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Abstract: Areas in the East China Sea are often affected by bad weather such as typhoons and rainy
seasons, so geological disasters such as road slope landslides and avalanches often occur in these
areas. To prevent the geological disasters, it is necessary to perform comprehensive treatments of
road slopes to ensure their stability and safety. Due to the uncertainty and vagueness of decision
makers’ judgements and cognitions in the evaluation process of slope treatment schemes, there is a
Single-Valued Neutrosophic Value (SVNV) uncertainty in a neutrosophic decision scenario. To
effectively express the hybrid information of a crisp SVNV and its uncertain space (sphere with a
radius), we need to develop a Spherical Single-Valued Neutrosophic Set/Value (S-SvNS/S-SvNV)
and its Multi-Attribute Decision Making (MADM) technique. Therefore, this study requires the
following new content to address the current gaps in neutrosophic research. First, we propose an S-
SvNS and the basic relations, trigonometric operation laws, and score and accuracy formulae of S-
SvNVs. Second, the S-SvNV trigonometric weighted averaging and geometric aggregation
operators are established for the aggregation of S-SvNVs. Third, a MADM technique based on the
established two aggregation operators and the score and accuracy formulae of S-SvNVs is
developed for solving MADM problems with unknown attribute weights and periodicity in the
scenario of S-5vNSs. Fourth, the developed technique is applied to an actual selection example of
road slope treatment schemes and then its efficiency is verified by sensitivity analysis and
comparison with the existing MADM techniques under the scenarios of SvNSs and S-SvNSs.

Keywords: Spherical single-valued neutrosophic value; Trigonometric weighted averaging
aggregation operator; Trigonometric weighted geometric aggregation operator; Decision making;
Road slope treatment schemes

1. Introduction

The evaluation and selection of Slope Treatment Schemes (STSs) is a systematic process that
requires comprehensive consideration of technical, economic, environmental and other factors.
Through scientific and reasonable evaluation and selection, the risk of landslides and slope failures
can be effectively reduced, and the safety of the surrounding environment and people can be ensured.
Therefore, the slope stability evaluation and STS election are critical steps in ensuring slope stability
and safety [1-4]. Since there are uncertainties and inaccuracies in the evaluation/prediction of slope
stability and the selection of STSs, fuzzy theory [5] is a very suitable tool in uncertain scenarios.
Therefore, a fuzzy comprehensive evaluation approach [6] and a fuzzy multi-objective and Group
Decision Making (GDM) approach [7] were proposed for landslide treatment scheme selection. Then,
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fuzzy or triangular fuzzy Analytic Hierarchy Processing (AHP) techniques [8, 9] were presented for
landslide susceptibility assessment. In terms of Intuitionistic Fuzzy Sets (IFSs) including membership
and nonmembership degrees [10], Liu et al. [11] introduced a large-scale GDM approach based on
IFSs and three-way decision and applied it to the selection of landslide treatment schemes. In the
scenario of simplified neutrosophic sets (SNSs) [12], including interval-valued and/or single-valued
neutrosophic sets (IVNSs and/or SvNSs), they can be represented independently by true, false, and
indeterminate membership degrees, extending the expressive capability of IFSs. Recently, Yong et al.
[13] presented a Multi-Attribute Decision Making (MADM) technique using the Aczel-Alsina
Weighted Aggregation Operators (WAOQOs) of SNSs and applied it to the selection of STSs. Under the
single and interval-valued hybrid neutrosophic multivalued scenario, Ye et al. [14] developed a GDM
model using correlation coefficients of credibility IvNSs for the choice of landslide treatment
schemes. Ye et al. [15] also proposed a MADM model using the trigonometric WAOs of Single-Valued
Neutrosophic Values (SvNVs) and used it for the choice of STSs. In the single-valued neutrosophic
credibility value (SVNCV) scenario, Ye et al. [16] presented a MADM model using the trigonometric
WAO:s of SYNCVs for the selection of STSs.

Based on another real extension of IFS, a Circular IFS (C-IFS) was proposed by Atanassov [17]
and Atanassov and Marinov [18], where a Circular Intuitionistic Fuzzy Value (C-IFV) is composed of
an IFV and a circle with a radius around each element to effectively describe the hybrid information
of the exact IFV and its uncertain circle composed of membership and nonmembership degrees. Then,
they also defined relations, operations, and distances for C-IFSs. After that, the divergence measures
of C-IFSs were used for multi-periodic medical diagnosis [19]. The C-IFS AHP and VIKOR
(VlseKriterijumska Optimizacija Kompromisno Resenje) approach [20] and the C-IFV TOPSIS
(Technique for Order Preference by Similarity to an Ideal Solution) approach [21] were utilized for
the multi-expert supplier evaluation and the choice of pandemic hospital sites, respectively. Some
researchers developed the MADM methods based on the distances of C-IFSs [22, 23], the multiple
criteria optimization and compromise solutions of C-IFSs [24], the score and accuracy formulae of C-
IFVs [25], the interval-valued C-IFS AHP [26], the assignment model of C-IFVs with a parameterized
scoring rule [27], the similarity and entropy measures of C-IFSs [28], and the compromise decision
support and median ranking models using the scoring formulae of C-IFVs [29, 30].

In neutrosophic decision theories and methods, SvNSs [31] have been wildly applied to
MADM/GDM problems because they can dependently depict true, false and indeterminate
information in uncertain and inconsistent environments. Especially SYNV WAOQOs show a critical
mathematical tool in MADM/GDM applications. For example, many researchers have developed
Single-Valued Neutrosophic Value (SvNV) Einstein WAOs [32], Dombi WAOs [33], power Muirhead
WAQOs [34], Dombi power WAOs [35], Einstein interactive WAOs [36], trigonometric WAOs [15], and
trigonometric Dombi WAOQOs [37] to address MADM/GDM problems in SvNS scenarios. However,
SvNV cannot represent its uncertain evaluation value for each attribute, i.e., it cannot contain the
hybrid information of both an exact SYNV and an uncertain spherical space composed of true, false,
and indeterminate membership degrees. Therefore, existing SYNV MADM methods [15, 32-37]
cannot deal with SYNV MADM/GDM problems including the uncertain SNV information, which
shows their research gap. On the other hand, since C-IFS cannot independently depict true, false, and
indeterminate information and their uncertain spherical space with a radius, the C-IFV MADM
techniques imply their limitations/insufficiencies. To effectively express the hybrid information of
both an exact SYNV and an uncertain space (a sphere with a radius) for any attribute evaluation in
uncertainty, we need to extend C-IFS/C-IFV to a spherical SYNS/SvNV (S-SvNS/S-SvNV) and develop
its MADM technique in the S-SvNS scenario. Motivated by both the emerging research needs and the
current research gap of SvNSs, the purposes of this study are: (1) to propose S-SvNS and the basic
relations and score and accuracy formulae of S-5vNVs in terms of the hybrid information of an SYNV
and its uncertain sphere with a radius, (2) to present the Trigonometric Operation Laws (TOLs) of S-
SvNVs based on the sine t-norm and cosine t-conorm, (3) to establish the S-SvNV Trigonometric
Weighted Averaging (S-SVNVTWA) and S-SvNV Trigonometric Weighted Geometric (S-SYNVTWG)
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operators for the aggregation of S-SvNVs, (4) to develop a MADM technique utilizing the S-
SvNVTWA and S-SvNVTWG operators and score and accuracy formulae of S-SvNVs for solving
MADM problems with unknown attribute weights and periodicity in the scenario of S-SvNSs, and
(5) to apply the developed MADM technique to an actual selection example of Road Slope Treatment
Schemes (RSTSs) and then to verify the efficiency of the developed technique by sensitivity analysis
and comparison with the existing SYNV MADM techniques under the scenarios of SvNSs and S-
SvNSs.

In order to fill the current research gap of SvNSs, this article mainly addresses the following
problems:

(1) The S-SVNS is proposed to adequately represent the hybrid information of an SVNV and a
sphere with a radius under the SvNV uncertainty. Its advantage is able to contain the more
comprehensive information of the exact SYNV and its uncertain spherical space to each attribute
evaluation in complex MADM problems.

(2) The basic relations and score and accuracy formulae of S-SvNVs are presented to provide a
reasonable ranking approach for S-SvNVs.

(3) The TOLs and S-SVNVITWA and S-SYNVTWG operators are established to address the
periodic aggregation operation issues of S-S5vNVs for the modelling of MADM in the scenario of S-
SvNSs.

(4) The MADM technique is developed to solve MADM problems with unknown attribute
weights and periodicity in the scenario of S-SvNSs, where the scoring entropy weight approach of S-
SvNVs can effectively derive the attribute weights to avoid the given situation of subjective weights
in the MADM process.

(5) The developed MADM technique is applied to the selection problem of RSTSs in Ningbo
City, China, and then the importance of uncertain sphere information to the ranking of RSTSs in S-
SvNV decision information was verified by sensitivity analysis and comparison with the existing
SvNV MADM techniques in SvNS and 5-SvNS scenarios.

The remaining parts of this article are presented below. The section 2 introduces the concepts of
C-IFS and SvNS and the WAOs and ranking rules of SYNVs from the literature to clearly understand
the new concepts and contributions of this study for the readers. The section 3 proposes the S-SVNS
and the relations, TOLs, and score and accuracy formulae of S-SvINVs. The section 4 presents the S-
SvNVTWA and S-SvNVTWG operators of S-SvNVs and their properties. In the section 5, a MADM
technique is developed based on the proposed trigonometric WAOs and score and accuracy formulae
of S-SvNVs to address MADM problems with unknown attribute weights and periodicity in the S-
SvINS scenario. In the section 6, the developed MADM technique is applied to the actual selection
sample of RSTSs in Ningbo City, China, and then its efficiency is verified by sensitivity analysis and
comparison with the existing SYNV MADM techniques in the SYNS and S-SvNS scenarios. The
section 7 presents the conclusions and future research.

2. Preliminaries of C-IFS and SvNS

This section describes S-IFS and SvNS and their related operations as preliminaries to this article.

First, some concepts of C-IFSs and C-IFVs are introduced.

Based on an extension of the IFS, a concept of C-IFS was first introduced by Atanassov [17] and
Atanassov and Marinov [18].

A C-IFS Cs in a fixed universe set G is represented by Cs = {<g, su(g), sr(g); ¢=>1g € G}, in which
sf(g), st(g): G — [0, 1] are the nonmembership and membership degrees and ¢ € [0, 2 is a circular
radius around g for g € G and 0 < su(g) + su(g) < 1. A single element <g, sw(g), s(g); ¢~ in Cs is denoted
as the C-IFV gc = <su, sf; c> for simplicity. However, the S-IFS degenerates to the IFS Is = {<g, su(g),
sf(g)>1g € G}if cr=0.

Then, as another extension of IFS, the notion of SYNS was introduced by Wang et al. [31].
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A SvNS S~ in a fixed universe set G is defined as Sn = {<g, st(g), sui(g), s(g)>1g € G}, where s(g),
sud(g), sri(g): E — [0, 1] are the membership degrees of the truth, indeterminacy and falsehood with 0
< su(g) + sua(g) + sp(g) < 3. A single element <g, su(g), s(g), su(g)> in Sn is denoted as the SVNV sn = <su,
sud, s> for simplicity.

Suppose that there are two SVNVs sn1 = <sui, Sud1, Sfa1>, SN2 = <Sui2, Sudz, sf2>, and q > 0. Then, their
operational relations are defined below [12, 31, 32]:

(1) Sy Sy © St SS20Suat 280208 i1 28 pan s
(2) Sy1 =Sy2 Sy S SN2Sy 25y25

B) Syi NSy =St NSz Suar Y SuazsS i vV Sfd2>

(4) Sy YSy, <Std1 Stz Suar N Suaz»S fan /\S/d2>;

(5) Sy D Syy = (S tdlstdz’SudlsudZ’Sfdled2>

(6) Sy, ®sy, = <Stdlstd2’sudl T Sua2 ~SuarSuazs S TS o _Sfdlsfd2> 5
— q q q .
) sy, _<1_(1_Stdl) asudlasfd1> )

8) Sy :<Stqdla1_(I_Sudl)qal_(l_sfdl)q>;

) sy, = <fd1,1 158 td1> (Complement of sw1).

Set snj = <suj, sudj, s> (j=1, 2, ..., h) as a collection of SYNVs with their weight vector g = (91, g2,
..., qu) subject to 0 < g; <1 and Zizl g, =1.Then, the SNV weighted averaging (SYNVWA) and SvNV

weighted geometric (SVNVWG) operators are introduced below [32]:

h h
SvNVWA(SN],sNz,...,sNh)=Zq/.s,w =<1—H(1—s,d/) Hs"d/ Hs/d,> (1)
=1 j=1

h

h h
SUNVIWG(S 515 Spnsees Spp) = Hsj’v; = <Hs;f;/ 1- H( Sy )q’ 11— H( Sy ) > (2)
=1

Jj=1 Jj=1
Based on the cotangent t-norm and tangent t-conorm, Ye et al. [15] proposed the SVNV
trigonometric weighted averaging (SYNVITWA) and SvNV trigonometric weighted geometric
(SvNVTWG) operators:

h
2/ztan”| Y g, tan(0.57s,,)

-

j=1
h h
SYNVTWA(S 1, SynSap) = D 14,8y ={ 2/ 7weot™| Y g, cot(0.57s,,) |, |, 3)

J=1

Jj=1
h
2/ mcot™ Z g, cot(0.57s ;)
j=1
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J=1

h
2/ zeot™| D g, cot(0.57s,, )] ,

>

j-1 j=1

h
SYNVIWG(Sy15SxzsemrSy) = [ [ 5% ={ 2/ 7tan™| Y g, tan(O.SﬂSM)], ) ()

>

J=1

2/ mtan™ qu tan(O.Sﬂsfdj)J

Then, the ranking of two SYNVs snj = <suj, sugj, s@> (j = 1, 2) can be derived by their score and
accuracy formulae [15, 32]:

248, —8 . —S,.
Clsy) =—2 3“‘1 A for C(sy) €[0,1], ()
D(sy)=s,4 =5 for D(sy)e[-11]. (6)

Consequently, the ranking rules of two SvNVs are introduced below [15, 32]:
(a) When C(sn1) > C(sn2), sn1 > SN;

(b) When C(sn1) = C(sn2) and D(sn1) > D(sn2), sn1 > snz;

(c) When C(sn1) = C(sn2) and D(sn1) = D(sn2), sn1 = SN2.

3. S5-SvNSs

This section extends the S-IFS concept [17, 18] to propose an S-SvNS that expresses the hybrid
information of an SVNV and a sphere with a radius around each element.
Definition 1. Set G as a finite set. An S-SvNS Rsn in G is represented by the following form:

Ry ={(2:54(2):5,4(2),5,4(2%:5,)) | g € G,
where s:4(g), sug(g), 5fa(3): G — [0, 1] are the true, indeterminate, and false membership degrees, subject
to the condition 0 < su(g) + sui(g) + sm(g) < 3, and s € [0, NG ] is a spherical radius around an element
geG.
For simplicity, the single element <g, s:(g), sui(g), s(g); s=> in Rsn is simply denoted as rsv = <su,
sud, sf1; s>, which is named S-SvN'V. Its geometric representation in a single-valued neutrosophic cube
is shown in Figure 1.

<0,0,15, <0,1,1>

<1,0,1> <1.1.1>

<0,0,0

» 5
<0’1~0'> ud

<1,0,0>, 110>

Srd

Figure 1. Geometric representation of the S-SVvNV rsv in a single-valued neutrosophic cube.
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Definition 2. Let two S-SvINVs be rsn1 = <su1, sudi, Sfi1; 511>, ¥sN2 = <sti2, Sudz, Sfi2; s>, and q > 0. Then,
their relations are defined below:

(1) 7 STys S St S Suns St 2 Sui2sS 1 Z 8 528 8,05

(2)  Ton =Tgvs S Toyn ShvasTon 2swa >

@) g Ny, = <Std1 AN S2>Sua1 Y Suazs S VS a5 /\Sr2> >

(4) 1y Uy, = <Stdl NV S1a25Suat N SuazsS a1 NS a5 S V5r2> 5

(B) 1oy = <Sfd1 S(= 58,0105 St ;\/g—s,] > (Complement of rsn1).

Based on the sine t-norm Hs(t, v): [0, 1]2 — [0, 1] and the cosine t-conorm Hc(¢, v): [0, 1]2 — [0,1]
for t, v € [0, 1], we introduce the following trigonometric operations [16]:
H(t,v) =2/ zsin”' (sin(0.57¢)sin(0.57v)) , 7)
H(t,v)=2/mcos™ (cos(0.571) cos(0.57v)). (8)

In terms of Egs. (7) and (8), we can propose TOLs of S-SvNVs below.
Definition 3. Let rsn1 = <su1, sudi, sp1; s> and rsnz2 = <sw2, Sudz, Sfi2; $12> be two S-SvNVs and g > 0.
Then, they are defined as the following TOLs:

2/ zeos™ (cos(0.57s,, ) cos(0.57s,,)),

2/ zsin™ (sin(0.57s,,,)sin(0.57s,,,)),

2/ 7sin™ (sin(O.Sﬂsfdl)sin(0.57rsfd2)); '
6/ (\37)cos™ (cos(\/gﬂs,1 /6)cos(\37s,, /6))

2/ zsin”' (sin(0.57s,,)sin(0.57s,,,)),

O e

2/ zeos ™' (cos(0.57s,,,)c0s(0.57s,,,)),

2 -
@ 7o ®r Fova 2/ zcos™ (cos(O.S;zsﬁ“)cos(O.S;zs_/dz));

6/ (\B3r)sin”' (sin(v37s,, / 6)sin(37s,, / 6))

2/ meos ' (cos(0.57s,,))" ,2/ wsin” (sin(0.57s,,,))"

) gron=
™\ 2/ zsin (sin(O.Sﬂs_fdl))q :6/(\3r)cos™ (cos(\/gfzs,1 / 6))q

2/ wsin' (sin(0.57s,,))" ,2/ wcos™ (cos(0.57s,,,))’

(4) ()= _ 4 o q
2/ wcos 1(cos(O.S:zsfdl)) :6/(\37)sin l(sm(\/gﬂsrl /6))

Example 1. Set two S5-SvNVs as rsn1 = <(0.6, 0.2, 0.4; 0.3)> and rsn2 = <0.7, 0.2, 0.3; 0.2)> with g =
0.7. Using the TOLs (1) — (4) in Definition 3, we derive the results:

2/ weos™ (cos(0.5x 7 x0.6) cos(0.5x 7 x0.7)),
2/ zsin™ (sin(0.5x 7 x0.2)sin(0.5x 7 x0.2)),
@) O ) sin (sin(0.5 % 7 x0.4)sin(0.5 % 7 x0.3));
6/ (\37)cos™ (cos(ﬁ x 7x0.3/6)cos(+/3 ><7z><0.2/6))
= (0.8280, 0.0609, 0.1720; 0.3592);
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2/ zsin” (sin(0.5x 7 x 0.6)sin(0.5x 7 x0.7)),
2/ meos™ (cos(0.5x 7x0.2)cos(0.5x 7x0.2)),
® -
) v = e o) 7 cos (cos(0.5x 7 x0.4)cos(0.5% 7x0.3));

6/ (\37)sin™ (sin(ﬁ xx0.3/6)sin(x3x 7x0.2/6))
=(0.5125, 0.2805, 0.4875; 0.0535);
2/ meos™ (c0s(0.570.6))"",2/ wsin~' (sin(0.570.2))",

©) 2/ zsin” (sin(0.570.4))";6/ (\3x) cos™ (cos(ﬁ;zo.3 / 6))0'7

=(0.5158, 0.2897, 0.4842; 0.2515);

2/ zsin™ (sin(O.S X 7T X 0.6))0'7 ,2/ wecos™ (cos(O.S X TT X 0.2))0'7
(row)'=

4) 2/ meos™ (cos(0.5x 7 x 0.4))0‘7 :6/(\37)sin”! (sin(\ﬁ x %03/ 6))

0.7

=(0.6617, 0.1678, 0.3383; 0.4521).

It is obvious that the above trigonometric operational results are still S-SvNVs.

To compare the S-SvNVs rsnj = <stj, Sudj, Sfaj; s> for j =1, 2, their score and accuracy formulae are
defined below:

248 = Sy — Sy + S, /B
4

Z(rgy) =584 =S4 for Z(rg,)e[-11]. (10)

Thus, there are the following ranking rules:

(a) When T(rsn1) > T(rsn2), rsn1 > rsn;

(b) When T(rsn1) = T(rsn2) and Z(rsni) > Z(rsn2), rsn1 > rsn;

(c) When T(rsn1) = T(rsnz) and Z(rsn1) = Z(rsnz), rsn1 = Fsna.

Example 2. Set two S-SvNVs as rsv1 =<0.7, 0.1, 0.2; 0.3> and rsv2 =<0.8, 0.2, 0.4; 0.2)>. Then, their
ranking is given below.

Using Eq. (9), the score values of rsv1 and rsnvz are T(rsnvi) = (2 +0.7 - 0.1 - 0.2+ 0.3/ V3)/4=0.6433
and T(rsx2) = (2 + 0.8 — 0.2 — 0.4 + 0.2/ +/3 )/4 = 0.5789. Since T(rsn1) > T(rsnz), the ranking of both is rsn

> ¥SN2.

T(rgy) = for T(ry,)€[0,1], 9)

4. Trigonometric WAOs of S-SvNVs

According to the TOLs in Definition 3, this section establishes the S-SVNVITWA and S-
SvNVTWG operators of S-SvNVs in the scenario of S-SvINSs.

First, we define the S-SYNVTWA and S-SvNVTWG operators of S-SvNVs.

Definition 4. Let rsnj = <swj, sudj, siaj; 55> (=1, 2, ..., h) be a group of S-SvNVs and S-SVNVTWA,
S-SYNVIWG: Q" — Q. Then, the S-SVNVTWA and S-SYNVTWG operators are defined respectively

below:
h

S—SYNVIWAFoy1>Fongseoos ) = @i¥snt @ Qotony O . O @ty = ZqurSN/‘ ’ (11)

=l
b

S =SYNVIWG(Foyys Foz o Tsn) = Ty @1 Tz ®rp - ®p 1y, = H Trgzx}j : (12)
=

where gj (=1, 2, ..., h) is the weight of rsyj with 0 <g;<1 and Zj_:l q,=1.

Theorem 1. Let rsnj = <swj, Sudj, syij; 55> (j=1, 2, ..., h) be a group of S-SvINVs and let gj be the weight
h

g =1
ofrsnj(j=1,2, ..., h) with0 < gi<1and “/=! 9

operator is still S-SvNV, which is derived by

. Then, the aggregated value of the S-SVNVTWA

Jun Ye, Jibo Qin, Multi-Attribute Decision-Making for Road Slope Treatment Selection Based on Spherical Single-Valued
Neutrosophic Value Triangular Aggregation Operators



Neutrosophic Sets and Systems, Vol. 97, 2026 100

h
S = SYNVTWA(Fgpy s Forrnseens Fory) = Z 4 sy
j=1

h

2/mcos™ [H(cos(O.Snstdj))qi J,Z/ﬁsin1 (ﬁ(sin(O.Sﬂsw))qJ ], . (13)

J=1 j=1

h

2/ msin” [H(sin(o.Sﬁsﬁij ))q] ];6 / (\/gﬂ) cos™ (ﬁ (COS(\/gﬂSrj / 6))% j

J=1 J=1

Proof:

Mathematical induction is introduced to the proof of Eq. (13) below.

(1) When h =2, the TOLs (1) and (3) in Definition 3 can obtain the result:

N 7SVNVTWA(".W| =rs~z) =q\Tsh ®; Dlsny = Z 797

N
J=1

2/ mwcos™ (cos((Z I )% (z/2)cos™ (cos(0.57s,,))" )cos((Z /)% (7 2)cos™ (cos(0.57s,,))" )),
2/ zsin” (sin((Z/ﬂ)x (7 /2)sin” (sin(0.57s,,,))" )sin((z / myx(x/2)sin” (sin(0.57s,,,))" ))

_| 2/zsin™ (sin ((2 /)y (7 /2)sin™ (sin(O.Sﬂ's,d, ))q' )sin ((2 / wyx(7/2)sin™ (sin(O.Smy,»dz))q2 )),
cos((6 I \Br)x (\Br/6)cos™ (cos(\/gﬂs,,, / 6))‘1I )
6/Brcos”

XCOS ((6 /\Br)x(\Br/6)cos™ (cos(\/gﬁsrz /6) )q2 )

2/ mcos™ ((COS(O.S/TSM))% (cos(0.57s,,,))" ), (14)

2/ msin™ ((sin(O.SﬂsM,))q‘ (sin(0.57s,,,))" ),
2/ zsin” ((sin(O.Sﬁsm))ql (sin(0.575 4,))" );

6/ («/37() cos™' ((cos(\/gzrs,_, /6))ql (cos(«/S—'ﬂsrz /6))4Z )
2/ zcos™ [ﬁ(cos(O.Sﬁsmj))q’ J,Z /7sin”™ [ﬁ(sin(O.Sﬂsm]/))q’ j,

Jj=1 J=1

2/ zsin™ [H(sin(O.SﬂsW))q’ j;6/(x/§7r)cos" [ﬁ(cos(\/gﬂsrj /6))"’ j

j=1 j=1

(2) When h =m, Eq. (13) can keep the formula:

S —SYNVIWA(Fop1>Fonnseos Fsym) = Z 79, sy
Jj=1

2/mcos™ [ﬁ(cos(O.Snsm,j))q’ ],2/7zsin'l (ﬁ(sin(O.Snsud/.))q’ ], , (15)

2/ sin”™ [lﬂ[ (sin(O.S;rs_,d/. ))q’ j :6/(\3r)cos™ [lﬂ[ (COS(\/gﬂ'Sr/. / 6))qj j

(3) When h = m+1, based on the TOLs (1) and (3) in Definition 3 and Egs. (14) and (15), we have
the result:
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S —SYNVIWA(gyVspa»-

Fsnim > Vsnma1) = qu Tsn; Dr @i syms

m

2/meos™ [H(COS(O.Sﬁstd/.))q/] 2/ msin” 1[ sin(0.57s,,,) ) J,

=l
D @il snmer

m

[
2/7zsinl(l_[(sin(0.57zsfdj )" ]6/(\/— 7)cos” { cos(\/— 37s, /6)) J
[

J=1

m+1

m+l1
2/meos™ [H(cos(O.Sns,dj))q’] 2/ zsin” ‘[ sin(0.57s,,,) ) J,

j=1

m+l1

2/ zsin” (H(Sin(ojﬂsw))q, j;6 / (\B7)cos™ [ﬁ(cos(\/gﬂsrj /6))"’ ]

j=1 j=1

Regarding the above results, Eq. (13) can exist for all 4.

Therefore, the proof of Theorem 1 is completed.

Theorem 2. Let rsnj = <swj, Sudj, sfij; 55> (j=1, 2, ..., h) be a group of S-SvINVs and let gj be the weight
of rsnj (j=1,2, ..., h) with0<g;<1and Zf,:l g, =1. Then, the aggregated value of the S-SYNVTWG

operator is still S-SvNV, which is derived by

h
S —=SYNVIWG(Fopy > Fonns-ves Fpn ) =

J=1

2/ zsin”! (ﬁ(sin(O.Snsmj ))q” j, 2/ meos™ (ﬁ (cos(O 578,4) )q’ j,

Jj= j=1

2/mcos™ (ﬁ (cos(O.Sﬂsﬂj))q’f j :6/(\37)sin™ (H (sin(\/gﬂsrj / 6))qi j

J=1 J=1

i
rTsn

(16)

7

A similar proof way of Theorem 1 can be used for the proof of Eq. (16), which is omitted here.

Theorem 3. The S-SVNVTWA operator of Eq. (13) and the S-SYNVTWG operator of Eq. (16)
include the following properties:

(1) Idempotency: Let rsnj = <suj, Sudj, sj; s> (j=1, 2, ..., h) be a group of S-SvNVs. When rsnj = rsn
(7=1,2, .., h), there are S—SYNVIWA(rgy,rgyssrtsyy ) =Ty AN S =SYNVIWG (Fgy,sFonn o Ty ) = 1

SN *
(2) Boundedness: Let rsnj = <stuj, sudj, sij; 55> (j =1, 2, ..., h) be a group of S-SvNVs and let the
minimum and maximum S-SvNVs:

Pyt = i (5, )1 (5, ) max (5, )smins, ),

Fonmm = <m/ax(s ) mln(sud/. ),mjin(sfdj );mje_lx(sr/. )> .
Subsequently, there are Toxmin <S8 —SYNVIWAT g5 Fonn s Tonn) < Fonmax and
Tonmin S =SVYNVIWG(Fey s Fgyas-eos

(3) Monotonicity: Let rsnj = <swj, sudj, s s> and ry, =<s;, S Sy /> (k=1,2, ..., q) betwo

rSNh) < rSN max *

groups of S-SvNVs. When Foy < Ty , there are
S — SYNVTWAFopyy> Fonnr-oos o) < S — SYNVTWAFgrr1 s ez o> Fan) and
S — SUNVTWG(Feyys Tspnseeos Py ) < S — SYNVIWG (Fayyy > Fan»oos Fangy) -

Proof:

(1) When rsnj=rsn (j=1, 2, ..., h), Egs. (13) and (16) have the following results:
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h
S = SYNVIWAgy1sVonas-s V) = Z r9 Vs

J=1

h
2/ mcos™ (H(cos(O.S;rstdj ))q’ j, 2/ msin™ (H (sin(O.Sﬂsudj ))qj J,

J- J=l

h

(sin(O.Sizsw ))“" J 6/ (ﬁﬂ) cos™' (H (COS(\/gﬂS,j /6) )q] j

J=1

2/ zsin™
-l
h h

2/ zeos™ (cos(0.57s,, )),Z:,:q’ ,2/ zsin™ (sin(0.57s,,, )),Z:,:q/ ,

h

2/ msin™ (sin(O.Sﬂs/.d ));q’ ;6/ (\/gﬂ') cos™ (cos(x/gﬂsr /6) )JZ::‘q/

= <Std’sud’sfd;sr> =Tono

h
S — SYNVTWG (P, Ty eor Fsny) = H oy

J=1

2/ msin™ [ﬁ (Sil’l(O.Sﬂ'Std/ ))q‘/ j,2/ 7cos” (H(cos(O.S;rsM ))q/ J,

J J=1

2/mcos” (ﬁ (COS(O.Sﬂ'Sfdj ))q’ j :6/(3r)sin”’ [li[ (sin(\/gﬂsrj /6) )q" ]

Jj= J=1

h

2/ 7sin”! (sin(O.Sﬂsm));q’ ,2/ meos™ (cos(O.S;rsm,));q’ ,

2/mcos” (COS(O.SﬂSfd ));qi :6/(\[37)sin™ (sin(«/gﬂsr /6) )gq’f

= <Std’sud’sfd;sr> =Ty

(2) Since rsnmin and rsnmar are the minimum and maximum S-SvNVs, there is the inequality #snmin
h h h h

h h
, 4; q q
< rsnj < rsnmax. Therefore, Z 79 sy min = Z 149ty = ZqurSNmax and H 7 sNmin = H rhsy < H 7 T's max
j=1 Jj=1

Jj=1 j=1 j=1 j=1
also exist. Based on the property (1) and the trigonometric properties, there are
h h

, <Z < 9 i
Tovmin = 2,797 = Tonmae and 7y o0 < vy < Tovmax + 1€ Tonn SS_SVNVTWA(”SM””szvz’---a’”sm)gVszvmax
Jj=1 Jj=1

and rg . <S—SYNVTWG (Foy,s Ty oo T ) S Fonma -

h h
h h
* . * q/ * q'/ .
(3) When ry <r, , there exist > ey £l ey and | |TrSN/. Sl |T(rSM.) , 1le,
Jj=1 J=1 Jj=1 j=1

*

S = SUNVIWA(ry s Foaseons Ty ) < S = SYNVIWA(r1 s Toyaeons Ty, ) and
S = SUNVIWG (rgy; s Toyssees Ty ) < S = SUNVIWG gy Foyaneeo T )

Consequently, all the above properties are true.

Example 3. Set three S-SvNVs as rsn1 =<0.7, 0.3, 0.2; 0.4>, rsn2 =<0.6, 0.2, 0.2; 0.3>, and rsns =<0.8,

0.4, 0.5; 0.2> subject to the weight vector g = (0.4, 0.3, 0.3). Using Eqgs. (13) and (16), there are the
aggregation results of the S-SVNVTWA and S-SvNVTWG operators:

Jun Ye, Jibo Qin, Multi-Attribute Decision-Making for Road Slope Treatment Selection Based on Spherical Single-Valued
Neutrosophic Value Triangular Aggregation Operators



Neutrosophic Sets and Systems, Vol. 97, 2026 103

3
S=SYNVIWA(rgy s Foyy > Tsys) = z 9, sn;

=

2/ zcos™ ((cos(o.s x7x0.7))"* (c0s(0.5% 7x0.6))" (cos(0.5x 7 x0. 8))“)

2/ msin™ ((sin(0.5><ﬂ><0.3))0' (sin(0.5% 77 x0. 2)) (sin(0.5% 77 x0. 4)) )

2/ zsin”! ((sin(o.s x7x0.2))"* (sin(0.5x 7x0.2))"” (sin(0.5x 7% 0.5))"’ );

6/ (3 x 1) cos” ((cos(ﬁ x7x04/6))" (cos(3xx03/6))” (cos(WBxxx02/ 6))0'3)

(0.7120, 0.2880, 0.2593; 0.3215),

3
S —=SYNVIWG(rgy, s Fona > Py ) = H r;v’j

J=1

2/ zsin™ ((sin(0.5% 7x0.7))" (sin(0.5x 7 0.6))"” (sin(0.5x 7x0.8))"”),

2/mcos™ ((cos(O.S X 7T X 0.3))0'4 (cos(0.5x 7 x 0.2))0'3 (cos(0.5x 7 x 0.4))0'3 ),

2/ mcos™ ((005(0.5 X 7T X 0.2))0'4 (cos(0.5x 7 0.2))0'3 (cos(0.5% 7 0.5))0,3 );

6/ (3 1)sin”’ ((sin(ﬁ x7x0.4/6)) " (sin(3x 703/ 6))” (sin(V3 x 7% 0.2/ 6))“)

=(0.6885, 0.3115, 0.3281; 0.2974).

5. MADM Technique Using the S-SYNVTWA and S-SvNVTWG Operators

This section develops a MADM technique utilizing the S-SYNVIWA and S-SvNVTWG
operators and the score and accuracy formulae of S-SvNVs in the scenario of S-SvINSs.

In general, a MADM problem usually needs to select the optimal alternative from a set of
alternatives Sa = {Sai, Saz, ..., Sap} among those that satisfy the requirements of the multiple attributes
(denoted as a set Rs = {Re1, Re, ..., Ren}). During the evaluation process, the evaluation results of the
alternatives over the attributes can be represented by the S-SvINV's rsnij = <stij, Sudij, Sfi; sri> (j=1,2, ...,
h;i=1,2, ..., p), which are composed of SYNVs and spherical radii, and constructed as their decision
matrix Rm = (rsnij)pxi. Then, a MADM technique in the scenario of S-SvINSs is established and described
by the following decision process.

Step 1. In terms of the scoring entropy values of the evaluated S-S5vINVs of each attribute across
the alternatives provided by the decision makers, the attribute weights gj (j =1, 2, ..., h) are derived
by the formulae:

- _L )2 T(rSNi/.) In T(rSNz ) (17)
¥ In p i3 Z T (rgy;) Z T(SNI)
1-E (18)
c=——j=12 .., h
> (-Ey)

Step 2. The aggregated values rsni for Sai (i=1, 2, ..., p) are obtained by one of the S-SYNVTWA
and S-SYNVTWG operators:

h
Tovi =S = SYNVIWA(Fgyis Tgninseos o) = z 79, snij
=

h

2/mcos™ (H(cos(O.S;rstdy))q" j,Z/;rsin1 [ﬁ(sm(o 578 45) )q’ j, , (19)

J=1 J=1

h

2/ 7sin” (H (sin(O.SﬁsﬂU ))qj J .6/ (\37)cos™ [ﬁ (COS(\/gﬂ'S”.j /6) )qj ]

Jj=1 J=1
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h
—_Q_ — 9j
Tovi =8 = SYNVIWG (Fgpiy s Tsnig oo Tsnin) = H 7 Tswij
=1

2/ zsin™ (ﬁ(sin(O.Sﬁstdi/_))q/ j,2/7rcos1 [ﬁ(cos(O.Snsudi/_))q’ j, . (20)

j=1 Jj=1

h h

2/mcos” (H(cos(O.S;rsfdi/.))q/ j;6/ (\37)sin™ [H(sin(\/gﬂsw. /6))% j
j=l j=l
Step 3. The score values of T(rsni) (accuracy values of T(rsni) for necessity) (i =1, 2, ..., p) are
derived by Eqs. (9) and (10).
Step 4. Alternatives are ranked subject to a descending order of the score values and the optimal
one is determined.
Step 5. End.

6. MADM Application of RSTS Selection

In China, the city of Ningbo is located on the East China Sea, and it is often affected by bad
weather such as typhoons and rainy seasons, so geological disasters such as road slope landslides
and avalanches often occur in Ningbo. In order to prevent the geological disasters, it is necessary to
carry out the comprehensive treatment of road slopes to ensure their stability and safety. In order to
verify the effectiveness of the developed MADM technique, this section applies the developed
MADM technique to an actual example of RSTS selection, and then compares it with the existing
SvNV MADM techniques to show the appropriateness and advantages of the developed technique
in the scenario of S-SvNSs.

6.1 Selection Example of RSTSs

To comprehensively treat the risk areas of road slopes in Ningbo City, the engineering
department provided four RSTSs based on the previous treatment experience and actual
requirements as follows:

(a) The RSTS Sai: Drainage ditches, concrete retaining walls, slope protection stones, and
protective nets;

(b) The RSTS Sa2: Masonry slope protection, retaining walls, slope trimming, and drainage
ditches;

(c) The RSTS Sas: Drainage ditches, retaining walls, slope cutting, and gutters;

(d) The RSTS Sas: Drainage ditches, retaining walls, and shotgun technology (surface shotcrete
and fixed anchors).

Then they have to satisfy four critical factors/attributes: geological conditions (Sa1), technical
feasibility (Sa2), economics (Sas), and climatic status (Sas). Regarding this MADM problem, the
satisfactory degrees of each RSTS with respect to the four factors are assessed by decision-
makers/experts to select the optimal one among the four RSTSs.

In the assessment process, the decision makers/experts provide the assessment values of each
RSTS over the four factors by the S-SvNV's rsnij = <suij, Sudij, syaij; sri> (j, 1 =1, 2, 3, 4), which consist of the
true, false and indeterminate values and spherical radii. Then, all 5-SvNVs form their decision matrix
Rt = (rsnij)axa:

(0.8,0.2,0.2;0.4) (0.9,0.2,0.1,0.2) (0.8,0.1,0.1;0.2) (0.8,0.2,0.2;0.3)
(0.8,0.1,0.10.3)  (0.8,0.1,0.1;0.3) (0.7,0.2,0.2;0.3) (0.8,0.1,0.2;0.4)
¥ 71(0.7,03,02;0.2) (0.7,0.2,0.2:03) (0.8,0.1,0.1;0.2) (0.7,0.2,0.4;0.2) |
(0.6,0.2,0.1;0.3) (0.8,0.2,0.3;0.2) (0.7,0.3,0.3;0.3) (0.6,0.1,0.1;0.3)

In this actual selection problem of RSTSs, the developed MADM technique is applied and
represented by the following decision procedures.
Step 1. Using Egs. (17) and (18), the attribute weights gj (j =1, 2, 3, 4) are derived below:
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q1=0.2221, g2=0.2343, g3 = 0.2628, and g4 = 0.2809.

Step 2. Applying Eq. (19) or (20), the aggregated values rsni for Sai (i = 1, 2, 3, 4) are obtained
below:

rsn1 =<0.8303, 0.1664, 0.1414; 0.2846>, rsn2 = <0.7779, 0.1198, 0.1455; 0.3314>, rsns = <0.7308, 0.1816,
0.2004; 0.2275>, and rsns = <0.6868, 0.1822, 0.1712; 0.2799>.

Or rsnv1 = <0.8182, 0.1794, 0.1587; 0.2610>, rsn2 = <0.7690, 0.1340, 0.1625; 0.3251>, rsns = <0.7224,
0.2087, 0.2598; 0.2198>, and rsns = <0.6614, 0.2124, 0.2246; 0.2727>.

Step 3. By Eq. (9), the score values of T(rsni) for Sai (i=1, 2, 3, 4) are yielded below:

T(rsn1) = 0.6717, T(rsn2) = 0.6760, T(rsns) = 0.6201, and T(rsns) = 0.6237.

Or T(rsn1) = 0.6577, T(rsn2) = 0.6650, T(rsnz) = 0.5952, and T(rsns) = 0.5955.

Step 4. The ranking of the four RSTSs is Sa2 > Sa1> S44 > Sas and the optimal one is Saz.

6.2 Sensitivity Analysis

To analyze the sensitivity of the spherical radii in the S-SvNV matrix Rum to the ranking of the
four RSTSs, it is assumed that srij = 0 is set in all rsnij = <Swij, Sudij, Sfi; Srip> (j, 1 =1, 2, 3, 4) in the decision
matrix Rum. In this case, the decision procedures are indicated as follows:

Step 1. Using Egs. (17) and (18), the attribute weights g; (j =1, 2, 3, 4) are derived below:

q1=0.1957, g2=0.1908, g3 = 0.4019, and g4 =0.2115.

Step 2. Applying Eq. (19) or (20), the aggregated values rsni for Sai (i = 1, 2, 3, 4) are obtained
below:

rsn1=<0.8250, 0.1511, 0.1324; 0>, rsv2=<0.7651, 0.1319, 0.1527; 0>, rsns = <0.7457, 0.1631, 0.1736; 0>,
and rsne = <0.6895, 0.2022, 0.1901; 0>.

Or rsn1=<0.8147, 0.1674, 0.1494; 0>, rsv2 =<0.7543, 0.1488, 0.1688; 0>, rsn3 =<0.7351, 0.1952, 0.2341;
0>, and rsna =<0.6684, 0.2328, 0.2410; 0>.

Step 3. By Eq. (9), the score values of T(rsni) for Sai (i=1, 2, 3, 4) are yielded below:

T(rsn1) = 0.6354, T(rsnz) = 0.6201, T(rsns) = 0.6022, and T(rsna) = 0.5743.

Or T(rsn1) = 0.6245, T(rsnz) = 0.6092, T(rsns) = 0.5764, and T(rsns) = 0.5486.

Step 4. The ranking of the four RSTSs is Sa1 > 542> Sa3 > Sas and the optimal one is Sai.

Since there is the ranking difference when the values of the spherical radii are zero and not zero
in the S-SVNV scenario, we see that the values of the spherical radii are sensitive to the ranking of the
four RSTSs. Therefore, the values of the spherical radii can influence the ranking of the four RSTSs,
which implies the importance of the spherical radius information in the S-5vINS scenario.

6.3 Related Comparison

To show the superiority of the proposed MADM technique in the setting of S-SvNSs, a
comparison with the existing SYNV MADM techniques is provided by the actual example of RSTS
selection.

To apply the existing SYNV MADM techniques [15, 32] to the actual example, we have to ignore
all the values of the spherical radii in the S-SVNV decision matrix Rm. Based on this special case, the
S-SVNV decision matrix Rm is degenerated to the SYNV decision matrix:

(0.8,0.2,0.2) (0.9,0.2,0.1) (0.8,0.1,0.1) (0.8,0.2,0.2)
. |(0.8,0.1,0.1) (0.8,0.1,0.1) (0.7,0.2,0.2) (0.8,0.1,0.2)
¥ 71(0.7,03,02) (0.7,02,02) (0.8,0.1,0.1) (0.7,02,0.4) |
(0.6,0.2,0.1) (0.8,0.2,0.3) (0.7,0.3,0.3) (0.6,0.1,0.1)

Then, the weight vector of the four attributes is set as g = (0.1957, 0.1908, 0.4019, 0.2115). In this
case, the existing SYNV MADM techniques [15, 32] based on the aggregation operators of Egs. (1) —
(4) and the score and accuracy formulae of Egs. (5) and (6) can be applied to the actual example of
RSTS selection, and then the decision results of the existing MADM techniques [15, 32] can be
obtained in the SvNS scenario. All the decision results of different MADM techniques in the SYNS
and 5-SvNS scenarios are given in Table 1 for convenient comparison.
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Table 1. All decision results based on different MADM techniques in the SVNS and S-SvNS

scenarios.

MADM technique Score value Ranking TheI:SI::[‘fiSmal
SNVWGopemer 2 ozdozsy  SUSTSUSe s
CSNVIWAapemer (5] ostzomn  SUSSSeSk s
CONVTWGoperor [l Ormarozps  SUTSEISEISM e
e e e i SRR
e et o

In the decision results in Table 1, the ranking results and the optimal RSTS based on the existing
MADM techniques [15, 32] are completely consistent in the SvNS scenario. Then, the ranking results
and the optimal RSTS of the existing MADM techniques and the developed MADM technique imply
their difference between the SvNS scenario and the S-SvNS scenario. Therefore, the developed
MADM technique not only reveals the information importance of the spherical radii for the ranking
of the four RSTSs in the S-SvNS scenario, but also extends the existing MADM capability and scope
since 5-SvNSs are the generalization of SVINSs in decision information. Due to the fuzziness and
uncertainty of human cognitions/judgments under the MADM complication and uncertainty, it is
obvious that the S-SvNV evaluation values in the decision process can capture the hybrid information
of both the SNV and the spherical space with a radius to effectively express the crisp SYNV and its
uncertain spherical information in a single-valued neutrosophic cube. However, the existing MADM
techniques [15, 32] are unable to perform MADM problems with S-SvNV information and unknown
attribute weights, then they may also lead to unreasonable/distorted decision results for RSTS
selection due to a lack of useful spherical information in MADM applications. In general, the
developed MADM technique not only reveals its superiority over the existing techniques, but also
effectively improves the decision capability and scope in the S-SvNS scenario.

7. Conclusion

Based on an extension of C-IFS, the proposed S-SvNS can effectively express the hybrid
information of both SvNVs and spheres with radii within a single-valued neutrosophic cube. Then,
the presented TOLs, S-SYNVTWA and S-SvNVTWG operators, and score and accuracy formulae of
S-SvNVs solved the operations and ranking problems of S-SvNVs. In terms of the S-SYNVTWA and
S-SVNVTWG operators and score and accuracy formulae of S-SvNVs, the developed MADM
technique in the S-SvNS setting can extend the MADM scope and capability and solve MADM
problems with periodicity and unknown attribute weights in the S-SvNS scenario. Furthermore, the
developed MADM technique was applied to the actual selection example of RSTSs, and then the
optimal selection of RSTSs was provided in the S-SvNS scenario. Through sensitivity analysis and
comparison with existing SYNV MADM techniques, the efficiency and superiority of the developed
technique were verified in the S-SvNS scenario.

Generally, this study includes the following advantages/achievements:

(1) The proposed S-SvNV can effectively represent the hybrid information of both an SVNV
and a spherical radius based on an exact SNV and its uncertain spherical space.
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(2) The proposed S-SYNVIWA and S-SvNVITWG operators can perform the S-SvNV
aggregation operations with periodicity/multitemporal stages as an extension of the existing
SVNVWA, SYNVWG, SYNVTWA, and SYNVTWG operators.

(3) The developed MADM technique using the S-SYNVITWA and S-SvNVTWG operators can
solve MADM problems with the requirement of periodicity/multitemporal stages and unknown
attribute weights in the S-SvNS scenario based on the generalization of existing MADM techniques
in SvNS scenarios.

Although this study has achieved the above, in the future, more S-SvNV trigonometric
aggregation operators will be developed based on Enistein, Aczel-Alsina, and Dombi operations and
their decision/evaluation models will be established to tackle GDM, slope stability classification and
evaluation, environmental risk and mine safety evaluation, as well as image processing and medical
diagnosis in S-SvINS scenarios.
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