilter. In addition he

defined the convergence in fuzzy topological spaces. A neutrosophic filter is a special type of
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neutrosophic set that satisfies certain properties in relation to neutrosophic operations and is
used to generalize classical notions of ideal and prime filters.

In this paper we defined prefilter on X which is the collection of neutrosophic sets. Charac-
teristic set and characteristic value of prefilters are defined and their properties are analysed.
The filters on X are related to prefilters on X and ultrafilters are related to maximal filters
through ix and wg mappings. In addition the prime prefilters are defined and basic proper-
ties related to prime prefilters are analysed. Also the compatibility between the filters and

prefilters on X are analysed.

2. Preliminaries
In this section basic definitions related to neutrosophic sets and filters are provided.

Definition 2.1. [2] A neutrosophic set N for an universe X is defined as N =
{{z,In(z), In(x), FN(z)) : © € X}, where Ty, In, Fn denotes the truth, indeterminacy and
falsity membership functions respectively from X to (07,17) such that 0~ < sup7n(z) +
sup In(x) + sup Fy(z) < 31, The set of all neutrosophic set over X is denoted by N (X).

Definition 2.2. [5] A single valued neutrosophic set is a neutrosophic set in which the truth,
indeterminacy and falsity membership functions are Ty, In, Fn respectively, and they are from
X to [0,1].

Definition 2.3. [5] Let Ny, Ny € NV(X). Then
Ni UNg = {<$,TN1(.Q?) ATNQ(x),INI(x) A INQ(Z'),FNI(w) V FNQ(.CE)) X € X},
N1 NNy = {<$,TN1((IZ) V TN2(a;),IN1 (33) V INZ(x),FNl (a;) AN FN2(QZ)> T e X}
If Tn, () < Ty (), Ing (2) < Iny (), Fn, () > F,(z) for all z € X, then N; is a neutrosophic

subset of No and is denoted by Ni C N»

Definition 2.4. [4] If Tn(z) = 1, In(z) = 0, En(2) = 0 for all z € X Then N is the neutrosophic

universal set and is denoted by 1y

Definition 2.5. [4] If Tn(z) = 0, In(z) = 1, Fn(z) = 1 for all z € X Then N is the neutrosophic
empty set and is denoted by Oy

Definition 2.6. [1] A filter .# on a set X is the subsets of X such that
(1) Ae #,forall BC X, AC B then B e .Z.
(2) A,B€.Z then ANB € #.
3) V¢ 7.

Definition 2.7. [1] An ultrafilter % on a set X is a filter such that there is no filter on X
which is strictly finer than .%.
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3. Characteristic set of a prefilter

This section focuses on the concept of a prefilter, including its characteristic set, value, and
properties. The relationship between a filter on X and a prefilter on X is explored, and their
respective properties are analyzed. Throughout the paper neutrosophic set is a single valued

neutrosophic set.

Definition 3.1. A subset § of N'(X) is a prefilter iff § # () such that

(1) for all Ny, No € §, N 1N No € §
(2) if No © N; and N; € 3 then Ny € §
(3) On ¢ 3.

Definition 3.2. A subset G of N(X) is a base for a prefilter iff G # ()

(1) for all Ny, Ng € G there exists N3 € G such that N3 € Ny N No.
(2) On ¢ G.

The prefilter § generated by G is defined as § = {N; : 3 N2 € G 5 N; D Na} and is denoted
by (G).

A subset G of § is a base for § <= for all N; € § there exists Ng € G such that Ny D Ns.

A subset H of N(X) is called a generating family or subbase for a prefilter iff the family of
finite lower bounds of members of H is a base for this prefilter. The prefilter generated by a
subbase H is denoted by (H).

Definition 3.3. A prefilter § is called a prime filter iff for any Ni,Ny € N(X) such that
N1 UNs € §, then either Ny € § or Ny € .

For N € N'(X), N is a prefilter generated by the neutrosophic set N (i.e.,)
N={N:N DN}

For N € N(X) and characteristic value a = (aq,as, a3)
No= (In, (), In,(2), FNn,(2)) x,2 € X where Ty, () = Tn(x) + a1 In,(z) = In(2) + a2,
Fn, () = Fn(x) + as. Similarly

N, N1y = {Nb N 1|\|‘ TNb(aZ) > TN(ZL‘) + a1,
In, (z) > In(z) + a2,

P, (z) < Fn(z) + a3}
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Let § is a prefilter and N be a neutrosophic set

NG ={a=(a1,az,a3) YN €F Iz eX >
Ty (z) > Tn(z) + ar,
Iy (x) > In() + ag,
Fy (z) < Fn(x) + a3}
and this subset is called a characteristic set of § with respect to N. The characteristic value
cN(F) of § with respect to N is (sup ay, sup ag, inf a3).

Let a set A = {a1,a2,a3} is a characteristic set <= either A = () or for a;,i € 1,2,3 is one

of the following set {0}, [0,c¢) for c € I,[0,c| for c € I'\ {1}.

W(X) = set of all prefilters.
WN(X) = {F e W(X): CV(F) # 0.}
WY(X) = {§ € W(X) : N(F) >0}
W (X) = {§ € W(X) : CN(3) = K}

where K is some non empty characteristic set. A member of Wh-(X) will be called K —prefilter.

Proposition 3.4. Let N be a neutrosophic set.

(1) If £ is a family of prefilters, then CN(?ﬂLS) = @ULCN(S)
RS S
(2) If £ is a family of prefilters such that SUES 18 a subbase for some prefilter then
€
AN(uF)=ncN
(U8 = 0,0MG)

Proof. 1. ForalGe L, NFCG
FeL

NN F o uchE).

SeL Fel

Suppose conversely a € I x I x I\ SULCN(%') then for all § € £ there exists N € § such that
€

Ty () < min{Tn(z) + a1, 1},
Iy () < min{In(z) + a2, 1},
Fy () > max{Fn(x) + a3,0}
and consequently for all § € £ such that N, N1y € § or § € L such that N, N1y C gﬁﬁ&.
€

Since trivially CN(N; N 1n) € ([0, a1), [0, az2), (a3, 1]), thus a ¢ CN(Sﬂl:&’).
€

2. The proof is similar to statement 1.
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This section mainly deals with the characteristic set and value of prefilter with respect to
On-
F(X) denotes the set of all filters on X. Let K be a non empty characteristic set, then the

following mappings can be defined

F = {N:V k= (k1, ko, k3) € K, (Tyy ' (k1, 1], Iy  (k2, 1], Fiy 1[0, k3)) € F}

iK: U W(X) = F(X)
KcK'

§ = (T (kb 10, I8 (k2 1], F M0, k) VN € §, k= (ka, ko, ks) € K}

Proposition 3.5. Let K, K’ be two characteristic sets such that K' C K, then for all & €
F(X)

(i) wg(F) Cw f(f)

(i) iy o wi (F) =

and for all § € U Wy,
K'>K

(iif) ik () 2 i (3)
(iv) wpr 0ig(F) O -

Furthermore the mappings wx and ix are order preserving.

Proof. Given K' € K, wg(F) = {N : YV k € K(Ty (b, 1), I3 (ko 1), FM0, k3)) € F ).
let N € w(F) = ¥V k € K(Ty'(k1,1], Iy (k2,1), Fy'[0,k3)) € F Since K' C K,
V k€ K(Ty ki, 1], Iy  (k2, 1], Fy'[0,k3)) € F = N € wy (%) From the definition of

)
wg and i, its clear that i owg (F) = Z. g

As WI(X) is inductive, for any neutrosophic set N. Then by Zorn’s lemma there exist
maximal elements, which is called as maximal K-prefilters. Now if § is a maximal K —prefilter

then since w, o ig(F) is also a K—prefilter it follows from Proposition iv) that § =

U)K/ e} ZK(S)

Definition 3.6. For a subset A of X, the characteristic function Xﬁ X > IxIx1Tisa
neutrosophic set in X such that x(z) = (T} (z), I (v), F{'(x)), where

Ti' - X = [0,1] such that

1Vee A
0V x e AC

T () =
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i : X = [0,1] such that
I{j(z)=1YzeX
F{' - X = [0,1] such that

OVeeA
1V x e A°

Theorem 3.7. If % is an ultrafilter on X, then wx (%) is a mazimal K—prefilter, and if §
is a prime prefilter then for all characteristic sets K C C(§), ix(§) is an ultrafilter on X.

Proof. Let % be an ultrafilter on X and let § € Wg(X) be a maximal K—prefilter, finer
than wg(%). Then ig(F) D ix o wg (%) = % and thus ix(F) = % . Since § is maximal,
§=wk oig(F) = wr(%).

Let § be a prime prefilter and let A C X. Then X,'X U Xﬂc =1y € § and X,'X € §. Since always
On € K, A = ([T{1740,1], [I{171(0,1], [F{]710,1)) € ix(F) which shows that i () is an
ultrafilter on X.

Theorem 3.8. If § is a mazimal K—filter, then it is a prime prefilter.

Proof. If § € Wi (X) is a maximal then ik (F) is ultrafilter. Let % be an ultrafilter on X finer
than ix (§) then wi ((U)) D wk oig(F) = § and since wi ((U)) = §. This in turn implies that
(U) =ig ocwr((U)) = ik(F). Let N1, N2 be a neutrosophic set such that N; U Ny € §, then
for all k € K ( N UNg<k17 ] N1UN2(k2’ ] N1UN2[O kg)) S ’LK(g)

If K is of the form ([0, ko, ], [0, ko, ], [kos, 1]) it suffices to remark that for instance (T,\Tl1 (ko,, 1],
Iy (koy, 1), Fiy [0, ko, )) € ik () and since for all k = (k1, ko, k3), ko = (Ko, , ko, ko, ), such that
kl < k017 k2 < k027 k3 > k037 ( _1(k017 ] Ilqll(k()zal]a F]\Tll[07 kOg)) C (Tﬁll(klul]a IN_ll(k271]7
F 0, k3)), thus (Ty (k1 1], Iy (k2, 1], F M0, k3)) € ix(3) for all k € K.

If K is of the form ([0, ko, ), [0, ko,), (k03, 1]), choose a sequence (kp,)n,en Of increasing
numbers in [0, ko, ), (kn, )nyen of increasing numbers in [0, ko, ), (kng )nsen of decreasing numbers
in (ko,, 1], such that sup,, ey kny = ko, s SUD,,en kny = Koy, inf;en kny = kos. Then for all n; €
N either (TI\Tll(knla 1]a Il\TII (kn27 1]7 Fl\Tll [07 kns)) € ZK(S) or (Tl\T;(knlv 1]7 Ilggl(knm 1]7 F'\T21 [07 kns))
€ ik (F). Thus there exists a subsequence (k?;“)meN of (kn,)nsen, (k‘;mz)nzeN of (kny)nyen,

(Fpg)nzen Of (Kng)nzen such that for all n; € N, (T ! (ky,,, 1, Iy (b, 1, N0, k) € ik (3).
For any k = (ki,ke,ks3), € K choose n; € N such that k3 < knl,k2 < k’n2,/€3 < k:nd,
(TI\Tll(k;zpl]v Ilqll(k:n,yl]v N1 [kané)) C ( Ny (klv L N1 (kQa }7 N1 [0’ k3))’ thus ( Ny (klv ]7

I,\_Ill(kzg, 1], Fl\Tll [0,k3)) € ix(F). Consequently in either case N; € wg oix(§F) = § which proves
that § is a prime prefilter.
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Corollary 3.9. If % is an ultrafilter on X, then for all nonempty characteristic sets K, wi (%)

is a prime filter.

4. Compatibility of filter and prefilter

In analogy with filters on X one might think that every K —filter is equal to the intersection
of the family of maximal K —prefilters which are finer. Yet this is not the case as is shown by

the following counterexample. Let X be arbitrary and let

Z(F) = {B : P maximal K-prefilter finer than F}

Z(G) = {P : P maximal K-prefilter finer than G}

Clearly Z(F) D #(G). But if B € Z(F), then P = wg 0 ix(P) D wg 0 ix(F) = G so that
B € Z(G). Consequently Z(F) = Z(G).
Let Z(F) be the set of all prime prefilters finer than § € W(X.) Hence

§= (1 ¢

Ge2(3)

But as we shall see further on Z(F) is too large a set for our purposes. The following propo-
sition shows that we can extract a subset of Z?(§) which still contains all the relevant infor-

mation.

Proposition 4.1. The set P (F) is inductive in the sense that every descending chain of

prefilters in it has a lower bound.

Proof. Let Z C Z(F) be a descending chain. Consider Gy = ggﬂg. Then clearly Gy D §.
Next, if N7 U Ng € Gy, then either for all G € Z we have N1 € G and thus Ny € Gy and we are
done, or there exists some G € #Z such that N; ¢ G. Then since N; UNg € G the latter implies
that No € B for all P € Z such that P O G. And if P € Z such that B, then since No ¢ P
we must again have Ny € . Thus Ny € Gy.

It now follows from Zorn’s theorem that there exist minimal elements in Z(§). We denote
the family of minimal elements in & (F) by 2, (F). It then also follows at once that we still
have

= ) 9
GEPm (F)
In order to characterize these minimal prime prefilters in £, (§) in a more tangible way we

need the following concept.
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Definition 4.2. A filter .Z on X and a prefilter § are said to be compatible iff for all F' € .#
and N € §, N does not vanish everywhere on F.

We shall use the notation

Ny X = IxIxT:az— (Ty(z),In(z), Fn(z) ifz e F
—OyifzgF

Then since for all N,N' € § and F',G’ € .Z, NF/,N/C;, =(Nn N/)F'QG' it is clear that if .#

and § are compatible then
(3,7)=({Np N3 F e F})
is a prefilter.

Theorem 4.3. Let § be a prefilter. Then

P (§) =A@, %) : % ultrafilter on X and compatible with §}

Proof. Let % be an ultrafilter on X compatible with §. To show that (§, %) is prime let N, No
be neutrosophic sets such that Ny UNg € (§, %) then there exist N € § and U € % such that
N; UNg > Ny. Let then A = {x : Ty, (z) > T, (2), In, (x) > Ing (2), Fn, (z) < Fng (2)} and
B = {z : Tn,(x) > T, (2), Iny () > Ing (2), Fny () < Fng(2)}. Since AUB =X, A e %.
Then since Ny D N, this implies that N; € (§,%). Consequently (§,% ) is prime. To show
that it is minimal let G € Z(§F) be such that (§F, %) D G D § and suppose that there exists
N € § and U € % such that Ny ¢ G.

Then since N € G and G is prime, Nye € G and thus Nye € (§,%) which is impossible.
Consequently (§,% ) is minimal and thus (§,%) € Zn(§). To show the converse let G €
P (F). Consider the characteristic set K = C(G) of G. It follows from Theorem that
ir(G) is an ultrafilter on X. And it is trivial that § is compatible with ix(G). Now since
Pn(G) = {G} it follows from the first part of the theorem that (G,ix(G)) = G. Since P C G
it follows that

FC(8,ix(9)) C (G,ik(G)) =G.
Since (F,ix(9)) is prime, we have G = (F,ix(G)) 0o
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