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1. Introduction

In the year 1965, Zadeh [10] introduced and investigated fuzzy sets. An intuitionistic fuzzy set
was first presented in 1986 by Atanassov [2]. Florentin Smarandache [5] developed concepts such as
neutrosophic logic and neutrosophic set in 1999. The truth, falsehood, and indeterminacy membership
values are the three components on which he defined the neutrosophic set. The neutrosophic set was
created in 2010 by Florentin Smarandache [3] as a generalization of intuitionistic fuzzy sets.

K C Chattopadhyay and etal [6], [9] developed the role of clans in the proximities of fuzzy sets in
the year 1996 and on intuitionistic fuzzy sets in the year 1997 respectively. Also they proved the
proximities of IFS is a clan generated structure. In this paper, we introduce and investigate the
proximities of neutrosophic sets and proved that the proximities of NSs is a clan generated structure

and provided the numerical example wherever applicable.

2. Preliminaries

Definition 2.1. [3] Let X be a fixed set that is non-empty. A set with the form
N = {{a, Tx(a), In(ax), Fxi()): & € X} is called a Neutrosophic set, where Tx(ar), In(ax), Fx(a) represents
the degree of truth, degree of indeterminacy and the degree of falsity respectively of each element

a € X to the set N.

The set of all neutrosophic sets on X is denoted by N(X).
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Definition 2.2. [3] The complement of a Neutrosophic set N is denoted by NC and is defined by
N = {(x, Fx(x), 1-Ix(x), T (x)): x € X].

Definition 2.3. [3] Consider two Neutrosophic sets U and V over X, then U is said to be contained in

V, denoted by U € V if and only if Tu(x) < Tv(x), Iu(x)< Lv(X), Fu(x) 2 Fv(x).

Definition 2.4. [3] The arbitrary union of two Neutrosophic sets U and V over X, is denoted by
UUYV and is defined by {{x, Tu(x)VTv(x), Iu(x)VIv(x), Fu(x)AFv(x)): x € X}

Definition 2.5. [3] The finite intersection of two Neutrosophic sets Uand V over X, is denoted by UNV
and is defined by {(X, Tu(x)ATv(x), Iu(x)ALv(x), Fu(x)VFv(x)): x € X}

Definition 2.6. [3] Let N be a Neutrosophic set over X, then the universe set of N is denoted by
1xand is defined by 1x={(x,1,1,0): x € X}.

Definition 2.7. [9] Let N be a Neutrosophic set over X, then the empty set of N is denoted by
Oxand is defined by Ox= {(x,0,0,1): x € X}.

Proposition 2.8. Let U, Ve N(X), then the following holds

@) (UUV)e=UeNVe

(ii) (UNV)e=UcUVe

(ii) (Ix)e = 0x

(iv)  (Ox)=1x

3. Stack, Filter, Grill, Prime filter of Neutrosophic Sets

Definition 3.1. Let X be a fixed set that is non-empty and N(X) is the set of all neutrosophic sets in X.
A stack S of neutrosophic sets on X is a subset of N(X) such that P> Qe S =P €S,

Example 3.2. Let X = {a,b}. consider the following neutrosophic sets
A; ={<a0.3,0.7,0.2 >,< b,0.4,0.5,0.6 >}
A; ={<a,0.5,0.5,0.6 >,<b,0.3,0.3,0.4 >}
A3 ={<a,0.4,0.7,0.1 >,<b,0.5,0.2,0.8 >}

A, ={<a,0.2,0.2,0.8><b0.1,0.1,0.7 >}
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A; ={<a0.50.80><b,0.6,0.6,0.2 >}

A ={<a0.2,0.4,0.5>,<5H,0.1,0.1,0.9 >}

A; ={<a0.4,0.8,0.1>,<b,0.6,0.6,0.3 >}

Ag = {<a,0.6,0.6,0.5 >,< b,0.5,0.5,0.1 >}

Ay ={<a,0.3,0.50.2 > <b,0.4,0.2,0.9 >}
Ao ={< a,0.6,0.9,0 > <b,0.7,0.7,0 >}

Here $;,5,,5; are the stacks of 1(X), where

S; ={A4,,A4,,Ag} suchthat A, € A, € Ag

S, ={A,,44,A,} suchthat A, € A, € A,

S3 = {43,A45,A49,A;,} such that Ay € A; S A5 S Aqy

Definition 3.3. Let X be a fixed set that is non-empty and N(X) is the set of all neutrosophic sets in X.
A filter F of neutrosophic sets on X is a subset of N(X) satisfying the following:

(i) F#é
(if) Po>QefF=PEeF
(iii) PQeF=PNQEF
A filter F of Neutrosophic sets is said to be proper if Ox ¢ F.

Example 3.4. From the example 3.2, F = {A4,,A,, Ag} such that Ay € A, C Ag is a filter as well as

proper filter, since Ox ¢ F and the following holds

FOI‘ Az,A4 E_F:>AznA4 = A4 E_F
FOr Az,Ag EF:AznAB = AZ E_F

FOr A4,A8 € F :>A4nA8 = A4 € _F

Definition 3.5. Let X be a fixed set that is non-empty and N(X) is the set of all neutrosophic sets in X.
A grill G of neutrosophic sets on X is a subset of N(X) satisfying the following;

(i) OxgG

(ii) P>5QeG=PeG

(i) PUQeG=PeGorQeG

A grill G of neutrosophic sets is said to be proper if G # .
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Example 3.6. From the example 3.2, G = {A,, 4,4, Ag} such that A, € A, C Ag is a grill as well as

proper grill, since Ox ¢ G and the following holds

For A,UA, = A4, €G=A4,€GorA, €G
For AzUAg =A8 € G:>AZ € GOTAS € G

For A4_UA8 =A8 € 63A4 € GOTAS € G

Definition 3.7. Let X be a fixed set that is non-empty and N(X) is the set of all neutrosophic sets in X.
A stack S of NSs on X is a prime filter of NSs on X if it is a filter of NSs as well as the grill of NSs on
X.
In other words, a stack S of NSs on X is a prime filter of NS on X if it satisfies the following;

i) OngS

ii) S+

(

(

(i) Po>QeS=PeS
(ivi P,QeS=PNQeS
(

v) PUQeS=PeGorQEeS

Example 3.8. From the example 3.2, S; = {4,, 4,4, Ag} is a prime filter of N(X), since it is a filter and
grill of N(X).

We denote the following notation

Set of all filters of NSs on X = {(X)

Set of all grills of NSs on X = {(X)

Set of all prime filters of NSs on X = £(X)

Example 3.9. Let AeN(X). Define F =« N(X) by F = {B € N(X)|B > A}

Clearly F is non empty. Let Co B € F. Then C>B > A and hence C € F. Now let B, C € F such that
Ta(x) < Ts(x), Ia(x)< Is(x), Fa(x) = Fs(x) and Ta(x) < Te(x), Ia(x)< Ie(x), Fa(x) = Fe(x). Hence it follows that
Ta(x) < Te(x)ATc(x), Ta(x)< Is(x) Alc(x), Fa(x) = Fs(x)V Fe(x). Thus A < BNC which implies BNCE F.
Hence F is a filter of NSs.

Theorem 3.10. Let Fy,F, € {(X) and Gy, G, € P(X).

(i) If F{NFz < Gy, then F; < Gy or Fp < Gy

(i) If F; < Gy or F; < Gy, then F; = G1UG,

Proof:
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(1) Suppose Fq & G; and F, ¢ Gy. Then there exists A; € F; such that A; € G, and A, € F,
such that A, ¢ G;, therefore 4,UA, & G,, but A;UA, € F;NF, which is a contradiction. Hence
Fi1c Gy or F, c Gy is valid.

(i)  Case (I): Suppose F; c Gy, then for A; € F;, we have A, € Gy. Also, since G; = G,UG,
implies 4, € G;UG,. Hence F; c G,UGs.
Case (II): Suppose F; c G, then for A, € F;, we have A, € G,. Also, since G, = G;UG,
implies A, € G;UG,. Hence F; c G,;UG,

In either case if we have F; ¢ Gy or F; c Gy, then F; = G,;UG,

Theorem 3.11. Arbitrary intersection of filters of NSs is a filter of NSs.

Proof is straightforward.

Theorem 3.12. Finite union of grills of NSs is a grill of NSs.

Proof:

Let G = U{G;, i € I,G; € Yy(X)}. we check the three axioms

(I) Ox ¢G; for alli € I, then Ox ¢G.

(I)If A € G, thenso A € G; for somei €1 and A c B, since each G; is a grill, then B € G;c G

(I) If AUB € G,then so AUB € G; for some i € I and A c B, since each G; is a grill, then A € G; or
B € G;, hence A€ G or B €G.

Thus, union of grills is again a grill.

Definition 3.13. For each stack S of NSs, define dS={A : A° ¢ S}

Theorem 3.14. If S is a stack of NSs, F is a filter of NSs and G is a grill of NSs on X, then the following
holds.

(1) If §, < §,, then dS; = dS,
2) d(dS)=8

(3) d(USy) = Nds;

(4) d(NS;) = uds;

(5) dF isa grill of NSs

(6) dG is a filter of NSs

Proof.

(1) To prove dS; c dS,. That is for any A € dS; = A € dS,. Assume S, = S;
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Since A € dS;, then A°¢S,;. Then from our assumption A€ ¢ S,, which implies 4 € dS, .
Hence, dS; = dS,

(2) Forany A € N(X), then 4 € d(dS) & A° ¢ dS & A € S. Hence d(dS) =S.

(3) Forany A €N(X), then A € d(US;) o A2 US; o A°¢ 5, viel o A€ dS;viel o AendS;.
Hence d(US;) = NdS;.

(4) Forany A€ N(X), then
Aed(nS;) o A°¢NS; o A° ¢ S;forsomei € I & A € dS; forsomei € I & A€ UdS;.
Hence d(NS;) = UdS;.

(5) Axiom 1: Since Ix € F, (1y)¢ =0x € F implies Ox ¢ dF.
Axiom 2: Let BCA€dF, then (B)€ ¢ F and it follows that (4)¢ € F for A°c B. Hence A€ dF.

Axiom 3: Let AUBEdF, then (AUB)¢ ¢ F which implies A°NB¢ ¢ F and it follows that A€ ¢
For B¢ ¢ F.Hence A € dfF or B € dF. Thus, dF is a grill of N(X)

(6) Axiom 1:Since Ox ¢ G, (05)° = 1x ¢ G implies Ix € dG.
Axiom 2: Let BCA€dG, then (B)¢ € G and it follows that (4)¢ € G for A°c B°. Hence A€ dG.

Axiom 3: Let A € dG and B € dG, then A€ ¢ Gand B¢ ¢ G and it follows that A°UB¢ ¢ G. That
is (ANB)° ¢ G which implies (ANB) € dG. Thus, dG is a filter of N(X).

Theorem 3.15. Neutrosophic Prime Filter Theorem

If F is a filter of NSs and G is a grill of NSs on X, then there exist a prime filter o of NSs such that
FepcG.

Proof.

Let X be a collection of subsets of N(X) and F is a filter of NSs and G is a grill of NSs on X. Let X be
defined by X = {¥YeN(X)|V is a filter, FcY =G}

Y € R, for all YeN(X) if and only if FcY for all 4; € Y if and only if NA4; € G. Clearly (X, c) is a
partial order set and F € X. By Zorn’s lemma, (X, <) has a maximal element and g be that element
such that FepcG.

Now to prove: p is a prime filter of N(X).

Let A4,A; € p. Then pU{A;NA;} € X and by maximality of p, {A;NA;} € p. Let BcA, then

p U{4} eX and by maximality of p, A € p. Hence p is a filter of NSs.
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Let A,B € N(X) such that A & p and B&p, then both of p U{A} ¢ X and p U{B} & X. Also we can find
Ay, A, ...A,€p and By,B;...B, €p such that {A} N{A;NA4;N ....NA4,}N{BNB;N ....NB,,} ¢ G
and {BN{4,N4,N ....NA4,}N{B;NB,N ....NB,,} ¢ G.

Hence {AUB}N{4;N4,N ....NA,}N{B;NB,N ....NB,,} ¢ G.

This shows that AUB €p. Thus p is a prime filter of N(X).

Theorem 3.16.
Let GeN(X), then G be a grill of NSs on X if and only if it is a union of prime filter of NSs on X.

Proof.

Since by theorem 3.13, union of grills of NSs on X is again a grill NSs. It follows that, if G is a union of
prime filters of NSs on X, then it is a grill of NSs.

Conversely, suppose G is a grill of NSs on X. Let A€ G and F = {B € N(X): ACB}, then F is a filter of
NSs and FcG. By Neutrosophic Filter theorem, then there exists a prime filter ¢ of NSs such that

FcpcG and hence A€ pcG. Thus G is a union of prime filters of NSs on X.

4. Proximities of Neutrosophic Sets
Definition 4.1. Binary relation d on Neutrosophic sets
Let 5 N(X) x N(X) such that (A,B) €d if and only if d (A,B)= < Ts5(A,B),15(A,B),Fs(A,B) >
Numerical Example 4.2.
Let X={a,b,c}. Suppose a binary relation d on NSs is defined by
0 (A,B)= < Ts(4,B),15(A,B),Fs(A, B) > where
Yxex (1 = |To(x) — Tp(x)])

I5(A, B) = Yxex lIA,(ng()_ Ig(x)]
Fs(A,B) = Yxex IFA:(?()_ Fg(x)|

A={<a0.2,0.2,0.8><b,0.1,0.1,0.7 >,<¢,0.2,0.5,0.7 >}

B={<a0.2,0.4,0.5><b,0.1,0.1,0.9 >,<,0.1,0.4,0.3 >}

1+1+0.9
T5(4,B) = ———5——=10.967
0.2+0+0.1
15(4B) =————— =
3
0.3+0.2+0.4
F(AB) =——————=0.3
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5 (AB)= < T5(A,B),I5(A,B),Fs(A,B) > =< 0.967,0.1,0.3 >

Definition 4.3. Inverse Binary relation 6~ on Neutrosophic sets
An inverse binary relation 87! on two NSs is defined to be § = §~1 if and only if d (A,B) =9 (B,A)
for all A,B € N(X)
Numerical Example 4.4.
d (B,A)= < Ts(B,A),Is(B,A), F5(B,A) > where
Yxex (1 = [Tp(x) — T4 (x)])

Ts(B,A) = X
Yxex Hp(x) — I4(x)|
I;(B,A) =
s(B,A) X
Yxex |[Fp(x) — F4(x)|
F(B,A) = D
From Example 4.3,
1+1+0.9
T5(B,A) = ——5—— = 0.967
0.24+0+0.1
I5(B,A) = ——————=0.1
0.3+0.2+0.4
F(B,A) = ——————=10.3

5 (B,A)= < 0.967,0.1,0.3 >
Hence d (A,B) = d (B,A).

Definition 4.5. Distribution of 6 over union
A binary relation 0 is said to be distributive over union of two NSs if

AUB € d (C)ifand only if A € 5 (C) or B € 8 (C)
That is, d (AUB, C) =d(A, C) or 0 (AUB, C) =8(B, C)

Definition 4.6. Basic pre-proximity of NSs

A binary relation d of NSs (N(X)) is said to be a basic pre-proximity of NSs on X, if it satisfies the
following conditions:

Axiom 1: Ox ¢ d (A), for all A€ N(X)

Axiom 2: o= 8§71

Axiom 3: 5 (AUB, C) = d(A, C) or  (AUB, C) = 3(B, C)

Definition 4.7. Basic proximity of NSs
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A binary relation Q of NSs (N(X)) is said to be a basic proximity of NSs on X, if it is pre-proximity of

NSs and it also satisfies the condition ANB#0x = (4,B) € 2

Remark 4.8.

(1) If d is a pre-proximity of NSs on X, then X is said to be a reference set of d and is denoted by X(d).

(2) If Q) is a pre-proximity of NSs on X, then X is said to be a reference set of (2 and is denoted by X(Q).

(3) We denote the set of all basic pre-proximities of NSs on X by M (X) and the set of all basic
proximities of NSs on X by 9t(X).

Definition 4.9.

Let deM(X) and AEN(X), then BEN(X) is called a neighbourhood of A with respect to d, if B¢ ¢
6(4).

The collection of all neighbourhoods of A with respect to d is denoted by nbhd(8, A).

Theorem 4.10.
Let A,B,C € N(X) and d€ M(X), then the following holds:

—_

(1)  nbhd(8,05)=N(X)

(2) It B € nbhd(8,A) and C € nbhd(é, D), then BUC € nbhd(8,A U D)

(38)  nbhd(8,A VU B) =nbhd(8, A)n nbhd(6, B)

(4) If BCA, then nbhd(8, A)c nbhd(8, B)

Proof.

(1) Since VAEN(X), A ¢ 8(0y), we have nbhd(8, 05)=N(X).

(2) LetB € nbhd(6,A) = B¢ ¢ 6(A) and C € nbhd(6,D) = C° ¢ 6§(D). It follows that (B U €)€ ¢ §(A4)
and (BUC)° ¢ 6(D) which implies (BU C)° & 8(A) U 6(D), that is (BUC) & (AU D) and
hence BUC € nbhd(6,A U D).

(3) For every DEN(X),

D € nbhd(8,AUB) < (D)° ¢ 6(AUB)
o (D) ¢d8(A)ué(B)
< (D) ¢ 8(A4) and (D)€ ¢ 6(B)
< D € nbhd(8,A) and D € nbhd(8, B)
< D € nbhd(6,A) nnbhd(s, B)
(4) Let BcA, To prove for every E € nbhd(8,A) = E € nbhd(5, B)
E € nbhd(8,A4) = (E) ¢ §(A)
= (E)° ¢ 8(B) (since ADB)
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= E € nbhd(é, B)
Thus nbhd(8, A)c nbhd(8, B).

5. Clan of Proximities of Neutrosophic Sets
Definition 5.1. Let d€ M(X). A subfamily £ of N(X) is said to be d-compatible if A,B € £ = A€ d(B).

Also a d-compatible grill is called a d-clan.

Theorem 5.2. For d€ M(X) and G €P(X), the following are equivalent:
(1) G isa d-clan.

(2) 1f KEE(X) such that KEG, then & < 8(K).

(3) Gc N{8(K)IK € ¥X),K c G}.

(4) If K4, K, €£(X), such that K; c Gand K, c G, then K; c 8(K;)

Proof.

(1)=(2)

Assume that G is a d-clan. To prove: G c 8(K). Let KEE(X) such that KeG and A €G, it follows that
A€ d(B) for all B € K, thatis A€ §(K). Thus Gc 8(K).

(2)=03)

If KEE(X) such that KcG, then G < 8(K), then obviously G cn {8(K)|K € {(X),K < G}.

(3)=(4)

Suppose G c N{8(K)|K € X),K c G}. Let Ky, K, €£(X), such that K; c G and K, c G, then by (3)

G c 8(K,) and G c 8(K;). Now K; € G and G c 8§(K,) implies K; © 8(K>).

(4)=(1)

Suppose (4) holds. To prove: G is a d-clan. Let A B €G and by (4), K, K, € £(X), such that

A€ K,cGandB €K, c G, then A € K, c §(K;) c §(B). Thus G is a d-clan.

Theorem 5.3. For 6€ M(X), then every d-clan is contained in a maximal d-clan.

Proof.

Since by theorem 3.13, union of grills of NSs is again a grill of NSs. Further for a family of d-clans
{G;i € I} with G; € G;,i < j, U{G;i € I} is a d-clan. Hence by applying Zorn’s lemma, there must be

a maximal d-clan on the collections of d-clan G.

Lemma 5.4. For Q € % (X), if A€ Q (B), then there exists Hy, H, €£(X) such that A € H;, B € H, and

H, c Q(H,).
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Proof.
Since Q) (B) is a grill of NSs on X, by theorem 3.15, there exists a prime filter H; of NSs such that
A€H,c Q (B). By symmetry of ), BEQ(H;). Now Q(H;) € P(X). Again by theorem 3.15, there exists

H,e&(X) such that BeH,< Q) (H4). Hence A € Hy, B€ H, and H; c Q(H;).

Theorem 5.5. For Q € 9t (X), if A€ Q (B), then there is a Q-clan of the form H{;UH, where
H{,H, €{(X) such that A € H; and B € H,.

Proof.

Let A€ Q (B), by lemma 5.4, there exists H,, H, €£(X) such that A € Hy, B € H, and H, c Q(H,).
Since Q € 9t (X) and H,, H, €£(X), then for any P, Q € H; or H,, we have (P,Q) € Q) and hence H;UH,

is a Q—clan such that A € H; and B € H,.

Theorem 5.6. For Q € 9t (X), if A€ Q (B), then there a maximal Q-clan containing {A,B}.
Proof.
By theorem 5.5, there exists a Q—-clan H;UH,, where Hq, H, €£(X) such that A € H; and B € H, and

{A,B}cH,UH,. Also by theorem 5.3, every Q) -clan is contained in a maximal Q2 —clan. Hence the proof.

6 Conclusion

In this article, we introduced and studied the concept of proximities of neutrosophic sets and its
characterstics. Futher, its gradation of openness can be studied.
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