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Abstract: In this paper we introduce the notion of Neutrosophic Pythagorean Cubic Soft Sets
(NPCSS). Here we define Internal Neutrosophic Pythagorean Cubic Soft Sets (INPCSS),
External Neutrosophic Pythagorean Cubic Soft Sets (ENPCSS) and also propose the new idea of

§ INPCSS (or % ENPCSS), and g INPCSS (% ENPCSS). Further Neutrosophic Pythagorean Cubic

Soft Sets as P-order, P-union, P-intersection as well as R-order, R-union, R-intersection are introduced
for Neutrosophic Pythagorean Cubic Soft Sets which act as a tool to study some of their properties of
newly introduced sets. And also, in this paper we introduce the concepts of P-OR and P-AND for
Neutrosophic Pythagorean Cubic Soft Sets and explore their fundamental properties. We establish
that the P-union and P-intersection of two Internal Neutrosophic soft cubic sets also result in Internal
Neutrosophic Pythagorean Cubic Soft Sets. Additionally, we examine the conditions under which
the P-union and P-intersection of two T-External (or I-External, F-External) Neutrosophic soft cubic
sets remain T-External (or I-External, F-External) within the framework of Neutrosophic

Pythagorean Cubic Soft Sets.

Keywords: NCPSS, INPCSS, ENPCSS, OR, AND.

1. Introduction

The concept of a cubic set, which merges fuzzy sets and interval-valued fuzzy sets, was first
introduced by Y. B. Jun et al. [3,4]. Later, in 2012, Saleem Abdullah et al. [23] extended this idea by
incorporating cubic sets into soft set theory. In 2014, Muhiuddin et al. [8] further expanded on this
framework by defining Internal and External Cubic Soft Sets, along with various operations such as
P-cubic soft subsets, R-cubic soft subsets, P-union, P-intersection, R-union, and R-intersection of
Cubic Soft Sets.

Soft set theory, introduced by Molodtsov, is a mathematical tool for handling uncertainty. It has been
widely applied in decision-making and medical sciences. Cagman et al. extended it to soft topology,

while Shabir and Naz introduced key concepts like soft interior and soft closure, paving the way for
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its integration into traditional topology. Maji et al. defined fundamental operations such as union,
intersection, and complement, making soft sets valuable in various fields and also introduced
Intuitionistic Fuzzy and Neutrosophic soft sets, which were further developed by Deli and Broumi
for decision-making applications.

The algebraic properties of soft sets were studied by Ali et al., and their connections to BCK/BCI-
algebras were explored by Iseki, Jun, and others. Soft set theory has since evolved across multiple
domains.

Cubic set theory, introduced by Jun et al., combines interval-valued fuzzy sets with fuzzy sets to
represent both certainty and uncertainty. It was extended to Neutrosophic cubic sets, with defined
operations like R-union and P-intersection. Jun and Lee applied cubic sets to BCK/BCl-algebras, while
Abdullah introduced Cubic Soft Sets, further expanding their mathematical applications. Recent
studies have focused on merging soft sets and cubic sets.

A significant development came in 2016 when Ali et al. [9] advanced the concept by introducing
Neutrosophic cubic sets, which broadened the scope of cubic sets. They also introduced Internal and
External Neutrosophic cubic sets, formulated the Hamming distance between them, and proposed a
decision-making approach based on similarity measures in pattern recognition. Around the same
time, Jun et al. [3,4] examined different types of Neutrosophic cubic sets, such as truth-Internal,
indeterminacy-Internal, falsity-Internal, truth-External, indeterminacy-External, and falsity-External,
and explored their properties.

This chapter presents a novel approach by merging Neutrosophic sets and interval Neutrosophic sets
with soft sets, leading to the introduction of Neutrosophic Pythagorean Cubic Soft Sets. Various

properties of these sets are analyzed in detail.

2. Preliminary:
Definition 2.1 [1]
A fuzzy set F on a nonempty universe of discourse U is defined as

F = {{x, ua(x)), x € U}, where p: U — [0, 1].

Definition 2.2 [2]
Let U be a nonempty universe. An intuitionistic fuzzy set (IFS) IF is an ordered pair IF
= {(x, pa(x), va(x)), x € U}, where the functions u: U — [0, 1] and v: U — [0, 1] denote the

degree of membership and the degree of nonmembership respectively and 0 < pa(x) + va(x) < 1.

Definition 2.3 [3]
A Neutrosophic set A on the universe of discourse U is defined as A = {{x, Ta(x), Ia(x),

Fa(x))}, x € X where T, I, F: X —]-0, 1*[ and —0 < Ta(x) + Ia(x) + Fa(x) < 3*.

Definition 2.4 [4]
If A= {(x, Ta(x), Ia(x), Fa(x))/x € X} and B = {(x, Ts(x), Is(x), F8(x)) /x € X} are any two
Neutrosophic sets of U, then
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(i) A € B & Ta(x) < Ts(x); Ia(x) < Is(x) and Fa(x) = Fa(x);
(i) A = B & Ta(x) = Ts(x); Ia(x) = Is(x) and Fa(x) = Fe(x) V x € X;
(iii) AnB = {{(x, T(AnB) (x), I(AnB) (x), F(ANB) (x))/x € X}
where TarB(x) = min {Ta(x), Ts(x)}, Ians(x) = min {Ia(x), Is(x)},
FamB(x) = max {Fa(x), Fs(x)};
(iv) AuB = {{(x, T(AUB) (%), I(AUB) (x), F(AUB) (x))/x € X}
where Taus(x) = max {Ta(x), Ts(x)}, Ias(x) = max {Ia(x), Is(x)},

Faws(x) = min {Fa(x), Fs(x)}.

Definition 2.5 [5]

On and 1In in X as follows:

On may be defined as:
(01) On ={(x,0,0,1): x € X}
(02) On ={(x,0,1,1): x € X}
(03) On ={({x,0,1,0): x € X}
(04) O~ ={({x,0,0,0): x € X}

In may be defined as:
(11) In={(x,1,0,0): x € X}
(12) In={(x,1,0,1): x € X}
(13) In = {(x,1,1,0): x € X}
(14) In={x,1,1,1): x € X}

Definition 2.6 [6]
Let U be the initial universal set and E be a set of parameters. Let P (U) denote the power
set of U. Consider a non-empty set A, A € E. A pair (F, A) is called a soft set over U, where

F is a mapping given by F: A — P (U).

Definition 2.7 [7]
For any two soft sets (F, A) and (G, B) over a common universe U, we say that (F, A) is a
subset of (G, B) if

(i) AcB

(i1) V e € A, F(e) and G(e) are identical approximations.
We write (F, A) € (G, B).
And when (F, A) is soft super set of (G, B), and (G, B) is a soft subset of (F, A). We denote it
by (F, A) 2 (G, B).

Definition 2.8 [7]
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Two soft sets (F, A) and (G, B) over a common universe U are said to be soft equal, if (F, A)

is a soft subset of (G,B) and (G, B) is a soft subset of (F, A).

Definition 2.9 [8]

Let U be an initial universe set and E be a set of parameters. Consider A ¢ E. Let P (U)
denotes the set of all Neutrosophic sets of U. The collection (F, A) is termed to be the soft
Neutrosophic set over U, where F is a mapping given by F: A — P (U).

Definition 2.10 [9,10]
A d-algebra is a nonempty set X with a constant 0 and a binary operation * satisfying the

following axioms.
(i) x*x=0

(1)) 0*x=0

(iii)x*y =0 and y *x=0 imply x=y, for all x,y € X.
A BCK-algebra is a d—algebra satisfying additional axioms:

(iv) ((x * y) * (x % 2)) * (z * y) = 0

(V) (x*(x*y))*y=0 for all x,y,z € X.
If X we can define a binary relation “<” by x <y if and only if x * y = 0. A mapping
f:X — Y of d-algebra is a called a d-homomorphism if f(x * y) = £(x) * f(y) for all x,y
EX.

Definition 2.11 [10]
Let X be a d—algebra and let ¢ # I € X. I is called a d—subalgebra of X if x * y € I whenever

x €l and y € I. I is called BCK-ideal of X if it satisfies
(a) 0€el
(b) x*y€elandy €l imply x €1

I is called d—-ideal of X if it satisfies (b) and
(c) xelandy € X imply x*y €, ie, I*xX S L
(d) (x*2)*(y *2z) * (x*y) =0.

Definition 2.12 [11]
Let X be a d—algebra and 0 € I € X. I is called a quick ideal of X if for any x,y € X with
x*y #0,x*y €l imply x,y € L

3. NEUTROSOPHIC PYTHAGOREAN CUBIC SOFT SETS
In this section we introduce the notion of Neutrosophic Pythagorean Cubic Soft Sets (NPCSS).
Here we define Internal Neutrosophic Pythagorean Cubic Soft Sets (INPCSS), External
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Neutrosophic Pythagorean Cubic Soft Sets (ENPCSS) and also propose the new idea of % INPCSS

(or g ENPCSS), and g INPCSS (g ENPCSS). Further Neutrosophic Pythagorean Cubic Soft Sets as

P-order, P-union, P-intersection as well as R-order, R-union, R-intersection are introduced for
Neutrosophic Pythagorean Cubic Soft Sets which acts as a tool to study some of their properties of

newly introduced sets.

Definition 3.1 Let K be an initial universe set. Let NPC(K) denote the set of all Neutrosophic
Pythagorean cubic sets and E be the set of parameters. Let D < E, then

(Q, D) = {Q(ei)= {{u, Aecj (u), Aei(u)): u € Ulei € D}
Where Aei (u)={(u, AT (u), Alg; (u) AFe;(u) YueU} is an Interval Neutrosophic
Pythagorean Set,

Aei(u) ={(u,AT(u), Algij(u) AFgi(u) Y/ue U} is a Neutrosophic Pythagorean set.
The pair (Q, D) is termed to be the Neutrosophic Pythagorean Cubic Soft Set over U
where Q is a mapping given by Q: D — NPC(K). The sets of all Neutrosophic
Pythagorean cubic soft sets over U will be denoted by Cg.

Example 3.2 Let K = {ul, u2, u3, u4} be the set of Hand ball players under
consideration and E = {el, e2, €3, e4} be the set of parameters, where el, €2, €3, e4
represent fitness, good current form, good domestic hand ball record and good
moral character respectively. Let D = {el, e2, e3} € E. then, the Neutrosophic
Pythagorean Cubic Soft Set,
(Q, D) ={Q(ei) = {{u, Aej (1), Aei(u)): u e Uleie D},i=1,2,3inUis

Table 3.1 tabular representation of (Q,D)

U el e es

u |([0.2,0.4],[0.4,0.7],{0.3,0.6])(0.3, |([0.7,0.4],[0.7,0.5],[0.5,0.3])(0.7,0.6, |([0.6,0.3],[0.5,0.4],[0.7,0.4])

0.5, 0.55) 0.5) (0.5, 0.45, 0.55)

w2 |([0.6,0.31,[0.7,0.41,[0.5,0.2])(0.5, [([0.5,0.31,[0.6,0.4],[0.7,0.3])(0.4,0.5, |([0.7,0.4],[0.5,0.31,[0.8,0.5])
0.6, 0.3) 0.4) (0.5, 0.4, 0.7)

us |([0.5,0.71,[0.2,0.4], [0.4,0.6]) (0.6,]([0.4,0.2],[0.9,0.6],[0.8,0.5])(0.35,0.7, |([0.6,0.3],[0.7,0.4],[0.8,0.5])
0.3, 0.5) 0.6) (0.7, 0.3, 0.4)

ws |([0.6,0.8],[0.3,0.6],[0.2,0.5]) (0.7,/([0.6, 0.3],[0.7, 0.4],[0.5,0.2])(0.3, 0.5,/([0.5,0.1],[0.8,0.4],[0.6,0.4])
0.4, 0.4) 0.35) (0.2, 0.7 0.5)

us ([0.6,0.21,[0.5,0.31,[0.5,0.31)(0.4,0.[([0.5,0.1],[0.6,0.4],[0.6,0.4])(0.45, |([0.7,0.31,[0.9,0.61,[0.6,0.3])
45,0.35) 0.55, 0.55) (0.55, 0.65, 0.45)

Definition 3.3 The complement of a Neutrosophic Pythagorean Cubic Soft Set
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(Q, D) = {Q(ei) = {(u, Acj (u), Aei(u)): u € U}ei € D}is denoted by (Q,D)¢ and defined as
(Q D) ={(Q D) =(QD)},

where Q¢ : D — NPC(U) and

(Q D) ={(Q(ei))== {{u, A%j (u), A%i(u)) : u € Utei € DL(Q, D) = {{u,([1-A*"¢; (W),

1- AT (W], [1 =AM (w), 1 — A (W] [1 — A™F(u), 1 — A™F (D, (1 — ATei(w), 1—
Mei(u), 1 —2AF,;(u)) Y:ueUlei €D.

Example 3.4 Let K = {ul, u2} be the initial universe and E = {el, e2} parameters set. Let
(Q, D) be a Neutrosophic Pythagorean Cubic Soft Set over K and defined as
(Q, D) ={Q(ei) = {{{u, Aej (u), Aei(u)): u € U} ei € D}. Then

U Q(e1) Q(e2)
W |([0.2,0.4],[0.9,0.6],[0.7,0.3])(0.5,0.8.0.4) ([0-2,0-4],0.7,0.6],[0.5,0.1])(0.4,0.2,0.6)
w [([040.6],[0.8,05],0.2,0.11)(0.8,0.3,0.4) ([0.6,0.7],[0.3,0.8],[0.9,0.5])(0.2,0.6,0.7)

(P, M)={(P(e)) = {{u, Ac,“ (W), Ae,“(W)) : u € U}e; € D} is defined as

U Q€ (e1) Q€ (e2)
w  [([0.6,0.8],[0.4,0.1],[0.7,0.3])(0.5,0.2.0.6) ([0.6,0.8],[0.4,0.3],[0.9,0.5])(0.6,0.8,0.4)
uz [([0.4,0.6],[0.5,0.2],[0.9,0.8])(0.2,0.7,0.6) ([0.3,0.4],[0.2,0.71,[0.5,0.1])(0.8,0.4,0.3)

Definition 3.5 Let K be an initial universal set. A Neutrosophic Pythagorean Cubic Soft
Set (Q, D) in K is said to be
e Truth-Internal (briefly, T-Internal) if the following inequality is valid
(VueU,eeD) (AT (W) <2AT(w) AT, (W), (2.1)
e Indeterminacy-Internal (briefly, I-Internal) if the following inequality is valid
(VueU,eeD) (A" (W) <A () =AY (W), (2.2
o Falsity-Internal (briefly, F-Internal) if the following inequality is valid
(VueU,eieD) (AF () <A () <A (u), (2:3)
If a Neutrosophic Pythagorean cubic set in K satisfies (2.1), (2.2), (2.3) we say that
(Q, D) is an Internal Neutrosophic Pythagorean cubic soft (INPCSS) in K.
Table 3.2: The tabular representation of INPCSS (Q, D)

U el e2 e3

ul |([0.3,0.5],[0.2,0.41,[0.1,0.5])(0.4, [([0.1,0.3],[0.3,0.6],[0.2,0.5])(0.2,|([0.2,0.5],[0.2,0.4],[0.4,0.6])
0.35,0.3) 0.4,0.45) (0.4,0.3,0.5)
2 |([0.8,0.3],[0.1,0.21,[0.9,0.4])(0.2, [([0.3,0.6],[0.2,0.5],[0.4,0.7])(0.4,|([0.4,0.6],[0.3,0.5],[0.4,0.6])
0.15,0.3) 0.35,0.5) (0.5,0.4,0.35)
u3 |([0.2,0.7],[0.1,0.41,[0.3,0.5])(0.3, ([0.4,0.6],[0.1,0.3],[0.3,0.5])(0.5,|([0.5,0.7],[0.9,0.31,[0.1,0.3])
0.25,0.4) 0.25,0.35) (0.55,0.2,0.4)
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ud |([0.6,0.4],[0.2,0.31,[0.2,0.7])(0.2,

0.2,0.4)

([0.7,0.21,[0.2,0.5],[0.1,0.4])(0.5
5,0.3,0.3)

(10.1,0.51,[0.2,0.4],[0.5,0.7])
(0.45,0.35,0.55)

u5 |([0.2,0.6],[0.9,0.2],[0.1,0.3])(0.55

0.1,0.25)

([0.3,0.71,[0.4,0.6],[0.4,0.6])(0.5,
0.55,0.45)

(10.2,0.51,[0.1,0.6],[0.3,0.6])
(0.3,0.4,0.5)

Definition 3.6 Let K be an initial universal set. A Neutrosophic Pythagorean Cubic Soft
Set (Q,D)in K is said to be
=  Truth-External (briefly, T— External) if the following inequality is valid
(VueU e €D) Ae(w) & [(A™7,(w), AT (W], (2.4)

* Indeterminacy-External (briefly, I- External) if the following inequality is valid

(VueU, e €D) Ng(w) & [(A,, (W), A*(w)] (2.5)
= Falsity-External (briefly, F— External) if the following inequality is valid
(Vu€eU, ei€D) Ag(w) & [(A™F (W), A*Fei (W], (2-6)

If a Neutrosophic Pythagorean Cubic Soft Set (Q, D) in U satisfies (2.4), (2.5) and
(2.6) we say that (Q, D) is an External Neutrosophic Pythagorean Cubic Soft Set
(ENPSS) in U.

Example 3.7 Let K

{gl, g2, g3, g4} be the set of hand ball players under
consideration and E = {el, e2, €3, e4} be the set of parameters, el, e2, €3, e4 represent
fitness, good current form, good domestic hand ball record and good moral
{el, e2, e3, e4} € E. Then, the Neutrosophic
Pythagorean Cubic Soft Set (Q, D) = {Q(ei) = {(g, Aej (g), Aei(g)): g € Ulei € D},i=1,23inU
is an External Neutrosophic Pythagorean Cubic Soft Set (ENPCSS) in U.

characters respectively. Let D

Table 3.3: The tabular representation of ENPCSS (Q, D)

U el e2 e3

([0.3,0.4],[0.3,0.4],[0.1,0.4])
(0.5,0.4,0.5)
(10.9,0.3],[0.1,0.3],[0.9,0.4])
(0.4,0.3,0.4)
(10.3,0.4],[0.1,0.4],[0.3,0.4])
(0.5,0.4,0.1)
([0.1,0.4],[0.9,0.3],[0.3,0.7])
(0.4,0.4,0.1)
([0.4,0.5],[0.9,0.3],[0.1,0.3])
(0.25,0.3,0.4)

([0.1,0.3],[0.3,0.5],[0.3,.6])(0.9,
0.3,0.35)
([0.3,0.5],[0.3,0.4],[0.4,0.7])(0.3,
0.1,0.3)
([0.4,0.5],[0.1,0.3],[0.3,0.4])(0.3,
0.4,0.25)
([0.4,0.7],[0.3,0.4],[0.1,0.4])(0.4,
0.1,0.4)
([0.3,0.71,[0.4,0.5],[0.4,0.5])(0.3,
0.25,0.3)

([0.3,0.4],[0.3,0.4],[0.4,0.5])(0.5,0.4,
0.3)
([0.4,0.51,[0.3,0.4],[0.3,0.5])(0.3,0.5,
0.1)
([0.4,0.71,[0.9,0.3],[0.1,0.4])(0.4,0.4,
0.4)
([0.1,0.4]1,[0.3,0.4],[0.3,0.7])(0.5,0.35,
0.25)
([0.3,0.4],[0.1,0.5],[0.3,0.5])(0.1,0.7,
0.3)

pl

P2

P3

p4

P5
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Theorem 3.8 Let (Q, D) = {Q (e;) = {{u, A¢j (1), Aei(u)): u € U}e; € D} be a Neutrosophic
Pythagorean Cubic Soft Set in U which is not an ENPCSS. Then, there exists at least one
e; € D for which there exist some u € U such that
Aei' (W) € [(ATT (W), AT (W],
Mei(w) € [(ATT(w), A*l;(W)],
Wei(w) € [(ATF (), A*Fg(w)]
Proof. By the definition of an External Neutrosophic Pythagorean Cubic Soft Set
(ENPCSS) we know that
i) € [(AT W), AT @], Mg € [(A™ W), A*gw)],
Aei(w € [(ATF (W), A*T (W],
forallu € U, corresponding to each e;€ D. But given that (Q, D) is not ENPCSS so far
at least one e;€ D there exist some u € U such that
AT (W) = AT (W) < AT (W),
A7) < Agi(w) < At (W),
A7 (0) < Afi(w) < AYF G (W.

Hence the result.

Theorem 3.9 Let (Q, D) be a Neutrosophic Pythagorean Cubic Soft Set in U. If (Q, D)
is both T-Internal and T-External in U, then (Vu e U, e¢; € D)

ATa(Ee (AT ;(w)/u€eU, e; € DIU{ATT ;(u)/ u€e U, e;e D} (2.7)
Proof. Consider the definition 3.5 and 3.6 which implies that
AT () < ATgi(w) < A*Tg;(u) and ATg;(u) € [(A™T_ (0), A*Tg(w)] forallue U,
e,€ D. Then it follows that AT ;(u) = A" T,;(u) or AT,;(u) = A*T,;(u), and hence
AT.€ {A7T,i/u € U,e;€ D}. Hence the result

Similarly, the following Theorems hold for the indeterminate and falsity values.

Theorem 3.10 Let (Q, D) be a Neutrosophic Pythagorean Cubic Soft Set in a non-
empty set U. if (QQ, D) is both I- Internal and I- External, then
(VueU, e€D), (Mei(w) € [(A7';(W)/ u € U,ei € DJU{A*;(u)/ u € U,ei € D)}).

Theorem 3.11 Let (QQ, D) be a Neutrosophic Pythagorean Cubic Soft Set in a non-empty
set U. If (QQ, D) is both F- Internal and F- External, then
(VueU, eeD) (We(w) € [(A7F,,(0)/ u € U,ei € DJU{A*F;(u)/ u € U,ei € D}).

Definition 3.12 Let & =(Q, D) € CJ. If

AT () = AT () < AT (W), (A7T,,(W) < Agi(W) < A*'i(W) and AFg(w) €

[(A™F,, (W), A*F(w)] or

A7Tgi(w) S ATgi(w) < AT (), (ATF (W) < AFqi(u) < A*Fgi(u) and Alg;i(u) ¢

[(A7, (W), A*';(W] or

ATF () S A0 = AP (w), (A7) = Agi(w) < AYi(u) and AT¢i(u) ¢
[(A‘Tei(u), A*T i(u)] forall u € U corresponding to each ei € D. Then g is called
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an § Internal Neutrosophic Pythagorean Cubic Soft Set (EINPCSS) or % ENPCSS.

Example 3.13 Let £ =(Q, D) € C{. If
QD) = P(e) = {(u, ([0.8, 0.5], [0.5, 0.3], [0.7, 0.5]), (0.7, 0.6, 0.6) ) for all u € U corresponding to each

e;€ D. Then ¢=(Q D)isa = INPCSS.

Definition 3.14 Let £ =(Q, D) € CJ. If

AT (W) < AT (W) < A*Tg(w), AMei(w) € [(A7T (W), AY'(w)] and AFg;(u) €
[(ATF (W), A*Fe;(W)] or

(ATF (@) = A (0) < A*F (), AT (w) € [(A™T (), A*Te;(W)] and A'g;(u) &
[(A™,; (W), A*'¢;(wW)] or

AT @ = Ae(w) = AY(w), AFei(w) € [(A7F (W), A*F(W)] and AT¢;(w) &
[(A™T (W), A*T; (W]

for all u € U corresponding to each ei € D. Then £ is called an g External

Neutrosophic Pythagorean Cubic Soft Set (g ENPCSS) or % INPCSS.

Example 3.15 Let 2= (Q, D) € C}. If
(Q D) = P(e) = {(u, ([0.8,0.5], [0.5,0.3], [0.7, 0.5]), (0.7, 0.6, 0.4) )

all u € U corresponding toeach e; € D. Then £=(Q, D) is a § INPCSS.

Definition 3.16 Let (Q, D) = {Q(ei) = {(u, A¢j (u), Aei(u)): u € U} ei € D} and (J, H) = {J(ei)
= {(u, Bej (1), Hei (1)): u € U}e;€ H} be two Neutrosophic Pythagorean Cubic Soft Set in U.
Let D and H be any two subsets of E (set of parameters), then we have the following
1. (Q D)=(J, H) if and only if the following conditions are satisfied
(@ D=Hand
(b) Q(ei) = H(ei) for all e;€ M if and only if Aei (u) =Bei (1) and Aei (1) = pei (1)
for all u € U corresponding to eache; € M.

2. If(Q D) and (J, H) are two Neutrosophic Pythagorean Cubic Soft Sets then we define
and denote P- order as (Q, D) <P (J, H) if and only if the following conditions are
satisfied

(o9DcHand
(d) P(ei) <P Q(ei) for all ei € D if and only if Aei (1) S Bei (1) and Aei (1) <p ei (1)
for all u € U corresponding to each e;€ M.

3. If(Q D)and (J, H) are two Neutrosophic Pythagorean Cubic Soft Sets then we define
and denote P- order as (Q, H) €R (J, H) if and only if the following conditions are
satisfied

(e)D S Hand
(f) P(ei) <R Q(ei) for all ei € D if and only if Aei(u) € Bei(u) and Aei (u) = uei (u)
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for all u € U corresponding to each ei € D. We now define the P-union, P-intersection,

R-union and R-intersection of Neutrosophic Pythagorean Cubic Soft Sets as follows:

Definition 3.17 Let (Q, D) and (J, H) be two Neutrosophic Pythagorean Cubic Soft Sets
(NPCSS) in U, where D and H are any two subsets of the parameters set E. Then we define
P—union as (Q, D) Up (J, H)=H, C) where C=DuUH
{Q(ei) ife; €D — H}
H(e)) =13 J(e;) ife;eH—D
Q(e;) VpJ(ep) ife;e DNH
Where Q(e;) Vp]J(e;) is defined as Q(e;) VpJ(e;)) = {(u, max{ A, (1), Be;(0)}, A¢, (1) V
He; () ) :u €U} eg€ DNH Where Ag (u), B,(u) represent Interval Neutrosophic
Pythagorean sets and A¢(u) V pe,(u) represent Neutrosophic Pythagorean sets.
Hence
QT(e)) VpJT(e) = {{u, max { A, T(W), Be,T(W}, ( Ae,TV e, T(w) }:u€U} ¢; €DNH,
Q'(eD) VeJ'(en) = {(u, max { A, '(u), Be,' (W}, ( A"V 1) }:u€U} ¢ €DNH,
Q (e Ve (e = {(u, max { A, (W), Be," (W)}, ( A¢," V 1e,f(u) :u€U} ; €DNH.

Definition 3.18 Let (Q,D) and (J,H) be two Neutrosophic Pythagorean soft cubic
sets(NPCSS) in U where D and H are any subsets of the parameter set E. Then we
define P- intersection as (Q,D)np(J,H) = (H,C) where C = DNH, H(e;) = Q(e;) Ap J(e;)
and e; € DN H. Here Q(e;) ApJ(e;) is defined as

QCe) ApJ(e)) = H(e;) ={(u, min{ A, (1), Be, (W)}, Ae,(1) Ate,(u)):u€U} e, €DNH
where Ag,(u), Be,(u) represent Interval Neutrosophic Pythagorean Sets and

e, (1) V pg,(u) represent Neutrosophic Pythagorean sets. Hence

Q" (e ApJT(e) =((u, min{ A, (W), Be,"(W},( A¢;" A He,T(w) ) : u € U} e, €DNH,
Q'(ed) ApJ'(e) ={(u, min{ A, (W), Bo,"(W}( Ae,'A 1e'(w) ) :u€U} e;€DNH,

Q"(e) ApJF(e) = {(u, min { A, (W), Be,"(W}, ( Ae," A pe,"(w) ):u€ U} e, €DNH.

Example 3.19 Let U = {ul, u2, u3, u4} be the initial universe, D =H= {el, e2} are any
subset of parameter’s set E = {el, e2, e3}. Let (Q, D) be NPCSS defined as

(Q D) ={Q(e) ={u, Ae;(u), A¢;(u) ): ue U} e; €D} is
Table 3.4: The tabular representation of (Q, D)

U Q(e1) Q(e2)
([0.4,0.5],[0.2,0.71,[0.2,0.3])(0.3,0.1,0.4) ([0.1,0.5],[0.8,0.2],[0.1,0.7])(0.6,0.4,0.5)
([0.1,0.4],[0.3,0.6],[0.4,0.5])(0.2,0.4,0.3) ([0.3,0.4],[0.2,0.4],[0.1,0.3])(0.5,0.3,0.4)

us |([0.2,0.3],[0.6,0.8],[0.8,0.1])(0.4,0.5,0.3) ([0.1,0.2],[0.8,0.2],[0.3,0.4])(0.4,0.2,0.3)
( I ) ( [ )
(I 1 ) ( [ )

0.8,0.6],[0.1,0.3],[0.5,0.6])(0.5,0.2,0.5) [0.4,0.5],[0.3,0.4],[0.2,0.3])(0.7,0.4,0.4
0.3,0.41,[0.2,0.4],[0.1,0.3])(0.6,0.3,0.1) [0.2,0.5],[0.1,0.2],[0.4,0.5])(0.3,0.2,0.2

Let (J, H) be NPCSS defines as
(J, H) = {J(e) ={(u, Be;(0), He;(u) : u€U} e; € H} is
Table 3.5: The tabular representation of (J, H)
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U J(e1) J(e2)

w [([0.2,0.3],[0.6,0.1],[0.1,0.1])(0.4,0.5,0.1) ([0.3,0.5],[0.6,0.7],[0.1,0.3])(0.7,0.5,0.4)
uz [([0.5,0.7],[0.2,0.3],[0.1,0.3])(0.2,0.4,0.5) ([0.1,0.4],[0.3,0.6],[0.4,0.5])(0.4,0.2,0.3)
us [([0.2,0.5],[0.3,0.6],[0.2,0.31)(0.2,0.3,0.5) ([0.3,0.6],[0.1,0.2],[0.1,0.3])(0.5,0.2,0.1)
4 [([0.5,0.6],[0.2,0.3],[0.1,0.31)(0.5,0.4,0.4) ([0.2,0.3],[0.6,0.1],[0.1,0.1])(0.3,0.5,0.5)
us (([0.1,0.5],[0.1,0.3],[0.2,0.4])(0.2,0.1,0.2) ([0.4,0.5],[0.5,0.6],[0.2,0.3])(0.5,0.6,0.4)

Let P—union is denoted by (P, M)ur (Q, N) and defined as Let P—intersection is denoted

Table 3.6: The tabular representation of (Q, D) Ur (J, H)

Q Ur J(e1)

Q Ur J(e2)

([0.4,0.5],[0.6,0.71,[0.2,0.3])(0.4,0.5,0.4)

([0.3,0.5],[0.8,0.71,[0.1,0.7])(0.7,0.5,05)

([0.5,0.7],[0.3,0.8],[0.4,0.5])(0.2,0.4,0.5)

([0.3,0.4],[0.3,0.61,[0.4,0.5])(0.5,0.3,0.4)

([0.3,0.6],[0.8,0.2],[0.3,0.4])(0.5,0.2,0.3)

([0.8,0.6],[0.2,0.3],[0.5,0.6])(0.5,0.4,0.5)

([0.4,0.5],[0.6,0.41,[0.2,0.3])(0.7,0.5,0.5)

(

(
([0.2,0.51,[0.6,0.8],[0.8,0.3])(0.5,0.4,0.5)

(

(

([0.3,0.5],[0.2,0.4],[0.2,0.4])(0.6,0.3,0.2)

([0.4,0.5],[0.5,0.6],[0.4,0.5])(0.5,0.6,0.4)

by (P, M)nr(Q, N)and defined as

Table 3.7: The tabular representation of (Q, D)nr (J, H)

Qe J(e1)

Qnr J(e2)

([0.2,0.3],[0.2,0.1],[0.1,0.1])(0.3,0.1,0.1)

([0.1,0.5],[0.6,0.21,[0.1,0.3])(0.6,0.4,0.4)

([0.1,0.4],[0.2,0.3],[0.1,0.3])(0.2,0.4,0.3)

([0.1,0.4],[0.2,0.4],[0.1,0.3])(0.4,0.2,0.3)

([0.2,0.3],[0.3,0.6],[0.2,0.1])(0.2,0.3,0.3)

([0.5,0.6],[0.1,0.31,[0.1,0.3])(0.5,0.2,0.4)

([0.2,0.31,[0.3,0.1],[0.1,0.1])(0.3,0.4,0.4)

([0.1,0.4],[0.1,0.3],[0.1,0.3])(0.2,0.1,0.1)

Al

11 )
([0.1,0.2],[0.1,0.2,[0.1,0.3])(0.4,0.2,0.1)

Al )

A )

([0.2,0.5],[0.1,0.2],[0.2,0.3])(0.3,0.2,0.2)

Definition 3.20 Let (Q, D) and (J, H) be two Neutrosophic Pythagorean Cubic Soft Sets

(NPCSS) in U where D and H are any subsets of the parameter set E. Then we define
R — union of Neutrosophic Pythagorean Cubic Soft Set as (Q, D) Ur (J, H) = (H, C) where

C=DuH,

Q(e;)
H(ei) =¢ J(ep)
Q(e;) VrJ(ep)

Where Q(e;) Vg J(e;) is defined as

Q(ep) VrJ(ep)

ife;eD—H
ife; e H—D

ife,eDNH

= {(u, max{ A¢;(u), Be;(u)}, A; (1) Ape(u)):ueU} e DNH

where A, (u), Be,(u) represent interval Neutrosophic Pythagorean sets and 2, (u)

, le; (1) represent Neutrosophic Pythagorean sets. Hence
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QT(ep) VrIT(ep) = {(u, max { Ag,"(), Be," (W}, (Ae;” A 1e,M)(1) : u€U} e, €DNH,
Ql(e) VrJ'(e) = {(u, max { A,,'(W), Be,"(W}, (Ae,' A pe,)(1) : u€U} ¢ € DNH,
QF(e) VrIF(ep) = {(u, max { A¢;"(u), Be," (W)}, (Ae;" A pe,F)(u) ):ueU} ¢; € DNH.

Definition 3.21 Let (Q, D) and (J, H) be two Neutrosophic Pythagorean Cubic Soft
Sets (NPCSS) in U where D and H are any subsets of parameter set E. Then we define
R- intersection of Neutrosophic Pythagorean Cubic Soft Set as (Q,D) nr (J, H)= (H,C)
where C= D n H, H(ei)= Q(e;) ArJ(ej), H(ei))= Q(e;) AgJ(e;) and e; € DN H. Here
Q(e;) ArJ(ej) is defined as
Qe A J(ep) = H(e) ={(u, min{ A (), Be, (W)}, Ae (1) Atie,(u) }:u€U} ¢; € DNH
where Ag,(u), Be;(u) represent interval Neutrosophic Pythagorean Cubic Sets and
Ae, (1), e, (u) Neutrosophic Pythagorean Cubic Set. Hence
Q" (e ArJT(e) = {(u, min { Ag;" (W), Be," (W}, (Ae;" V pe,D(w) ):u€U} e, €DNH,
Q'(ed) ArJ'(e) = {(u, min { Ag,'(W), Be, (W}, (Ae,' V 1o, )(w) : u€U} ¢, €DNH,
Q (e ArJF(e) =((u, min { Ae," (W), Be," (W)}, (Ae," V e, (u) :u€ U} e; € DNH.
Let (Q, D) of NPCSS defined as
(Q D) ={Q(e) = {u, Ag,(u), A, (u) }: u €U} e; € H} is
Table 3.8: The tabular representation of (Q, D)

U Q(el) Q(e2)

ul [([0.1,0.21,[0.2,0.4],[0.2,0.4])(0.25, 0.25, 0.3) ([0.2,0.6],[0.2,0.4],[0.9,0.4])(0.85, 0.85, 0.5)

u2 |([0.3,0.6],[0.9,0.4],[0.1,0.3])(0.65, 0.4, 0.2) ([0.4,0.7],[0.4,0.5],[0.1,0.4])(0.35, 0.2, 0.3)

u3 |([0.5,0.8],[0.25,0.1],[0.2,0.3])(0.4, 0.5, 0.45) ([0.3,0.8],[0.3,0.6],[0.2,0.4]) (0.15, 0.2, 0.55)

Let (Q, D) of NPCSS defined as
(Q D) =1{Q(e) =1{(u, Ae;(0), A;(u) ): u€ U} e; € H} is
Table 3.9: The tabular representation of (J, H)

U Q(el) Q(e2)

u1 |([0.2,0.4],[0.3,0.4],[0.3,0.4])(0.15, 0.2, 0.5)

([0.9,0.7],[0.4,0.6],[0.2,0.4])(0.3, 0.5, 0.7)

u2 |([0.1,0.4],[0.4,0.6],[0.2,0.4])(0.2, 0.3, 0.5)

([0.3,0.6],[0.3,0.5],[0.4,0.71)(0.4, 0.2, 0.5)

u3 |([0.5,0.7],[0.3,0.6],[0.6,0.8])(0.8, 0.2, 0.3)

([0.6,0.8],[0.3,0.4],[0.6,0.8])(0.4, 0.35, 0.1)

Let R—union is denoted by (Q, D)ur (J, H)and defined as

Table 3.10: The tabular representation of (Q, D)ux (J, H)

U Q Ur J(e1)

Q Ur J(e2)

w ([0.2,0.4],[0.3,0.4],[0.3,0.4])(0.25, 0.2, 0.4)

([0.9,0.7],[0.4,0.6],[0.9,0.4])(0.85, 0.85, 0.7)

wz: |([0.3,0.6],[0.9,0.6],[0.2,0.4])(0.65, 0.4, 0.5)

([0.4,0.7],[0.4,0.5],[0.4,0.7])(0.35, 0.2, 0.5)

w [([0.5,0.8],[0.3,0.6],[0.6,0.8])(0.8, 0.5, 0.45)

([0.6,0.8],[0.3,0.61,[0.6,0.8])(0.4, 0.35, 0.55)

Let R-intersection is denoted by (Q, D)nr (J, H) and defined as

Table 3.11: The tabular representation of (Q, D)nx (J, H)
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U (QnNrJ) (e1) (QNrJ) (e2)

w | ([0.1,0.2],[0.2,0.4],[0.2,0.4])(0.15, 0.25, 0.3) ([0.2,0.6],[0.2,0.4],[0.2,0.4])(0.3, 0.5, 0.5)
w ([0.1,0.41,[0.4,0.4],[0.1,0.3])(0.2, 0.3, 0.2) ([0.3,0.61,[0.3,0.5],[0.1,0.4])(0.4, 0.2, 0.3)
us (0.5,0.71,[0.25,0.1],[0.2,0.3])(0.4, 0.2, 0.3) ([0.3,0.81,[0.3,0.4],[0.2,0.4])(0.15, 0.2, 0.1)

4. P-UNION AND P-INTERSECTION OF NEUTROSOPHIC PYTHAGOREAN CUBIC SOFT
SET

In this section we introduce the concepts of P-OR and P-AND for Neutrosophic Pythagorean Cubic
Soft Sets and explore their fundamental properties. We establish that the P-union and P-intersection
of two Internal Neutrosophic soft cubic sets also result in Internal Neutrosophic Pythagorean Cubic
Soft Sets. Additionally, we examine the conditions under which the P-union and P-intersection of
two T-External (or I-External, F-External) Neutrosophic soft cubic sets remain T-External (or

I-External, F-External) within the framework of Neutrosophic Pythagorean Cubic Soft Sets.

Definition 4.1 Let (Q, D) = {Q(e;) = {(u, A¢,(0),A¢,(W):u € Ule; € D}
(0, H) = {J(ep) = {{u, B¢, (), ne,(u)): u € U}e; € H} be Neutrosophic Pythagorean Cubic Soft Set
(NPCSS) in U. Then
1. P - OR is denoted by (QD) Vp (J,H) and defined as (Q,D) Ap (J,H) = (9,D x H) where
$H(ay, Bi)=Q(a;) Up J(B;) for all (e, B;) €D xH.
2. P - AND is denoted by (Q,D) Ap (J,H) and defined as (Q,D) Ap (J,H) = ($,D x H) where
$H(ay, Bi)=Q(ay) Np J(B;) for all (e, B;) €D xH.

Example 4.2 Let U = {ul, u2, u3} be the initial universe and the parameter set E= {el, e2}. Let (Q, D)
and (J, H) be two NPCSS over U is defined as
(Qr D) = {Q(el) = {(u; Aei(u): }\ei(u)): u € U}ei € D}

Table 4.1: The tabular representation of (Q, D)

U Q(e1) Q(e2)

w [([0.4,0.5],[0.5,0.6],[0.4,0.5])(0.3, 0.4, 0.5) ([0.2,0.51,[0.1,0.6],[0.1,0.3])(0.2, 0.3, 0.3)
wz [([0.3,0.4],[0.6,0.7],[0.1,0.2])(0.4, 0.5, 0.5) ([0.2,0.4],[0.5,0.7],[0.1,0.5])(0.3, 0.6, 0.4)
ws [([0.1,0.2],[0.1,0.2],[0.2,0.4])(0.2, 0.3, 0.6) ([0.3,0.61,[0.1,0.4],[0.2,0.5]) (0.4, 0.5, 0.5)

and (J, H) = U(ei) = {(u, B, (0), K, (u)): u € U}ei € H}

Table 4.2: The tabular representation of (J, H)

U J(e) J(e2)
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w  [([0.6,0.8],[0.2,0.4],[0.2,0.3])(0.6, 0.3, 0.5) ([0.3,0.6],[0.9,0.2],[0.2,0.1])(0.4, 0.1, 0.1)
w2 |([0.4,0.5],[0.2,0.6],[0.8,0.1])(0.5, 0.3, 0.1) ([0.3,0.5],[0.3,0.6],[0.1,0.4])(0.5, 0.4, 0.3)
us ([0.2,0.3],[0.9,0.1],[0.1,0.3])(0.4, 0.2, 0.4) ([0.4,0.7],[0.5,0.3],[0.2,0.3]) (0.6, 0.4, 0.3)
Table 4.3: The tabular representation of (Q, D) ve (J, H)
U H (e1, e1) H (e1, e2) H (e2, e1) H (e2, e2)
U P (e1) U Q(e1) P (e1) U Q(e2) P (e2) U Q(e1) P (e2) U Q(e2)
u1([0.6,0.8],[0.5,0.6], ([0.5,0.6],[0.6,0.7],[0.5,0.6]) |([0.7,0.9][0.3,0.5] ([0.4,0.71[0.2,0.7]
[0.4,0.5])(0.6, 0.4, 0.5) (0.5, 0.5, 0.6) [0.3,0.4])(0.7,0.4,0.5) [0.2,0.4])(0.5,0.4,0.4)
u2 (([0.5,0.6],[0.7,0.8], ([0.4,0.6],[0.7,0.8],[0.2,0.5]) |([0.5,0.6][0.6,0.8] ([0.4,0.6][0.6,0.8]
[0.2,0.3])(0.6, 0.6, 0.6) (0.6, 0.6, 0.6) [0.2,0.6])(0.6,0.7,0.5) [0.2,0.6])(0.6,0.7,0.5)
u3 (([0.3,0.4],[0.2,0.3] ([0.5,0.8],[0.2,0.3], ([0.4,0.71]0.2,0.5] ([0.5,0.8][0.2,0.5]
,[0.3,0.5])(0.5, 0.4, 0.6) {[0.3,0.5]) (0.7, 0.4, 0.6) [0.3,0.6])(0.5,0.6,0.6) [0.3,0.6])(0.7,0.6,0.6)
Table 4.4: The tabular representation of (Q, D) Ar (J, H)
U H (e1, e1) H (e1, e2) H (e2, e1) H (e2, e2)
U P (e1) N Q(e1) P (e1) N Q(e2) P (e2) n Q(e1) P (e2) N Q(e2)
u1(([0.5,0.6],[0.3,0.5], ([0.4,0.7],[0.1,0.3],[0.1,0.2]){([0.3,0.6],[0.2,0.7], ([0.3,0.6],[0.1,0.3],

[0.3,0.4]) (0.4,0.4,0.5)

(0.4,0.2,0.2)

[0.2,0.4]) (0.3,0.4,0.4)

[0.1,0.2]) (0.3,0.2,0.2)

u |([0.4,0.51,[0.3,0.7],[0.1,0.2])

(0.5,0.4,0.2)

([0.4,0.51,[0.4,0.71,[0.2,0.3])
(0.5,0.5,0.4)

(10.3,0.5],[0.3,0.7],[0.1,0.2])

(0.4,0.4,0.2)

([0.3,0.5],[0.4,0.71,[0.2,0.5])
(0.4,0.5,0.4)

u3

(10.2,0.31,[0.1,0.2],[0.2,0.4])
(0.3,0.3,0.5)

([0.2,0.3],[0.1,0.4],[0.1,0.4])

(0.3,0.3,0.4)

([0.3,0.4],[0.1,0.2],[0.2,0.4])

(0.5,0.3,0.5)

([0.4,0.71,[0.1,0.4],[0.1,0.4])
(0.5,0.3,0.4)

Proposition 4.3 Let U be the initial universe and MNL and S be subsets of the parametric set E Then
for any Neutrosophic Pythagorean Cubic Soft Sets A = (P, M), B=(Q, N), C=(E, L), D =(T, S) the
following properties hold

1. IfA
2. IfA
3. IftA
4. IfA
5 IfA

Proof.

Cp BandB &p Cthen A <, C.
Cp B, then BC
Cp Band A
Cp Band C
Cp Band C

Sp AC

Cp Cthen A
Cp Bthen A
Cp Dthen A

cp BA

Up C €

np C.

» B Up D.

(1) To Prove A Sp B and B € C. Then A &, C. Consider
ASB=>P,M) S (QN)=>P((e)<Q(e)VeieM, M S N
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BS,C=2=QN)Sy(HL)=>Q(ei)<H(e)) Veie N, NS Leie M=>e€N,
since ME N

Q(ei) H(e) VeieM

P (ei) = Q(e))<H(e)

IA

=>Pe) = He)VvVeieMENEL
=@PM) s (HL

= A S B
(2) To prove A Sp B. Then B¢ <; AC.
If M=N=M < N and N € M.
A SpB =M & NandP (e;) < Q (e;) by definition
P(e) = Q(e)) = A(e) SB(e) and A(e;)) & p(e) Yu € U
A, () < B, T(u), A, TT(u) < B, YT (w),
Ae,7'(w) = B, T'(w), Agt'(u) < B M(w),
Ae,TF(u) = Be,F(u), Ag"T(u) < B, t(w)
and A, () < e, T(W), Ae, (W) = pe,' (W), Ae (W) = e (W)
A€ = {{u, A%, (0),A%, (W) : Vu € Uye; eM}
Where A% (W={{u, [1 = A¢, " (W), A, T(W] [1 = Ae, " (W), Ae, ' (W], [1 —
AT (W, AT W)+ u € U, (W= {{u, [1 —2¢, (1), 1 =2, (W), 1 —2A¢,"(W]): u € U}
and B¢ ={<u,Bcei(u),Bcei(u)) :Vu € Ue € N}
Where
B, (W= {{u,[1 = Be, " (W), B¢, T(W], [1 — Be, "' (W), B, (W], [1 — B, (W), B¢, T (W]) :
u € U}
MC e, (W= {{u, [1 = e, (W), 1 = ke, ' (W), 1 — pe,F(W]) = u € U}
Now
Ae, (W) < B, T(w) = - A, T(u) =— B T(u).
Adding 1 on both sides, we get
1- Ae, T(w) =1 — B, T(w).
Similarly,
1= Ae"T(w) 21— Be, "M (w),
1= Ae"i(w) 21— Be,"'(w),
1= Ae"i(w) 21— Be,"'(u),
1= A 7"() 21— Be "(w),
1- Ae,"f(u) =1 — B, *F(u) (2.8)
And
1= A (W) 21— pe (W),
1= A () 21— pe'(w),
1- A, (u) 21— pe,F(u). (2.9)
From (2.8) and (2.9),
B¢ € A® sinceN € M
Hence the proof.
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Similarly, we can prove for (3), (4) and (5).

Theorem 4.4 Let (P, M) be a Neutrosophic Pythagorean Cubic Soft Set over U.
1. If (P, M) is an Internal Neutrosophic Pythagorean Cubic Soft Set, then (P,M)¢ is also
an Internal Neutrosophic Pythagorean Cubic Soft Set (INPCSS).
2. If (P, M) is an External Neutrosophic Pythagorean Cubic Soft Set, then (P,M)¢ is
also an External Neutrosophic Pythagorean Cubic Soft Set (ENPCSS).
Proof.
1. Given (P, M) = {P(ei) = {(u, Aei(u),lei(u)): u € U}ei € D} is an INPCSS this implies
A, T(W) S A, (W A, T (1), Ag, (W) < A, (W)= Ag, (W),
Ao, " (W) < A,"(W)< Ag,*F(u), for all e; EM and for all u € U.This implies
1- A, T(w) <1- 2, () <1- A, "W, 1- A, (w) <1-24,'(u) <1- A, '(w), 1-
AT < 1-2,"(w) <1- A, F(W
for all e; EM and for all u € U.
Hence, (P,M)¢ is an INPCSS.
2. Given (P, M) = {P(ei) = {(u,Aei(u), Aei(u)): u € U}ei € D} is an ENPCSS this implies
Koy (WE(Ae, (W), Ag (W), Ao (1) E(Ag, ™ (W), Ag,T'(W), Ao, (W) € (A, (W), Ag, ™" (W),
for all e; EM and for all u € U. Since,
Ao (W) € (Ag, T (W), AT (W) &0 < A, T(W < A, T(W) <1,
Re (1) € (A, (W), AN (W) &0 < A, TMW < AMW <1,
Ao (W) & (A, "(W), A "P(W) &0 < A, TT(W = AW < 1.
So, we have
A, (1) < AT or AT < A, T(w),
A (@) < Ay ') or A MW) = A,
A (u) < Ag (W) or A TT(w) < A (w),

IA

This implies
1- Ao, (1) = 1— Ay, ") or1- A, *T(u) = 1- A, (u),
1- A, ') = 1- A, ') or1- A, (1) = 1- A, '(v),
1- A,(w) = 1— A, F or1- A, *F(u) = 1- A, (u),
for all e; EM and for all u € U.
Thus 1- A, "(u) € (1— Ae,""(W), 1- A, "T(W), 1- A, /(1) & (1- A, 7'(W),1—
AW = 2, (W € (1- A7 (W), 1- A" (W).
Hence (P,M) is an ENPCSS.

Theorem 4.5 Let (Q, D) = {Q(e;) = {(u, A¢,(u),A¢,(0)): u € Ule; € D}
(J, H) = {](ei) = {(u, Be, (0), uei(u)): u € U}ei € H} be two Internal Neutrosophic Pythagorean
Cubic Soft Sets. Then
1. (Q, D) Up(]J, H) is an INPCSS
2. (Q,D) np (J, H) is an ENPCSS
Proof.
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1. Consider (Q, D) and (J, H) to be two Internal Neutrosophic Pythagorean Cubic Soft Sets, then
we have for (Q D) as Ae, T(W) < Ao, (1) < Ag, T (), Ae, (W) < A, (1) <A, (),
Aei_F(u) =< AeiF(u) < Aei+F(u), forall e; EM and forall u € U. Also for (D, H) we have
Be, T(W) < pe,T(1) < Be,*T(u), Be, (W) = pe, (1) < Be,*'(u), B, F(W) < peFu) <
Be,*(u), for all e; EM and for all u € U. Then we have

max{Ae, " (W), B, T(W} <, V e, M(w)=max{Ae, " (1), Be, " ()
max{A, ' (), Be, ' (W} <(Ae;" V ke, N(w)<max{A, ' (u),Be, T ()

max{Ae, " (W), Be, T (W} <O, " V e, F) () <max{Ag, *F (), Be, T ()}

Q(ei) if e; € D—H
H(ei) = J(eD ife; €H—D
Q(ei) Vp ](ei) lf (SH eDNH

If e; € DN H,then Q (e;) Vp J (e;) is defined as
Q(e) Ve J (eD=H () = {{u, max{A,(u), Be; (W}, A, V 1) (W)):u € U,e; € D N H}
Where

Q"(e) VeI T(e) = {{u max{ATe, (), B, (W3}, (T, v T, )W) :u € U,e; € D H}
Qo) vel'(e) = {{u max{Ale, (W), Bl (3, (e, v ', )(W):u € U, e €D N HJ

Q"(e) Ve J7(e) = {{u max{ATe, (W), B¢, (W}, AT, v i, )W) :u € U,e; €D H}

Thus (Q, D) Up(J, H) is an INPCSS if e; e DN H. Ife; € D —H ore; € H—D then the result is
trivial.
Hence (Q, D) Up(], H) is an INPCSS in all cases.
2. Since (Q,D) np (J,H)=(H, C)where DNH =C and H (e;) = Q(e;) Ap J(e;). If e €D NH

then Q(e;) Ap J(e;) is defined as

H () = Qen) Ap J(e) ={{u, minfA (u), Be, (W)}, (Re; A ) (W):u € U,e; € DN H}.
Also given that (Q D) and (J, H) are INPCSS. A, "(W) < A, (W) <A, *T(u), A, (W) <
keil(u) < Aei“(u), Aei_F(u) < AeiF(u) < Aei+F(u), for all e; EM and for all u € U. For
(D, H) we have Be T < pe™ (W) =BT (), B, "W < o' () <Bg* (w),
Be,"(u) < pe,F(u) <Be,*(u), forall e; €D and forall u € U.

min{Ae, " (W), B, T(W} S(Ae, " A b, N)() <min{Ae, " (w),Be, T ()

min{Ae, ' (), B, (W} (e, Abe,)(w) <min{Ae, "' (u),Be, (W)}

minfAe, (), Be, F (W)} S (e, A pte, (1) <min{A,*F(u),Be, T (w)}

forall e € DNH and for all u € U. Hence (Q, D)np(J, H) is an INPCSS.

Definition 4.6 Given two Neutrosophic Pythagorean Cubic Soft Sets (NPCSS)

QD)= {Qe) = {{u, A, (W), A;(W): u € Ule; € D}
and (J, H) ={](ei) = {(u, Be, (u), K, (u)): u € U}ei € H} If we interchange A and p then the new
Neutrosophic Pythagorean Cubic Soft Set (NPCSS) are denoted and defined as
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QD) = {Q(e) = {{u, A¢; (W), A;(W):u € Ule,; € D}
and (JH)* = {](ei) = {(u, B, (), uei(u)): u € U}ei € H} respectively.

Theorem 4.8 For two ENPCSSs (Q D)= {Q(e;) = {(u, A¢, (1), A¢,(W)): u € Ule; € D}
and (J, H) ={](ei) = {(u, B, (w), uei(u)): u € U}ei € H} in U. If
@D)" = {Q(ep) = {{u, Ac, (W), A¢,(W):u € Ule; € D)
and (JH) * = {J(e;) = {{u, Be, (W), He; (W):u € Ule; € H} are INPCSS in U then (Q, D)Up(J, H)
is an INPCSS in U.

Proof. By similar way to theorem 4.7 we can obtain the result.

Theorem 4.9 Let (Q, D) = {Q(ei) = {(u,Aei(u), Aei(u)):u € U}ei € D} and (J, H) ={](ei) =
{(u, B¢, (W), ne,(W)): u € Ule; € H}, be ENPCSS in U such that

QD) = {Q(e) = {{u, A, (W), A, (W):u € Ule; € D}
and (JJH)* = {](ei) = {(u, Bei(u), uei(u)): u € U}ei € H}
be ENPCSS in U. Then P-union of (Q, D) and (J, H) is an ENPCSS in U.
Proof. Since (Q, D), (J, H), (Q,D)* and (J,H) * are ENPCSS so by definition of an External soft
cubic set for (Q, D), (J, H), (Q,D)* and (J,H) * we have

Ae" € (A T(W), Ag*T(W)) e, € (AT, A (W) AT € (Ae, (W), AT (W), for all
e; EH and for all u € U.

e, " € (Be, T(w), Be,T(W) ke, € (Be, (W), B, (W) e, T € (Be, T (W), Be, T (W), for all
e; €D and for all u € U.

e, T € (A, T(W), Ag*T(W)) e, € (Ae, '), A ') e, T € (A, T (W), A, T (W), for all
;€D and forall u €U.

Ae,” & (Be, "), B, T(W) A, @ (B, (W), Be, (W) A" € (Be, (W), Be, (W), for all

e; €H and forall u € U respectively.
Thus, we have
Qe; " V e, (W) & { max{A, " (W), B, T (W)}, max {A,, " (W), B, T (W},
ey’ V He; Y (W) & { max {A,,~'(w), B, (W)}, max {A,,*'(w), B, "' (W)},
Qe;" V e, (W) & { max{Ag, ™" (W), B, 7T (W}, max {Ag, " (w), B, " (W)},
Forall e e DNH and forall u € U.
Thus we have (A,; V pe,)(u) € max{A (u),Be, (W)} for all e € DNH and for all u €
U. also since (Q,D) Up (J,H)=(H,C) where DUH = C and
{Q(ei) ife; €D — H}
H(ei) =1 J(ey) ife;eH—D
Qe vpJ(ep) ifeeDNH

if e € D N H,then Q (e;) Vp J (e;) is defined as
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Q(e;) Vp J(ep) = H(ep={(x, max{A,, (u), Be, (W3, (?\ei \Y; uei)(u)): u € U,e; € DN H}
Where

Q"(e) Ve "(e) = {{x max{ATe, (), BTe, (W}, (AT, v T, ) (W) iu € U,e e DN HY,
Q'(e) vpJi(e)) = {(x, maX{AIei(u), Bl (W)}, (?\Iei \% ulei) (u)> :u €U,e;€DnN H},

QF(e)) VpJi(e) = {<x, max{AFei(u), BF. (W3, (?\Fei % p.Fei) (u)> :u €U,e;€DnN H}.

By definition of an External soft cubic set (Q, D)Up (J, H) is an ENPCSS in U.

Example 4.10 Let (Q, D) and (J, H) be Neutrosophic Pythagorean Cubic Soft Sets in
U, where

(P,M) = P (e1) = {{x,([0.3,0.5],[0.2,0.5],[0.5,0.7]), (0.8,0.3,0.4) ), e1 € D},

(Q,N) = Q(er) = {{x,([0.7,0.9],[0.6,0.8],[0.4,0.7]), (0.4,0.7,0.3) ), ex € H}

forall u € U.

Then (Q, D) and (J, H) are T- External Neutrosophic Pythagorean Cubic Soft Sets in
U and

(Q, D) np (J, H) =(Q, D) n(J, H) =Qn Q(el) = {{x, ([0.3,0.5], [0.2,0.5], [0.5,0.7]), (0.8, 0.3,
0.4)), eee DnHj} forall u € U. (Q, D) np (J, H) is not a T- External Neutrosophic cubic
set, since

e, "V e (W) =04 € (0.3,05) = (AT, NBT,)” (), (AT, NBTe,)* (W)

From the above example it is clear that P — intersection of T — External Neutrosophic Pythagorean
Cubic Soft Sets may not be an T -External Neutrosophic Pythagorean Cubic Soft Set.

Now we provide a condition for the P -intersection of T - External (resp. I — External and F -External)
Neutrosophic Pythagorean Cubic Soft Sets to be T — External (resp. I- External and F- External)
Neutrosophic Pythagorean Cubic Soft Set in the following theorems.

Theorem 4.11 Let (Q, D) = {Q(ei) = {(X, A (0), A, (W):u € U}ei € D} and

(0, H) ={J(es) = {{x, B¢, (1), pe;(W)): u € Ule; € H} be T- ENPCSS in U such that
max {min{A., "7 (1), Be, T(w)}, min{A., T (u), Be. TT(u)}}

min max{Aq, (W), B, T (W)}, max{Ae, "W B, T (W)} } =10
For all e; €D and for all e; € H and for all u € U. Then (Q, D) np (J, H) is also an
T -ENPCSS.

Proof. Consider (Q,D) np (JLH) = (H, C) where D N H = C where

H (e;) = Q(e;) ApJ(e;) is defined as

Qe," Ve, D) € {

Qe Ap J(e) = H(e) = {[x minfAe, (w), B, (3, (Ae, @) A e, (W) (W) :u € Ue; € DN H),

For each e € DN H. Take T = min{max{A.,*" (1), Be,” (W}, max{A., " (u),Be, " " (u)}
and Be," = max{min{A.,*T(w), Be,”T(wW)}}, min{A,, " (w) , B¢, T (W)}}.

Then a7 is one of Aei_T(u),Bei_T(u),Aei+T(u) and ,Bei+T(u).
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Now we consider o, T = A, “T(w) or Aei_T(u) only, as the remaining cases are
similar to this one.
If ap,” = Aei_T(u) then < B, *"(w) < Aei+T(u) and so BeiT = B,,*"(u). Thus
Be, (W) = (Ae," NBe,)T(W) = (Ag" NBe )T (W) =Be,"T(W) = Be;” < (e, AW
Hence (A" Ate, (W) & (((Ae,” N BN~ (W), (A, N B D (W)
If ae,T= Ae,*T(u), then
Be, " (W) < A, " (u) < B, *"(w) and so BeiT = max{Ae,”" (0), B, T (W}
Assume that BeiT = Aei_T(u) then B, "(u) < Aei_T(u) < Aei+T(u) < B, *"(w).
So from this we can write Bei_T(u) < Aei_T(u) < (?\eiT Ape D) < Aei+T(u) <
Be,"T(W) or Be, TW) < Ag, T(W) < (e, Ate (W) = Ag (W) < Be T (w).
For this case B, "(1) <A, T(W) < (e, Ape, (W) <A, (W) < B, ""(w)
which is a contradiction to the fact that (Q,D) and (J,H) are T -ENPCSS.
For the case B, (u) < Aei_T(u) < (?\eiT Ape, D) < Aei+T(u) < B, T(w)
we have (AeiT A ueiT) (n) & ((AeiT N BeiT)_(u) , (AeiT N BeiT)+(u)) because
Aoy At D(W) = Ag, (W) = (A" N B, DT (W).

Again assume that BeiT = BeiT(u), then

Ag T =B, T(W < (Ae," AteH(W) < A, "T(W) < B, T (W.
From this we have A, T(W) < B, (W) < A, A, D) <A, "T(w) < B, *"(w) or

A T(W) < Be, T(W) < (e, AkeN(W) < AT (W) < B, " T(W).
For this case Aei_T(u) < B, (w)< (AeiT Ape, D) < Aei+T(u) < B, *T(w)
It is contradiction to the fact that (Q, D) and (J, H) are T — ENPCSS. And if we take
the case Ag, (1) < Be, T(W) < A, AHe,D(W) = A, *T(w) < B, *T(w), we get
Qe," AteHW) € (AT N BT ™ (W), (A, " N B, T)* () because

Qe, " Abe, W) = A" T(W) = (A" N BT (W).

Hence in all the cases (Q, D) np (J, H) isa T — ENPCSS in U.

Theorem 4.12 Let (Q, D) = {Q(ei) = {(X, Aei(u),Aei(u)): u € U}ei € D} and

(J,H) ={](ei) = {(X, B, (u), p.ei(u)>: u € U}ei € H} be I- ENPCSSs in U such that
min {max{A,, "' (), B¢, (W}, min{A, ' (), B, " (w)}}

max {min{A,, "' (), B¢, ™' (W)}, max{A, "' (W)B,, ' (W} }

for all e; € D and for all e; € H and for all u € U. Then (Q, D) np (J, H) is also an

I -ENPCSS.

Proof. Similar to the theorem 4.11.

e, ApeH(W) € { (2.11)

Theorem 4.13 Let (Q, D) ={Q(ei) = {(X, Ag,(0), ?\ei(u)): u € U}ei € D} and

J,H) ={](ei) = {(x, B, (u), ke, (u)): u € U}ei € H} be F- ENPCSSs in U such that
min {max{A.,*" (1), B¢, " (W)}, min{A,, " (u), B, *" (W}}
max {min{A.,*" (1), B¢, F (W)}, max{A., " (WB. " (W}}
for all e; € D and for all e; € H and for all u € U. Then (Q, D) np (J, H) is also an
F -ENPCSS.

Qe," A, (W) € { } (2.12)
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Proof. Similar to the theorem 4.11.

Corollary 4.14 Let (Q, D) = {Q(ei) = {(X, Ag;(u), A, (u)): u € U}ei € D} and
(0, H) ={J(es) = {(x, B¢, (u), pe; (w)): u € Ule; € H} be ENPCSSs in U. Then P - intersection
(Q, D) Nnp (J, H) is also an ENPPCSS in U when the conditions (2.10), (2.11) and (2.12)

are valid.

Theorem 4.15 If Neutrosophic Pythagorean Cubic Soft Set
(Q D)= {Q(ei) = {(X, Aei(u),lei(u)): u € U}ei € D} and
(J,H)= {](ei) = {(X, B, (), uei(u)): u € U}ei € H} in U satisfy the following condition
min {max{A,*" (W), B, T (W}, max{A, " (W), B, T(W}} = A, A bW
= max {min{A¢,*" (), B, " (W)}, minfA, " (w), Be, (W)} (2.13)
Then the (Q, D) np (J, H) is both a T- Internal Neutrosophic Pythagorean Cubic Soft

Set and T — External soft Neutrosophic Pythagorean cubic set in U.
Proof. Consider (Q,D) np (J, H) = (H,C) where DN H =C, where H(e;) = Q(e;) ApJ(e;)

is defined as
Q(ey) ApJ(e)) = H(ey) = {(x, min{Ag; (u), B¢, (W}, (Aei(u) A U, (u)) (u)> :u €U,e;eDnN H}
Where FT(e;) Ap GT(e;) = H(e))

— {Qey) {<u min{AT,, (W), B¢, ()}, (AT, AT, ) (u))> :u € U}e; € D N HJ

for each e; € DN H. Take o, = min{maX{Aei+T(u), Bei_T(u)}, maX{Aei_T(u), Bei+T(u)}}
and B.," = max{min{A. *T(w), B, T (W}, min{A., " (W), Be,"T(W}}. Then o, T is one of
the Ae, " (), Be,"T(w), Ae,*T (1), B¢, T (u). Now we consider ae,T = A, ” " (u) or

Aei+T(u) only, as the remaining cases are similar to this one. If aeiT = Aei_T(u).Then

Be,”T(w) < B, "T(w) < Aei_T(u), Aei+T(u), and so BeiT = BT, (w). This implies

Ao, T = o, T = (ATe, ANT, ) () = Be," = Be, (W),

Thus Be,”"(W) < Be,"T(w) = (ATe, AUT, ) (W) = A, 7" (W) < A, *"(w),

which implies that
(AT, AT, ) () = B¢, *T(W) = (Ae,T N B, T)* (w).

Hence (A¢;" Ate,D(W) & ((Ae," NBe,N™(W), (Ae," N B, H*(w) and
(AeiT N BeiT)_(u) S (}\eiT A l’leiT)(u) S (AeiT N BeiT)+(u)' If aeiT = Aei+T(u)
Then B, "(u) < A, *"(u) < B, *"(u), and so

(ATe, ANT, ) (W) = Ag,*T(W) = (A, N BN (w).

Hence (}\eiT A ueiT) (u) e ((AeiT n BeiT)_(u) ’ (AeiT n BeiT)+(u)) and
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(AeiT N BeiT)_(u) = ()\eiT Ape, D) < (AeiT N BeiT)+(u). Consequently, we note that
(Q,D) np (J,H) is both T — Internal Neutrosophic Pythagorean Cubic Soft Set and
T — External soft Neutrosophic Cubic Set in U.

Similarly, we have the following theorems

Theorem 4.16 If Neutrosophic Pythagorean Cubic Soft Set
(Q D)= {Q(ei) = {(u, Aei(u),kei(u»: u € U}ei € D} and
J, H) = {J(e) = {(u, B, (), p.ei(u)):u € Ule; € H} in U satisfy the following condition

min {max{A,, " (), B, "' (W} max{A,, " (W), Be, ' (W} = (We, Anl, ) ()

= max {min{A.,*'(w), B, "' (W}, min{A,, ' (WBe, " (W)}} (4.14)
Then the (Q, D) Np (J, H) is both an I- Internal Neutrosophic Pythagorean Cubic Soft
Set and I — External soft Neutrosophic Cubic Set in U.

Theorem 4.17 If Neutrosophic Pythagorean Cubic Soft Set
(QI D) :{Q(ei) = {(ul Aei (u)l Aei (u)> u E U}ei E D}
0, H) ={J(e;)) = {{u, Be,(u), pe,(w)):u € Ule; € H} in U satisfy the following condition

min {max{A,, ** (), Be, " (W}, max{A, (W), Be, T (W} = (A, AF, ) (W)

= max {min{A,, " (u), Be, " (W}, min{A,, " (W)Be, " (W)}} (2.14)
Then the (Q, D) Np (J, H) is both an F — Internal Neutrosophic Pythagorean Cubic Soft
set and F — External soft Neutrosophic Cubic Set in U.

Corollary 4.18 Let (Q, D) = {Q(e;) = {(u, A¢, (W), A¢,(w)): u € Ule; € D} and
0, ) ={J(e) = {{u, Be, (W), e, (W): u € Ule; € H} (2.15)
be NSPCSSs in U. Then P —intersection (Q, D) Np (J, H) is also an ENPCSS and an INPCSS
in U when the conditions (2.13), (2.14) and (2.15) are valid.
The following example shows that the P-union of T — External Neutrosophic
Pythagorean Cubic Soft Sets may not be an T — External Neutrosophic Pythagorean
Cubic Soft Set.

Example 4.19 Let (Q, D) and (J, H) be Neutrosophic Pythagorean Cubic Soft Sets in
U, where

(Q,D) =Q (&) =1{(u,([0.3,0.5],[0.2,0.5],[0.5,0.7]), (0.8,0.3,0.6) ) e; € D}

(J,H) =7 (e;) = {(u, ([0.7,0.9] [0.6,0.8] [0.4,0.7]),(0.4,0.7,0.5) ) e;€ H}

Then (Q, D) and (J, H) are T -External Neutrosophic Pythagorean Cubic Soft Sets in
U and (Q, D) u (J, H)=Qu J(e;) = {{u, ([0.7,0.9][0.6,0.8][0.5,0.7]), (0.8,0.3,0.6))}

(Q, D) Up (J, H) is not an T — External Neutrosophic Pythagorean Cubic Set in U
since (Ae,” V pe,T) = 0.8 € (0.7,0.9) = & ((Ae," NBe, )™ (u), (Ae,” N B, DT (W),

We consider a condition for the P -union of T — External (resp. I -External and
F -External) Neutrosophic Pythagorean Cubic Soft Sets to be T — External (resp.
I-External and F -External) Neutrosophic Pythagorean Cubic Soft Set.
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Theorem 4.20 Let (Q, D) ={Q(e;) = {(u, A¢,(u), ¢, (u)):u € U} ¢; € D} and

(J,H) ={](ei) = {(u, B, (0), uei(u)): u € U}ei € H} be T- ENPCSS in U such that
max {minfA,*T(w), B¢, “T(W)}, minfA,, ~T(w), Be, *T (w3}
min {max{Aq,*T(w), B, T ()}, max{As, T (B, *T (W} } (2:16)
for all e; € D and forall e; € H and for all u € U. Then (Q, D) Up (J, H)isalsoan T -
ENPCSS.
Proof. Consider (Q, D) Up (J, H)=(H, C) where D UH =C and

Qe," Ve, D) € {

Q(ei) if e € D—H
H (ei) = H(ei) if e € H-—D
Q(ei) Vp H(ei) if e € DNH
Where H (e;) = Q(e;) Vp J (1) is defined as
Q(e) Vp J(e) = H(ep) = {(u, max{Ae, (u), B, (W}, (Ae, V e, )(W)):u € U,e; € DN H}

QT(e) vp]T(e) = {<X, max{AT. (0), BT, (W)}, (kTei % uTei) (u)) :u €U,e;€DN H}

If e € DNH, a,,T = min {max{A.,*"(u), B, ”" (W}, max{A., " (w),B,*"(wW)}} and
Be; = max {min{A.,*"(u), Be,”" (w)}, min{A,,~" (), B, *T(W)}}.
Then a,,T is one of A, " (u),Be,” " (u), A, " (), B, ¥ (W).
Now we consider aeiT = A, “T(w) or Aei+T(u)only, as the remaining cases are
similar to this one.
If a,” = Aei_T(u), then B, ~"(u) < B, ""(w) < Aei_T(u) < Aei+T(u) and so
Be;' =Be,"T(W). Thus (Ae," UBe, DT (W) = Ae, ™ (W) = ae,T(W) > (e V ey D (W).
Hence (Ae," V 11e, (W) & ((Ae,” U BN~ (W), (AT U BT ().
If oe,” = Aei_T(u), then Bei_T(u) < Aei+T(u) < Aei+T(u) and so
Be," = max{A,, (W), B, T (W}
Assume that BeiT = Aei_T(u), then
Be, T(W) < AcT(W) < (e, "V e (W) < A, T(W) < B *T(w.

So from this we can write Be, " (u) < Aei+T (w < (AeiT Ve, D) < Aei+T (W) < Be,""(w)
or  Be, T(W) S AW = A, Ve DWW S AT (W) < Be, (W)
For the case B, T(W) < A, T(W) < Re;" V e, D(W) < A, "T(w) < B, " (w).
It is contradiction to the fact that (Q,D) and (J,H) are T -ENPCSS.
For the case B, T(W) < Ae,*T(W) < (Ae;" V e, D(W) < A, "T(w) < B,,*"(uw) we have
(e,"V ite D) & ((AeTUB™™ (W), (AT UB,™)* (u))because (Ae,TUB,M™(w) =
AgT(W = A, Ve D (W,
Again assume that BeiT = Bei_T(u), then
AT < B, T(W < e, Ve, D) <A, ™T(W) < BT (W.
So from this we can write

Ae T(W) < B, T(W < (e, Ve, D) <A, ™T(W) < B, *T(w) or

Ag T < B, (W = e, Ve, D) <A, ™T(W) < B, *T(W.
For this case we write A, ~T(1) < B, T(W) < (Ae,” V e, D) < Ag, TT(W) < B, *T(W.
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It is contradiction to the fact that (Q,D) and (J,H) are T -ENPCSS. And if we take
the case A, (W) < B, (W) = Ae," V e, D) < Ag,*T(W) < B, *T(u), we get have
e,V e, IW) & (AT UBe™)™(w), (Ae,TUB,™)* () because

(Ae,"UBe,N™(W) =B, T(W) = A, VHe,N(w).If e, €D —H or ¢ € H—D, then we
have trivial results. Hence (Q, D) Up (J, H) is an T -ENPCSS in U. similarly we have

the following theorems.

Theorem 4.21 Let (Q, D) ={Q(ei) = {(u, Aei(u),Aei(u)): u € U}ei € D} and
(J,H) ={](ei) = {(u, B, (w), uei(u)): u € U}ei € H} be I- ENPCSs in U such that

max {min{A,, *'(w), B¢, ™' (W)}, min{A, ' (W), B, "' ()}
min {max{A,, "' (), Be, ™ (W)}, max{A, "' (WBe, " (W)} }
for all e; € D and for all e; € H and for all u € U. Then (Q, D) Up (J, H) is also an
I -ENPCSS

Qe;' Ve D) € { (2.17)

Theorem 4.22 Let (Q D) ={Q(e;) = {(u, A¢,(u), A¢,(w)): u € Ule; € D} and

J,H) ={](ei) = {(u, B, (0), uei(u)): u € U}ei € H} be F- ENPCSS in U such that
max {minfA, ** (), B, F (w3}, min{A, (), Be, F (w3}

min {max{A, ** (), Be, F (W)}, max{Ae, F(w)B,, *F (W)} }

for all e; € D and for all e; € H and for all u € U. Then (Q, D) Up (J, H) is also an

F-ENPCSS

Qe," Ve, H(W) € { (2.18)

5. Conclusion

This research paper introduced and explored the concept of Neutrosophic
Pythagorean cubic soft sets, including definitions of Neutrosophic Pythagorean
Cubic soft sets, Internal Neutrosophic Pythagorean Cubic Soft Sets. The
investigation of P-union and P-intersection operations, along with their properties,
was conducted. In future, R-union and R-intersection operations will introduced,
enabling the examination of combined properties. These novel concepts and
operations contributed to the advancement of neutrosophic set theory, potentially

benefiting applications in decision-making, uncertainty modelling, and more.
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