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Abstract: In this paper we introduced a novel concept – Neutrosophic Divisor Cordial Labeling a 

have proved that graphs such as wheels, helms and closed helm graph satisfy this new labeling. This 

paper builds upon our previous work in Neutrosophic Cordial Labeling where we demonstrated that 

graphs such as cycle related graph satisfy the labeling. A main focus of this research is the 

investigation of the relationship between cordial and neutrosophic cordial labeling, highlighting 

similarities, differences between the two. Our new finding on Neutrosophic divisor cordial lebeling 

contribute to the advancement of graph labeling theory  
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1. Introduction 

Graph labeling is the investigation of assignment of labels depicted by the integer to vertices and 

edges, has been a very important area of research in graph theory[7,13], providing valuable tools for 

the analysis and classification of the properties of graphs in theoretical and practical applications. 

Among the other labeling methods, Cordial Labeling[5,6] has been an especially fascinating method, 

distinguished by its capacity for producing balanced and harmonious sets of labels among a graph's 

vertices and edges. The advent of Cordial Labeling has spawned many extensions and variations, 

each seeking to discover new fronts of graph theory and its uses[10,12]. 
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The emergence in recent times of Neutrosophic Logic[17], an extension of classical logic[3,8,12], 

has created a flexible and comprehensive system for managing indeterminate and inconsistent 

data[2,19]. In extending the elements of Neutrosophic Logic to Cordial Labeling, our prior work 

developed the model of Neutrosophic Cordial Labeling[21]. With this new strategy, one may enjoy a 

deeper and richer analysis of graph labeling, especially in scenarios where traditional solutions are 

ineffective. In our previous research, we effectively used Neutrosophic Cordial Labeling to several 

graph configurations, such as cycles, wheels, helms, and closed helms, showing the strength and 

flexibility of this new labeling method[1,9,6]. 

From these preliminary results, the current work investigates the application of Neutrosophic 

Cordial Labeling further in more complex graph structures like Helm and Closed Helm 

Graphs. With the study of these graphs, we intend to achieve better understanding of their 

properties and relation towards each other, extending the theoretical framework of Neutrosophic 

Cordial Labeling. Among the main motivations of this work is the comparison and contrasting of 

Cordial Labeling with its Neutrosophic counterpart, elucidating the commonalities and differences 

as well as the possible synergies between the two. This comparative study not only refines our insight 

into graph labeling techniques but also provides new paths for their extension to other graph-

theoretic contexts[14,15]. 

Some recent research has led to the further development of graph labeling in fuzzy and 

neutrosophic settings. Bathusha et al. in 2024 proposed the interval-valued complex neutrosophic 

graphs, discussed their energy functions, and explored possible applications[4]. In contrast, Fujita 

and Smarandache in 2025 delved into sophisticated concepts like smart, zero divisor, layered, weak, 

semi, and chemical graphs, broadening the theoretical horizon of neutrosophic graphs[8]. Their later 

work on superhypertree-width and neutrosophictree-width offers insightful knowledge on 

neutrosophic graph structure classification and complexity[9]. 

Fuzzy and bipolar fuzzy graph models are also being considered with considerable interest. 

Studies on detour -interior and -boundary nodes in bipolar fuzzy graphs have progressed network 

reliability and optimization applications. Likewise, investigations on some graph indices under 

bipolar fuzzy settings and graph complete degree with bipolar fuzzy data have shed new light on 
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connectivity and strength[23,24]. Additional contributions are research on estimating most affected 

cycles and busiest network paths using graph complexity functions in fuzzy environments, and 

empirical studies on operations of bipolar fuzzy graphs and their degrees. These contributions, as a 

whole, add to the expanding domain of graph theory in uncertain settings. 

Aside from developing our knowledge of Neutrosophic Cordial Labeling, this paper presents 

an additional extension: Neutrosophic Divisor Cordial Labeling. This new concept is based on the 

theory of Divisor Cordial Labeling, initially conceived by Varatharajan et al. in 2011[22]. 

Incorporating Neutrosophic Logic into Divisor Cordial Labeling, our goal is to develop a more 

flexible and integrated labeling model with a broader focus on graph patterns. Here, we present strict 

proofs that wheels, helms, and closed helms graphs are Neutrosophic Divisor Cordial Labeling, thus 

widening the scope of such labeling methods[20]. 

With this work, we aim to further enhance the development of graph labeling theory, especially 

with regard to Neutrosophic Cordial and Neutrosophic Divisor Cordial Labeling. Through the 

examination of these notions and their interactions, we hope to improve the theoretical basis as well 

as real-world applicability of graph labeling methods in various fields[16,17]. Not only does this 

research advance our comprehension of current labeling methods, but it also opens doors to future 

investigations into more intricate and complex graph structures. 

The results of this research can potentially affect many fields, such as network security, 

bioinformatics, and social network analysis, where graph models are fundamental. By further 

developing neutrosophic graph labeling methods, we seek to close the gap between theoretical 

breakthroughs and real-world applications, providing new opportunities for solving uncertainty and 

complexity problems in real life. 

1.1 Organisation of the Manuscript 

The manuscript is divided into six sections. The first part introduces the basic notions, setting the 

background for the research. The second part defines the preliminaries required for the 

understanding of the suggested labeling methods. The third part offers the results of the research, 

namely examining Helm and Closed Helm Graphs under Neutrosophic Divisor Cordial Labeling. 

The fourth part discusses possible directions for future research and extensions of this research. The 
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fifth part describes the restrictions of the approach presented, such as computational problems when 

implementing this labeling in varying graph topologies. Last, the sixth part summarizes the paper 

and provides main contributions and takeaways. 

2. Preliminaries  

2.1 Graph[1] 

A Graph is a finite set of vertices and finite set of edges G = (V(G), E(G)). Elements of V(G) and E(G) 

are called vertices and edges respectively 

2.2 Helm Graph[21] 

The helm graph 𝐻𝑛 is constructed by taking an n-wheel graph and attaching a pendant edge to each 

vertex of the cycle 

Example:  

 

 

 

2.3 Closed Helm Graph[21] 

A closed helm 𝐶𝐻𝑛 is derived from Helm Graph 𝐻𝑛 by adding edges between the pendant vertices, 

thereby forming a closed structure 

Example: 𝐶𝐻9   
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2.4 Wheel Graph[21] 

A wheel graph is formed by linking a single central vertex to all vertices of a cycle graph. The resulting 

structure resembles a wheel, with the cycle forming the rim and the central vertex as the hub. 

 

2.5 Labeling of Graph[1,5] 

Labeling of Graph refers to the assignment of integers to the vertices, edges, or both, of a graph, 

according to specific conditions or rules. 

2.6 Cordial Labeling Graph[5] 

Cordial labeling of a graph G involves an injectionf : V(G) → {0, 1} where each edge uv in G is assigned 

the label of |f(u)-f(v)|. This labeling should meet the criteria that 

|𝑣𝑓(0) − 𝑣𝑓(1)| ≤ 1and |𝑒𝑓(0) − 𝑒𝑓(1)| ≤ 1|. 

Here 𝑣𝑓(𝑖) indicates the count of vertices labeled i for i = 0 and 1, where 𝑒𝑓(𝑖) refers to the count of 

edges labeled i.  A graph is considered cordial if it can be labeled in this manner. 

 

 

2.7 Neutrosophic Logic[17] 

Neutrosophic logic extends classical logic by addressing propositions with truth-values that may 

simultaneously exhibit degrees of truth, falsity, and indeterminacy. Each truth-value in this logic 

model is defined by three components: truth (T), indeterminacy (I), and falsity (F). These components 

are assigned real numbers within the interval [0,1] 

 

2.8 Divisor Cordial Labeling[22] 

A type of graph labeling that assign labels to the vertices or edges of a graph based on divisibility 

properties, aiming to create a balanced distribution. In divisor cordial labeling, each vertex v of a 

graph G is labeled with an integer f(v) such that each edge uv incident with vertices u and v is labeled 
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as f(uv)=1 if f(u)divides f(v) or f(v) divides f(u); otherwise, f(uv)=0. The labeling is considered divisor 

cordial if |𝑒𝑓(1) − 𝑒𝑓(0)| ≤ 1  

In our previous work we have introduced Neutrosophic Cordial Labeling. 

 

2.9 Neutrosophic Cordial Labeling[21] 

A neutrosophic graph 𝐺 = (𝑉, 𝜎, 𝜇) is said to be an neutrosophic cordial labeling graph if 𝑇1, 𝐼1, 𝐹1  

of vertices are assigned zero or one and 𝑇2, 𝐼2 𝑎𝑛𝑑 𝐹2 are assigned zero or one such that difference 

between the vertices assigned the value zero and one doesn’t exceed one and similarly for edges.  

Edges are assigned values based on following criteria 

𝑇2(𝑣𝑖 , 𝑣𝑗) =  { 
max {𝑇1(𝑣𝑖), 𝑇1(𝑣𝑗)} 𝑖𝑓 𝑣𝑖 > 𝑣𝑗  𝑜𝑟 𝑣𝑗 > 𝑣𝑖

0 𝑖𝑓 𝑣𝑖 = 𝑣𝑗
 } 

 

𝐼2(𝑣𝑖 , 𝑣𝑗) =  { 
max {𝐼1(𝑣𝑖), 𝐼1(𝑣𝑗)} 𝑖𝑓 𝑣𝑖 > 𝑣𝑗  𝑜𝑟 𝑣𝑗 > 𝑣𝑖

0 𝑖𝑓 𝑣𝑖 = 𝑣𝑗
 } 

𝐹2(𝑣𝑖 , 𝑣𝑗) =  { 
max {𝐹1(𝑣𝑖), 𝐹1(𝑣𝑗)} 𝑖𝑓 𝑣𝑖 > 𝑣𝑗  𝑜𝑟 𝑣𝑗 > 𝑣𝑖

0 𝑖𝑓 𝑣𝑖 = 𝑣𝑗
 } 

and  

0 ≤  𝑇2(𝑣𝑖 , 𝑣𝑗)  + 𝐼2(𝑣𝑖 , 𝑣𝑗) + 𝐹2(𝑣𝑖 , 𝑣𝑗)  ≤ 3 

 

In this paper, we present a novel labeling approach called Neutrosophic Divisor Cordial Labeling. 

 

 

 

2.10 Neutrosophic Divisor Cordial Labeling 

A neutrosophic graph 𝐺 = (𝑉, 𝜎, 𝜇) is said to be an neutrosophic divisor cordial labeling graph if 𝑇1,

𝐼1𝑎𝑛𝑑 𝐹1  are assigned values between 0 and 1 and edges are labeled 1 if 𝑇1(𝑣𝑖)/𝑇1(𝑣𝑗)  or 

𝑇1(𝑣𝑗)/𝑇1(𝑣𝑖) , 𝐼1(𝑣𝑖)/𝐼1(𝑣𝑗)  or 𝐼1(𝑣𝑗)/𝐼1(𝑣𝑖) and 𝐹1(𝑣𝑖)/𝐹1(𝑣𝑗)  or 𝐹1(𝑣𝑗)/𝐹1(𝑣𝑖)  otherwise 0 and it 

satisfies  |𝑇2(0) − 𝑇2(1)| ≤ 1, |𝐼2(0) − 𝐼2(1)| ≤ 1𝑎𝑛𝑑 |𝐹2(0) − 𝐹2(1)| ≤ 1 for edges  

This paper introduces and analyzes Neutrosophic Divisor Cordial Labeling, providing theoretical 

results and applications for various graph structures. 

 

3. Results and Discussion  

In this section, we have proved graphs such as Wheel, Helm and Closed Helm admits the above 

labeling technique. 
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Theorem 1 

Wheel graph accepts Neutrosophic Divisor Cordial Labeling. 

 

Proof 

Let 𝐺 = (𝑉, 𝜎, 𝜇)  be a neutrosophic graph where 𝜎 = (𝑇1, 𝐼1, 𝐹1)  and 𝜇 = (𝑇2, 𝐼2, 𝐹2) , 𝑉 =

{𝑣1 + 𝑣2 + 𝑣3 +⋯ .+𝑣𝑛} such that 𝑇1: 𝑉 → {0,1},  𝐼1: 𝑉 → {0,1}𝑎𝑛𝑑 𝐹1: 𝑉 → {0,1} denote the degree of 

truth – membership function, indeterminacy – membership function and falsity – membership 

function of the vertex 𝑣𝑖 ∈ 𝑉  and 𝑇2: 𝑉 → [0,1], 𝐼2: 𝑉 → [0,1]𝑎𝑛𝑑 𝐹2: 𝑉 → [0,1]  where 

𝑇2(𝑣𝑖 , 𝑣𝑗), 𝐼2(𝑣𝑖 , 𝑣𝑗), 𝐹2(𝑣𝑖 , 𝑣𝑗) denote the degree of truth – membership function, indeterminacy – 

membership function and falsity – membership function of the edge (𝑣𝑖 , 𝑣𝑗) respectively such that 

for every (𝑣𝑖 , 𝑣𝑗).  

 

 

Then, 

|𝑇1(𝑣𝑖)| = |𝐼1(𝑣𝑖) |=|𝐹1(𝑣𝑖) | = n 

|𝑇2(𝑣𝑖 , 𝑣𝑗)| = |𝐼2(𝑣𝑖 , 𝑣𝑗)| = |𝐹2(𝑣𝑖 , 𝑣𝑗) | = 2n – 2 

 

For the wheel graph, 𝑇1(𝑣𝑖) - Truth memebership function are labeled using the function 

(2𝑚 − 1)2𝑘𝑚  where 𝑚 ≥ 1, 𝑘𝑚 ≥ 0 where (2𝑚 − 1)2𝑘𝑚  ≤ 𝑛. 

Case I  

 If the value of (2𝑚 − 1)2𝑘𝑚  ≤ 9, then the function (2𝑚 − 1)2𝑘𝑚  is multiplied by 0.1. In other 

words, if 1 ≤ (2𝑚 − 1)2𝑘𝑚  ≤ 9, 𝑡ℎ𝑒𝑛 (2𝑚 − 1)2𝑘𝑚  × (0.1) 

Case II 

( 1( 1),  1( 1), 1( 1))

( 1( 2),  1( 2), 1( 2))

( 1( 3),  1( 3), 1( 3))

( 1(  ),  1(  ), 1(  ))

( 1(   1),  1(   1), 1(   1))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))
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 If the value of (2𝑚 − 1)2𝑘𝑚  ≤ 99, then the function (2𝑚 − 1)2𝑘𝑚  is multiplied by 0.01. In other 

words, if 10 ≤ (2𝑚 − 1)2𝑘𝑚  ≤ 99, 𝑡ℎ𝑒𝑛 (2𝑚 − 1)2𝑘𝑚  × (0.1)2 

Case III 

 If the value of (2𝑚 − 1)2𝑘𝑚  ≤ 999, then the function (2𝑚 − 1)2𝑘𝑚  is multiplied by 0.001. In 

other words, if 100 ≤ (2𝑚 − 1)2𝑘𝑚  ≤ 999, 𝑡ℎ𝑒𝑛 (2𝑚 − 1)2𝑘𝑚  × (0.1)3 

and so on… 

In general, 

𝑇1(𝑣𝑖) =

{
  
 

  
 

(2𝑚 − 1)2𝑘𝑚 × (0.1)𝑛 
𝑤ℎ𝑒𝑟𝑒 𝑚 ≥ 1, 𝑘𝑚 ≥ 0 𝑎𝑛𝑑 

𝑛 = 1 𝑖𝑓 0 ≤ (2𝑚 − 1)2𝑘𝑚 ≤ 9

𝑛 = 2 𝑖𝑓 10 ≤ (2𝑚 − 1)2𝑘𝑚 ≤ 99 

𝑛 = 3 𝑖𝑓 100 ≤ (2𝑚 − 1)2𝑘𝑚 ≤ 999
… }

  
 

  
 

 

and (2𝑚 − 1)2𝑘𝑚  ≤ 𝑛, 𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 

Indeterminacy – membership function is labeled using the following function 

Case I 

If  T : odd, then  

𝐼1(𝑣𝑖) = (
1 − 𝑇

2
) 

Case II 

If T :even, then  

𝐼1(𝑣𝑖) = (
1 − 𝑇

3
) 

In General, 

𝐼1(𝑣𝑖) =  {
(
1 − 𝑇

2
)  𝑖𝑓 𝑇 𝑖𝑠 𝑜𝑑𝑑

(
1 − 𝑇

3
)  𝑖𝑓 𝑇 𝑖𝑠 𝑒𝑣𝑒𝑛

} 

Falsity membership function is labelled using  

𝐹1(𝑣𝑖) = [1 − (𝑇 + 𝐼)] 

𝑇1, 𝐼1 𝑎𝑛𝑑 𝐹1  are labelled in the clockwise direction, 𝑇1(𝑣𝑛) = 0.2, 𝐼1(𝑣𝑛) = 𝐹1(𝑣𝑛) = 0.1  and the 

remaining vertices are labelled using the following order. If n is even, in addition to the above labeling 

interchange the values of [𝑇1(𝑣1), 𝐼1(𝑣1), 𝐹1(𝑣1)] and [𝑇1(𝑣2), 𝐼1(𝑣2), 𝐹1(𝑣2)] 
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𝑇1(𝑣𝑖) =

{
  
 

  
 

(2𝑚 − 1)2𝑘𝑚 × (0.1)𝑛 
𝑤ℎ𝑒𝑟𝑒 𝑚 ≥ 1, 𝑘𝑚 ≥ 0 𝑎𝑛𝑑 

𝑛 = 1 𝑖𝑓 0 ≤ (2𝑚 − 1)2𝑘𝑚 ≤ 9

𝑛 = 2 𝑖𝑓 10 ≤ (2𝑚 − 1)2𝑘𝑚 ≤ 99 

𝑛 = 3 𝑖𝑓 100 ≤ (2𝑚 − 1)2𝑘𝑚 ≤ 999
… }

  
 

  
 

 

𝐼1(𝑣𝑖) =  {
(
1 − 𝑇

2
)  𝑖𝑓 𝑇 𝑖𝑠 𝑜𝑑𝑑

(
1 − 𝑇

3
)  𝑖𝑓 𝑇 𝑖𝑠 𝑒𝑣𝑒𝑛

} 

 

𝐹1(𝑣𝑖) = [1 − (𝑇 + 𝐼)] 

𝑇2, 𝐼2 𝑎𝑛𝑑 𝐹2 are labelled 1 if two function divide each other otherwise it is labelled as zero. 

𝑇2(𝑣𝑖 , 𝑣𝑗) = {
1 𝑖𝑓

𝑇1(𝑣𝑖)

𝑇1(𝑣𝑗)
 𝑜𝑟

𝑇1(𝑣𝑗)

𝑇1(𝑣𝑖)
 

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

𝐼2(𝑣𝑖 , 𝑣𝑗) = {
1 𝑖𝑓

𝐼1(𝑣𝑖)

𝐼1(𝑣𝑗)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑜𝑟 
𝐼1(𝑣𝑗)

𝐼1(𝑣𝑖)
} 

𝐹2(𝑣𝑖 , 𝑣𝑗) = {
1 𝑖𝑓

𝐹1(𝑣𝑖)

𝐹1(𝑣𝑗)
 𝑜𝑟 

𝐹1(𝑣𝑗)

𝐹1(𝑣𝑖)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

 

Then for truth membership function 

𝑇2 [1] =  𝑛 − 1 

In other words, for 𝑇2(𝑣𝑖) the number of vertices labeled one are n-1 

𝑇2 [0] =  𝑛 − 1 

In other words, for 𝑇2(𝑣𝑖) the number of vertices labeled Zero are n-1 

⇒ |𝑇2(0) − 𝑇2(1)| ≤ 1 

In other words, for 𝑇2(𝑣𝑖) the difference of number of vertices labeled one and zero is less than or 

equal to 1. 

Similarly for Indeterminacy membership function 

𝐼2 [1] =  𝑛 − 1 

In other words, for 𝐼2(𝑣𝑖) the number of vertices labeled one are n-1 

𝐼2 [0] =  𝑛 − 1 

In other words, for 𝐼2(𝑣𝑖) the number of vertices labeled Zero are n-1 
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⇒ |𝐼2(0) − 𝐼2(1)| ≤ 1 

In other words, for 𝐼2(𝑣𝑖) the difference of number of vertices labeled one and zero is less than or 

equal to 1. 

For Falsity – membership function 

𝐹2 [1] =  𝑛 − 1 

In other words, for 𝐹2(𝑣𝑖) the number of vertices labeled one are n-1 

𝐹2 [0] =  𝑛 − 1 

In other words, for 𝐹2(𝑣𝑖) the number of vertices labeled Zero are n-1 

⇒ |𝐹2(0) − 𝐹2(1)| ≤ 1 

In other words, for 𝐹2(𝑣𝑖) the difference of number of vertices labeled one and zero is less than or 

equal to 1. 

Thus G = 𝑊𝑛 for n = 2m + 1 : 𝑚 ≥ 2 admits Neutrosophic Divisor Cordial Labeling 

 

Neutrosophic Divisor Cordial Labeling for the Graph 𝑊7 is given below 

 

Total Number of Vertices = 7 

Total Number of Edges = 12 

Truth Membership Function 

No of Edges Labeled one = 6 
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No of Edges Labeled zero = 6 

⇒ |𝑇2(0) − 𝑇2(1)| = | −  | ≤ 1 

Indeterminacy Membership Function 

No of Edges Labeled one = 6 

No of Edges Labeled zero = 6 

⇒ |𝐼2(0) − 𝐼2(1)| = | −  | ≤ 1 

Falsity Membership Function 

No of Edges Labeled one = 6 

No of Edges Labeled zero = 6 

⇒ |𝐹2(0) − 𝐹2(1)| = | −  | ≤ 1 

𝑊7 admits Neutrosophic Divisor Cordial Labeling Graph. 

Similarly, Neutrosophic Divisor Cordial Labeling for the Graph 𝑊10 is given below 

 

 

 

Theorem 2 

Helm Graph admits Neutrosophic Divisor Cordial Labeling. 

 

Proof 
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Let 𝐺 = (𝑉, 𝜎, 𝜇) be a neutrosophic graph where 𝜎 = (𝑇1, 𝐼1, 𝐹1) and 𝜇 = (𝑇2, 𝐼2, 𝐹2). The helm graph 

𝐻𝑛 is formed by starting with an n-wheel graph and attaching a pendant edge to each vertex of the 

cycle. It contains three types of vertices an apex of degree n, n vertices of degree 4 and n pendant 

vertices. Denote the apex vertex to be v. Vertices of degree four are denoted as 𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛. Denote 

the pendant vertices of Helm 𝐻𝑛 to be 𝑢1, 𝑢2, 𝑢3, … . 𝑢𝑛. Denote the edges adjacent to the apex vertices 

to be 𝑒𝑖′𝑠 where 1 ≤ 𝑖 ≤ 𝑛. Denote 𝑔1, 𝑔2, 𝑔3, … . 𝑔𝑛 to be the edges of the wheel’s rim and the edges 

of the pendant vertices incident to rim of wheel are denoted as ℎ1, ℎ2, ℎ3, … . ℎ𝑛.  

Vertex 𝑉 = {𝑣, 𝑣1 + 𝑣2 + 𝑣3 +⋯ .+𝑣𝑛, 𝑢1, 𝑢2, 𝑢3, … . 𝑢𝑛} such that 𝑇1, 𝐼1𝑎𝑛𝑑 𝐹1 denote the T, I, 

F of the vertex 𝑣, 𝑣𝑖 , 𝑢𝑖 ∈ 𝑉 and are assigned values between zero and one and 𝑇2, 𝐼2 𝑎𝑛𝑑 𝐹2 denote 

the T, I, F of the edges between the vertices and are assigned the values “one” or “zero”.  

 

𝑇2(𝑣, 𝑣𝑖) 𝑜𝑟 𝑇2(𝑒𝑖), 𝑇2(𝑣𝑖 , 𝑣𝑗) 𝑜𝑟 𝑇2(𝑔𝑖), 𝑇2(𝑣𝑖 , 𝑢𝑗) 𝑜𝑟 𝑇2(ℎ𝑖) 

𝐼2(𝑣, 𝑣𝑖) 𝑜𝑟 𝐼2(𝑒𝑖), 𝐼2(𝑣𝑖 , 𝑣𝑗) 𝑜𝑟 𝐼2(𝑔𝑖), 𝐼2(𝑣𝑖 , 𝑢𝑗) 𝑜𝑟 𝐼2(ℎ𝑖)  𝑎𝑛𝑑  

𝐹2(𝑣, 𝑣𝑖) 𝑜𝑟 𝐹2(𝑒𝑖), 𝐹2(𝑣𝑖 , 𝑣𝑗) 𝑜𝑟 𝐹2(𝑔𝑖), 𝐹2(𝑣𝑖 , 𝑢𝑗)𝑜𝑟 𝐹2(ℎ𝑖)            

represents the edges of T, I and F for helm graph                               

 

 

Then, 

Total number of vertices is 2n+1 and for edges is 3n. 

( 1( 1),  1( 1), 1( 1))

( 1( 2),  1( 2), 1( 2))

( 1( 3),  1( 3), 1( 3))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ),  1(  ))

( 1( ),  1( ), 1( ))

( 1( 1),  1( 1), 1( 1))

( 1( 2),  1( 2), 1( 2))

( 1( 3),  1( 3), 1( 3))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))
( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))
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Vertices are labelled in the clockwise direction where 𝑇1(𝑣𝑛) = 0.2, 𝐼1(𝑣𝑛) = 𝐹1(𝑣𝑛) = 0.1 and the 

remaining vertices are labelled using the following order. If n is odd, in addition to the above labeling 

interchange the values of [𝑇1(𝑣1), 𝐼1(𝑣1), 𝐹1(𝑣1)] and [𝑇1(𝑣2), 𝐼1(𝑣2), 𝐹1(𝑣2)] 

For the vertices of degree 4 or vertices of wheels rim,  𝑇1(𝑣𝑖) is labeled using the following function. 

𝑇1(𝑣𝑖) =

{
  
 

  
 

(2𝑚 − 1)2𝑘𝑚 × (0.1)𝑛 
𝑤ℎ𝑒𝑟𝑒 𝑚 ≥ 1, 𝑘𝑚 ≥ 0 𝑎𝑛𝑑 

𝑛 = 1 𝑖𝑓 0 ≤ (2𝑚 − 1)2𝑘𝑚 ≤ 9

𝑛 = 2 𝑖𝑓 10 ≤ (2𝑚 − 1)2𝑘𝑚 ≤ 99 

𝑛 = 3 𝑖𝑓 100 ≤ (2𝑚 − 1)2𝑘𝑚 ≤ 999
… }

  
 

  
 

 

and (2𝑚 − 1)2𝑘𝑚  ≤ 𝑛, 𝑡ℎ𝑒 𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑣𝑒𝑟𝑡𝑖𝑐𝑒𝑠 

𝐼1(𝑣𝑖) =  {
(
1 − 𝑇

2
)  𝑖𝑓 𝑇 𝑖𝑠 𝑜𝑑𝑑

(
1 − 𝑇

3
)  𝑖𝑓 𝑇 𝑖𝑠 𝑒𝑣𝑒𝑛

} 

 

𝐹1(𝑣𝑖) = [1 − (𝑇(𝑣𝑖) + 𝐼(𝑣𝑖))] 

For the pendant vertices, the vertices are labeled in clockwise direction. 

𝑇1(𝑢𝑖) = {

𝑇1(𝑣𝑖)

2
       𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑

𝑇1(𝑣𝑖)

3
+ 0.0    𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛  

 

 

𝐼1(𝑢𝑖) = {

𝐼1(𝑣𝑖)

2
       𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑

𝐼1(𝑣𝑖)

3
   𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛  

 

𝐹1(𝑢𝑖) = {

𝐹1(𝑣𝑖)

2
       𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑

𝐹1(𝑣𝑖)

3
   𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛  

 

Edges between apex vertex and inner rim are labeled 1 and 0 if it satisfies the following condition 

𝑇2(𝑒𝑖) = 𝑇2(𝑣, 𝑣𝑖) = {
1 𝑖𝑓

𝑇1(𝑣)

𝑇1(𝑣𝑖)
 𝑜𝑟

𝑇1(𝑣𝑖)

𝑇1(𝑣)
 

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

𝐼2(𝑒𝑖) = 𝐼2(𝑣, 𝑣𝑖) = {
1 𝑖𝑓

𝐼1(𝑣)

𝐼1(𝑣𝑖)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑜𝑟 
𝐼1(𝑣𝑖)

𝐼1(𝑣)
} 

𝐹2(𝑒𝑖) = 𝐹2(𝑣, 𝑣𝑖) = {
1 𝑖𝑓

𝐹1(𝑣)

𝐹1(𝑣𝑖)
 𝑜𝑟 

𝐹1(𝑣𝑖)

𝐹1(𝑣)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

 

Edges between the vertices of inner rim are labeled 1 and 0 if it satisfies the following condition 
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𝑇2(𝑔𝑖) = 𝑇2(𝑣𝑖 , 𝑣𝑗) = {
1 𝑖𝑓

𝑇1(𝑣𝑖)

𝑇1(𝑣𝑗)
 𝑜𝑟

𝑇1(𝑣𝑗)

𝑇1(𝑣𝑖)
 

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

𝐼2(𝑔𝑖) = 𝐼2(𝑣𝑖 , 𝑣𝑗) = {
1 𝑖𝑓

𝐼1(𝑣𝑖)

𝐼1(𝑣𝑗)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑜𝑟 
𝐼1(𝑣𝑗)

𝐼1(𝑣𝑖)
} 

𝐹2(𝑔𝑖) = 𝐹2(𝑣𝑖 , 𝑣𝑗) = {
1 𝑖𝑓

𝐹1(𝑣𝑖)

𝐹1(𝑣𝑗)
 𝑜𝑟 

𝐹1(𝑣𝑗)

𝐹1(𝑣𝑖)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

Edges between inner rim and outer rim are labeled 1 and 0 if it satisfies the following condition 

𝑇2(ℎ𝑖) = 𝑇2(𝑣𝑖 , 𝑢𝑗) = {
1 𝑖𝑓

𝑇1(𝑣𝑖)

𝑇1(𝑢𝑗)
 𝑜𝑟

𝑇1(𝑢𝑗)

𝑇1(𝑣𝑖)
 

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

𝐼2(ℎ𝑖) = 𝐼2(𝑣𝑖 , 𝑢𝑗) = {
1 𝑖𝑓

𝐼1(𝑣𝑖)

𝐼1(𝑢𝑗)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑜𝑟 
𝐼1(𝑢𝑗)

𝐼1(𝑣𝑖)
} 

𝐹2(ℎ𝑖) = 𝐹2(𝑣𝑖 , 𝑢𝑗) = {
1 𝑖𝑓

𝐹1(𝑣𝑖)

𝐹1(𝑢𝑗)
 𝑜𝑟 

𝐹1(𝑢𝑗)

𝐹1(𝑣𝑖)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

 

Case 1: 

For 𝐻𝑛: 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 

 For truth membership function, 𝑇2 [1] =  
3𝑛

2
, 𝑇2 [0] =  

3𝑛

2
 and |𝑇2(0) − 𝑇2(1)| ≤ 1 . Similarly for 

Indeterminacy membership function 𝐼2 [1] =  
3𝑛

2
, 𝐼2 [0] =  

3𝑛

2
 and |𝐼2(0) − 𝐼2(1)| ≤ 1 and for Falsity 

– membership function 𝐹2 [1] =  
3𝑛

2
, 𝐹2 [0] =  

3𝑛

2
 and |𝐹2(0) − 𝐹2(1)| ≤ 1 

Thus 𝐻𝑛: 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 satisfies the above labeling. 

 

Helm Graph: H6 
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T(1) = T(0) = I(1) = I(0) = F(1) = F(0) = 9. Thus satisfies the property of Neutrosophic Divisor Cordial 

Labeling. 

Case II: 

For 𝐻𝑛: 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑 

For truth membership function, 𝑇2 [1] =  
3𝑛+1

2
, 𝑇2 [0] =  

3𝑛−1

2
  and |𝑇2(0) − 𝑇2(1)| ≤ 1. Similarly for 

Indeterminacy membership function, 𝐼2 [1] =  
3𝑛+1

2
, 𝐼2 [0] =  

3𝑛−1

2
 and |𝐼2(0) − 𝐼2(1)| ≤ 1  and for 

Falsity – membership function 𝐹2 [1] =  
3𝑛+1

2
, 𝐹2 [0] =  

3𝑛−1

2
 and |𝐹2(0) − 𝐹2(1)| ≤ 1 

Thus G = 𝑊𝑛  admits Neutrosophic Divisor Cordial Labeling. 

 

 

 

Theorem 3 

Closed Helm Graph admits Neutrosophic Divisor Cordial Labeling. 

 

Proof: 

A closed helm 𝐶𝐻𝑛 is the graph created by taking a helm graph 𝐻𝑛and adding edges between the 

pendant vertices. It contains apex vertex, inner rim and outer rim vertices. An Apex of degree n, n 

number of inner rim vertices of degree 4 and n number of outer rim vertices of degree n-1. The apex 

vertex is denoted as v, n vertices of degree 4 is denoted as 𝑣𝑖: 1 ≤ 𝑖 ≤ 𝑛 and outer rim vertices is 

denoted as 𝑢𝑖: 1 ≤ 𝑖 ≤ 𝑛  . Edges adjacent to the apex vertex is denoted as  𝑒𝑖: 1 ≤ 𝑖 ≤ 𝑛, the edges of 
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the wheels inner rim is denoted as 𝑔𝑖: 1 ≤ 𝑖 ≤ 𝑛 and the edges incident with the outer rim of the 

wheel is denoted as ℎ𝑖: 1 ≤ 𝑖 ≤ 𝑛 and the edges of the outer rim of the wheel is denoted as 𝑤𝑖: 1 ≤

𝑖 ≤ 𝑛 

Let G = (V, 𝜎, 𝜇  ) be a neutrosophic graph where 𝜎 = (𝑇1, 𝐼1, 𝐹1)  and 𝜇 = (𝑇2, 𝐼2, 𝐹2) , 𝑉 =

[𝑣, {𝑣𝑖: 𝑖 ≥ 1}, {𝑢𝑖: 𝑖 ≥ 1}]  such that 𝑇1: 𝑉 → {0,1}, 𝐼1: 𝑉 → {0, 1} 𝑎𝑛𝑑 𝐹1: 𝑉 → {0, 1} and 𝑇2: 𝑉 →

{0,1}, 𝐼2: 𝑉 → {0,1}𝑎𝑛𝑑 𝐹2: 𝑉 → {0,1}  where 𝑇2(𝑒𝑖 ), 𝐼2(𝑒𝑖 ), 𝐹2(𝑒𝑖 ) , 𝑇2(𝑔𝑖 ), 𝐼2(𝑔𝑖 ), 𝐹2(𝑔𝑖 ) , 

𝑇2(ℎ𝑖 ), 𝐼2(ℎ𝑖 ), 𝐹2(ℎ𝑖 ), 𝑇2(𝑤𝑖  ), 𝐼2(𝑤𝑖  ), 𝐹2(𝑤𝑖 ) denote the degree of T, I and F of the edge.  

Vertices are denoted as follows 

  𝑇1(𝑣𝑖)  denote the truth – membership function and are labeled in the clockwise direction, 𝐼1(𝑣𝑖) 

denote an indeterminacy – membership function and are labeled in the anticlockwise direction and 

𝐹1(𝑣𝑖) denote the falsity – membership function and are labeled in the clockwise direction. Similarly, 

𝑇1(𝑢𝑖)  denote the truth – membership function and are labeled in the clockwise direction, 𝐼1(𝑢𝑖) 

denote an indeterminacy – membership function and are labeled in the clockwise direction and 

𝐹1(𝑢𝑖) denote the falsity – membership function and are labeled in the anticlockwise direction. 

 

 Then, 

Total number of vertices is 2n+1 and for edges 4n. 

In which 𝑇1, 𝐼1 𝑎𝑛𝑑 𝐹1 of the Apex vertices are labeled as 1. 

( 1( 1),  1( 1), 1( 1))

( 1( 2),  1( 2), 1( 2))

( 1( 3),  1( 3), 1( 3))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1( ),  1( ), 1( ))

( 1( 1),  1( 1), 1( 1))

( 1( 2),  1( 2), 1( 2))

( 1( 3),  1( 3), 1( 3))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))
( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))

( 1(  ),  1(  ), 1(  ))
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Truth membership function of the inner and outer rim vertices 𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑛, 𝑢1, 𝑢2, … 𝑢𝑛 are labeled 

in the clockwise direction using the function (2𝑚 − 1)2𝑘𝑚. 

Indeterminancy membership function and falsity membership function of the inner rim are labeled 

using the below function 

𝐼1(𝑣𝑖) =  {
(
1 − 𝑇

3
)  𝑖𝑓 𝑖 𝑖𝑠 𝑜𝑑𝑑

(
1 − 𝑇

2
)  𝑖𝑓 𝑖 𝑖𝑠 𝑒𝑣𝑒𝑛

} 

 

𝐹1(𝑣𝑖) = [1 − (𝑇(𝑣𝑖) + 𝐼(𝑣𝑖))] 

Indeterminancy membership function and falsity membership function of the outer rim are labeled 

using the below function 

𝐼1(𝑢𝑖) =
𝐼1(𝑣𝑖)

2
 

𝐹1(𝑢𝑖) =
𝐹1(𝑣𝑖)

2
 

 

Edges between apex vertex and inner rim are labeled 1 and 0 if it satisfies the following condition 

𝑇2(𝑒𝑖) = 𝑇2(𝑣, 𝑣𝑖) = {
1 𝑖𝑓

𝑇1(𝑣)

𝑇1(𝑣𝑖)
 𝑜𝑟

𝑇1(𝑣𝑖)

𝑇1(𝑣)
 

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

𝐼2(𝑒𝑖) = 𝐼2(𝑣, 𝑣𝑖) = {
1 𝑖𝑓

𝐼1(𝑣)

𝐼1(𝑣𝑖)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑜𝑟 
𝐼1(𝑣𝑖)

𝐼1(𝑣)
} 

𝐹2(𝑒𝑖) = 𝐹2(𝑣, 𝑣𝑖) = {
1 𝑖𝑓

𝐹1(𝑣)

𝐹1(𝑣𝑖)
 𝑜𝑟 

𝐹1(𝑣𝑖)

𝐹1(𝑣)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

 

Edges between the vertices of inner rim are labeled 1 and 0 if it satisfies the following condition 

 

𝑇2(𝑔𝑖) = 𝑇2(𝑣𝑖 , 𝑣𝑗) = {
1 𝑖𝑓

𝑇1(𝑣𝑖)

𝑇1(𝑣𝑗)
 𝑜𝑟

𝑇1(𝑣𝑗)

𝑇1(𝑣𝑖)
 

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

𝐼2(𝑔𝑖) = 𝐼2(𝑣𝑖 , 𝑣𝑗) = {
1 𝑖𝑓

𝐼1(𝑣𝑖)

𝐼1(𝑣𝑗)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑜𝑟 
𝐼1(𝑣𝑗)

𝐼1(𝑣𝑖)
} 

𝐹2(𝑔𝑖) = 𝐹2(𝑣𝑖 , 𝑣𝑗) = {
1 𝑖𝑓

𝐹1(𝑣𝑖)

𝐹1(𝑣𝑗)
 𝑜𝑟 

𝐹1(𝑣𝑗)

𝐹1(𝑣𝑖)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

Edges between inner rim and outer rim are labeled 1 and 0 if it satisfies the following condition 
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𝑇2(ℎ𝑖) = 𝑇2(𝑣𝑖 , 𝑢𝑗) = {
1 𝑖𝑓

𝑇1(𝑣𝑖)

𝑇1(𝑢𝑗)
 𝑜𝑟

𝑇1(𝑢𝑗)

𝑇1(𝑣𝑖)
 

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

𝐼2(ℎ𝑖) = 𝐼2(𝑣𝑖 , 𝑢𝑗) = {
1 𝑖𝑓

𝐼1(𝑣𝑖)

𝐼1(𝑢𝑗)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑜𝑟 
𝐼1(𝑢𝑗)

𝐼1(𝑣𝑖)
} 

𝐹2(ℎ𝑖) = 𝐹2(𝑣𝑖 , 𝑢𝑗) = {
1 𝑖𝑓

𝐹1(𝑣𝑖)

𝐹1(𝑢𝑗)
 𝑜𝑟 

𝐹1(𝑢𝑗)

𝐹1(𝑣𝑖)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

 

Edges between vertices of outer rim are labeled 1 and 0 if it satisfies the following condition 

𝑇2(𝑤𝑖) = 𝑇2(𝑢𝑖 , 𝑢𝑗) = {
1 𝑖𝑓

𝑇1(𝑢𝑖)

𝑇1(𝑢𝑗)
 𝑜𝑟

𝑇1(𝑢𝑗)

𝑇1(𝑢𝑖)
 

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

𝐼2(𝑤𝑖) = 𝐼2(𝑢𝑖 , 𝑢𝑗) = {
1 𝑖𝑓

𝐼1(𝑢𝑖)

𝐼1(𝑢𝑗)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑜𝑟 
𝐼1(𝑢𝑗)

𝐼1(𝑢𝑖)
} 

𝐹2(𝑤𝑖) = 𝐹2(𝑢𝑖 , 𝑢𝑗) = {
1 𝑖𝑓

𝐹1(𝑢𝑖)

𝐹1(𝑢𝑗)
 𝑜𝑟 

𝐹1(𝑢𝑗)

𝐹1(𝑢𝑖)

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

} 

Then for 𝑇2(𝑣𝑖), 𝐼2(𝑣𝑖) and 𝐹2(𝑣𝑖),  the number of edges labeled zero are 
4𝑛

2
 

𝑇2(0) = 𝐼2(0) =  𝐹2(0) =
 𝑛

2
 

Similarly 𝑇2(𝑣𝑖), 𝐼2(𝑣𝑖) and 𝐹2(𝑣𝑖),  the number of edges labeled one are 
4𝑛

2
    

𝑇2(1) = 𝐼2(1) =  𝐹2(1) =
 𝑛

2
 

Difference between the edges labeled one and zero for 𝑇2, 𝐼2 𝑎𝑛𝑑 𝐹2 is less than or equal to zero, thus 

satisfying the condition of Neutrosophic Divisor Cordial Labeling. 

Hence closed helm graph admits Neutrosophic Divisor Cordial Labeling  

For a Closed Helm Graph CH5 
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Total Number of Vertices = 11 

Total Number of Edges = 20 

T(1) = T(0) = 10, I(1) = I(0) = 10, F(1) = F(0) = 10 

Thus satisfies the property of Neutrosophic Divisor Cordial Labeling. 

Hence, CH5 admits Neutrosophic Divisor Cordial Labeling. 

 

4.Future Work 

In this study, we have introduced and analyzed Neutrosophic Divisor Cordial Labeling, extending 

the principles of neutrosophic logic to divisor cordial labeling. As a continuation of this research, we 

aim to explore the application of neutrosophic labeling to other labeling techniques and investigate 

its impact on various graph structures. Additionally, we seek to examine the practical applications of 

labeling graphs in decision-making systems, particularly in risk assessment, multi-criteria decision 

analysis, and optimization problems in complex networks, where uncertainty and indeterminate 

information are prevalent. 

5.Limitation 

Checking whether different types of graphs satisfy this labeling is challenging and requires a lot of 

calculations. The complexity increases as the graph structures become more complicated. 

6.Conclusion 



Neutrosophic Sets and Systems, Vol. 85, 2025     731  

 

 

Tephilla Joice P, A.Rajkumar, Neutrosophic Divisor Cordial Labeling Graphs 

In this paper, we introduced the concept of Neutrosophic Divisor Cordial Labeling and demonstrated 

its applicability to various graph structures, including wheels, helms, and closed helms. By extending 

the principles of Neutrosophic Cordial Labeling, our study provides a deeper understanding of how 

neutrosophic logic can be integrated into graph labeling. 
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