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Abstract:

This research presents an innovative concept known as the Neutrosophic ¥ —@ group
operating on fuzzy subsets, extending the traditional algebraic framework to include elements of
fuzziness and neutrosophy. The study defines the structure and algebraic properties of

Neutrosophic = — ¢ group operating fuzzy subgroups, highlighting how these subsets behave
under group operations influenced by uncertainty and indeterminacy. Several foundational
algebraic characteristics are discussed, including closure, associativity, identity, and inverses within
this specialized fuzzy context. In addition, the notion of homomorphisms is incorporated by
examining how fuzzy subgroups within the Neutrosophic =—e group behave under
structure-preserving mappings. Specifically, we analyze the homomorphic image and preimage of
these subgroups, establishing essential results that contribute to understanding their structural
consistency and transformation properties. Furthermore, the concept of the direct product of
Neutrosophic « — o group operating fuzzy subgroups is introduced. We demonstrate that the
direct product maintains the integrity of the fuzzy subgroup structure, preserving its key features
across multiple components. This idea is not only applied to the direct product of two such
subgroups but is also extended to a finite number of them, reinforcing the robustness and
generalizability of the model. These developments open new avenues in fuzzy algebra and
Neutrosophic logic-based group theory.
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1. Introduction

In 1994, Ajmal [1] introduced a novel notation for group homomorphisms, the
correspondence theorem, and fuzzy quotient groups. Mordeson created Fuzzy Group Theory in
2005 [6]. Mukherjee [7] developed fuzzy normal subgroups and cosets in 1984. Gupta [5] established
the new concept of Theory of T-norms and fuzzy inference methods in 1984. Das [4] introduced the
concept of fuzzy groups and level subgroups in 1981. Khare S S[3] introduced the concept of Fuzzy
Homomorphism and Algebraic Structures in 1993. Sherwood H [2] established the concept of fuzzy
groups in 1979. Rosenfeld A [9] was first suggested by Fuzzy Groups in 1971. Ismai et.al.[8],
introduced the concept of  _ g _Fuzzy Orders Relative to x — @ —Fuzzy Subgroups and Cyclic
group on various fundamental aspects in 2020. In 2016, Abdul Salam[10] described a new notation
for a group acting on a fuzzy algebraic structure. Sherwood H [2] established the concept of fuzzy
groups in 1979. Dragan Pamucar et.al.[12] introduces the concept of Neutrosophic fuzzy set and its
application in decision making in 2020. In 2018, Thiruveni[l4], described the notation of
Neutrosophic Q-Fuzzy Subgroups. Yager R R [15] Pioneered Fuzzy Sets and Possibility Theory in
1982. Tarnauceanu[13] introduced the concept of classifying fuzzy normal subgroups of finite
groups in 2015. Zadeh [16] introduced fuzzy sets for the first time in 1965. Nagarajan [11] introduced
the concept of a novel structure and constructed Q-fuzzy groups in 2009.

This research introduces the Neutrosophic x — o group operating on fuzzy subsets,
extending classical algebraic structures to encompass fuzziness and indeterminacy. And defines the
structure and algebraic properties of Neutrosophic i — o group operating fuzzy subgroups and
normal subgroups, highlighting how these subsets behave under group operations influenced by
uncertainty and indeterminacy. The study also explores homomorphisms, analyzing how fuzzy
subgroups behave under structure-preserving mappings, including their images and preimages.
Additionally, it presents the direct product of such fuzzy subgroups, proving that key structural
properties remain intact across multiple components. Extending this concept to finitely many
subgroups, the work enhances the generality and applicability of the model, offering valuable
insights into fuzzy algebra and Neutrosophic group theory.

2. Preliminaries

Definition 2.1[9]: Assume that, G is any group. If, &(ah) = {d(a)Ad(b)} and &(a~!)= a(a), then a

mapping @: G —[0,1] is a fuzzy group.
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Definition 2.2[11]: Let, G be a group and 0 be a set. Q fuzzy set is a mapping &:G x Q@ — [0,1] in
G. We define the set U(u;t) ={3€G/d(a0o)=t,qeQ} for each Q-fuzzy set & in G and
t € [0,1].

Definition 2.3[8]: Let, G and 0 be any two nonempty sets, with k € [0,1] and @ -FSb of a set G. The
fuzzy set ¢* of G, also known as the, k- Q -FSb of G, is defined as &*(#,q) = (&(6, ). x).
Definition 2.4[12]: A neutrosophic fuzzy set, & on the universe of discourse X characterized by a
truth membership function T,(3), an indeterminacy function I,(3) and a falsity membership
function Fy(a) is defined as a= [{q, Ty(a).14(a), Fy(a)}:a € X }, where Ty, I;,Fy:X —[0,1] and
0= T,(a) +1(a) + &(a) =3.

3. A New Constrain K — @ Group Operating on Neutrosophic Fuzzy Subgroup and Normal
Subgroup

Definition 3.1: Let G and 0 be any two non-empty sets, 'K € [0,1] and q € 0. Let @UK* is fuzzy
+ K _ = v K = 7 K
set on @ *(Gxs)x0—[01], for each set & = on § Thus the fuzzy set (@0 *) on
= A 7 K = 5 ~ 7 K 7
(Gx5)x0 as [(as5)& *(@*s5q)vVa€GseSandq€0}=& *(a+5q) =& *((@*5q).K)

be an K —Q group operating fuzzy set in G and 5. Then a Neu K — Q GOFSh w,** is G and Q

defined by
r - H - -
0= {@*5 98w, *@r5.9) =&, * (@59 K).T, *@r59)
=T, * (@*5.0). KL, * @rs.q) =1, * (@*5.9)K),F, " * (@509
=F,, * [:(QLAc ;,q),T{),VaLE Gs€Sandge }
Definition 3.2: Let G and O be any two non-empty sets, Ke[0,1] and g€ 0Q. Let
we¥#: (Gxs)x0—[01] be a NeuK—QGOFShb in G and S Then w,** is called

Neu X — Q GOFSG of G. If its following conditions
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() To,*@b+sq)={T, *(@a*sq) KT, *((h*sq),K)}
Lo, * @ #5.9) = (I, * (3% 5,90, KA, * (b 5,9).K)}
Fo,"* (@b *5,.9) < {F,, * ((@*5,.9). K)VE,, + ((b *5.9).K)}
(i) T, *(@*'+s5.q) =T, *((a*5q).K)
I, *@t*s5q) =1, *((a*59).K)
Fo,**@ ™ *59) =F, *((a*59).K), Vah€Gg€Q5ESand K€ [01]
Theorem 3.3: Let wy¥ * be Neu K —Q GOFSb of G be a Neu K — Q GOFSG in G and §$ if and only
if T, * @t *s5.q) = {T,, * (@5 q). K)AT,, + ((b*5.9).K)} ,
I, 5 * (@™ *5.q) = {1, * ((@* 5.9). K)AL,, + ((h+5.9).K)} and

Fop @7+ 5,0) 2 {F, = ((ax5,9) KIAR,, * (b *5.9) K)}
Proof:
Let w,* = be Neu K — Q GOFSG of G operating on §.

Now,

() T, *(@b*s5q) ={T, *(@*s q)K)AT,, «((bh*s9).K)}
I, *(ah+s q) = {I,, *((a*s5q), K)AL, * ((b+sq),K)} and
E,,“* (@b *s.q) <{F, *((a*59). K)VE, =((b*s 9).K)}
(i) T, *@*'*s5.q) =T, *((a*5q).K)
I, *(@t*sq)=1, *((arsq).K) and

F,+@'*s5q)=F, *((a*5q).K), Vah€G g €,5 € Sand K€ [0,1].
And also,

e T, 5+ @ +5q) 2T, *(@*s59)K)AT, *((b+59) K)},

Loy * @71 5,) = {1y, * (% 5,0). KA, * ((+5,9).K)} and
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F,%+@™*5q) <{F, »((@*s5q), K)VE, *((b+*sq).K)}
Theorem 3.4: Let {wy®*;, ¥ #3,w,% #3, ..., ¥ %, } be NeuK —Q GOFSG of G operating on §.

Then wy® += UL, wy¥ #; is Neu K — Q GOFSG of G operating on S.
Proof:

Let {wg® =, wp® #5,w  #4, ..., wy™ #,, } be Neu K — 0 GOFSG of G operating on §.

Let wy® += UL, wy¥#,,¥a,h€G g€ 0,5€ 5 and Ke [0,1].
Then,

wp® *(ab™ *5,q) = Ui w* *; (ab™ * 5,q)

={@rsq), (Tug;jmuﬂxi(ab‘l . M)), (fug;l%ﬂx.(ab‘l . ;‘»q)), (Fug;l%ﬂxi(ab‘l . ;‘»q)) }
Now,

Tyn, w, (@7 +5,q) = maxT, x, (b *5.q)

> max {T & (a*s,q)\maxT,, x, (h*s, q)}
= max{T,,. ((a*s ), K)AT,,. ((§+5¢), K)}
= (maxT,,. ((a*5 q), K)AmaxT, . ((b*s q), K)}
= (T, o8 @ s DAT v, (0 5.0))

Iy ok, Q07! *5,q) = maal, %, (ab™" *5.q)
= max {!mﬂxgi (a*s q)A\maxl, x, (b=*s, q)}
= max{l,.((a* 5.9). K)A\l,.,((b*5.9).K)}
= {maxi, . ((a+ 5.9). K)A maxl, . (b +5.9). K)}
= {!ugzz Lo @ s N,k (b ;'»q)}

Fun ., (@7 #5.q) =minF, &, (ab™* *5.q)

< min {qumi(a* s,q)VminF,, x (b *s, q)}
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< min{F,. (@* 50, K)VF,,. ((h*59).K)}
= {minF, . (@=59). K)VminF, . ((h*5¢),K)}
= {Fugzlmuﬂxi(%* 5, q)VF, ;!zjmuﬂxi.ﬂ] * ,S:f?)}
Hence, wy®* *= UL, wy® #; isa Neu K —Q GOFSG of G operating on §.
Proposition 3.5: Let {wy® #;,wo® #5,wy® #4, ...,y ® %, } be Neu K —Q GOFSG of G operating on §.

Then wy® *= N, wy* #; is Neu K — Q GOFSG of G operating on 8.
Proof:

Let {awg® =, wp® #5,w ¥ #3, o, 0™ =, } be NeuK — Q GOFSG of G operating on §.

Let wy® *= N, w,**;,Va,h €Gq€0,s€Sand KE [0,1].
Then,

we* (@bt *5,9) = Nty *; (@b *5,9)

={@*sq), (Tngzlmuﬂﬁ(a@‘l * s,q)), (fnggiwuﬂﬁ(ab‘l * e‘»q)), (angwuﬁaiiatb‘l * s;q)) }
Now,

Trn .k, (@7 *5.9) = maxT, &, (ab™ *5.q)

= max {Tmuﬂ":‘ (a.*s.q)A\maxT,, x, (B=s5, fi)}
= max{T,, . ((a*s q) K)AT, ..((h+*5q) K)}
= (maxT,,_. (@a*s @) K)AmarT,,. ((+5 ). K))
(T o @ S DT, 5 (0*5.0)]

Inn ok, (@71 *s,q) =maal, % (@b *5.q)
= max {Imuﬂxi (a*5.q)Amaxl,, &, (h=s, q)}
= max{l,..((a5.9), KN, (b *s5,q).K)}

= {maxl, . ((a*s q), K)Amaxl, . ((h+5q) K)}
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= {Inr, wp, @ 5 O 5., (0 5,0))
Frn, wpke (07 *5,q) = minF,, «, (ab™ *5,q)
< min {F&,Uﬂxi(a* s, q)VminF, x, (b*s, q)}
< min{F,, ..(@a*5 ). K)VE, . ((h*s5q) K)}
= (minF, . (@5 9), K)VminF, . ((b+s5q),K)}
= {anzlmuﬂxi(&* $:OVFyr %, (b= $:fa’)}
H

#; isa Neu K —Q GOFSG of G operating on 8.

Ky nn
Hence, wy™ += Ny wg™ #;

Definition 3.6: Let w,*= be NeuK —0Q GOFSG of G is said to be NeuK —0Q GOFNSG of G
operating on $. If T, *+ (ah *5,q) = T, X » (b3 *5,9) = Ty, * ((ab * 5.9). K) = T, * ((ba* 5.9). K),
I, = @h*5.q) =1,,%*(ba+s5.9) =1, *(@b+59).K) =1, * ((ba*59).K),
Fo, X+ (@h*5q)=F,  +(ha*sq) =F, *((ab*5q).K) =F, *((ha*5q),K) and
Ty, *(@bat+5q) =T, *+(h*5q) =T, *((h+*s5q)K) ,
I, * @bt +5,9) =1, %+ (b*5q9) =1, +((B+59).K) ,
Fu, * (@ *5,.q) =F, "+ (h+s5q) =F,,* ((b+59).K), Vah€G g€ Q5 €Sand KE [01].
Definition 3.7: Let w,*# be Neu¥ —Q GOFSb of G operating on S. Let a,f,y € [0,1] with
a+ B +vy < 3. Then (a,B,¥) is K — Q group operating level subset of w,* + is defined by
(@0 Viapyy = {@*5.9). T, **(@*s.9) = a1, *(a*s,q) = fand F, *+(a*5q)<y; 3€G,q€
0,sESand Ke [0,1] }
Theorem 3.8: If w,¥ #isa Neu K — 0 GOFSG of G operatingon § and (a, f,¥) € [0,1] then (a, 8.y)

is K—Q group operating level subset (@™ *) (g, Of w™* is a Neu K —Q GOFSG of G, where
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Ty, *(e*sq)=al, *+(exsq)=fandF, *+(e+s5q) =y, where e is identity element of G

operating on § and g € Q and 'K € [0,1].

Proof:

Let wy® #isa Neu K — Q GOFSG of G operating on 8.

Since TMUK* (e*s,q)=a, ImUK* (e+s,q) =B and FMUK* (e*s5,q9) =v,e € (W *apy-
Therefore,

(w[‘lx *)(a,,t?,yj + {}

Let a,b € (wg® #) (g, and q € Q and K€ [0,1].
Then,

Tuo *(@rs5.q) 2al, *(@*sq)=fandF, X+ (@*5q) <y
Tuo *(B*s5,q) 2 al,*+(h+5q) =B andF, *+(h=s5q) <y
{1, ¥ @sONT, ¥« *sq}za {1, @*5. N, ¥+ (h*5.9)} = B and
(B, 5+ @*s5.QVE, *+(h=s.} <y
ST, @t *sq)=al, + @t +5q)=pf and F, *+ @ *59) <y
= (ah™ *5,9) € (W™ ey
= (@p® *)(a,py) isa NeuK —0Q GOFSG of G operating on §.
Theorem 3.9: If wy® *is a Neu X — Q GOFSb of G then w,®+ is a Neu X — Q GOFSG of G if and

only if (@™ *) g, isa NeuK —Q GOFSG of G for a, B,y € [0,1].
Proof:

Let a,h € (@o® *)(p,),9 € 0,5 € Sand K€ [0,1]

Let wy® = is Neu K — Q GOFSG of G.
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= T @ 5.0) = {{Tu, * (@ 5.0 KT, * (05,00 K)} L, (@bt 5.9) =

({10, * (@r 5. . BN, * (B 5.0, 1)}

) Fu ¥ e @t esq) < [+ (@r5.9) K)WVE, « ((a +5.9)K)}]

ST, @t sq)za I, @ 5,902  F, @ t*sq) <y

= (ab™ #5,q) € (Wg**)(z p,) isa NeuK —Q GOFSG of G operating on .

Theorem 3.10: Let w,* * is a Neu K —Q GOFSb of a group G operating on §. Then wy** is a

Neu X — Q GOFNSG of G operating on §if and only if (wy®*)(,g,, is a Neu K —Q GOFNSG of G

operating on §.

Proof:
Let wy® = bea Neu K —Q GOFNSG of G operating on §.

To, * (a7 *5.9) =T, * 0+ 5¢) =T, * (b*5.9).K) 2 a,

I, @bt rs,q) =1, X+ (b=59) =1, *((b*59).K) =B,

Fo,t*(@a ' +5q)=F,  *(+59) =F, *((b+59),K) <y, vah € Gand g € Q and K€ [0,1].
Hence, (wo®*)(sp,) isa Neu K —Q GOFNSG of G operating on .

4. A New Constrain of Homomorphism of Neutrosophic ¥ — @ Group Operating Fuzzy

Subgroup

Definition 4.1: Let ¥ and Q be the non-empty sets. Let G and G’ be any two groups. The function

B

Nw, *(Gx0)x8—- (G x0)xSissaid tobe K—0Q group operating homomorphism if

" (Gx0)xS— (G x0)xSisa K—0Q group operating homomorphism

O N,
() o, *@D*59) =R, * (@*50). KA, *(B+59).K)}, vabhet,ses and

g € 0 and Ke [0,1].
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Theorem 4.2: Let G and G' be any two groups and wy®

* be a K—0Q group operating
. = o . - = 7 -1 .
homomorphism of G onto G'. If w,X# is a NeuX —Q GOFSG of G' then Nwk  * (wo¥+) is a

Neu K — Q GOFSG of G.
Proof:
Let wy® = bea K — ( group operating fuzzy subgroup of G' operating on §.

By definition,

ﬁwuﬁ 1. (wo-l( *) ={ [:T K, ] ﬁmu e [:fmux *)’ﬁmuﬁ_l* (quk *] }

Let ah € G,s€Sand g € Q0 and K€ [0,1]

We have,

5 -1 _ 7 _
Rt * (Tu )@ #5,9) = T, ¥+ (A, « = (@b +5,9))
=T

o * k(x5 QAT 5+ (571 *5,9))
Since, 7 WX *isa K— Q group operating homomorphism.
E{TMU" ( x*(axs, q))f\T K. (nm kx (g7t s, q))}
2 (T, %% (u, * (@* 5, 0).K) ) AT, > (R * (07 5.0).K) )}
= Ao (T )@ s )) A s~ (T, * )b+ 5.0))}
At (g * ) @™ #5,0) = 1, (A x * @071 +5.9))
=1, (M gx = @* 5. O, x* (57 + 5,9)}
Since, 7 WX *isa K— Q group operating homomorphism.

E{I%K ( ﬂ*(wsq))mmux (nmﬂ*(lg 1*53))}

I

(1a,® (R * (@* 5.0 K) ) AL, S # (R = (071 5.00.) )}

(o ((ap* )@ 5.0) Mg * (Lo, ) b+ 5.0)) -
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-1 - ¥ -
Nwk (FMUK*)(QJJ tesq) = FMUK* (T]muﬂ *(ah™ ,Srq))

= Fu,* *(yx* (@*5. 0V, x* (07" #5,9)}

Since, 1 w & * Isa K— 0 group operating homomorphism.

1A

(Fug ™ (Rupc @2 5. D) VEL S (Ryx » 07 +5.0))

{FQUK* (ﬁwu ® [:(aL»t 5.q), K))VF‘@DK* (nmg * (([3—1 *5,q), "[{))}

1A

= (o ((Fo* D@5 )i+ (¥ )5 0))}
Hence, ﬁ%x_l # (wy®#) isa Neu K —Q GOFSG of G.
Note 4.3: Let a,h € and i is any positive integer. If a <h then operating fuzzy subgroup of G.
(i) (arsq)<(hxsq)
(i) (@500 5 D) = (@ 5DAb*50))
(i) (@ 5.0V@ *5, D) = (@ 5.0V +5,0))
Theorem 4.4: Let woX * is a Neu ¥ — Q GOFSG of G. Then

i

. i i o .
(wp*#)" = {(aL* 5.0, (Tu X+ @ 5.0)  (Tof * @*5.0)) L (R X+ (a*5.9)) Va€G,sedand g €

0and Ke [0,1]}

isa Neu¥ —Q GOFSG of G
Proof:

Let (G=) isa group then (G'+) is also a group.
Let wy® = isa Neu XK — Q GOFSG of G.

Now, a € G,s € Sand g € Q0 and K € [0,1]
We have,

T, X+ (@bt *s5.q) =T, 5+ (@™ *5q)
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i

= [TMUK* (a= g.,q)}"\TwUK* (b5 q)}
= [TMUK-* (3 g,q)if\TmUK* CE $r‘?)i}
= [T, .5+ @+ 5 AT, + (3+5.9))
I, X+ (3t +5,q) = I, ** (bt * 5,9)'
= {1, * (@* 5N, *+ (= é‘»‘?)}i
= 1,5+ (x5, 9N, 5 = (f 5,9))
= (1,5 (a* 5. N, 5+ (a*5.0)
Fo, X+ (@b t+5q)=F,  + (b '*s5q)
<{F, X+ @rs qVE, X+ W59}
<{F, X+ (a*s5q) VE, ** (h~*s5q)}
= (E, X (ar5.q)VE,, X+ (a*s5q))
~wy®+" isa NeuK —Q GOFSG of G
5. Direct Product of Neutrosophic K — @ group operating Fuzzy Subgroup
Definition 5.1: Let w,¥* and ¥+ be a NeuK —Q GOFSbh of ¥ and Y respectively. Then the

cartesian product of wy* * and p,¥* denoted by (w,# x py®#) is defined by

(o™ * % po™+) = {{((a, D) *5.@). T ke x o ) (A1) * 5,0). Iy 5. vy (@0)
5.q) Flgke x “UKH)((EUJ) *5,q) }:aLE X,heV,ge0seSand Ke [0,1]}

Where,

T(ofe x ot ) (@D #5,9) = (T, % = (35, 9T, * + (h+5,9)]
Iagex o) (D) #5.9) = {1, (@ 5, )AL  * (b *5.9)}

Flogex ug)(@D) #5,9) = {F, ** (a*5q)VE, ** (b5}
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Theorem 5.2: If w,** and p,*+ be a Neu K —0Q GOFSG of G with ¥ and ¥ respectively then

(w®* x ug®=*) isa Neu K — Q GOFSG of G.
Proof:
Let wy® # and u, %+ bea Neu K — Q GOFSG of G.

Now,

(31,32, by,b,) € (X x¥),s€8,g€dand Ke[01]
() Togewug) (o) *5.0)((@202) *5.0)) = Ty e gty (R biB2) # 5.)
= (T, * ((a:32) * 5, 9) AT, * = ((byhy) *5.9))

= {{Tu, ¥ (= 5 AT, * @2 * 5. IMT, > (b * 5, 0)AT,  x (b *5,9)})

= {T, * (@2 *5, @) KIAT,, * (@2 * 5,00 K)INT,, + (0 *5,.0). K)AT,,

(25 9).K)}

= {7y, * (@2 *5, @) KIAT,, + (5. ) KA, = (3 *5,.0). K)AT,,

(25 9).K)}
= {T(muﬂx % gt ) (((ad.’bl) * 5 Q)’IK) AT(muﬂx * g™ ) (((312’ 132) * 5 Q)’K)}

Tl xugt ) (@) *5.0) (@2 b2) *5.9))

2 (T o) (@875 0) K) AT g (G2 02)

. s»f;)ﬂ)}}

Ho e x ) (@) *5.0)(@22) #5.9) ) = Iy 5 x b ) (@i Bib2) *5.)
= {1, %+ ((2132) * 5. 9)AL S * ((byhy) #5.9)}

= {105 (u * 5. ML (@ *5 OITE = (0 * 5, QALK x (0, 5.0}
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= {1, * ((a* 5,0 KNIy, = (2 *5, @), K)IA{L, * (o 5,00 KIAL, * (8 * 5,90, K)})

{10y * (@ 5.0 KOAL, * (o * 5, KA, * (@2 5,00, KINL, * (0 5,90, K}

I

= [Il:mgﬂx s ) (((311’131} 5 q)’ll{) N(mgﬂx * gt ) ({{5\2:132) * 3 Q)’l}{)]

Tk i) (((AnB) #5.0) ((3212) +5.9) )

> {{I(mﬂm ety ((@B) *5.0) K) Al oy ((G2ba) 5, q)ﬂ-f)]}

Frofexuf) (b *5.0)((@2b2) #5.9)) = Fry £, s by (a2 bsb2) #5.9)
<{E,, "+ ((213) *5,q)VE, *+ ((b;bz) > 5.9)}

= {{Fuy®* o * 5. QVE, X (3 *5. IV(E, * * (b *5,0)VE, X+ (0, + 5,9}

= {{Fmg *((a1*5.9), K)VE, * (a2 * 5,0). K)JV(E,, = ((by *5,.9), K)VI,,

(25 9).K)}

<{{Fu,* (@ * 5.9, K)VE, * ((by* 5. 9). KIVIE,, * (@2 * 5.9). K)VI,

* (=, Q):'K)}]
= {(Flagmo i) ( (G # 5.0) K) VE x50 (22 82) 5.0). %)

Flagex ety (@) #5.0)((azb2) *5.9) )

= {[F(mﬂﬂx v ) (G *5.0)K) VA, ) (G2 h)
. s»fr)ﬂf)}}
() Tl gt ) (@B 5,00 = T oy (@07 # 5.9)
= {1, % * (@ 1 *5, QAT ** (57  *5,q)}

= {T,, "+ (x5 QAT = (9 5.9)}
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={Tu, * ((@*5 @) K)AT,_ * ((h+5.9),K)}
Tl s ) (@D T2 5.0) 2 Ty v, (@D) * 5.9)
I x e ) (@B T o5, 0) = g oy (@707 #5,9)
= {1, @1 5 DAL * (570 + 5,9))
2 {1, % @+ 5. DN+ (0 *5,9))
= {1, * (@*5.9). K)A,, + (B *5 ). K)}
I i) (@B 715, @) 2 Iy x (D) # 5.q)
Flug xug ) (@B ™ #5.0) = Fiyx o (@HE ™) *5.q)
= (£, @+ 5 OVE, + (47 +5.9)
< {F,, "+ (@*5, QVE,*+ (b +5.0)}
={F,, * ((@*5.9).K)VE, *((b*5.9).K)}
Flof xuf ) (@D ™+ 5.9) < Fry o ,x0 (@) *5,9)

Hence, (w®= X ug®=) isa Neu K —Q GOFSG of (wy™ = x py™=).

6. Conclusion

This paper introduces a novel notation for the Neutrosophic k — o group, which functions
over fuzzy subsets, and explores its fundamental algebraic properties. A new structure, termed the
Neutrosophic x _ g group operating fuzzy subgroup, is defined, and several key algebraic
characteristics of this structure are thoroughly examined. The study further investigates the behavior
of this subgroup under homomorphisms by analyzing both the homomorphic image and preimage,
establishing critical results in this context. Additionally, the paper proves that the direct product of
two Neutrosophic x _ g group operating fuzzy subgroups results in another Neutrosophic  _ o
group operating fuzzy subgroup. This concept is further generalized to accommodate the direct
product of a finite collection of such subgroups. Overall, the findings contribute to a deeper
understanding of fuzzy subgroup behavior in the framework of Neutrosophic algebraic systems and
lay the groundwork for further theoretical development and practical applications in uncertain or

imprecise environments.
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