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ABSTRACT. The (Q—neutrosophic soft quasigroup is a mathematical innovation for dealing with indeterminate
occurrences. The characterization of quasigroups using the concept of (Q—neutrosophic soft set is an evolving
area of study that, in recent times, has attracted pools of researchers. Different researchers have defined the idea
of a -neutrosophic soft set under associative structures like groups, fields, rings, and modules. The distributive
and symmetric properties of the Q—neutrosophic soft quasigroup are examined in this study, which extends the
idea of a Q—neutrosophic soft set to a non-associative behaviour known as a quasigroup. Our findings were
quite revealing. In particular, after defining (Q—neutrosophic soft quasigroup in relation to the three binary
operations of product, right, and left division operations, it was found that these operations are distributive
over one another. Additionally, these binary operations are distributive over the operations of intersection,
union, AND, and OR. It was obtained that, Q—neutrosophic soft quasigroup does not obey the key laws, and
that the quasigroup is self-distributive with respect to the product, left, and right divisions. The effort which

is novel, has advanced the course of study in this emerging field.

Keywords: Quasigroup; Distributive; Symmetric properties; Soft set; (Q-neutrosophic soft set

1. Introduction

Definition 1.1. Suppose that Gisa non-empty set and the binary operation

(®) is define on
G such that r ®w € G for all r,w € G and if there exist a, 8 € G, the pair (G,

®) is called a
groupoid. If the equations:

a@r=FandwoGa=p
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has unique solutions 7, w € G for all , 8 € G, then (é, ®) is called quasigroup. Suppose there
is a unique element 1 € G called the identity element such that 1©r =r©®1=rforallr € G’,
then (G, ®) is a loop.

In this research, we sometime write rw instead of » ® w, when the operation ® is a mul-
tiplication in G. Suppose that r is a fixed element in a quasigroup (G, ®). Then, the left
and right translation maps for all r € é, written as L, and R, respectively are defined by
wLl, =r®w and wR, = w ®r. It is shown that a groupoid (@, ®) is a quasigroup if
the left and right translation maps are bijective. Hence, the inverse mappings L, ! and R !
also exist.Thus,

r\w = wL ! and r/w=rRy,"

Zadeh launched fuzzy set concept for the first time in [15]; Atanassov extended on it
in [20] with the definition of intuitionistic fuzzy set. Fuzzification of quasigroup was first
introduced in 1998, [9] by Dudek. In 1999, Dudek and Jun [10] extended the results in [9]
to fuzzy subquasigroup under t-norm. In 2000, Kyung et.al. [12] studied intuitionistic fuzzy
subquasigroups as a way of generalizing the results obtained in [9]. In 2005, intuitionistic fuzzy
subquasigroups were further studied by Dudek [13|. In, 2008 Muhammad and Dudek presented
fuzzy subquasigroups with different types of («, 8)- fuzzy quasigroups. Although, these two
notions has some limitations and difficulties when dealing with uncertainty and incomplete
data stated in [16]. A soft set theory was presented by Molodtsov in [16] as an analytical
instrument for addressing uncertainty in order to address some of the aforementioned issues.
Over the years, many experts in the field of algebra have applied this mathematical concept
to an algebraic structure and studied it through the structural characteristic of the algebraic
structure. For example, the algebraic properties of soft sets under a quasigroup were introduced
by Oyem. et.al. [18]19]. It is well known that one of the most beautiful properties of soft set
theory is that its parameter set has a capacity to accommodate a wide range of information in
terms of decision-making in real-life problems. Although, the characterization of membership
degrees present in neutrosophic set are not applicable in the study of soft set theory. Therefore,
soft set theory is not applicable when solving problems involving indeterminate data.

To deal with indeterminate real-world data, a mathematical concept called neutrosophy
was launched. This mathematical concept was launched in 1998 by Smarandache [23,24]. It
is well known that this unique idea is the only application of classical set theory that has
been generalized in the literature to address issues with uncertainty and indeterminacy. The
culture of a neutrosophic set is characterized via three independent membership degrees called
the true, indeterminate, and falsity which are respectively denoted as 7, Z', and F . The
concept of the neutrosophic set and its method of determining the indeterminate in real-life
data are applicable in different fields of study. For example, the authors in [26] used the concept
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to study the inspection assignment form for product quality control, while characterizations
of separation axioms in neutrosophic topological spaces were studied in [27]. The concept
of neutrosophy culture is also applicable in the area of operation research in management. In
particular, the authors in |28] presented a study on neutrosophic methods of operation research
in the management of corporate work.

Recently, the study of a neutrosophic set combined with the concept of soft set theory has
received tremendous attention in the field of mathematics [1-4,/17,122,30]. This is because
the combination of these two mathematical concepts provides a generalized structure for deal-
ing with uncertainties and indeterminacy present in real-world problems. For example, the
@@ —neutrosophic soft set (Q—NS) set is an expanded model of the neutrosophic soft set de-
scribed by two universal sets. Hence, it has the capacity to handle the two universal sets and
its indeterminate membership at the same time.

Since the notion of a @—neutrosophic soft set of two universal sets was defined in [6],
different authors have applied it to associative behavior such as fields, groups, rings, and
modules [6,[7,[21,[25]. In addition. the concept of a Q—neutrosophic soft set is long overdue to
be extended to the structure of a quasigroup where associative property is not assumed.

This work characterizes the distributive properties of the (Q—neutrosophic soft set under a
non-associative algebra termed quasigroup. In particular, the distributive properties of quasi-
groups have a very interesting characteristic in the classical study of quasigroup theory. It is
well known that quasigroups are not inherently distributive across their binary operations [14].
This serves as motivation to investigate the distributive properties of the )—neutrosophic soft

quasigroup.

2. Preliminaries

Definition 2.1. [14] Let (G, ®) be quasigroup and P < G. Then, P is called subgroupoid
(subquasigroup) of G if (P,®) is a quasigroup. Let V and K be non empty subsets of G, then
the product VO K ={vok|v e K,k € K}, the right division V/K = {v/k |v € V,k € K}
and left division V\K = {v\k |v e V,k € K}

Definition 2.2. [14] Let (G, ®) be a quasigroup. (G, ®) is a left distributive if f© (w'®z) =
(f©) ® (f ® 2) and a right distributive if (f ©w!) ® z = (f © 2) ® (w! ® 2). Whenever right
and left distributive properties hold in (G’, ®), it is called a distributive quasigroup.

Definition 2.3. A groupoid (quasigroup) (G, ®) is

(1) right symmetric if (a ® 8) ® 8 = a for all a, 8 € G
(2) left symmetric if 36 (8® a) =a for all a,3 € G
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Definition 2.4. A quasigroup (G, ®) is said to obeys key-laws if it satisfies both Definitions
2.3

Definition 2.5. Let W! be a set, if it is a poset in which any two elements have supremum and
infimum. Then, it is called a lattice for sup{k*, m*} and inf{k*, m*} are respectively denoted
as k*Vm* and k* Am*. It called a distributive lattice if £* A (m* vV n*) = (K* Am*) Vv (k* An*)
for any k*,m*,n* € L

Definition 2.6. [1] Given the two Q—NS sets (A9, 2) and (©9,B*). Then, the intersection,

AND, union and OR operations are defined as follows:
(1) (A9, 2%) N (69,8 = (A?,Cl) is a Q—NS set, where €' = A N B
Tho () (w',u) = min{Tyo(q) (W', u'), Too ) (w', u')}
IA?(Q) (wl’ ul) - maX{IAQ(a) <w1? ul)v loa(a) (wla Ul)}
Fp oy (', ul) = max{Fyo(a)(w', u'), Foa () (w',u')}

(2) (AQ,2%) U (09, B*) = (AY,¢*) is a Q—NS, where ¢* = * U B*

TAQ(Q)(wl, Ul), if a € A+ — B
TA? Too () (w',u'), if € B — A
max{Tha ) (W', u'), Too (w',ul)}, if a € B NA*
Ina (o) (w!,ul), if o € A — BT
IAIQ(a)(wl,ul) = Too(a)(w', ul), if € B — A
min{IAQ(a)(wl,ul),I@Q(a)(wl,ul)}, if a € B NA
FAQ(Q)(UJI,’U}), if @ € A+ — B!
FAl F@Q(a)(wl,ul), if € B —A*

min{FAQ(a)(wl,ul),F@Q(a)(wl,ul)}, if a e B NA*

(3) (AQ A) @Q B = (A({?,Ql) is a Q—NS set, where AQ(Q 8) = AQ(Q) N Og(s) and
(a,B) € A* x B w! € W, and u' € Q.

Q05 (W' ut) = min{Tyo ) (w', u'), Toaes) (w', u')}

TA
L0 gy (W' ut) = max{Iyo(o (w',u'), Ioa (g (w', u')}
Fpoy 5w ut) = max{Fyoq)(w',u'), Foo(s (w',u')}
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(4) (AQ,QU) vV (@Q,%l) = (A?,Qﬁl) is a Q—NS set, where AQ(aﬂ) = AQ(a) U Og(s) and
(o, B) € A x B w! € W, and u! € Q.

TpQ g (W' u') = max{Tho() (w', u'), Toe(s (w', u')}
Ipa gy (W', ut) = min{Ixo o) (w', u'), Toes (w', u')}
Fpo o' ut) = min{Frag) (w',u'), Feos) (w!, ul)}

Definition 2.7. [16] Let W' be set, a pair (F, ") is called a soft set if F: A* — P(W1),

where P(W1) is power set of W' and 2(* is a set of parameters.

Definition 2.8. [24] Let W! be a set. A neutrosophic set (NS) is described as
® = {{(w!, (Te(wh), Ip(w), Fp(w'))) : wt € W'} such that Ty, Iy, Fp : W —]70,17].

Definition 2.9. [6] A (Q—neutrosophic set H? in W! is described in the form
H? = {{(wh,ul), Tpe(wh,ul), Ipe(wh,ul), Fyo(wh,ul)) : w!' € Whul € Q}, where

ToasIpa, Fpo : W x Q —]70,1F[ are the membership degrees.

Definition 2.10. [17] Let W be a set and * be a parameter sets. A (NS) set (®,A*) is
described as (®, %) = {{(w!, (Tp(w?), Ip(w?), Fp(w'))) : wt € W}

Definition 2.11. [6] Let k be any positive integer, I be a unit interval [0, 1], W! be a universe
of discourse and @) be a non-empty sets. A (Q—neutrosophic set H? in W' and Q is described

as
H? ={< (wl,u1)7T§f(w1,ul),Igf(wl,ul),Fgf(wl,ul) > wl e Whul eQvi=1,2,3,...k},
where Tq; Qi,Iq; Qi,Fq; Qo WhxQ — Ik Vi = 1,2, ...,k are membership degrees.

1 1 1

Definition 2.12. [1] Suppose that W' is a universal set and @ is a non-empty set. Let
A C E be a set of parameters. A pair (H?,Qll) is called a (Q—NSS) over W' and Q,
where H? : A = P QNS(W?') is a map such that H?(a) = ( if a ¢ A*. It is denoted by
(P, 24Y) = {(a, 11 (a) : a € A, TP (a) € pPQNS(W)}

Definition 2.13. The direct product (H?, 2A) x (\I/?, B) of (HlQ, 2A) and (\I/?, B) is a Q—NS
set (H?, ¢') under Wll X W21 such that A x B = ¢

HIQ(ayﬁ) = {<((w%>w%)vul)aTcplQ(avg)((w%?w%%ul))vIq)i?(awg)((w}aw%))Q)aF@?(a’g)((w%aw%)vq» :

(wivw%) S Ql X QQ)UI € Q}
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The membership degrees are defined as

TH?(a,g)((wi wy),u') = min{TH?(a) (w1, ul), T\D?(ﬁ) (wd, uM)},

IH?(aﬁ)((w%’ wy), ut) = max{lye (w%aul)afw?(ﬁ) (w3, u')},
FH?(Q,g)((wiw%), u') = max{FH?(a)(w%,ul), F\I/?(B)(w;w))}‘
3. Main Results

Definition 3.1. Let (V?,Qll) be a Q—NS set defined over a quasigroup (é,@/,\). Then
(VlQ, A1) is called a @—NS quasigroup over a quasigroup G if for all a € A, u! € Q, VlQ(oz) is
a Q—NS quasigroup given a map V?(a) G xQ— 10,13

Definition 3.2. Let (V?,Qll) be a Q—NS set defined under a quasigroup (G,®/,\). Then
(V?, 2%) is called a Q—neutrosphic soft quasigroup if for all a € 2A*, w', ¢! € G, u! € Q satisfies
the following

(1) TV?(Q)((wl * t1)7 ul) 2 min{TV?(a) (U)l, U), TVIQ(a) (tla ul)}

(2) Ivg;)(a)((w1 xth),ul) < max{[vgg(a) (wl,u),IV?(a) (ttuh)}

(3) Fv?(a)((w1 xth),ul) < max{FV?(a) (wh, u), FV?(a) (', ut)}
where x € {®, /,\}

Example 3.3. Let G = {i,4,k,l,m,n,o} be quasigroup of order 7 and 2* be a subset of E

called the parameter sets. Given the quasigroup in Cayley table below.

TABLE 1. Quasigroup of order 7

©li j kK I m n o
i|li m o n j 1 k
jlm j n o i k 1
ko n k m 1 j i
l{n o m k 1 i j
m|j i I k m o n
n |l j i o n m
o| k i j n m o

Define a Q—NS set (V?,Qll), for all u! € Q and w!, ¢!, 2! € G such that 2! = w! xt! € G.

Let 2" be the set parameters and n € N a set of natural numbers.

11—, ifzl={4,1,k,m,n,o0

TVQ(G)((U’I «th),ul) = 2 U )
! 1, otherwise.

0, if 21 = {4,1,m, k,n, o0}

IV?(a)((wl wtl),ul) =

1-— %, otherwise.
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0, if 2! = {j,k,m,l,n,o}

1— 2 otherwise.

2n?
Considering
the operation “ ® ”, then, Tvi;)(a)((w1 ), ul) > min{Tvig(a)(wl,ul),TV?(a)(t1 ul)}. Put
w! = j,t' = m, then we have
1 .1
TV?(a)(] O m,u ) TVQ( )(z,u )
= RHS =1 € [0,1] (1)
On the other hand,
. . 1 1 o
mm{Tv?(a)(],u ),Tv?(a)(m,u )=
1 1 1
in{(1 - —,u"),(1-—,u")}=1-—=0. 1] for n =1 2
mln{( QTL’U),( 2n7u )} m 056[0, ] orn ( )

Hence, from the definition , we have that 1 > min{l—5-,1-5L} = 1>1— foralln e N.
It holds for true membership degree. The results for right and left division operations “/”, and
“\" can also be verify in similar way. Also, the results for indeterminate and falsity membership
degrees are similar with the result obtained for true membership degree. Hence, (V?, 2A') is a

Q—neutrosophic soft quasigroup over the quasigroup (G, ®,/,\)

Definition 3.4. Given the two QQ—neutrosophic soft quasigroups (V?,QKI) and (¥, B) over
a quasigroup (é, ®,/,\), and let @ be a non empty set. Then,

(1) The product (V¥,21) ® (¥9,B*) of (VZ,2*) and (¥, BY) is a Q—NSS (11, ¢*) over
(G, ®) such that €* = A* N B
H?(O‘ ©p) = {<((wlaUl)vTV?(&b)((wlaUl)alv?(a,b)(wl7ul)aF Qa b)((t u1)> : wlvfl € Ga u' € Q}
where
Th (aop (W' © 1 ut) > min{Tgo  (w',ut), Tya 4 (f1 uh)},
IH?(Q@B)(wl © flu ) < max{[v?(a)(wl,u ), 1 v (8 (f U )}
FH?(Q@@( ®fl ) max{ v (a )(wljul)’ \If?(ﬂ)(f » U ))}7
(2) The right division (V<,2%)/(¥9,B1) of (VZ,2*) and (¥9, %) is a Q — NSS (II?, ¢*)
over (G, /) such that 2* N B* = €. Thus,

H?(“/ﬁ) = {(( 1/f u )7TVQ (a/B) (( l/fl ),IV?(Q/B)((wl/fl,ul),Fv?(a/B)(wl/fl,ul» :

wh, e é,ul € Q}
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where

1 1,1 1,1
T /5)( /f ) > maX{TV({g(a)(w,u )7T‘y?(5)(fau)}a
IH?(a/za)(w Ufhel) < minflge, >(w17“1>71@?<ﬂ>(f1,u1>},
Tng (o) (@ /15 w) < mindlgeg) (W' uh), Tyg ) (/)

(3) The left division (V,2%)\ (0¥, B) of (VE, ) and (U, B*) is a Q — NSS (II?, ¢*)
over G such that 2* N AL = ¢*. Thus,

Moy = { (0 /0, T g (07100 T (07108, P (01710

w', fle Gul e Q}
where
T a\,@ ( \fl ) Z maX{T\I;?(a)(wlaul)aTle(B)(fl7ul)}v
IH?(a\m(w ALl < mindlye g (w'u) I (£ u)),
Fro g (@ \fHul) < min{Fyo, (whul), Foo s (1, u')}

Theorem 3.5. Let (A?,Q(l), (@?, B') and (A?, 1) be Q—neutrosophic soft quasigroups over
quasigroup (@, ®). Then, the following holds

(1) (A%, 2 © ((0F,8Y) N (AT, €Y) = (AT, 2) © (0F,8Y) N (A7, oY) © (AT, )
(2) (A7, 20) N (6F, BY) 0 (A7, €)= (A7, 2) © (AF, &) n (67, B") © (AY, ¢Y))
(3) (AZ, ") © ((6F,B) A (AL, €Y) = (AL, 2%) © (0F,B1) A (AL, 24) & (A2, e))
(@) (A%, 2) A (07,8%) 0 (AF, ) = (AT, 2) @ (AT, e) A ((0F,BY) @ (AT, eY))
(5) (AT, 2 © ((0F,8Y) U (AT, Y) = (AT, 2) © (6F,BY) U (A7, oY) © (AT, €Y))
(6) (AT, A1) U (6F,BY) 0 (AT, ) = (AT, 2) @ (AF, €)) U ((6F,B) © (AT, €Y))
(7) (AL, 2Y) © ((6F,8Y) v (AF, @) = ((AT,20) © (6F,BY)) v (AL, 2Y) © (AF, &)
(8) (AT, 20) v (67,BY) @ (AF, €) = (AT, 2) © (AP, €)) v (6F,B) @ (AP, ¢))

Proof:
(1) We shall show that (AY,2%) © ((69,%8%) n (A%, eY) = ((AY,2%) © (09,8%) N
(A7, 20) @ (AF, &)
Let
(AL, ") © (09, 8%) = (U9, ¢) such that

T\b?(a@b) (w® t,u') = min {TA?(G)(w, ub), T@?(b) (t,u')} (3)

(a®b) € A NB*

for all w,t € G and u! € Q. And, let
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(A?,Qll) ® (AIQ, ¢ = (U?,%l) such that for all w,t € G,u' € Q we have

T

52 (ace) (w ® t,u') = min {TA?(G) (w, ut ' TAQ (o) (t,u")} (4)

1

-~

(a®c)=feArtnet

Let (B9, ¢ N (DY, 3*) = (I, &%) such that g € (E*NF*) = &* for all g € G*
Combining equations and , for all w,t € G and u! € @ we have

TH? (9) (wt7 UI) = min {T‘P?(g) (wt7 ul)v TU?(Q) (wta Ul)}

(9) €€ N

= min{ Tyo,q, (wtu'), T,

U? (a®c) (U)t, ul )

a€ (A NBY)N (A NEY))

(5)
Considering the LHS: Let
(@?, BN (A?, ¢ = (@?,@l) such that for all w,t € G and u' € Q, wehave
ch?(d) (wt,u') = min {T@?(d) (wt, ul), TA?(d) (wt,u")} (6)
de (B net)
Also, let
(A?,Q[l) ©) (@?,@l) = (E?,Y)l) such that for all w,t € G and u' € Q, we have
TE?(a@d) (w®t,u') = min {TA?(Q) (w, ul), be?(d) (t,u')}
this implies that for allaeA*,deD*,a®de(A*NDT)
= min {TA?(G) (w, ul), min{Te?(d) (t,ul), TA?(d) (t,u')}}
= min { min{TA?(a)(w, ul), TA?(a) (w,u")}, min{Te?(d) (t,ul), TA?(d) (t,u')}}
= min { min{T o, (v, ub), Tgoa(t ul)}, min{T o, (v, ul), Tpa gt u')}}
:min{T\Ij?(GQd)(w@t,ul),TU?(GQd)(th,ul)} (7)

(ArNBH)N(ANEL))

Comparing (5] and , we have (H?, &) = (E?,ﬁl) for the true membership degree.

Next, is to verify for indeterminate membership degree.
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Let
(A2, 2" ® (0%, 8BY) = (9, ¢') such that

I\P?(a@b) (w® t,u') = max {IA?(Q) (w,u"), I@?(b) (t,ul)} (8)

(a®b) =t €A NB

for all w,t € G and u! € Q. And, let

(A?,Qll) ©) (A?, ¢ = (U?,Sl) such that for all w,t € G, and u! € Q we have

Izs?(aec) (w® t,u') = max {IA?(a) (w,ub), IA?(C) (t,ut)} (9)

(a@c)eArNner

Let (B9, ¢ N (DY, 3*) = (1Y, &%) such that g € (E*NF*) = &* for all g € G*
Combining equations and @), for all w,t € G and u! € @ we have

IHlQ(g) (wt’ UI) = max {I\I/1Q(9) (wt7 ul)v IU? (g) (U]t¢ ul)}
(9) € €N3.
= max { I‘lz?(a@b) (wt, U1)7 IU?(a@c) (wt, ul)

a€ ((A*NBY)N A NEY))

(10)
Considering the LHS: Let
(@lQ, BN (A?, ¢ = (@?,@l) such that for all w,t € G and u' € Q, we have
I@?(d)(wt,ul) = max {Ie?(d)(wt,ul),IA?(d)(wt,ul)} (11)
de (B Nnct)
Also, let
(A?,Qll) ©) (@?,@1) = (E?,.ﬁl) such that for all w,¢ € G and u' € Q, we have
[E?((@d)(w O t,u') = max {IA?(Q)(w, ub), I@?(d)(t’ ul)}
this implies that for allaeA*,deDt,aOde(ATNDL)
— 1 1 1
= max {IA?(a)(w, u ),maX{I@?(d)(t,u ), IA?(d)(t,u )}
= max { maX{IA?(a) (w,ub), IA‘I’?(a) (w,uh)}, max{[e?(d) (t,ul), IA?(d) (t, ul)}}
_ 1 1 1 1
= max { max{IA?(a)(w, u )71—@?(d)(t’ u )},max{IA?(a)(w,u ), IA?(d)(t,u )}
= max {I\I/?(a@d)(w ot,ul), IU?(GGd)(w Ot, ul)} (12)

(NB1)N(A*NECL))
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Comparing and to get that (H?,@l) = (E?,Jﬁl) for the indeterminate
membership degree.
Next, verifying the falsity membership degree is similar with the result obtain for
indeterminate membership degree .
(2) It has a similar argument with (1)
(3) We shall show that (A?,A) ® ((6%,8%) A (A2, ¢Y) = ((AZ,2") © (69,%8Y)) A
(AF20) 0 (A7, €Y))
Let

(AL, 2 © (0%, BY) = (UY, ") such that

T\I/?(a@b) (w® t,u') = min {TA?(a)(w’ ub), T@?(b) (t, ul)} (13)

(a®b) =t €A NB?

for all w,t € G and u! € Q.
And, let

(A?,Qll) ® (A?, ¢h) = (U?,Sl) such that for all w € G,u! € Q wt have

T‘z;?(QQC) (w Ot, ul) = min {TA? (a) (?,U, ul)a TA? (c) (ta ul)} (14)

(a®c)eArNnet
Now, from equations and we have (\I/?,(’El) A (U?,&l) = (H?,(‘El X &)
(e*, f*) € (¢* x §') where t* =a ® b and f* = a ® ¢ are parameter sets

Hence,

TH?(Q) (w ©ft, ul) = TH?(t*,f*)((w © t)v ul)

(t*,f*) c ¢l x 31.
= min {Tyo 0y (O 1), u). Ty oy (WO D), uh)}  (15)

(t*, f*)eEEXF.
Note that t* and f* are set of parameters.

Substituting and into ([15)), give

min {T\I/?(CL@())((M © t); Ul), TU?((I@C)((U) © t)7 ul)}

(t*,f*) € ¢t x Ft.

> min { min {TA?(Q) (w,ul), T@?(b) (t,u')}, min {TA?(a) (w,ul), TA?(C) (t,u)} }
a®be A N B, a@ceA Ner,
= min {Ty g (0 © 8),01), Ty o (w0 O 1), 1)} (16)

(A NBY) x (A NE).
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Considering the LHS:
Let (©9,8) A (AY,€2) = (@9, D) such that (09,B) A (AY, ) = (@Y, B* x ¢*)
for all w,t € G,u' € Q and (b, ¢) € B* x ¢*. Then, this follows

T

1
@?(b,c) (wt,u ),T

1 .
(wt,u") = min{T, A%(e)

oY (b)
And, let (A?,Qll) ® (@?,@l) = (E?,ﬁl) such that for all w,¢ € G,u' € Q, we have

(wt,ul)} (17)

TEl (ad) (wt,ut) = min{TA?(a) (w,u"), ch?(d) (t,ul)} (18)

foralla®d € AND where d = (b,c) € B* x €*
Then, putting into , give
1y _ 1
TE?(h)(wtju ) = TE?(md)(wt,u )

= mm{ TA? (a) (w7 ul)a T@? (d) (ta ul)}

for alla ®d € A* N D* where wt =t € G

= min{TA?(a) (w,ub), T<I>1Q(b,c) (wt,u')}

(a®d) €A NDL.

= min { TAlQ(a) (w,u'), min{T@?(b) (t,ul), TA?(C) (t,u')}}

(a®d) € A ND™.

= min { min{TA(lg(a) (w,u), TA?(a) (w,u")}, min{Tye ,, (t, ub), TA?(C) (t, ul)}}

¢

(a® (byc) eA* N (B x ).

= min { min{TA?(a)(w, ul), T@?(b) (t,u)}, min{TA?(a) (w, ul), TA?(C) (t,u')}}

(a® (b)) € A N B, (a®c)) € A N,
min {qu?(a@b)((w © t)) ul)a TU?(GQC)((UJ © t)v ul)} (19)

(A NBL) x (A Ne).

For indeterminacy membership degree.
Let

(AL, ") ® (09, 8%) = (V9, ¢) such that

I\p?(wb) (w® t,ut) = max {IA?(a) (w,ul), I@?(b) (t, ul)} (20)

a@b) =te A NB*
(

for all w € G and u! € Q. And, let

(A?,Qll) ® (A?, ¢t = (UIQ,Sl) such that for all w,t € G, u! € Q we have

[U?(a@c)(w ®t,u') = max {IA?(G) (w,ub), IA?(C) (t,u')} (21)

(a®c)eAtNnet
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Now, from equations and we have that (\IJ?, Q‘El)/\(U?,Sl) = (H?, ¢t x F)
for all (t*, f*) € (€' x §*) where t* = a®b and f* = a®c are set of parameters. Then,

IH?(Q)(M O] t,ul) = IH?(t,f)((w © t),ul)

= max {Iq/?(t)((w © t)v ul)v I@?(f)((w © t)v ul)}

(t, f) € €+ x F*.
= max {I\P?(a@))((w ot),ub), IU?(a@c)((w ot),u)} (22)

(t, f) € € x§*.

Substituting and into (22)), give

max {I\P?(a(ab)((w o t),ub), IZS?(a@a)((w ot),ul)}
(t.f) € € x §~.
> max { max {IA?(Q)(w, ub), IQ?(b)(t, u!)}, max {IA?(G)(UJ, ub), IA?(C)(t, ul)} }
a®beA NBL. a®ceAtNCt,
= max (L gy (0 © )0, Ly gy (0 © 8), 01)} (23)

@A N BY) x (A N EY).

Considering the LHS:
Let (09, 8%) A (AY, 1) = (09, D) such that (0F,B) A (AY, ¢*) = (@Y, B x ¢*)
for all w,t € G,u' € Q and (b, ¢) € B* x ¢, Tt follows that

I@?(b,c)(“’t’ ut) = max{lg?(b) (wt, ul), IA?(C) (wt,u')} (24)

And, let (A?,Qll) ® (@?,@l) = (E?,ﬁl) such that for all w,¢ € G,u! € Q,

IE?(a@d) (wot,ul) = max{IA?(a) (w,u"), I(D?(d) (t,u')} (25)

foralla ®d € A* N D* where d = (b,¢c) € B* x ¢*
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Then, putting into , we have

1y _ 1
IE?(h)(wt,u )=1 (wt,u")

E¢ (a0d)

= max{ IA?(G)(w,ul),Iq)?(d)(t, u')}

foralla®d €A ND* wherew Ot =t € G

= max{IA({g(a)(w, ub), I@?(b,c) (wt,u')}

(a®d) € A NDL.

= max { IAIQ(G) (w,u), max{l(a?(b) (t,ul), IA?(C) (t, ul)}}

(a®d) € A* N D,

= max { max{IA?(a)(w, ul), IA?(Q) (w,u")}, max{[efg(b) (t,ul), IA?(C) (t,u')}}

(a® (b,c) € AT N (B x €1).

= max { maX{IA?(a) (w, ul), I@?(b) (t,uh)}, maX{IA?(a) (w,ul), IA?(C) (¢, ul)}}
(a® (b)) € At N B, (@a®c)) €A NEL.,
max {I\Il?(aQb) ((w © t)a u1)7 IU?(a@c) ((U) © t)7 ul)} (26)

(A NBY) x (A N E).

The proof of falsity membership degree has a similar argument with the proof of
indeterminate membership
Therefore, we shown that (A?, Qll)@((@?, %l)/\(A?, ¢h)) = ((A?, Qll)G(@?, B))A
(AF.20) 0 (A7, €Y))
(4) The proof is similar with 3
(5) We shall show that (AY,2%) © ((69,%8%) U (A%, eY) = ((AY,2%) o (0%,8Y) U
(A%, 21 © (A7, €)
Let

(AC, 2% © (09, BY) = (U¥, &) such that

T2 aon) (W O 1, u') = min {Tyo (4 (w, u'), Toa (t: u')} (27)

(a®b)=s€ A NB:

for all w,t € G and u! € Q. And, let

(A?,Qll) ® (AIQ, ¢t = (U?,Sl) such that for all w,t € Q,u' € Q we have

TU?((L@C) (w® t,u') = max {TA?(G) (w,u), TA?(C) (t,u')} (28)

(f=aGc)eArNnet
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Now, from equations and , we get (\IJ?, ¢Hu (U?,Sl) = (H?,@l). Then,
g

for all w,t € G,u' € Q, let d € D* such that (a®b)—(a®c)=g€ B =E UF,
Tyo(q(w Ot u), ifge e —§
1 .
Tle(g)(w Otu) = TU?(Q)(U) O t,ub), fgeg—¢ (29)

maX{T\PQ(g)(w otul), T, (wot,ul)}, ifgeeng
1

o?(9)
min{TA?(g)(w,ul),T Q(g)(t, ul)}, if g € (AW NBY) — (A N L))

@1
min{TA?(g) (w,ul), T, ) (t,ul)}, if g € (AW NEL) — (AL N BY)

of

max min{TA? ) (w,ul), T@?(g) (t,ul)},

min{TA?(g) (w, ul), TA?(Q) (¢, ul)}}, ifge (A NBYHYN A NCH)

Considering the LHS
Let (@(1“2, B U (A?, ¢ = (@?,@1) such that for all w,t € G and u' € Q, we have

Te?(d)(wG)t,ul), ifde Bt -t
Ty (@Ot u') = Tro (o tul), ifdee — B (31)

max{T@?(d)(w otut), T

A?(d)(w otut)}, ifdeBnet

Let

(A?,Qll) ©) (@?,@l) = (E?,S’Jl)) such that for all w,t € G,u' € Q we have

T,

20 (qoq) (W @ 1, ut) = min {Tyo  (w,uh), Tya g (tu')} (32)

s=a®d) eA*ND*
( )

(w,ul), 0L @) (t,ud)},  if s e AN (B — )
(t,u)}, if s €At N (C —BY)

min{TA?(s)

min{TA?(S) (w,ul), TA?(“

T toul) = 33
Lo otu) =4 {{TAQ o), (33)
1
min{Te?(S) (t,ub), TA?(S) (¢, ul)}}, if seA N (B NCH
min{Tq , (w,u'), OL(t)(t, ul)}, if s € (A NB) — (AN L)
min{T)q, (w,u'), Tya, (t:u')}, if s € (AN E) — (A NBY)
_ (34)

max min{TA?(S)(w,ul),T@?(s)(t,ul)}’

min{Tyq, (w,u"), Tya, (¢, ul)}}, if s € (A NBY) N (AN C)

Comparing equation and , we shown that (ElQ,ﬁl) = (H?, &)
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Next, the result for indeterminate membership degree is as follows
Let

(A9, 24 © (0%, 8Y) = (U¥, ') then

I\If?(a@b) (w ot ul) = max {IA?(a) (w, Ul): I@?(b) (t, ul)} (35)

(a@b) =t €A NB

for all w,t € G and u! € Q. And, let

(A?,Qll) ©) (A?, ¢t = (UIQ,Sl) such that for all w,t € G,u! € Q we have

IU?(C@C)(w O t,u') = max {IA?(a) (w,ul), IA?(C) (t,u')} (36)

(f=aGc)eArtnet

Using equations and , we get (\I/?, ey (U?,Sl) = (H?, &*). Then, for all
w,t € Q,ut € Q, let d € D* such that (a ®b) — (a®c) = g € &* = E*UF*, then

qulQ(g)(U)@t’ul)v ifge & —3*
Inogy(w O tu') = Lo (wo t,ul), ifgeg e (37)
min{[m?(g)(w o t,ub), IU?(Q)(w otul)}, ifgee&nF
(
max{l o (w,u"), Iga , (t,u")}, if g e ((A*NBY) — (A NEL))
maX{IAIQ(g) (w,ul), Ise(y) (t,u)}, if g€ (A NE) — (A NBY)

=9 .. (38)
min max{IA?(g) (w,ul), I@?(g) (t,uh)},

maX{IA?(g)(w,ul)JA?(g)(t,ul)}}’ if g€ (A*NBVHN(A*NeY)
Considering the LHS

Let (@?, B U (A?, ¢ = (<I>1Q,®l) such that for all w,t € G and u! € Q, we have
I@?(d)(th,ul), it de Bt -t

Iyoq(w@tu') =1 w o tul), ifdee—B*  (39)

1 a2l
min{IG?(d)(w @t,ul),IA?(d)(w otut)}, ifdeBrnet

Let

(A?,Qll) ©) (@?,@1) = (E?,S’Jl)) such that for all w,t € G,u' € Q we have

IE?(a@d) (w® t,u') = max {IA?(Q) (w,u"), I@?(d) (t,ul)} (40)

(s=a0d) eAtND*
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max{l o, (w,u'), %) (t,ut)}y, if s e AN (B — )

1

max{I,o (w,ul), Inay, (t,ul)}, if s €A1 N (€t —BY)
1

1

I tul) = 41
:?(t)(w Otu) min {{IAQ(S)(w,ul)}, (41)
1
maX{Ie?(S)(t,ul),IA?(S)(t, ul)}}, ifseA*N(BNCH
max{[A?(s) (w,ul), @?(s)(t, ul)}, if s e (A*NWBH) — (A NEH)
maX{IA?(S) (w,ul), IA?(t) (t,ut)}, if se (@ Net) — (A NBY)
- (12)

min maX{IA?(S) (w,ul), I@?(s) (t,uh)},

maX{IAQ(S)(w,ul), IAQ(S)(S,Ul)}}, if se ANV N A NEH)
1 1

Comparing equation 1} and , we shown that (E?,ﬁl) = (H?, &)

Next, the result for falsity membership degree is similarly with the argument of
indeterminate membership. Hence, we shown that (A?, A © ((@?, B U (A?, ) =
(AF20) @ (07, 8Y) U (AT, 2 @ (AT, €)

(6) The proof is similar with (5)

(7) We shall show that (A2,20%) ® ((69,8%) v (AZ,¢Y) = ((AY,2") © (69,8Y)) Vv
(A% 2) 0 (AF, )
Considering the RHS

Let

(AL, 2% © (69, BY) = (U¥, &) such that

T

(om0 Ot ut) = min (Tyg ) (w,0), Tyag (60} (43

(a®@b) =t €A NB

for all t,w € G and u! € Q. And, let

(A?,Qll) ® (AIQ, ¢ = (U?,%l) such that for all w,t € G,u' € Q we have

TO?(a@c) (w®t,u') = min {TA?(Q) (w,ul), TA?(C) (t,ut)} (44)

(a®c)eAtNnet

Now, combining equations and give (\I'?, ¢h) v (U?,Sl) = (H?, ¢ x )
for all (t*, f*) € (& x §) where t* =a ® b and f* = a © c are set of parameters. Then,
equations and gives
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TH?(Q)(UJ Ot, ul) = TH?(t*,f*)((w ® t),ul)

= min {T‘y?(t*)((w ©) t),ul),TU?(f*)((w ot),u')}

(t5, ) € & x .
= max {T\If‘f(aeb)((w o t),ub), TU?(QQC)((w ot),u)} (45)

t*=a@b, f*=abGc) € E* x F .

Putting and into , we have

max {T\y? (a@b) ((w © t)v Ul), TU? (a@c) ((U) © t)a ul)}

(t, f) € € x -

> max { min {TA?(G)(w,ul), T®1Q(b)(t,u1)},min {TA?(G)(w,ul),TA?(C)(t,ul)} }
a®beAt NB. a®ceAtNCt,
= max {T\y?(t)((w ® t),ul),TU?(f)((w ot),u)} (46)

(A NBY) x (A N E).

Considering the LHS:
Let (09,8Y) v (A2, ¢1) = (89, D) such that (OF,B) A (AL, €*) = (BF, B* x ¢1).
For all w,t € G,u' € Q and (b,c) € B x €' we have

Tya

52 (b,c) (wt,u') = max{T,
1 )

@?(b) (wt, ul>7 T

A9(0) (wt,u!)} (47)

Also, let (A?,Qll) ® (@?,@l) = (E?,ﬁl) such that for all w,t € G,u' € Q, we have

T,

=S (aGd)(w Otu') = min{TA(ig(a) (w,ul), ch?(d) (t,ut)} (48)

for all a ® d € A* N D* where d = (b,c) € B* x ¢*
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Then, putting into , we have

1y _ 1
TE?(h)(wt,u ) = TE?(a,d)(wt,u )

= min{ TA?(Q) (w,ul),T(b?(d) (t, Ul)}

foralla®@de A ND* wherew Ot=t e G

= min{TAQ(a) (w,u"), T, (wt,u')}
1

22 (b,e)

(a®d) €A NDL.

= min { TA?(a) (w, ul), maX{TQ?(b) (t,ub), TAlQ(C) (¢, ul)}}

(a®d) € A N D,

= min { maX{TA?(a)(w, ul), TA?(G) (w,u")}, maX{T@?(b) (t,ul), TA?(C) (t,u')}}

(a® (b,c) €A N (B x €1).

= max { min{TA?(a) (w,ul), T@?(b)(ta ul)}, min{TAlQ(a) (w, ul), TA?(C) (¢, ul)}}

(a® (b)) € AL NB. (a®c)) € A N e,
max {T\IJ? (a@b) ((w © t)a U,l), TU? (QQC) ((w © t)a ul)} (49)

(A QB X (A N E).
Considering the result for indeterminate membership.

Let

(AL, 24 © (0%, BY) = (U¥, &) such that

1

¥ (aeb) (w ® t,u') = max {IA?(a) (w, ul), I@?(b) (t,u)} (50)

(a®b) =t €A NB

for all t,w € G and u! € Q. And, let

(A?,Qll) ® (A?, ¢h) = (U?,S’l) such that for all t,w € Q,u! € Q we get

]UlQ((L@c) (w® t,u') = max {IA?(a) (w,ub), IA?(C) (t,ul)} (51)

(a®@c)eAtNnet

Now, from equations and we have (\Il?, ¢ v (U?,@l) = (H({?, ¢t x §) for
all (t*, f*) € (€' x §*) where t* = a ©® b and f = a © ¢ are parameters. Then, this
follows
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IH?(Q) (w O t, ul) = IH?(t,f)((w ©t), ul)

= min {I\y?(t)((w © t),ul)’ I@?(f)((w © t)vul)}

(t, f) € € x .
= min{Iye ., (WO 1), u'), Lo, (w O 1), u')} (52)

(t=a@b,f=a0c) € E xF.

Substitute and in (52), to get

min {I\I/?(a@b)((w O] t), ul)’ IU?(@@C)((U) © t)v ul)}

(t, f)eexs.

> min { max {IA?(G)(w,ul),Ie?(b)(t, u')}, max {IA?(G)(w,ul), IA?(C)(t, ul)} }

a®be A NBL. a®ceANC.
= min {I\p?(a@b)((w ot),ub), IU?(GQC)((IU ot),u)} (53)

'

A NBY) x (A NEL).

Considering the LHS:
Let (©9,8) v (AY, ) = (@9, D) such that (09,B) v (AL, ¢) = (@Y, B* x ¢*)
for all w,t € G,u' € Q and (b,c) € B* x €. It is follows that,

ch?(b,c) (wt,ul) = min{I@?(b)(wt, ub), IA?(C)(wt, u)} (54)

Also, let (A?,Qll) ® (@?,@l) = (E?,ﬁl) such that for all w,t € G,u! € Q,

IE?(a@d) (wot,ul) = max{IA?(a) (w,u"), I(D?(d) (t,u')} (55)

foralla ®d € A* N D* where d = (b,¢c) € B* x ¢*
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are set of parameters. Then, putting in , we get

I_e (h)(w otu') = IE?(QGd)(wt, ut)

= max{ IA?(G)(w,ul),Iq)?(d)(t,ul)}

foralla®d € AL ND* where wt =t € G

= maX{IA?(a) (w,u"), ch?(b,c) (wot,u')}

(a®d) € A* ND*.

:maX{IA?(a)(w,u ), min{7, Q(b)(t ub), T A9 )(t u )}}

(a®d) € A* N D,

= max { min{IA?(a)(w, ul), IA?(Q) (w,u")}, min{I@?(b) (t,ul), IA?(C) (t,u')}}

(a® (bc) € AT N (B x C1).

= min { max{[A?(a) (w,ul), IelQ(b) (t,uh)}, max{IAlQ(a) (w,ul), IAlQ(C) (¢, ul)}}

(a® (b)) € A* N B, (a®e) €A e,
min {I\p?(l@b)((w ot),ul), IU?(a@c)((w ot),u)} (56)

(A NBY) x (A NE).

Next, the result for falsity membership degree is similar with the one obtained for
indeterminate membership
Therefore, (AY, %) © (09,81 A (AL, €4)) = (A, 2) @ (69, B)) A (AZ, 24
(A, )
(8) Similar with the result obtained for 7

Theorem 3.6. Let (A?,Qll), (@?, B) and (A?, ¢h) be Q-neutrosophic soft quasigroups over
quasigroup (G ®). Then, the following holds

(1) (AF, 2 @ (07, 8" 0 (A2, ¢Y) = (A2, 2) 0 (6F,BY) © (AY,2) (A2, ")
(2) ((A7,20) © (8F,8Y) © (AT, ) = (AL, 20) @ (AP, €) o ((6F, B*) © (AF, &)
(3) (AT, 2Y)/((0F,B)/(AF,¢Y) = ((A?,w/(@?,%l )/ (AL, 24 /(AT €))

(4) (A7, 20)/(6F,%8))/(AF, €)= ((AF, A /(AT, €4)/((0F, B /(AF, €Y))

(5) (AF A\ ((OF,BY)\ A?,@):((A?,w\(@?,%l) (AT, 2)\(AF, e))

(6) (AT, 2AN\(OF, BY\(AT, @) = ((AF, A\ (AT, €)\((OF, BIN(AY, )
<7>(A?,2ll (0F,3Y) @ (6F,BY) # (AP, 20)

(8) (67,31 @ ((6F,BY) © (AT, ) # (AF, )

Proof:

(1) We want to show that (AY,2") ® ((0%,B") @ (AY,¢Y) = (AY,2") 0 (69,38Y) @
((AlQ, 2AY) © (A?, ¢*)) Considering the LHS
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Let (@?, B O (A?, ¢ = (@?,’Dl) such that for all w,t € G and u € Q we have
T@?(b@c)«w ot),ul) = min{TG?(b) (w,u), TA?(C) (t,ul)} (57)
And, let (A?,Qll) ® (@?,’Dl) = (E?,Y)l) such that for all w,t € G and u! € Q, we have

T,

=9(a0d) (w O t,ul) = max{TA?(a) (w,ul), T<I>1Q(d) (t,u')} (58)

foralla®@d e A* ND* where d=(bOc) € B Nt

Substituting into (B8)), to get

TE? (a®d)

= min{ TA? (a) (w7 ul)v T@? (d) (tv ul)}

(wotu) =T, (wotu)
=1

(a®d)

foralla®de A ND* and let wOt=w € G

= min{TA?(a)(w, u'), T@?(b@e) (w@t,ul)}

(a®d) € A* N D,

= min { TA?(a) (w,u), min{Telg(b) (w,ub), TA?(C) (t, ul)}}

(a®d) € A ND,

= min { min{TA?(a)(w, ul), TA?(a) (t,u)}, min{T@?(b) (w, ul), TA?(C) (t,u')}}

(a®(BdOc) €A N (B x €).

= min { min{TA?(a) (w,ub), T@?(b) (w,u")}, min{TA?(a) (w,ub), TA?(C) (t, ul)}}
(@ (b)) € AL N B (a®c)) € AN e,
min {T\p?(a@b)((wvu1)7TU?(a®c) (t7u1)} (59)
(@ 0B N (AN EL).
_ Q g1 Q ma1 Q g1 Q 51
(A7, 2Y) © (8F,BY) © ((A7,2Y) © (AY,€h)) (60)

Similarly, we show for indeterminate and falsity membership degrees.

(2) Follow from 1

(3) Apply Definition along side with 1 and 2

(4) Similar with 3

(5) Similar with 4

(6) Similar with 5

(7) Proof by contradiction. Suppose that ((A?,Qll) ©) (@?,%l)) ©) (@?,%l) = (A?,Qll),

then we have (A%, 2%) © (69,%8)) = (AY,2%)/(0F,BY).
Let z1 = t1 ®wy, 20 = to ©® wo for all 21,20 € G and u! € Q.
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Let (A?,Q[l) © (@?, B = (@?, ¢') such that
T¢1Q(a®b)((21 © zp),ul) = min{TAlQ(a)(Zl’ Ul),Te?(b)(ZQ, ut)}
= min{min{TAclg(a)(tl,u ),TAQ (wl, DY, min{T, 02 b)(t2uUl)vTe?(b)(w%Ul)}}
min { min{TAQ (a) (t1,ul), TeQ(b) (ta,u')}, min{TA?(a) (wy,ul), T@?(b) (w2, ul)}}

mln{ Q a@b)(tl ©ta,u ), T@?(a@b)(wl © wa, Ul)} (61)

Considering the RHS, let (AY,2%)/(0%, 8*) = (8%, ¢*). Then,

T¢?(a/b)((zl/z2)7u1) = maX{TA?(a)(Zla ul)vT@({?(b)(Z'Q, ul)}
_ : 1 .
= max{mln{TA?(a)(thu )s Th@ (g (w1, u 1}, min{T, 02y (t2, 1 )’T@?(b)(w%u )}}

max { min{TA?(a) (t1,ul), T (tz, Hy, min{7, (wl, ut), Te?(b)(w% ul)}}
max {Tq)?(a@b) (tl ® o, u ), T@?(a@b) (w1 ® wa, ul)} (62)

Hence, max{ 3@ a®b)(t1 ® t2,u1)7T¢,?(a®b)(w1 ® wQ,ul)} £ mm{ 32 (ach) (t1 ©
to,ul), ch?(a@b) (w1 ® wo, ul)} The results for indeterminate and falsity membership
degrees are similarly obtained.

(8) Similar with 7

Theorem 3.7. Let (A?,Qll), (@?, BY) and (A?, ") be Q-neutrosophic soft quasigroups over
quasigroup (@, ®). Then, the following holds

(1) (AP, 2% © ((0F,8Y)/(AF, €4) = (AL, 2 © (6F,BY) /(AT 4 © (AT, )
(2) (A7, 4%)/(6F,BY) © <A?,¢l>=(<A?,ml>@<A?,¢l>)/(<@?,%l>@<A?,¢l>)
(3) (AT, 2 @ ((OF, BY\(AL,€)) = (AT, 2) © (6F, BY)\((A?, A © (AF, &)
(4) (AT a\(0F,3Y) 0 (AP, €) = (AL, 2 © (AT, e))\((67,BY) o (AP, e))
(5) (AT, 20)/((6F,B) o (AP, €)) = <<A?ﬂl>/<@?,%l>> O (AL, 2n)/(A7, )
(6) (AT, 20) 0 (0F,8Y)) /(AP €)= (AP A /(AL,€4) © ((6F,BY)/(AF, ¢))
(7) (AT, 2\ ((0F,8Y) © (AT, Y)) = ((A?,w\(@ %l)) © (AR A\ (AT, e))
(8) (AT, © (0, BY)\(AF, €) = (AL, AN\ (AT, €)) & ((6F, BY\(AF, &)

Proof: Similar with Theorem

Theorem 3.8. Let (A?,Qll), (@?, B) and (A?, 1) be Q-neutrosophic soft quasigroups over
quasigroup (G, ®). Then, the following holds

(1) (AP, 20)/((0F,B*) N (AT, @) = (AT, 2)/(OF, BY) N (AT, 2)/(AF, €))

(2) ((6F,B") N (AF,€)/(AF, ) = ((OF,B")/(AT, %)) N (AT, €)/(AF, %))
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(3) (AT, 4)/((6F,BY) A (AF, €)= (AT, 244)/(OF,BY)) A (AT, 2)/(AF, €))
(4) ((0F,BY) A (AT, €))/(A7,2) = ((6F,B%)/(AY, A1) A ((AF, €)/(AY, aY))
(5) (AT, 21)/((6F,BY) U (AL, €Y) = (AT, 2)/(0F, B4)) U (AT, 2)/(AF, &)
(6) ((6F,B1) U (AL, €)/(AF, AY) = ((6F, B)/(AT,2)) U (AT, €4)/(AF, 2))
(7) (AZ,2)/((6F,B) v (AL, €Y) = ((AF,20)/(0F, B1)) v (AT, 20)/(AF, &)
(8) ((6F,BY) v (AT, €))/(A7,2) = ((6F,B")/(AY, ) v ((AF, &) /(AY, aY))

Proof: Similar with Theorem

Corollary 3.9. Let (A?, A1), (@?, BL) and (A?, ¢h) be Q-neutrosophic soft sets X. Then, the
following holds

(1) (AT, 20 A (0, BY) v (AT, €4) = ((AF, %) A (OF,BY)) v (AT, A1) A (AT, €))
(2) (AT, 2V (OF,B) A (AP, €) = (AT, 4 A (AT, €4) v ((6F, B4 A (AT, €Y))
(3) (A, 2%) v ((0F,BY) A (AT, €) = ((AY,2") v (8F,B) A (A, 24) v (AF, )
(4) (AL, 20 A (BF,8Y) v (AL, e4) = ((AF,247) v (AL, €M) A ((8F,BY) v (AY, )
Proof:

Let (AY,24) A (0%, 8%) = (A9, 3) and (AZ,2) A (AY, ) = (B¢, &Y).
Let

0%, B v (A2, et = (U9, D) such that
1 1 1

T\P?(d)(w, ul)T\P?(b,C)(w, u') = max {T@?(b) (w,u"), TA?(C) (w,u")} (63)

(bc) =t € B x ¢

for all w € X, u! € Q and (b, c) € (B* x ¢*)
Let

(A2, 2M) A (U9, DY) = (1Y, €) such that

THQ () (w? ul) = TH? (a,d) (w? ul) = min {TA?(a) (’U), ul)a T\IllQ (d) <w7 ul)} (64)

1

(a,d) =t €A x D*

for all w € X and u! € Q and (a,d) € A* x D).
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Substituting [63] into [64] wt have

TH?(t)(w,ul) = min {TA?(G)(w, ul), max {T@?(b)(u}, ul),TA?(C)(w, ut)} }

(bc) =t € B x €

(a,d) =t €A+ x D*

= min { max {TA?(a) (w,u), TA?(G) (w,u')}, max {Te?(b) (w, ul), TA?(C)(w, ul)}}

(a,d) =€ A* x D*

max { min {TA?(Q) (w,u"), T, ) (w, ul)}, min {TA?(Q) (w,ub), TA?(C) (w, ul)}}

oF
(a,b) =€ A+ x B* (a,c) =€ A+ x ¢*
= maX{TA?(a,b) (w, u1)7 TE({Q (a.0) (w, ul)} (65)

Hence, (AY, %) A (0%, v (AL, €Y)) = ((AY,2%) A (OF,8Y) v (AL, 24) A (AF, €Y)).
It hold for true membership degree. Also, the proofs for indeterminate and falsity membership
degrees are similar.

The results for 2 , 3 and 4 are similar to 1

4. Conclusion

In this paper, the notion of Q—neutrosophic soft set is extended to a non-associative algebraic
structure. In particular, we focus on presenting the distributive properties of (J—neutrosophic
soft quasigroup. Regarding the three binary operations of the quasigroup, a (J—neutrosophic
soft set is defined under the structure of quasigroup. These three operations were used to
demonstrate its characteristic in relation to the intersection, union, AND, and OR operations.
A fascinating finding of the study is that the )—neutrosophic soft quasigroup is self-distributive
under the three binary operations and also distributive over each another. The three binary
operations are distributive over intersection, union, AND and OR operations. It was further
shown that (Q—neutrosophic soft quasigroup does not adhere to left and right symmetric prop-
erties. Thus, the notion does not obey key laws. It was established that (Q—neutrosophic soft
set is a distributive lattice. In future research, Definitions [3.1] and will be used to
examine the algebraic properties of ()—neutrosophic soft set under a class of qausigroup known
as entropy, unipotent, and idempotent quasigroups.
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