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Preface of The Special Issue on Neutrosophic Algebraic Structures, NeutroAlgebra
& AntiAlgebra and SuperHyperAlgebra & Neutrosophic SuperHyperAlgebra -
Contributions of Researchers from the Arab World

Itis our pleasure to introduce this special issue on Neutrosophic Algebraic Structures. The
study of algebraic structures has always been at the forefront of mathematical research,
providing a framework for understanding the properties of mathematical objects and the
relationships between them. In recent vears, the study of Neutrosophic Algebraic
Structures has emerged as a new and promising area of research that combines the
traditional algebraic structures with the concept of Neutrosophy, which deals with the

study of indeterminacy, contradiction, and incomplete information.

The papers in this special issue cover a wide range of topics related to Neutrosophic
Algebraic Structures, including the development of new algebraic structures, the studv of
their properties and applications, and the implementation of these structures in various
real-world problems. The papers also demonstrate the active and wvibrant research

community in Arab countries and their contributions to the field.

We would like to express our sincere gratitude to the authors who have contributed their
research to this special issue, as well as the reviewers who have provided valuable
feedback and suggestions. We hope that this special issue will inspire further research and
collaboration in the field of Neutrosophic Algebraic Structures and contribute to the

advancement of science and tech.nn:rlcrgj.r in Arab countries and he_v-a:vnd.

Finally, we would like to thank the editorial board of Neutrosophic Sets and Systems for
Prm’iding us with the opportunity to publish this special izsue and for their continued
suppn::rt.

MMohammad Abobala

Guest Editor

Copyright © Neutrosophic Sets and Systems, 2023



10.

11.

12.

13.

14.

15.

16.

17.

18.

ISSN 2331-6055 (print)

T al 4} = "
NSS Editorial Board ISSN 2331-608X (online)

m University of New Mexico -
G INDEX

Hamiyet Merkepci, Katy D. Ahmad, On The 3-Refined Neutrosophic Analytical
Structures and Number Theoretical Concepts

Mohammad Abobala, Ali Allouf, On A Novel Security Scheme for The Encryption and
Decryption Of 2x2 Fuzzy Matrices with Rational Entries Based on The Algebra of
Neutrosophic Integers and El-Gamal Crypto-System

Nader Mahmoud Taffach, Khadija Ben Othman, An Introduction to Symbolic 2-
Plithogenic Modules Over Symbolic 2-Plithogenic Rings

Nader Mahmoud Taffach, An Introduction to Symbolic 2-Plithogenic Vector Spaces
Generated from The Fusion of Symbolic Plithogenic Sets and Vector Spaces

Othman Al-Basheer, Arwa Haijjari, Rasha Dalla, On the Symbolic 3-Plithogenic Rings
and Their Algebraic Properties

Josef Al Jumayel, Maretta Sarkis, Hasan Jafar, On Phi-Euler's Function in Refined
Neutrosophic Number Theory and The Solutions of Fermat's Diophantine Equation

Rama Asad Nadweh, Rozina Ali, Maretta Sarkis, On the Algebraic Properties of 2-Cyclic
Refined Neutrosophic Matrices and The Diagonalization Problem

Hasan Sankari, Mohammad Abobala, On the Classification of the group of units of
Rational and Real 2-cyclic refined neutrosophic rings

Ahmad Khaldi, Khadija Ben Othman, Oliver Von Shtawzen, Rozina Ali, Sarah Jalal Mosa,
On Some Algorithms for Solving Different Types of Symbolic 2-Plithogenic Algebraic
Equations

Hamiyet Merkepci, Ammar Rawashdeh, On The Symbolic 2-Plithogenic Number Theory
and Integers

Mohamed Bisher Zeina, Mohammad Abobala, Ahmad Hatip, Said Broumi, Sarah Jalal
Mosa, Algebraic Approach to Literal Neutrosophic Kumaraswamy Probability
Distribution

Adel Al-Odhari, A Review Study on Some Properties of The Structure of Neutrosophic
Ring

Mohammad Bisher Zeina, Mohammad Abobala, On the Refined Neutrosophic Real
Analysis Based on Refined Neutrosophic Algebraic AH-Isometry

Mohamed Bisher Zeina and Yasin Karmouta, Introduction to Neutrosophic Stochastic
Processes

Basheer Abd Al Rida Sadiq, Solutions of Some Kandasamy-Smarandache Open
Problems About the Algebraic Structure of Neutrosophic Complex Finite Numbers

Djamal Lhiani, Karla Zayood, Nader Mahmoud Taffach, Katy D.Ahmad, On The Roots of
Unity in Several Complex Neutrosophic Rings

Safwan Owera, Malath F Alaswad, A Study of Algebraic Curves in Neutrosophic Real
Ring R(l) by Using the One-Dimensional Geometric AH-Isometry

Riad K. Al-Hamido, Separation Axioms for Intuitionistic Neutrosophic Crisp supra and
Infra Topological Spaces

19

33

45

57

68

77

89

101

113

124

139

157

169

184

197

209

225

Copyright © Neutrosophic Sets and Systems, 2023



Neutrosophic Sets and Systems, Vol. 54, 2023

1' T University of New Mexico
WY1 =
On The 3-Refined Neutrosophic Analytical Structures and

Number Theoretical Concepts

1 Hamiyet Merkepci,> Katy D. Ahmad

I-Gaziantep University, Department Of Mathematics, Gaziantep, Turkey; hamiyet.merkeci@gmail.com

2Jslamic University Of Gaza, Department Of Mathematics, Gaza, Palestine; Katyon765@gmail.com

Co- Hamiyet Merkepci: hamiyet.merkeci@gmail.com

Abstract:

n-refined neutrosophic structures are considered as generalizations of classical structures,
and neutrosophic structures.

The main goal of this paper, is to study several structures generated by using 3-refined
neutrosophic numbers, where we find the mathematical formulas of 3-refined
neutrosophic real functions. Also, the inner products over 3-refined neutrosophic vector
spaces and orthogonal properties. In addition, we present the foundations of 3-refined
neutrosophic number theory, especially division, congruencies, and some related
equations.

Keywords: 3-refined neutrosophic real function, 3-refined neutrosophic inner product,

3-refined neutrosophic vector space, 3-refined neutrosophic number theory
Introduction and basic concepts

The concept of neutrosophic structures plays an important role in the theory of algebraic
structures and analysis. Many concepts and structures were defined previously, such as

neutrosophic vector spaces, neutrosophic matrices, and algebraic rings [1-3, 5-7, 14-16].

Laterally, refined neutrosophic structures were defined to generalize the neutrosophic
structures, where refined neutrosophic rings, modules, and other structures were

presented [4, 8-11, 24-28].
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The concept of n-refined neutrosophic structure is considered as a generalization of refined

structure [12, 29]. For each value of the integer n, we get a generalized structure.

This work will study some of 3-refined neutrosophic structures, where we present the
formulas of 3-refined neutrosophic real functions, 3-refined neutrosophic inner products
defined over 3-refined neutrosophic vector spaces, and 3-refined number theoretical

concepts.
First, we recall some basic concepts.

Definition:

Let (R+,X)bearing, R(I) ={a + bl; a,b € R} is called the neutrosophic ring where I'is a
neutrosophic element with condition 12 = I.

Definition:

Let (R,+,%) be aring, (R(I1,1;),+,X) is called a refined neutrosophic ring generated by R

1, L.

Definition:

Let (R,+,X) be aring and Ii;1 < k < n be n indeterminacies. We define R, (I)={ay + a;I +
«++ayl, ; a; € R} to be n-refined neutrosophic ring.

Addition and multiplication on R (I) are defined as:

Yicoxili + Xioyili = Xico(xi + ¥, Xl xily X Xt yili = ij=o(xi X y)lil;.

Where x is the multiplication defined on the ring R.

For n=3, we get the 3-refined neutrosophic ring.

Main Discussion

Definition.

Let R3(I) be the 3-refined neutrosophic ring of reals, f:R3(I) = R3(I); f = f(X); X € R3(I).
f is called 3-refined neutrosophic real function with one variable.

Theorem.

Rs(I) = R%.

Proof.

We define g:R;(I) » R*;g(a+ bl +cl, +dl;) =(a,a+b+c+d,a+c+d,a+d).

Hamiyet Merkepci, Katy D. Ahmad, On The 3-Refined Neutrosophic Analytical Structures and Number Theoretical
Concepts



It is clear that g is well defined function.
ker(g) = {0}, thus g is injective.
Im(g) = R*, thus g is surjective, so that g is one-to-one.
Now, let A = ag + a1 + ayl, + azl3, B = by + byl; + by1, + b3l3,
A+ B =(ag+by) + (ay + b)I1 + (ay + by)I;, + (az + b3)I3
g(A+B) =g(A) +yg(B).
A.B = aygby + [(ag + a4 + a, + a3)(by + by + by, + b3) — (ag + a + a3)(by + by + b3)]I4
+ [(ao + az + az)(bo + by + b3) — (ao + az) (b + b3)l!;
+ [(ag + a3)(bo + bs) — agbolls
g(A.B) = g(A).g(B), hence g is a ring isomorphism.
Remark.
Let f:R3(I) = R3(I) be a 3-refined neutrosophic real function with one variable, then f
can be represented by four classical real functions by taking the direct isomorphic image
9(f ).
Example.
Take f(X)=Q+I1)DX*+Q—-1,—I;))X+1+2;+I,+13, f can be represented as
follows:
g(F0) = g+ 1)(9(0)" + 9@ = I = 1)g(X) + gL+ 211 + I +15)
g(f(X)) = (1,2,1,1)(x¢?, (xg + x1 + x5 + x3)%, (%o + x5 + x3)%, (%9 + x3)%)
+ (2,0,0,1)(xg, X + x1 + x5 + x3,x9 + x5 + X3, % + x3) + (1,5,3,2)
9(f(X)) = (xo? + 2x0 + 1,2(xp + %1 + x5 + x3)% + 5, (xg + x5 + x3)% + 3, (%0 + x3)?
+ (xg +x3) + 2)
The four classical functions that represent (f) are:
fi:R = R; f1(x) = x92 4+ 2x9 + 1
f2:R>R; folxg+x1 + x5 +x3) =2(xg +x1 + X, + x3)%+5
f3iR > R; f3(xg + x5 +x3) = (xg + x5 + x3)2 + 3
fa:R = R; fy(xo + x3) = (xg + x3)* + (0 + x3) + 2
Theorem.
Let g:R3(I) > R* be the isomorphism defined above, then:
g LR* > Ry(D; 97 a,b,c,d) =a+(b—0c) + (c—d), + (d —a)ls.
The proof is easy.

Remark.
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To find the formula of a 3-refined neutrosophic real function f:R3(I) = R3(I), we went

compute:

g7 (a(r0))-

Example.
For the function f(X) = (1 +I))X?+ (2 — I, — [3)X + 1 + 21, + I + I3, we compute:
gt (g(f(X))) = (x0%2 +2xo + 1) + [2(xg + x; + X5 + x3)% + 5 — (xg + x5 + x3)% — 3]I;
+ [(xo + 22 +x3)% + 3 = (xg + x3)* — (%0 + x3) — 2]I
+ [(xo +x3)% + (xg + x3) + 2 — x% — 2xy — 1]I5
=x02 4+ 2x0 + 1+ [2(xg + x1 + x5 + x3)% — (%0 + x5 + x3)% + 2]1;
+ [(xo + x2 +x3)% = (%9 + x3)% — (%0 + x3) + 11,
+ [(xo + x3)% + (x0 + x3) — x02 — 2x¢ + 1]I5
Definition.
Let f:R3(I) > R3(I) be a 3-refined neutrosophic real function, and g(f (X)) =
(fu, f2, f3, fa), with fi:R - R;1 < i < 4, we say:
a). f is differentiable if and only if f; are differentiable.
b). f is integrable if and only if f; are integrable.
We mean by differentiable/integrable on all R not only for sub-domains ]a, b[ € R.
Example on famous functions.
1.01f:R3(I) » R (D), f(X) = sin(X).
It's formula is f(X) =g7! (g(f(X))) = sin(xy) + [sin(xy + x1 + x5 + x3) — sin(xy + x5 +

x3) 11, + [sin(xy + x5 + x3) — sin(xg + x3) ]I, + [sin(xy + x3) — sin(xy) /5.

2.0 f(X) =cos(X) = g1 (g(f(X))) = cos(xg) + [cos(xg + x1 + x5 + x3) —
cos(xy + x, + x3) ]I + [cos(xy + x5 + x3) — cos(xg + x3) ]I, + [cos(xy + x3) —
cos(xg)]l5.

3.0 f(X) = tan(X) = tan(xy) + [tan(xy + x1 + x5 + x3) — tan(xg + x5 + x3)][; +
[tan(xg + x5 + x3) — tan(xy + x3)]I; + [tan(xy + x3) — tan(xy)]l;

4.0 f(X) = cot(X) = cot(xy) + [cot(xy + x1 + x5 + x3) — cot(xy + x5 + x3)|[; +
[cot(xg + x5 + x3) — cot(xy + x3)]I, + [cot(xy + x3) — cot(xy)]l;5

5.0 F(X) = eX = e¥o 4 [eXotX1+Xatxs _ gXo+Xa#X3|[ 4 [@¥Xo+¥2t¥s _ Xo+X3|[, 4

[exO+X3 — ex0]13
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6.0 f(X) = In(X) = In(xy) + [In(xg + x1 + x5 + x3) — In(xg + x5 + x3)]1; + [In(xy +
Xy + x3) — In(xg + x3)]I, + [In(xy + x3) — In(xy)]l5, with X > 0.

7UfX) = X" =xp" 4+ [(xg + 21 + x5 +x3)™ — (0 + 23 + x3)" |1 + [(xg + x5 + x3)™ —
(xo + x3)" ]I + [(xg + x3)™ — x¢"]I5;n € N.

Definition.

Let V be vector space over R, the 3-refined neutrosophic vector space is defined as follows:

V3(I) =V +V11 + VIZ +VI3 = {x +y11 +ZIZ + t13 ;x,y,Z,t € R}

Remark.

Addition on V5(I) is defined:
(xo + Yoli + zoIo + tolz) + (X1 + y1 11 + 211, + t413)
= (xo +x1) + o + y1)l1 + (20 + z)r + (to + t1)]3
Where x;,y;,z,t; €V;0<i<1.
Multiplication on V3(I) is defined:
(a+bly +cly +dl3). (x + yI; + zI, + tl3)
= (a.x) + (ay + bx + by + bz + bt + cy + dy)]; + (az + cx + cz + ct + dz)I,
+ (at + dx + dt)l;
Where a,b,c,d €ER,x,y,z,t €V
Remark.
(V3(I), +,.) Isamodule over R3(I).
Definition.
Let f:V3(I) X V53(I) = R3(I) be a well defined mapping, we call f a 3-refined neutrosophic
real inner product if and only if the following conditions hold:
1. f(X,X) = 0; VX € V(D).
2). f(X,X) =0 X =0.
3). F(X,Y) = F(Y,X); VX, Y € V5 (D).
4). f(aX + BY,Z) = af (X,Z) + Bf(X,Z); VX,Y,Z € V5(I) ,a, B € Rs(D).
Theorem.
Let g:V XV - Rbe an inner production on V, then for X = xy + x11; + x50, + x313,Y =

Yo + ¥1l1 + 21 + y313 € V3(1), the mapping f:V3(I) X V3(I) = Rz(I)such that:
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f&X,Y) = g(x0,y0)
+(g(xo + %1 + x5 + X3, + y1 + ¥2 +¥3) — g(xg + %2 + ¥3,¥0 +¥2 + ¥3)) L4
+(g(xo + %2 + x3,¥0 + 2 +y3) — g(xo + X3, 50 + ¥3)) L2
+(g(xo + x3,¥0 +¥3) — 9(x0,¥0)) 13
Is a 3-refined neutrosophic inner product.
Proof.
fX,X) = g(x0,%0)
+ (9o + 21 + x5 + x3,%0 + 21 + X5 + x3) — g(xo + X3 + X3,%0 + X5 + x3)) 4
+ (g (xo + x5 + x3,x0 + x5 + x3) — g(x0 + X3, %0 + x3)) 15
+ (.g(xo + x3,x0 + X3) — g(xo;xo))13
= llxoll® + (llxg + 21 + %2 + %3117 = llxg + 22 + 2311211 + (llxg + 22 + 23117 = llxg + x3[1*)1
+ (llxo + 23112 = llx011)I5 = 0
According to the concept of partial ordering on R3(I).
fFX,X) =0 [lxoll? = llxo + x1 + x5 + 231> = llxg + x5 + 312 = [lxg + x3]|> = 0
Thus xg = x; = x, =x3 =0and X = 0.
Itis clear that f(X,Y) = f(Y,X).
Now, let A=aq+al; +ayl, +aszl3,B=by+ bil; + byl, + b3l €ER3(I) and Z =z, +
z11, + z,1, + 7315 € V3(1), we have:
AX + BY = (agxo + bgyp) + ((ao +a,+a,+az)(xg+x1+x +x3)—(apg+a, +az)(xy +
Xy +x3) + (bg + by + by + b3) (Yo +y1 + Y2 +¥3) — (bg + by + b3)(yp +y, + }’3))11 +
((ao +ay +az)(xg +x; +x3) — (ag + az)(xo +x3) + (bg + by + b3) (Yo +¥2 +¥3) —
(bo + b3)(yo + y3))lz + ((ao + a3)(xg + x3) — agxg + (bo + b3)(yo + y3) — bo}’0)13
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f(AX + BY,Z) = g(aoxo + boYo, Zo)
+ (g((ao +a,+ay+az)(xg+ x; +x, +x3)
+ (bo + by + by + b3) (Yo + y1 + ¥z +¥3), 20 + 21 + 2, + 23)
— 9((ao + az + az)(xo + %2 +x3) + (bg + by + b3) (o + ¥z +¥3), 20 + 2
+ 23)) L
+ (g((ao +a; + az)(xo +xz +x3) + (b + by + b3) (Vo + 2 + ¥3). 20 + 22
+ Z3) - 9((‘10 + az)(xo + x3) + (bo + b3)(yo + ¥3), 20 + 23)) I,
+ (9((‘10 + a3)(xo + x3) + (bg + b3) (Yo + ¥3), 20 + 23)
—9(aoxo + boYo'Zo)) I
= (ap + arly + a1, + az13)f (X, Z) + (bg + b1l + by1, + b313)f (X, Z)
Theorem.
Let f:V3(I) x V3(I) = R3(I) be a 3-refined neutrosophic real inner product, then g:V X
V = R such that:
g(x,y) = f(x +0I; + 0l + 0I5,y + 0I; + 0I, + 0I3) is a classical inner product on V.
The proof is clear.
Definition.
Let X =x¢+x1I; +x,1, + x313 € V3(I) and f:V3(I) X V3(I) > R3(I) be a 3-refined
neutrosophic real inner product, then:
1.0 Y =yo +y11; + ¥21, + y3l3 € V3(I), then X 1Y if and only if f(X,Y) = 0.
2.001X112 = (X, X).
Theorem.
Let f be a 3-refined neutrosophic real inner product on V3(I) and X = xy + x1I; + x,1, +

X3I3,Y =Y + .V111 + .VZIZ + y313 € V3(I), then:

Xo L Yo, X0 +x3 LYo+ Y3
1). X LY if and only if Xot+tx,+x3Lyoty,tys
Xot X1 +X2+xX3 LYyg+Yy1 +y, Y3

2). X1 = llxoll + (llxg + 21 + x5 + x31| = [[x0 + 22 + x3|) 11 + (llxg + x5 + x3][ —
lxo + x31D17 + (llxg + x311 = llxo 113

Proof.

1). X1Y o f(X,Y) =0 glxg, o) =9g(xo+x3,Y0 +¥3) = gxo +x1 + x5 +x3,¥0 +y1 +

Y2 +¥3) = g(xo + x5 + x3,¥0 + y2 + ¥3) = 0, hence the proof holds.
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2). We put T =lxoll+ (llxo+x1 +x2 +x3ll = llxo + x2 + 231011 + (llxp + x2 + x5l —
llxxo + %3117 + (llxo + 231l = llxo1D 13
We  compute T2 = |lxoll® + (llxg + 21 + x5 + x31% — llxo + %2 + %3121 + (llxg + x, +
13112 = llxo + x3l1) Iz + (llxo + 23112 = llxo 115 = £(X, X) = [IX[|?, thus T = |IX]|.
Example.
Let X=3+2,—1,— 13, xg =3, = 2,x, = —1,x3 = —1, then:
X1 =131+ (31 = [1DI + (1] = 12D + (12] = [3DIs =3 + 2L, = I, — I3
Example.
Let V = R?, V5(I) = Rs2(D), take X = (1,1) + (2, DI, + 3, - DI, + (-1,4) 1.
xo = (LD, lIxoll =V2 , xo+x3=(05)llxo +x3ll =5 , x0+x+x3=(34),llxo+x, +
x5l =5, +x1 + x5x0 + x3 = (5,5), I + x1 + x5 + x5]| = 5v2
IXIl =V2+ (5V2=5), + 5 =5, + (5=V2)I; =v2 + (5¥2 = 5)I; + (5 = V2)I5
Remark.
VX, Y € V3(I), then: |[X|[ =0, ||[X + Y| < [IXI| + Y]]
Theorem.
Let X,Y € V5(I), then [f(X, V)| < |IX]|. |IY]l.
Proof.
fX,Y) = g(x0,¥0)
+(g(xg +x1 + 23 +x3,¥0 +y1 + ¥z +y3) — g(xo + Xz + X3,¥0 + ¥2 +¥3))y
+(g(xo + %2 + x3,¥0 + 2 +y3) — g(xo + x3,¥0 + ¥3)) 12
+(g(xo + x3,¥0 +¥3) — 9(x0,¥0))13
According to Cauchy-Shwartz inequality on the space V, we have:
19 Cxo, ¥o) I < lIxoll-lyoll, 1gCxo + x2 + x3, 0 + ¥2 + y3)| < llxo + x2 + x3l. lyo + y2 + y3ll
|9 (x0 + x3,¥0 + ¥3)| < lIx0 + x3][- [ly0 + ¥5ll
lgCxo +x1 + %2+ X3,¥0 + y1 + Y2 + ¥3)| < llxo + x5 + 22 + x5l [lyo + ¥4 + 2 + 3l
Thus, |f(X,Y)| < [IX]].[IY]l, according to the definition of partial order relation.
Example.
Take V(1) = Rs2(I), X = (1,1) + (1,0)I; + (0,1)],, Y = (2,0) + (0,3)I; + (1,0)1, + (0,115

Xo = (L1),y0 = (2,0), 9(x0,¥0) = 2, Ixoll = V2, lIyoll =2, xo+x3 = (L,1), llxp + xs]|

V2,50 +¥3 = D), llyo + y3ll = V5,9(xo + x3,¥0 +¥3) =3, X+ x5 +x3 = (1,2),llxo +

x; + x3ll = V3,50 + 2 + y3 = 3, 1), llyo + y2 + y3ll = V10, , Xo + X1+ X3 +Xx3=
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(2,2), llxo + 21 + %2 + x3ll = 2V2, 50 + y1 + y2 +y3 = 34), Iy + y1 + 2 + y3ll =5 ,
g(xo+x; +x3,¥0+ Y2 +y3) =5 glxo +x1 + %2+ x3, 50 + y1 +¥2 +y3) = 14.
fFXY)=2+14-50L+(G-3),+B-2)I3=2+9 +2[,+ 15
IfX,V|=2+9L+2,+1;
IXIl = V2 + (2v2 = V5)I, + (V5 —V2) I, + (V2 — V2)I5

=vV2+ (2v2-V5)I, + (V5 = V2)1,
IXIl = 2+ (5 = vV10); + (V10 = V5)I, + (V5 = V2)I;
IXINYI = 2v2 + (10V2 = 5V2)1, + (5V2 = V10)I, + (V10 — 2v2)I5

= 2V2 + 5V2I; + (5V2 = V10)I, + (V10 — 2V2)I,
On the other hand, we have:

2<2v2,2+1=3<+10,5 < 5V2,14 < 10v2, hence |f(X,V)| < |IX|.IY]]

The Foundations 3-Refined Number Theory

Definition.
Let Z3(I) ={a+ bl + cl, +dlz;a,b,c,d € Z} be a set. It is called the ring of 3-refined
neutrosophic integers if ;. [; = Ininqi jy, Ii* =151 < i < 3.
It is a special case of the n-refined neutrosophic ring with n = 3.
Definition.
Let X = x¢ +x101 + X305 +x313,Y = yo + 114 +y205 + V313, Z = zy + 2111 + 251, + 2313 €
Z5(I), we define:
1). X \Y if there exists T =ty + t11, + t,1, + t3l3 € Z3(I) suchthat T.X =Y.
2). X=Y(modZ) ifand onlyif Z\ X —Y.
Xo = Yo
XotXxg+Xp2+ X3 2yt y1+y2t+y3

Xot Xy +X32Yo+Y2+ Y3
XotX32Yot+ Y3

3). X =Y if and only if

Theorem.
Let X,Y,Z be the previous 3-refined neutrosophic integers, then:
1.1 X\Y 1fand Onlylf X \yo,xO +x1 +x2 +x3 \yo +y1 +y2 +y3,x0 +x2 +x3 \yo +

Y2 +¥3,%0 +x3\ Yo + 3.
2.00If X\ Y, then X <Y.
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3.L0X = Y(mod Z) if and only if

Xo = Yo(mod zy)
Xog+x1+x,+x3=yo+y1 +y2 +y3(mod zy + 21 + 7, + 2z3)
Xog+x; +x3 = y9+y, +y3(mod zy + z, + 2z3)

Xg + x3 = yo + y3(mod zy + z3)

Proof.
1.00 Assume that X \ Y, this is true if and only if there exists T =ty + t;1; + t,I, + t3l3 €
Z3(I) such that Y = X.T.
We have:
X.T = (xg+x11; + x50 + x313) (g + t1 1 + to1, + t3l3)
= Xoty + (Xoty + x1tg + X1t1 + X1ty + Xqt3 + Xot; + x3t1)];
+ (xgty + xtg + Xaty + x3ty) ], + (Xots + x5ty + x3t3)];5
=Yo + yili + y2Iz + y313
Thus:

Yo = Xoto - (1)
Vi = x0t1 + xlto + xltl + xltz + x1t3 + thl + X3t1 (2)
y2 = thz + xzto + thz + x3t2 ™ (3)
Y3 = th3 + X3t0 + X3t3 (4)

Weadd (1) to (4), (1) to (2) to (4), (1) to (2) to (3) to (4).

Yo = Xoto
Yo +y3 = (xo + x3) (¢ + t3)
Yo+ ¥z +y3 = (xg +x; + x3)(t + t; + t3)
Yo+ Y1+ ¥z +y3 = (X0 +x1 + x5 +x3)(tg + £+t +t3)

Thus, the proof of (1) is complete.

2.00If X \ Y, then x4 \ vy, SO X9 < Vo

Also:
Xo+x3\ Yo +¥3,80x5+x3 <Yyy+Yy3
Xo+ X, +x3\Yo+Y2+Y3850% +x,+x3<y,+y2+Y3
Xo+x1+x+x3\ Yo+ Y1ty +Y3,80x0+x+x,+x3 <y, +y1 +y,+y;3

Thus X <Y.

3.0X =Y(mod Z) ifand only if Z \ X —Y, thus:

( Zo \ Xo — Yo
Zo+ 23\ (xg + x3) — (¥o + ¥3)
i Zo+z;+ 23\ (Xo +x2 +x3) — (Vo + Y2 +¥3)
Zo+ 21+ 7z, + 23\ (xg +x1 +x2 +x3) — (Vo +¥1 + Y2 +¥3)

Thus xg = yo(mod zy),xy + x3 = yo + ys(mod zy + 23),xg + x5, + x3 = yo + ¥, +

ys(mod zy + 2z, + 23), X0 + X1 + Xp + X3 = Yo + V1 + ¥o + y3(mod zy + 21 + z, + z3).
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Example.

Take X =3+ 2, +1, — I3,Y =3+ 4l; + 2], + I3, wehave X \ Y that is because:
3\33-1=2\3+41=43+1-1=3\3+2+1=63+2+1—-1\3+4+2+1=
10.

Example.

Take X =7 +3L, + 1, +5L,Y =4+, + 1, +15,Z =3+ 2, + I3, we have 7 = 4(mod 3),
7+5=12=4+1(mod3+4), 7+1+5=13=4+1+1(mod3+0+4), 7+3+1+
5=16=4+1+1+1(mod9) thus, X =Y (mod 2).

Theorem.

The relation (<) is a partial order relation.

Proof.

X <Y clearly.

If X<Y and Y<Z, then xg <yy<zy, Xg+x3 Yo+ Y329+ 23, Xg+ X, +x3 <Yy +
Vot V3 <ZzZy+z,+23,x0+x1 + X+ X3 Yo+ V1 +Y2+Y3=29+2;+2, + z3.

Thus X < Z.

If X<Y and Y <X, then xg =Yy, Xg+x3=Y9+ V3, Xo+ X2 +x3 =Y+ Yy, +¥y3, Xg +
X1+x,+x3=y9+y1 +y, +y3, thus X =Y.

Theorem.

Let X = x¢ + x114 + x305 + X313, Y = Yo +y1I1 + Yolp + Y313, Z = zg + 2111 + 251, + 2315, T =
to +t1ly +toly + t3l3,S = 5o + 5114 + 531, + 5315 € Z3 (1), then:

1). If X=Y(modZ), T=S(modZ) then X+T=Y+S(modZ) and X-T=Y —
S(mod Z),X.T =Y.S(mod Z).

2). X" =xo" 4 [(xg +x1 + x5 +2x3)™ — (xg + x5 + x3)" I + [(xg + x5 +2x3)™ — (x +

x3)" ]y + [(x0 + x3)" — %" ]Iz ;n €N,

3). X" =Y"(mod Z"™) ;n €N.

Proof.

D. X+T=(xg+ty) + O+t + (xy +t) + (x5 + t3)15.

Y+S5=00+50)+ Q1 +s)l+ 2+ 52+ (3 +53)15.

Since zo\Xo—Yo , Zo\to—So , then zy\ (xg+ty) —(o+s,) and xy+ty =y, +

so(mod zy).
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Zg+ 23\ (%o + x3) — (Yo + ¥3), 20 \ (o + t3) — (sp + 53), then:

Zo+ 73\ (xg + x5+ ty+t3) — (yo + y3 + So + 53), thus:

(xo + x3) + (Lo + t3) = (Vo +¥3) + (S0 + 53)(Mmod 2o + z3)

By a similar discussion, we get:

Zo+Zy+ 73\ (g +x,+x3+tg+t, +t3) — (Vo + VY, +y3 + 50+ 55+ 53)

Zo+z1+ 2, + 23\ (xg+x1 +x3 +x3+to+t +ty +t3)
—(o+y1+y2+ys+5o+s+5s,+5s3)

Sothat X+ T =Y + S(mod Z).

Itis easy check that X —T =Y — S(mod Z), X.T =Y.S(mod Z).

2). For n =1 itis true clearly.

Assume that it is true for n = k, we must prove it for n = k + 1.

X = X X% =[x + x.I; + x50, + x313][x™ + [(x0 + %1 + x5 + x3)™ — (xo + x5 + x3)"1]4
+ [Ceo + xz +x3)™ = (g + x3)" 11z + [(x0 + x3)™ — x0" ] 13]

= xo™ 1 + [xo (g + x4 + X5 + x3)™ — x0 (%0 + x5 + x3)™ + 21 (30 + X1 + x5 + x3)"
—x1(xg + x5 + x3)™ + x1x0™ + x1 (X9 + x5 + x3)™ — x1 (%9 + x3)"
+ 01 (xg + x3)™ — x72x0™ + x5 (g + X1 + x5 +x3)" — x5(xg + x5 + x3)"
+ x3(xg + x1 + x5 + x3)™ — x3(x0 + x5 + x3)"]1;
+ [xg(xg + x5 + x3)™ — x0 (%0 + 2x3)™ + x2%0™ + x5 (xg + X5 + x3)"
—x2 (%0 + x3)™ + x2 (g + x3)™ — x220™ + x3(xp + X2 + x3)™ — x3(xp + x3)"]],
+ [x0(xg + x3)™ — %™ + x3x0™ + x3 (0 + x3)™ — x3%0" |13

= xo™1 + [(xg + x1 + x5 + x3)" — (x0 + x5 + x3)" ]I
+ [(ro + x5 +x3)™ = (o + x3)™ Iy + [(x0 + x3)™ T — xo™HH]Ig

This implies that is true by induction.

3). It holds directly from (1) and (2).

Example.

Take X =1+ 2I; — I, + I3,n = 2, then:

X2=1+[3)2 -1l +[1 = Q%L + [(2)2 = 1]l = 1 + 8], — 31, + 315

Theorem.

Let X, Y€ Z3(I) , then gcd(X,Y) = gcd(xy,yo) + [gcd(xg +x1 + x5 + X3, 70 + V1 + Y2 +

¥3) — ged(xg + xz + x3, Y0 + Y2 + y3)lly + [ged(xg + x3 + x3, 0 + ¥2 + y3) — ged(xo +

x3,¥o + ¥3)llz + [ged (xo + x3,¥0 + y3) — ged(xo, ¥0)1l3

Example.

TakeX=4+311+512_I3,Y=7+11+12+313
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gcd(4,7) =1,9gcd(11,13) = 1,gcd(8,11) = 1,gcd(3,10) = 1, thus gcd(X,Y) = 1.
Remark.
X,Y are called coprime (relatively prime) if and only if gcd(X,Y) = 1, which is equivalent
to:
gcd(xg,¥0) = ged(xo + x3,¥0 +¥3) = ged(xg + X2 + x3,¥0 + Y2 +¥3) = ged(xo + x1 + x5 +
x3,Y0+y1+y2+y3) =1
Definition.
Let X = x¢ + x11; + x31, + x315 € Z3(I), with X > 0, we define:
Ps(X) = p(xo) + [p(xo + x1 + x5 +x3) — @(x0 + X2 + x3)]14
+ [p(xo + x2 + x3) — 9 (x0 + x3)]12 + [@(xg + x3) — P(x0)]13

where ¢ is the ordinary Euler's function, ¢; is called the special 3-refined neutrosophic
Euler's function.

Example.

Take X =3+0L+1L,+1>0;x=3,x; =1,x, =x3=1.

o(xo) = 2,0(x0 +x1 +x2 +x3) = 2,0(x0 + x2 + x3) = 4,90(xo + x3) = 2.

Thus

0 (X) =2+ [2—41L 4+ [4—2]I, +[2 - 2]l = 2 — 21, + 21, + OL.

It is clear that ¢4(X) > 0; VX > 0.

Theorem.

Let A=ay+ a1l; + a1, + azlz, M = my + myl; + myl, + m3l; € Z3(1), such that:

A>0,M >0 and gcd(A, M) = 1, then:

1). A?sM) =1 (mod M).

2). A (mod M) = ay™1 (modmy) + [(ay + a; + a, + az) " t(mod my + my + m, + m3) —
(ag + ay + az)"1(mod my + m, + m3)1l; + [(ag + a; + az)~t(mod my + my, + m3) —

(ap + az)"t(mod my + my)]l, + [(ag + az) " (mod my + m3) — ay~ ! (modmg)]ls.

Proof.

1). AP = q9Mo) 4 [(ag + ay + ap + az)®Mormitmatms) _ (g, 4 g, +
a3)"’(m0+m2+m3)]11 + [(ao + ay + az)?Motme+ms) _ (g0 4 a3)4"(m0+m3)]12 + [(ao +
az)?Mmotms) — g @mo)|1, = 1 (mod M).

2). It holds directly by computing the product AA™".

3-refined Diophantine equations:
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Definition.

Let A=ay+al; +ayl; +a3l3,B =bg+ bily +byl; +b3l3,C =cy+cily +cyl, +c303,X =
Xo + x114 + x50, + x315,Y = yo + y1 11 + y,1, + y315, where a;, b;, ¢;, x;, v; € Z3(1).

We define the 3-refined neutrosophic linear Diophantine equation with two variables as
follows:

AX +BY =C.

Example.

Consider the following 3-refined neutrosophic linear Diophantine equation:

G+2L + 1+ )X + (2 +4L)Y =3 +91I, — 71,

Theorem.

Let AX+ BY =C be a 3-refined neutrosophic linear Diophantine equation, then it is

equivalent to:

apXo + boyo = ¢o
(ag + a3)(xg + x3) + (bg + b3)(yo + ¥3) = ¢ + 3
(ap +a; +az)(xg +x; +x3) + (bg + by + b3) (Yo + ¥, +y3) =co+ ¢z +¢3
(ag+ay+ay,+ag)(xg+x;+x, +x3)+(bg+by+by+b3)(Yo+y,+Y2+y3)=co+ci+cp+c3

Proof.
We compute AX = agxg + [(ag + a1 + a; +az)(xg + x1 + x5 + x3) — (g + a; + az)(xg +
xy + x3)]11 + [(ag + az + az)(xo + X2 + x3) — (ag + az)(xo + x3)]l; + [(ao + a3)(xp + x3) —
agXoll3
On the other hand, we have:
BY = boyo + [(bo + by + by + b3)(yo +y1 +y2 +¥3) — (b + by + b3) (Vo + ¥2 + ¥3)111
+ [(bo + b2 + b3)(¥o + 2 +¥3) — (bo + b3) (Vo + y3)112
+ [(bo + b3)(yo + ¥3) — boyoll3
The equation AX + BY = C equivalents:

aopXo + boyo = ¢o
(ag + a3)(xg + x3) + (bg + b3)(yo + ¥3) = o + ¢35
(ap +a; +ag)(xg +x, +x3) + (bg + by + b3)(yo +¥2 +y3) =co+ ¢z +¢3
(ag+ay+ay+az)(xg+x;+x, +x3)+(bg+by+by+b3)Yo+y1 +Y2+Y3)=co+ci+cp+c3

Example.

Find a solution of the equation:

B+2L+ L+ L)X+ @2+4L)Y =3+9 - 713

We have ay=3,a,=2,a,=1a3=1,by=2,by=0,b, =4,b3=0,c9=3,¢c, =9,¢c, =
0,c3=-7
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The equivalent system is:

3x0 + Zyo =3.. (1)

(
4(xo +x3) +2(yo +y3) = —4... (2)
S5(xo +x2+x3) + 70 +y2 +y3) = —4... 3)
7(x0 +x1 +x2 +x3) + 6(y0 +y1 +y2 +y3) = 5 s (4’)

The equation (1) has a solution x5 = 1,y, = 0.

The equation (2) has a solution xy + x3 = —1,y, + y3 = 0, thus x3 = —2,y3 = 0.

The equation (3) has a solution xy + x, +x3 =9,y9 +y, + y3 = =7, thus x, =10,y, =
-7.

The equation (4) has a solution xo+x; +x, +x3 =5,y +y; + ¥, + y3 =5, thus x; =
—4,y, =12.

This means that X =1 —41; + 101, — 213,Y = 121; — 71,.

Future research directions and suggestions

3-refined neutrosophic number as generalizations of classical real numbers and integers,
may have a great impact on many areas of scientific knowledge.

In the following, we suggest many possible applications of 3-refined neutrosophic real
numbers.

1-) How can we build a crypto-system from 3-refined neutrosophic integers which
generalize RSA algorithm. [19]

2-) How can we build a crypto-system from 3-refined neutrosophic integers which
generalize El-Gamal algorithm. [20-21]

3-) How can we solve 3-refined neutrosophic differential equations, and integral equations.
4-) How can we define Hillbert and Banach 3-refined neutrosophic spaces, and do classical
functional inequalities still true in this case.
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Abstract:

The main goal behind mathematical cryptography is to keep messages and
multimedia messages secret at a time when modern means of communication have
spread and become very diverse.

Fuzzy matrices as strong tools which was defined to deal with incomplete and
uncertain data and many relationships in real life problems especially those which
are related to images and graphs, may considered as important subjects for secret
information and communication.

The aim of this research paper is to present a new model and method for encrypting
2x2 fuzzy matrices using the basic concepts in neutrosophic number theory and El
Gamal algorithm in cryptography, where we generalize El Gamal algorithm to
become applicable to the ring of neutrosophic integer numbers that represents the
studied fuzzy matrices.

On the other hand, we study the applications of the novel algorithm to the
encryption and decryption of some fuzzy relations represented in terms of fuzzy

functions.

Mohammad Abobala, Ali Allouf, On A Novel Security Scheme for The Encryption and Decryption Of 2x2 Fuzzy Matrices
with Rational Entries Based on The Algebra of Neutrosophic Integers and El-Gamal Crypto-System


mailto:Mohammadabobala777@gmail.com
mailto:Ali1allouf@gmail.com

20

In addition, we illustrate many examples to clarify the validity of the new
algorithm.

Key words:

Neutrosophic integer, fuzzy matrix, fuzzy relation, fuzzy graph, EL-Gamal
crypto-system

Introduction and Preliminaries

The concept of fuzzy logic and fuzzy set was presented by Zadeh [10]. The main
point of fuzzy approach is to deal with a degree for truth and a degree for falsity.
Smarandache has generalized fuzzy ideas by introducing neutrosophic logic [16],
which deals with a degree of truth (T), a degree of falsity (F), and a degree of
indeterminacy (I).

If X is a non-empty set. A fuzzy set (subset) u of the set X is defined as a function u:
X — [0, 1], and if p is a fuzzy subset of a set X. For t € [0, 1], the set X;= {x €
X;u(x) = t}, then pis called a t-level subset of the fuzzy subset p [3].

In the literature, we find many applications and approaches built over the ideas of
fuzzy logic especially in probability, algebra, and graph theory [5, 7, 23].

The concept of fuzzy matrix was introduced in [6], and then it was studied widely
in [8-9, 13], especially the algebraic properties and applications of these matrices.

A square 2 X 2 fuzzy matrix is defined as follows:

a;; Qg2
A<(

= ayy azz) with aij € [0,1]

Mathematical Asymmetric cryptography is a branch of applied mathematics and
theoretical computer science that applies mathematical methods and models to
encrypt messages and multimedia [4]. Many systems and algorithms were
presented such as RSA algorithm and El-Gamal algorithm [4, 15]. In addition, many

attacks and applications of some special numbers can be found in [20-21].
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In [19], the first suggestion of using the generalizations of integers in cryptology
was presented, where authors have suggested the usage of neutrosophic numbers,
split-complex numbers, and dual numbers in cryptology.

Neutrosophic cryptography became known recently by using neutrosophic number
theory in generalizing classical crypto-systems into more complex and powerful
systems. We find a neutrosophic version of RSA and refined El-Gamal
crypto-algorithm [18, 22].

In this paper, we continuo the previous efforts for applying neutrosophic number
theory in cryptology, where a neutrosophic version of El-Gamal algorithm based on
the foundations of neutrosophic number theory will be presented and handled. In
addition, we apply this algorithm to encrypt and decrypt fuzzy 2 X 2 matrices
with rational entries.

First, we recall some important concepts and definitions.

The description of El1 Gamal crypto-scheme:

Assume that we have two sides A and B, the first side A wants to send an
encrypted message to B.

The recipient B picks a large prime number p and a generator 1 < g <p — 1, then
B picks x that 0 < x <p — 2 and computes X = g*(mod p). The number x is kept
as the secret key suppose that A wants to send (m) as a message to B.

A should pick 0 <7 <p—2and compute R = g"(mod p), the shared key K is
computed as follows K = X" (mod p).

A encrypts the message as follows S = m X k, and sends the encrypted message to
B asaduplet (R,S).

The second side B decrypts the message by using her/his secret key x as follows
m=R*XS.

Definition: (Neutrosophic integers) [1]
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Let R be any ring, I be an indeterminacy with the property 12 =I. Then R(I) = {a +
bl;a,b € R} is called a neutrosophic ring.

If R=Z is the ring of integers, then Z(I) ={a+bl;a,b € Z} is called the
neutrosophic ring of integers. Elements of Z(I) are called neutrosophic integers.
Theorem: (neutrosophic congruencies) [1]

Let x =a+ bl,y = c+ dl,z=m+ nl be three elements in Z(I). Then x = y(modz)
if and only if

a =c(modm),a+ b =c+ d(mod m+n).

Theorem: (neutrosophic powers) [2]

(a + b = af + [[(a + b)*** — a“].

Definition [2]

Let Z(I) = {a + bl; a,b € Z} be the neutrosophic ring of integers, we say that a +
bl <c+dl ifandonlyif a<canda+b <c +d.

Z(I) is a partially ordered set with the previous relation.

Main Discussion

Neutrosophic Version of EL-Gamal algorithm:

To build a neutrosophic version of EL-Gamal Algorithm, we substitute each integer
t by a positive neutrosophic integer t; +t,1; t; >0,t; +t, > 0.

The recipient (B) picks a neutrosophic positive integer p = p; + p,I, where
p1, D1 + D, arelarge primes.

(B)picks a generator 0< g=g,+ gl <p=py+p,l—1,1ie ggs<p;—1, g +
g2 <p1t+p—1

(B) picks 0<x=x;+xI<p=py+pl—2 , ie x;<p;—2, x;+x,<p; +
p2 — 2 and then computes X = g*(mod p) = g,*(mod p1) + I[(g1 + g.)*(mod p; +
p2) — 91" (mod py)].

The publish key is (g, X).

Assume that (4) will send m = m,; + m,I to (B).

(4) should pick 0 <r =1 + 1,/ <p =p; + p;I — 2 and compute:
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R = g"(mod p) = g, (mod p,) + I[(g1 + g2)™ "2 (mod p; + p;) — g1 (mod p,)] =
ty + tyl.
The shared key
K = X"(mod p)
= g1x1r1 (mOd pl)
+1[(gy + g2) D TH) (mod py + p,) — 91517 (mod py)| = ky + kol
(4) encrypts its message as follows:
S=mxk=my+myl)(ks; + kyI) = miky + I(mk, + myk, + myk,)
The other side (B)decrypts the message as follows:
m = R™*(mod p); R™' = t; ™" (mod p,) + I[(t; + t;) ™" (mod p, + p;) — t;”'(mod p;)]
Example.
Consider that (B) has picked p = p; + p,I =5 + 61, the generator g = 3 + 2] =
g1 + 921, the secret key x = x; + x,1 = 2 + 51.
K = g*(mod p) = 32(mod 5) + I[57 (mod 11) — 3%2(mod 5)] =4+ I[3—4] =4 —1,
the publick key is (g,X) = (3+ 21,4 1)
Assume that (A)has decided to send m = 4 + 4] to (B).
(4) picksr =1 + 1,1 = 2 +1 and computes:
R = g"(mod p) = 3?(mod 5) + I[53(mod 11) — 32(mod 5)] = 4 + I[5 — 4] = 4.
The shared key K = X"(mod p) = 4*(mod 5) + I[33(mod 11) — 4*(mod 5)] = 1 +
I[5—1]=1+4] = ky + kyl.
The encrypted message
S=mxk=@A+4D(1+4) =4+1(16 + 4 + 16) = 4 + 36l.
(B) decrypts the message as follows:
m = R™*.s (mod p), where:
R™'=4"Y(mod5) + 1[4 *(mod 11) — 47 (mod 5)] =4+1(3—-4) =4 —1
m = R™*.s (mod p) = (4 — )**51. (4 + 361)(modp)
= [4%2 + 1(37 — 4%)](4 + 361)(modp)
= (16 + 2711)(4 + 361)(modp) = (64 + 874161)(modp) = 64(mod 5) +
1[(87416 + 64)(mod 11) — 64(mod 5)] = 4 + (8 — 4) = 4 + 4.
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Which is the plain text.
Example.
Consider the (B)has picked p = p; + p,I = 13 + 61, the generator g = g, + g,/ =
5 + 31, the secret key is x; + x,/ = 6 + 3I.
X = g*(mod p) = 5%(mod 13) + 1[8°(mod 19) — 5°(mod 13)] = 12 + I[18 — 12]
=12+ 6]
The public key is (g,X) = (5 + 31,12 + 6I).
Assume that (A) has decided to send m = 10 + 1 to (B).
(4) picks r; + 1,1 = 3 + 2] and computes:
R = g"(mod p) = 53(mod 13) + I[8°(mod 19) — 53(mod 13)] = 8 + I[12 — 8]
=8+ 41
The shared key:
K = X" (mod p) = 123(mod 13) + 1[18°(mod 19) — 123(mod 13)] = 12 +
I[18 — 12] = 12 + 61 = ky + ky.
The encrypted message is:
S=mxk=(10+012+6I) = 120 + I(60 + 12 + 6) = 120 + 78I.
(B) decrypts the message as follows:
R™! =8"1(mod 13) + I[127*(mod 19) — 8 *(mod 13)] =5+ 1(8 = 5) =5+ 31
m = (R™1)*S (mod p), we have (5 + 31)°*3!. (modp) = [5° + 1(8° — 5°)](modp)
= 5%(mod 13) + 1[8°(mod 19) — 5°(mod 13)] = 12 + (18 — 12) = 12 + 6]
(120 + 78I)(modp) = 120(mod 13) + 1[198(mod 19) — 120(mod 13)]
=3+(8—-3)=3+5I
m = (12 + 61)(3 + 5I) = (36 + 601 + 18] + 30I) = (36 + 1081)(mod p) =
36(mod 13) + I[144(mod 19) — 36(mod 13)] = 10 + I[11 — 10] = 10 + I.

Which is the plain text.
Fuzzy Matrices as Neutrosophic Points:
Definition:

Let A be a fuzzy 2 X 2 matrix
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;n Qg2
Aay aza)
az1 Q22
Then A can be written in term of a 2-dimensional neutrosophic point as follows:
Ay = (a11 + agzl, azq + azl).
Example:

Consider the following fuzzy matrix:

A 09

0.91).
The encryption/decryption of a fuzzy 2 x 2 matrix:

), then A can be written in the following form: Ay = (0.3 +0.21,1 +

Let A be a fuzzy 2 X 2 matrix with rational entries

=(Zi ZZ), assume that the sender (X) has decided to send the matrix A to the
recipient (Y) as a cipher text.

As a first step, (X) should transform the fuzzy matrix A to a 2-dimensional
neutrosophic point

Ay = (a11 + ag31, ay1 + ayyl), then (X) picks a weight w € Z* with the property
Wayq, Way,, Wai,, Way, € Z1. This implies that w(ay; + ay,0), w(ay, + az,l) € Z(I),
and (X) should send w to (Y).

The recipient (Y) generates the public key as we explained above in neutrosophic
El-Gamal algorithm, and shares his/her key with (X).

(X) decrypts the w(ay; + ag1),w(ay; + ayl) by using the key, and sends the
cipher neutrosophic point to (Y).

(Y) decrypts the message as we have shown previously, and divide it by the weight
w. Then (Y) rearranges the values into matrix rows to get the plain text.

Example:

We explain the validity of the novel scheme by the following example.

Consider the following fuzzy matrix:

0.3 0.2 . ) _
A=(0.1 0.4), then A can be written in the following form: Ay = (0.3 + 0.21,0.1 +

0.41). (X) picks w=10 and computes the new point wAy = (3 + 21,1 + 4I), thaen (X)
shares w=10 with (Y).

Assume that the recipient (Y) has generated the public key as follows:

Consider the (Y)has picked p = p; + p,I = 13 + 61, the generator g = g; + g,I =

5 + 31, the secret key is x; + x,/ = 6 + 3I.

X = g*(mod p) = 5°(mod 13) + 1[8°(mod 19) — 5°(mod 13)] = 12 + I[18 — 12]
=12+ 61

The public key is (g,X) = (5 + 31,12 + 6I).
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(X) will send wAy = (3+ 21,1+ 4I) to (V).
(X) picks 1y + 1,1 = 3 + 2] and computes:
R = g"(mod p) = 53(mod 13) + 1[8°(mod 19) — 53(mod 13)] = 8 + I[12 — 8]
=8+ 41

The shared key:
K = X"(mod p) = 123(mod 13) + I[18°(mod 19) — 123(mod 13)] = 12 +
I[18 — 12] = 12 + 61 = ky + ky.
The encrypted message is:
S=wAy xk=(3+2[,1+4(12+ 6]) = (36 + 541,12 + 781).
(Y) decrypts the message as follows:
R™' =8 1(mod 13) + I[12~(mod 19) — 8~1(mod 13)] = 5+ [(8 —5) = 5 + 3I

m = (R™1)* x S (mod p),we have (5 + 31)°*3 (modp) = [5° + 1(8° — 5°)](modp)
= 5%(mod 13) + I[8°(mod 19) — 5°(mod 13)] = 12 + (18 — 12) = 12 + 6I.
On the other hand, (36 + 541,12 + 781)(mod p) = (36(mod 13) + I[90(mod 19) —
36(mod 13)],12 (mod 13) + 1[90(mod 19) — 12(mod 13)])=
(10 + 41,12 + 2I).
The plain text is wAy = (12 + 61).(10 + 41,12 + 2I)(mod p) = (120 + 1321,144 +
1087)(mod p) = (120(mod 13) + I[252(mod 19) — 120(mod 13)], 144(mod 13) +
1[252(mod 19) — 144(mod 13)]) = (3 + 21,1 + 41).

Now, (Y) should divide the plain text by w=10, and rearrange it as rows of a matrix

to get:

a(p7 od)

A Comparison between El-Gamal algorithm and neutrosophic El-Gamal
algorithm:

Since fuzzy matrices may have entries such as 0 or 1, then the encryption by using
classical El-Gamal algorithm may be easy to be broken. Meanwhile, transforming
them to neutrosophic points keeps the information secret. We explain it through the

following example.

Mohammad Abobala, Ali Allouf, On A Novel Security Scheme for The Encryption and Decryption Of 2x2 Fuzzy Matrices
with Rational Entries Based on The Algebra of Neutrosophic Integers and El-Gamal Crypto-System



27

Example:

Consider the following fuzzy matrix:

A=(0(')3 004), then A can be written in the following form: Ay = (0.3,0.41). (X)

picks w=10 and computes the new point wAy = (3,4I), then (X) shares w=10 with
(Y).

Assume that the recipient (Y) has generated the public key as follows:

Consider the (Y)has picked p = p; + p,I = 13 + 61, the generator g = g; + g,/ =

5 + 31, the secret key is x; + x,/ = 6 + 3I.

X = g*(mod p) = 5°(mod 13) + 1[8°(mod 19) — 5%(mod 13)] = 12 + I[18 — 12]
=12+ 6l

The public key is (g,X) = (5 + 31,12 + 6I).

(X) will send wAy = (3+ 21,1+ 4I) to (V).

(X) picks r; + ;I = 3 + 2] and computes:

R = g"(mod p) = 53(mod 13) + I[8°(mod 19) — 53(mod 13)] = 8 + I[12 — 8]
=8+ 41

The shared key:

K = X" (mod p) = 123(mod 13) + 1[18°(mod 19) — 123(mod 13)] = 12 +

I[18 — 12] = 12 + 61 = ky + ky.

The encrypted message is:

S =wAy x k = (3,4)(12 + 6I) = (36 + 181, 72I).

(Y) decrypts the message as follows:

R™! =8"1(mod 13) + I[127*(mod 19) — 8 *(mod 13)] =5+ 1(8 —5) =5+ 31

m = (R™1)* x S (mod p),we have (5 + 31)%*3 (modp) = [5° + I(8° — 5°)](modp)

= 5%(mod 13) + I[8°(mod 19) — 5°(mod 13)] = 12 + (18 — 12) = 12 + 6l.

On the other hand, (36+ 181,72I)(mod p) = (36(mod 13) + I[54(mod 19) —

36(mod 13)],0 (mod 13) + I[72(mod 19) — 0(mod 13)])=

(10 + 61, 151).
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The plain text is wAy = (12 + 61).(10 + 61,15I)(mod p) = (120 +
1681, 2700 (mod p) = (120(mod 13) + I[288(mod 19) —
120(mod 13)],0(mod 13) + I[270(mod 19) — 0(mod 13)]) = (3,41).

Now, (Y) should divide the plain text by w=10, and rearrange it as rows of a matrix

to get:
A=(063 0(.)4)‘

On the other hand, if (X) has ciphered his numbers with classical El-Gamal
algorithm, then he gets 0 as a cipher text twice, that is because when he computes
S =(0)xk =0 which is equal to the plain text. Meanwhile, when he uses
neutrosophic formulas, he gets (10 + 61,15/) which is different from the original
message. From this point of view, we can say that the usage of neutrosophic
numbers and neutrosophic El-Gamal algorithm is better that using classical
algorithm only, especially in the case of ciphering 0 and 1 entries.

Applications to fuzzy relations

Let X = {x1,x,},Y = {y1,y,} be two sets with two elements, with a fuzzy relation
R(X,Y) defined on X as follows:

fl-j(xi, yj) = a;j € [0,1]. Then this relation can be represented as a fuzzy 2 X 2

matrix
11 Qg2 . . . :
A=(a21 azz), so that by using neutrosophic El-Gamal algorithm we can encrypt it

as a secret message.

We clarify that by the following example.

Example:

Assume that we have two men m,, m,, and two hospitals H,, H,. Suppose that the
tirst man goes to the first hospital in 30% of cases of illness, and in 70% of cases, he
goes to the second hospital.

As for the second man, he goes to the first hospital in 90% of cases, and he goes to

the second hospital in 10% of cases.
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Then, we can represent this information as a fuzzy relation, f(m,, H;) = 0.3,
f(ml, Hz) = 0.7,f(m2, Hl) = 0.9,f(m2, Hz) = 01

So, it can be described by the following fuzzy matrix with rational entries:

Ay o1)

Then A can be written in the following form: Ay = (0.3 + 0.71,0.9 + 0.11). (X) picks
w=10 and computes the new point wAy = (3 + 71,9 + I), then (X) shares w=10 with
(Y).

Assume that the recipient (Y) has generated the public key as follows:

Consider the (Y)has picked p = p; + p,I = 13 + 61, the generator g = g; + g,I =

5 + 31, the secret key is x; + x,/ = 6 + 3I.

X = g*(mod p) = 5°(mod 13) + 1[8°(mod 19) — 5°(mod 13)] = 12 + I[18 — 12]
=12+ 61

The public key is (g,X) = (5 + 31,12 + 6I).

(X) willsend wAy = (3+71,9+1) to (V).

(X) picks r; + 1,1 = 3 + 2] and computes:

R = g"(mod p) = 53(mod 13) + I[8°(mod 19) — 53(mod 13)] =8 + I[12 — 8]
=8+ 4l

The shared key:

K = X" (mod p) = 123(mod 13) + 1[18°(mod 19) — 123(mod 13)] = 12 +

I[18 — 12] = 12 + 6] = ky + k1.

The encrypted message is:

S=wAy xk=3+79+1)(12 + 6I) = (36 + 1441,108 + 72I).

(Y) decrypts the message as follows:

R™! =8"1(mod 13) + I[127*(mod 19) — 8 *(mod 13)] =5+ 1(8 —5) =5+ 31

m = (R™1)* x S (mod p),we have (5 + 31)°*3(modp) = [5° + 1(8° — 5°)](modp)

= 5%(mod 13) + 1[8°(mod 19) — 5°(mod 13)] = 12 + (18 — 12) = 12 + 6I.

On the other hand, (36 + 1441,108 + 721)(mod p) = (36(mod 13) +

1[180(mod 19) — 36(mod 13)], 108 (mod 13) + 1[180(mod 19) — 108(mod 13)])=

(10 — I, 4 + 5I).
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The plain text is wAy = (12 +61).(10 — 1,4 + 5I)(mod p) = (120 + 421,48 +
114I)(mod p) = (120(mod 13) + I[162(mod 19) — 120(mod 13)],48(mod 13) +
1[162(mod 19) — 48(mod 13)]) = 3+ 71,9 + I).

Now, (Y) should divide the plain text by w=10, and rearrange it as rows of a matrix

to get:
_(0.3 0.7 . . o
A—( 0.9 0 1). This means that (Y) is able to reform the secret fuzzy relation in the

original form

f(my,H;) = 0.3,

f(my,H,) = 0.7, f(m,, H;) = 0.9, f(m,, H,) = 0.1.

Conclusion

In this paper, we have used the basics of neutrosophic number theory and classical
El-Gamal crypto-system to build a new version, which we call neutrosophic
EL-Gamal algorithm.

In addition, we use the novel algorithm to encrypt and decrypt messages that
contain 2 X 2 fuzzy matrices with rational entries.

On the other hand, some application of decrypting fuzzy relations and fuzzy
functions, which can be represented as 2 X 2 fuzzy matrices with rational entries
were presented and illustrated by examples.

In the future, we aim to find algorithm to encrypt and decrypt n X n fuzzy matrices
with rational entries by using neutrosophic algebraic structures.
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Abstract:

The symbolic n-plithogenic sets and algebraic structures are a new branch of pure algebra
released as new generalizations of classical algebraic structures.

The main goal of this paper is to define for the first time the concept of symbolic
2-plithogenic module over a symbolic 2-plithogenic ring. Algebraic substructures of
symbolic 2-plithogenic modules such as sub-modules, AH-homomorphisms, and
algebraic basis.

Keywords: 2-plithogenic symbolic set, 2-plithogenic module, 2-plithogenic ring
Introduction

The concept of symbolic plithogenic sets was defined by Smarandache in [13-17 ,30], and he
suggested an algebraic approach of these sets. Laterally, the concept of symbolic
2-plithogenic rings [31], where the concepts such as symbolic AH-ideals, and

AH-homomorphisms were presented and discussed.

In general, we can say that symbolic plithogenic structures are very close to neutrosophic
algebraic structures with many differences in the definition of multiplication operation
[1-10].

Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:

2 —SPg ={ap + a1 Py + ayPy; a; € R, Pi* = P, Py X P, = P12y = Po ).

Smarandache has defined algebraic operations on 2 — SPy as follows:
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Addition:

[ag + a;P; + ayP,] + [by + b Py + b, Py] = (ag + by) + (a; + by)P; + (a, + by)P,.
Multiplication:

[ag + a,Py + a,P,).[by + byP; + b, P,] = agby + aghy Py + agb,P, + a;boP;* + a b, PP, +
a,boP, + a,by PiP, + ayb,Py% + a; by Py Py = agby + (aghy + a;by + aiby)P; + (agh, + a;b, +
a;by + a,b; + a;b,)P;,.

In this paper, we study the symbolic 2-plithogenic modules according to many points of
view, where substructures such as AH-submodules, and AH-homomorphisms will be
presented in terms of theorems. In addition, many examples will be illustrated to explain

the novelty of these ideas.

Main Discussion

Definition.

Let M be a module over the ring R, let 2—SP; be the corresponding symbolic
2-plithogenic ring.

2 —SPy ={x+yP, +2zPy; x,y,2 € R, P, = P,,P,P, = P,P; = P,}.

We define the symbolic 2-plithogenic module as follows:

2 —SPy =M + MP, + MP, = {a + bP, + cP,; a,b,c € M}.

Operations on 2 — SPy, can be defined as follows:

Addition: (+):2 — SPy, — 2 — SPy, such that:

[xo + %1 Py + x5 Po] + [yo + ¥1 Py + ¥52P2] = (%0 + ¥0) + (21 + y1)P1 + (x2 + ¥2) P,
Multiplication: (.):2 — SPg X 2 — SPy = 2 — SPy, such that:

[a+ bP; + cPy].[xg + x1P; + x,P,] = axy + (axy + bxy + bx,)P; + (ax, + bx, + cxg + cx; +
cxy)P;.

where x;,y; € M,a,b,c €ER

Theorem.

Let (2 — SPy,+,.) Is amodule over the ring 2 — SPp.

Proof.

Let X =xo +x1P; + x,P,,Y =yg +y, Py +y, P, €2—-SPy,, A=ay+a;P, +a,P,,B=>by+
b P; + b, P, € 2 — SP, we have:
1LX=X,(X+N+Z=X+T+DX+(-X)=-X+X=0X+0=0+X=X
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Also
AX +Y) = (ag + arPy + azPy)[(xo + yo) + (x1 + y1)P1 + (x2 + ¥2)P,]
= ag(xg +yo) + (ao(x1 +y1) + a1 (xo + yo) + a;(x; + 3’1))P1
+ (ao(xz +y2) +a;(x; +y2) + a(xg +¥o) + az(xy +y1) +ax(x, + yZ))PZ
=AX+AY
(A+ B)X = [(ao + bo) + (a + b1)Py + (ay + ba)P2](xo + x1 Py + x,P5)
= (ap + bo)xo + ((ao + bo)xy + (ay + by)xe + (ag + b1)x1)P1
+ ((ao + bg)x; + (ag + by)x; + (az + by)xe + (az + by)xg + (a + bz)xz)Pz
=AX+BX
(A.B).X = [agby + (agby + a1bg + a1b)P; + (agb, + a;b, + ayby + ayby + ayzby)Py](xy +
X1 Py + x,P;) = agboxg + [agboxy + (agby + a1by + ayby)xg + (agby + a1bg + a;by)x41]P; +
[agbox, + (agh, + ayby + a;b1)x, + (agb, + a1b, + aybg + ayby + ayby)xy + (agh, + a1b, +
ay by + azby + azby)x1 + (agh, + ayby + azbg + aby + azby)x;]P, = A(B.X).
Example.
Let M = Z3 be the module over the ring R =.
The corresponding symbolic 2-plithogenic vector space over 2 — SP; is:
2 —SPzs = {(x0,¥0,20) + (x1,¥1,21)P1 + (X2, ¥2,22) P2; X, Vi, 2; € Z}
Consider X = (1,1,0) + (2,-1,1)P; + (0,1,-1)P, € 2—SP,;3,A=2+ P, + P, € 2—SP,. We
have:
A.X =(22,0)+[(4,-2,2)+(1,1,0) + (2,—1,1)]P; +[(0,2,2) + (0,1,1) + (1,1,0) +
(2,-1,1)+ (0,1,1)]P, = (2,2,0) + (7,—2,3)P; + (3,4,5)P,.
Definition.
Let 2 — SPy be a symbolic 2-plithogenic module over 2 — SPg, let My, M;, M, be the three
sub-modules of V, we define the AH-submodule as follows:
W = My + MyP, + MyP, = {x + yP, + zP,; x € Mo,y € My, z € M,}.
If My = M, = M,, then W is called an AHS-sub-module.
Example.
Consider 2—-SP,s , we have M,={(a0,0); a€R}M, ={(0,b,0); bER}M,=
{(0,0,0); c € Z} are three sub-modules of M = Z3.
W =M+ M P, + MyP, = {(a,0,0) + (0,b,0)P; + (0,0,c)P,; a,b,c € Z} is an AH-submodule
of 2 —SP,a.
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T=M;+MP, + M;P, ={(0,a,0) + (0,b,0)P, + (0,c,0)P,; a,b,c € Z} is an
AHS-submodule.
Theorem.
Let 2—-SPy be a symbolic 2-plithogenic module over 2—-SP;, let W be an
AHS-submodule of 2 — SPy;, then W is a submodule of 2 — SPy,.
Proof.
Suppose that W is an AHS-submodule, then there exists a submodule M, < M, such that
W =My + MyP; + MyP, = {x + yP; + zP5; x,y,z € M,}.
Let X =x¢ +x,P; + x,P,,Y =y, +y,P; +y,P, €W, then:
X—=Y=0—yo)+ (1 —y)Pr+ (g =y )P, €W
VA=ay+a,P; +a,P, €2 —SPg, then:
A X = agxy + (agx; + a;xg + ayx1)Py + (apgxy + ayx, + azxy + azxq + ayx,)P, € W, that is
because agxy € My, agx; + a1xg + a;x; € My, agxy + a1x, + azxg + ax; + ayx, € My, this
implies the proof.
Definition.
Let V,W be two modules over the ring R. Let 2 —SP,, 2 — 5Py, be the corresponding
symbolic 2-plithogenic modules over 2 — SPy.
Let Lo, L1,Ly:V > W be three homomorphisms, we define the AH-homomorphism as
follows:
L:2—=SP, — 2 —=SPy,L = Ly + L1 P, + LoPy ; L(x + yPy + zP,) = Lo(x) + Ly (y)P; + L, (2)P,.
If Lo =L, = L,, then L is called AHS-homomorphism.
Definition.
Let L = Lo+ LiP; + LyPy:2 — SPy —» 2 — SPy, be an AH-homomorphism, we define:
1.00AH — ker(L) = ker(Ly) + ker(L,)P, + ker(L,)P, = {x + yP, + zP,}; x € ker(L,),y €
ker(L,),z € ker(L,).
2.00AH — Im(L) = Im(Ly) + Im(L)P; + Im(L,)P, = {a + bP; + cP,};a € Im(Ly),b €
Im(Ly),c € Im(Ly)
If L is AHS-linear homomorphism, then we get AHS — kernel, AHS — Image.
Theorem.
Let L =Ly+ LiP; + LyP,:2 —SPy > 2 — SPy, be an AH-homomorphism, then:
1.[1AH — ker(L) is AH-submodule of 2 — SPy.
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2.1JAH — Im(L) is AH-submodule of 2 — SPy,.
Proof.
1.[1Since ker(Ly), ker(L,),ker(L,) are submodules of V, then AH — ker(L) is an
AH-submodule of 2 — SPy.
2.1t is holds by the same.
Remark.
If Ly, Ly, L, are isomorphisms, then ker(Ly) = ker(L,) = ker(L,) = {0},Im(Ly) = Im(L,) =
Im(L,) = W, thus AH — ker(L) = {0},AH — Im(L) = 2 — SPy,.
Example.
Take V=23, W =Z, Ly,Ly,L,:V - W such that:
Lo(x,y,2) = (x), L1(x,,2) = (), L.(x,y,2) = (2)
The corresponding AH-homomorphism is:
L=Ly+LP, +L,Py:2—SPys — 2 — SPy:
L{(x0,¥0,20) + (X1, ¥1,21) Py + (X2, Y2, 22)P;] = Lo(x0, Y0, 20) + L1 (x1,y1,21)Py +
Ly (x2,¥2,22)P; = (x0) + (y1)Py + (22)Pa.
For example, take X = (1,9,8) + (9,10,—9)P; + (3,2,1)P,, then:
LX) =1+ (10)P, + P,.

( ker(Lo) = { (0,¥0,20); Yo,20 € Z}
ker(L;) = {(x1,0,2,); x1,2, € Z}
ker(Ly) = {(x2,¥2,0); x3,¥, € Z}
AH — ker(L) = {(0,¥9,20) + (x1,0,2,)P; + (x2,¥2,0)P2; Y0, Zo, X1, 21, X2, Y2 € Z}
Also,
Im(Ly) = Z
Im(L) =Z
Im(L,) =Z

AH —Im(L) =Z + ZP, + ZP, = 2 — SP,,

Theorem.

Let L=f+fP + fP;:2—SP, > 2 — SPy, be an AHS-homomorphism, then L is a module
homomorphism.

Proof.

LetX:xO+X1P1+x2P2,Y=yO +y1P1 +y2P2€2—Spv,then:
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LX+Y) = f(xo+yo) + f(x1 +y1)P1 + f(x2 + ¥2) P,
= [f(xo) + fF(x)Py + f(x2)Po] + [f (o) + f(y1) Py + f(¥2)Po] = L(X) + L(Y)
Let A =ay+ a,P, + a,P, € 2 — SP, then:
L(A.X) = f(agxg) + f(apgxs + ay1xg + ayx1) Py + f(apgx; + azxg + azx, + a;x, + azx,)P,
= aof (xo) + (aof (x1) + arf (xo) + as f (x1))Py
+ (aof (x2) + azf (x0) + azf (x2) + ay f (xz) + azf (x1)) P2
= [ag + a1 Py + azP2]. [f (xo) + f(x1)Py + f(xz)P;] = A. L(X)
Thus, L is a module homomorphism.
The algebraic relations between symbolic 2-plithogenic modules and neutrosophic
modules .
Theorem.
Let M be a module over the ring R, consider M(I) = M + MI = {x + yI;x,y € M} is the
corresponding neutrosophic module over the neutrosophic ring R(I) = {a + bl;a,b € R}.
M(ly,I,) =M+ Ml + MI, ={x +yl, +zl;;x,y,z€ M} is the corresponding refined
neutrosophic module over the refined neutrosophic ring R(I3,1;) = {a + bl; + cl;a,b,c €
R}.
2—SPy =M+ MP; + MP, = {x + yP; + zP;;x,y,z € M} is the corresponding symbolic
2-plithogenic module over 2 — SPg, then:
1.002 — SPy, is semi homomorphic to M(I).
2.0012 — SPy is semi isomorphic to M(Iy, I).
Proof.
1.[1We define f:2 — SPy —» M(I),g:2 — SPg = R(I) such that:
fx+yPi+2zP) =x+yl;x,y,Zz€M
gla+bP;+cP,)=a+bl;a,b,c €ER
We have the following;:
g is a ring homomorphism, that is because:
A=ay+aP; +ayP;,B=>by+ b P, + b,P,; a;,b; €R, then:
If A =B, then a; = b; forall i, thus ay + a;I = by + b,l,i.e. g(A) = g(B).
g(A+B) = gl(ao + bo) + (a + b1)P; + (az + by)P;] = ag + by + (a1 + by)I = g(A) + g(B).
g(A.B) = glaghy + (aghy + a1by + a1b1)P; + (agh, + a1b, + ayb + ayby + ayb,)P,] =
agbg + (aghy + a1bg + a1by)I = (ag + a11)(bg + byI) = g(A).g(B).
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On the other hand, f is well defined, that is because:

If X =xg+xP;+x,P,,Y =yy+y,P; +y,P,, then x; =y; for all i, hence aq + a;I = by +

b,I, thus f(X) = f(Y).

f preserves addition, that is because:

For X = x¢ + x,P; + x,P,,Y =y + y1 P, + y,P,, we have:

FX+Y) = fllxo +y0) + (x1 + y1)Py + (x2 + ¥2)Pal = %0 + yo + (x1 + y1)I = f(X) + f(V).

f preserves multiplication, that is because:

For A =ay + a;P; + a,P, € 2 — SPy, we have:

f(A.X) = agxo + (apxy + arxo + ayx;)1 = (ao + a1 1) (xo + x11) = g(A). f(X)

Thus f is a semi module homomorphism.

We define f:2—SPy - M(1,1,), g:2—SPg - M(1;,1,), where f(x+yP;+2zP,) =x+

zIl; + yl, and g(a + bP; + cP,) =a+cly + bly;x,y,z € M,a,b,c ER.

(g) is well defined, that is because:

If A=ay+ a,P, +a,P,,B = by + b P; + b,P,, then:

ag = aq,by = by, cy = c1, hence: ag + ¢yl + byl, = a4 + ¢;1; + b11,, so that g(A) = g(B).

(f) is well defined by a similar discussion.

(g) is one-to-one mapping, that is because:

ker(g) ={a+ bP, + cP,;g(a+ bP, +cP,) =0} =0

Im(g) ={a+cl, + bl,;g(a+ bP, +cP,) € R(I;,I,); A€ 2 —SPg,g(A) = a +cl; + bl,} =

R(I1y,1,).

(f) is one-to-one mapping, it can be proved by the same.

(g9) and (f) preserve addition, that is because:

Consider A=ay+ a,P; + a,P,,B=by+ bPy+b,P, €2 —SPs, X =xy+x,P; + x,P,, Y =

Yo + V1P, + y,P, € 2 — SPy, then:

g(A+ B) = gl(ag + bo) + (ay + by)Py + (az + by)P;] = ag + by + (ay + b))y + (az + b)),
=g(A) +g(B)

fX+Y)=f(X)+ f(Y) by asimilar discussion.

(g9) preserves multiplication, that is because:

g(A.B) = agby + (aghy + aybg + ay by, + a1b, + ayby)1l; + (aghy + a1 by + a1by)1, =

g(4).g(B).

(f) is semi module homomorphism, that is because:
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f(A.X) = agxg + (apxy + azxg + azx; + a;x, + ax1)ly + (agxy + a1 xo + a1x1)1;
= (ap + arl1 + ax 1) (%o + x211 + x11;) = g(4). f(X)

The basis of a symbolic 2-plithogenic module:

Theorem.

Let T = {ty, ..., t,} be abasis of the module V over the ring R, then the set:

Tp ={t; + (tj — t;)P1 + (tx — tj)P;; 1 < i,j,k < n} is a basis of 2 — SPy.

Proof.

Let X = x¢ +x1P; + x,P, € 2 — SPy, xg,%1, %, € M.

Xo = Xi=q @ity Xo + X1 = Y= Bjtj, Xo + X1 + X2 = X1 Vit @i, B, Vi € R

Weput 4;;x = a; + ([)’]- - ai)Pl + (yk - Bj)Pz; 1<ijk<n

Tyje =ti+ (G —t)Pr+ (e — )P 1< i jk <n

n
z Aijge Tijk

i,j,k=1
n
= Z[aiti + [ﬂ]t] - ﬂjti - aitj + aiti + ﬁjti - aiti + aitj - aiti]Pl
i=1
+ [aity — ait; + vieti — Biti — Yity + viti — Bty + Biti + Vit — vict; — Bty
+ —,Bjt] + ﬁ]tk - ﬁ]t] — aitk + aitj]Pz]
n n n n n
Z a;t; + Py Zﬁjfj - Z ati| + P, Z Yieti — Z Bjt;
i=1 j=1 i=1 k=1 j=1

= xo + P1[xo + x; — xo] + Po[xg + x1 + x, — (X + x1)] = X9 + X, P; + x,P,
=X

Thus T generates 2 — SPy,.

On the other hand, T is linearly independent, that is because:

If ¥ k=14ijx-X =0, then:

i1 ait; = 0,X% Bit; = 0, Xk_1 Ytk = 0, hencea; = B; =y, = 0 forall i,j,k, thus A; ;) =

0.

This implies that T is a basis of 2 — SPy,.

Example.

Find a basis of 2 —SP .

Solution.

First of all, we have {u; = (1,0),u, = (0,1)} is a basis of Z2.
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The corresponding basis of 2 — SP,2 is:
T = {Ty, Ty, Ts, Ts, Ts, Te, T, Ts} such that:
T, =(1,0),T, =(01),Ts = uy + (uy —ug)Py + (up —ux)P, = (1,0) + (-1L1)P,
Ty =uy + (uz —uPy + (U —ux)P, = (1,0) + (=1L,1)P; + (1, -1)P,
Ts =u; + (uz —u)Pr + (ug —uP, = (0,1 + (1, -1
Te = up + (uz —u)Py + (uz —uy)P, = (0,1) + (1, -DP, + (-L1DP,
T7; =uy + (g —upPy + (U —uPp = (1,0) + (-1,1)P,
Tg = up + (uz —ux)Py + (ug —uzx)P, = (0,1) + (1, =P,
Remark.
dim (2 — SPy) = (dimM)3
Conclusion
In this paper we have defined the concept of symbolic 2-plithogenic modules over a
symbolic 2-plithogenic ring, where we have presented some of their elementary properties
such as basis, homomorphisms, and AH-submodules. On the other hand, we have
suggested many examples to clarify the validity of our work.
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Abstract:

The fusion of symbolic plithogenic sets with algebraic structures generates novel algebraic
neutrosophic structures that generalize the classical known structures. The objective of
this paper is to define the concept of symbolic 2-plithogenic vector space over a symbolic

2-plitogenic field.

Concepts such as AH-subspace and AH-linear transformation will be presented and

discussed in terms of theorems.
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dimension
Introduction

The concept of symbolic plithogenic sets was defined by Smarandache in [13-17,30], and he
suggested an algebraic approach of these sets. Laterally, the concept of symbolic
2-plithogenic rings [31], where the concepts such as symbolic AH-ideals, and

AH-homomorphisms were presented and discussed.

In general, we can say that symbolic plithogenic structures are very close to neutrosophic
algebraic structures with many differences in the definition of multiplication operation

[1-10].

Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:
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2 —SPg ={ap + a1Py + ayPy; a; € R, Pi* = P, Py X P, = P12y = Po ).

Smarandache has defined algebraic operations on 2 — SPy as follows:

Addition:

[ag + a1 Py + ayP,] + [by + b1 Py + by Py] = (ag + by) + (a; + by)P; + (ay + by)P,.
Multiplication:

[ap + a; Py + ayP,]. [by + b1 Py + byP,] = aghy + aghy Py + agh,P, + a;boPy? + a b,P P, +
a;boPy + ayb, PiP, + ayb,Py% + ay by Pi Py = agby + (aghy + a;by + ayby)P; + (agh, + ajb, +
abg + azby + ayb,y)P,.

It is clear that (2 — SPr) is a ring.

Also, if R is commutative, then 2 — SPy is commutative, and if R has a unity (1), than 2 —
SPg has the same unity (1).

If Ris a field, then 2 — SP; is called a symbolic 2-plithogenic field.

In this paper, we study the symbolic 2-plithogenic vector spaces according to many points
of view, where substructures such as AH-subspaces, and AH-linear transformations will be
presented in terms of theorems. In addition, many examples will be illustrated to explain

the novelty of these ideas.

Main Discussion

Definition.
Let V be a vector space over the field F, let 2—SPr be the corresponding symbolic
2-plithogenic field.
2—SP; ={x+yP, +2P,; x,y,z € F,P;*> = P,,P,P, = P,P, = P,}.
We define the symbolic 2-plithogenic vector space as follows:
2—SP, =V +VP,+VP, ={a+bP, +cP,; a,b,c € V}.
Operations on 2 — SP, can be defined as follows:
Addition: (+):2 —SP, — 2 — SPy, such that:
[xo + 1Py + x2P2] + [yo + y1P1 + ysaPo] = (%o + ¥0) + (X1 + y1)Py + (x2 + ¥2) P
Multiplication: (.):2 — SPr X 2 — SP, = 2 — SPy, such that:

[a + bP; + cP,].[xg + x1 Py + x,P;]

= axy + (ax; + bxy + bxy)P; + (ax, + bx, + cxy + cx1 + cx3)P,

where x;,y; €V,a,b,c €F
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Theorem.
Let (2 - SPy,+,.) Isamodule over the ring 2 — SPp.
Proof.
Let X =xq + x.Py + x,P,,Y = yg +y1PL +y,P, €2—-SP, , A=ayg+a,P;+a,P,,B =>by+
b P; + b,P, € 2 — SP; we have:
LX=XX+N+Z=X+F+2D,X+(-X)=-X+X=0X+0=0+X=X
Also
AX +Y) = (ag + a1 Py + azPy)[(xo + o) + (x1 + y1)Py + (x2 + y2) P, ]
= ag(xo +yo) + (ag(xy +y1) + ar(xo + yo) + a; (x; + y1))Py
+ (ag(xz +y2) + ay(xz + y2) + az(xo + yo) + az(x; + y1) + az(x; +¥2))P,
=AX+AY
(A+ B)X = [(ag + bo) + (ay + b1)Py + (az + bz)P2](xg + x1 Py + x5P2)
= (aq + bo)xo + ((ag + bo)x; + (ay + by)xg + (ar + by)x; )Py
+ ((ag + bo)xy + (ay + by)xy + (az + by)xg + (az + by)xy + (ay + by)x2)P,
=AX+BX
(A.B).X = [agby + (aghy + a1by + a1by)P; + (agb, + a1b, + ayby + ayby + ayb,) Py ](x,
+x,P; + x,P,)
= agbyxy + [agboxs + (aghy + a1by + a1b1)xg + (aghy + a1by + a;b1)x1]P;
+ [agbox, + (aghy + azbg + a;by)x, + (agh, + a1b, + aybg + ayby + azby)xg
+ (agh, + a1b, + aybg + ayby + ayby)xq
+ (aghb, + a;b, + a,bg + ay,by + ayby)x, P, = A(B.X)
Example.
Let V = R3? be the Euclidean space over the field F = R.
The corresponding symbolic 2-plithogenic vector space over 2 — SPr is:
2 — SPps = {(x0,¥0,20) + (x1,¥1,21)P1 + (X2, ¥2,22) P2; X, ¥i, 2; € R}
Consider X = (1,1,0) + (2,-1,1)P; + (0,1,—-1)P, € 2 — SPp3s,A=2+ P, + P, € 2 — SP,. We
have:
AX=(0220)+[4-22)+ 1,10+ (2,-1,1D)]P,
+[(0,2,2) + (0,1,1) + (1,1,0) + (2,—-1,1) + (0,1,1)]P,
=(2,2,0) + (7,-2,3)P, + (3,4,5)P,
Definition.

Let 2 —SPy be a symbolic 2-plithogenic vector space over 2 — SPg, let V,,V;,V, be the

three subspaces of V, we define the AH-subspace as follows:
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W =Vy+ VP +V,P, ={x+yP, +2zP,; x €Vy,y EV,z € V,}
If Vo =V; =V,, then W is called an AHS-subspace.
Example.
Consider 2 — SPg3, we have Vy = {(a,0,0); a € R},V; ={(0,b,0); b € R},V, ={(0,0,¢); c €
R} are three subspaces of V = R3.
W =V, +V,P; +V,P, ={(a,0,0) + (0,b,0)P; + (0,0,c)P,; a,b,c € R} is an AH-subspace of
2 — SPps.
T =V, + VP + VP, ={(0,a,0) + (0,b,0)P; + (0,c,0)P;; a,b,c € R} is an AHS-subspace.
Theorem.
Let 2—SPy be a symbolic 2-plithogenic vector space over 2—SPr, let W be an
AHS-subspace of 2 — SPy, then W is a submodule of 2 — SPy.
Proof.
Suppose that W is an AHS-subspace, then there exists a subspace V, <V, such that
W =V, +VoP, + VP, ={x+yP; +2zP,; x,y,z € V}.
Let X = x¢ + x,P; + x,P,,Y =y +y, P, + y,P, € W, then:
X=Y=(xg—y)+ (xy —y)PL + (xz —y2)P, EW
VA=ay+a,P,+a,P, €2—SPg, then:
A X = agxy + (agx; + a;xg + ayx1)Py + (agxy + ayx, + azxg + azxq; + ayx,)P, € W, that is
because ayxg € Vy, agx, + a1xg + a1x1 € Vg, apxy + a1x, + ayxg + azxy +azx, €V, ,  this
implies the proof.
Definition.
Let V,W be two vector spaces over the field F. Let 2—-SP,, 2—SPy be the
corresponding symbolic 2-plithogenic vector spaces over 2 — SPg.
Let Ly,Ly,L,:V > W Dbe three linear transformations, we define the AH-linear
transformation as follows:
L:2—SPy — 2 —SPy,L = Lo+ L1 Py + LoPy ; L(x + yPy + zP,) = Lo(x) + Ly (y)P; + Ly (2)P,.
If Ly =Ly = L,, then L is called AHS-linear transformation.
Definition.
Let L=Ly+ L,P; +L,P,:2 —SP, » 2 — SPy, be an AH-linear transformation, we define:
1.0 AH — ker(L) = ker(Ly) + ker(L,)P, + ker(L,)P, = {x + yP, + zP,}; x € ker(L,),y €
ker(L,),z € ker(L,).
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2.0AH — Im(L) = Im(Lo) + Im(L)P; + Im(L,)P, = {a + bP; + cP,};a € Im(Ly),b €
Im(Ly),c € Im(L,)

If L is AHS-linear transformation, then we get AHS — kernel, AHS — Image.
Theorem.
Let L =Ly+ LP; + LyP,:2 —SP, = 2 — SPy, be an AH-linear transformation, then:

1.00AH — ker(L) is AH-subspace of 2 — SPy,.

2.LJAH — Im(L) is AH-subspace of 2 — SPy,.
Proof.

1.00Since ker(Ly), ker(L,),ker(L,) are subspaces of V, then AH —ker(L) is an

AH-subspace of 2 — SPy.

2.[11t is holds by the same.
Remark.
If Ly, L1, L, are isomorphism, then ker(Ly) = ker(L;) = ker(L,) = {0},Im(Ly) = Im(L,) =
Im(L,) = W, thus AH — ker(L) = {0}, AH —Im(L) = 2 — SPy,.
Example.
Take V = R3, W =R3, Ly,L,L,:V = W such that:
Lo(x,y,2) = (x,¥), L1(x,,2) = (2x,2), L,(x,y,2) = (x = y,y — 2)
The corresponding AH-linear transformation is:
L=Ly+L{P; +LyPy:2—SPps > 2—SPp2:
L{(x0,¥0,20) + (X1, ¥1,21) Py + (x2,¥2, 22) P, ]

= Lo(x0,¥0,20) + L1(x1,¥1,21)P1 + La(x2,¥2,22) P,
= (0, ¥0) + (2x1,21)P1 + (x2 = ¥2,¥2 — 22)P,

For example, take X = (1,2,1) + (4,3, —-5)P; + (1,1,1)P,, then:
LX) = (1,2) + (8,=5)P, + (0,0)P, = (1,2) + (8, —=5)P,.

ker(Ly) = {(0,0,2,); z € R}
ker(Ll) = {(0'}’1' 0)' Y1 € R}
ker(Ly) = {(xz,x2,%;); x € R}
AH - keT(L) = {(0,0,Zo) + (O,yl, 0)P1 + (XZ,Xz,xz)Pz;Zo,yl,xZ € R}

Also,

( Im(Ly) = R?
Im(L,) = R?
Im(L,) = R?

AH —Im(L) = R% + R?P, + R?P, = 2 — SP,,

Example.
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Take W =V = R?, Ly, Ly,L,:V - W such that:
Lo(x:)’) = (3x:_2x):L1(x»J/) = (x =Y ZX),Lz(X,y,Z) = (x + Zy'y)
The corresponding AH-linear transformationis L = Ly + L1P; + L,P,:2 — SP, —» 2 — SPy;
L[(x0,y0) + (x1,y1)P1 + (x2,¥2)P2] = Lo(x0,¥0) + L1 (x4, ¥1)P1 + Ly (x2, y2)Ps
= (3%, —2x0) + (%1 — ¥1, 2x1) Py + (%2 + 2y, ¥2) P,
For example X = (1,4) + (2,8)P; + (3,—1)P,

ker(Lo) = {(0,¥0); Yo € R}
ker(L,) = {0}
ker(L,) = {0}
H — ker(L) = {(0,y,) + 0P, + 0P,;y, € R}

Also,
( Im(Ly) = {(a,0); a € R}
Im(Ly) = R?
Im(L,) = R?
H —1Im(L) = {(a,0) + (ay,b1)P; + (az, b;)Py; a,ay,a;, by, by € R}

Theorem.
Let L=f+4+fP;+ fP,:2—SP, - 2— 5Py be an AHS-linear transformation, then L is a
module homomorphism.
Proof.
Let X =x¢ + x1P; + x,P,,Y =y +y, P, +y,P, € 2 — SPy, then:
LX+Y) = f(xo+yo) + f(x1 +y1)PL + f(x2 + ¥2)P,
= [f(xo) + fF(x)Py + f(x2)Po] + [f (o) + f(y1) Py + f(y2)Po] = L(X) + L(Y)
Let A=ay+ a,P; +a,P, € 2 —SPg, then:
L(A.X) = f(apxg) + f(apxs + ayxg + a1x1) Py + f(agx, + arxg + ayx; + a1, + ax1)P,
= aof(x) + (aof(x1) + a,f(x0) + alf(xl))Pl
+ (aof(xz) + axf(xo) + azf(xz) + a;f(xz) + azf(x1))P2
= [ag + a1 Py + axPy]. [f (x0) + f(x1) Py + f(x2)P2] = A.L(X)
Thus, L is a module homomorphism.
The algebraic relations between symbolic 2-plithogenic vector spaces and neutrosophic
vector spaces .

Theorem.
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Let V be a vector space over the field F, consider V(I) =V + VI ={x + yI;x,y € V} is the
corresponding neutrosophic vector space over the neutrosophic field F(I) = {a + bl;a,b €
F}.
VI, 1I) =V +VI+ VI, ={x+yl; +zl;;x,y,z€V} is the corresponding refined
neutrosophic vector space over the refined neutrosophic field F(Iy,1;) ={a+ bl; +
cly;a,b,c € F}.
2—SPy =V +VP +VP,={x+yP, +zP,;x,y,z€V} is the corresponding symbolic
2-plithogenic vector space over 2 — SPy, then:

1.002 — SPy is semi homomorphic to V(I).

2.[12 — SPy is semi isomorphic to V (I3, 1,).
Proof.

1.[1We define f:2 —SP, - V(I),g:2 — SPr — F(I) such that:
fx+yPi+2zP) =x+ylx,y,z€V
g(a+bP;+cP,)=a+bl;a,b,c€F
We have the following;:
g is a ring homomorphism, that is because:
A=ag+a,P; +ayP,,B=by+ b P; + b,P,; a;, b; €F, then:
If A =B, then a; = b; forall i, thus ag+ a;I = by + byl,i.e. g(A) = g(B).
g(A+ B) = gl(ag + by) + (a; + b)Py + (az + by)P,] = ag + by + (a; + b))l = g(A) + g(B).
g(A.B) = glagby + (aghy + a1by + a1b1)P; + (agh, + a1b, + a,b + a,by + a,b,)P,]

= aobo + (aghy + ayby + ayby)I = (ag + a11)(by + by11) = g(4). g(B)

On the other hand, f is well defined, that is because:
If X=xy+x.Py+x,P,,Y =vyy+y,P;, +y,P,, then x; = y; for all i, hence ay + a,I = by +
biI, thus f(X) = f(Y).
f preserves addition, that is because:
For X = x¢ + x,P; + x,P,,Y =y + y1 P, + y,P,, we have:
fFX+Y) = fllxo +y0) + (x1 + y1)P1 + (xz2 + ¥2)P2] = x0 + o + (g + y1)I = f(X) + f(Y).
f preserves multiplication, that is because:
For A =ay+ a,P; + a,P, € 2 —SP,, we have:
f(A.X) = apxo + (apxy + arxg + ayx)1 = (ag + a; ) (xo + x11) = g(A). f(X)

Thus f is a semi module homomorphism.
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We define f:2—-SP, - V(y,1;), g:2—SPr - F(I;,1,), where f(x+yP,+2zP,)=x+

zl; + yI,, and g(a+ bP; +cP;) =a+cly + bly;x,y,z€V,a,b,c EF.

(g) is well defined, that is because:

If A=ay+ a;P, +a,P,,B =by+ b P; + b,P,, then:

ag = aq,by = by, cy = c1, hence: ag + coly + byl, = a4 + ¢11; + b1, so that g(A) = g(B).

(f) is well defined by a similar discussion.

(g) is one-to-one mapping, that is because:

ker(g) = {a + bP, + cP,;g(a + bP, +cP,) =0} =0

Im(g) ={a+cl, + bly;g(a+ bP, +cP,) € F(I},1,); 3A € 2 — SP;,g(A) = a + cl; + bl,}
=F(y,13)

(f) is one-to-one mapping, it can be proved by the same.

(9) and (f) preserve addition, that is because:

Consider A =ag+ aP; +a,P,,B =by+ bPy +byP, €2 —SPp, X =xg+ x,P; + x,P,,Y =

Yo + Y1P1 + y,P, € 2 — SPy, then:

g(A+ B) = gl(ag + by) + (a; + b)P; + (az + by)P,] = ag + by + (a; + b)ly + (az + by,
=g(A) +g(B)

fX+Y)=f(X)+ f(Y) by asimilar discussion.

(g) preserves multiplication, that is because:

g(A.B) = agby + (agh, + ayby + ab, + a1by + ayby)1; + (aghy + a1by + a;1b1)1, =

9(4).9(B).

(f) is semi module homomorphism, that is because:

f(A.X) = agxg + (apxy + azxg + axx; + ayx; + apx)ly + (agxy + ajxg + a;xq)1,
= (ap + a1y + axl;)(xg + X214 + x113) = g(4). f(X)

The basis of a symbolic 2-plithogenic vector spaces:

Theorem.

Let T = {ty, ..., t,} be a basis of the vector space V over the field F, then the set:

Tp ={t; + (tj — t;)P1 + (tx — tj)P;;1 < i,j,k < n} isabasis of 2 — SPy.

Proof.

Let X = x5 +x1P; +x,P, € 2—SPy,xq,%1,%, EV.

Xo = Xi=q Qiti, Xo + X1 = Xj_q Bjtj, Xo + X1 + X3 = X1 Vil @i, B, Vi € F.

Wevput 4;jx =a;+ (B —a;)Pr+ (vk = Bj)P;1 < i,j,k <n

Tyjre=ti+ (G —t)Pr+ (te — )P 1< ijk <n
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n
Z Aij Tijk

i,j,k=1
n
= Z[aiti + [ﬁ]tj - ,Bjti - (Zl'tj + aiti + ﬁjti - al-tl- + aitj - al-tl-]Pl
i=1
+ [aite — @ity + viti — Biti — vietj + vieti — Bjtj + Biti + Ytk — Yit; — Bit
+ _ﬁ]t] + ﬁjtk - ﬁ]t] - aitk + aitj]Pz]
n n n n n
Z aiti + P1 Zﬁ]t] - Z aiti + PZ Z )/ktk - zﬁ]t]
i=1 j=1 i=1 k=1 j=1

= xo + Pi[xg + x4 — xo] + Pylxg + x4 + x5 — (X + x1)] = xog + %, P; + x,P,
=X

Thus T generates 2 — SPy.

On the other hand, T is linearly independent, that is because:

If ¥ k=14ijk-X =0, then:

i1 ait; = 0,X% Bit; = 0,Xk_1 Ytk = 0, hencea; = B; =y = 0 forall i,j,k, thus A; ;) =

0.

This implies that T is a basis of 2 — SPy,.

Example.

Find a basis of 2 — SPp2.

Solution.

First of all, we have {u; = (1,0),u, = (0,1)} is a basis of R?.

The corresponding basis of 2 — SPp2 is:

T ={T,,T,,T5,T4,Ts, Tg, T7, Tg} such that:

Ty =(1,0),T, = (0,1),Ts = uy + (uz —uP; + (uz —ux)P, = (1,0) + (L, 1P,

Ty =up + (uz —uP; + (ug —ux)P, = (1L,0) + (-1, 1P, + (1, -1)P,

Ts =up + (uz —u)Py + (uy —u)P, = (0,1) + (1, -DP,

Te = uy + (uz —u )Py + (uz —uy )P, = (0,1) + (L, -1P, + (L 1P,

T7 =uy + (g —uPy + (uz —u)P, = (1,0) + (L 1P,

Tg =up + (uz —ux)Py + (g —ux)P, = (0,1) + (1, -1P,

Remark.

dim (2 — SP,) = (dimV)3.

Conclusion
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In this paper we have defined the concept of symbolic 2-plithogenic vector spaces over a

symbolic 2-plithogenic field, where we have presented some of their elementary properties

such as basis, linear transformations, and AH-subspaces. On the other hand, we have

suggested many examples to clarify the validity of our work.
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Abstract:

The aim of this paper is to define and study the concept of symbolic 3-plithogenic rings as
a novel extension of classical rings and symbolic 2-plithogenic rings respectively. Also,
many related substructures will be presented such as idempotent elements, AH-ideals,

AHS-homomorphisms, and kernels.

On the other hand, many examples will be illustrated to show the validity of concepts and

theorem.
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Introduction

The concept of symbolic neutrosophic algebraic structure has played an important role in
the advances of pure algebra and logical algebra. Many interesting structures were defined
from this point of view, such as neutrosophic rings, refined neutrosophic rings,

neutrosophic spaces, and n-cyclic refined neutrosophic rings [1-5,8-11,13-20].

In [30], Smarandache has presented a novel approach to algebraic structures by using the
concept of n-symbolic plithogenic sets, where he defined algebraic operations on these

structures and asked many open problems about them.
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In [31], the concept of symbolic 2-plithogenic ring was suggested, and concepts such as

symbolic 2-plithogenic AH-homomorphisms, ideals, and kernels.

This paper is considered as an additional effort which is dedicated to define a new
algebraic structure built over the idea of symbolic n-plithogenic set with algebraic ring in a

special case of n=3.

Main Discussion

Definition.

Let R be a ring, the symbolic 3-plithogenic ring is defined as follows:

3 —SPg ={ap + a;Py + ayP, + azPs; a; € R, P> = P, P; X P; = Praniijy}-

Smarandache has defined algebraic operations on 3 — SPy as follows:

Addition:

[ag + a;P; + ayP, + a3Ps] + [by + by Py + by Py + b3 P3| = (ag + by) + (ay + by )Py +

(az + by)P; + (az + b3)Ps.

Multiplication:

ag + a1 Py + a, P, + a3Ps]. [bg + by Py + by Py + b3P3] = agby + agb Py + agb, P, + agbsPs +
a3boPy? + a;by Py Py + ayboPy + azbi Py Py + azboPy® + aybsPsPy + aybsPyPs + azbs(Ps)? +
azbyP; + azb P3Py + azb,P,P; + a;b, P, Py = agby + (agb; + a;bg + a1b1)P; + (agh, +
a;b, + ayby + ayby + ayby)P, + (aghs + a1bs + aybs + azb; + asby + azby + azby)Ps.

It is clear that (3 — SPr) is aring.

Also, if R is commutative, then 3 — SPy is commutative, and if R has a unity (1), than 3 —
SPg has the same unity (1).

Example.

Consider the ring R = Z5 = {0,1,2,3,4}, the corresponding 3 — SPy is:

3—SPy ={a+bP, +cP, +dPs;a,b,c,d € Zs}.

If X=1+2P, +3P, +P;,Y = P, + 2P,, then:

X+Y=1+3P, +P,+ Py, X—Y =1+P, +P,+P3,X.Y =P, + 2P, + 2P, + 4P, + 3P, +
6P, + P3 + 2P; = 3P, + 3P, + 3P;.

Invertibility.

Theorem.

Let 3 — SPg be a 3-plithogenic symbolic ring, with unity (1).

Let X = xy + x1P; + x,P, + x3P; be an arbitrary element, then:
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1.0X is invertible if and only if xg,xo +x1, X0+ %1 + X3, Xo +x1 + X, +x3 are
invertible.
20X =xg7h A+ [(o +x1) 7 — x0T Py + [(xg + xq +25) 7 = (g + )P, [ (%0 +
xp 4 x, +x3)7 = (x0 + x1 + x3)71]Ps.
Proof.
1.[1 Assume that X is invertible, than there exists Y =y, + y;P; + y,P, + y3P; such
that X.Y = 1, hence:

XoY3 + X1Y3 + X2¥3 + x3¥3 + X3y, + X3y + x3Y0 = 0 (1)
XoVo =1... (2)
XoY1 +X1Y0 + %1y, = 0... (3)
XoY2 + X2Y0 + X2Y2 + X1Y2 + %291 = 0... (4),

Equation (2), means that x, is invertible.
By adding (3) to (2), we get (xo + x1)(¥o +¥1) = 1, thus xy + x; is invertible.
By adding (4) to (3)to (2), we get (xg + x1 +x3)(yo +y1 +¥2) = 1, hence xy + x; + x; is
invertible.
By adding (1) to (2) to (3) to( 4), we get (xo +x; +x + x3)(¥o + ¥1 +¥2 +¥3) = 1, hence
Xo + X1 + Xp+x3 is invertible.
The converse holds by the same.

2.[1From the previous approach, we can see that:
Yo=Xo LYoty = (o +x)h Yoty + Y2 = (o +x +x)7H, (g F X+, +x3) T =
Yo +¥1 +y2 +y3, then:

.Y =xo 1+ [(xg + 1)1 — 27 Py + [(x0 + x1 + x2) 71 = (xg + x1) 1P, +[(xo + x4 +

Xy +x3)" 1 — (xg + x1 + x3) 1] P;.

=Xx"1
Example.
Take R =7Zs=1{0,1,2,3,4}, 3—SP; is the corresponding symbolic 3-plithogenic ring,
consider X =2+ 4P, + 2P, + P; € 2 — SP;_, then:
Xy = 2 is invertible with x,71 =3, xo + x; = 1 is invertible with (xo +x;)"1 =1, x, +
x; +x, = 3 is invertible with (xg+x; +x,) 1 =2, xg+x; +x, + x3 =4, (xg + x; + x, +
x3)”1 =4 hence:
X1=3+1-3)P+@2—-1)P,+(4—2)P; =3+ 3P, + P, + 2P;.
Idempotency.

Definition.
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Let X = a+ bP, + cP, + dP; € 3 — SPg, then X is idempotent if and only if X2 = X.
Theorem.

Let X =a+ bP; + cP, + dP; € 3 — SPg, then X is idempotent if and only if a,a+b,a +
b+c, a+b+c+d areidempotent.

Proof.

X?2=X.X=(a+bP,+cP,+dP;)(a+ bP, +cP, +dP;) = a® + (ab + ba + b*)P, +

(ac+ bc+ca+chb+c?)P, + (ad + bd + cd + d.d + da + db + dc)Ps.

ad + bd + cd + d.d + da + db + dc = 0 (1)
a’=a.. (2)
ab+ba+b?=b..(3)
ac+bc+ca+ch+c?=c..(4)

X? = X.X equivalents

Equation (2) means that a is idempotent.

By adding (3) to (2), we get (a + b)?> = a+ b, hence a + b is idempotent.

By adding (3) to (2) to (4), we get (a+b+c)>=a+b+c, hence a+b+c is
idempotent.

By adding (1) to (2) to (3) to (4), weget (a+b+c+d)> =a+b+c+d, thusa+b+c+d
is idempotent.

Thus the proof is complete.

Example.

Take R = Z¢ ={0,1,2,3,4,5}, 3 —SP;, is the corresponding symbolic 3-plithogenic ring,
consider X =3+ P; + 5P, € 3 — SP;_, we have:

X2 =9+ 6P, + P, + 30P, + 25P, + 10P, =3 + P, + 5P, = X.

The following theorem clarifies the natural powers in 2 — SP;.

Theorem.

Let 3 —SP; be a commutative symbolic 3-plithogenic ring, hence if X =a + bP; + cP, +
dP;, then X" =a"+ [(a+b)"—a™|Pi+[(a+b+c)"—(a+D)"|P,+ [(a+b+c+d)" —
(a+ b+ c)"]Psforevery n € Z*.

Proof.

For n =1, it holds easily. Assume that it is true for n = k, we prove it for n = k + 1.

Xkl = X XK = (a4 bPy + cP, + dP3)(a* + [(a + b)¥ — a¥]P, + [(a + b + )F —
(@+b)¥1P,+ [(@a+b+c+dF = (a+b+)¥IP;) = a**! + [(a + b))+ — a**1]P, +

[(@a+ b+ ) —(a+Db)*P, + [(a+ b+ c+d)*t — (a+ b+ c)k*1]P;So, that proof is

complete by induction.
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Example.

Take R = Z, the ring of integers. Let 3 — SP; be the corresponding symbolic 3-plithogenic
ring,  hence X =1+2P, + 3P, + P3,X? = 13+ P,[(3)* — 13] + P,[(6)® — 33] + (73 —
63)P; = 1+ 26P; + 189P, + 127P,

Definition.

X is called nilpotent if there exists n € Z* such that X" = 0.

Theorem.

Let X € 3 — SP;, where R is a commutative ring, then X is nilpotent if and only if a,a +
b,a+b+c,a+b+c+d arenilpotent.

Proof.

X =a+ bP; + cP, + dP; is nilpotent if and only if there exists n € Z* such that X" =0,

hence:

(a+b+c+d)"—(a+b+c)"=0 (a+b+c+d)™=0

a = a = .
(@a+b)"—a™ =0 S (@+b)t=0 thus the proof is complete.
(a+b+c)"—(a+b)"=0 (a+b+c)"=0

Definition.

Let Qo, Q13,Q2,Q3 be ideals of the ring R, we define the symbolic 3-plithogenic AH-ideal as
follows:

Q = Qo+ Q1Py + Q2P5 + Q3P3 = {xo + %1 P + x,P; + x3P3; x; € Q;}.

If Qp = Q; = Q, = Q3, then Q is called an AHS-ideal.

Example.

Let R = Z be the ring of integers, then Q, = 2Z,Q, = 3Z,Q, = 5Z are ideals of R.

Q ={2m+ 3nP; + 5tP, + 5sP;; m.n.t,s € Z} is an AHS-ideal of 3 — SP,.

M = {2m + 2nP, + 2tP, + 2sP;; m.n.t,s € Z} is an AHS-ideal of 3 — SP,.

Theorem.

Let Q be an AHS-ideal of 3 — SP, then Q is an ideal by the classical meaning.

Proof.

Q canbe writtenas Q = Q¢ + QoP; + QuP, + QyP3, where Q, is anideal of R. Itis clear that
(Q,+) is a subgroup of (3 — SPg, +).

Let S =59+ 5Py + 5P, + 53P3 €3 —SPg, thenif X =a+ bP; + cP, + dP; € Q, we have:
S.X =spa+ (sob + sya+ s1b)P; + (soc + s1¢ + sy,a + s3b + 5,¢) P, + (sod + 51d + s,d +

s3d + s3a + s3b + s3¢)Ps € Q, that is because:
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So@ € Qq,Sob + sya + 510 € Qp, SoC + 51¢ + 5,0 + s,b + 53¢, 50d + 57d + 5,d + s3d + s;a +
s3b + s3c € Q.
Definition.
Let R, T be two rings, 3 —SPg,3 —SPr are the corresponding symbolic 3-plithogenic
rings, let fo, f1, 2, f3: R = T be four homomorphisms, we define the AH-homomorphism as
follows:
f:3 —SPgr = 3 — SP; such that:
f(a+bPy + cP, + dP3) = fo(a) + f1(D)Py + fo(c)Po+f3(d)Ps
If fo =f1=f2=f3 then f is called AHS-homomorphism.
Remark.
If fo,f1, f2, f3 is isomorphisms, then f is called AH-isomorphism.
Example.
Take R=Z, T =Zg, fo, f1: R = T such that:
fo(x) = x(mod 6), f1(2) = 3x(mod 6). It is clear that fy, f; are homomorphisms.
We define f:3 — SPgr = 3 — SPr, where:
fO+yPy+ 2P, + 5P3) = fo(x) + (V)P + f2(2)P; + fo(s)Ps = x(mod 6) + y(mod 6)P; +
(3z mod 6)P,+(3s mod 6)P;
Which is an AH-homomorphism.
Theorem.
Let f = fo + fiP1 + foP, + f3P3:3 — SPr = 3 — SPr be a mapping, then:
1.0If f is an AHS-homomorphism, then f is a ring homomorphism by the classical
meaning.
2.00If f is an AHS-homomorphism, then it is an isomorphism by the classical meaning.
Proof.
1.00Assume that f is an AHS-homomorphism, then fy=/f =f,=f; are
homomorphisms.
Let X = x¢ + x1P; + x,P, + x3P3,Y = yo + y1P; + y,P, + y3P; € 3 — SPg, we have:
fX+Y) = folxo +¥0) + folxs + y1)Py + fo(xz + ¥2)Pz + fo(x3 + y3)P3 = f(X) + f(¥)
fX.Y) = fo(xoyo) + foCxoyr + x1¥0 + X1¥1)P1 + fo(XoY2 + X2¥0 + X2¥2 + X2y1 + %1Y2) P, +
fo(xoys + x13 + X253 + X3¥3 + X3¥1 + X3¥0 + *3¥2)Ps = fo(x0) fo (Vo) + (fo(xo) fo(ys) +
foGe) foo) + fox) fo))Pr + (fo(xo) fo(y2) + fo(x2) fo(vo) + fo(x2) fo(v2) +
fo(x2)fo(y1) + fo(x1)f0(3’2))P2 + [(fo(%)fo()%) + fo(x1)fo(y3) + fo(x2) fo(y3) +
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fo(a) foys) + fo(xa) for) + fo(xa) fo(r2) + fo(x3) fo (o) )1Ps = [fo (%) + fo(x1)Py +
fo(x2)Psy + fo(x3)Psllfo(vo) + fo(y1)Pr + fo(y2) P2 + fo(¥3)Psl = fF(X) + f(¥).
So that, the [roof is complete.
2.01By a similar discussion of statement 1, we get the proof.
Definition.
Let f = fo + fiP1 + f2P, + f3P3:3 — SPg > 3 — SPr be an AH-homomorphism, we define:
1.00AH- ker(f) = ker(fy) + ker(f1)P; + ker(f,)P, + ker (f3)P; = {my + myP; + m,P,
m3Ps; m; € ker(f;)}.
2.00 AH-factor 3 — SPg/AH — ker(f) = R/ker(f,) + R/ker(f,) P, + R/ker(f,) P,
+ R/ker(f3) Ps
If fo = fi = f2 = f3, then we get an AHS- ker(f) and AHS-factor.
Example.

Take R =Zyy, fo:R =T, fo(x) = (x mod 10), ker(f,) = 10Z.

+

_|_

The corresponding AHS-homomorphismis f = fy + foP; + foP; + foP3:3 — SPr = 3 — SPr,

such that:
f(xo +x1Py + x2P2) = fo(xo) + fo(x1)Py + fo(x2)P2 + fo(x3)P3

= (xo mod 10) + (x; mod 10)P; + (x,mod 10)P, + (x3mod 10)P;
AHS-ker(f) = 10Z + 10ZP, + 10ZP, = {10x + 10yP, + 10zP, + 10sP;; x,y,2,s € Z}
AHS-factor= Z/10Z + Z/10Z P, + Z/10Z P, + Z/10Z P,

Definition.

Let (F,+,.) beafield, then (3 — SPg,+,.) Is called a symbolic 3-plithogenic field.

(3 = SPg,+,.) Is not a field in the algebraic meaning, that is because P; are not invertible,

but it is a ring.

Conclusion

In this paper, we have defined the concept of 3-plithogenic rings, and we presented many

interesting algebraic properties such as invertibility, nilpotency, and idempotency of their

elements.

Also, we have presented many related concepts such as AH-ideals, AH-kernels and

homomorphisms with their elementary properties in terms of theorems with many clear

examples.

In the future, we look for many symbolic 3-plithogenic structures, especially symbolic

3-pithogenic modules, vector spaces, and matrices.
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Abstract:

The objective of this paper is to answer the open problem proposed about the validity of
phi-Euler’s theorem in the refined neutrosophic ring of integers Z(I;,1;). This work
presents an algorithm to compute the values of Euler’s function on refined neutrosophic
integers, and it prove that phi-Euler’s theorem is still true in Z(I4, I3).

On the other hand, we present a solution for another open question about the solutions of
Fermat's Diophantine equation in refined neutrosophic ring of integers, where we

determine the solutions of Fermat's Diophantine equation X" +Y" = Z";n > 3 in Z(Iy, ).

Key Words: refined Neutrosophic integer, Neutrosophic Euler's function, Neutrosophic

Fermat's equation

1. Introduction

Neutrosophy is a new generalization of fuzzy ideas by considering three membership

states (truth, falsity, and indeterminacy) founded by Smarandache in 1995 [1].
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In the literature [2], the indeterminacy element I was used to build some interesting
extensions of algebraic rings. By adding I (with a logical property I = I) to any ring R, we
get R(I) the corresponding neutrosophic ring as follows:

R(I) ={a + bl;a,b € R}[2].

In [3], Agboola et.al, proposed the structure of refined neutrosophic rings.

As a natural development, neutrosophic number theory was studied in [4,6], where we can
find neutrosophic congruencies, Diophantine equations, primes, and neutrosophic Euler’s
theorem.

In [5], Ibrahim et.al, proposed the basic ideas in refined neutrosophic number theory,
where they defined congruencies, Pell’s equation, and divisibility in Z (I, ;). On the other
hand, an interesting open question has been asked as follows:

Define phi-Euler’s function in Z(Iy,1;)? Is Euler’s theorem still true ?.

Through this paper, we aim to solve this problem by proving that Euler's theorem is still
true in refined neutrosophic number theory.

Also, we find all possible solutions for The non-linear Fermat's Diophantine equation
X"+ Y™ =Z7Z"n = 3, which was proposed as an open question in [7].

For more results and findings of neutrosophic number theory and algebraic structures, see

[8-15].
For definitions and basic concepts in refined neutrosophic number theory, see [5].

Main discussion :

First of all, we will give an example to explain our idea.
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Example :

Let Z(I;,1;) be the refined neutrosophic ring of integers, consider x = (3,1, —I;)eZ (I, I3).
To compute the value of ¢(x), we have to know the number of refined neutrosophic
integers:

¥y = Vo, Y111, ¥213), with the property :

{gcd(x, y) = (1,0,0)
O0<y<x

According to the definition of (gcd) in refined neutrosophic ring of integers, we get

ged(3,y0) =1, ged(2,y0 +y2) =1, ged(3,y0 +y1 + ¥,) = 1.Also, y < x implies that:

0<ys+y, <2

{ 0<y<3
0<yo+y;+y, <3

The possible values of y, are {1,2}. The possible values of y, + y, are {1}.The possible

values of yg +y; + ¥, are {1,2}. This implies that we get the following solutions :
y=(100), y=(11,0), y=(20,1), y=(21,—1)

So, p(x) = 4 which is equal to ¢(3) X ¢(2) X ¢(3). Now, we are able to study the general

case.

Definition:

Let 0 < x = (xg, x111, x,15)€Z (14, I;), we define Euler’s function as follows:

o(x) =y = 0o, y111,y212)€Z (13, I): ged(x, y) = (1,0,0)and 0 < y < x}|.

Theorem::

Let x = (xq,x1I1,x,1;) be any positive refined neutrosophic integer, hence: ¢(x) =

P(xg) X P(xg + x2) X @(xg + X1 + Xx3).
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Proof:

0<y<x

Let y = (¥o,¥111,¥212) be a refined neutrosophic integer with {gc d(x,y) = (1,0,0)

We have, (yo<xo, Yo+y2<Xo+ X3 Yo+ Y1 +¥2<x0+x +x) and (gcd(xy,yo) =
ged(xg + x3,¥0 +¥2) = ged(xg +x1 + x2,¥0 + ¥4 +¥2) = (1,0,0). This implies that we have
@ (x9) ways to chosey,, @(xo+ x;) ways to chose y, + ¥y, and @(xo + x; + x;) ways to
chose yg +y; +y,. By using the essential concept in combinatory, we get ¢(x) =
®(x0) X @(xo + x2) X (X + x1 + X2).

Example:

Let x = (4,0,21,), we have :

) =2 ¢(4+2)=¢6)=2,0(4+0+2) =9¢(6) =2

Hence ¢(x) =2x2x2=8.

0<y<x

We shall find the 8 refined neutrosophic integers with the property {gc d(x,y) = (1,0,0)

Let Yy = o111, y212) ’ we have

Yo <4, gcd(yy,4) =1=1y,€{1,3}
Yo+ Y2 <6, ged(yo+y,,6)=1=y,+y, €{1,5}
Yot Y1 +¥2<6, gcd(yo+y; +¥2,6) =1=y,+y, +y, €{1,5}

The possible solutions are:
1) y = (1,0,0).

2) y = (1,—41,,41,).

3) y = (1,0,41,).

4) y = (1,41, 0).

5) y = (3,0, —21,).
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6) y = (3,411, _212).
7) y = (1,—41,21,).

8) y = (1,0,21,).

The following theorem clarifies how to compute natural powers in Z(Iy, I,).

Theorem :

Let x = (x9,x111,x,13) € Z(I1,1,), let n be any positive integer, hence x™ = (xg,I1[(xo +
x1 +x2)" — (o + x2)"], Iz [(xg + x2)™ — xg ).

Theorem:

Let Z(I;,1;) be the refined neutrosophic ring of integers. Let x = (xg,x114,%21,), ¥y =
Vo, V111, ¥212) € Z(I1, 1) with ged(x, y)=1, hence x?©) = 1(mod y).

Proof:

According to the assumption , we have :

xO) = x@W)XPWo+y2) X Yo+y1+Y2) — (xé”(”,ll[(xo +xp + 2,)20) — (x50 + 2,) 2], L[ (g +

X)) — xg’(y)])_

Now, let’s compute the following :

xP) = [xg’(yo)]<p(y0+yz)><tp(yo+y1+yz) = 1900ty X00+Y1+Y2) (mod y,) = 1(mod y,) -
(That is because gcd(xg,yo) = 1)

(X0 + %)) = [(xg + x,)PVotY2)|PGI*X0Go+y1+Y2) = 1 (mod y, + y,).

(That is because gcd(xy + x2,¥9 +¥,) = 1)

(xg + %1 + %)P0) = [(xg + x1 + x,)PC0+Y1+2)]000)X0G0+Y2) = 1 (mod y, + y, + y3).
(That is because gcd(xg + x1 + X2, Y0 + Y1 +¥2) = 1).

We get that:

xg’(y) = 1(mod yy),

xg @+ o + 22099 = x| = (0 + )@ = 1(mod yo +72),
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xg’(y) + [(xo + x,)?™) — xgp(y)] +[(xg + 21 + x)PP) — (30 + x)?P) = (%0 + %1 + x,)?W) =

I(mody, +y1 +¥2),

Under the definition of congruencies in refined neutrosophic rings we can write:
x?®) = (1,0,0) (mod y).

This implies that Euler’s theorem is true in Z (I, I,).

Definition : [7]

Let R be a ring, F = (X,Y,Z) be a triple, where X,Y,Z € R. F is called a general Fermat's
triple if and only if X" + Y™ = Z"; for all integersn >3 .

This is equivalent to the condition that (X, Y, Z) is a solution of Fermat's equation.
Theorem :

Let Z(I,,1,) be the refined neutrosophic ring of integers. The Equation X™ +Y" =Z™";n >
3 has only 27 solutions.

Proof:

xOn + yon = Zon (1)
xn + Y"=7I"s (xo + xz)n + (yo + yz)n = (ZO + Zz)n (2)
(o +x1 +x2)"+ (Yo +y1 +y2)" = (20 + 21 +2)" ... (3)

Now, solutions of (1) is.

Xo =Y0 =20 =0..(a)
Xg = Zg = 1'3’0 =0 (b)
Vo=29=1,x5=0..(c)

solutions of (2) is.

x0+x2=y0+y2=20+22=0...(d)
Xo+tx,=20+2,=1y,+y,=0..(e)
Yot Y, =29+ 2, =1x5+x,=0..(f)

solutions of (3) is.
x0+x1+x2 :y0+y1 +y2 :ZO+Zl +ZZ = O(g)
x0+x1 +x2 :ZO+Zl +Z2 = 1,y0 +y1 +y2 = O(h)
y0+y1+y2 :ZO+Z]_ +ZZ = 1,x0+x1+x2 = O(l)
We discuss possible cases.
Casel. If (a),(d),(g), then X =Y = Z = (0,0,0).
Case2. If (a),(d), (h), then X = (0,1,0),Z = (0,1,0),Y = (0,0,0).
Case3. If (a),(d), (i), then X = (0,0,0),Z = (0,1;,0),Y = (0,1;,0).

Cased. If (a),(e),(g), then X = (0,—14,1,),Z = (0,—1,1,),Y = (0,0,0).
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Caseb. If (a), (e),(g), then X = (0,-1;,1,),Z = (0,0,1,),Y = (0,0,0).
Case6. If (), (€), (h), then X = (0,0,1,),Z = (0,0,1,),Y = (0,0,0).

Case?. If (a), (f), (g), then X = (0,0,0),Z = (0,—1I,1,),Y = (0, —1I, I,).
Case8. If (@), (f), (h), then X = (0,1;,0),Z = (0,—1I,1,),Y = (0, -1, I,).
Case9. If (@), (f), (i), then X = (0,0,0),Z = (0,0,1,),Y = (0,0, 1,).
Casel0. If (b),(d), (g), then X = (1,0,—1,),Z = (1,0,—1;),Y = (0,0,0).
Casell. If (b),(d), (h), then X = (1,1;,—1,),Z = (1,1,—1;),Y = (0,0, I).
Casel2. If (a),(d), (i), then X = (1,0,—1,),Z = (1,13,13),Y = (0,1, 0).

Casel3. If (b), (e),(g), then X = (1,—1;,0),Z = (1,—1;,0),Y = (0,0,0).

Caseld. If (b), (e), (h), then X = (1,0,0),Z = (1,0,0),Y = (0,13, 0).

Casel5. If (b), (e), (i), then X = (1,—1,0),Z = (1,0,0),Y = (0,1;,0).
Casel6. If (b),(f),(g), then X = (1,0,-1,),Z = (1,-1,,0),Y = (0,1, I,).
Casel?. If (b),(f),(h), then X = (1,1;,1,),Z = (1,0,0),Y = (0,14, [,).
Casel8.If (b), (f), (i), then X = (1,0,—L),Z = (1,0,0),Y = (0,0, ,).
Casel9. If (¢),(d), (h), then X = (0,1;,0),Z = (1,1,—1,),Y = (1,0, —1,).
Case20. If (¢),(d),(g), then X = (0,0,0),Z = (1,0,—1,),Y = (1,0, —1,).
Case2l. If (¢),(d), (i), then X = (0,0,0),Z = (1,1,—1,),Y = (1,1, —1,).
Case22. If (¢),(e),(g), then X = (0,—1;,15),Z = (1,—1;,0),Y = (1,0, —1,).
Case23. If (a), (e), (h), then X = (0,0,—1,),Z = (1,0,0),Y = (1,0, —1,).
Case24. If (¢), (e), (i), then X = (0,—13,13),Z = (1,0,0),Y = (1,1, I,).
Case25. If (¢), (f),(g), then X = (0,0,0),Z = (1,-1;,0),Y = (1,—13,0).
Case26. If (¢), (f), (h), then X = (0,1;,0),Z = (1,0,0),Y = (1,—14,0).

Case27. If (¢), (f), (i), then X = (0,0,0),Z = (1,0,0),Y = (1,0,0).

Conclusion

In this paper, we have defined the Euler's function in the refined neutrosophic ring of

integers (I;,1;) , as well as, we have presented an algorithm to compute the values of this
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function.

Also, we have proved that Euler's famous theorem is still true in the case of refined
neutrosophic number theory.

In particular, we have determined the possible solutions of Fermat's equation in the refined
neutrosophic ring of integers.

As a future research direction, we aim to study the Euler's theorem in n-refined
neutrosophic number theory and n-cyclic refined neutrosophic integers, as well as Fermat's

equation in these rings.
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Abstract:

The n-cyclic refined neutrosophic algebraic structures are very diverse and rich materials.
In this paper, we study the elementary algebraic properties of 2-cyclic refined neutrosophic
square matrices, where we find formulas for computing determinants, eigen values, and
inverses. On the other hand, we solve the diagonalization problem of these matrices, where
a complete algorithm to diagonlaize every diagonalizable 2-cyclic refined neutrosophic

square matrix is obtained and illustrated by many related examples.

Key Words: n-cyclic refined neutrosophic ring, n —cyclic refined neutrosophic matrix, the

diagonalization problem.

1.Introduction

Neutrosophic algebraic structures were defined firstly in [1], by adding an algebraic
indeterminacy element I to classical algebraic structures to obtain n novel extensions. For
example, we can find neutrosophic geometry, neutrosophic functions, neutrosophic rings,

and neutrosophic spaces [2-7].

Rama Asad Nadweh, Rozina Ali, Maretta Sarkis, On The Algebraic Properties of 2-Cyclic Refined Neutrosophic Matrices
and The Diagonalization Problem


mailto:ramaanadwehh@gmail.com
mailto:rozyyy123n@gmail.com
mailto:Sarkismaretta1990@gmail.com

78

The concept of n-cyclic neutrosophic algebraic structure was supposed in [8], and then it
has been studied widely, see [9-12].
As an important algebraic structure, neutrosophic matrices with many types were handled
and studied, where we can see many results about inverses, eigen vectors,
diagonalizations, and determinants were proven and established [13-24]. In the literature,
we have many types of neutrosophic matrices, refined neutrosophic matrices, and
n-refined neutrosophic matrices, and n-cyclic refined neutrosophic matrices [17].
The diagonalization algorithm for n-cyclic refined neutrosophic matrix has been asked as
an open problem in [12], and it is still open for all values of n.
This motivates us to study the diagonalization problem for n =2, and to present an effective
algorithm to diagonlaize a 2-cyclic refined neutrosophic square matrix, as well as many
related concepts, especially eigen values computing.
2. Preliminaries
Definition [8]
Let (R+,X) be a ring and I;1 < k < n be n sub-indeterminacies. We define R,(I)={ay +
ayI + -+ ayl, ; a; € R} to be n-cyclic refined neutrosophic ring.
Operations on R, (I) are defined as:
Yioxili + Xinovili = o + ¥yl Xiso xili X Do vili = X jco(x: X yi) il =27 —o(: X
¥i)(i+j modn) -

x is the multiplication on the ring R.
In this paper, we study open problem 3, open problem 4, and open problem 5 in [12].
3. Main discussion :

Definition.
Let M =My + M;I; + M,I, be a 2-cyclic refined neutrosophic matrix, then M is
diagonalizable if and only if there exists a 2-cyclic refined neutrosophic diagonal matrix K

and invertible matrix U such that M = UKU L.

Theorem.
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Let M =My+ M1, + M,I, be a 2-cyclic refined neutrosophic matrix, then M is
diagonalizable if and only if: My, My + M; + M, ,My — M; + M, are diagonalizable.

Proof.

Assume that M is diagonalizable, then there exists a diagonal matrix K = Ky + K11; + K51,
and an invertible matrix U = U, + U1, + U,I, such that M = UKU L.

The matrix equation UKU™* = M is equivalent to:

4 1 _
UoKoUp ™t + E11[(U0 + Uy 4+ Uy) (Ko + Ky + Kp)(Ug + Uy + Up) ™t
— Uy — Uy + Uy)(Kg — Ky + K3)(Ug — Uy + Uy) ™1
1
+ E12[(U0 + Uy + Uy)(Ky + Ky + K)(Ug + Uy + Uy)™t
— Uy — Uy + U)Ky — Ky + K2)(Ug — Uy + Up) ™t = 2UpKoUp ™|
= MO + Mlll + lez
Thus:

UOKOUO_1 = M,
(Ug+ U + U)Ky + Ky + K;))(Ug + Uy + Uy)™r = Mg + M; + M,
U — Uy + Up) (Ko — Ky + K)(Up — Uy + Up) ™t =My — My + M,

This implies My, My + My + M, ,My — M; + M, are diagonalizable.
Conversely, assume that My, My + M; + M, ,My — M; + M, are diagonalizable, then there
exists diagonal matrices Dy, Dy, D, and invertible matrices Py, P;, P, such that PyDyP, ™! =
My, P,D;P,”* = My + My + M,, P,D,P,™* = My — M; + M,.
This  implies  that My =—(PDPy™" = P,D,Py "), My = 2(PLDy Py ™" + P,D, Py " —
2PyDyPy )

We put D = Do +31;(D; = D;) + 5 1(Dy + Dy = 2Dg) = Lo +35 1 Ly +

Lo = Dy

hly{ Li=Di=D; .
L2:D1+D2_2D0

1 1 1 1 No = Fo
P:P0+511(P1—P2)+512(P1+P2—Zpo)=N0+511N1+512N2, N1=P1_P2
N2=P1+P2_2P0

We have:

P™t= No ™ + S L[ (No + Ny + Np) ™t = (Ng = Ny + No) ™1 + 2 L[ (No + Ny + Np) ™ —
(No = Ny + Np)™ = 2Ny = Py + 2L [P = P+ S [Pt + P — 2P
It is easy to check that PDP™ = My + My1; + M,I, = M, thus M is diagonalizable.

Example.
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Consider the following 2 x 2 2-cyclic refined matrix:

34_11 31 11 +11 1 1 -3 1

S11 T 512 511 512 =y n I

¥ = 2 2 2 2 :(3 0)+ 2 2 |42 2|,
11 11 , 31 +11 0 2 1 -3 -1 1
2t 272 2122 2 2 2 2

= XO + X111 + lez
We have:

%0=C Nxorxirn=C Nx-xrr=(1 9

X, is diagonalizable with X, = P, 1A,P,, where P, = ((1) 2), Ay = (g g)

Xo + X1 + X, is diagonalizable with X, + X; + X, = P,7*A,P;, where P, = ((1) _1), A =

2 0
(o 1)
o . . _p -1 _(3 0 _
Xo — X1 + X, is diagonalizable with X, —X; + X, = P,” "A,P,, where P, = (1 1), A, =
10
(o 4
According the previous theorem, we have.

X = P~1YP, where:

1 -3
=0 —~ 0
Y=A0+%hm1—@)+%5ml+@-aA@=(3 $+ SR PR R P
7 ° 2
13
(3453 0
31
0 2-Sh+3h

1 1
P=a{1+zhp;1—5‘ﬂ+§5p;1+5‘?—m%*]

1 ! 1 1-6L+1 ! I L I
:(1(5+ o2, 2 |, “hth ghtah
0 1 -1 11 2 1 1
— -1 > 1 —shtsh 1-L-1L
The Eigen Values.

Definition.

Let A=Ay + A1l; + A1, be an n-cyclic refined neutrosophic matrix, we say that T = t, +
t1l; + t;I; € Ry(I) is an eigen value if and only if AX =tX; X =X, + X111 + x31; is an
n-cyclic refined neutrosophic vector, where X; € R™.

X is called n-cyclic refined neutrosophic vector.
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Theorem.

Let A=Ay + A1l; + AzI; be an n-cyclic refined neutrosophic matrix, then T =t + t11; +
toI, € Ry(I) is an eigen value with X = X, + X11; + X,I, as eigen vector if and only if:

to is an eigen value of A, with X, as eigen vector, t, +t; +t, is an eigen value of A, +
A1 + A, with X, + X1 + X, as eigen vector, t, —t; +t, is an eigen value of Ay — 4; + 4,
with Xy, — X; + X, as eigen vector.

Proof.

The equation AX = tX is equivalent to:
1
AogXo + 511[(140 + A1+ A2)(Xo + X1+ X2) — (Ag — A1 + 42)(Xo — X1 + X7)]

1
+ 512[(140 +A; +A)(Xo + X1 + X)) + (Ag — Ay + A) (X — Xy + X3)
—240Xo]

1
=toXo + Eh[(to +t; )Xo + X1 + X3) — (to — t1 +t2)(Xo — X1 + X3)]

1
+ 512[(150 + it + )Xo + X1 +X5) + (tg — t + t3)(Xo — X1 + X)) — 2t0X,]
So that:

tOXO - AOXO (1)
(to+t1 +t2)(Xo+ Xy +X3) — (g —t; + )Xo — X; + X3) = (Ag + A1 + A) (X + X1 + X3) — (A — Aq + A;
(to+t1 +t2)(Xo+ Xy + X3) — (g —t; + )Xo — X; + X3) = (Ag + A1 + A) (X + X1 + X3) — (A — Aq + A;

This equivalents:

AopXo = toXo
(AO +A1 +A2)(X0 +X1 +X2) == (tO + tl + tZ)(XO +X1 +X2)
(Ap—A; +A)(Xg — X1 + X3) = (tg — t1 + )Xo — X1 + X3)

Thus, the proof is complete.
Example.

Consider the matrix:

3_{_11 31 1I+1I 1 1 -3 1

St 7 512 511 512 5 5 5 5

A= 270 2 2t 2 :(3 0)+ 2 2 042 2]
11 11 ) 31 11 0 2 1 -3 -1 1
21Tz fTgh Tk 2 2 2 2

= AO + Alll + Azlz
The eigen values of A, are {3,2}.
The eigen values of Ay + A, + A, are {2,1}.

The eigen values of Ay — A; + A, are {1,4}.

Rama Asad Nadweh, Rozina Ali, Maretta Sarkis, On The Algebraic Properties of 2-Cyclic Refined Neutrosophic Matrices
and The Diagonalization Problem



82

To find the corresponding 2 x 2 2-cyclic refined neutrosophic matrix 4, we discuss the
following cases:
Case(l). If to = 3, to + tl + tz = 2, to - t]_ + tz = 1, then:
1 -3 1 3
tl :5 ’ tz :7 ,thuS T1 = 3+511_512.

Case(Z). If to = 3, to + tl + tz = 2, to - t]_ + tz = 4, then:

ty=—1,t,=0,thus T, =3 —1I,.
Case(3).If t, =3, to+t;+t, =1, to —t; +t, = 1, then:
t,=0,t,=—2,thus T; = 3 — 2L,
Case(4).If ty =3, to+t;+t, =1, to —t; +t, = 4, then:
ty =_73 , b =_71 ,thus T, = 3—%11—212.
Case(5).If tg =2, tg+t; +t, =2, ty—t, +t, =1, then:
ti=5, =", thus Ts =3 +_I, —11,.
Case(6). If tg =2, to+t; +t, =2, to —t; +t, = 4, then:
ty=—1,t,=1,thus Ty=3—1, + I,.
Case(7).If ty =2, to+t;+t, =1, to —t; +t, =1, then:
t;=0,t,=—1,thus T, =3 —1,.
Case(8).If tg =2, to+t;+t, =1, to —t; +t, = 4, then:
ti ==, ty == thus Ty =3 -2, +1,.
This implies that A has 8 eigen values.
The determinant of an n-cyclic refined neutrosophic matrix.
According to the previous discussion, we have found an algorithm to compute n-cyclic
refined neutrosophic matrix.
From the point of view, we are forced to study the computing of eigen values by
determinants.
Definition.
Let A=Ay + Al + AyI, be an n-cyclic refined neutrosophic matrix, we define its
determinant as follows:
detA = det A + 3 I1[det(Ag + Ay + A;) — det(Ag — Ay + A;)] +5 L [det(4q + Ay + Az) +
det(4y — A; + A,) — 2det4y].

Theorem.
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Let A=Ay + A1l + Ayl B = By + B11; + By, be two n X n n-cyclic refined neutrosophic
matrices, then:

1). A isinvertible if and only if detA is invertible.

2). det AT = det A.

3). det(A.B) = detA.detB.

4). T =ty + t11; +t,1, isaneigen of A if and only if det(A — TU,x,) = 0.

Proof.

1). It is clear and easy.

2). AT = A," + A,"I, + A," I, thus:
1
detAT = det4,” + 5h [det(Ay + A; + Ay)T — det(4, — Ay + 4,)7]

+ %12 [det(Ao + Ay + A)T = det(4y — Ay + A;)T — 2det4,” ]| = detA
3). A.B = AgBo +35 L [(Ag + Ay + A3)(Bo + By + By) — (Ao — Ay + A3)(Bo — By + By)] +
%12[(140 + Ay + A3)(By + By + By) + (Ag — Ay + A3) (B — By + By) — 240Bo] = A¢Bo +
%Il(T1 -T,)+ %Iz (Ty + T, — 244B,), where:
Ty = (Ao + A1 + A2)(By + By + By),T, = (Ag — A1 + A2)(By — By + B3)
det(4. B) = det Ay B,

1 1 1 1 1
+§Il [det(le _ETZ +§T1 +§T2 _AOBO +AoBo>

1 1 1 1
- det(AOBO —ETl +ET2 +§T1 +§T2 _AOBO)]

1 1 1 1 1
+§IZ [det(le _ETZ +§T1 +§T2 _AOBO +AoBo>

1 1 1 1
- det(AoBO _ET]_ +§T2 + ETl + ETZ - AoB()) - ZdetAoBo]

= detAy detB, + %h[detTl —detT,] + %Iz [detTy + detT, — 2 det A, det Bo]
= det A, det B,

+ %11 [det(4o + Ay + A3) .det(By + By + By)

+ det(dy — Ay + A,) .det(By — By + By)]

+ %12 [det(Ao + A; + Az).det(By + By + By)
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4:) We haVe A - TUan = (AO + A111 + Azlz) - (to + tlll + tz]z)Uan = (AO - tOUan) +
(A1 — t1Upxn)ly + (A — tUnyn) 1.
det(A — TUpxn)
= det(Ay — toUpnxn)
1
+ 511 [det(Ag + Ay + A, — (to + t1 + t2)Upxn)
—det(4dg — Ay + A4, — (to — t1 + t2)Upxn)]
1
+ EIZ [det(Ag + A; + Ay — (to + t1 + t2)Upxn)
+det(Ag — Ay + A, — (t — t1 + t3)Unxn) — 2det(Ag — toUpyn)]
The equation det(4 — TUyxy,) = 0 is equivalent to:

det(4g — toUnxn) =0
det(AO +A;+ A4, - (tO +t + tz)Uan) =0
det(AO - Al + Az — (to - tl + tz)Uan) =0

This is equivalent to:
To is eigen value of Ay, to +t; +t;, is eigen value of Ay + A; + A,, to —t; +t, is eigen

value of Ay — A; + A, thus T is an eigen value of A.

Theorem.
Let A=Ay + A1l + Azl B = By + B11; + By1, be two n X n n-cyclic refined neutrosophic

matrices, then:
1
A.B = A¢B, + 511[(140 + Ay + A)(Bo + By + By) — (Ag — Ay + A2)(By — By + By)]

1
+ Elz[(Ao +4; + A2)(By + By + By) + (4o — 41 + A2)(By — By + By)
— 240By]
The proof is easy and clear.
Example.

Consider the following 2 X 2 2-cyclic refined neutrosophic matrix:

12y, 2 1 1 0y, (1+2L+1, 1+ \_
A_(O 2)+(1 1)11+(3 1)12_( I + 31, 2+11+12>—A0+A111+A212

4 3 1

s a)r Qo+ ar+a) =4

a7 =22 ), o+ Ay +a) = b)) Uo-an+
-0 Don-noni =% 7
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1 1 -1,2 -1
-1 - - _
A "2( [4( 2(—2 0)]
1 14 -3 —_12—1_<1)2—2]
+212[4(—4 4)+2(—2 0) 2\3 (0 1)
1 -1 1 3 1
2 -1 1 -1 0
3 1
1 _
1 == -1 = 2 -2
+512( 4)+( 2)‘(0 1)]
-1 1 1 0
1 -1 5 7
1 1
2 -2 1 0 0
5 7
_ 1+ —1, —1—§Il+§12
I 1+11
1 2 21
Theorem.

Let X = Xy + X;1I; + X1, be a 2-cyclic refined neutrosophic matrix, then X is invertible if

and only if Xy, Xy + X; + X,, Xg — X; + X, are invertible, also:

4 1 _ _
Xt =X, 1+§I1[(X0+X1 +X)7H = (Xo — Xy + X5)7]

1
+ 512[(X0 +X1 + Xz)_l + (XO - X1 + Xz)_l - ZXO]
Proof.
Assume that X is invertible, the exists Y =Y, + Y;I; + Y51, such that X.Y = U, «,.

XY =XoYy + L[XoV: + X1 Yo + X0V + X1 Yol + L[XoY, + X,V + X1 V7 + X, 05]

1
= Xo¥o + 511[(X0 + X1+ X)) Yo+ Y+ 1) — KXo — X1 + X)) (Yo — Y5 + Y2)]

1
+ 512[(X0 + X+ X)) Yo+ Y + 1) + (Xo — X + Xp)(Yo — Y + 12) — 2X,Y5]

= Unxn
This implies that:

{ XoYo = Unxn
KXo+ X1+ X))V + Y+ V) =(Xo = X1 + X)) (Yo = Y1+ Y5) = Upyn

Hence X,, X, + X; + X5, Xy, — X; + X, are invertible.
On the other hand, we get YO = Xo_l, YO - Y1 + Y2 = (XO _X1 +X2)_1, YO + Y1 + Y2 =

(XO + X1 + Xz)_l, thus:

[(Xo+ X1 + X))t = (Xo — X1 + X) 71

NIH
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V=2 [(Xo + Xy +X) 7 4+ (Ko — Xy + X)) 7 = 2X, 7).
Conclusion

In this paper, we have presented a full solution of the diagonalization problem of 2-cyclic
refined neutrosophic matrices, where we have presented a novel algorithm to compute the
eigen values and vectors of 2-cyclic refined neutrosophic matrices that helps in
representing them as a product A"*DA, where A is an invertible matrix, and D is diagonal
matrix.

In the future, we suggest researchers to continue our efforts, and to study the possibility of

diagonalization problem of 3-cyclic refined neutrosophic matrices.
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Abstract: The objective of this paper is to solve two open problems about the group of units
of some 2-cyclic refined neutrosophic rings asked by Sadiq. Where it provides a
classification theorem for these rings, and uses this classification property to give a full
answer of these open questions.

Also, this work presents a novel algorithm to find all imperfect neutrosophic duplets and
triplets in many numerical 2-cyclic refined neutrosophic rings by using the classification
isomorphisms.

1. Introduction

Neutrosophic logic as a new generalization of fuzzy logic concerns with indeterminacy in
science and real life problems [1]. Neutrosophy was proposed by Smarandache [6] for these
logical purposes.

Laterally, neutrosophy was applied to algebra and algebraic structures, were we find many
algebraic structures defined by using an indeterminacy element (I) such as neutrosophic
rings, neutrosophic spaces, neutrosophic modules, and matrices [2-5].

The concept of n-cyclic refined neutrosophic ring was presented firstly in [7], and studied
widely in [8-9].

In [10], Sadiq has studied the group of units problem for 2-CRNR rings, where he proved
that it is isomorphic to 3 times direct product of Z, . Also, he presented the following open

research problems: [10]:
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Open problem 1: If the ring R with no zero divisors, then is the group of units of R,(I) is
isomorphic to U(R) X U(R) X U(R).

Open problem 2: Find a homomorphism between R,(I) and the direct product X R X R .
Open problem 3: Is the group of units of the 2-cyclic refined ring of real numbers
isomorphic to R* X R* X R* .

This motivates us to continuo these efforts to classify the group of units of 2-cyclic refined
rings, and to prove the validity of Sadiq's open problems.

On the other hand, we classify all imperfect duplets and triplets in the ring of 2-cyclic
refined neutrosophic integers by solving many related Diophantine equations.

We denote the 2-cyclic refined ring by 2-CRNR.

2. Preliminaries

Definition 1.2:

Let (R+,X) be a ring and I;1 < k < n be n sub-indeterminacies. We define R,(I)={ay +
a,I + -+ ayl, ; a; € R} to be n-cyclic refined neutrosophic ring.

Operations on R, (I) are defined as:

n n
Z pil; + Z q:l;
=0 =0
n n
= Z(Pi +q)l; 'Zpili
i=0 i=0

n n n
X Z q;l; = z (pi X q;)I;1; = z (P X 4;) (4] moan)
=0 ij=0 ij=0

Example 2.2:

(a) The 2-CRNR of integers is defined as follows:

Zo(D) = {ty + t1 1, + t,1,; t; € Z3.

(b) Addition on Z,(I) :

(a+bly+cl))+ (m+nl;+th) =(@+m)+1,(b+n)+L(c+t).
(c) Multiplication on Z, (1) :

(a + bl + cl,)(m + nly + tl;)= am + anl; + atl, + bml; + bnl, + btl; + cml, + cnl; + ctl,
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= am+ L (an+ bm+ bt + cn) + I,(at + bn + cm + ct) .

Where 1, = [(1+1moaz) = 12, 212 = 242 moa 2) = 12, 11l = (142 mod 2) = 1-

Definition 3.2:

Let R be a ring, a duplet (x,y) is called an imperfect duplet with x acts as an identity if and
only if xy = yx =y.

A triple (x,y,z) is called an imperfect triplet with x acts as an identity if and only if xy =
YX =Y,XZ =2ZX = Z,Zy = YZ = X.

3. Main discussion

Theorem 1.3 : Let Z be the ring of integers, and S = {(by, b1, b;); b; € Z and b, — b, € 2Z},
then (S,+,.) Isasubringof Z X Z x Z.

Proof: It is clear that S # @

Vx,y€S,x =(ayay,a,),y = (by,by,by), where b; —b,,a; —a, € 2Z

x+y=1(ag+by,a; +by,a, + by),xy = (aghy, arby,a,by)

We have: (a; +b;) —(ay +by) =(a; —ay) +(by —by) €2Z,thus x+y €S

Also, aib; —ayb, = a;b; +ayb, —ab, —azb, = ay(by + by) —by(a; +a,) . By the
assumption, we have b; — by, a; — a, € 2Z, hence

by + by, a, + a, € 2Z, this implies a, (b, + b;) — b,(a; + a;) € 2Z and x.y € S.

Theorem 2.3: Let Z,(I) be the 2-CRNR of integers, then Z,(I) = S.

Proof:

Define f:Z,(I) = S; f(ag + a1 l; + a,1,) = (ag, a9 + ay + ay, ay — a; + a,).

It's clear that fis well defined. On the other hand we have:

(a). fisinjective, ker f = {ag + a;I; + a1, € Z,(I); f(ap + a11; + a;1,) = (0,0,0)}, hence.
ap=0, ap+a;+a, =0, ay—a; +a, =0, thus a; = a; = a,, this means that ker f =
{0s}.

(b). f is surjective, Vy = (ag,ay,a;) €S, we have: a; —a, €2Z, hence x =ag+

I (“1;“2) +1, (“1“‘+‘2“°) € Z,(D).

This is because a; — a,, a; + a, —2a, € 2Z.
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a;—a a,+az—2a a;—a a,+az—2a
Now, we compute f(x)=(a0,a0+ 12 24+ ; 2 ay — 12 24 ; 0):

(ap,ay,a;) =y
(c). fis a homomorphism because clearly f preserves addition and multiplication, thus
S=Z,().
Theorem 3.3: Let R be a of real numbers, R,(I) be the corresponding 22-CRNR of real
numbers, then R,(I) = R3.
Proof. Define f:R,(I) — R3; f(ay + ail; + a,1;) = (ag,ap + a; + az, a9 — a; + a,).
f is well defined and bijective. (the proof is exactly similar to the previous theorem).
f is ahomomorphism. V x,y € Ry(I) ,x = ag + a;I; + ay1,,y = by + b1y + b, 1.
x+y=ay+by+ (a; + bl + (a; + by)I;.
f(x+y)=(ag+bg,ap+by+a; +by +a, +by,ayg+by—(a; +by) +a, +by)
fGx+y) = (ap, ap + a1 + az, a9 — ay + az) + (bg, bg + by + by, by — by + bz) = f(x) + f(¥).
xy = agbg + (a1bg + agby + ayby + a1by)I; + (a1bg + agb, + a1by + ayby)I;
f(xy) = (apbg, agby + a;by + aghy + a;by + ayby + agh, + a;by + az by, agby

— (aibg + aghy + azby + +a,b,) + aybg + agb, + a1by + ayby)
fxy) = (ag, a0 + a1 + az,ag — ay + az). (bo, by + by + by, b — by + by) = f(x). f () ,
hence R,(I) = R3.
Answers to the open questions
The following theorem answers the open question 3.
Theorem 4.3: Let U (R2 (I)) be the group of units of the 2-CRNRR,(/), then U (Rz (I)) =
R*.
Proof.
According to the previous theorem, R,(I) =R XR xR, hence. U (R,(I)) =U (R) xU
(R) xU (R) = R*.
The following remark answers the open question 2.
Remark 5.3: If R is a ring, and R, (/) is the corresponding 2-CRNR, hence the map

f: Rz([) > RXRX R,f(ao + a111 +a212) = (ao,ao + aq + a,,ag — aq + az),
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Is a ring homomorphism (the proof is similar to Theorem 3.2). Thus the answer to the open
question 2 is yes. Remark that f is not supposed to be an isomorphism, check Theorem 1.3
for example.
The first question is still open, but we can solve the problem in a special case for the ring of
integers modulo n, with odd n.
Theorem 6.3: Let R be the ring of integers modulo n, with an odd integer n, then R,(I) =
Zy X Zn X Zn
Proof. . Define f:R,(I) = Z, X Z, X Zy; f(ag + a11; + ay13) = (ag, a9 + a1 + a5, a9 — a; +
a,).
It's clear that f is a well defined homomorphism, by a similar argument of the previous
theorem, we should prove that f is a bijective map.
ker f ={ay + a1, + ayl, € R,(I); f(ap + a.l; + a,l;) = (0,0,0)}, hence.
a, =0..(1)
as+a;+a,=0..(2)
ag—a,+a, =0 ... (3)
From equation (2) and (3), we get 2a, = 0, By the proposition of the theorem, n is odd,
this means that gcd(2,n)=1 and 2 cannot be a zero divisor, thus 2a, =0 = a, = 0.
This implies that a; = 0, and ker f = {(0,0,0)}.
f is surjective:
Vy = (ag,a4,a3) €EZy, X Zy X Z, , we have x=ay+ 11((a1 + a2)2‘1) + Iz((al +a, —
2a0)271) € Ry (D).
That is because 2 is a unitin Z,, and 27! is existed.
Now, we compute
f@x) = (ap, (a1 — az)27" + (ay + az + 2a0)27" + ag, ap + (a; — az)27"
+ (ay + ay +2a9)27Y)
= (ag,a;27 ' —a,27 '+ a;27  + a,27t —2a927 + ag, a0 —a; 27  + 27 + 27 + @27t
—2ay27h)

= (a0,2a12_1,2a22_1) = (ao, aq, az).
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So that, R,(I) = Z,, X Z,, X Z,,.
Theorem 7.3: If R = Z,, the ring of integers modulo n with an odd integer n, we have:
U (Ry(D) =U (Z,) XU (Z,) XU (Z).
The proof holds directly by the previous result.
Theorem 8.3: If R = Z the ring of integers, Z,(I) be the corresponding 2-CRNR, then
Z,(I) has exactly 8 forms of imperfect duplets.
Proof. We have Z,(I) = S; S ={(ay,ay,a,); a; € Zand a; — a, € 2Z}.
To find imperfect duplets in Z,(/), it is sufficient to compute duplets in S:
Let x = (ag,a4,a;),y = (bg, b1, b;) be an imperfect duplet in S, with y acts as an identity,
we have.
aghy = ag ag=00rby,=0
x.y=x=>{a1b1 = ﬁ{al =0orb; =0.
a,b, = a, a,=0o0rb, =0
The possible imperfect duplets are:
(1).x = (0,0,0),y = (by, by, b)
(With b; — b, € 27)
(2). x =(0,a4,a3),y = (b, 1,1)
(With a; —a, € 27)
(3)- x=1(0,0,a;),y = (b, by, 1)
(With a, is even and b, is odd)
(4). x =(ap,0,a;),y = (1,b1,1)
(With a, is even and b, is odd)
(5). x = (ag,a1,0),y = (1,1,b)
(With a4 is even and b, is odd)
(6). x = (ap,a1,a),y = (1,1,1)
(With a; —a, € 22)
(7). x =(ap,0,0),y = (1,by1,b3)
(With by — b, € 27)

(8) X = (0, al,O),y = (b0: 1: bZ)
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(With a, is even and b, is odd)
Thus, the imperfect duplets in Z,(I) are the converse image of the duplets in S, according
to the isomorphism

f(ag + a1l + ay1y) = (ag, a9 + a4 + ay, a9 — ay + ay).

fYayg + a l; + ayly) = (ao + al;az I + a1+a§_2a° 12), so that the duplets of Z,(I)are:

(1). X = O,y = bO + blll + bz[z
(With b, — b, € 27)

a—
2

a;+a;
2

2—2b,
I

az
I+ >

(2). X = Iz,y:b0+

—a a by—1 b1+1-2b
). x="h+2Ly=b+=—hL+——1
(With a, is even and b, is odd)
(4. x =ao+ 221 + 220, y = 1 22, 4 20,

(With a, is even and b, is odd)

a,—2ag 1+b,—-2(1) I
2

2

(5). x=ao+2L + Ly=1+—2I+

(With a4 is even and b, is odd)
(6). X = Qg + alll + azlz,y =1

by+by—2
2

(7). X = ao - aolz,y =1 + b1;b2 11 + 12

(With b, — b, € 22)

8). x = %Il + %Iz,y = by + 1_2b2 I + 1++b22—2bo I

(With a4 is even and b, is odd)

Theorem 9.3: Let R be the ring of real numbers, R,(I) be its 2-CRNR, then R,(/) has
exactly 8 forms of imperfect duplets.
Proof. We have R,(I) = R X R X R with the isomorphism:

f: Rz([) >R XR XR,f(aO +a111+a212) = (ao,ao +a1 +a2,a0 —aq +a2).
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For determining the imperfect duplets in R, (), it is sufficient to find dupletsin R X R X R
and go back to R,(I) by the inverse isomorphism.

The imperfect dupletsin R X R X R are:

(1. x = (0,0,0),y = (bo, b1, b7)

(2). x=1(0,ay,a2),y = (bo, 1,1)

(3). x =(0,0,az),y = (by, b1, 1)

(4). x = (ao,0,a),y = (1,b1,1)

(5). x = (ap,a1,0),y = (1,1,b3)

(6). x = (ap,a1,a2),y = (1,1,1)

(7). x = (ao,0,0),y = (1,by,b)

(8). x =(0,a4,0),y = (bo, 1,b;)

ThusR,(I) has 8 forms of imperfect duplets.

Remark 10.3: To find any imperfect duplets inR,(/), we should compute the inverse image

of the corresponding dupletin R X R X Ras follows:

a, —a, a, +a; — 2ag
L +
2 ! 2 2

f(ap,a1,a;) = ag +
Example 11.3: Let's, take a duplet with form:x = (2,0,3),y = (1,5,1), it is clear x.y = x.

The corresponding duplet in R, (1) is:

0= f) =242 L+ Sy = fTU) = 1+ 20 + 21,

Remark 123: that x.y; =244l +4l, =21 =3, =3l =Sl —L -l =2—>I, —
1

EIZ = xl.

Theorem 13.3: Let Z,(I) be the 2-CRNR of integers, then it has exactly 14 forms of
imperfect triplets.

Proof.

Let x,y,z be a triplet in S, then we have:

xXy=yx=x,yz=1zy =z ,xz=2zx =Y,so that, (x,y),(y,z) are imperfect dupletsin S.

We discuss the 8 forms of imperfect duplets to find the desired imperfect duplets:
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Form 1: x = (0,0,0),y = (bg,b1,b;),z =(0,0,0) it is a triplet if and only if xy = z, thus
,y = (0,0,0).

(the first tripletis x = y = z = (0, 0,0)).

Form 2: x = (0,a4,a;),y = (by,1,1),z = (0,cy,c3) it is a triplet if and only if xz =y, thus
,bg=0,a,c; = 1,a,¢, = 1.

the possible triplets are:

x =(0,1,1),y = (0,1,1),z = (0,1,1).

x=1(0,1,-1),y=(0,1,1),z=(0,1,—-1)

x=1(0,1,-1),y=(0,1,1),z=(0,1,—-1)

x=(0,-11),y=(0,11),z=(0,—-1,-1)

Form 3: x = (0,0,a;),y = (bg,b1,1),z = (0,0,c;) it is a triplet if and only if xz =y, thus
,bp=by=0,,a, =c, =1.

the possible triplets are:

x=1(0,0,1),y =(0,0,1),z = (0,1,1).

x=1(0,0,-1),y =(0,0,1),z=(0,1,-1)

Form 4: x = (ag,0,a4),y = (1,b1,1),z = (¢, 0,¢y) it is a triplet if and only if xz =y, thus
,00Co = ac; = 1,b; = 0.

the possible triplets are:

x=(101),y=(,01),z=(1,0,1)

x =(=1,0,1),y = (1,0,1),z = (—=1,0,1).

x=(1,0-1),y=(1,01),z=(1,0,—-1)

x=(-1,0,-1),y=(1,01),z=(-1,0,—-1)

Form 5: x = (ag,a4,0),y = (1,1,b;),z = (cp,¢4,0) it is a triplet if and only if xz = y, thus
,00C0 = 1,a4¢1 =1,b, = 0.

the possible triplets are:

x=(1,1,0),y = (1,1,0),z = (1,1,0)

x=(-1,-1,0),y = (1,1,0),z = (-1,—1,0).

x=(-1,1,0),y=(1,10),z=(-1,1,0)
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x=(1,10),y=(,1,-1),z=(1,-1,0)
Form 6: x = (ag,a1,a;),y = (1,1,1),z = (cp, ¢y, ¢3) it is a triplet if and only if xz=1y,
thus, agcy = a1 = ayc, = 1.
the possible triplets are:
x=01,1,1),y=01,1,1),z=(1,1,1)
x=(1,1-1),y=(1,11),z=(1,1,-1)
x=01,-1,1),y=(>1,1,1),z=(1,-1,1)
x=(0-1,11),y=(01,1,1),z=(-1,1,1)
x=0-1,-11),y=(1,1,1),z=(-1,—-1,1)
x=01,-1,-1),y=01,11),z=(1,-1,-1)
x=(-1,1,-1),y=>1,11),z=(-1,1,-1)
x=(-1,-1,-1),y=(1,11),z=(-1,-1,-1)
Form 7: x = (ay,0,0),y = (1,by,b;),z = (cy,0,0) it is a triplet if and only if xz=1y,
thus,agcy = 1,b; = b, = 0.
the possible triplets are:
x=(1,00),y =(1,0,0),z=(1,0,0)
x=(-1,0,0),y =(1,0,0),z=(-1,0,0)
Form 8: x =(0,a4,0),y = (bg,1,b;),z = (0,c1,0) it is a triplet if and only if xz =y,
thus,a,c; = 1,by = b, = 0.
the possible triplets are:
x=(0,1,0),y =(0,1,0),z = (0,1,0)
x = (0,—1,0),y = (0,—1,0),z = (0,1,0).
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Abstract:

The main goal of this paper is to study three different types of algebraic symbolic
2-plithogenic equations. The symbolic 2-plithogenic linear Diophantine equations,
symbolic 2-plithogenic quadratic equations, and linear system of symbolic 2-plithgenic
equations will be discussed and handled, where algorithms to solve the previous types
will be presented and proved by transforming them to classical algebraic systems of

equations.

Keywords: symbolic 2-plithogenic Diophantine equation, symbolic 2-plithogenic

quadratic equation, linear system, symbolic 2-plithogenic field
Introduction and preliminaries

The process of extending classical algebraic structures by using logical symbols and
elements can be considered as a novel approach to generalize algebraic structures, where
many algebraic structures were generalized by using neutrosophic elements, fuzzy

elements, and refined neutrosophic elements [1-15].
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Smarandache has defined the concept of Symbolic 2-plithogenic sets and structures [16-20]
as new generalizations of classical structures. Also, he has presented many open research

problems [20].

In [21], Smarandache ideas was discussed in a special case of n=2, where the symbolic
2-plithogenic rings were defined and studied with many elementary interesting

substructures and properties.

Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:

2 —SPg ={ap + a1 Py + ayPy; a; € R, Pi* = P, Py X P, = P12y = Po ).

Smarandache has defined algebraic operations on 2 — SPy as follows:

Addition:

[ag + a1 Py + ayPy] + [bg + by Py + by P,] = (ag + by) + (ay + by)Py + (a, + by)P;.
Multiplication:

[ag + a; Py + ayP,). [by + by Py + byP,] = aghy + aghy Py + agh,Py + a;boPi? + ab,P; P, +
azboP, + a3b PPy + azb, Py + aiby Py Py = agby + (aghy + ajbg + a;by)Py + (agh, + aib, +
a,by + a,b; + a;b,)P;,.

It is clear that (2 — SPr) is a ring.

If Ris a field, then 2 — SPj is called a symbolic 2-plithogenic field [22].

Also, the following open problems were asked in [22]:

Problem (3):

If F is a field then 2 — SPr is called a 2-plithogenic symbolic field. Now, can we find a
strong algorithm that explains how can we solve the previous equations by turning it into
the classical equations.

Problem (4):

If Z is the ring of integers ring then 2 — SP, is called a 2-plithogenic symbolic ring of
integers. Can we find a strong algorithm that explains how can we solve the previous
equations by turning it into the classical Diophantine equations.

In this paper, we solve the previous two open problems by suggesting effective algorithms

that help us to transform symbolic 2-plithogenic equations to classical algebraic equations.

Main Results
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Definition.

Let 2 —SP, = {a+ bP; + cP,; a,b,c € Z} be the symbolic 2-plithogenic ring of integers, the
Diophantine equation with two variables is defined as follows:

AX+BY =C,A=ag+ a;P; +a,P,,B=>by+ b P, +b,P,,C =cy+c Py + 3P,

X =xog+x1P1 +x,P,,Y =yo+y,P +y,P,,a;,b;,¢;,%;,y; € 2 — SPy.

The following theorem describes an algorithm to solve the symbolic 2-plithogenic linear
Diophantine equation with two variables.

Theorem.

Let AX + BY = C be the symbolic 2-plithogenic linear Diophantine equation with two
variables, it is solvable if and only if the following linear Diophantine equations are
solvable.

agxo + boyo = ¢
(ap +a))(xg +x1) + (b + b)) (Yo +¥1) =co + ¢4
(ap +a; +ay)(xg+x; +x3) +(bg+ by +b)o+y1+y2) =co+cp+cy

Proof.

The equation AX + BY = C equivalents:

agxo + boyo + (agx1 + ayxo + arx1 + boys + byyo + b1y1)Py
+ (agx; + azxo + azxy + arx; + azxy + boys + bayo + baya + b1ys + boyi )P,
=c¢y+ 1Py + P,

aoxo + boyo = CO (1)
apx1 + a1xg + a1 xq + boyy + b1yy + b1ys = ¢4 ... (2)
AoXy + AyXg + AyXy + ay Xy + azxy + bgy, + byyo + by, + b1y, + by = ¢y ... (3)

We add (1) to (2), and (1) to (2) to (3), we get:

agxo + boyo = ¢
(ag+a;)(xg +x1) + (b + b)(Yo +y1) =co +¢1
(ap ta; +ay)(xg+x;+x3) +(bg+ by +b)yo+y1+y2) =cotctc,

And the proof is complete.

The description of the algorithm.

To solve AX +BY = C in 2 — SP; , we must follow these steps.

Stepl.

We compute gcd(ag, by), gcd(ag + a1, by + by), gcd(ag + a; + az, by + by + by).

If gcd(agy, by)/cy, gcd(ag+ aq, by + by)/co+ ¢y, ged(ag+ ay +az, bg+ by +by)/co+ ¢ +
¢y, then it is solvable.

Step2.
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We solve the equivalent system and get the values of x;,y;;0 <i < 2.

Example.

Consider the following symbolic 2-plithogenic linear Diophantine equation:
(2+ P, + P)X + (3+ 2P, — P,)Y =8 + 5P, + 7P,.

gcd(ag, by) = ged(2,3) = 1/8.

ged(ag + ay, by + by) = ged(3,5) = 1/cy + ¢y = 13.

ged(ag + a; +az, by + by + by) = ged(4,4) = 4/cy + ¢1 + ¢, = 20.

So that, the equation is solvable.

The equivalent system of linear Diophantine equations is:

2x9+ 3y, =8...(1)
3(x0 +x1) + 5o +¥1) = 13...(2)
4(xg + 2, +x2) + 4o +y1 +¥2) =20...(3)

The equation (1) has a solution (xo = 1,y, = 2).

The equation (2) has a solution (xy + x; = 1,yy + y; = 2), there for (x; = 0,y; = 0).

The equation (3) has a solution (xq+x; +x, =2,y9+y; +y, = 3), there for (x, =
Ly,=1).

This implies a solution X =1+ P,,Y =2+ P,.

Example.

Consider the following:

(3+ P, +5P)X + (6 — 2P, + 10P,)Y =5+ P, + P;.

gcd(ag, by) = gecd(3,6) = 3 £ 5, there for it is not solvable.

2-symbolic plithogenic Quadratic equation.

Let 2 — SPr be a symbolic 2-plithogenic field, the formula

AX?> +BY?+(C =0;A=ay+a;P, + a,P,,B = by + b, P, + b,P,,

C=co+c 1P+ 3P, X =xg+x:Py +x,P,,Y =yg+y,P1 +y,P;,a;,b;,¢;,x;,y; € 2 — SPp.

Is called the symbolic 2-plithogenic quadratic equation.

Theorem.

Let AX? 4+ BY? + C = 0 be a symbolic 2-plithogenic quadratic equation over 2 — SPz, then
it is solvable if and only if the following system is solvable:

aoxoz + boyoz + C() = 0 (1)
(ap + ay)(xg + x1)* + (by + b1) (Yo + y1)* + (co + ¢1) =0...(2)
(ag + a; +ax)(xg + x1 + %)% + (bg + by + b)) (Yo +y1 +¥2)* +(co + ¢ +¢2) =0...(3)

Proof.
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We have X2 = x¢% + P;[(xo + x1)? — x02] + Py[(x¢ + x4 + x2)% — (x¢ + x1)?], see [ .
So that:
AX? = agxg? + Pilag(xg + x1)? — agxg® + a1 (xg + x1)? — a1x0% + a1x0°]
+ Pylag(xo + x1 + X2)% — ag(xg + x1)% + aq (X + %1 + %)% — a1 (xp + x1)?
+ap(xg + x1 + x2)% — az(xo + x1)% + azx0% + az(x + 1) — az%0°]
AX? = agxo® + Py[(ag + a;)(xo + x1)% — agxo?]
+ Py[(ag + a; + ax) (xg + x4 + x2)% = (ag + ay) (xo + x1)?]
There for, the equation AX% + BY? 4+ C = 0 is equivalent to:

aoxoz + boyoz + Co = 0.. (1)

(ap + ay)(xo 4+ x1)% + (bo + b)) Vo + y1)* + (co +¢1) = 0...(2)
(ag + ay +az)(xg + x1 + 22)% + (bg + by + b)) (Yo + 1 +¥2)* + (co +¢1 +¢2) =0...(3)

The description of algorithm.

To solve AX? 4+ BY?+C =0 in 2 — SPy, follow these steps:

Stepl.

Solve the equivalent classical system of quadratic equations. If (1),(2), and (3) are
solvable in the field F,then the symbolic 2-plithogenic quadratic equation is solvable.
Step2.

Discuss all possible cases of xg, x1, x;.

Remark.

If AX?+ BY? + C = 0 is solvable in 2 — SPg, then it has at most 8 solutions.
Example.

Consider the following:

(1+P, +P)X2+(B—-P)X—4—12P, =0

We have:

aO = 1,a1 = 1,a2 =1
bO = 3,b1 = _1,b2 =0
Co = _4‘,C1 = O,Cz =—-12

The equivalent system is:

x02 + 3x0 - 4‘ = 0 (1)
2(xg +x1)% +2(xg +x,) —4=0..(2)
3(x0 + X1 + x2)2 + Z(XO + X1 + xz) - 16 = 0 (3)

The solutions of (1): x, = 1,x, = —4.
The solutions of (2): xg +x; = 1,x9 + x4 = —2.

The solutions of (3): xo +x1 +x, =2,x0 +x; + X, = —g.

Ahmad Khaldi, Khadija Ben Othman, Oliver Von Shtawzen, Rozina Ali, Sarah Jalal Mosa, On Some Algorithms for Solving
Different Types of Symbolic 2-Plithogenic Algebraic Equations



106

Casel.

If xo=1,x0+x; =1,x9+x;+x,=2,then x; =0,x, =1,and X =1+ P,.

Case2.

If xo=1,x0+x;=1,x0+x1+x, = —g, then x; =0,x, = —%, and X =1 —1?1132-

Case3.

If xo=1,x0+x,=—-2,x0+x, +x, =2, then x; = —3,x, =4,and X =1 —3P; + 4P,.
Cased.

If xo=1,x0+x1 =—-2,x0+x;+x, = —g, then x; = -3,x, = —%, and X =1-3P; —%PZ.
Case5.

If xo=—4,x0+x; =1,x9+x;+x, =2,then x; =5,x, =1,and X = —4 4+ 5P; + P,.
Case6.

If xo=—4x0+x1=1,x0+x1+2x, = —g, then x; =5,x, = —%, and X = —-445P; —
=Py

Case7.

If xo=—4,x0+x,=—2,%0+x1 +x, =2, then x; =2,x, =4,and X = —4 + 2P; + 4P,.
CaseS8.

If xg=—4,x0+x1=—-2,x0+x1+x, = _2' then x; = 2,x, = —%, and X = —4+2P; —
2P,.

So that, the solutions of the original symbolic 2-plithogenic quadratic equation are:

2 11 2
Xe {—4 + 2P =Py, —4+ 2Py + 4Py, —4 + 5Py — Py, —4 + 5P + Pp, 1 =3P, — 3Py 1

11
_3P1+4‘P2,1_?P2,1+P2}
Example.
Consider the following:
(2+3P, —P)X*+ (4+P,+P)X—6—4P, =0
We have:

bo :4,b1 = 1,b2 =1

{ao =2,a, =3,a, =-1
CO = _6,C1 = _4‘,C2 =0

The equivalent system is:
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ZxOZ + 4x0 - 6 = 0 (1)
S(xo + xl)z + S(xo + xl) - 10 = 0 (2)
4(xg + X1 +x2)2 +6(xg+x; +x,) —10=0...(3)

The solutions of (1): xy = 1,x, = —3.

The solutions of (2): xo +x; = 1,x¢ + x; = —2.

The solutions of (3): xo +x; +x, =1, x0 +x; +x, = —;.

Casel.

If xo=1,x0+x; =1,x9g+x;+x,=1,then x; =x, =0,and X = 1.

Case2.

Ifxg=1Lx0+x,=Lxg+x+x, = —g, then x; =0,x, = —%, and X =1 —gPZ.

Case3.

If xo=1,x0+x,=—-2,x0+x, +x, =1, then x; = -3,x, =3,and X =1 —3P; + 3P,.
Cased.

If xo=1,x0+x1 =—-2,x0+x; +x, = —;, then x; = =3,x, = —%, and X =1-3P; —%Pz.
Caseb.

If xo=—3,x0+x1=1,x9g+x;+x,=1,then x; =4,x, =0,and X = -3 + 4P;.

Case6.

If xo=—-3,x0+x1=1Lx0+x,+x, = —;, then x; = 4,x, = —%, and X = -3 +4P; —%Pz-
Case?.

If xo =—3,x0+x1 =—-2,x9g+x; +x, =1,then x; =1,x, =3,and X = -3+ P, + 3P,.
CaseS8.

If xo=—-3,x0+x1=—2,x0+ %1, +x, = —;, then x; = 1,x, = —%, and X = -3+ P, —%PZ.

So that, the solutions of the original symbolic 2-plithogenic quadratic equation are:

5 1 7
X€{1’1_5P2’1_3P1+3P2’1_3P1_EP2’_3+4P1’_3+4‘P1_EPZ’_3+P1+3P2’_3

1
+ P 1~ E P 2}
2-plithogenic Linear equations.
We begin the simplest case, a symbolic 2-plithogenic linear equation with one variable

A.X =B.

This equation is solvable uniquely if and only if A is invertible and X = A™!B.
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According  to [31], A l'=ay"'+P[(ag+a) t—ay+P[(ag+a;+ay) -
(ap +a;)7'].

Example.

Consider the equation (2 + P; + P,)X =3 — P; over 2 — SPg.

ap=2,a,"1 = %,ao +a,=3,(ap+a) 1= %,ao +a;+ay,=4,(ay+a; +ay)t= %, thus:

At=2_1p —Lp therefor:
2 6 12

X—(l 1P 113)(3 P) = 3 1P 1P+1P 1P+1P—3 5P 1P
“\2 6! 1272 1 B R e R T R S e

The general case is about a linear system of n symbolic 2-plithogenic equations A;.X; =
B;1<i<n.

To solve a system like that, we must transform it to an equivalent classical system. We
present the following algorithm.

To solve the symbolic 2-plithogenic linear system:

All'Xl +A12.X2 + -+ Aln-Xn = Bln
A21.X1 +A22.X2 + -+ A2n.Xn = BZTL

Ay Xy + Ay Xy + -+ Ay Xy, = By
Where: Ay =al) +a’P +aP P x; = X0 + XOP + X PP, By = b + PPy
b?P, €2 — SPy.
Follow these steps:

Stepl.

Find the classical equivalent system as follows:

p
Z a®x© = Z p©®

i,j=1 i,j=1
n n
) z ( © 4 a“)) (Xi(O) N Xiu) Z b(o) N b(l)
ij=1 ij=1
n n

Z (¢ +aP +a) (x© + x +xP) = z (b9 + b3 +b)

step2.

Solve each system and remark that:

The first system gives the values of X i(o) ;1<is<n

The second one gives the values of X l_(o) +X l-(l); 1<i<n.

The third one gives values of Xl-(o) + Xi(l) + Xl-(z) 1<i<n.
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Step3.

If each system is solvable, then the original 2-plithogenic system is solvable, and if the
number of solutions of every classical system is k, then the number of solutions for the
2-plithogenic system is k3.

Example.

Consider the following symbolic 2-plithogenic system of three linear equations with three

variables:

(1+P2)X1+(3_P1)X2+(1+P1_P2)X3:5
P2X1+P1X2+(P1_P2)X3:2P1+2P2
(1+P,—P)X;+(4+3P, —Py)X, + (5+2P,)X; =11+ 4P,

the equivalent classical systems are:

x® 4+3x0 4 x0 =5

) OXI(O) + OXZ(O) T 0X§0) =0 ...system(1)

20 4 4x{” 455 =11

( (P +xP)+2(x0 + %)+ 2(x0 +xV) =5

$oo(x?+x)+ (X0 +xP)+ (xV +xP) =2 . system(2)
© , @ ©) , 5@ 0) 4y _

3 ({7 + x) + 7 (%0 + x7) +5 (x5 + x{V) = 15

0 1 2 0 1 2 0 1 2
fz(ﬁ)+ﬁ)++ﬁ))H4@)+Xp+X§»+(@)+A)+Xy)=5
) (X1(0) + X1(1) + +X1(2)) + (Xéo) + Xz(l) + Xz(z)) + 2 (Xéo) + Xél) + X§2)) =4 ...system(3)

2(X + X+ +x7) + 6 (X + X+ xP) + 7 (X + X0 + xP) =15

The system(1) has infinite solutions, thus the 2-plithogenic system has infinite solutions.
We will find some solutions to clarify the algorithm.

For example system(1) has a solution Xl(o) = XZ(O) = Xéo) =1.

The system (2) has a solution Xl(o) + Xl(l) = Xz(o) + Xz(l) = X?EO) + X?El) =1, thus Xl(l) =
x® = xM =,

The system (3) has a solution Xl(o) + Xl(l) + Xl(z) = XZ(O) + Xz(l) + Xz(z) = Xéo) + X3(1) + Xéz) =
1, there for X# = x# = x# =0,and X; = X + xPP, + xPP, =1, X, = 1,X; = 1 isa
solution for the 2-plithogenic system.

Also, the system (1) has a solution Xl(o) = ?,XZ(O) = - %,X?EO) = 0.

The system (2) has a solution Xl(o) + Xl(l) = XZ(O) + Xz(l) = X?Eo) + X?fl) =1.
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The system (3) has a solution Xl(o) + Xl(l) + Xl(z) = XZ(O) + Xz(l) + XZ(Z) = X§0) + X3(1) + X3(2) =
1.
There for X\ =1 — 12—3 = —171,)(51) =1 +§ = %,X_,E” =1, xP =xP=xP =

This implies that:

13 11 1,3 . . . .
X, = 5~ 7P1,X 2=—5+ 5P1»X 3 = P; is a solution of the 2-plithogenic system.
Conclusion

In this paper, we have presented novel algorithms to solve many different types of

2-plithogenic algebraic equations (quadratic, linear, and linear Diophantine equations) by

transforming them to classical systems of algebraic equations. Also, many examples were

illustrated tp explain the validity of our work.
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Abstract:

The objective of this paper is to study for the first time the foundational concepts of
number theory in 2-plithogenic rings of integers, where concepts such as symbolic

2-plithogenic congruencies, division, semi primes, and greatest common divisors.

In addition, many elementary properties will be discussed in details through many

theorems and examples.
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symbolic 2-plithogenic semi prime.
Introduction and basic concepts

The concept of symbolic plithogenic sets was defined by Smarandache in [13-17,30], and he
suggested an algebraic approach of these sets. Laterally, the concept of symbolic
2-plithogenic rings [31]. In general, we can say that symbolic plithogenic structures are very
close to neutrosophic algebraic structures with many differences in the definition of
multiplication operation [1-10].

Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:

2 —SPg ={ag + a1 Py + ayPy; a; € R, Pi* = P, Py X P, = P12y = Po ).

Smarandache has defined algebraic operations on 2 — SPy as follows:
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Addition:

[ag + a;P; + ayP,] + [by + b Py + b, Py] = (ag + by) + (a; + by)P; + (a, + by)P,.
Multiplication:

[ag + a,Py + a,P,).[by + byP; + b, P,] = agby + aghy Py + agb,P, + a;boP;* + a b, PP, +
a,boP, + a,by PiP, + ayb,Py% + a; by Py Py = agby + (aghy + a;by + aiby)P; + (agh, + a;b, +
a;by + a,b; + a;b,)P;,.

It is clear that (2 — SPg) is aring.

Also, if R is commutative, then 2 — SPy is commutative, and if R has a unity (1), than 2 —
SPg has the same unity (1).

If Ris a field, then 2 — SP; is called a symbolic 2-plithogenic field.

In this paper, we study the symbolic 2-plithogenicnumber theoretical concepts according to
many points of view, where congruencies, Euclidean division, Euler's function, and gratest
common divisors will be presented in terms of theorems. In addition, many examples will
be illustrated to explain the novelty of these ideas. In addition, we suggest many future
applications of symbolic 2-plithogenic integers in cryptography and public key

neutrosophic cryptography.

Main Discussion

Definition.

Let A=ay+ a;P; +ayP;, B = by + b, Py + b,P, € 2 —SP;, we say that A\ B if and only if
there exists C € 2 — SP, such that AX B = C.

Definition.

Let A=ay+a;P; +ayP,,B=Dbg+byP;+byP,,C =co+cPy+cP, be three symbolic
2-plithogenic integers, then A = B(mod C) if and only if C \ A — B.

Also, € = gcd(A,B) ifand onlyif C\ A and C\ B and forany D\ 4,D \ B, then D\ C.
Definition.

Wessay that A < B if ay < bg,ag +a; < by + by,a9 +a; +a, < by + by + by.

Theorem.

Let A=ay+a,P, +a,P;,B=by+ b;Py +b,P,,C =cy+c; Py +c,Py €2 — SPy, then:

1). () is a partial order relation.

2). A\ B ifand only if ag \ bg,ag +a; \ by + by, ay + a; + a, \ by + by + b,.
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3). gcd(A,B) = C if and only if gcd(ag, by) = ¢y, gcd(ag + ay, by + by) = ¢y + c1,gcd(ay +
aq +a2,b0 +b1 +b2) = (o +C1 +C2.
4). A = B(mod C) if and only if:

ag = by(mod cy)
ay+ ay = by + by(mod ¢y + ¢4)
ay+a,+a, =bg+ by +by(modcy+ ¢y +c3)

Proof.
1). A < A thatis because ay < ag,ag +a; < ap+aq,ap+a; +a, <ay+a; +a,.
If A< B and B < A4, then:

Ag < bo,bo < ao,thus g = bo
ag+a; <by+by,bg+ by <ag+aq,thus ay + ay = by + by, hence a; = by
ag+aq; +a; <by+ by +by,byg+ by +b, <ay+ay +ay thusag + a; +a, = by + by + by, hence a, = b,

Hence A = B.

Ift A<B and B<C, then ay <by<cy, ap+a; <by+b;<co+c;,a0+a,+a, <by+
by + by <cy+c; +cy, thus A<C.

2).If A\ B, then there exists C such that A.C = B. This equivalents:

aoCo + Pi(age; + ayco + aycq) + Py(age, + aycy + aycy + agcy + azcq) = by + by Py + byP,
there for:

ayCo = bp ... (1)
apcy +a;co +ac; =by ... (2)
a()CZ + a2C0 + a2C2 + a1C2 + a2C1 = bz (3)

Weadd (1) to (2) and (1) to (2) to (3), to get:

aoCo = by
(ap +a1)(co+¢1) =bo + by
(ao + al + az)(CO + Cl + Cz) = bO + bl + b2

Thus ag \ bg,ag + a; \ bg + b1,a9 +ay +a, \ by + by + b,.

3). Assume that gcd(4,B) = C, then for any D = dy + d,P; + d,P, € 2 — SP; such that D\
A, D\ B implies D \ C.

According to (2), we get dy\cg,dp+d;\co+cy,dg+dy+dy\co+cg+c;, so that
gcd(ag, bg) = cg,gcd(ag + aq,bg + by) =co + ¢1,gcd(ag +a, + a,,bg+ by +by) =co+ ¢, +
Cy.

This implies that gcd(A,B) = gcd(ag, by) + Pilgcd(ag + a1, by + by) — ged(ay, by)] +
P,[gcd(ay + a; + ay, by + by + by) — ged(ay + aq, by + by)].

4). A = B(mod C) if and only if C \ A — B, thus:

co \ ag — bg,co +¢1\ (ag +ay) — (bg + by),co+ ¢y + 2\ (ag + a; +az) — (bg + by + by)
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So that:

ag = by(mod cy)
ag+a, = by + by(mod cy +¢y)
ag+a, +a, =by+ by +by(mod cy+c; +¢3)

Theorem.
Let A=ay+ a;P; +a,P;, B = by + by P; + b,P, € 2 — SP;, then gcd(A,B) =1 if and only if
gcd(ag, by) = 1,gcd(ay + aq, by + by) = 1,gcd(ag + ay + a, bg + by + by) = 1.
The proof is clear.
Theorem.
Let A,B,C,D,E € 2 — SP,, where:
A=aqg+aP;+ay,P;,B=D>by+bP; +byPy,C =cy+c1Py+c3P,,D=dy+d Py +d,P,E =
ey +e,Py +eyPy; ¢, a4, b, e,d; € Z, then:
1).If A= B(mod C),D = E(mod C),then A+ D =B+ E(mod C),A—D = B — E(mod C).
2). A.D = B.E(mod C).
3).If gcd(4,B) = 1, then:
A~Y(mod B) = aq"Y(mod by) + P;[(ay + a;) 1 (mod by + b;) — ag " (mod by)]
+ P,[(ag + a; + ay)~t(mod by + by + by) — (ag + a;)~t(mod by + by)]
Proof.
1). Assume that A = B(mod C),D = E(mod C), thus:

ag = bg(mod cy)
ay+ ay = by + by(mod ¢y + ¢4)
ap+a, +a, =by+ by +by(modcy+c; +¢3)

And

dy = eg(mod cy)
do+d, =ey+ e (modcy+cy)
do+di+d,=ey+e; +e,(modcy+cq+cy)

This implies:

ag +dy = by + eg(mod cy)
ag+a;+dy+d; =by+ by +ey+e(modcy+cq)
ay+a,+a,+dy+dy+d, =by+ by +by+eg+e; +ey(modcy+ci +cy)

Sothat A+ D = B + E(mod C).
We can prove that A — D = B — E(mod C) by a similar.
2). By using a similar discussion, we can write:

agdy = byeg(mod cy)
(ap +ay)(dg + dy) = (by + by)(ey + €1)(mod ¢y + ¢q)
(ag+a; +ay)(dy+dy +dy) =(by+ by +by)(eg+ e, +ey)(mod cy + ¢y +¢3)
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Thus A.D = B.E(mod C).
3). Suppose that gcd(4,B) =1, then gcd(ay, by) = gcd(ag + a1, by + by) = ged(ag + a; +
az, by + by +by)=1.
We put
T = ay"*(mod by) + P;[(ag + a;) " (mod by + by) — ay~*(mod by)]
+ P,[(ag + a; + az)"t(mod by + by + by) — (ay + a;)"t(mod by + by)]
A.T = agay t(mod by) + P;[(ag + a;)(ag + a;) " (mod by + by) — aga,~(mod by)]
+ Py[(ag + a; + az)(ay + a; + a;)"t(mod by + by + by)
—(ap +a)(ag+a)) t(mod by +b)]=1+P1—-1D+P,(1-1)=1
Thus T = A~1.
Example:
Consider A =5+ 4P; + 2P,,B =2+ P, + P,,C = 3 + 4P,, we have:
5=2(mod3),5+4=9=2+1)(mod3+0),5+4+2=11=2+1+1)(mod3+0+
4), thus A = B(mod C).
gcd(A,B) = gcd(5,2) + P;[gcd(9,3) — gcd(5,2)] + P,[gcd(11,4) — gcd(9,3)] =1+
P,(3—1)+P,(1—3) =1+ 2P, — 2P,.
Example.
Consider A =2+ P; + P,,B =3+ P, + P,, itis clear that gcd(4,B) = 1.
A~1(mod B) = 27 (mod 3) + P;[37 (mod 4) — 27 (mod 3)] + P,[4 1 (mod 5) —
37 '(mod4)]=2+P,(3—2)+P,(4—3)=2+P, +P,.
Definition.
Let A= ay + a;P; + a,P, > 0 be a symbolic 2-plithogenic integer, we define ¢g:2 — SP; -
2 — SP; such that:
@s(A) = p(ao) + Pilo(ag + a1) — ¢(ag)] + Polp(ao + a; + az) — ¢(ag + a1)].
Where ¢ is the classical phi-Euler's function.
Example.
Take A=3+5P, —P,, ay = 3,a, =5,a, = —1. We have:
ap=3>0,ap+a;,=8>0,ap+a;+a, =7>0,sothat A > 0.
p(ag) =2,¢0(ag +a;) = 4,9(ag + a4 + a;) = 6, hence:
@0s(A) =2 + P[4 — 2] + P,[6 — 4] = 2 + 2P, + 2P,.
Theorem.

Let A=ay+a,P; +a,P,,M = my + myP; + m,P, € 2 — SP, such that gcd(A, M) = 1, then
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A?sM) = 1(mod M).
Proof.
According to[ [:
APsM) = g @(mo) 4 P1[(ao + a,)Pmo+my) _ ao(p(mo)]
+ Py[(ag + ay + ap)?Motmitma) — (g 4 g, )¢(motma)]
Since gcd(A,M) =1, then gcd(ag, my) = gcd(ag + a;, mg + my) = ged(ag + a; + az,my +
my + my,) =1, so that:

ay®™0) = 1(mod my)
(ag + ay)?™o+™m) = 1(mod my + m,)
(ag + a; + ap)?Motmi+m2) = 1 (mod my + m; + m,)

Thus A?s™ =1+ P,(1—-1) + P,(1 — 1)(mod M) = 1(mod M)

Example.

Take A =2+3P, —2P,,M = 3 + 4P, + 4P,, we have gcd(4,M) = 1.

os(M) = 2 + P,(6 — 2) + P,(10 — 6) = 2 + 4P, + 4P,

APsM) = 22 4 p [56 — 22] + P,[310 — 56]

22 = 1(mod 3),5°% = 1(mod 7),3'° = 1(mod 11), thus A?s™ = 1(mod M)

Theorem.

Let C = gcd(A, B) € 2 — SP,, then there exists M,N € 2 — SP, such that C = MA + NB.
Proof.

We assume that C = gcd (A4, B), then:

¢o = ged(ag, by)
¢, = ged(ag + ag, by + by) — ged(ag, by)
Cy = ng(aO + aq + az,bo + bl + bz) - gcd(ao + al,bo + bl)

So there exists mg, ng, mq,nq, My, Ny € Z such that:

CO = mOaO + nobo
CO + Cl = ml(ao + al) + nl(no + Tll)
CO + C1 + Cy = mz(ao + aq + az) + nz(bo + b1 + bz)

We put M =mg+ (my —mgy)P; + (my; —my)P,, N = ng + (ng —ng)P; + (n; —ny)P,, now
let us compute:
M.A = [my + (my — mo)Py + (my —my)Ps][ag + a1 Py + a,P,]
M.A = myay + Py(myay + myag — myag + mya; — mya,)

+ P,(mya, + myay, — myay, + mya, —mya; + mya, — mya, + mya, — mya,)
M.A = myay + Py(myag + mya; — myayg)

+ P,(myay — myay + mya, —mya; + mya, + mya,)

N.B = nyby + Py(n by + nyby — nyby) + P,(nybg — nyby + nyby —nyb +nyby, +nyby)
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MA + NB = (mgay + ngbg) + P;[my(ag + a;) + ny(by + by) — ngby — myay]
+ Py[my(ag + ay + az) + na(bg + by + by) —my(ag + as) — ny(bo + by)]
=cgt+ciPi+c P =C

Example.

Consider A =3+ 2P; + P,,B = 3 + P; + 3P,, we have:

ay=3,a; =2,a,=1,by=3,b; =1,b, = 3.

gcd(ag, by) = 3,gcd(ag + ay, by + b1) = ged(5,4) = 1,gcd(ag + a4 + az, by + by + by)
=gcd(6,7) =1

Thus gcd(A,B) =3 + (1 —3)P, + (1 — 1)P, = 3 — 2P,.

On the other hand, we have:

3=1340.3hencemy=1,n,=0
1=15—14hencem; =1,n; = -1
1=-16+ 17 hencem, =-1,n,=1

Thus M=1+(1—=3)P,+(-1— 1P, =1—2P,, N=0+ (=1 —0)P, + (1+ 1)P, = —P, +
2P,
We can see that:
MA+ NB = (1 —2P,)(3 + 2P, + P,) + (=P, + 2P,)(3 + P, + 3P,)
=34 2P, + P, — 6P, — 4P, — 2P, — 3P, — P, — 3P, + 6P, + 2P, + 6P,
=3—2P, =C = gcd(4,B)
Definition.
Let S = s¢ + s1P; + 5,P, € 2 — SP;, we say that S is a 2-plithogenic semi prime if s¢, sy +
51,50 + s1 + s, are primes.
Example.
The 2-plithogenic integer S =2 + P; + 2P, is a semi prime, that is because sy = 2,5, +
s1 = 3,89 + 51 +5, =5 are primes.
Application In Future Studies
Symbolic 2-plithogenic number theory as a new research direction maybe very useful
branches of knowledge.
We suggest the following research points that symbolic 2-plithogenic integers may have a
very big effect on it.
1-). How can we use symbolic 2-plithogenic integers in the improvement of crypto-systems
[39-41], for example:
a). How can we build a 2-plithogenic version of RSA algorithm.

b). How can we build a 2-plithogenic version of Diffie-Hellman key exchange algorithm.
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). How can we build a 2-plithogenic version of EL-Gamal algorithm for cryptography.

2-). How can we a solve non-linear symbolic 2-plithogenic Diophantine equations

and congruencies.
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Abstract: In this paper we have successfully constructed the literal neutrosophic
Kumaraswamy probability distribution. We mean by literal neutrosophic probability
distribution that parameters of the distribution and the values that the random variable
describing the distribution all take literal neutrosophic numbers of the form 8y = a +
bl ;1? =1 which differs from interval-valued neutrosophic probability distributions in
which parameters of theses distributions take the form 6y € [L, U]. We have derived the
neutrosophic form of the probability density function, cumulative distribution function,
statistical properties and maximum likelihood estimations of the parameters. Finally, a
simulation study is performed to show the efficiency of the estimators provided by the

neutrosophic MLE method.

Keywords: Literal Neutrosophic Numbers; Probability Distributions Theory; Maximum

Likelihood Estimation; Kumaraswamy Distribution; Simulation.

1. Introduction

Neutrosophic probability distributions from one point of view are a generalization of
the concept of crisp probability distributions and fuzzy probability distributions that allow

for the modeling of indeterminacy and uncertainty. In traditional probability theory,
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probabilities are assigned to events and are represented as real numbers between 0 and 1.
In neutrosophic probability theory, probabilities are assigned as a triplet of values (T, I, F)
where T represents the degree of truth, I represents the degree of indeterminacy and F
represents the degree of falsity. These values are used to model the degree to which an event
is certain, uncertain, or false [1-6,32-38].

From another point of view according to the fact that neutrosophic field of reals R(I)
is a generalization of the field of reals R, literal neutrosophic probability theory is another
way of generalizing crisp probability theory where each probability can be presented in the
form P =P, + P,1;P;,P, € [0,1],12 =1 [7-14].

Neutrosophic probability distributions can be used in a variety of fields such as decision
making, artificial intelligence, and data analysis, where traditional probability distributions
are inadequate to model the uncertainty and indeterminacy present in real-world systems.
[15-29]

The Kumaraswamy distribution [30] is a two-parameter continuous probability
distribution that is commonly used in Bayesian statistics, reliability theory and other fields.
The probability density function (PDF) of the classical Kumaraswamy distribution is
defined as:

f(x; a,b) = a b x* 1 (1—x%)P"1;x €[0,1] (1)

Where a and b are the shape parameters of the distribution, and they are both positive

real numbers. The cumulative distribution function (CDF) is given by:
F(x; a,b) = 1 — (1 —x%)P )

The Kumaraswamy distribution is a generalization of the beta distribution, in the sense
that the beta distribution is a special case of the Kumaraswamy distribution when a = b.

Many generalizations of the Kumaraswamy distribution were made to provide more
flexibility in modeling various types of data, and they are widely used in various fields.

It's worth noting that the Kumaraswamy distribution has some desirable properties
such as it is closed under convolution, it has increasing failure rate, and it has increasing
hazard rate. These properties make it useful for modeling various types of data in different

fields.
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In this paper, we are going to construct the neutrosophic form of Kumaraswamy
distribution and study some properties of it depending on the One-Dimensional AH-

Isometry.
2. Preliminaries

Definition 2.1 [7]

Let R(I)={a+bl;ab€eR,[>?=1} be the neutrosophic field of reals. One-
dimensional AH-isometry presented by Abobala and Hatip and its inverse are given by:
T:R(I) > R?: T(a+bl) =(a,a+b) 5)
T-L2R2>R(D): T Y (a,b)=a+ (b—a)l (6)

Note:

Let xy, ¥y € R(I) and T be the AH-Isometry, since T is an algebraic isomorphism then it

has the following properties:

1.0T(xy +yn) =T(xy) + T(yn)
2.0T(xy yn) =T(xy) - T(yn)

3.[0T is correspondence one-to-one.

Definition 2.2 [8]

Let f:R(I) > RU);f =f(xy) where xy=x+yl€R(I) then f is called a

neutrosophic real function with one neutrosophic variable.

Definition 2.3 [9]
Neutrosophic gamma function is a special function is defined by:

I(ay) =T(a) + I (a; +ay) —T'(a)};ay =a; +ayl 1> =1

Where:
r'(a) = f x4 e *dx ;a >0
0
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Definition 2.4 [9]

Neutrosophic beta function is a special function can be defined in one of the following

forms:

1

B(ay,by) = fxa,\,—1(1 — x)PNv"Ydx = B(ay, by) + {B(ay + ay, by + by) — B(ay, by}

0

_ I'(an)I(by)

_F(aN+bN) ,aN=a1+a21,b1+b21,12=1

Definition 2.5 [9,11]

A neutrosophic random variable is defined as follows:
Xy=X,+X,1;12=1,0-1=0 7)
Where X,Y are crisp random variables taking values on R.
Definition 2.6 [8]
Neutrosophic power of neutrosophic numbers is defined as follows:
(a + b = qf + [[(a + b)°*® — a] 8)
Definition 2.7 [10]

Let Xy = X1y, X2n, .., Xpv be a neutrosophic random sample of random variables, we call:
Ly = L(Xy;0p) = f(Xp; On) = 21 f (Xin; On) = L(X;01) + [LIX + Y; 0, + 0,) —
L0011 (9)

The neutrosophic likelihood function.

Definition 2.8 [10]

Let Xy = X1y, X2n, .., Xpv be a neutrosophic random sample of random variables, we call:
Ly = InL(Xy;0y) (10)

The neutrosophic loglikelihood function and we have:

Ly =L(X;0)+[LX+Y;0, +0;,) — L(X;0)]] (11)
4. Neutrosophic Kumaraswamy probability distribution

In this section we are going to construct the neutrosophic form of Kumaraswamy
probability distribution function, cumulative probability distribution function, statistical
properties and MLE estimations. Building this probability distribution and its properties

will be in an algebraic approach depending on the one-dimensional AH-Isometry.
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3.1 Probability density function and cumulative distribution function

Definition 3.1

Neutrosophic Kumaraswamy probability density function is defined as follows:
fGens an,bw) = ay by 2y (1= 2g")"™ sy €[0,1] (12)
Where: xy = x; + x50, ay = a; + al,by = by + b1, 12 =11
Theorem 3.1
The neutrosophic formal form of (12) is:
fows awb) = ay by 27 (1= 2)"
+1[ (@3 + @) (by + by) (xy +22)™4%70 (1= (xy + ) Cate)) 027
—a, by 27 (1- xfl)bl_l] ix; € [0,1]& x; + x5 € [0,1]
Proof
T[f(xn; an, b1 =T [aN by xzc\l/N_l (1 - xlc\lIN)bN_ll
= TlayTlby IT[ g T [(1 = i)™ ']
= (ay, a1 + az)(by, by
+ b)) (T, (g + xp) Mt ((1 —x Pt (1—(x; + xz)a1+a2)b1+b2'1)
= (@ubyx (1= x)" 7 (ay + a3) by
+by) (g + x)% 271 (1 = (g + xz)a1+a2)b1+b2_1)
= (f(x1;a1,b1), f (%1 + x35a0 + @z, b1 + by) )
Taking T ':s
f(xn; ay, by) = alblel_l(l - xfl)bl_l
+ [(a1 +az)(by + by) (g + x5) 4% %271 (1 = (g + xp) P12 brtbe1
— a1 - 2) i
= f(x1;a1,b1) +1[f (1 + x3;a1 + az, by + by) — f(x1;a4, b1)]
Theorem 3.2
Equation (12) represents probability density function in classical sense.
Proof

We have:
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1 1
1
T U f(xn; an, by) de] = ff(xﬁ as, by)dx, :ff(x1 + X35 a4 + ay, by + by)d(x; + x3)
0
0 0

1

1
= falblel_l(l - xfl)bl_ldxpf(‘h + az)(by
0 0

+by) (g + x2) ML — (g + x) TP d (xy + )

1

1
= _fd(l - x;ll)bl.—fd(l — (x; + xp)0ataz)bitb=1 ) = (11)
0

0

So:

1
f f(xN; aN,bN) de = T_l(l,l) =1
0

Also, depending on [7] it is easy to see that T[f(xy; ay,by)] are two continuous functions
on [0,1] € R so f(xy; ay,by) is continuous on [0,1].
Depending on previous results we can prove that given neutrosophic function is a
neutrosophic probability density function in classical sense.
Theorem 3.3
Cumulative distribution function of neutrosophic Kumaraswamy distribution is:

Flxw; awby) = 1 — (1—x™)  (13)

Proof

XN

F(xy; ay,by) = f f(ty; ay, by) dty
0
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T[F(xy; ay,by)] = U f(tn; an,by) dtN]
X1 x1+x2

f f(t1;aq,by)dty, f f(t1 +ty; a1 +az, by + by)d(ty +t)
0 0

X1 X1+xy
;311 a;\b1—1
= f a1b1 (1 - t]. dtl » f (a1 + az)(bl
0 0

+ by)(ty + t5)0 %2 (1 — (8 + tp) % )outb2"l g () + t,)

X1 X1+Xx;
= —f d(1-t)™, - f d(1 — (t; + ty)@+32-1)br+br-1
0 0

(1= (1=2)" 1= (1 = (g + ) +e)brta)
So:
Flty; anby) =T [1= (1= x)", 1= (1= (g + ) @+a2)n0em1]
=1— (1) + 1= (1= (g + )40t - 14 (1—xg2) ™1
Which is the neutrosophic formal form of the function:
F(xy; ay,by) =1 — (1 —x,‘f,”)bN
3.2 Statistical properties of Kumaraswamy distribution
Theorem 3.4
Let Xy be a neutrosophic random variable following Kumaraswamy distribution with

parameters ay, by then:

DOEGR) = by (F+1,b0) + (b +b)B (5 + by +by) = biB (Z 4+ 1,b1)| 1
2)IE(Xy) = blﬁ( +1, bl) + [ by + b2)p (ﬁ +1,b, + bz) —bB (ai +1,b)|1
3)V(n) = b (F+ 1,b1) + [(b + 5B (o + Lby + b2) = biB (Z+ 1,y )] 1 -

|58 (5 + 1.b1) + (01 + 5B (5 + Lba + b2) = biB (- + 1.y 1]

1 ; 1 i
(1 - Z‘W)a”az - (1 - z‘E)”]I

1

1\a;
4)DMedian=<1 — z‘H) fr

Proof

1)[IWe have:

by—1
xyf(xy; ay,by) = ay by xaN+r ! (1 - xI‘\lIN) "
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Tlxnf(xn; an, by)] = TIxyIT[f (xn; ay, by)]
= (], (g + 1)) (ayby 7 (1= )7 (g + @) by
+by) (1 + X)L (xy o+ xp) )b
(alblxa1+r (1 —xi n (a1 + ay)(by
+ by) (g + x,)UFHT1(] — (xp + xz)a1+a2)b1+b2—1)

So:

1

T fxﬁf(xN; ay,by) dxy
0
1

= fa1b1Xa1+r 1(1 a1 e dxl:f(al + az) (b,
0

+by) (g + x) M FEHTTHL = (g + 2) W F)PHP T (xy + xp) | = (L, R)

-
In L let x{* =t then x] = t@ and a;x*" 'dx, = dt so:
1

fblta(l — )14t = blﬁ( +1, bl)

0
.
In R similarly we let (x; +x,)%1%% =1t so (x; +x,)" =tu*e2 and (a; + ay)(x; +

x,)4 192714 (x; 4 x,) = dt that yields:

r r
R= f(b1 + by)tdtaz (1 — t)brtba=lge = (b, + bz)[)’< +1,b, + b2>
a, +a,
0

Then we have:

1
T lj xyf(xn; ay,by) dxy | = <b1ﬁ (L +1, b1). (by + bz)ﬁ( : +1,b + b2)>
aq a, +a,
0
So:
1
BOR) = [ 38 Gons aw,by) dy = (blﬁ( + 1Dy ), (b + BB (L by + bz))
1+ a;

0

- blﬁ( +1, b1> [(b1 + bR <a1 r b+ bz) blﬁ( +1, bl)]

2)[IBy substituting r = 1 we get the required formula directly.
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3)[IStraightforward from definition of variance (see [9]).
4)[JMedian is the point that 50% of the area under the density curve is preceded by it,

so it satisfies the following:

Median

f f(xN; ay, bN) de =0.5
0

Or equivalently:
F(Median; ay,by) = 1 — (1 — Median®V)Pn = 0.5

By solving the previous equation with respect to the Median we get:

1

_1\an
Median = (1 -2 bN)

Following rules of calculating neutrosophic powers presented in equation (8) we get:

1 1 1 1
_1\ay _1\a; __1 \aj+a 1\a;
Median = <1 -2 bN) = <1 -2 bl) + <1 -2 b1+b2> <1 -2 b1> 1

4.3 Parameters’ estimation using neutrosophic MLE method

Let Xy = X1y, X2p, ..., Xpy be aneutrosophic random sample drawn from neutrosophic
Kumaraswamy distribution presented in equation (12) then the neutrosophic likelihood

function will be:

n

n
Ly = L(Xy; 0y) = f(Xy; 0y) = Hf(XiN;aNJbN) = naN by XSVN_l (1 XaN

i=1 i=1

_ aN bN HXaN 1 1_[(1 X N\bPN—1

So, the loglikelihood function will be:

by-1

Ly =InL(Xy;0y) =nlnay +nln by + (ay —1) X InXjy + (by — 1) X, In(1 -
XN (14)

IN

Taking partial derivatives of equation (14) with respect to ay, by yields to:

9 aN lnX
mﬁN = % + Xt InXyy + (by — 1) 1L —N (15)
P
o ln = % + 3% In(1— XN (16)

Equations (15-16) are equivalent to the following four equations in R? (using the AH-

Isometry):
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3}
aLl = al‘i' Z?:1lnxi1 + (bl - 1) 2?21
1 1

ay ay
—Xi1 lnXi1

_y%

1-Xy
0(L1+Ly) _ n

+ Y In(Xiy + X)) + (by + b — 1) XLy

—(Xi1+X2) 41492 In(X;1 +Xp) 1492

d(ai+ay) - a;+a,
(17)

a n a
a_blLl = b_1 + 2?2111’1(1 - Xi11
0(L1+L;) _ n

d(bi+by)  bi+b,

(18)

+ X In(1 — (X1 + Xj5) %17 9%2)

1-(Xj1+Xp)01+a2

Solving these sets of equations is not easy analytically, we will provide simulation study

to show the efficiency of these neutrosophic MLE estimation.

4.4 Simulation study and random numbers generating

To do a simulation study we first derive a formula for random numbers generating

noticing that equation (13) can be written as follows:

FCty; ayby) = 1 — (1—x™)" = p, +p,] = Py

Where Py is neutrosophically uniform distributed on [0,1] So:

1
1—xy" = (1—Py)bn

1

Xy = (1 —1- PN)ﬁ)a (19)

Taking AH-isometry to equation (19) yields to the following two equations:

a=(1-0- pl)i)% 0)

—1 a a
X+ x, = (1 —(—-p,— pz)b1+b2) 7 (19)

We can use equations (20-21) to generate random numbers following classical

Kumaraswamy distribution with selected parameters, and takin T~! to the generated

numbers yields to neutrosophic Kumaraswamy distribution.

Now, performance of MLE estimators will be evaluated based on Monte Carlo simulation

to the Kumaraswamy neutrosophic probability distribution with total replication of N =

10000 times and with sample sizes of 5,15,30,50 and 100 and with fixed parameters ay =

3+ 2L by =2+4I.

Goodness of estimation is assessed depending on average bias and root mean square error

defined below: [31]
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X, (Bni — 6w)
B N

~ 2
i jzgil(em—ew)
N

AB

Where 8y; is the it estimator of 6.
4

Table 1. Simulation results of neutrosophic Kumaraswamy distribution parameters

estimation

N Average @y RMSE(ay) AB(ay) Average by RMSE(by)  AB(by)

4.287 2.380 1.287 3.311 2.522 1.311

° + 1.6421 —0.2371 —0.358/ + 2.109/ —0.2791 —1.891/
3.434 1.109 0.434 2.586 1.344 0.586

o + 2.1491 + 0.3901 + 0.149! + 3.3651 + 0.615] —0.635]
3.209 0.714 0.209 2.297 0.807 0.297

30 + 2.0751 + 0.270/ + 0.075! + 3.9531 + 0.923/ —0.0471
3.093 0.503 0.093 2.139 0.522 0.139

>0 + 2.090/ + 0.233/ + 0.090/ + 4.1231 +0.9771 + 0.123/
100 3.043 0.339 0.043 2.063 0.330 0.063

+2.0171 + 0.1691 + 0.0171 + 4.140/ + 0.8691 + 0.140!

Table (1) shows results of simulation analysis for neutrosophic Kumaraswamy
distribution where we notice that average bias of estimators is when sample size increases,

which proves by simulation that proposed estimators are asymptotically unbiased.

5. Conclusions and future research directions

We have derived the neutrosophic Kumaraswamy probability distribution function,
cumulative distribution function and statistical properties of the distribution, such as the
mean, median, variance, and general moments. Additionally, we have derived the
maximum likelihood estimations of the distributions” parameters.

The simulation study demonstrated the efficiency of the derived estimators and have
shown that the estimators are unbiased. These results indicate that the neutrosophic
Kumaraswamy distribution and its associated estimators can be useful in a variety of

applications, including those involving uncertain or incomplete information.
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Overall, this work has contributed to the development of neutrosophic probability

theory and has practical implications for data analysis in various fields. Further research can

be done to explore the potential of the neutrosophic Kumaraswamy distribution in other

statistical applications.
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Abstract: determinacy is a philosophical concept which introduced by Smarandache and
used in structure of mathematical systems. In this article we use this concept to introduced
Particular Structure of neutrosophic ring and studied some theorem and properties

according to classical axiomatic ring theory.

Keywords: Neutrosophic rings; Neutrosophic rings of Integers; Neutrosophic rings of

Complex; Neutrosophic rings of Integers of modulo n.

1. Introduction

Neutrosophic ring established first time by Kandasamy and Smarandache in 2006 see
[19], in this paper we introduced particular neutrosophic ring depend on classical axioms of

ring theory and studied some theorems and properties of neutrosophic ring theory.

2. Neutrosophic Rings and Their Examples

In this section we introduced the concept of neutrosophic ring was introduced in 2006 by

Kandasamy and Smarandache see [19] with examples, but by applying the axioms of
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classical ring theory with concept of indeterminate. The neutrosophic element as I where
I is an indeterminate and I issuchthat I =[.If [? =1 I(I —1) =0 or any relation is
just saying 1% =1

Definition 2.1. [19] Let R be any ring. The neutrosophic ring (R U I) is also a ring
generated by R and ! under the operations of R.

Theorem 2.2. [19] Let (R U I) be a neutrosophic ring. (R U I) is a ring.

Note. In sated of notation (R U I) and (R\{0} U I),we use notation R[I] and R*[I]
respectively.

Definition 2.2. Let R be a nonempty set and the triple (R,+,s) be aring, and consider
the neutrosophic (NS):R[I] = {a + bl:a,b € R}, then the neutrosophic algebra structure
(NAS):

N(R) = (R[I], +,) is called the neutrosophic associative ring which is a generated by I
and R under operations + "addition "and e " multiplications" respectively if satisfies the
axiomatic conditions of ring:

NR1: Forall x,y and z € N(R), N(R) = (R[I], +) is a neutrosophic an abelian group
under addition;
NR2: Forall x,y and z € N(R*), N(R*) =(R*[I],») is a mathematical associative
neutrosophic system under multiplications, thatis, N(R*) = (R*[I],e) is neutrosophic
semi group and
NR3: x e(y+z)=(xey)+(xez) and (y+z)ex = (yex)+ (zex) "left and right
distribution laws".
Observations.
ol If N(R*) =(R"[I],*) has neutrosophic identity (or unit), then N(R) = (R[], +,)
is called a neutrosophic ring with a neutrosophic identity (or neutrosophic unit).
o[l If N(R*) =(R*[I],*) has neutrosophic inverse, then N(R) = (R[I], +,¢) is called a
neutrosophic ring with a neutrosophic inverse and the neutrosophic structure
N(R*) =(R*[I],) is called neutrosophic group.

o[l If N(R*) =(R*[I],*) is a neutrosophic abelian, that is, all x,y € N(R), we have
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x.y = y.x, in addition,N(R*) = (R*[I],e) is called a neutrosophic abelian group,
consequently, the N(R) = (R[I], +,¢) is called a filed and denoted by N(F) =
(F[I1,+.e).
Definition 2.3. Let R be a finite set and the triple (R,+,») Dbe a finite ring, then
N(R) =(R[I],+,%) is called a finite neutrosophic ring, otherwise, N(R) = (R[I], +,¢) is
called is an infinite neutrosophic ring.
Definition 2.4. Let N(R) = (R[I], +,%)be a neutrosophic ring. Define the neutrosophic set:
N(C(R) ={x € N(R):xy =yx,Vy € N(R)} which is called the neutrosophic center of
N(R). Also, N(R) is abelian iff N(R) = N(C(R).
Definition 2.5.[19] Let Z be a set of integer numbers and Z[I] ={a+ bl:a,b € Z} be a
neutrosophic- integer set, where a + bl is a neutrosophic integer number.
Preposition 2.1. Let (Z, +,») Dbe aring of integers under usual addition and multiplication,
then the neutrosophic algebra structure (NAS): N(Z) =(Z[I],+,%) is called the
neutrosophic integer ring which is generated by I and Z.
Proof. Let (Z, +,») be aring of integers under usual addition and multiplication and
(Zul)={a+bl:a,b € Z} be a neutrosophic- integer set, where a + bl is a neutrosophic
integer number. Then by proposition 2.1 in [5] , N(Z) = (Z[I], +) is a neutrosophic abelian
group, so NR1 axioms is hold. Now Let , N(Z) = (Z[I],») such thatall x,y € N(Z), then:
x y = ((xq +xD) + (1 +y2D))
= ((xl.yl) + (((xl.yz) + (x2.31)) + (xz.yz)) I) €,N(Z) = (Z[I],"), it's a closure,
moreover,

(x-y)-z=((x1 +xD)+ O +3’21)) (21 + z,1)

((x1-}’1) + (((x1-3’2) + (xz-Y1)) + (xz-Y2)) 1) (21 + z,1)

(xX1.¥1)- 21
+

((x1-3’1)-zz + (1. y2) + (2. y1) + (62.32))- 21 + ((x1.72) + (. y1) + (xz-Y2))-Zz)I
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x1.(¥1-21)
+
((x1-J’1)-Zz + ((e1.y2) + (2. y1) + (x2.2)). 21 + ((x1.y2) + (2. 91) + (xz-YZ))-Zz)I

x1.(y1-21)

_ +

((x1-J’1)-Zz + ((e1-v2)- 21 + (2. y1). 21 + (02.92).21) + ((%1.¥2)- 25 + (x2.¥1). 2, + (xz-}’z)-zz))l

x1- (V1 -21)

— +

(2 01-22) + (1. 02 22) + X (01 20) + X (2.20)) + (1. 02 25) + X (1. 22) + % (72.25)) ) 1
= G+ 0D (002 + (00 22) + 02 20) + 02 2)) 1) = 2.2,
Hence the associative law is hold.
Finally, x.(y +2) = (x1 + x21).((vy + 1) + (21 + 2,1))
= (g +x,D). (1 +21) + (y2 + 2)]1)
= (%11 + 1) + (x1. (V2 + 22) + x2. (1 +21) + x2. (y2 + 2,))])

= ((Ga) + Guz) + (G092 + a.22)) + (G2 2) + G20 + (G 2) +
(xz.zz))) I)
= ((x1-}’1) + ((x1-}’2) + (x2.y1) + (xz-}’z))l) + ((x1- +2z;) + ((x1-Zz) + (x2.21) +

(xz.zz))l )

= ((x1 +x,0). (y; + yzl)) + ((yl +y,0).(z, + ZZI)) = (x.y) + (x.2). By similar
procedure, we can deduce that: (y +2z).x = (y.x) + (z.x). Moreover there exists 1€
,N(Z) = (Z[I],%)such that 1.x = x.1 = x. Hence N(Z) = (Z[I], +,¢) is neutrosophic integer
ring with identity . The neutrosophic integer ring will plays an important role in the study
of neutrosophic ring theory.
Example 2.1. Let (Z* U {0},+,») beaunit ring of positive integers under neutrosophic
addition and multiplication, then the neutrosophic algebra structure (NAS): N(Z*) =
{(Z* v {0} U I),+,} is called the neutrosophic unit integer ring which is a generated by I
and Z* v {0}.
Defintione2.6. (Number theory) Let Z be the set of integers and x € Z, then x is called

even number if there exists k € Z such that x =2k. If x,y € Z and both are even
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numbers, then x +y and x.y are even numbers. Because,x + y = 2k, + 2k, = 2(k; +
k,) = 2k, where,

ks = (k; + k;) € Z. Also,x.y = (2k1). (2k;) = Z(kl. (Zkz)) = 2k;, where, k; = (kl.(ZkZ)) €
Z.

Defintione2.7. (Neutrosophic Number Theory) Let Z[I] = {a + bl:a,b € Z} be the set of
neutrosophic integers and x € Z[I], then x = x; + x,I is called the neutrosophic even
number if, x; and x, are even number. So, 0,21,41,..,2+2[,2+4I,.. etc, are
neutrosophic even integers.

Example 2.2. Let (Zgyen, +,*) be a ring of even integers without unit under neutrosophic
addition and multiplication, then the neutrosophic algebra structure (NAS): N(Zgypen) =
{{Zgyen U I), +,¢} is called the neutrosophic integer ring which is a generated by I and Zgyep,.
This is a neutrosophic integer ring without neutrosophic unit elements.

Definition 2.8.[19] Let R be a set of real numbers and (RUI)={a+ bl:a,b € R} be a
neutrosophic- real set, where a + bl is a neutrosophic real number.

Preposition 2.2. Let (R,+,) be a ring of real numbers under usual addition, then the
neutrosophic algebra structure (NAS): N(R) = (R[], +,) is called the neutrosophic real
ring with identity which is a generated by I and R. In addition, N(R) = (R[/],+,") is a
neutrosophic real field.

Proof. By the same argument of preceding preposition 2.1. In addition, N(R*) = (R*[I],") is
a commutative group. consider a = a; + a,I € R(I). Suppose that x = x; + x,I € R(I) is
the neutrosophic inverse of a, that is,

ax=1 (a;+ayl).(x; +x,1) =1+0I
& ((ar-x0) + ((a1-22) + (az-21) + (az.x))1) = 1 + 0L

= a,.x; =1 and (a;.x,) + (a,.x1) + (a,.x,) = 0.

az

1 1 1
=x;=— and (a; +ay)x, +a,,—=0=x; =— and x, = — . To check
aq ag ai al(a1+a2)
. . 1 a,
the axiom of inverse, a.x = (a; + a,l ).(— — I
a; A1(aq+ay)

2
_ ((al;) b (-2 ) ¢ (L) - (=2 ),)
ay Q1(a;+az) a1 Q1(a;+az)
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14 (—al.a2+a2.(a1+a2)—a22> I

al(lll +112)

2 2
—a;.az+az.a;tax“—a,
=1+ ( I.

Q1(as+az)

=1+ 0/ = 1.By similar way we have x.a = 1. Also for all a,b € R(I),we
have
ab = ba. Hence N(R) = (R[I],+,") is the neutrosophic field of real l.
Definition 2.9.[19] Let C be a set of complex numbers and C[I] ={a + bl:a,b € C} be a
neutrosophic- complex set, where a + bl is a neutrosophic complex number.
Preposition 2.3. Let (C,+.:) be a ring of complex numbers under usual addition, then the
neutrosophic algebra structure (NAS): N(C) = (C[I],+,) is called the neutrosophic
complex ring with identity which is a generated by I and C. Moreover, N(C) = (C[[], +,")
is the neutrosophic field of complex numbers.
Proof. Let N(C) = (C[I], +,7) be the neutrosophic algebra structure and let
a=ay+ayl, b=>b;+by,] and c =c; +c;I be three elements in C[I] Then N(C) =
(C[I],+) is a neutrosophic complex abelian group by prop2.3 in [5]. Also, N(C*) = (C*[I],")
is a neutrosophic commutative complex group, 1 is the neutrosophic identity element, now

if we consider

a=ay+a,l €C(U), a;,a; €C, then suppose that a™'= i—( %2 )I is the

ar  \@i(ay+ay)

neutrosophic inverse element of a by the same argument in pervious proposition 2.2.Hence
N(C*) = (C*[I],")is a commutative neutrosophic complex group and consequently, N(C) =
(C[I], +,) is neutrosophic field of complexM.

Theorem 2.2.Condiser N(Z,) ={Z, U1,®,,®,} is a finite neutrosophic ring under
addition and multiplication with modulo n. Moreover N(Z,) = {Z, U 1,®,,®,} is a finite
neutrosophic ring under addition and multiplication with modulo n.In addition it is a field.
Proof. See theorems 2.4 and 2.5. in [5].

Example2.3. N(Z3) = (Z3 [I],@D3,®3)is a finite neutrosophic ring under addition and
multiplication with modulo 3. Moreover, it's a finite neutrosophic field. As we know, Z3 =

{0,1,2} and,
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Zs[Il ={a+bl:a,b € Z3} ={0,1,2,1,2,1 + 1,1 + 21,2 + 1,2 + 21}, to construct then the

neutrosophic algebra structure (NAS):N(Z3) = (Z5[I],@3) by the visualizing table as
P & y g

shown in table.2.1.

Table.2.1, of (NAS of N(Z3) = (Z3[1],D3).

D 0 1 2 I 21 1+1 | 1+21 | 2+1 |2+2]

2 2 I 21 1+1| 1+
21

I I 1+ 1 2+ 2

21

21 21 1

1+1 [ 2+21

1 1 2

+2I | +21 | +2I

2+1 I 1+1 | 2+2I 2 21 0 1+21 | 1

2 2 21 1+ 2 0 I 1+1

+2I | +2I 21 1

The (NAS) is a closure under operation @3 modulo 3 and associative, there exists identity

element is zero and for any elements in x has inverse as shown in the table 2.2.
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Table 2.2, of inverse element.

x |0]1]2 I 21 141 | 1+721 2+1 2+ 21

x71j0o]2]1 211 |24+21] 2+1 1+21| 1+1

The (NAS) N(Z3) = (Z3[I],®3) is represents a neutrosophic commutative group (NS). In
addition,

Z3;" ={12} andZ;*[I] ={a+bl:a,b € Z3} ={1+ 1,1+ 21,2+ 1,2 + 21}, to construct the
neutrosophic algebra structure (NAS):N(Z3 ) = (Z3 *[I], ®3) by the visualizing table as
shown in table.2.3.

Table.2.3, of (NAS of N(Z3") = (Z3"[I], ®3).

®3 1+1 (1+21| 2+1 |2+2]

1+1 1 1+21| 241 2

1+21 |\ 1+21|1+21| 241 2

2+1 | 241 | 241 |1+21|1+2]

2+ 21 2 2+1 | 1+21 1

We see that N(Z3 ™) = (Z3 *[I], ®3) is a neutrosophic semigroup, but in classical ring theory
(Z3",®3) is a group. Also, this table is a correction of table 2.1 in [5]. Moreover, NR3 is hold,
for instance, (1 + I). ((2 +D+ 2+ 21)) =(1+4+1).(4+3]) =4+ 10Iand,
A+D.Q+D+@A+D.2+2D) =Q2+4D)+ (2+6]) =4+ 10l. Hence N(Zs) =
(Z3 [1],D3, ®3) is a neutrosophic ring.
Theorem?2.3. [6] Let A4,B, and C be three neutrosophic matrices of the same capacity, and
consider x and y are two neutrosophic scalars, then:
i..l A+ B =B+A4;
ii..l (A+B)+C=A+ (B+C)""associative law";
iii..] A+0=A4;

iv.] x(A+ B) =xA+ xB;
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vl (x+y)A=xA+yA;
vi.[l x(yA) = (xy)A,and
vii.l 1.A=A
Theorem2.4.[6]. Let A, B, and C be three neutrosophic matrices which are defined under
multiplication, with x is a neutrosophic scalars, then:
i..l (AB)C = A(BC) " associative law";
ii..l A(B+C)=AB+ AC "left distributive law";
iii..l (B+C)A=BA+CA 'rightdistributive law" and
iv.[l x(AB) = (xA)B = A(xB).
v.[l 0A.=0, B.0=0. Where O isa neutrosophic zero matrix.
Theorem 2.5. Consider the n — square neutrosophic matrix set
Mpxn = {a;j + bjl: a;j,b;j €R,00 =0 & I? = I}, such that M,,,, hasinverse, that is
det ([aij + bijl]) # 0, then N(M,x,) = {[aij + bijl], +,><} ,where "+" defined as
definition 2.11 and " x " defined as definition 2.13 respectively in [4,6]. Then N(M,x,) =
{[aij + bijI], +.%} is non- commutative neutrosophic ring with unit.
Proof.
NRI1: N(M) = {[aij + bijl],+} is a commutative group under +. By theorem2.2.[6].
From (i) to(iii) the neutrosophic inverse element:
A+ (=A) = [ai; + byl ]+ [(=ay;) + (=by;)]]
= [ay; + (—ay;) + (byy + (=byj)) 1], for 1,/ =123,...,n
= [0 + 0/] = 0. By the same argument we have —A4 + A = 0. Hence,
NMpxn) = {[a; j + byl |, +} is a neutrosophic abelian group.
NR2: N(M) = {[aij + bijl],x} is monoid according to theorems 2.2.and 2.3.[6].
NR3: From part (ii) and (iii) in theorem 2.4, the neutrosophic distributive law is hold.
Hence

N(Mpxpn) = {[ai i+ bijl ], +,><} is non- commutative neutrosophic ring with unitil.
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. . . [1+40l 1+0I B
Example 2.4. Consider the following two matrices: A = [0+ ol 14 0] and B =
[1+OI 0+ 01
1+0/ 1+0IF

ap_[1+0I 1+0N[1+0I 0+0I7_[2+0I 140!
then:aB = [0 Lo 1 Todlivor 1vol=livor 140k

_[1+0I O0+0Nn[1+0l 1+0I]_[1+0I 1+0I
BA=[13or 1vollovor 150l =liTor 23 of) weseethat 45 = Ba

Definition 2.10. Let N(R) = (R[I],, +,")be a neutrosophic ring contains a neutrosophic unit
element and x = (x; + x,I) # 0 € N(R) (not necessarily to be a commutative neutrosophic
ring), then x is called a neutrosophic unit in N(R) if there exists a multiplication inverse
y such that

xy =yx =1 and y denoted by x~.

Theorem 2.6. Consider N(R) = (R[I],,+,") is aneutrosophic ring contains a neutrosophic
unit Let U(N(R)) ={x €N(R):3y € N(R) 3 xy = yx = 1} be the set of all units. Then:
(U(N(R)),) is a neutrosophic group under multiplication.

Proof. Since 1 € N(R), then 1 € U(N(R)) and U(N(R)) # @. Suppose that x,y €
U(N(R)) then there exists x7%,y~' € N(R) such that xx'=x"!'x=1 and yy ! =
y~ly = 1. Now,

G 'x ™ Dy) =1 and (xy)(y~'x™ 1) =1 by theorem 3.2. part2 in [5], hence x.y €
U(N(R)). Also, if x € U(N(R)), then x™1 € U(N(R)), therefore for all if x € U(N(R)),
there is a multiplication neutrosophic inverse x~'e U (N (R)). Moreover, N(R) =
(R[I],,+,) is a neutrosophic ring , then the multiplication is associative in particular of
elements of U(N(R)) and consequently, (U(N(R)),) is a neutrosophic group.

Definition 2.9.[19]: Let (R U I) be a neutrosophic ring. A proper subset P of (R U I) is
said to be a neutrosophic subring if P itself is a neutrosophic ring under the operations of
(R U I). It is essential that P = (§ U nl),n a positive integer where S is a subring of R.
i.e. {P is generated by the subring S together with n1.(n € Z+)}. Note: Evenif P isaring
and cannot be represented as (S U nl) where S is a subring of R then we donotcall P a

neutrosophic subring of (R U I).

Adel Al-Odhari, A Review Study on Some Properties of The Structure of Neutrosophic Ring



149

Theorem 2.7. Consider N(R) = (R[I], +,¢) is neutrosophicring and N(S) # @ S N(R), then
N(S) is called a neutrosophic subring of N(R) iff:

1.0Va,b € N(S) = a—b €N(S), and,

2.1V a,b € N(S) = ab € N(S).
Note. If N(S) is a neutrosophic subring of N(R), then denoted by: N(S) < N(R).
Proof. Frist direction, consider N(R) = (R[I], +,¢) is neutrosophic ring and N(S) # @ S
N(R). Assume that a,b € N(S) = {a+ bl:a,b € S}
=a—b=(a;+ay])— (b +b,]) = ((al — by) + (a, — bZ)I) € N(S). Also,
= a.b=(a; +a,]).(b; +b,I)=(ay;.by) + ((al.bz) + (a,.by) + (az.bz))l € N(S).
Conversely,
Suppose that a + b and ab € N(S) forall a,b € N(S),then N(S) its closure under addition,
since N(R) =(R[I],+) is a commutative neutrosophic group,, then N(S) = (R[I],+) in
particular elements is commutative neutrosophic group. Also, N(R) = (R[I],*) is a
neutrosophic semigroup, so
N(S) = (S[I],*) is a neutrosophic semigroup in particular elements of N(S). Finally,
N(R) =(R[I],+,*) has the property of NR3, so NR3 is hold in N(S) = (S[I], +,) for
particular elements, therefore N(S) = (S[I], +,¢) is a neutrosophic ringll.
Example 2.5. Consider N(Zg) = (Zg [1],D¢, ®¢)is a finite neutrosophic ring under addition
and multiplication with modulo 6,where Z¢ [I] = {a + bl: a,b € Z4 }, that is,
Z¢ Il ={0,1,23,451+1,...1+5,2+1,..2+5,3+1,..3+5,4+1,..4+5I,5+
I,..,5+5I},and
Take S[I] = {0,21,41} € Z [I]. Then S[I] < Z [1].

Table.2.4, of (NAS of N(S[I]) = (S[I],Ds).

@ | 0 |21 41

0 | 02141
21 |21 41| 0
4] | 41 | 0 | 21

We see that S[I]is closed under addition modulo 6.
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Table.2.5, of (NAS of NS[I]) = (S[I], ®)-

D | 0] 21| 4l
0|o/o]oO
21 | 0|4l |21
41 |0 21|41

Since S[I] is closed under multiplication modulo 6.
If S[I] = {0,2,4,21,41,2 + 21,2 + 41,4 + 21,4 + 41}, then S[I] < Z [I], because S[I] is
closed under addition and multiplication of modulo 6.
Defintion2.11. Let N(R) = (R[I], +,¢) is neutrosophic ring, then the center of
neutrosophic ring is denoted by C(N(R)) and defined by: C(N(R)) = {x € R[I]:xy =
yx,Vy € R[I]}.
Proposition 2.5. If N(R) = (R[I], +,¢) is neutrosophic ring contains a neutrosophic unit
element, then C(N(R)) < R[I].
Proof. Since 1 =1+ 0] € C(N(R)), then C(N(R)) # @. Suppose that a,b € C(N(R)), now,
since
a€C(N(R)) = ax =xa,V x € R[I]

< (ag +a, D)y + x31) = (g + x31)(aq + ayl),V x € R[I]

< (aq.xq0) + ((al.xz) + (a,.x1) + (az.xz)l) =(xy.aq) + ((xz.al) + (x1.ay) +
(x5.a,)1),V x € R[I].
Also, b € C(N(R)) = bx = xb,V x € R[I]

< (by + b, D) (xq + x51) = (xq + x,1)(by + byI),V x € R[I]

& (by.x1) + ((b1-x3) + (bg.x1) + (ba.x)1) = (x1.b1) + ((x2.b1) + (x1.b,) +
(x2.b,)1),V x € R[I].
Hence (a — b)x = ((a1 +a,])—(by + bzl)). (21 + x5,0)

= ((a1 +a,D).(xqy +x,1) — (by + bzl)). (21 + x5,1)
= (a;.x) + ((al.xz) + (ay.xq) + (az.xz)l) —(x1.b)) + ((xz.bl) + (x1.b,) +

(x5. bz)I)

Adel Al-Odhari, A Review Study on Some Properties of The Structure of Neutrosophic Ring



151

= (x1.a1) + ((x2-a1) + (x1.a) + (x5.a2)1) — (x1.b1) + ((x2.by) + (x1.by) +
(x5.b)I)
= (x1 + x,0)(aq + ayl) — (x1 + x,1)(by + by1)
= (%1 + x,1)((ay + az1) — (by + by1))
= x(a — b). Hence (a — b) € C(N(R)). Moreover,
(ab)x = (a, + azl)((b1 + byI). (xq + le)).
= (ay + aD)((x, + x,1). (by + by1)).
= ((ay + azD) . (x1 + x31)). (by + by D).

= ((x1 + x,1).(a; + a,l) ) (by + bI).

(x1 + x21). ((ag + azD). (by + b,1).)

= x(ab). Therefore ab € C(N(R)). By theorem 2.6. C(N(R)) <R[/
Example 2.6. Consider N(Z3) = (Z3 [I],D3, ®3)is a finite neutrosophic ring under addition
and multiplication with modulo 3, where Z3[I]={a+bl:a,b € Z3}, then C(N(Z3) =

Z3 [I], because Z3 [I] is a commutative neutrosophic ring. Also U (N (Z4 )) ={1+1,2+2I3}.

3. Properties of Neutrosophic Elements in Neutrosophic Ring

Definition3.1. Let N(R) = (R[I], +,2) be a neutrosophic commutative ring and x # 0 €
N(R), then x issaid to be a zero-divisor, if there exists y # 0 € N(R) such that x.y = 0.
Example 3.1. N(Z) =(Z[I],+,2),N(Q) = (Q[I], +,2), N(R) = (R[I],+,») and N(C) =
(C[I], +,*) has no zero divisor. Also N(Z,) = (Z, [1],P4, ®4) and N(Zg) = (Z¢ [I],D6, Q¢)
has no zero divisor, but

(Z4,D4,®4) and (Zg,D¢, ) in classical ring theory has zero divisor.

Definition3.2. Let N(R) = (R[I], +,¢) be a neutrosophic commutative ring, then N(R) is
called a neutrosophic integral domain, if N(R) it has no zero divisor.

Example 3.2. All neutrosophic ring structure in pervious example are neutrosophic integral

domain.
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Theorem3.1. Consider N(Z,) = (Z, [I],D,, ®;) is a neutrosophic ring, then N(Z,) =
(Zy 11Dy, ®p)

Is not a neutrosophic field.

Proof. By pervious example 2.3.

Example 3.3. Consider the N(M;,x,,) = {[ai i+ bl ], +,><} is non- commutative neutrosophic

ring with unit. Take Az[g iﬂio and Bz[g ZBZI]th , then: AB =
o allo “571=16 of

Hence A and B are zero dvisors.

Definition3.3.[19] Let N(R) = (R[I], +,») be a neutrosophic ring. A characteristic of N(R)
is the smallest positive integer n (if there is one) such that nx = 0,V x € R[I]. If there is
no such integer, we say that neutrosophic ring R[I] has characteristic zero, otherwise R[I]
has characteristic n and denoted by N(chR[I]) = n.

Example 3.4. N(Z) = {Z[I],+,2), N(Q) = {(QI[I], +,*), N(R) = (R[], +,») and N(C) =
(C[I],+,%) have characteristic zero.

Proposition 3.1. Let N(Z,) = (Z,[I],,®,, ®,) be a neutrosophic ring. Then N(ch Z,[I]) =
n.

Proof. By Principle of Mathematical Induction.

First, If n=1, then Z;[I]={a+bl:a,b€Z;}={0+0I} and 1.(0+ 0I) =0, hence
N(chZ,[I]) = 1. Hence is true statement when n = 1.If n = 2, then Z,[I] = {a + bl:a,b €
Z,}={01,I+1+1} and 2.0=0,2.1=0(mod2),2.1 =21 =00mod2),2.(1+1)=2+
21 = 0 (mod 2).herefore N(ch Z,[I]) = 2. Hence is true statement when n = 2.

Second. Suppose that, n = k, then Zy[I] = {a + bl:a,b € 7}

Zel1 ={01,2, . k= 1,1,21, .,k — DL+ L1+ 201+ (k= D2+ 1,2 +21,..,2 +
(k=D o, (k=1 +1,(k—1) +2I,...,(k = 1) + (k — I}. Such that k.x =0,V x € Z;[]
is true stamen.

Third, to show that the statement n =k + 1 is also true, that is (k+1).x=0,Vx €
Zi+1[1].Now

(k+1).x=kx+1lx=0+x=x(mod (k+1))= (k+1).x =0 (mod (k + 1). Hence,
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N(ch Zy+1[I1) = k + 1. Is also true, we deduced that N(ch Z,[I]) = n,vn € NR.

Theorem3.2. Let N(R) be a neutrosophic ring and x,y and z € N(R).Then:

1.0x.0 =0.x = 0;

2.0x.(=y) = (=x).y = —(xy);

3.00(=x).(—y) = xy, and,
Proof.
1.0x.0 = (xq + x,1). (0 4+ 0I) = (xq + x,1).(0 + 0I)

= (1.0 4+ (%1.0 + x,.0 + x,.0)])
=0+ 0/ = 0. By similar way 0.x = 0.

2.[1Wehave from (1) 0 =x.0 = (xq + le)((—yl -y, D)+ (y1 + yzl))

= (1 + x2D). (=y1 —y21) + (x1 + x21). (y1 + y21)

(1).
Also, 0=—Cxy)+ (xy) = —((g + x21). 1 + ¥21)) + ((xy + x2D. (v1 + y21))
(2).
From (1) and (2), we get:
(g +xD). (=y1 —y.1) + (xq +x1). (y1 + y21)
= —((xy + x2D. (y1 + ¥21)) + ((x1 + x21). (y1 + ¥21)). By theorem 3.2, part 3in [5],
this is
implying that,  (xy + x21). (=y; — ¥o1) = —((x1 + x,1). (1 + y21)) © x.(—y) =
—(xy).

3.[1 By the same procedure we can deduced that (—x).y = —(xy). From (2), we have
(—x).y = —(xy) = (=x). (=) = —(x(=y)) = =((=x).y) = xyR.
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Abstract:

The objective of this paper is to study the basic concepts of real refined
neutrosophic analysis by using the refined neutrosophic AH-isometry, where
refined neutrosophic real famous functions such as polynomials, exponents,
Gamma functions and logarithmic refined neutrosophic real functions will be
presented and discussed in terms of formulas and theorems. Also, many related
examples will be illustrated.

Keywords: refined neutrosophic function, refined neutrosophic AH-isometry,

refined neutrosophic Gamma function

Introduction and Preliminaries

The concept of refined neutrosophic algebraic structure was released in 2020 by
neutrosophic rings, groups, spaces, modules and matrices [1-10].

The main idea behind the refined neutrosophic algebraic structures is that they are
considered as a new generalization of classical and neutrosophic structures and
other similar structures respectively [11-15]. Also, the refined neutrosophic
functions were suggested and discussed.

The Element I can be split into 13,1, satisfying the following;:
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RP=Ll=0L1L-l,=1-1,=1,.
The structure R(I,1,) ={a+bl;+cl;;a,b,ceR} is «called the refined
neutrosophic field of reals. Let f:R(I3,I;) - R(I;,I;) be a function with one
variable, ie.,f = f(X);X € R(I,I;) then f is called a refined neutrosophic real
function with one refined neutrosophic real variable.
To study the analytical properties of this type of functions we must use the refined
AH-Isometry defined in [7] as follows:
T:R(I,I,) > R X R X R
T(a+ bl +cl,) =(a,a+b+c,a+c)
And its inverse is defined as follows:
T~ R xR XR - R(I;,I,)
T Y(a,b,c) =a+ (b—0c)l; + (c —a)l,

Example:
Let f:R(Iy,1;) » R(I14,1,) be a function defined as follows:

FX) =X2+LX—1,;X =xo + x,1, + x50, € R(Iy, 1)
By using the refined AH-Isometry we can turn f into three classical real functions:

TIf(X)] =TX?) + TUITX) = T(12)

= (x§, (xo + x1 + x2)%, (%o + x2)%) + (0,1,0) (x0, %0 + 21 + 22, %o + %x2)

—(0,1,1) = (x3, (xo + %1 +x2)% +xg +x; +x, — 1, (xg + )% — 1)
So that, the refined neutrosophic real function f has been splat into three classical
real functions:

g:R - R;g(xo) = x5
h:R > R;h(xg+x +x3) = (g +x; +x)* +x0+2x; +x, — 1
LR - R;1(xg+x,) = (xg +x3)%— 1

In this work, we use the previous algebraic AH-isometry to define and study the
real refined neutrosophic real analysis and functions as a continuing of efforts
released to study neutrosophic analysis [16-18].

Main Discussion
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Definition:

The neutrosophic real function f:R(I3,I;) = R(Iy, ;) is called:
(a)LContinuous if and only if corresponding functions g, h,l are continuous on R.
(b)(Differentiable if and only if g,h,l are differentiable.

(c)lIntegrable if and only if g, h,[ are integrable.

Example:
Take f:R(I;,I,) » R(I, 1) ; f(X) = X2 — I, + 21,
T(F(X)) = (x3, (xo + x1 + x2)?, (%0 + x2)%) — (0,1,0) + 2(0,1,1)
= (xg, (xo + x4 + %)% + 1, (x0 + x2)% + 2)

We have:
g:R > R; g(x) = x¢ is continuous, differentiable and integrable on R.
h:R - R;h(xy + x; + x3) = (xo + X, + x,)?> + 1 is continuous, differentiable and
integrable on R.
LR - R;1(xg + x3) = (xo + x2)* + 2 is continuous, differentiable and integrable on
R.
Thus f is continuous, differentiable and integrable on R(I;, I).
Now let’s compute the derived function of f by using the refined AH-Isometry:
g’ (xg) = 2xg,h" (xg + x1 + x3) = 2(x¢ + x1 + x), ' (%9 + x3) = 2(xy + x3), thus:
flX) = T‘1(2x0, 2(xg + x1 + x3), 2(xo + xz))

= 2x0 + [1[2(xg + 21 + x3) — 2(xg + x2)] + L,[2(xp + x3) — 2x0]

= 2xy + 201y + 22,1, = 2X
Same result can be found by direct computing where:
F/(X) = 2X.

Now let’s integrate f directly:
1
jf(X)dX = §X3 + (=1 + 21)X

The second is to integrate f by using refined AH-Isometry as follows:
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x3
fg(xo)dxo = ?O,f h(xg + x; + x5)d(xg + x4 + x5)

_ (xo + x1 +x)°

+ (xg +x, + xz),f [(xo + x2)d (%o + x32)

3
+ 3
= —(xo 3x2) + Z(XO + xZ)
So:
xg (xo + 2, +x,)3 (%o + x2)3
([ ronacn) = (2SI G 4y ), 2T 4 200+ 1)
Thus:
XS (xo +x1 + x,)3 (xo + x3)3
[ reodon =17 (3 FEREED 4 g ), T 4 200 +37)
X5 (xo + x1 + x,)3 (xo + x3)°
:?‘l'll 3 +(x0+x1+x2)_T_2(x0+x2)

Xo + x3)3 x3

It is easy to catch that:
X3
T(ff)=T<?—11X+12X>=(fg,fh,fl)

Let R(I,I;) ={a+ bl; + cl,;a,b,c € R} be the refined neutrosophic field of reals,

Definition:

we say that ag + a;l; + ayl, <y by + b1l; + by1, it and only if ay < by, a9 + a4 +
a, < byg+ by + by,ay+ a, < by + b,.

Theorem 1:

The previous relation is a partial order relation.

Proof:

Let x=a¢+a;ly +ayl,,y=>by+ by +by1,,z=cy+cly +c,l, €ER(, 1) , we
have:

x < x because ay < ag,ap+a; +a, <ay+a;+a,,ay+a,<ay+a,

Assume that x <y and y<xso: ay<bgay+a; +a, <by+b;+by,a,+a, <

b0+b2 and bosao,bo'i‘bl'i‘bzSa0+a1+a2,b0+bzsao+a2 which means
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that ay = by,ay + a, + a, = by + b; + b,,ay + a, = by + b,, we conclude that a, =
by,a; = b;,a, = b, so x =y

Suppose that x <y and y <z so:ay < by, a9 +ay +a, < bg+by+bya9+a, <
bo + b,and by < co, by + by + b, < g+ ¢q + ¢z, by + by < ¢y + ¢, which yields ay <
Co, Qo+ a; +a, <cy+cy+cy,a0+a, <cy+c, which means that x < z

Finally, we conclude that <j is a partial order relation.

Computing Refined Neutrosophic Powers in R(I4,1;)
we call (ag + ail; + ayl;)t™htnelz; 0 a. a,,ny,ny,n, € Ra refined neutrosophic
power. Here will present a theorem helps in finding such powers:
Theorem:
(ag + a1y + ayIy)otmlitnal
= ag® + [(ag + ay + ax)™*"* 2 — (aq + az)"0* 2]l
+ [(ag + ap)™*™2 — a;°|1,
Proof:
Taking refined AH-Isometry to the left side yields:
T[(ag + a11; + a,ly)totmhnalz] = (a3°, (ap + ay + ax)™ ™* 2, (ay + a,)™0""2)
Now taking inverse isometry T~ we get:
(ap + a1, + a,l,)totmhtnel — T‘l(ag", (ap + a; + a,)™t™M*mz (g, + az)”°+”2)
= ag" + [(ap + a; + ax)™* ™ * "2 — (ay + ap)™0* 2]l
+ [(ag + az)™*"2 — a;°|1,
Example:
let xy=@+2l—2L)"h+2  we have: T(xy)=T[(3+ 2I; —2I,)*1+22] =
(3,3,1)@*3 = (1,0,1), which yields that:
xy =T71(3,81,1) = 3480l — 21,

1
If our result is right, then (3 + 80I; — 21,)1*1*2l2 should be equal to 3 + 21; — 2I,.

1 1
Let vy = (3 + 801, — 2I,)1+1+202 then T(yy) =T|(3+80I, — 212)1+’1+ZIZ] =

(1,1,1)

(3,81,1)@43) = (3,81,1)(1%%) =(3,3,1)
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So: YN = T_1(3,3,1) =3+ 211 - 212
Refined Neutrosophic Trigonometric Functions:
Here we are going to present some definitions and theorems related to refined

neutrosophic trigonometric functions which are functions in 6y =6y + 6:1; +

0,1,;64,601,0, ER

Theorems:

Let R(I1,1;) be refined neutrosophic field of reals then:

1.00sin(0y + 0414 + 0,1,) = sin By + [sin(8y + 6, + 6,) — sin(Hy + 0,)]1; + [sin(6, +
6,) —sin 6,1,

2.01cos(By + 011, + 6,1,) = cos By + [cos(By + 01 + 0,) — cos(0y + 6,)]I; + [cos(By +
0,) — cos 6,1,

3.[0tan(8,y + 6,1; + 0,1,) = tan O, + [tan(6, + 6, + 6,) — tan(6, + 6,)]I; + [tan(6, +
6,) —tan6y]1,

4.01sin?(8y + 011, + 0,1,) + cos?(8y + 011, + 0,1,) = 1

5.00—-1 <sin(@y + 6,1; + 6,1;) <1

6.01—1 < cos(fy + 6,1; + 6,1,) <1

Proof:

660+6111+6212—e_(60+6111+0212)

1.0 Sin(90+6111+9212) = ;lz =-1

2i
ebot0111+0:1, __ 5 —(60+6011,+6,17)

2i

T[Sin(90 + 9111 + 9212)] =T

— l(eeo — 3_90 990"'91"'92 — e—(90+91+92) 390"'92 — e—(90+92))
2i ’ ’
So:

1
SIH(QO + 91[1 + 9212) — Z_iT_l(ego — e_go,e90+91+92 _ e_(90+91+92),690+92 _ e—(90+92))

ebo — o=6o ebot01+6, _ 5=(00+61+602)  500+6, _ o—(60+62)
BT [ 2i B 20 h
e00+02 _ o=(60+62)  p00 _ =00
* [ 2i 2 ]12

= sin 90 + [Sin(90 + 91 + 92) - Sin(90 + 92)]11 + [Siﬂ(@o + 02) — sin 90]12

e00+0111+0217 4 o ~(B0+6111+6212)

2.[1cos(Bg + 011; + 051,) =

2
ebot6:111+621> e_(90+9111+9212)]

T[COS(GO + 91[1 + 9212)] = T[ 2

1
——(990 + e 00 obot+01+02 | o—=(60+61+6;) ,00+6; +e—(90+92))
2 ) )

Mohammad Bisher Zeina, Mohammad Abobala, On the Refined Neutrosophic Real Analysis Based on Refined
Neutrosophic Algebraic AH-Isometry



163

So:

1
cos(fy + 011; + 6,1,) = ET‘l(eGO + 70, e00%01+62 4 o=(60+01+82) oB0+0; 4 o=(80+02))

ebo + e=6o [690+91+92 + e~ (Oo+01+62)  ,60+60, 4 ,—(60+6;)
= - 11

2 2 2
ebot02 1 o=(60+62) 560 4 o=00o ;
2 2 2

= cos By + [cos(By + 01 + 0,) — cos(O, + 6,)]1;
+ [cos(8y + 8,) — cos 6,]1,
3.[]Similar to 1 and 2.
4.11 Using refined neutrosophic powers theorem we get:
sin?(8, + 01, + 0,1,) =sin? 6, + [sin2(8 + 6, + 0,) — sin?(8, + 0,)]1;
+ [sin?(8y + 8,) — sin? 6,]1,
Also:
cos?(8y + 6,11 + 0,1,)
= cos? @, + [cos?(By + 0, + 0,) — cos?(8, + 6,)]1,
+ [cos?(8, + 0;) — cos? B,]1,
So:
sin?(8y + 011, + 051,) + cos?(8y + 011, + 0,1,)
= sin? 0y + [sin?(0y + 0, + 0,) — sin?(8, + 6,)1;
+ [sin?(8y + 8,) — sin? 6,]I, + cos? 8,
+ [cos?(8, + 01 + 8,) — cos?(8, + 0,)]1; + [cos?(B, + 6,) — cos? B,]I,
= sin? 0y + cos? By + [(sin?(Oy + 01 + 0) + cos?(0y + 0, + 0;)
— sin?(6y + 0,) — cos?(8, + 0,)]14
+ [sin?(8y + 8,) + cos?(8, + 8,) — sin? 8, — cos? B,]1,
=1+[1-1L +[1-1], =1
5.01Since T[sin(8y + 6,1, + 0,1,)] = (sin8,,sin(8, + 6, + 0,),sin(f, + 6,))
And it is known that(—1,—1,—1) < (sin 8, sin(6, + 6, + 0,),sin(fy + 6,)) < (1,1,1)
Also T~1(=1,-1,-1) = =1+ (-1 4+ DI + (=1 + I, = -1
T-11,1,) =1+ (1 - DL+ 1A -1, =1
So the theorem holds.
6.01Similar to 5.
Refined Neutrosophic Exponential and Logarithmic Functions:

Theorem:
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The refined neutrosophic exponential function form is

eXotxilitxzl; — oo 4 (ex0+x1+x2 _ ex0+x2)11 + (exo+x2 _ exo)lz
Proof:

T[ex0+x111+x212] = o (xoXo+x1+X2,%0+%5) — (e¥0, eXotX11X2 oXo+x2)
Thus:

eXotxihtxoly — T=1(g%o @Xo+X1HX2 oXotX2) = g¥o 4 (@XotX1tX2 _ gXotX2)[ 4 (gXotX2 — g¥o)],
Theorem:
The refined neutrosophic logarithmic function form is
In(xg + x11; + x,1,) = Inxy + (In(xg + x1 + x3) —In(xg + x2)); + (In(xg + x5) — Inxy) 1,
Proof:
We will search for agy,a,,a, € R where:
In(xg + 114 + x,15) = ag + a1, + ayl,
Taking inverse function, we have:
Xo + X1 + xp1, = eotarhtazly — oo 4 (gGotditas _ gGotaz2)[ 4 (gd0tdz — gdo)],

Corresponding to the last equality we get:

Xo =e% = a, =1Inx,

X +XO
X, = et — el = x %2 — x; = e%®2 = = a, = In(x, + xy) — Inx,
Xo
x2+x0 XO+x1+x2
X, = e%othitdz _ plotdz — (e -1 =, +x)(er—-1) = et =————
X0 Xo + X

= aq = In(xy + x; + x3) —In(xy + x3)
So:
In(xg + x11; + x315) = Inxg + [In(xg + x1 + x3) — In(xg + x)]1; + [In(x, + x9) — Inxg]/,

Some Refined Neutrosophic Special Functions:

Refined Neutrosophic Gamma Function:
We can find the value of refined neutrosophic gamma function at refined
neutrosophic point ay = ao + a;I; + a,l, using the formula:

I'(ay) =T(ap) + [I'(ag + a; + az) —T'(ag + ax)]l; + [['(ag + az) — I'(ay)]l;

Where:

I'(a) = f x*le™dx ;a >0
0
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Proof:
Let f(x) = xW"1e™*, so:

() = (vt aooreinseos, et

Then:
[ee] [ee] [ee] [o 0]
T J.f(x)dx = fxao_le_x dx,f xa°+“1+a2_1e_xdx,fxa°+a2_1e_xdx
0 0 0 0

= (I(ap), T(ap + a; + a;),T(ay + ay))

Taking T~ yields to:

['(ay) =T'(ap) + [[(ap + a; + az) —T'(ag + ax)]l; + [[(ag + a;) — I'(ag)]l;
Remark:
Neutrosophic gamma function I'(ay) is defined when ay >y Oyie. ay > 0,a +
a, +a; >0,ay+a, >0.
Examples:
I'(I; + I,) is undefined because I; + I, =0+ 1-1; +1-1, and 0 » 0.

['(ay) =T'(ap) + [[(ap + a; + az) —T'(ag + ax)]l; + [[(ag + a;) — I'(ag)]l;

0.5+ 2L + 1) =T(0.5) + [['(3.5) — ['(1.5)]1; + [['(1.5) — ['(0.5)]1,
=Vr+ (2.5%1.5% 0.5 %V — 0.5 V)L, + (0.5 * vV — V)1

Remark:
Since:
T[T(no + myly + nzl, + 1)] = (T(ng + 1), T(ng + ny +n, + 1), T(ng + 1, + 1))
= (ng!, (ng + ny +ny)!, (ng + ny)!) ;np, Ny, ny €N,
So [(ng + nily +nyl, + 1) = (ng + nyly +n,1L)! = T 1(ng!, (ng + ny +ny)!, (ng +
ny)!) = nol + [(ng + ny + ny)! — (ng + n )M + [(ng + ny)! — np!llL,
And it’s the formal form of refined neutrosophic factorial function.
Refined Neutrosophic Beta Function:
We can find the value of refined neutrosophic beta function at refined neutrosophic

points ay = ay + a;1; + a,l, , by = by + by1; + b,I, using the formula:
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1

B(an, by) = fxa"’_l(l — x)bvldyx =

0
Where:

1

B(a,b) = fxa_l(l —x)’'dx ;a,b >0
0

Proof:
Let f(x) = x®~1(1 — x)Pv~1 so:

TU(.X)] — (xao—l(l _ x)bo—l, xa0+a1+a2—1(1 _ x)b0+b1+b2—1’ xa0+a2—1(1 _ x)b0+bz—1)

Then:
1 1 1
fxao—l(l _ x)bo—ldx’fxao+a1+a2—1(1 _ x)b0+b1+b2—1dx’fxa0+a2—1(1
0 0 0
_ x)b0+b2—1dx
= (B(ao; bo),B(ag + a, + az, by + by + by), f(ag + az, by + bz))
So:

B(an, by) = B(ag, by) + [B(ag + as + az, by + by + by) — B(ap + az, by + by)114
+ [B(ag + az, by + by) — B(ag, bo)]l;

We let it an exercise to the reader to prove that:

__ T(an)T(bn)
Blay, by) = —F(aN+bN) .

Conclusion

In this paper, we have used the refined neutrosophic algebraic AH-isometry to
study the functions defined on the real refined neutrosophic field, where refined
neutrosophic Beta functions, Gamma functions, Logarithmic functions, and
trigonometric functions were presented and formulated.

As a future research direction, we aim to study the refined neutrosophic probability
continuous distributions based on this approach.
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Abstract: In this article, the definition of literal neutrosophic stochastic processes is
presented for the first time in the form »; = ¢, +n,[ ;I = I where both {é(t),t €T} and
{n(t),t € T} are classical real valued stochastic processes. Characteristics of the literal
neutrosophic stochastic process are defined and its formulas are driven including
neutrosophic ensemble mean, neutrosophic covariance function and neutrosophic
autocorrelation function. Concept of literal neutrosophic stationary stochastic processes is
well defined and many theorems are presented and proved using classical neutrosophic
operations then using the one-dimensional AH-Isometry. Some solved examples are
presented and solved successfully. We have proved that studying the literal neutrosophic
stochastic process {N'(t),t € T} is equivalent to studying two classical stochastic processes

which are {¢(¢),t € T} and {¢, +7,t €T}.

Keywords: AH-Isometry; Neutrosophic Field of Reals; Neutrosophic Random Variables;
Stationary Stochastic Processes; Characteristics of Stochastic Processes; Ensemble Mean;

Covariance Function; Autocorrelation Function.

1. Introduction

In probability theory, a family of random variables is called a stochastic process usually
noted by {{(t),t € T}. Stochastic processes have many applications in many fields of
science like biology, physics, ecology, information theory, chemistry, telecommunications,

finance, etc. [1]
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Classical stochastic process depends on parameters which are determined and known with
high precision and confidence, but sometimes those parameters may have some uncertainty

and it may be imprecise which led to define what is known by fuzzy stochastic processes

[2], [3], [4].

In the recent years Prof. Smarandache introduced an extension of fuzzy and intuitionistic
fuzzy sets called neutrosophic sets where elements are described using three independent
functions; membership, indeterminacy and non-membership. Also, Smarandache extended
the field of reals adding the indeterminacy component I which satisfies I* =1 and

introduced the literal neutrosophic reals field R(I) = R U {I}.

These extensions have been applied in many fields of sciences like probability theory,
statistics, game theory, geometry, decision making, artificial intelligence, machine learning,
abstract algebra, linear algebra, operations research, etc.[5-34]

Zeina and Hatip defined literal neutrosophic random variable in the form ¢y = ¢ +1 and
studied its properties including literal neutrosophic expected value, literal neutrosophic
variance, literal neutrosophic moments, literal neutrosophic characteristic function, literal
neutrosophic moments generating function, literal neutrosophic probability density
function and literal neutrosophic cumulative distribution function, and this study has been
extended by Carlos Granados et al in [5-8].

Abobala and Hatip defined an isometry mapping between R(I) and R X R called One-
Dimensional AH-Isometry [9]. Based on this isometry, strong theorems and definitions of
Euclidian geometry was written. This isometry is a powerful tool to build mathematical
concepts strongly and with logical steps.

In this paper we generalize the definition of literal neutrosophic random variables to literal
neutrosophic stochastic processes which are families of literal neutrosophic random
variables depending on the one-dimensional AH-isometry and depending on direct
computation based on neutrosophic rules.

This paper opens new research fields in probability theory like queueing theory, dynamic

systems, reliability theory, stochastic differential equations, etc.
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2. Preliminaries
Definition 2.1
Literal neutrosophic real number N is defined by:
N=n;+n,I;I?=1&n,,n; €ER
And we call R(I) = {nq + n,I;ny,n, € R and I* = I} the literal neutrosophic real set.
Definition 2.2

Let R(I) be the literal neutrosophic real set, we say ng + n,I < nzg +nyl iff n <n3 &

n1+1’l2 Sn3+n4.
Definition 2.3

AH-Isometry is an isomorphism preserves distances between R(I) and R X R and defined

as in the following equation:
g:RI) > RXR;gny +nyl) =(my,ng+ny) (1)
and its inverse is defined as follows:
9 “RXxR->R(D;gny,ny) =ng+my—n)dl (2
Definition 2.4

Let T = (nq + nyl,n3 + n,l) be a vector, then its norm is defined as:

7l = (ny + nyD)? + (n3 + nyl)?
Remark 2.1

Since the one-dimensional AH-Isometry is an algebraic isomorphism and preserves

distances then it has the following properties:
1.00g(ny + nyl + n3 +nyl) = g(ng +nyl) + g(ns +nyl)

2.0g[(ng +nyD) - (n3 +nyl )] = g(ng +npl) - g(ng + nyl)
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3.[1g is correspondence one-to-one
4. g([[4B])) = llgcam|
Definition 2.5 [11]

Let §n be two classical random variables, then literal neutrosophic random variable

(LNRV) is defined by:
En=E&+n;1%2 =1
Remark 2.2
Let &y be a LNRYV then:
LUEGN) =E@) +1Em)

20VEN) =V +IV(E +n) - V(9]

3. Literal Neutrosophic Stochastic Processes
Definition 3.1

Let {§(t),t € T} and {£(¢),t € T} be two crisp (classic) stochastic processes, we define the

literal neutrosophic stochastic process {N'(t),t € T} as follows:
N:(QXT)>R(ID; N(t) =&t +n®)LI1? =1

We call §(t) the determinant part of N (t) and we call n(t) the indeterminant part of
N(¢b).

Theorem 1

Let {NV'(t),t € T} be a literal neutrosophic stochastic process then the ensemble average
function of {NV'(t),t € T} is:

b () = pg () + Iy (1) (3)

Proof
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For a fixed t €T both {&{(t),t €T} and {n(t),t € T} become random variables (not

stochastic processes), the {NV'(t),t € T} becomes a literal neutrosophic random variable, so

based on properties of literal neutrosophic random variables we can write:

px(®) = EIN ()] = E[§(®) + In(®)] = E[§®)] + IE[n(®)] = pe(0) + Iny(2)

Theorem 2

Let {\V'(t),t € T} be aliteral neutrosophic stochastic process then autocorrelation function

is:

Ry (s,t) = Re(s,t) + I{Rey(s,8) + Rye(s,t) + Ry(s, )} (4)

Proof
Ry (s,8) = E[NV(s) - N (O] = E{[§(s) + I n(s)] - [§(O) + I n(D)]}
= E{§(s)¢(t) + IE(s)n(e) + () (t) + I*n(s)n ()}
= Re(s, ) + {Rep(s,t) + Rpe(s, 1) + Ry (s, 1)}
Remark 3.1

Notice that Ry (t,t) = Re(t, ) + I{2Rg, (¢, £) + Ry (t, )} = E[€2()] + I{2Rg, (¢, 1) + E[n* (D]}

Theorem 3

Let {N(t),t €T} be a literal neutrosophic stochastic process then its autocovariance

function is:

Cxn(s,t) = Ry (5, 8) — pv (S () ()

Proof
Cx(s,t) = cov[NV (s), N (O] = E{[NV(s) — up (][N () — upr (O]}

= E{N (SN (@) — uy (ON(s) — iy ()N () + py (S (0}
=Ry (s,0) — uxy OE[N ()] — un (HEN (O] + py (S ()
= Ry (5, 8) = oy Ot () = pv (S piv (O + v (S v (£
= Ry (s, 8) — pn (S (£)

Remark 3.2

If s =t then:

Cy(s,t) = Cx (e, 1) = E{[NV (&) — un DIV () — un (O} = Var[N (8)]

Definition 3.2
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Let {WV'(t),t € T} be a literal neutrosophic stochastic process, we call F(xy,t) = P{N(t) <
xy} the first order distribution of {N'(t),t € T} where xy = x + Iy and x,y € R.

Definition 3.3
Let {IV'(t),t € T} be a literal neutrosophic stochastic process, we call % F(xy,t) = f(xy,t)
N

the first order density of {NV'(t),t € T} where xy =x + Iy and x,y € R.
Definition 3.4
A literal neutrosophic stochastic process is called strongly stationary if its distribution is
invariant under neutrosophic transition of time, i.e., f(xy,t) = f(xy,t + hy); hy = hy + Ih,
Definition 3.5
A literal neutrosophic stochastic process is called weakly stationary if it satisfies the
following two conditions:
LOun(®) =py = w1 +1u,
2UE[N() - N(t —1n)] = R(zy)
4. Literal Neutrosophic Stochastic Processes Using AH-Isometry:
Consider the literal neutrosophic stochastic process {N(t),t € T} then applying AH-
isometry on it yields to:
gIN (] = glE@®) +n®1] = (£(©),£(®) +n(0)
Notice that using the one-dimensional AH-Isometry we transfer the literal neutrosophic
stochastic process {N'(t),t € T} into two classical stochastic processes {&(t),t € T} and
@ +n),teTh
So, we can study the characteristics of {N'(t),t € T} by studying the characteristics of both
{&(t),t €T} and {&(t) +n(t), t €T}
Example 4.1
In theorem 1 we show that py (t) = ug(t) + py (t)1, we can reach the same result by using
the one-dimensional AH-Isometry as follows:
We have:
N(t) =§@®) +n(®]

So:
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E[N(©)] = E[§(6) +n(®)]]
gEN@®D =gEE®) +In®)D =E[gE® +n®)D] = E[§@®),$(®) +n(t)]
= (g (0), 1 (®) + py ()
Taking the inverse isometry:
g gEIN DD = EIN®] = ue () + [e(®) + py (©) — O] = e () + py (01
Which is the same result presented in theorem 1.
Example 4.2
Let’s calculate the autocorrelation function Ry (s,t) using the AH-Isometry:
Ry (s,t) = E[NV(s) - NV (0)]
IRy (5,0)) = E{gIV (s) - N (O]} = E{gl§(s) + n()[E(@®) +n(t)I]}

= E{g[§(s) + n()Ig[§@®) +n(OI1}

= E{(§(),£(s) +n())(§(®), §(®) + n(D))}

= {E(E()E®)), E(§(s) +n())(§(®) +n(D))}

= (Re(5,6), Re(5,£) + Rey(5,1) + Ryg(s5,8) + Ry (5,1))
Now taking g~? yields:

Ry (s,t) = Re(s,t) + [Re(s,t) + Rey (5, 0) + Rpe(s5,8) + Ry (5, 1) — Re(s, ]I
= Re(s,0) + I{Ren(s,t) + Ry (s, t) + Ry (s, 1)}

Which is the same result in theorem 2.
Theorem 4
A literal neutrosophic stochastic process N'(t) = £(t) + n(t)I is weakly stationary if and
only if {{(t),t € T} is weakly stationary and {£(t) +n(t),t € T} is weakly stationary.
Proof
We will first suppose that {{(t),t € T} and {{(t) +n(t),t € T} are weakly stationary and
prove that V(t) = £(t) +n(t)] is also stationary:
Since {{(t),t €T} is weakly stationary then ug(t) = pugs = constant and E[E(t)-&(t —
7)) = Re(7)
We also supposed that {{(t) +n(t),t € T} is weakly stationary so pg,(t) = E[E(t) +

n(t)] = pe4y = costant, which means that u,(t) = u, = constant.
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and  Rgiy(t,t —7) = E[§(®) +n(®][E(t — ) +n(t — D] = E[E(O)E(E — 1) + §(EOn(t — 1) +
n)EE —1) +nOnt —1)] =Re(t,t — 1) + Repy(t,t — 1) + Rye(t,t — 1) + Ry (t,t — 1)
Since &(t) +n(t) is weakly stationary then Rs.,(t,t—7) must depend only on the
difference 7, so the only possible form of it will be:
Reyn(t,t = 1) = Re (1) + Ry (T) + Rye (1) + Ry (T) = Reyyy (7)
Which means that Rg, (t,t — 7) = Rg (), Rye (¢, t — T) = Ry (7), Ry (£, t — T) = Ryy(7)
E(N(t)) =E[E@) + n(©I] = pe (©) + py (O] = pg + pyI = uy = constant
Using equation (4):
Ry(t,t—1) =E[N() - N(t —1)]
= Re(t,t = 7) + I{Rgy (t,t —7) + Rye (t, t — 7) + Ry (¢, t — 1)}
= Re () + I{Rey (1) + Rye (1) + Ry (1)} = Ry ()
So, we conclude that {N'(t),t € T} is weakly stationary.
Now let’s assume that {NV'(t),t € T} is weakly stationary and prove that both {{(t),t € T}
and {&(t) +n(t),t € T} are weakly stationary.
Since {IV'(t),t € T} is weakly stationary then E (N (t)) = uy(t) = uy = constant
but E (]\f (t)) = pg(t) + Iuy (t) soboth pg(t) and w,(t) must be dependent of time, then
pe() = pe  (6)
() =y (7)
which meant that:
Hen(t) = pg + py = constant (8)
Also, wehave: Ry (t,t —7) = Rg(t,t — 1) + I{Rg,7 (tt—1) + Rye(t,t — 1) + Ry (¢, t — T)} and
since {NV'(t),t € T} is weakly stationary then R (t,t —7) must depend only on the
difference 7 so the following equations must hold:
R:(t,t —1) =R: (1) (9)
Ren(t,t —T) = Rep(7) (10)
Rpe(t,t — 1) = Rye () (11)
R,(t,t —1) =Ry(x) (12)

From equations (6), (9) we conclude that {£(t),t € T} is weakly stationary.
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And using equations (8), (9-12) we conclude that {£(t) +n(t),t € T} is weakly stationary.
Theorem 5
Suppose that {NV'(t),t € T} is a weakly stationary literal neutrosophic stochastic process
with autocorrelation function Rj-(7), then the following holds:
1.0 Ry (1) = Ry (—7)
2.0 Ry (v)] £ R(0)
Proof
1.0 we have:
Ry (1) = Re(1) + I{Rgyy (7) + Rye(7) + Ry (D)}
So:
Ry (—7) = Re(—1) + I{Rep (—7) + Rye (—7) + Ry (—D)}
And using properties of cross-correlation function in classical stationary processes we get:
Ry (—7) = Re(7) + I{Rye () + Rep (1) + Ry (1)} = Ry (1)
2.[1Taking AH-Isometry:
9(URy (@D = [E{g[N (@) - N (t — D]} = E{g[$(©) + m®][§( — 1) + In(t — D]}
= |E{gl$(®) + In(®D]g[¢(t — 1) + In(t — D]}
= E{(§(®,§® +n®)({E - 1.{E -1 +nt - D)}
= [EE®)§(E — 1), [§(@) +n(O]E (¢t — ) +n(t - D]}
= (IRe@|. [Ren @) < (0,0)
Now taking g~
IRy ()| = [Re(D)| + (|Resy (D] — [Re@|)I < 0
5. Some Applications:

Example 5.1
Let {NV'(t),t € T} be aliteral neutrosophic stochastic process defined as follows:

N(t) = Ay cos(t) + sin(t) I
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Where distribution of the literal neutrosophic random variable Ay is:

Ay | 0 1

1 1
Prob | =] 1—=1
3 3

Let’s find us-(t), Ry (s, t) and show whether {IV'(t),t € T} is stationary or not.

Solution

E(Ay) =0 11+1 (1 11)—1 11
N3 3/ 3

1 1 1
E(A,ZV)=02-§1+12-<1—§1)=1—§1

pn (@) = E(V(t)) = E(Ay cos(t) + sin(t) I) = (1 - %I) - cos(t) + sin(t) I

Since py-(t) is a function of t then {WV'(t),t € T} is not stationary stochastic process.

Ry (s, t) = E[N(s) - N(t)] = E[(Ay cos(t) + sin(t) I)(Ay cos(s) + sin(s) I)]
= E[A% cos(t) cos(s) + Ay cos(t) sin(s) I + sin(t) I Ay cos(s)
+ sin(t) sin(s) I?]
= (1 - 1I) cos(t) cos(s) + (1 - 1I) cos(t) sin(s) I + (1 - lI) sin(t) cos(s) I
3 3 3

+ sin(t) sin(s) I

Example 5.2

let {V(t),t € T} be a neutrosophic stochastic process defined as follows:

NO =& +8®) 1
Where {¢(t),t € T} is a classical stochastic process defined by:
&(t) = Acos(t) + Bsin(t)

Where A, B are random variables both defined as by:

-2 1

Prob

I
wl N
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Let’s find ux-(t), Ry-(s,t) and show whether {N'(t),t € T} is stationary or not.

solution
E(A)—E(B)—2 2—0
= =373°
2 4

pe(t) = cos(t) E(A) +sin(t) E(B) =0
Re(s,t) = E[§(s) §(8)] = E[(A cos(s) + B sin(s)) (4 cos(t) + Bsin(t))]
= E(A? cos(s) cos(t) + AB cos(s) sin(t) + BA sin(s) cos(t) + B sin(s) sin(t))
= 2(cos(s) cos(t) + sin(s) sin(t)) = 2 cos(t — s) = 2 cos T
So:
ty () = E[N (O] = E[§@®) + §(8) 1] = pue () + pe (0)] = 0 = const
Ry (s,t) = E[N(s) - N ()] = E[(§(s) + E(s)DE (D) + E(®)D]
= E[§(s)§(t) +£()§ (O + E()X (D) +E(s)E(D)17]
= Re(s,t) + Re (s, )] + Re(s, )] + Re(s, )] = 2 cos(t) + 6 cos(r) I = Ry(T)
We conclude that {N'(t),t € T} is weakly stationary process.
In fact, it is clear that {V(t),t € T} is weakly stationary process since {£(t),t € T} and

{2&(t),t € T} are both weakly stationary processes.

6. Conclusions and future research directions

Concept of literal neutrosophic stochastic process is well defined by N'(t) = &(t) + n(t)1.
We proved that a literal neutrosophic stochastic process can be presented in R? as two
classical stochastic processes, first is {&(t),t € T} and second is the convolution {§(t) +
n(t),t € T}. Many theorems were proved successfully especially the theorem of stationary
stochastic process where we have seen that {WN'(t),t € T} is stationary if and only if
{&(t),t € T} is stationary and {&(t) + n(t),t € T} is stationary. This paper can be applied
in many fields related to probability theory including game theory, polling, statistical
analysis, financial mathematics, etc. In future researches we are looking forward to study
cross neutrosophic stochastic processes and define its characteristics and the theorems
related to it. Also, we are looking forward to study applications of literal neutrosophic

stochastic processes in related fields.
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Abstract: The aim of this paper is to study the neutrosophic complex finite rings
C(Z,) and C(< Z, U I >), and to give a classification theorem of these rings. Also, this work
introduces full solutions for 12 Kandasamy-Smarandache open problems concerning these
structures of generalized rings modulo integers. Also, a necessary and sufficient condition
of invertibility in C(Z,) and C(< Z,, U1 >) is presented as a partial solution of the famous

group of units problem.
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maximal ideal, minimal ideal

Introduction.

Neutrosophy as a new kind of generalized logic deals with indeterminacy in nature, reality,
and ideas found its way into algebraic studies. A lot of neutrosophic algebraic structures
were defined and studied in a wide range. See [1-11].

In the literature, many generalizations appeared such as refined neutrosophic rings,
n-refined neutrosophic rings, n-refined neutrosophic groups, and n-refined neutrosophic
vector spaces and modules. Recently, algebraic equations and Diophantine linear equations
were solved in neutrosophic rings and refined neutrosophic rings. See [5-18].

In [20], Smarandache and Kandasamy introduced the neutrosophic complex numbers

modulo integers as an interesting generalized structure. Their work suggests a new
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approach to the concept of classical complex numbers, and they proposed 150 open
problems concerning substructures and factorization properties in these complex
neutrosophic structures modulo integers (some of these problems were solved in [17]). In
this paper, we aim to continue their efforts and to suggest a classification of neutrosophic
complex finite rings modulo integers. Also, we suggest solutions for 12 problems of
Kandasamy-Smarandache problems introduced in [20].

Main results

We start our discussion by some easy Kandasamy-Smarandache problems about finite
neutrosophic complex rings.

Problem (56): Does every C(Z,) contain a zero divisor?.

The answer is no. If n is a prime and there are a,b € Z,,; a? + b? = 0(mod n), then C(Z,) is
a field according to Theorem , and then it has no zero divisors.

Problem (58): Is every element in C(Z) invertible?.

The answer is yes, since C(Z;) is a field, thus all elements different from zero are invertible.
Problem (57): Can every C(Z,) be a field?.

The answer is no, since C(Z5) is just a ring but not a field.

Problem (53): Find a subring S in C(Z,,) so that Sis not an ideal.

We take S = Z,, which is a subring of C(Z,) , but it is not an ideal, that is because 1€ Z,,
and ir € C(Z,), wherel.ir = ir, which is not in S. Thus S is not an ideal.

Problem (26): Can C((Z1, UI)) be a S-ring? Justify.

The answer is yes. That is because the set M = {0,9,3} is a field under multiplication with 9
acts as the identity.

Problem (25): Prove C({(Z,5 UI)) can only be a ring.

It is sufficient to prove that C((Z,5 U I)) has zero divisors. We take 5+ 51 € C((Z,5 U I)),
and

(5+5D.(5+5H)=25(1+DH1+1D)=0.

Definition:
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(a) Let R be any commutative ring, m be any element (not from R) which is a root of a
polynomial p(x) € R[x]. Then if there is no root of p(x) in R, we call R(m) an algebraic
extension. For example the ring Z(i) is an algebraic extension of the ring Z, since i is a root
of the polynomial p(x) = x% + 1 € Z[x], and p(x) has no roots in Z. (The concept of classical
algebraic extension).
(b) Let R be any commutative ring, m be any element (not from R) which is a root of a
polynomial p(x) € R[x]. Then if there is a root of p(x) in R, we call R(m) a logical
extension.

For example the neutrosophic ring Z(I) is a logical extension of the ring Z, since I is a root
of the polynomial p(x) = x? — x € Z[x], and p(x) has roots {0,1} in Z.
The following theorem realizes the algebraic structure of C(Z,).
Theorem:
Let C(Z,) be the ring of complex numbers modulo n, we have the following;:
(a) If n=p is a prime and p(x) = x* + 1 is irreducible over Z,, then C(Z,) is an algebraic
extension field of the field Z, with degree two.
(b) If n=p is a prime and p(x) = x*> + 1 is reducible over Z,, then C(Z,) is just a ring
(logical extension).
(c) If n is not a prime and p(x) = x? + 1 is irreducible over Z,, then €(Z,) is an algebraic
extension ring of the ring Z,, with degree two.
(d) If n is not a prime and p(x) = x? + 1 is reducible over Z,, then C(Z,) is a logical
extension of the ring Z,.

Proof:
(a) Suppose that p(x) = x? + 1 is irreducible over Zp, then it has no roots in Z,, thus ir is
an algebraic element over Z,, and by classical algebraic result, we get that C(Z,) is an
algebraic extension field of the field Z, with degree equal to deg(p) which is two.
(b) ir is a root of p(x) = x* + 1, but p(x) has a root in Z,, because it is reducible, hence
C(Z,) isjustaring (logical extension). [C(Z,) isnot a field because there are a,b € Z, such

that a® + b? = 0(mod p), where b = 1 and a is the root of p(x)in Zp].
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(c) It holds by a similar argument of section (a).

(d) It holds by a similar argument of (b).

The following theorem suggests a classification of the ring C(< Z, U >).

Theorem:

Let C(< Z, UI >) be the neutrosophic complex modulo integers ring. Then

C(< Zy Ul >) = C(Zy) X C(Zy).

Proof:

Firstly, we prove that C(< Z,UI >) = [C(Z,)](I), where [C(Z,)](I) is the neutrosophic
ring generated by Iand C(Z,).

Let x=a+bi+cl+dil € C(<Z,Ul >), then x = (a + bi) + I(c + di) € [C(Z,)](]), hence
C(<Z,ul>)<[C(Z,]M). Conversely, let x = (a + bi) + (c + di)] € [C(Zy)](D). It is clear
that

x € C(< Z, UI >). This implies that C(< Z, UI >) = [C(Z,)](D).

By the classification theorem of neutrosophic rings in [5], we find that C(<Z,Ul>) =
[C(ZDIM) = C(Zy) X C(Zp).

Problem (24): Is C(< Z,9 U I >) a field?.

The answer is no, since I is not invertible.

The group of units problem and other open questions

In this section, we determine the necessary and sufficient condition for the invertibility of
neutrosophic complex numbers modulo integers.

First of all, we characterize the algebraic structure of C(Z,) as an isomorphic image of a
matrices subring of size 2 X 2.

Theorem:

Let C(Z,) be the ring of neutrosophic complex numbers modulo integers. Then C(Z,) is

a b

c d);a,b,c,d €Z,}

isomorphic to a sub ring of M;.,(Z,) = {(

Proof:
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Let S = {(—ab Z) ;a,b € Z,} be a subring of M,4,(Z,,), we define

f:C(Z,) = S; f(a+ bip) = (—ab Z), it is easy to see that f is a well defined bijective map.
Let x = a + bip,y = ¢ + dip be two arbitrary elements in C(Z,), we have

fary =(4FC PrO (2 N (C D=rw+ro.

_(ac—bd ad+bcy_(a b c da\ _ . )
flx.y) = (—ad—bc ac—bd) = (—b a)'(—d c) =f(x).f(y) . Thus f is a ring
isomorphism.

Now, we can find the condition of invertibility, as an easy result from Theorem.

Theorem:

Let C(Z,) be the ring of neutrosophic complex numbers modulo integers, x = a + bir be
an arbitrary elements in C(Z,). Then x is invertible if and only if a® + b? # 0 and a® + b?

is invertible in Z,,.

Proof:

Since C(Z,) = S, then x is invertible in C(Z,,) if and only if f(x) = (—ab 2) is invertible

inS.

It is well known that the matrix (—ab 2) is invertible if and only if its inverse matrix is an

element from S. Hence we have the following

(@) det[( % Z)] = a%+ b2 #0.

(b) det a by a? + b? isinvertible in Z,, so the inverse matrix can be defined.
—-b a

Thus, our proof is complete.
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The condition (b) is sufficient, that is because if a? + b? is invertible in Z,,, then a? + b? #

0.

Example:

Consider the ring C(Zs) = {a + bip; a,b € Zs}. The group of units in C(Zs) is equal to

U= {1234 i 2ip, 3ip 4ip, 1+ ip, 1 + 4ip, 2 + 2ip, 2 + 3ip, 3 + 2ip, 3 + 3ip, 4 + ip, 4 + 4ip).

Example :

Consider the ring C(Z,) = {a + bip;a,b € Z,}. The group of units in C(Z,) is equal to

U ={1,3,ip 3ip, 1+ 2ip, 2+ ip, 2 + 3ip, 3 + 2ip).

Example:

Consider the ring C(Zg) = {a + bip; a,b € Zs}. The group of units in C(Zg) is equal to

U ={15,ip, 5ip, 1+ 2ip, 1+ 4ip, 2 + ip, 2 + 3ip, 2 + 5ip, 3 + 2ip, 3 + 4ip, 4 + ip, 4 + 3ip, 4 +

Sip, 5 + 2ip, 5 + 4ip).

Now, we introduce the algebraic structure of the group of units in the ring C(< Z, U >).

Theorem:

The group of units in the ring C(< Z, U I >), has the following property

U(C(< Z, UI >)) = U(C(Z,) X U(C(Zy)).

The proof holds directly from the fact that C(< Z, UI >) = C(Z,) X C(Zy).

Remark:

A very interesting and hard problem is still open. This problem can be summarized as

follows:
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Describe the algebraic structure of the group of units in the ring C(Z,).

Although we have found the necessary and sufficient condition of any element in C(Z,) to
be a unit, but the classification of this group as a direct product of cyclic groups is still

unknown.
Remark:

As a result of Theorem 4.2, we can find zero divisors in C(Z,). Every element x = a +
bir € C(Z,) is a zero divisor if and only if its isomorphic image f(x) = (—ab 2) is a zero

divisor in the ring S.

Any matrix with form (—ab Z) is a zero divisor if and only if its determinant is a zero

divisor in Z,, thus the necessary and sufficient condition for any element x = a + bip €
C(Z,) to be a zero divisor is a? + b%is a zero divisor in Z,,. Now, we are able to solve
another open problem.

Problem (50): Find Zero divisors and units in C(Z,,).

To solve the problem we shall determine the zero divisors in Z,, firstly.

We have 3,8,6,4,12,2 are zero divisors, that is because 3.8 = 6.4 = 12.2 = 0. And
—3=121,-8=16,—6 =18,—4 = 20,—2 = 22 are zero divisors clearly. Also, the product of
any two zero divisors is a zero divisor.

According to our discussion, zero divisors in C(Z,,) are

3,8,4,6,12,2,21,16,18,20,22, 15. The rest of zero divisors in C(Z,,) are elements with form

a + bip, where a? + b? € {3,8,4,6,12,2,21,16,18,20,22,15}.

To determine the units in C(Z;,), we shall determine units in Z,,. We have

U(Zy4) = {1,5,7,11,13,17,19,23}. The other units in C(Z,,) are the elements with form

X = a+ bip; a? + b? € U(Z,,).

The following theorems helps us in finding ideals of the ring C(Z,,), and C(< Z, U I >).

Theorem:
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Let C(Z,) be a neutrosophic complex modulo integers ring, S = {(_ab Z) ;a,b € Z,} be

its corresponding isomorphic subring. Let Iy, = {(_ab Z) ;a,b € Hj}, where (H;,+) is a
subgroup of Z,,. We have

(a) Ideals of C(Z,,) are exactly the isomorphic image of the sets Hj

(b) If (H;,+,.) isamaximal idealin (Z,,+,.), then Iy, isa maximal ideal in C(Z,).

Proof:

Firstly, we shall determine the structure of additive subgroups in S. Let A,B be two subsets

b

of Z,, and M = {(—ab a

);aeA,bEB}.Letx=(a b

—p a),y =(¢ Cci) be two arbitrary

—d

elements in M.

(M,+) is a subgroup of S if and only if x —y € M, which is equivalentto a—b € A,c —d €
B, hence A,B are subgroups of Z,.

Now, we prove that M is an ideal in S if and only if A = B.

Since A,B are subgroups of Z,, we find that (4.+,.),(B,+,.) are ideals in the ring
(Zn,+,.).

a b

_b a)EMandr=(_Cd ?)ES,wehave

Firstly, we assume that A=B. Let x = (
_,ac—bd ad+bc

xr= —ad — bc ac— bd

). We have

ac—bdeA that is because ac € A(Ais anideal in Z,) and bd €

A (for the same reason). This implies that x.r € M and M is an ideal in S. Conversely, we

a b

_b a)EMandr=

suppose that M is an ideal in S, hence for any two elements Let x = (

c d
(—d C) € S, we have
xr=(%-bd ad+ bc) € M, this implies that ac —bd € A and ad + bc € B.

~ “—ad —bc ac—-bd
We know that A,B are ideals in Z,, hence ac € A (becausea € A,c € Z,) and bc €

B(because b € Band c € Z,)). This means that —bd € A and ad € B for all b € B,a €

A, de€Z,, weput d =1 tofind that a € Band b € A. Thus A = B.
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According to Theorem , we have C(Z,) = S, hence all ideals in C(Z,) are exactly the

isomorphic image of the ideals in S. hence the proof is complete.

(b) Suppose that Iy, = {(—ab Z) ;a,b € H;} is a maximal ideal in S, hence it is easy to see
that H; is a maximal ideal in Z,,.

Remark:

Every ideal in C(Z,) has the form f~! (IH].) = {a + big;a,b € H;}, where H; is a subgroup
of Z,,.

Theorem:

Ideals in C(< Z, UI>) are equal to the isomorphic image of the set | = {Iy; X Iy; H;, Hs <
Zy,}. Also, maximal ideals in C(< Z, UI >) are equal to the isomorphic image of the set
J= {IH]. X Iy Hj,Hy < Z, and Iy, Iy, are maximal}.

Proof:

According to Theorem , we have C(< Z, UI >) = C(Z,) X C(Zy). the isomorphism between
them is defined in [5] as follows:

fiC(LKZ,VUl>)->C(Z,)XC(Z,) ; f(a+bl)=(a,a+b)abeC(Z,) . The inverse
isomorphism is fLCZ)xC(Z,)->C(<Z,ul>); fYab)=a+(b—-a)l;ab€
C(Zy).

According to Remark 4.11, ideals in C(Z,) has the form {a + big; a, b € H;}, where H; is a
subgroup of Z,, hence ideals in C(Z,) X C(Z,) has the form I = {(a + bir,c + dir);a,b €
Hjand c,d € H,}, where H;, Hg are two subgroups of Z,,. Thus ideals in C(< Z,, Ul >) has

the form

fHD = {(a + bip) + [(c + dig) — (a + bip)l;a,b € Hjand c,d € Hs} = Iy, + (IHS -

IH].) I, where H;, Hg are two subgroups of Z,.
Also, maximal ideals in C(< Z, Ul >) has the form f~1(I) = {(a + bip) + [(c + dip) —
(a+ bip)ll;a,b € Hjandc,d € Hs}, where Hj, Hg are two maximal ideals of Z,.

Problem (28): Find ideals in C((Zg UI)).
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Subgroups (Ideals) of Zz are A = {0},B = {0,2,4},C = {0,3},D = {0,1,2,3,4,5}.
Ideals of C(Z) are X =1, = {0},Y = Iy = {0,2,4,2ip, 4if, 2 + 2ip, 2 + 4ip, 4 + 4ip, 4 + 2if},
Z =1, =1{0,33ip3+3is},T =1 = C(Z).
Ideals of C({Z¢ U I)) are the sets with form M + (N — M)I;M,N € {X,Y,Z,T}.
Problem (29): Find maximum ideals of C({(Z;g UI})).
First of all, we shall find maximum ideals in Z;5. They are A = {0,2,4,6,8,10,12,14,16},
B ={0,3,69,12,15},C = Zyg.
Maximal ideals in C(Z;g) are I, = {a + big;a,b € A}, Iz = {c + dig;c,d € B), I = C(Z;g).
Hence, maximal ideals in C((Z1g UI))are P= Iy + (Ig — [ =1, + I:1,Q = Iz + (I — Iz)] =
Iy + 11,
R=I+Uy—I)I=1I+Ug— 1) =1+ 1.1 =C({Zg U I)).
Find an ideal I in C(Z;,g ) so that C(Z,,5 )/l is a field..Problem (51):
We have | =< 2 > is a maximal ideal in Z;,5. Hence I; = {a + bip;a,b € J} is a maximal
ideal in C(Z;,g ), thus C(Z;,5 )/I; is a field with order 4.
Problem (52): Does there exist an ideal I in C(Z49) so that C(Z49)/1 is a field?.
It is sufficient to find a maximal ideal in Z,9. We have | =< 7 > is maximal in Z,o, hence
I; = {a + big;a,b € J} is maximal in C(Z,9), and C(Z,9)/ I; is a field with order 49.
Problem (55): Find a necessary and sufficient condition for a complex modulo integers ring

C(

S = C(Z,) tohaveideal I such that Z”)/ | isnever a field.

The answer is depending on finding a non maximal ideal in C(Z,), since if I is a maximal
ideal in C(Z,), we get a field C(Z")/I.

We have the following cases:

(a) If n is a prime and P(x) = x? 4+ 1 is irreducible over Z,, then C(Z,) is a field and it
has no proper ideals. (The only maximal ideal is I={0}). Thus the problem is not solvable in
this case.

(b) If n is a prime and P(x) = x2? + 1 is reducible over Z,, then C(Z,) is a finite ring with

n? elements. Thus every proper ideal I in C(Z,) has exactly n elements (because I is a
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subgroup under addition and then its order divides the order of C(Z,) by classical

Lagrange's theorem).

Now, C(Z”)/ ; is aring with n elements (n is a prime), thus it is a field. Hence the problem

is not solvable in this case.

(c) If nis not a prime and there is an integer s with property s # gcd(s,n) =a =2 , we
define the following principal ideal I =<'s >, where s is an integer with property s #
ged(s,n) =a=2. It is clear that I <] =<a># (C(Z,), hence I is not maximal and

C(Z”)/ | isnevera field.

(d) If n is not a prime, but a prime power n = p™. For n = 2, there is < p > as the unique
proper ideal and it is a maximal ideal in Z,, hence I, ={a+ bip;a,b €E<p >} is

(

maximal in C(Z,), hence ¢ Z”)/ 7 is a field and the problem is not solvable in this case.

For n > 3, there is a non maximal ideal < p? > in Z,, hence Ip2s, ={a+bip;a,b €<

C(

p? >} is non maximal in C(Z,), hence Z")/ ; isnever a field.

(e) If n is not a prime and not a prime power, and there is not any integer s with property
s # gcd(s,n) =a =2, then <s > is maximal in Z,, , hence I.;~ = {a + bir;a,b €< s >}

c(

is maximal in C(Z,), hence Zn)/ ; is a field, and the problem is not solvable in this case.

(All ideals are maximal in this case).

Conclusion

In this paper, we have classified the ring of finite neutrosophic complex numbers as irect
product of two rings. On the other hand, we have presented solutions for 12 open problems
suggested by Smarandache and Kandasamy in [20].

As a future research direction, we aim to solve all Smarandache-Kandasamy open
problems.
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Abstract:

Roots of unity play a basic role in the theory of algebraic extensions of fields and rings.
The aim of this paper is to obtain an algorithm to find all n-th roots of unity in five
different kinds of neutrosophic complex rings, where many theorems and examples will

be illustrated and suggested.

Keywords: Neutrosophic root of unity, refined neutrosophic unity, n-cyclic refined

neutrosophic root of unity, complex neutrosophic number
1. Introduction and preliminaries

Neutrosophic algebraic structures are considered as generalizations of classical algebraic
structures. The first defined neutrosophic algebraic structure is the neutrosophic ring

which was defined and studied on a wide range by Smarandache et.al [1-11].

Laterally, many other neutrosophic algebraic structures were defined such as n-cyclic

refined neutrosophic rings, neutrosophic matrices, and vector spaces [12-22].

Neutrosophic complex numbers were defined as novel generalizations of classical complex

numbers, in a similar way of split-complex or weak fuzzy complex numbers [23-24].
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One of the most classical interesting problems in classical algebra is the extending of fields
and rings by complex roots of unity. From this point of view, we study for the first time the
concept of neutrosophic roots of unity, where we obtain the classification of the roots of
unity in five different neutrosophic rings. In addition, many examples will be discussed

and presented.

We recall some basic concepts in neutrosophic algebra.

Definition:
Let (R+,X) be a ring and I;1 < k < n be n sub-indeterminacies. We define R,(I)={ay +
ayI + -+ ayl, ; a; € R} to be n-cyclic refined neutrosophic ring.

Operations on R, (I) are defined as:

n n
xily + ) yil;
i=0 i=0
n n
= Z(xi +y)li, ) xil;
=0 =0
n n n
X Z)’ili = Z (x; X y))I;I; = z (i X 1) i+ modn)
=0 ij=o =0

x is the multiplication on the ring R.
Definition:
Let (R+,X) be aring, R(I) = {a+ bl : a,b € R} is called the neutrosophic ring where I is a
neutrosophic element with condition 1% = I.
Definition:
Let (R,+,%) be a ring, (R(I1,1;),+ ,X) is called a refined neutrosophic ring generated by R

b, L.
Definition:

Let (R+,X) be a ring and I;1 < k < n be n indeterminacies. We define R,(I)={ay + a; +
«++ayl, ; a; € R} to be n-refined neutrosophic ring.

Main concepts

Djamal Lhiani, Karla Zayood, Nader Mahmoud Taffach, Katy D.Ahmad, On The Roots of Unity in Several Complex
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Neutrosophic roots of unity.

Let C(I) ={X +1Y; I? =1;X,Y € C}be the complex neutrosophic ring. According to [21],
we have:

X +IV)" = X"+ I[(X + V)" — X"
So that X + 1Y is an n-th root of unity if and only if (X +1Y)"* =1, hence X" =1, (X +
Y)™ =1 which is equivalent to X,X + Y are two classical roots of unity.
Theorem.

n-th roots of unity in the complex neutrosophic ring C(I) are:
2 2nt; .
Uz{aj+(at—aj)1; aj=en ,q;=en ;1S]Sn,1§t§n}
Proof.

According to the previous discussion X + IY is a neutrosophic n-th root of unity if and

27j .
only if X,X+Y are two roots of unity, thus XzajzeTl; 1<js<sn,X+Y=qa =

2nt;
en;1<t<n.

This implies that X + 1Y = a; + (a; — a;)!.

Theorem.

The set of n-th roots of unity in C(I) is a group under multiplication. Also U = Z,, X Z,,.
Proof.

VT = (o) + (e, — ), To = () + (as —ap); 1< k,s<n1<jt<n
Then:
Ty. T, = ajoy + (ajas — ajap )l + (apar — ajap )l + (aras — oy — ajas + ajay)1
T1.T, = qjay + (aras — ajak)l =a+(a,—a)leU
Where «,, a;, are two roots of unity.

1

On the other hand, we have «;7", a,~1 are two roots of unity.

So that we can put T3 = a;~* + (a, "' —a; 1) € U.

Ty.Ts = aj; t + (qja, ' —ajay ™ + ey ™ — ajo ™t + apa, ™ — apa T — aja !
+aja;)I

T).Ts; =1+ (0) =1, thus T;=T, ' € U. This implies that U is a group under

multiplication.

We define f:U — Z, X Z, such that:
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fag + (e —a)l) = (o), @)

f is well defined, that is because:
T =a+ (at - aj)l = T, = ay + (a5 — ai)l, then a; = ay, a; = a,, hence
f(Ty) = (@), ar) = (a, a5) = f(T2)
f is a group homomorphism, that is because:
T, XT, = ajay + (atas - ajak)l
f(Ty XT,) = (ajak'atas) = (aj; at) X (ag,as) = f(Ty) X f(T).
It is clear that f is surjective. Also, f is injective that is because:

ker(f) = {a]- + (at — aj)l e U; (a]-,at) = (1,1)} = {1}
Thus f is a group isomorphic, hence U = Z, X Z,.
Refined neutrosophic roots of unity.
Let C(Iy, 1) ={X+ Y, + ZIy; L1, = LI =1, 1,* =1,1,> =1,,X,Y,Z € C} be the complex
ring of refined neutrosophic numbers.
According to[ ], we have:
KX +YL+ZL)" =X+ L[(X +Y +2)" — (X + 2)"] + L[(X + Z)" — X"]
So that X + Y1, + ZI, is a refined neutrosophic n-th root of unity if and only if (X +YI; +
ZIO" =1, thus X"=(X+Y+2)"=X+2)"=1, ie, X,X+Y+ZX+Z are three
classical roots of unity.
Theorem.

n-th roots of unity in the complex refined neutrosophic ring C(I,1;) are:

2mj; 2nt 2mk,
U={aj+(at—ak)11+(ak—aj)12; aj=en ,qp=en ,qy=en ;1Sj,k,t£n}

Proof.

According to the previous discussion X + YI; + ZI, is a refined neutrosophic n-th root of

unity if X,X +Y + Z,X + Z are three roots of unity, thus:

X=a,X+Z=a,X+Y+Z=a, where 1<jkt<n and aj=en’,aq,=en', qp=

2k,
e n ', thus:

X =a;
j
Y=ay—ay thus X +YI; + ZI, = aj + (a; — ay)]; + (ak - aj)12~
Z=ag—aq;

Theorem.
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Let U be the set of refined neutrosophic n-th roots of unity, then U is a group under
multiplication with U = Z,, X Z,, X Z,
Proof.
Let T, =aqa;+ (a; —ap)ly + (ar — aj)lz , Ty =dj+ (& — dp)l; + (dy — dj)lz be two
element of U, then:
Ty X T, = ajd; + (ajdt - a]-dk)ll + (a]-dk - ajdj)lz + (c’rjat - c’rjak)ll

+ (apay — g, — apay + apag)l; + (ato'zk —apdj — apdy + ako'(j)ll

+ (c'rjak - c'rjaj)lz + (c’rtak — draj — day + o'zkaj)11

+ (akdk —apd; — ajdy + a]-d]-)lz
Ty X Ty = ajd; + (apdy — agdy )l + (ako'(k - ajdj)lz ev.
Also, T, ' =a; ' + (a7 — a7 ) + (ax ™' — ;7)1 is inverse of Ty, so that (U,x) is a
group.
We define f:U — Z, X Z, X Z, such that:

flaj + (ae — )l + (a — a;) 1] = (), ar, ax)

f is a well define one to one mapping.
f is a group homomorphism that is because:
f(T1 X Tp) = (ajdy, aedre, drar) = (@, a, ar) X (&, dp, di) = f(T1) X f(T2)
So that U = Z,, X Z,, X Z,,.
2-cyclic refined neutrosophic ring,.
Let Co(D) ={X+YI+Zly; LI, =L, =11, =1,,1,> =1,,X,Y,Z€ C} be the 2-cyclic
complex refined neutrosophic ring.
X+ YL + ZI, is an n-th root of unity in C,(I) if and only if (X +Y[; + ZI;)" = 1.
Firstly, we present a formula to find the n-th power of X +YI; + ZI,.
Theorem.

Let X +YI; + ZI, € C,(I), then,

™ =Xn+%ll[(X+Y+Z)”— X-Y+2)"] +%IZ[(X+Y+Z)n+(X—Y+Z)n—2Xn]
Proof.
( known befor).
Theorem.
Let X +YI; + ZI, € C,(I), then T is n-th root of unity if and only if X,X+Y +Z,X-Y +Z

are three classical roots of unity.
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Proof.
T™ =1 is equivalent to:
XU L[(X+Y + D" = (X =Y + DM +5L[(X+Y + D"+ X —Y + 2" —2X"] =1
thus:
X"=1
{ X+Y+2D)"—(X-Y+2)"=0
X+Y+2D)"+(X—Y+2)"—2X" =0
This implies that X" = (X +Y +2)" = (X — Y + Z)" = 1, this complete proof.
Theorem.

Let U be the set of all 2-cyclic n-th roots of unity, then:

1 1 2nj; 2mt, 2mk;
1.[U={aj+511[at—ak]+512[at+ak—2aj]; aj=en ,aqy=en ,qp=en ;1<

Jjkt< n}.
2.00(U,x) is a group.
3.00U =27, X Zy X Zp.

Proof.

1.0 Assume that T = X + YI; + ZI, is an n-th root of unity, then X = a, X+Y+7Z=

an,X—Y+Z=aqa, with 1 <j,k,t<n so that Y = i

N |-

1
lar —axl,Z = E[at +ag] —a;

hence:

T =a; +%Il[at — ] + %Iz[at + ay — 2a;]
2.0 Let T, = a +%Il[at — ay] +%Iz[at +ay —2a;],T, = ¢; +%Il[0'ct — dy] +
~Ly[de + dy — 2]
Wehave T) X T, = a;d; + %Il[atdt —apd;] + %12 [acd, + agdy — Zajo'zj] eV
The inverse of Ty is T™!; = ;7" +%Il[at‘1 —a )+ %Iz[at‘l +a, - 2a7 | €U, so
that (U,x) is a group.

3.01Define f:U — Z,, X Z,, X Z, such that:

1 1
fla+5hlae —ad + EIZ[“t + e = 205] | = (o), @, )

By a similar discussion of previous classification theorems, we get the proof.
Examples.

We find the 3-roots of unity in the neutrosophic complex ring C(I).
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In the classical case, we have three roots a; = 1,a, = ez?ni, az = e%i, thus the neutrosophic
roots of unity are:
{ay, az, a3, 01 + (az —a))lay + (a3 —a)l, az + (a1 — ax)l, ap + (a3 — az)l, az +
(ay —ag)l, as + (a; — as)i}.
Example.
The 2-nd roots of unity in C(I;,1,) are:
U={ay,az a; +(az —ay)ly, a1 + (@ — ax)ly + (az — a)lp, az + (ay — az)lp, a;
+(az —a)l + (g —a)ly, o0 + (@ — )y, az + (g — @)} o = 1,y
=-1
Thus
U={1,-11-20,1+2l —2I,,—1+ 2I,,—1 — 2I; + 2I,,1 — 2I,,—1 + 21, }.
3- Refined and 4-Refined Neutrosophic roots Of Unity
Definition.
Let C be the complex field, the 3-refined neutrosophic complex ring is defined as follows:
C;(D) ={a+bl +cl, +dls;ab,c,d€C}, with I;.[; = Lyinaijy, i* =151 < i < 3.
The 4-refined neutrosophic complex ring is defined:
Co(D) ={a+bl+cl, +dlz+el,;a,b,cde€CYwith L] = Ly i =1;1<i<4
Definition.
Let X = xo + x11; + x51, + x313 € C3(I), then X is called the n-th root of unity if and only if
X" =1.
X 1is called the 3-refined neutrosophic root of unity.
Definition.
Let X = xo + x114 + %515 + x313 + x41, € C4(I), then X is called the n-th root of unity if and
only if X™ = 1.
X 1is called the 4-refined neutrosophic root of unity.
Theorem.
Let X = x¢ + x11; + x,1, + x313 € C3(I),n € N, then:
X" =" + [(xo + 21 + x5 +2x3)™ — (0 + 22 + x3)" [I; + [(x0 + %2 + x3)™ — (%0 + x3)"]1;
+ [(xo + x3)™ — x¢"]I3
For the proof see [ ].

Theorem.
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Let X = xo + x11; + x,1, + x313 € C3(I), then X is a 3-refined neutrosophic root of unity if
and only if xg,x¢ + X3,%¢ + X5 + X3Xg + X; + X, + x3 are roots of unity.

Proof.

Xt=1=x" =1, @ +x3)"=1,(xg+x, +x3)" =1,(xg + x; + x, + x3)" =1, thus the
proof is complete.

Now, we find the 3-refined neutrosophic roots of unity.

Let U = {ay, a3, ..., a,} be the set of classical n-th roots of unity.

If X is 3-refined neutrosophic roots of unity, then xy € U,xq +x3 € U,xo +x, +x3 €
Uxg+x1+x, +x3 €U.

If xo=a;,xo+x3=0ajxy+ X +x3=0a,x0+x +x;, +x3 =ag, where i,j,t,s € {1,..,n},
thus

Xo = Qj, X3 = @) — Qj, Xy = A — Aj, X = A — Ap.

Remark.

For n, there exists n* root of unity in C3(I).

Example.

2T AT
3

For n=3, we have U ={l,a;,a,}, with a; =e'3,a, =e's , hence the 3-refined
neutrosophic cubic roots of unity are:

X =ty+ (t; — to)I; + (t, — t3)I, + (t3 — to)l3, where t; € U.

We show some of them:

X=1+(1—a ) + (o, = DL+ (A —ay)l;, (tg =1t = aq,t, = ay,t3 = aq).

Y=a,+ (ay —ap)h + (@ — DI + (1 —ax)ls, (b = az,ty = ay,t; = ay,t3 = 1).

And so on.

Remark.

Since (U,x) is a group with order n(cyclic group), the corresponding set of 3-refined
neutrosophic roots of unity is an abelian group with order n*.

Also, it is isomorphic to U, X U, X U, X U,,.

Theorem.

Let X = xo + x11; + x50, + x313,Y = yo + y114 + y, 1, + y313 € C5(1), then:

XY = x%0 4+ [(xg + X1 + x5 + x3)Y0tV1HV2tVs — () + x, + x3) Y0t V2HY3|L + [(xg + x5 +
x3)Y0TY2HYs — (g + x3)Y0 31y + [(xg + x3)7073 — xp¥0] 3.

Check [ .
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Definition.
We define the unity duplet (X,Y) as follows:
(X,Y) is a unity duplet if and only if X¥ =1, where X € C3(1),Y € C5(I).
Theorem.
Let (X,Y) be a unity duplet, this equivalents:
%070 = (xg + x3)Y0%Y3 = (xg + x5 + x3)Y0tV2tY3 = (xg + xq + x5 + x3)Y0TV1HYV2HYs = 1,
The proof is clear.
Example.
Take X =1+ (eiz?n— i1+ (i - ei%)lz + (eif —1)I3,Y =2 = I, — 41, + 6.
We have X¥ =1, hence (X,Y) is a unity duplet.
Theorem.
Let X = x¢ + x11; + x50, + x315 + x41, € C4(I),n € N, then:
X" =xo" + [(xg + x1 + X3 + x5+ x4)" — (X0 + x5 + x3 + x)" ][
+ [(xg +x3 + x3 +x4)™ — (xg + x3 + x4)"]1,
+ [(o + 23+ 24)" — (%0 + x4)" I3 + [(x0 + %)™ — %" 114
Proof.
The proof can be checked easily by induction.
Theorem.
Let X = xo + x11; + x50, + x313 + x4, € C4(I), then X is an n-th root of unity if and only if:
Xo,Xg + X4, Xg + X3 + X4, X0 + X3 + X3 + X4, %9 + x4 + X, + x3 + x4 are classical n-th roots of
unity.
The proof is clear.
Remark.
If U={ay,a,,..,a,} is the set of n-th roots of unity, the corresponding 4-refined
neutrosophic roots of unity are:
{to+tily + oyl + tals +talyty = @ty = @ — @ t3 = @ — @, by = g — Ay, ty = o — A}
where k,j,i,s,l € {1,...,n}.
Example.
For n =4, wehave U = {1,—1,i,—i}.

The 4-refined neutrosophic roots of unity for n = 4 are:
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(X =ty +tdy +t,], +tal; +t,l,}, with to €U tg+t, EUtg+t; +t, €Uty +t, +t3 +
ty EUtg+t, +t, +t3 +t, €U.

Forexample X =i+ (=2i)l, + (=1 + )3 + (1 — )I,.

(to=itg=1—i,t3=—1+1it, =—-2i,t; =0).

Conclusion

In this paper, we have studied the roots of unity of five neutrosophic different kinds of
rings, where the roots of unity in neutrosophic rings, refined neutrosophic rings, 3-refined,
4-refined neutrosophic rings, and 2-cyclic refined neutrosophic rings are obtained and
classified as direct products of well known classical finite groups. Many related examples
were presented and discussed to clarify the validity of our work.
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Abstract: The objective of this paper is to study and define some algebraic curves with
neutrosophic variables in neutrosophic real field R(I), where we study what are the
relationships between classical algebraic curves and neutrosophic algebraic curves

depending on the geometric isometry (AH-Isometry).

Keywords: Neutrosophic real ring R(I/), AH-isometry, Neutrosophic algebraic curves.

Introduction

Algebraic Geometry is one of the branches of algebra that deals with the study of geometric
shapes through familiar algebraic concepts and theories [1]. There were several approaches
to geometry, all of which are usually classified as algebraic geometry, at the end of the
nineteenth century. Lazare Carnot (1753-1823) attributed to algebraic geometry which is
about algebraic curves and their intersection with the sides of a triangle [2], but this concept

developed a lot in the second half of the nineteenth century.

Neutrosophy is a new branch of philosophy concerns with the indeterminacy in all areas of
life and science. It has become a useful tool in generalizing many classical systems such as

equations [30], number theory [3], and linear spaces [4,5], and ring of matrices [19-31].
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Recently, Abobala, and Hatip have presented the concept of one-dimensional AH-isometry
to study the correspondence between neutrosophic plane R(I) and the classical module

RXR .

In this work, we use the one-dimensional AH-isometry to turn the general case of algebraic
curves in real ring R(I) with one variable into two classical algebraic curves so we will go
from R(I) spaceinto R X R space, we study the properties of our algebraic curves then we

go back to R(I) space using AH-isometry.
Neutrosophic Functions on R(I).

Definition:

Let R(I)={a+bl;a,b€R} where [?=1 be the neutrosophic field of reals. The
one-dimensional isometry (AH-Isometry) is defined as follows: [49]
T:R(I) > R xR
T(a+bl) = (a,a+b)

Definition:

Let f:R(I) > R(U);f =f(X) and X =x +yl € R(I) the f is called a neutrosophic real
function with one neutrosophic variable.
Example:
Take f:R(I) > R(I);f(X) =X2+IX+ 2] = (x +yD?+1(x +yI) + 2I
=x2+1(y*+2xy+x+y+2)
Theorem:
Let f:R(I) » R(I) be a neutrosophic real function with one variable, X = x + yI € R(I)
then f can be turned into two classical real functions.
Computing Powers in R(I).
To compute such equation: (a + bI)°*% ;a,b,c,d € R we need the one-dimensional
isometry again:
T[(a+ bD ] = (a,a + b)&+D = (a, (a + b)+?),
Which means
(a+bD*Y =T71(ac (a + b)°+?),

=a+I[(a+ b)+4 — a‘].
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Theorem:
Let R(I) be the neutrosophic field of reals, we have:
1.00sin(a + bl) = sina + I[sin(a + b) — sina |
2.01cos(a+ bl) = cosa + I[cos(a + b) — cos a]
3.0 Xty = e* 4 [(eXtY — e¥)

Algebraic Curves In Neutrosophic Real Ring R(I):

Definition: Neutrosophic Strophoide.

Let Y = Y1 +y21,X = X1 + xZI,A =aq + azl € R(I), ag,az, xq,X2,yY1,y2 € R, then we

define a neutroophic strophoide as follows:

” , A+ X

This equation can be written as follows:

(a1 +a21) + (x1 +x21)
D?* = 2. ; 1>0
(1 +y2D" = (x1 + x21) (@, + agD) — (x, + %,1) a; +a;

Theorem :

Let Y = V1 +y2],X = X1 + XZI,A = aq + a21 € R(I), then if A= aq + azl is invertible, the

(ag+azD)+(xq+x,1)
“(ai+ayD)—(xq+x51)

neutrosophic strophoide (y; + y,1)? = (x; + x,1)? is equivalent to the

direct product of two classical strophoide.

(a1+ax)+(x1+x31)
“(ag+axD)—(x1+x51)

Proof. Consider the equation (y; + y,1)* = (x; + x,1)?

Now, we have:

(ag +x1) + (az + x)I
(ay — xq1) + (az — x)I

y12 + (2% + 271921 = [x1% + (%% + 2x01x,)1]

y1% + (2% + 2y1y,)1

(a; +xq1)

(a; — x1)

(a1 —x1)(az + x3) — (ag + x1)(az — x3)
(a1 —x)[(ag + az) — (x1 + x3)]

= [x,2 + (2 + 2x12)1].
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by computing its direct image with AH-isometry, we get:

Ti® + (v2° + 2y1y2)1)

(a; +x1)

(a1 —x1)

+ (aq —x1)(az + x3) — (ag +x1)(az — xz) )
(ay —x)[(ag + az) — (x1 + x3)]

=T(x 2+ (x% + 2x1x2)I)T<

012 y12 + ¥22 + 2y1y2)
(a; +x1) (a3 +x1)
(a; —x1)" (a3 — x1)
(a; —x1)(az +x) — (ag + x1)(a; — xz))

(a;s —x)[(a; + az) — (x1 + x3)]

= (xlz,xlz + sz + lexZ).<

Then.

(1% On +¥2)) = (112, (%1 + %))

<(a1 +x1) (a; +x[(a; + az) — (x1 +x2)] + (a1 — x1)(az + x3) — (a; + x1)(ay — xz))
\(a; —xp)’ (a1 —x)[(ag +az) — (x1 +x3)]

1% n +¥2)%)

= (xlzl (xl
)2) ((‘11 +x1) (a; +x)[(a; +az) — (g +x3) — (az — x5)] + (a; —x1)(az + xz))
227\ —xp)’ (a1 — x)[(ag + az) — (¢ + x3)]

1% 1 +¥2)3) = (012, (xg + x2)).

(a; +x1) (ap + x1)[(a1 —x)] + (a; — x;)(ay + xz))
(ag —x1)’ —x)[(a; + az) — (x4 + x3)]

1+x1)  (ag —x)(ag + % +az +x3) >
—x1) " (a; + x)[(ag + az) — (x4 + x7)]

1% On +¥2)?) = (1%, (%1 + %)) (
(1% On +¥2)2) = (1%, (x1 + x3)2). (

(ay +x1) (ag+az) + (x + xz))
(a1 —x1) (a1 + az) — (x1 +x7)

(ay +az) + (xg + xz))
(ay +az) — (x1 + x3)

(a1 +x1)
(a1 —x1)

1% n +y2)3) = <x12 , (1 + x3)?

So that we have:
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o +xq)
! (a; —x1)’
(ag + az) + (xq + x3)
(ag +az) — (xq1 + x3)

r1:y12:x a1>0

L (y1 +¥2)% = (1 + x3)? ;(ag +az) >0

Remark :

If a; + a,! isinvertible, we can write the equation of neutrosophic strophoide as follows:

(a1+axD)+(xq+x51)
“(ai+ayD)—(xq+x1)"

1 +52D% = (%1 + x31)?
Now, we should discuss the cases of non-invertible of a; + a,I.
a; + a,I is not invertible, then we have cases:

1-Uay; =0, a; + a; # 0, this means that the neutrosophic strophoide will be equivalent

to direct product of classical strophoide (y; + y,)? = (x; +

y1=1x

x )2 (ag+az)+(x1+x;)
2 y1=—ixg

TRTRECRTRY (a; + ay) > 0 with classical image two line {

2-Uay # 0, a; + a, = 0, this implies that the neutrosophic strophoide will be

2 (ag+xq)

equivalent to direct product of classical strophoide y;% = x, @) > 0 with
141

. . . V1= { (x1 + XZ)
classical image two line { . .
& y1=—i (¥ +x2)
3-UIf a; =0, a; + a, = 0, this implies that the neutrosophic strophoide will be

. . oo . =ix . .
equivalent to direct product of classical image two line {yy 17 "™ with classical

1= 71X

y1=1(x +x3)

image two line { , .
& y1=—i(x; +x3)

Theorem:

Let I';,I', are two classical strophoide, then the direct product of I'j, T, is equivalent to
the neutrosophic strophoide T.
Proof.

Let I';,I', are two classical strophoide, where:

(a; +x1)

Fllylz = Xlz.m;al >0
(az +x;)

Fz:yzz = xzz_m;az >0
2 2

Now, we take the inverse image of the AH-isometry, we have:
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(a; — x1) " (az — x3)

a; +x1) (a; +x
T (3% y22) = T (x5, x,%). TE <( - L 2)>

Y12+ 2% =y = [ + (x® — %21 (@ + ;) + <(a2 ta) (et x1)> 1]

(ag — x1) (az —x3) (a; —xq)

Y12+ (2® =121

(ag +x1)

(a1 —x1)

+ ((az + x2)(a; —x1) — (az —x3)(a; + x1)) 1]

(a; —x1)(az — x3)

= [x1% + (x% = %211,

Y12 + (722 — 1)1 = [x,2 + (32 — x,2)1]. (a3 +x1) n ((az +x) (ag+ X1)) I]

(a1 —x1) (az —x3) B (a; —x1)

y12+ 22 = dI

(ag +x1)

(a1 —x1)

+ <(a2 +x3)  (ag +xq) + (a1 +x1) (a; + x1)>1]

(az—x) (a—x1) (a—x3) (az—x3)

= [x32 + (% — %D

12+ (% = I
(a; +x1)

(a1 —x1)

(a; +x3)  (a; +xp) (a; +x1)  (a; +x)
* <{(a2 — X3) B (a; — xz)} * {_ (a; —x1) * (a; — xz)}) 1]

= [x1% + (2% — ;. DI].

12+ 2% =y A1

_ (a1 +x1)
= [x% + (% — 0 DI]. @ —x)
{(az +x;) — (a1 +x1)  (ag +x)(az; —x2) — (a; + x1)(ag — xl)} ]
+ = I
(az — x3) (a1 —x1)(az — x3)
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12+ (2 =y A1

(ag +x1)

(a; —x1)

(a1 —x)[(az +x2) — (ag + x)] = (ag +x1)(az — x3) — (a3 + x1)(a; — x1) 1]
(aq —x1)(az — x3)

= [x% + (x% = %21,

+

y12+ 2% =311 = [x2 + (62 — xDI].

(a; +x1) (a3 —x[(az +x3) — (a; + x1)] — (a; + x1)[(az — x2) — (a; — x1)] | (a; +x1)
+ 1
(a; —x1) (a; —x1)(az — x3) (a; — x1)
(a; —x)[(az +x3) — (a; + x)] — (a; + x1)[(az — x3) — (a3 — x4)]
4 I
(a; —x1)(az — x3)
_(ag +x9) + [(az + x3) — (ag + x1)]]

(ag —xq) + [(az — x2) — (a3 — x;)]I

(ay + x1) + [(az + x3) — (ag + %)
(ay — x1) + [(az — x3) — (ag — x1)
a; + (a; — a))l + [xg + (xp — x1)1
a; + (az — a))l =[xy + (xp — x1)I

y12 + 2% =3 = [x2 + (62 — D]

i

I

Welet X = x; + (x; —x)L,Y =y; + (y; —y1)I,A = a; + (a; — a,), then we can prove that:

y12+ 2% =) = [x2 + (62 — D]

[N RS R R——Y i —

Y2 =92+ (3° —y1LX? = 2% + (% — x,%)
Then the equation (*) can be written as follows:

) , A+ X
I:Y =Xm ;A>0

This equation is a neutrosophic strophoide T'.

Example:

Let the equation by a neutrosophic strophoide:

(4 -2 + (x1 + x,1)
(4 -2 — (x1 + x,1)

T: (y1 + 202 = (%1 + x,1)?

Then, its equation be equivalent to direct product of two classical strophoide:

4+x1)

Ty =x,? (4—x
1

2+x1)

| P + 2= + 2(
22 (1 +2) (x1 + x2) 2—x,
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Example:

Let I';,I', are two classical strophoide, where:

2 %+x1
Lty =%\ 1
2 M
2+ x,
Ty y,% = x5° (2 —Xz)

Then by theorem 6.4 we have.

.Definition: Neutrosophic Cycloide.

Let Y=y1 +yZI,X=x1+x21,R=r1+r21,t=t1+t216

R(I), 11,13, t4,t3,X1,X2,¥1,¥2 € R, then we define a neutroophic Cycloide as follows:
X =R(1 -sint) ,Y = R(1 — cost)

This equation can be written as follows:

X1 + .X'ZI = (Tl + Tzl)(l — Sin(t1 + tzl)) Y1 + yzl = (Tl + 1"21)(1 — COS(tl + tzl))
Theorem:
Let Y=y +y:LX=x1+xLR=r+nr],t=t;+t,] €eR(I) , then if r +nrl is
invertible, the neutrosophic Cycloide X = R(1 — sint) ,Y = R(1 — cost) is equivalent to
the direct product of two classical Cycloide.

Proof. Consider the equation X = R(1 — sint) ,Y = R(1 — cost)

Now, we have:

X1 +x,0 = (1 +130) (1 — sin(ty) — I(sin(t; + t,) — sin(tl)))

V1 + Yol = (ry + 1) (1 —cos(ty) — I(cos(t1 +t,) — cos(tl)))

by computing its direct image with AH-isometry, we get:

T(xy +x,1) =T(ry + r,1).T(1 — sin(ty) — I[sin(t; + t,) — sin(ty)])
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(x1,x1 +x3) = (1,1 +13). (1 —sin(ty), 1 —sin(t; + tz))

(e, x1 +x3) = (r1(1 — sin(tl)), (ry + rz)(l —sin(t; + tz)))

Then.

{ X, = rl(l - sin(tl))
X1+ x, =0 + rz)(l —sin(t; + tz))

By a similar, we have.

{ Yy = r1(1 - cos(tl))
yi+y2 = (1 +12)(1 = cos(ty +t3))

So that we have:

{ I:xg =14(1—sin(ty)),y1 = r1(1— cos(ty))
Lixg + x5 = (1 + 12)(1 = sin(ty + t3)) ,¥1 + y2 = (r1 + 1) (1 — cos(ty + t5))
Remark:
If r, + r,1 is invertible, we can write the equation of neutrosophic cycloide as follows:
X =R(1 —sint) ,Y = R(1 — cost).
Now, we should discuss the cases of non-invertible of r; + r,1.
The r; + r,1 is not invertible, then we have two cases:
1-Ury = 0, y + 1, # 0, this means that the neutrosophic cycloide will be equivalent to
direct product of classical cycloide x; + x, = (r; + rz)(l —sin(t; + tz)) Y1+ Y, =
(r + rz)(l —cos(t; + tz)) with the origin point (0,0).
2-Ury # 0, 1, + 1, = 0, this means that the neutrosophic cycloide will be equivalent to
direct product of classical cycloide x; = r1(1 - sin(tl)) VY1 = rl(l — cos(tl)) with
the origin point (0,0).
3-UIf i, =0, r; + 1, = 0, this implies that the neutrosophic cycloide will be equivalent

to the origin point (0,0).
Theorem:

Let I';,I', are two classical cycloide, then the direct product of I'y,T'; is equivalent to the

neutrosophic cycloide T
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Proof.

Let I';,I', are two classical cycloide, where:

{Fl:xl =1 (1 —sinty),y; = (1 — costy)
I'y:x, =1,(1 —sinty),y, = r,(1 — cost,)

Now, we take the inverse image of the AH-isometry, we have:

T~ (x1, %) = T4 (ry,12). T71((1 — sinty), (1 — sinty))

X1+ (g —x))I = [r; + (ry, —rI]. [1 — sint; + ((1 —sint,) — (1 — sintl))l]
X1+ (xg — x)I = [ry + (r; — I [1 — sint; + (1 — sint, — 1 + sinty)I]
X1+ (g —x))I = [ry + (ry, —rI). [1 — sinty — (sint, — sint,)I]

x1 + (xy — x)I = [y + (ry — 1IN [1 = (sint; + (sint, — sinty))]]
x1 + (g — x)I = [y + (ry — I [1 = (sinty + (sin(t, — ty + ;) — sinty))]I]

Welet X = x; + (x; —x1)LR =1y + (r; — )1, t = t; + (t; — t;)], then we can prove that:

sint = sin[t; + (t, — t))I] = sint; + (sin(t, — t; + t1) — sinty)I
Then, we have.
X = R.(1 —sint)
Now, by the same argument, we have.
Y =R.(1 — cost)
So.

I {X = R.(1 — sint)
(Y =R.(1 - cost)

This equation is a neutrosophic cycloid I
Example:

Let the equation by a neutrosophic cycloide:

{xl + x,1 = (3 —2I).[1 —sin(t; + t,1)]
y1 + ¥l = (3—2I).[1— cos(ty + t,1)]

Then, its equation be equivalent to direct product of two classical cycloide:
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{ I:xq =31 —sinty),y1 = 3(1 — costy)
lexl + Xy = 1- sin(t1 + tz) Y1+ Y2 = 1- COS(t1 + tz)

Example:

Let I'y, T, are two classical cycloide, where:
{F1:x1 = 2(1 —sint;) ,y, = 2(1 — cost,)
I',:x, =5(1 —sint,),y, = 5(1 — cost,)

{X =@2+3D(1 - sint)}
Y =2+ 31 — cost)

.Definition: Neutrosophic Cardioide.

Let p=p1+p21,0 = 01 + 0,1 € R(I), pq, p2,01, 0, € R, then we define a neutroophic

Cardoide as follows:
p=(1+ cos0)
This equation can be written as follows:

p1+ p2l = (1 + cosB,) + [cos(01 + 0;) — cosO4]1
Theorem:
Let =py +p21,0 =0, + 0,1 € R(I), then if 84 + 0,1 is invertible, the neutrosophic
Cardioide
p = (1 + cos0) is equivalent to the direct product of two classical Cardioide.
Proof. Consider the equation p = (1 + cosf)

Now, we have:

p1 + p2l = (1 + cosb,) + [cos(6, + 6;) — cosO,]]

by computing its direct image with AH-isometry, we get:
T(p, + p,I) = T((1 + cosb,) + [cos(6; + 6,) — cosb;]1)

(pl, p, + pz) = (1 + cos6,,1 + cos(6; + 92))

Then.

p, = 1+ cost,
p; +p, =1+ cos(6; +6,)
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So that we have:

{ Ii:p1 =1+ cosf4
FZ: P1 + P2 = 1+ COS(01 + 62)

Remark:

If 6; + 6,1 is invertible, we can write the equation of neutrosophic Cardioide as follows:
p = (1 + cosb).

Now, we should discuss the cases of non-invertible of 6; + 6,1.

The 6, + 0,1 is not invertible, then we have two cases:

1-06; = 0, 8, + 8, # 0, this means that the neutrosophic Cardioide will be equivalent
to direct product of classical Cardioide (pl + pz) =1+ cos(6, + 6,) with the
classical circle p, = 2.

2-116, # 0, 61 + 6, = 0, this means that the neutrosophic Cardioide will be equivalent
to direct product of classical Cardioide p, =1 + cos(6;) with the classical circle
(py +p,) =2.

3-UIf 8, =0, 6; + 6, = 0 this means that the neutrosophic Cardioide will be
equivalent to direct product of classical circle (p, + pz) = 2 with the classical circle
p, = 2.

Theorem:

Let I';,I'; are two classical Cardioide, then the direct product of I'j,I'; is equivalent to the
neutrosophic Cardioide I
Proof.

Let I';,I', are two classical Cardioide, where:

I'1:p; =1+ cosb,
[y:p, =1+ cost,
Now, we take the inverse image of the AH-isometry, we have:

T~ (pyp,) = TH(1 + cosfy, 1 + cosb,)

p, + (p2 - pl)l = [1 + cosb6; + (1 + cosf, — (1 + cos@l))l]
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p, + (p2 — pl)l = [1 + cos6; + (cosO, — cos6,)I]

p, + (p, = p )] =1+ [cos; + (cos(6; + [0, — 61]) — cos6,)]]

Welet p=p, + (p, —p,)],0 = 61 + (6, — 61)], then we can prove that:

cos6 = cos(0, + [0, — 6,]) = cosB; + (cos(6, + [0, — 6,]) — cosO,)]

Then, we have.
p, + (p, —p ) =1+ cos(6; + [0, — 611)
So.
I'p=1+cosO
This equation is a neutrosophic Cardioide T..
Example:

Let the equation by a neutrosophic Cardioide:

p1+p21=1+cos(g+%l)

Then, its equation be equivalent to direct product of two classical Cardioide:

Ii:pr =1+ cos (g)

Tyipr+py=1+ (7")
2:P1 T P2 = cos 12

Example:

Let I';,T', are two classical Cardioide, where:
I'y:p; =1+cos (%)
[y:ip, =1+ cos (%)

I {p=1+cos(%+%1)

Conclusions

In this paper we have studied some concepts of neutrosophic real analysis depending on

the one-dimensional AH-isometry. We have provided a strict definition of some algebraic

curves in neutrosophic real ring R(I), and we study the properties of this curves, and we
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proved some theorems for this curves, also, we find relationships between a classical

algerbraic curves and neutrosophic algebraic curves.
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Abstract

The objective of this paper is to introduce a new intuitionistic neutrosophic crisp points

in intuitionistic neutrosophic crisp topological space, where the intuitionistic
neutrosophic crisp limit point was defined using intuitionistic neutrosophic crisp points
with some of its properties. Also, a generalized form of intuitionistic neutrosophic crisp
topological space as intuitionistic neutrosophic crisp supra topological space and
intuitionistic neutrosophic crisp infra topological space were defined. Moreover, the
separation axioms were constructed in these new spaces and the relationship between

them will be examined in details.
Keywords:

Intuitionistic neutrosophic crisp topological space, intuitionistic neutrosophic crisp supra
topological space, intuitionistic neutrosophic crisp infra topological space, intuitionistic

neutrosophic crisp point, intuitionistic neutrosophic crisp separation axioms.

Introduction

For the first time in the world, F. Smarandache [1,2,3] introduced the notions of
neutrosophic theory as a generalization of the fuzzy and intuitionistic fuzzy theories. Also,
D. Cocer [4] introduced the concept of intuitionistic sets and studied its applications in
algebraic and topological structures.

As the generalization of classical sets, Salama et al. in 2014 proposed the concept of

neutrosophic crisp sets [5]. Neutrosophic crisp sets is a special case of neutrosophic sets.
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Recently, ] .Kim et al. [6] introduced the concept of intuitionistic neutrosophic crisp
sets by combined intuitionistic set and neutrosophic crisp set.

They applied it to topology by defined intuitionistic neutrosophic crisp topological
space and studied some concepts related to intuitionistic neutrosophic crisp sets as
intuitionistic neutrosophic crisp interior and closure.

In 2015, Adel. M. AL-Odhari [7] have discussed the concept of infra-Topological spaces
as an extension of topological space.

Also, G.Jayaparthasarathy et al. presented a more general study, where he created the
concept of neutrosophic supra topological spaces [8] in 2019.

A. B.AL-Nafee et al. In 2015, have been discussed the concept of neutrosophic points
and separation axioms in neutrosophic crisp topological spaces [9].

In fact, the concept of neutrosophic sets represents an important idea to open the door
in front of many researchers especially in pure and applied mathematics  [10].

In this paper, we give some important spaces via intuitionistic neutrosophic crisp sets,
where we define intuitionistic neutrosophic crisp supra topological space and intuitionistic
neutrosophic crisp infra topological space, as well as new sets in these new spaces as
intuitionistic neutrosophic crisp supra open (closed) sets and intuitionistic neutrosophic
crisp infra open (closed) sets. On other hand we define, for the first time, the intuitionistic
neutrosophic crisp points and we use these points to define separation axioms in all of this
new spaces (intuitionistic neutrosophic crisp topological space , intuitionistic neutrosophic

crisp supra topological space and intuitionistic neutrosophic crisp infra topological space).
1. Basic Concepts

Definition:[4]

Let X#¢ be a set. Then A is called an intuitionistic set (IS) of X, if it is an object having the
form A = (Ac, A;); such that Ac N A.=¢, in this case Ac ( A;) represents the set of
memberships (non-memberships) of each element in X.

- The intuitionistic empty set of X, is defined by ¢ = (¢, X).

- The intuitionistic whole set of X, is defined by X = (X, ¢)

- all ISs in X as IS(X).

Definition :[6]
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Let X#¢ be a set. Then the form <Ar,A;,Ar>;
( AT = (A1,1 'A1,2) 'AI = (A2,1 'Az,z) 'AF = (A3,1 'As,z) e IS(X) ).
is called an intuitionistic neutrosophic crisp set in X (INCS), if A; 1N A3, = ¢.
- Ap= (A1,1 'A1,2) A = (A2,1 ,Az,z) JAp = (A3,1 ,A3,2) represent the IS of
memberships, indeterminacies and non-memberships respectively of each element
x € X to A.
-L We will denote the set of all INCS by INCS(X).
Definition: [6]

Types of INCS ¢, & Xy as follows:

1. d_)IN’i may be defined in many ways as a INCS as follows: (i=1,2,3,4)

2. Xini may be defined in many ways as a INCS as follows: (i=1,2,3,4)

30Xz = <X ¢, X>
4.0 XINA- = < y X, X >,
Definition: [6]

A Intuitionistic neutrosophic crisp topology (INCT) on a non-empty set X is a family T of

intuitionistic neutrosophic crisp subsets in X satisfying the following axioms:
L0 ¢y &Xivi € T. (i=1,2,3,4)
2.1 CND €T, forany C,D € T.

3.[1 Tis closed under arbitrary union.

The pair (X, T) is said to be a intuitionistic neutrosophic crisp topological space (INCTS)in

X. Moreover, The elements in T are said to be intuitionistic neutrosophic crisp open sets
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(INCOQS), a intuitionistic neutrosophic crisp set F is intuitionistic neutrosophic crisp closed
(INCCS) if and only if its complement F‘is an intuitionistic neutrosophic crisp open set.

2. Intuitionistic Neutrosophic crisp point
In this part, we will introduce the intuitionistic neutrosophic crisp point and
intuitionistic neutrosophic crisp limit points with some of its properties.
Definition 2.1.
For all x, y, z belonging to a non-empty set X. Then the intuitionistic neutrosophic crisp

points related to x, y, z are defined as follows:

ol x,<({x}, X—{x}),9, ¢>is called an
intuitionistic neutrosophic crisp point (INCP ) in X..

o[l y1,<¢,({y}, X — {y}),¢ >is called an intuitionistic neutrosophic crisp point (INCP,) in X.

o[l 7z 3<(T),d_), ({z}, X — {z}) > is called an intuitionistic neutrosophic crisp point (INCPy,) in X

The set of all intuitionistic neutrosophic crisp points (INCP; , INCP;,, INCP,,) is denoted

by INCP

Definition 2.2.

Let X be a non-empty set and x ,y, z €X. Then the intuitionistic neutrosophic crisp
point:

e[] xp, is belonging to the intuitionistic neutrosophic crisp set Beo(B11, Bi2), (B21, B22),
(Bs1 , Bs2)> denoted by x; €B, if x€B;;,wherein x;, not belongs to the
intuitionistic neutrosophic crisp set B denoted by x;, & B ,if x € By ;.

o[l yj, is belonging to the intuitionistic neutrosophic crisp set Bee(Bi1, Bi2), (B21, B22),
(Bs1 , Bs2)> denoted by y;, €B, if y€B;;,wherein y;, not belongs to the
intuitionistic neutrosophic crisp set B denoted by y;, € B ,if y € B, ;.

o[l z;, is belonging to the intuitionistic neutrosophic crisp set Beo(Bu1, Bi2), (B21, B22), (Bss
, Bs2)>, denoted by z;, € B, if z € B;;,wherein z;, not belongs to the intuitionistic
neutrosophic crisp set B denoted by z;, € B ,if z € B3 ;.

Definition 2.3.
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Let (X,T) be an INCTS ,P € INCPy in X, an intuitionistic neutrosophic crisp set
Beo(B11, Bi2), (B21, B22), (Bs1, Bs2)> € T is said to be intuitionistic neutrosophic crisp open
nhd of P in (X, T) if P € B.

Definition 2.4.

Let (X,T) be an INCTS, P € INCPy in X , an intuitionistic neutrosophic crisp set Beo(Bi,1
, B12), (B21, B22), (Bs1, Bs2)>is said to be intuitionistic neutrosophic crisp nhd of P in
(X, T), if there is an intuitionistic neutrosophic crisp open set Aeo(A11, A12), (A21, A22), (Asa
, As2)> containing P such that A € B
Note 2.5.

Every intuitionistic neutrosophic crisp open nhd of any point P € INCPy in Xis

intuitionistic neutrosophic crisp nhd of P.
3 .Separation Axioms In an intuitionistic neutrosophic Crisp Topological Space
Definition 3.1.

An intuitionistic neutrosophic. crisp topological space (X, T) is called:

o[l I;-To-space if V x;,# y;,€X 3 an intuitionistic neutrosophic crisp open set G in X
containing one of them but not the other.

o] I,-To-space if V x;,# y;,€X 3 an intuitionistic neutrosophic crisp open set G in X
containing one of them but not the other .

o[l I3-To-space if V x;,# y;,€X 3 an intuitionistic neutrosophic crisp open set G in X
containing one of them but not the other.

o[l I;-Ti-space if V xy, # yn,€X 3 an intuitionistic neutrosophic crisp open sets Gi, Gz in
Xsuch that x;, € G, y;, € Grand x;, ¢ G2, y;, € Gan

o[l I,-Ti-spaceif V xy, # yn,€X 3 an intuitionistic neutrosophic crisp open sets Gi, Gz in
X'such that x,€ Gi, y;, € Grand x;, ¢ G2, y;, € Gz

o] I3-Ti-space if V x;, # y,€X 3 an intuitionistic neutrosophic crisp open sets Gi, Gz in
Xsuch that x;,€ Gi, y;, ¢ Grand x;, ¢ G2, y1, € Ga.

o[] I;-Ta-spaceif V x;, # y; €X 3 an intuitionistic neutrosophic crisp open sets G1,Gz2 in X

such that x;, € Gi, y;, ¢ Grand x;, ¢ G2, y;, € Gawith GinG.= d_)INi.
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o[l I,-T>-spaceif V x;, # y;,€X 3 an intuitionistic neutrosophic crisp open sets G1,Gz in X
such that x;,€ Gi, y;, ¢ Grand x;, ¢ G2, y;, € G2 with GinGa= $IN1.
o] I3-T-spaceif V xj, # y;,€X 3 an intuitionistic neutrosophic crisp open sets G1,Gz in X

such that x;,€ Gi, yi, ¢ Grand x;, ¢ G, y;, € &2 with GinG: = (I_)INi.

Example 3.2.

IfX={xy}, T1 ={b &XinA} T2 = {0,y &Xin, B}, T3 = Xy, On, G}, A o0({x},{y}),0,0>,
B <@,({y},{x}),0>, G <0,0,({x},{y})> Then (X,Ty) is I;-To-space, (X,T,) is I,-To-space, (X,T5)
is I3-To-space.

Remark 3.3.

For an intuitionistic neutrosophic crisp topological space (X, T)
o[ Everyl;-Ti-space is I;-To-space (i=1,2,3).
e[| Every l;-T2-space is I;-Ti-space (i=1,2,3).
Proof : the proof holds directly.
Remark 3.4.
The inverse of remark (3.3) is not true as it is shown in the following example:
Example 3.5.
If = {xy}, A<({x}{y})0,8> B <@,({y},{x}),8>,G 008,0,({x},{y})>, Then:
o[] When T = {d_)IN & Xin , A}, then (X,T) is 1;-To-space but not I;-Ti-space.
o[] When T = {d_)IN & Xy , B}, then (X,T) is I,-To-space but not I,-Ti-space.
o[l When T = {¢,y & Xin, G}, then (X,T) is I3-To-space but not I3-Ti-space.
4. Intuitionistic neutrosophic Crisp Supra Topological Space

Definition 4.1.
An intuitionistic neutrosophic crisp supra topology (INCST) on a non-empty set X isa
family T of intuitionistic neutrosophic crisp subsets in X satisfying the following axiom:s:

L0 Oy Xini € T

2.00T is closed under arbitrary union.
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The pair (X,T) is said to be a intuitionistic neutrosophic crisp supra topological space
(INCSTS)in X. Moreover, The elements in T are said to be intuitionistic neutrosophic

crisp supra open sets (INCSOS), a neutrosophic crisp supra set F is intuitionistic
neutrosophic crisp supra closed set (INCSCS) if and only if its complement F°is an

intuitionistic neutrosophic crisp supra open set.

Remark 4.2.

Every (INCTS) is (INCSTS), But the converse not true as it is shown in the following
example.

Example 4.3.

Let X={a,b,c,d,ef,gi}and T = { ¢, ,Xin, A1, Az, Az}

Ay =<({a,b,c},{d,e}),({e, f},{g}), ({g, h}.{b,i}) >

Ay =< ({a,c,d}{e,i}), ({e, g}, {h}), ({h, i}, {a}) >

A3 =<({a,b,c,d},{e}), (e, f, g}, #). {g, h, i}, §) >

(X,T) is (INCSTS) , but (X ,T) is not (INCTS). because A;,4, €T but A4;nA4; =<
({a,c},{d,i,e}), ({e}, {g, h}), ({h}, {a, b, i}) > ¢T.

Separation Axioms In an intuitionistic neutrosophic Crisp supra Topological Space
Definition 4.5.

An intuitionistic neutrosophic crisp supra topological space (X, T) is called:

o1 [;NS-To-space if V x; # y;, €X 3 an intuitionistic neutrosophic crisp supra open set G
in X containing one of them but not the other.

o] I;NS-To-space if V x;,# y;,€X 3 an intuitionistic neutrosophic crisp supra open set G
in X containing one of them but not the other.

o] I3NS-To-space if V x;,# y;,€X 3 an intuitionistic neutrosophic crisp open set G in X
containing one of them but not the other.

o[ I;NS-Ti-space if V xy, # yn,€X 3 an intuitionistic neutrosophic crisp supra open sets
Gi, G2in Xsuch that x;, € G, y;, ¢ Giand %, ¢ G2, y;, € G

o] I;NS-Ti-space if V xy, # yn,€X 3 an intuitionistic neutrosophic crisp supra open sets

G1, G2in X such that x,€ Gi, y;, € Giand x;, ¢ G2, y;, € G2
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o[l I3NS-Ti-space if V x;, # y;,€X 3 an intuitionistic neutrosophic crisp supra open sets
Gi, G2in X such that x,€ Gy, y;, ¢ Grand x;, ¢ G2, y;, € &2

o[ I;NS-Tz-space if V x;, # y;, €X 3 an intuitionistic neutrosophic crisp supra open sets
G1,Gz2in X such that x;, € Gi, y;, ¢ Giand x;, ¢ G2, y;, € Gawith GinGe= $IN,i

o] I;NS-Tz-space if V x;, # y;,€X 3 an intuitionistic neutrosophic crisp open supra sets
G1,G2in X such that x;,€ Gi, y;, ¢ Giand x;, ¢ G2, y;, € G2 with GinG2= (T)INJ.

o[l I3NS-T-space if V x;, # y;,€X 3 an intuitionistic neutrosophic crisp open supra sets

G1,G2in X such that x;,€ Gi, y;, € Giand x;, ¢ Gy, € G2 with GinGz = $INi.

Example 4.6.

If X={xy} , T={by&XinABC}, A <(IxLiy}),0,06> B M (ylix}), 6> C
oo({x},0),({y},2) ,0>, Then (X,T) is I;NS-To-space, and I,NS-Te-space.

Example 4.7.

If X={xy} , T={0,&XnG AC , A <(Ix\iy}),8,8> G 008,8,(Ixlyl)>, C
<({x},0),0,({y}{ x}) >, Then (X,T) is I3NS-To-space.

Remark 4.8.

For an intuitionistic neutrosophic crisp supra topological space (X, T)
e[| Every [;NS-Ti-spaceis I;NS-To-space (i=1,2,3).
e[| Every [;NS-Tz2-space is [;NS-Ti-space (i=1,2,3).
Proof : the proof holds directly.
Remark 4.9.
The inverse of remark (4.8) is not true as it is shown in the following example:
Example 4.10.
In example 4.6, (X,T) is ;NS-To-space,but not I;NS-Ti-space(i=1,2).
In example 4.7, (X,T) is ;NS-To-space, but not I;NS-Ti-space(i=3).
5. Intuitionistic neutrosophic Crisp Infra Topological Space

Definition 5.1.

An Intuitionistic neutrosophic crisp topology infra (INCIT) on a non-empty set X is a

family T of intuitionistic neutrosophic crisp subsets in X, satisfying the following
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axioms:

L0 ¢ Xini € T

2.11T is closed under finite intersection.

The pair (X,T) is said to be a intuitionistic neutrosophic crisp infra topological space
(INCITS)in X. Moreover, The elements in T are said to be intuitionistic neutrosophic

crisp infra open sets (INCIOS), a neutrosophic crisp infra set F is neutrosophic crisp infra
closed (INCICS) if and only if its complement F°is an intuitionistic neutrosophic crisp

infra open set.

Remark 5.2.

Every (INCTS) is (INCITS), But the converse not true as it is shown in the following
example.

Example 5.3.

Let X=(a,b,c,d,ef,gi}and T = { ¢,y ,Xin, A1, Az, Az}

Ay =<({a,b,c},{d,e}),({e, f}.{g})., ({g, h}.{b,i}) >

Ay =< ({a,c,d}{e,i}), ({e, g}, {h}), ({h, i}, {a}) >

A3 =< ({a,c},{d, e, i}), ({e}, {g, h}), ({h}, {a, b, i}) >

(X,T) is (INCITS), but (X,T) is not (INCTS). because A;,A,<T.

But Al U AZ =< ({a' b: c, d}: {e})' ({e' f' g}' ¢)' ({g' h! l}! ¢) > éT.

Remark 5.4.
Let (X,T) be a (INCITS), then :

The union of two intuitionistic neutrosophic crisp infra open sets is not necessary
intuitionistic neutrosophic crisp infra open set.

Proof:

In example 5.3, A;,A, are intuitionistic neutrosophic crisp infra open sets but 4; U 4, =<

({a,b,c,d},{e}),({e,f, g}, 8, {9, h, i}, ) > isnot intuitionistic neutrosophic crisp infra open
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set.

Remark 5.6.

(INCITS) is not necessary (INCSTS).

Example 5.7.

In example 5.3, (X,T) is (INCITS) , but (X,T) is not (INCSTS). because A;,4, T but A; U
Az =< ({a,b,c,d},{e}),({e.f, g}, #). ({9, h, i}, §) > ¢T.

Remark 5.8.

(INCSTS) is not necessary (INCITS).

Example 5.9.

In example 4.3, (X ,T) is (INCSTS), but (X ,T) is not (INCITS). Because A;,4, €T but

Alm AZ =< ({a, C}' {d' i' e}); ({e}) {g) h})' ({h}, {a, b; l}) > eT'

Remark 5.10.

The relations between (INCITS) , (INCSTS) and (INCTS) in the following diagram :

INCTS

(INCITS) (INCSTS)

6 .Separation Axioms In an intuitionistic neutrosophic Crisp infra Topological Space

Definition 6.1.
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An intuitionistic neutrosophic crisp infra topological space (X, T) is called:

ol I;NI-Te-space if V x| # y;, €X 3 an intuitionistic neutrosophic crisp infra open set G in
X containing one of them but not the other.

ol I;NI-To-space if V xp,# y;,€X 3 an intuitionistic neutrosophic crisp infra open set G in
X containing one of them but not the other .

o] I3NI-To-space if V x;,# y;,€X 3 an intuitionistic neutrosophic crisp open set G in X
containing one of them but not the other .

ol I;NI-Ti-space if V xy, # yn,€X 3 an intuitionistic neutrosophic crisp infra open sets
Gi, G2in X such that x;, € G, y;;, € Grand %, ¢ Gz, y;; € Gz

o[l I,NI-Ti-space if V xy, # yn,€X 3 an intuitionistic neutrosophic crisp infra open sets
Gi, G2in X such that x;,€ G, y;, ¢ Giand x, ¢ G2, y;, € G2

o] I3NI-Ti-space if V x;, # y;,€X 3 an intuitionistic neutrosophic crisp infra open sets
G1, G2in X such that x,€ Gi, y, ¢ Giand x;, ¢ G2, y, € &2

ol I;NI-T2-space if V x;, # y;,€X 3 an intuitionistic neutrosophic crisp infra open sets
G1,Gz2in X'such that x;, € Gi, y;, € Grand x;, ¢ G2, y;, € Gewith GiNG2= $IN,i'

o[l I,NI-T2-space if V x;, # y;,€X 3 an intuitionistic neutrosophic crisp open infra sets
G1,Gz2in X such that x,€ Gi, y;, ¢ Grand x;, ¢ G2, y;, € G2 with GinGe= <|_)IN'1..

o] I3NI-T2-space if V x;, # y;,€X 3 an intuitionistic neutrosophic crisp open infra sets

G1,G2in X such that x;,€ Gi, y;, ¢ Giand x;; ¢ Gy, y;, € G2 with GinGz = $IN.i'
Example 6.2.
If X = {X' y} 4 T = {(I_)[N &XINIAI BI C} 7 A @@({X}I{y})l 6 Vi 6 >1 B @9 6 1({y}l{x})/ 6 > 7 C
00(0,{y}),(®,{x}) ,0>, Then (X,T) is I;NI-To-space, and I,NI-To-space.

Example 6.3.

If X={xy}, T={0y&XinG,A4C}, A oo({x}{y}),0,0> G 000,

(S

AxLiyh>  C
00(@,{y}),8,( @,{ y}) > Then (X,T) is I3NI-Te-space.
Example 6.4.

If X={xy}, T={0y&XivA,B,C}, A oo({x},{y}),0,8> B oo({y},{x}),8,0> C oo(®,{x,y}),®
,0>,Then (X,T) is [;NI-Ti-space, but(X,T) in not I;NI-T2-space.

Example 6.5.
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If X={xy}, T={y&XinG,AC}, A <({x}iy), 0,0> G 000,06 ,({x,{y})> C
@@(Q),{y}),@,( @Ay} > Then (X,T)is I3NI-To-space, but (X,T) in not I3NI-T2-space.
Remark 6.6.

For an intuitionistic neutrosophic crisp infra topological space (X, T)
e[| Everyl;NI-Ti-space is I;NI-To-space (i=1,2,3).
e[| Every [;NI-Tz>-space is I;NI-Ti-space (i=1,2,3).
Proof  the proof holds directly.
The inverse of remark (3.8) is not true as it is shown in the following example:
Remark 6.7.
o] In example 6.2, (X,T) is I;NI-To-space, but(X,T) is I;NI-Ti-space, and (X,T)
I,NI-To-space, but(X,T) is not I,NI-Ti-space.

o] In example 6.4, (X,T) is 1;NI-Ti-space, but(X,T) is 1;NI-Tz-space.

7. Conclusion

In this paper, we have defined new topological spaces by using intuitionistic
neutrosophic crisp sets. This new space is called intuitionistic neutrosophic crisp supra
space and intuitionistic neutrosophic crisp infra space. Then we have introduced new
intuitionistic neutrosophic crisp supra open (closed) sets and intuitionistic neutrosophic
crisp infra open (closed) sets in this new spaces. Also we studied some of their basic
properties and their relationship with each other. Also we defined intuitionistic
neutrosophic crisp points, using these notions, various classes of separation axioms were
defined. In the future, many researchers can study the intuitionistic neutrosophic crisp
supra space and intuitionistic neutrosophic crisp infra space.
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