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such as the neutrosophic structures developed in algebra, geometry, topology, etc.

The submitted papers should be professional, in good English, containing a brief review of a problem and obtained results.

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as well as their inter-
actions with different ideational spectra.

This theory considers every notion or idea <A> together with its opposite or negation <antiA> and with their spectrum of
neutralities <neutA> in between them (i.e. notions or ideas supporting neither <A> nor <antiA>). The <neutA> and <antiA>
ideas together are referred to as <nonA>.

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and <antiA> only).
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Neutrosophic Set and Neutrosophic Logic are generalizations of the fuzzy set and respectively fuzzy logic (especially of
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(7, a degree of indeterminacy (/), and a degree of falsity (F), where T, I, F are standard or non-standard subsets of /-0, 17/

Neutrosophic Probability is a generalization of the classical probability and imprecise probability.
Neutrosophic Statistics is a generalization of the classical statistics.
What distinguishes the neutrosophics from other fields is the <neutA>, which means neither <A> nor <antiA>.
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rance, imprecision, etc.
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Abstract. Connectedness provides well suited solutions for several application problems. In Graph theory,
graph is connected when there exist a path between any two arbitrary vertices. Neutrosophic set theory to-
gether with Morphological operators are useful for constructing the Neutrosophic directed connected subgraphs
(NDCS).Using NDCS, method to generate an ordering of subgraphs and construction of spanning trees is pre-
sented in this paper. M induced vertex sequences and M induced Edge sequences are defined. These sequences
generate spanning tree filtration of the graph. Algorithms are given for obtaining such filtrations. Directed
Neutrosophic Morphological Network (DNG-MN) is defined. The spanness of a Neutrosophic graph induced
by Morphological dilation is given in the paper. Some applications of these concepts are also discussed in this

paper.

Keywords: Connected directed graphs, Morphological dilation, erosion, M induced edge and vertex sequence.
Neutrosophic directed graph, Directed Neutrosophic Graph Morphological Network (DNG-MN).

Literature Survey

A Fuzzy Graph is a type of graph such that each edge and vertex in the graph labeled with
membership degree, representing uncertainty in the relation between vertices [18]. Uncertainty
can be modeled using fuzzy set theory [20-23,25], Intuitionistic fuzzy set theory [1], Neutro-
sophic sets etc. The Neutrosophic Graph is a generalization of the Fuzzy Graph. Neutrosophic
Sets and graph [27] provide essential tools for analyzing ambiguous or imprecise information.

Concepts like Fuzzy and Neutrosophic Sets with graph theory plays an important role in the
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modeling of this type of information. These models are widely examined in the literature [1H4].
This will extend classical graph theory by adopting Neutrosophic sets which will be helpful
for the modeling of ambiguous and complex relationships.

Product Perspective from Fuzzy to Neutrosophic Graph Extension was studied in [34].
Bathusha et.el presented the Energy of dominating single valued Neutrosophic graph structure
and was studied in [32]. Fujita et.el studied various types of Neutrosophic graphs and super
hyper tree [31], [33]. Bino et.al studied about the Morphological operators and filtering of
Hypergraphs [8,/9,29]. This paper also addresses the various morphological operators |2,
4,28] which are applied on a Neutrosophic graph framework. Abraham et.al defined the
morphological operators on Intuitionistic fuzzy soft graphs [12]. Dhanya et al. Studied the
algebra of morphological operators [29] on intuitionistic hypergraph and its application using
Neutrosophic hypergraph [13H18]. Sujatha Ramalingam et.al applied the span integrity of
fuzzy graph on brain network analysis [3]. Further, this framework has been extended into
Directed Neutrosophic Graph Morphological Network (DNG-MN) framework. M induced
edge sequences and vertex sequences are introduced in the paper. Based on these sequences,
spanning tree filtrations are obtained. Algorithms for constructing spanning trees [5-7,19,20]
are extended by considering the new framework. Practical applications are mentioned |24} 26|
for further analysis which will help to increase the efficiency of the existing decision making

algorithms.

1. Introduction

Graph theory, describes relationships and interconnections within the graph by considering
the vertices (nodes) and edges. Graph provides essential insights into connectivity between
vertices. Several application problems can be modeled using graph theory. Recently Graph
theory concepts are applied in artificial intelligence. Subgraphs of a graph can be constructed
using Morphological vertex dilation and erosion [2,/12,[27]. There are disjoint subgraphs such
that in a connected graph there exist path between any two arbitrary vertices. So there exist
common vertices and edges in these subgraphs. We are dealing with Neutrosophic graph and
its underlying graph and subgraphs. Neutrosophic set theory and logic plays an important
role in decision making problems. Eigen values of adjacency matrices corresponding to truth
degree, indeterminacy degree and falsity degree of a Neutrosophic subgraphs obtained by
taking the vertex dilation is computed. By comparing these eigen values, Neutrosophic graph
modification can be performed. After applying the pairwise comparison of sum of membership
degrees, direction can be assigned to edges. Algorithms are given for these constructions.
The same procedure with different morphological operator like erosion will generate another
modified Neutrosophic graph. This lead to the generalized framework for performing similar
Abraham Jacob, Ramkumar P. B., Dhanya P. M., Directed Neutrosophic Graph - - -
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construction of modified Neutrosophic graph. This is given as a system namely Neutrosophic
directed Morphological Network. Algorithms for finding spanning trees of this network system
are given. Such a spanning tree may be optimal. Spanning tree filtrations are important in
several application problems. Edge sequences and vertex sequences are obtained by considering
edges and vertices which are common to the sets of subgraphs. By including these sequences to
the system, it can be considered as a Generalized Directed Neutrosophic Graph Morphological
Network (DNG-MN) systems. Spanning tree which satisfying optimality conditions of this
system can be considered in application problems like brain diseases. Span integrity and
spanness of dilation induced vertex deleted graphs are calculated. It is useful for ordering the

subgraphs. Algorithms are given for the construction of such systems.

1.1. Construction of connected subgraphs

Consider a Neutrosophic Graph G as shown in Fig. 1} with neutrosophic weights (member-
ship, indeterminacy, non-membership) (u, vy, k) for each vertex in G. The edges are also having
the three weights (u, vy, k) where for the edge e;; between vertices v; and vj, the membership
weight of the edge represented as fi,; is the max (i, ftvj), the indeterminacy weight of the
edge represented as ;5 is the avg (744, 7»;) and non-membership weight of the edge represented
as Ke,; is the min (Ky;, ;).

v (0.6, 0.4, 0.5)
(0.5,0.3,0.4)

vi

(0.7,02,0.5)
(0.5,0.1,0.5) (0.7,0.3,0.6)
el3

FIGURE 1. Neutrosophic graph G

Let v be any vertex in V. Find the Neutrosophic graph dilation N5 (v) of v. Let Nog(v;) =
NG; and the underlying graph be G;. Similarly, for any v;, we get the underlying subgraphs
G;. Fig. [2] shows the subgraph NG = §(v1).

Find the adjacency matrix A(NG1) of the subgraphs NG; and then find the eigen values
of A(ING;).

Let

(0,0,0) (0.6,0.25,0.5) (0.7,0.2,0.5)
A(NG1) = (Bogo;» Yosos Eviw;) = | (0.6,0.25,0.5) (0,0,0) (0,0,0)
(0.7,0.2,0.5) (0,0,0) (0,0,0)
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v (0.6,0.4,0.5)

Vi

o
(0.7,02,0.5)

(0.5, 0.1, 0.5) (0.7, 0.3, 0.6)
el3

FiGURE 2. Neutrosophic subgraph NG,

and
[0 06 0.7] 0 0.25 0.2
07 0 0] 02 0 0
[0 0.5 0.5]
and  A(Kyw,) = |05 0 0
05 0 0 |

The eigen values of adjacency matrix A(py,y;) of membership degree fi,,,; are A1, = 0,
A2 = 0.92 and A3, = —0.92. Now find the absolute maximum Max \;,, which is 0.92.
Similarly the eigen values of the adjacency matrix A(vy,v;) of indeterminacy degree v,,,, are
Ay = 0, Aoy = 0.32 and A3y = —0.32. Now find the average absolute value Avg \;y, which
gives 0.43. Likewise the eigen values of the adjacency matrix A(ky,y;) of non-membership
degree Ky, are A = 0, A9 = 0.71 and A3, = —0.71. Now the absolute minimum value
Min A results to 0. Thus Eig (N(G;)) = (Max A, Avg Aiy, Min Ai) = (0.92,0.43,0) where
Max A;,, is the absolute maximum of Eigen values of A(fiy,;4;), Min A, is the absolute minimum
of Eigen values of A(/@W,j) and Min A, is the absolute minimum of Eigen values of A(%ivj).

Similarly the subgraph NGy = §(v2) is as shown in Fig.

The membership adjacency matrix A(gy,0;) of NGz, the indeterminacy adjacency matrix

A(%ivj) and the non-membership adjacency matrix A(kyiy;) are as given below.

0 06 0 025 0 05
Alproie,) = [06 o] Ao;) = [0 2% 0 ] and Alrv,) = [o5 0]

The eigen values of adjacency matrix A(,uij) of membership degree Pv;v; are Ay = 0.6,
A2, = —0.6 and absolute maximum Max A;,, is 0.6. Similarly the eigen values of the adjacency
matrix A(7y,0,;) of indeterminacy degree 7y,,, are A1, = 0.25, Ay, = —0.25 and the average
absolute value Avg Ay, is 0.25. Likewise the eigen values of the adjacency matrix A(xy,o,)

Abraham Jacob, Ramkumar P. B., Dhanya P. M., Directed Neutrosophic Graph - - -
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V1

(0.5, 0.1, 0.5)

(0.6, 0.4, 0.5)

FIGURE 3. subgraph NG,

of non-membership degree Ky, are Ax = 0.5, A9, = —0.5 and the absolute minimum value

Min \;, results to 0.5.

Thus

Eig (N(GQ)) = (Max )\Z‘u, AVg >\i'y; Min >\m) = (06, 025, 05)

Considering the vertex V3 we get the subgraph N(G3) as in Fig.

(0.5,0.1,0.5)

vi ._ .

(0.7,02,0.5)

el3

FIGURE 4. subgraph N(G3)

The three adjacency matrix

(0.7,0.3,0.6)

(0.5,0.3,0.4)

0 07 0
A(uvivj) = (0.7 0 0.7 with eigen values A\j, = 0, Ay, = 0.99 and A3, = —0.99. The
| 0 0.7 0 |
absolute 0 maximum Max A;,, is 0.99
[0 02 0]
A(Yw;) = 102 0 03| with eigen values A1, = 0, Aoy = 0.36 and A3, = —0.36. The
| 0 03 0 |
average of absolute values gives 0.24
0 05 0
and A(HUW].) = (0.5 0 0.4| with eigen values A\, = 0, Ao, = 0.64 and A3, = —0.64. The
0 04 O

absolute minimum gives 0. Now
Eig (N(G3)) = (Max A, Avg Aiy, Min A ) = (0.99,0.24,0).
Considering the vertex Vj, we get the subgraph N(G4) as in Fig.

Abraham Jacob, Ramkumar P. B., Dhanya P. M., Directed Neutrosophic Graph - - -
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(0.5,0.3,0.4)

vi ._ ’ V3

(0.7,02,0.5)
(0.5,0.1,0.5) (0.7,0.3,0.6)
el3

FI1GURE 5. Subgraph Vy

0.7
The adjacency matrices are A(fiy;0;) = 0 ] with eigen values A1, = 0.7, Ay, = —0.7

0.7
and absolute maximum Max A;,, is 0.7.

0 0.3
AYow;) = [0 5 0 ] with eigen values A, = 0.3, A2y = 0.3 and the average of absolute
. o 0 04| . )
values gives 0.3 and A(kvivj) = 04 0 with eigen values A\, = 0.4, Aoy, = —0.4 and the

absolute minimum gives 0.4. Now

Eig (N(G4)) = (Max Aiy, Avg Aiy, Min Aiy.) = (0.7,0.3,0.4).

Let G i=1,2,... be subgraphs. Compare the Eigen values of adjacency matrices. Let the mem-
bership adjacency matrix be A,(G), indeterminacy membership adjacency matrix be A, (G)
and Non-membership matrix be Ax(G). Apply the following rules to add any new edges to
the underlying graph.

(1) Consider the subgraphs obtained and the given graph. Compare the absolute values of
FEigen values of the membership adjacency matrices. Arrange these values in descending
order. Consider the pairs of subgraphs with the corresponding eigen values ordered
by A; > A;. If there exist atleast one edge which connects any two vertices of the two
subgraphs then no need to add any new edges to the given graph.

(2) If the subgraphs G; and G; are disconnected then join any vertex in Gj to a vertex in
Gj.

(3) Use any two vertices which were not connected in the previous step.

Compare the Eigen values. For A(py,0,), here, 0.99 > 0.92 > 0.7 > 0.6 where G3 > G >
G4 > G5. Check with all pairs of subgraphs and apply the above rule.

Consider the following pair wise connectivity for applying the above mentioned rules.

(a) (Gs3,G4)—Vertices vz and vy are common to the sub graphs Gs, G4. So by rule 1, no
modification is required.

(b) (Gs,Gy)—Vertices v and v; are common to the sub graphs Gs3, G;. So by rule 1, no
modification is required.

Abraham Jacob, Ramkumar P. B., Dhanya P. M., Directed Neutrosophic Graph - - -
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(¢) (G3,Ga)—Vertex v; is common to the sub graphs G, Ga2. So by rule 1, no modification
is required.

(d) (G4,G1)—Vertex vz is common to the sub graphs G4, Gi. So by rule 1, no modification
is required.

(e) (G4,G2) There is no edge between G4 and G2. Hence draw a new edge which connects a
vertex in G4 to a vertex in Gs. So, draw an edge between vy and vs.

(f) (G1,G2)—Vertices v; and vy are common to the sub graphs Gz, G1. So by rule 1, no

modification is required.

Considering case (e) above, a new edge is to be added in the main graph G from subgraph
G4 to Go. The two nodes selected for this connection will be the two nearest ones among
all possible pairs in two subgraphs G4 and G3. The Euclidean distance between the (vy,v1)
is 0.2236, between (v3,v1) is 0.3, between (vs,v2) is 0.1732, between (v4,v2) is 0.1732. Since
both the pairs (vs,vs) and (v4, v2) are having the same distance, let us select any one out of it.
Here we have selected the pair (vs,v2). The modified Neutrosophic graph is shown in Fig. [6]

And the red coloured edge is a new edge.

v (0.6,0.4,0.5)
(0.5,0.3,0.4)

Vi

(0.7,02,0.5)
(0.5,0.1,0.5) o (0.7,0.3,0.6)
el3

FIGURE 6. Modified neutrosophic graph. MG

Similarly compare the Eigen values of A.(G) and A,(G). Apply the previous steps to
modify the graph. A graph renewal algorithm is given below.
Algorithm 1: Construction of the modified Neutrosophic graph:
Step 1: Let G;,Gj, Gy, ... be subgraphs of G.
Step 2: Calculate the Eigen values of the membership adjacency matrix A,(G), Indetermnacy
matrix A,(G) and Non membership matrix be A,(G) and arrange these values in descending
order.
Step 3: If \; > A; then check whether the subgraphs are connected. Otherwise draw an edge
from a vertex v; in G; to a vertex v; in Gj.
Step 4: Repeat step 3 for the other pairs of subgraphs
Step 5: Obtain the transformed graph G = U;(G;), i = 1,2,...n, G;s are underlying sub-
graphs. Keep the same membership degree in the new graph also. This represent a transformed
Neutrosophic graph.
Abraham Jacob, Ramkumar P. B., Dhanya P. M., Directed Neutrosophic Graph - - -
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1.2. d-induced directed connected sub graphs

d(vi) = Gy, 6(vj) = Gj, 6(vx) = Gy, be distinct Neutrosophic subgraphs which satisfies the
condition (1). Let C,, and Cy denote the sum of membership degree and indeterminacy degree

of each subgraph obtained. Then C,1, = C,, + C,.

e Cu=[_l(uas,)ll and Cy = [ (as,)]
If C; y > CZ +~ then G; is a strong subgraph than G;. There exist an edge connecting to G,
Gj, Gi. G; — Gj < 3 a path from v; — vj.
Rule for converting the transformed IF graph into a directed Neutrosophic graph.

(a) Calculate C),1, for each vertex v of the MG

ie.Cpyny = [Z[(#(Gsi,msj )l-

(b) If Cpqry > C’iﬂ then v; is a strong vertex than v; and if CZ+7 > CZJW then assign directions
from higher valued vertex to the lower valued vertex. Here it is directed towards V;.
Here, CIZJW = 2.6, CﬁJW = 1.6, CE)H‘V = 1.4, C’ﬁJW = 1.9. So let the ordering be
Vi>Vy>Vo > Vs,

Hence assign directions w. r. to this order as shown in Fig.

v (0.6,0.4,0.5)
(0.5,0.3,0.4)

Vi

(0.7,02,0.5)
(0.5,0.1,0.5) (0.7,0.3,0.6)
el3

FIGURE 7. Directed Modified Neutrosophic graph

i) V4 > V4. Hence assign directions from V; to V5.

ii) V4 > V3. Hence assign directions from V; to Vi.

iii) Vo > V3. Hence assign directions from V5 to V.

iv) V4 > V3. Hence assign directions from Vj to Vj.

Algorithm 2: Construction of §-induced directed connected transformed Neutro-
sophic graphs

Step 1: Let V;,V;, Vi, ... be the vertices of the transformed Neutrosophic graph.

Step 2: For each vertex , Calculate C),4, which is the sum of membership degree and non
membership degree.

Step 3: If C’Z 4y > C’Z 4~ then assign directions from vertex V; to Vj.

Step 4: Repeat steps 2 to 3 until all edges are considered.
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Step 5: Obtain a directed transformed Neutrosophic Graph.

2. Neutrosophic Graph Transformation

Definition: A Neutrosophic Graph can be modified by applying Morphological operators like
dilation and erosion. This can be obtained with d-induced or € induced directed connected sub
graphs. This is called a Neutrosophic Graph transformation. This may contain an addition of

edges.

2.1. Definition: Neutrosophic Graph Space

(NG, M) represent a family of Neutrosophic graph obtained by applying operators in M,
the set of Morphological operators, is called an Neutrosophic graph space. The Neutrosophic
graph space is denoted by NGjs. Let the sub graphs of NGy be NG, NGpro, ... NG .

2.2. Definition: M induced sequence

The set of edges of NG, NGyro, - .. NGy formed by taking the edges which lies in the
intersection of any two subgraphs form a sequence of edges. This family of sequence of edges are
called M induced edge sequence and is denoted by €,s.p where Eyrp = {Emy, EMys - - - EM,, )
where Enq, = {e11 - €12,... €1}, ... EMm,, = {€n1-€n2,...€nn}. Similarly for the vertices which
lies in the intersection of any two sub graphs form an M induced sequence of vertices and is

denoted by €y, .
Emy == VM VMo - - VM, VM, =01l vin.... Vu, ={vn, ... 0n, }

Maximal vertex Intersection Number: The Maximal intersection number of an M in-
duced vertex sequence is the number of sets having vertices common in Vaq,, Vu,, - - - Y, -
It is denoted by M. These numbers are useful for identifying a path or spanning trees in NG.
Maximal edge Intersection Number: The Maximal intersection number of an M induced
edge sequence is the number of sets having edges common in Eaq,, Eptys - - - Em,, . It is denoted
by M,.

The path or spanning trees are obtained by considering the set of edges corresponding to
this number.
Algorithm 3: Construction of M induced sequences and directed spanning trees.
Step 1: Apply Algorithm 1 and Algorithm 2 to obtain a transformed directed NG with
d-induced or € induced directed connected sub graphs.
Step 2: Find the sequences €, = {Eay s EMys - - - EMm,, } and Epry == {Vry, VMas - - VM, -
Step 3: Find the Maximal intersection number and set of vertices.
Step 4: Find all directed spanning trees passing through the vertices which are common to
these sets.
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Illustration of the construction of a directed spanning tree:
Consider an M induced vertex sequence of the Neutrosophic graph and apply the procedure

to generates various paths.

v (0.6, 0.4, 0.5)
(0.5,0.3,0.4)

vi

(0.7,02,0.5)
(0.5,0.1,0.5) (0.7,0.3,0.6)

el3

Here Vg, = {v1,v2,v3}, YV, = {v1,v2}, Vi = {v1, 03, v4}, Vg, = {v3, 04}
vy and v3 are vertices having intersection in three sets. So, the maximal intersection
number M, is 3 and the intersection vertices are vi,v3. The directed induced paths or

directed spanning trees passing through these vertices are given below.

vz (0.6,0.4,0.5)
(0.5,0.3, 0.4)

v4

w
o

S

vi

(0.7,02, 0.5)
(0.5,0.1,0.5) e (0.7,0.3,0.6)

el3

Spanning tree 1

vz (0.6,0.4,0.5)
(0.5,0.3, 0.4)

v4

vi

(0.5,0.1,0.5) (0.7,0.3,0.6)

Spanning tree 2

vz (0.6,0.4,0.5)
(0.5,0.3, 0.4)

v4

w
o

S

vi v3

(0.7,02,0.5)
(0.5,0.1,0.5) (0.7,0.3,0.6)
e13

Spanning tree 3
Since any two edges in €4, lies in the intersection of subgraphs, the corresponding union
of subgraphs must contain various paths. Consider a directed NGj;. The consecutive edges

from €, induces a directed connected path.
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Similarly, Since any two vertices in €x4,, lies in the intersection of subgraphs, the corre-
sponding union of subgraphs must contain various paths. Consider a directed NGjs. The

consecutive vertices from €x4,, induces a directed connected path.

2.3. Definition: Neutrosophic Graph Morphological Network

NG with Epq, = {EmMys EMys - - EM b EMy == {VMy» VMy, - - - Y, } and Morphological
operators in M is called an Neutrosophic graph Morphological network and is denoted by
(NG, (’fMg,EMV,M).

Since the collection of underlying subgraphs in NGj; form a lattice, there is an order
relation between subgraphs and the related theories can be applied to {NGu, €, Emy, M}
also. Minimum connected subgraph can be considered as infimum and the whole network
which represents the supremum of the lattice. Since the underlying graph and subgraphs
are connected by assumption, any two edges in €, or any two vertices in €4, induces a
path between any two vertices in the corresponding subgraphs. Hence {NG 4, €t , Eamy, M}
generates various paths between vertices in any two underlying subgraphs in NG y.

This generates various directed spanning trees also.

2.4. Sequence of edges and vertices

The learning architecture of the sequence of edges in €pq, and vertices in €yy,, can be
obtained by considering a Morphological operator on the Neutrosophic graph Morphological
network (NG, , €nmg, Epmyy, M).

Generalized M induced vertex sequences and edge sequences
Let the number of subgraphs be n and the number of subgraphs for grouping is k where k£ < n.

Then the Generalized M induced vertex sequences and edge sequences are €y, =

Vi Vi, - Vi) and €, = {5, Ry, ERGLT-

Algorithm 4 : Construction of all possible trees

Step 1: Apply algorithm 1 and Algorithm 2 on NG

Step 2: Apply Algorithm 3 with various values of k£ and obtain the sequences €pq, =
{Vﬂl,V%Q,...VLn} and Epq, = {5}“41,5/]’(42,...5/]:4”} where k£ < n.

Step 3: Find the maximal intersection number M., and related vertices.

Step 4: Obtain all possible trees which are passing through these vertices. There may or may
not be spanning Trees. The spanning trees obtained by considering various values of k < n
are called k level spanning trees and is denoted by Sﬁ.

Example: Consider the case with n =4, k = 3 and with n =4, k = 4.

The possible combinations of subgraphs and its vertex sequences are given below:
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Case 1) n =4, k = 3.

For (G17G27G3)G4)7 V%/ll = {U1}7 V?\AQ = {U3}7 V?\/[s = {}¢ V?\/u = {}

No vertex is common to any of these sets in the induced vertex sequence Eny,,
{Vj’,ll, V/‘T’M, V/%,ISV/‘T’,M}. Hence there is no spanning tree for £k = 3. But a tree can be drawn

through the vertices v1,v3. Here |S¥| = 0.

Vi V3

(0.7,02,0.5)
(0.5,0.1,0.5) (0.7, 0.3,0.6)
el3

Case 2) n=4, k=4

For (G1,G9,Gs,Gy), no vertex is common to these subgraphs. Hence there is no spanning
tree. Here |S¥| = 0.

Also there is no tree.

Therefore, there is no k level spanning tree connectivity between subgraphs for k > 2.
Proposition: If there exist k level spanning tree connectivity for every value of £ < n in the
Neutrosophic graph Morphological network (NG aq, € aq,, €aty,, M) then the underlying graph
is the union of all spanning trees.

Proof: Since G; = §(v;) and if there exist k level spanning tree connectivity for every value of
k < n then the vertex sequence contains all the vertices of G and since various spanning trees

exist which implies that the given graph is the union of all spanning trees obtained.

2.5. Directed Neutrosophic graph Morphological network

(NG, €, €pmyy, M) with a directed Morphological network is called Directed Neu-
trosophic graph Morphological network and is denoted by (NG}, €., Engy,, M),
(DNG-MN). Consider (NG, €pmgr Epmy,, M). Let €11 € eny, €12 € e, Then eqq, e19 are
consecutive edges means there exist a directed path containing these edges and there exist an
underlying subgraph where these edges belong. Hence the consecutive edges form a directed
path. It is denoted by e;; ~ ej;.

Let e;; ~ ejj, for i = 1,2,...n, j = 1,2...n. Then P@Mg represent the set of all such

directed paths and this will form a directed network.

2.6. Proposition

Consider (NG}, € g, €pmy,, M). If one edge in Epq, and one edge in Epy, are consecutive
then there exist at least a path of length two.
Proof: By definition.
Abraham Jacob, Ramkumar P. B., Dhanya P. M., Directed Neutrosophic Graph - - -




Neutrosophic Sets and Systems, Vol. 96, 2026 B?u

2.7. Theorem

Enm, = {5}‘3\41,5}\“42, ...&pmn} with edges in Ezyq,, © = 1,2,...7n are consecutive then these
consecutive edges generates a directed network.

Proof: By Proposition 2.8.

2.8. Theorem: Minimal spanning tree

Consider (NG, €ae, €any, M), Then Pg M induces a directed Minimal spanning tree
where Pg Mg is the set of all paths obtained by using edges in Pg My
Proof: Pg mg Tepresent the set of all paths obtained by using edges in €4.. Hence this contain

a minimal spanning tree.

2.9. Theorem

Let (NG3},€me; €pmy,, M) be a Directed Neutrosophic graph Morphological network
(DNG-MN). Then {ep; e;;cen, } induces a filtration.
Proof: Let (NG, €mg, €y, M) be a Directed Neutrosophic graph Morphological network
(DNG-MN). By theorem, (NG, € e, Ergy,, M) induces a minimal spanning tree which rep-

resents a filtration.

2.10. Sublevel filtration of network

Each induced subgraphs represent sublevels. These sub graphs {G;} generates filtrations.
Hence a network has an ordered filtrations. In such cases a starting vertex is assumed as a
vertex which lies left and assume that the network levels are advancing towards right. Since
the graph space is a lattice it induces a partial order relation and hence allows directions and
movements in the navigation from left to right. If we choose a vertex in random then the
ordering become a consensus ordering or permutation ordering. Different filtrations can be
generated using different starting vertices. A Neutrosophic transformation can be applied to

obtain a new vertex (a dummy vertex) so that various other ordering may be applied.

2.11. Theorem

Png,g =< P@M?S =+ =2 Peg,, . is afiltration of the subgraphs G1,....Gp.
Proof: By applying the Decomposition theorem: NGy = U} NGy and apply proposi-
tion 2.8, theorem 2.9.
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3. Application to Path planning and Disease detection
3.1. Path planning in a Directed Neutrosophic graph Morphological Network (DNG-MN)

Path planning in a graph like DNG-MN requires specific constraints. MST algorithms meet
these requirements. However the method discussed in this paper gives another framework for a
general search problems and path planning. Since the proposed method deals with subgraphs,
the local search is also possible. Vertices which is common to any two subgraphs are important
because they play a crucial role in the formulation of an optimal path in DNG-MN. These
vertices are playing as linking ¢ vertices in the sub graphs and this will generate various paths.

This will be helpful for the analysis of diseases like cancer, alshimers etc.

3.2. Analogy with the brain neural network

Here we can consider the analogy with the brain network. Connections between brain
regions do not have the same degree of adjacency. Regions can be converted to a DNG-MN

(NG7}, €me, €pmy,, M) and obtain a filtration of the form Pep, . S Pey,, 2 2 Pey -

This filtration will be helpful for the study of Brain neural network.

3.3. Algorithm 5: Brain Disease detection algorithm

Step 1: Consider the DNG-MN corresponding to the image of a brain network.

Step 2: Find the vertex dilation induced subgraphs G; = 6(v;).

Step 3: Calculate the Eigen values of A,(G), Ax(G) and A,(G) and arrange these values in
descending order and apply algorithm 1 to obtain the transformed N(G;).

Step 4: Apply algorithm 2 to obtain a directed transformed NG.

Step 5: Apply algorithm 3 and 4 to obtain spanning trees and find a filtration in the underlying
graph of DNG-MN of the form P@MI'S = P@MZ'S <= P@Mn'g.

Step 6: If there is no spanning trees then there is a chance of a disease in a region corresponding

to any subgraphs.

3.4. Optimal network and flow of neurons

Consider a filtration in the underlying graph of DNG-MN of the form Pg e S Pen, . =

- = P@Mnf. Let this be a filtration of the subgraphs Gi,...,G,. Since each filtration
is a spanning tree or paths, consider the maximum spanning tree in each subgraphs and
then calculate the Span integrity [3] of these spanning tree/ paths. The Vertex Span in-
tegrity of DNG-MN with respect to dilation is defined as (Max fi5(,,,) + SHG—5(v;), Min K5(yi) +
SKG—5(v;)> AVeVs(0) T SVG—5(v;)) Where Max 5,5y is the maximum membership degree of a

vertex w.r.to dilation of v;, Min f;(,,;), the minimum membership degree of a vertex w.r.to
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dilation of v;, Min~s(,; is the average membership degree of a vertex w.r.to dilation of v;
and SuG-s,,, denotes the spanness [3] of G-6(v;) w. r.to membership degree, Skg_s,,) is the
spanness of G — §(v;) w. r.to the non membership degree and Svyg_;(,) denotes the spanness
of G — 0(v;) w. r.to the indeterminancy membership degree. Similarly we can define the edge
span integrity. The reordering of paths can be done w. r.to the values obtained. In application
point of view, the subgraph ordering will give the information about region of a brain to be
prioritized.

Algorithm 6: Ordering of subgraphs using DNG-MN and span integrity

Step 1: Apply Algorithms 1,2,3 and obtain DNG-MN.

Step 2: Consider a filtration in the underlying graph of DNG-MN of the form Pg Mg =
Perye %0 =% Peug

Let this be a filtration of the subgraphs G1,....Gy.

Step 8: Find the maximum spanning tree in each subgraphs and then calculate the Span
integrity |3| of these spanning tree/paths.

Step 4: Order the subgraphs w. r.to the values obtained. i) p ordering- w.r.to membership
degree ii) k ordering—w.r.to non membership degree iii) v ordering—indeterminacy degree.
Illustration: Consider a DNG-MN

v (0.6,0.4,0.5)
(0.5,0.3,0.4)

vi

(0.7,02,0.5)
(0.5,0.1,0.5) (0.7,0.3,0.6)
el3

Max f15(,,), Min K501y, Avevsew,) = (0.7,0.1,0.5), Sg_s(,) = (1.4,0.2). So the span integrity
w.r.to the dilation of v; is (2.1,0.3). Similarly calculate the Span integrity for other vertices.
This will give an idea about the strength of regions. So, this method is useful for the prediction

diseases like brain diseases.

Subgraph | Max pus(,,), Min ks(,,), Ave Ys(y,;) SG—s5(v:) Span Integrity
Gy (0.7,0.1,0.5) (0.5,0.3,0.4) | (1.2,0.4,0.9)
Gs (0.6,0.1,0.53) (1.2,0.6,1.0) | (1.8,0.7,1.53)
Gs (0.7,0.1,0.5) (0.6,0.4,0.5) | (1.3,0.5,1.0)
Gy (0.7,0.3,0.5) (1.1,0.5,1.0) | (1.8,0.8,1.5)

i ordering—w.r.to membership degree: Go = G4 > G3 > G4

k ordering—w.r.to non membership degree: G; < G3 < G2 < Gy

~ ordering—w.r.to indeterminacy degree: G1 < G3 < G < Gy4.
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4. Discussions
4.1. Data representation

Several computational complexities arise while implementing the morphological operators
like dilation, erosion etc. on neutrosophic graphs [20]. Since the input to the proposed system
are images, converting the image data to the neutrosophic graph requires a sophisticated data
structure for storing and processing various attributes. Also three weights have to be added
to each node and edge of the neutrosophic graph made out of the image data. This leads to
more intense calculations. Since every node and edge has indeterminacy factor, this may affect
computation of structural elements like connected components and boundaries. If the size of
the neutrosophic graph increases, then scalability issue can occur and that in turn increase

the algorithmic complexity. Addressing these challenges requires sophisticated algorithms.

4.2. Al and ML Technique

Al and ML technique can be included in this proposed method by developing a Graph
Neural network(GNN) which can be designed such that the image neutrosophic graph can
be given as the input to the GNN and spanning trees are obtained as output of the GNN.
By including Al and ML techniques, we can handle the uncertainty factor leading to more

accurate predictions and insightful analysis.

4.3. Decision making systems

In Directed Neutrosophic Graphs(DNG), the direction can be modeled as the flow of infor-
mation in the decision making process. Real world decision making consists of many uncer-
tainty, imprecision and incomplete information which are well addressed here. As mentioned
in section 3.3, DNG can be used in medical diagnosis. This also finds application in social
networking where the user interaction are uncertain and directions shows the followers in the
social network. Directional dependencies in the supply chain management, share trade and
market trends etc. all of which suffers from uncertainty can be modeled using DNG. Also
careful modeling can be done in sustainable resource management and disaster management.

Autonomous vehicles where the directional decisions are really important can be modeled as
a DNG.

4.4. Optimization Methods

Just as alpha-beta pruning which is a common method in decision trees in Al, T-I-F' pruning
can be included, which prunes the irrelevant sections in the DNG which are below the threshold
values for T-1-F'. This reduces the search time in the graph. Vertices with similar 7-1-F values
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can be combined to a single vertex there by reducing the size of the graph. Parallel computing
can be implemented by dividing the DNG in to subgraphs and processing them simultaneously

using parallel systems.

5. Conclusion

A novel method to construct neutrosophic directed graphs is presented in this paper. Al-
gorithms to construct induced subgraphs and spanning trees are given. The concept of M
induced sequences plays an important role in the study of Neutrosophic graphs. Filtration and
DNG-MN are useful in the study of applications of Neutrosophic graphs. Some applications are
also discussed in this paper. This work can be extended to the study of Neutrosophic graphs,
Hypergraphs and Plithogenic Hyper graphs using other induced Morphological operators.
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Abstract: This paper introduces an innovative neutrosophic exponential ratio-type estimator for
estimating finite population means in stratified sampling environments with indeterminate data.
Building upon classical exponential estimators and neutrosophic statistics, we develop a robust
estimator that effectively handles uncertainty through interval-valued representations. The
proposed estimator combines the strengths of exponential ratio estimation with neutrosophic
weighting to achieve enhanced precision in stratified sampling scenarios. We derive the bias and
mean square error (MSE) expressions under first-order approximation and demonstrate through
empirical analysis using climate data that our estimator outperforms existing neutrosophic stratified
estimators in terms of efficiency and reliability.

Keywords: Neutrosophic statistics, stratified sampling, exponential ratio estimator, auxiliary
information, interval data, mean square error

1. Introduction

Stratified sampling remains a cornerstone technique in survey methodology, offering improved
precision through population stratification. Traditional approaches often assume precise data
measurements; however, real-world applications frequently encounter indeterminate or uncertain
information. Neutrosophic statistics provides a powerful framework for such scenarios by
representing observations as intervals Zy = [Z;,Zy] = Z, + ZyIy, where Iy € [I},Iy] captures the
indeterminacy component [2]. The integration of neutrosophic theory with sampling estimators has
been explored to handle uncertainty explicitly [4,5,6]. Existing neutrosophic stratified estimators
have shown promise, yet challenges remain in improving efficiency and adaptability to varying
levels of data indeterminacy [3,4,7]. Recent developments in neutrosophic sampling theory [8,9]
have expanded the toolkit available for handling indeterminate data in survey contexts.

This study contributes by developing a novel neutrosophic exponential ratio-type estimator tailored
specifically for stratified sampling frameworks with indeterminate data. We provide theoretical
derivations of the estimator’s bias and mean square error under first-order approximations. The
performance is empirically validated with real climate data, demonstrating superior efficiency over
classical and neutrosophic existing estimators [1,5,11]. Furthermore, we propose an optimal
weighting scheme to minimize mean square error, enhancing applicability in practical survey

Anisha Taneja, Sachin Malik and Prem Shankar Jha, Neutrosophic Exponential Ratio-Type Estimator for Finite Population
Mean in Stratified Sampling



Neutrosophic Sets and Systems, Vol. 96, 2026 20

settings. Neutrosophic statistics uniquely address the uncertainty and indeterminacy present in
many real-world data collection processes, especially where interval-valued or imprecise
observations occur [2,10]. By integrating neutrosophic principles into stratified sampling estimators,
survey practitioners gain a robust tool to produce reliable estimates with quantified uncertainty,
facilitating more informed decision-making in fields such as climatology, economics, and social
sciences [4,8].

The rest of the paper is structured as follows: Section 2 provides the methodology including
notation, section 3 gives existing estimators with their MSE expressions, and the proposed estimator
formulation is given in section 4. Section 5 covers empirical analysis using real climate datasets.
Finally, Section 6 concludes the paper with findings and future research directions.

2. Notations and Framework

Consider a finite neutrosophic population of size Ny € [N;, Ny], partitioned into L homogeneous
strata with sizes Ny € [Ny, Nyyl, h = 1, ..., L, such that

L
Z NhN = NN'
h=1

From each stratum, a neutrosophic simple random sample of size npy € [ny., nyy] is drawn without
replacement, with total sample size

L
ny = Z npy € [ng,nyl.
h=1

Let Yy € [Yir, Yay] be the study variable and X,y € [Xy;, Xpy] the auxiliary variable in stratum h.
Key population parameters are:

NN

1 _
Yon = N E Yhin € Yhr Yaul,
nN

_ 1 _
Xy = N g Xnjn € [Xni, Xnul,
AN

Npn

1 _
Symn =37 Z(thN — Vun)” € [S2, SZo),
Ny =1 &

prn = Corr(Yny, Xnn) € [pnr, pruls

. N
where weights wyy = 7t
N

3. Existing Neutrosophic Stratified Estimators and Their MSEs

This subsection summarizes neutrosophic stratified estimators adapted from classical sampling
theory and their respective mean square error (MSE) expressions. These form the basis for
comparison with the proposed estimator.
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e Stratified Mean Estimator [1]:

L
Ton = Z Win YN
h=1

with MSE

L
MSE(Tox) = ) Wi OuxSun-
h=1

e Stratified Ratio Estimator [3]:

with MSE

L
MSE(T,y) = Z Wiy Oy [Sfmv + RinSinn — 2RthhNSththN]-
h=1

e Stratified Regression Estimator [4]:

L
Ton = Z Wi [Taw + bay Kny — Tun)],
h=1

with MSE

L
MSE(T,y) = z Wiy 9h1v5§h1v(1 — Phn)-
h=1

o Stratified Exponential Estimator [1] :

L _ _
Ty = z Why Yy €XP X—hN il
3N hN YhN XhN T Eon ’

h=1
with MSE
. 1
MSE(T3y) = Z Wiy Oy [S;hN + Zszquth - RthhNSththN]'
=1
Here,
11 7,
Onn = (a - N_hN> € [6n, Onyl, Rny = ﬁ € [Rpz, Ryl
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4. Proposed Estimator

We introduce a neutrosophic stratified exponential ratio-type estimator:

X Xnw — Zny
apy+ (1 —a )_—]exp(f,
h "N Xy Xnn + Xy

L
TPropN = Z Whn Yhn
h=1

where apy € [ap, apy] are neutrosophic weighting parameters.
To derive the bias and MSE of the proposed estimator, we define:
I = V(1 + eth)' Ty = Xy (14 exnn),
where E(eth) = E(eyuy) =0, and
E(e;hN) = HhNC_';%hNJ E(efmv) = BhNC)?hN: E(etheth) = HthhNCththN-

The proposed estimator can be rewritten as:
L

— _ —e hN
Tpropn = Whn YhN(l + eyhzv)[a’hzv + (1 — apy) (1 + expy) texp <;>
= 2+ ey

Using Taylor series expansion and retaining terms up to second order:

L

Tpropy = ) Wiy Yan (1 + epnn ) [any + (1 — app) (1 — expy + e2un)] (1 -
h=1

o 3 3 21\
=~ Z Why YhN(l + eth) 1+ <E - a’mv) exnn T (E - ahN) -3 exnn |-
h=1

Taking expectation, we get

€xhN n 3egnn
2 8

L
, _ 3
Blas(TPropN) = Z Wi YanOnn [(E - ahN) Coy — (1 — ahN)thCththN];
h=1
L

2
MSE(Tpropn) = ) Wiy O ¥y |C2 f(Coam) w-2(2-a CynnC
PropN N UnnThn [Cynn ) hN xhN ) N | PanCynnCxnn |/
h=1

SynN S .. ..
where Cypy = ?y— and C,,y = 2 are coefficients of variation.
hN N

Xn

The optimal weight minimizing MSE is given by:

opt _ E _ thCth
N 2 thN .

5. Empirical Analysis
5.1 Data Description

We evaluate our estimator using climate data from Alabama and Georgia (November
measurements), treating:
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Dew Point Temperature as auxiliary variable Xy € [Xp., Xnul,
Relative Humidity as study variable Y,y € [V, Yaul.
Table 1 presents key parameters for both classical and neutrosophic cases.

Table 1: Stratified population parameters for climate data analysis

Stratum Neutrosophic Lower Neutrosophic Upper Classical

Alabama (Stratum 1)

Niy 19 19 19
NN 6 6 6
Xin 19.58 61.95 40.77
Yin 28.21 96.47 62.34
P1n 0.946 0.941 0.889

Georgia (Stratum 2)

Noy 22 22 22
N2n 7 7 7
Xon 22.55 62.23 42.39
Yon 31.77 93.86 62.82
Pan 0.885 0.948 0.859

5.2 Performance Comparison

Tables 2 and 3 show Mean Square Error and Relative Efficiency results, respectively, comparing the
proposed estimator with existing methods.

Table 2: Mean Square Error comparison

Estimator Neutrosophic Lower = Neutrosophic Upper  Classical

Ton 8.26 26.20 5.94
Tin 2.03 2.07 1.01
Ton 0.58 1.01 0.86
Tan 0.75 1.25 0.92
Tpropn 0.42 0.78 0.63
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Table 3: Relative Efficiency comparison

Estimator Neutrosophic Lower  Neutrosophic Upper  Classical

Tow 1.00 1.00 1.00
Tyx 4.07 12.66 5.88
Ton 14.24 25.94 6.91
Tan 11.01 20.96 6.46
Tpropn 19.67 33.59 9.43

6. Conclusion

The proposed neutrosophic stratified exponential ratio-type estimator demonstrates significant
advantages over existing approaches in handling indeterminate data within stratified sampling
frameworks. Our theoretical analysis and empirical results establish that the estimator achieves
superior efficiency, with relative efficiency values ranging from 19.67 to 33.59 compared to
conventional neutrosophic stratified estimators. The methodology exhibits robust performance
across varying levels of indeterminacy, making it particularly suitable for real-world applications
where data uncertainty is inherent. The estimator’s theoretical foundation, including the derived
optimal weighting scheme and first-order approximation properties, ensures its statistical
soundness while maintaining practical implementability.

These findings suggest that the integration of exponential ratio structures with neutrosophic
weighting in stratified sampling contexts offers a promising direction for handling indeterminate
data in survey sampling. Future research should explore extensions to multi-auxiliary variable
scenarios, development of neutrosophic calibration estimators, and applications in more complex
sampling designs, which could further enhance the methodology’s utility in practical survey
applications.
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Abstract: Using the symmetric difference between the neutrosophic crisp set (NC—set) and stable Neutrosophic
crisp open set ( SNCO-set). It represents the complement of the quotient of the NC—set, SNCO-set, vice versa
and linking with the family of stable Neutrosophic crisp (SNC) nowhere dense sets. They given the important
properties of this concepts, we used it to build the stable Neutrosophic crisp open modulo SNC-nowhere dense
sets. The results expiated amazing mathematical effects. This is what we have presented in this paper.

Keywords: Neutrosophic crisp sets, SNC— nowhere dense sets, SNCT—space, SNC — boundary set.

1. Introduction

The study is with in the neutrosophic crisp (NC-sets) path conditional on YX = < Y;, Y,,Y; > where
Y; N Y;= @, V i#j. We also defined the type of intersection, union, complement, partial relations, and points
in neutrosophic crisp sets was known by Salame [6,7] as more than one type under certain conditions. Therefore,
in the case of studing any concept, we must determent those relations as well as the type of topology that we
are working on, whence we take the stable neutrosophic crisp topological space ( SNCT — space ) [8]. The
collection 7§ of NC — sets satisfies, ¢p¥ , X e t§¥ if LY, K¥ € t§ I3 HY € t§ 2 HY <, I¥ N, K¥ and V
index A, K} e 7§ 3 H® € 7§ 3 H® S,U,,_, K. Whence for any L¥ € 7} is said to be SNCO — set and it
is complement is SNCC — set. It is worth noting that we would like to point out that there are those who have
set a synonymous definition for neutrosophic crisp set [2], as follows < Yq, ..., Y, , By, ... ... ,Bn,Ci,.. .,

C, >. There are many varied instruction's for these sets. For examples, you can see [1,5].

2. Operation Neutrosophic Crisp Set Theory

The operation on which our concepts are based on ;
-Theunion <Yy, Y5, Y; > U, <AL, ALA;>=<Y, UA; ,Y,NA,YsNA;>.
- The intersection < Y; , Y5,Y; >N, <A, A A; >=<Y; NA;,Y,UA,, Y3 UA; >,
-ARNCYNiff AL CY,,A, S Y, ,and Y3 € A;.

- The complement (Y™ )*= < Y{ , Y, Y§ >.
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- The empty set %= < ¢, X, X >.
- The universal set X® =< X, ¢, d >.
- The NC — points are :
- P =< (P}, p,{P}*> € K¥ iff peK,;,P¢& K;.
- PR2=<¢, {P},{P}*> €, K¥ iff peK,,P & Ks.
-PR =< (P}, ¢, o> € K¥ iff p € K.
P =< ¢,{P}, & > €, K¥ iff peK>.

- The SNC — interior and SNC — closure sets [8]

Si(A¥)=U { YN e1¥ ;YN c AN},

Sl (A¥)=n{(¥*ezf; YY" < FV}L

It is noted that it is not necessary that the intersection of any two SNCO —sets is SNCO —set .
Also the wunion of any collection of SNCD —sets is not necessary be SNCO —set.
The SNCT —space is called advance if it is closed under the intersection,and is
called soon to arrive if it is closed under the union.
The quotient; A® : YN =AY U (YX ) =[Y¥ - A® .
The symmetric difference ;
COAY YN =Y YN ) U - A=A YHN AN AY )]
COAY (N = YH= @Y NNy =YY
- AS AN = KS )=@A% NIY) = @Y N KY).
- A% YY) NYX = A¥ N oYX,

3. SNC - Open Sets Modulo SNC — nowhere Dense Sets

The property of a set to be SNC-open modulo SNC-nowhere dense is also called the Baire property ( in the
large sense ). We will reiew properties of this concept and the effect of neutrosophic crisp sets on it.
Definition 3 — 1 : Let (XX, 75 ) be SNCT-space , then ;
1- A% is a SNC-—boundary setif Si(A¥ )= @~.
o Scl((A® )= X%,
e Scl(AY¥) is SNC -boundary iff Scl(A®) < Scl[Scl((A¥ )*)].

2— AY is a SNC —nowhere dense set if Si(Scl(A¥ )= oX.
e If Scl( A¥ )is SNC-boundary,then AY is SNC -nowhere dense.

Proposition 3 -2 :Let (X¥,7§) be advance SNCT —space. AY is SNC — nowhere dense set iff 3
YR e T\ dN1o YR N AY = of

Lemma 3 — 3 : The wunion of a SNC - boundary set and SNC — nowhere dense
set is a SNC —boundary set.

Proposition 3—-4:1f(XY,7%) is a soon to arrive,then the union of two SNC —nowhere dense
is a SNC — nowhere dense set .

Proof . Since 7§ is a soon to arrive, whence Scl(A®) and Scl(K® ) are SNCC - sets, and

they are SNC-—boundary,if A® and K¥ are SNC-nowhere dense,alsoBy lemma3—3the union
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of them is SNC- boundary,it follows that AY U K¥ is SNC-nowhere dense set,because Scl
(Scl (A¥)) =Scl (AY). Similarly to K®

Remark 3-5:
1- If Y® is SNCO-setand SNCC —set,then SNCFr (YY) is SNC —nowhere
dense , where SNCFr (Y® )=Scl (Y™ n Scl ((Y¥ ).
2- If Sel (YX )U(Y® NSel (KX )) =@ then Scl(Y) NScl (K¥) isa
SNC - nowhere dense set .
Definition 3 — 6 :Let (XX,7%) be a SNCT-space then ;
e NC-set YX¥ < K¥ is a SNC-boundary set of K¥ ,if K¥ < Scl(K¥-Y® ).
e NC-set Y® < K¥ is a SNC-—nowhere dense set of KX
if K¥ < Scl[K® —Scl(YY )].
Proposition 3 —7. For any SNCT-space (X¥,78) we have ;
1-If Y® is SNC - nowhere dense in Scl(K¥),then K¥ N YXis SNC —nowhere dense in KV

2—-Scl (K®) - K¥ isa SNC —boundary set in Scl(K¥).

3- KX NSi[SNCFr (KX )]isa SNC—dense and SNC —boundary in Si[SNCFr (K¥)].

4 - If YX isa SNC —boundary ( SNC —nowhere dense) set in K%, SOis YY relative to every
set containing KV .

Theorem 3 — 8 . Let (X%, 7%) be a SNCT-space .If A% is a SNCO —set and K¥ is SNC -
boundary ( SNC — nowhere dense ) set,then SO is A N K® is a SNC — boundary set in
A® (SNC-nowhere dense set in Scl(A¥)).
Proof . 1If K¥ isa SNC- boundary,then K¥ < Scl (A - KX ) whence K¥ N AY < A¥
N Scl[ (KX )] < Scl[A¥ N (KX N (A%°) ], and therefor K¥ N AY is a SNC - boundary
set in LN. Similarly,if K¥ 1is a SNC —nowhere dense set, whence K¥ N AY is a SNC -
nowhere dense set in AN . Also K¥ N A¥ < Scl[A¥Y N (Scl(A¥ N K%))*)] < Scl[ Scl (AY )
N (Scl(LNN K¥®))°],and hence A® N KY is a SNC —nowhere dense to Scl (AY ), but Scl (A¥ )
— AY is a SNC — boundary set in Scl (A¥), whence KNNScl (A¥) N(AY)S, is SNC — boundary setin  Scl(A®).
By proposition 3—4. K¥ NScl (A¥) = (K¥ NAYU(K® N Scl (A¥)N( A¥)® )is a SNC—nowhere dense set in
Scl (A¥).
Definition 3 — 9 . K¥ is said SNC- open ( closed ) modulo SNC- nowhere dense if there is an SNCO- set
(SNCC- set) A®> KX — AX and AY — KX are SNC- nowhere dense (written (KX ~ AX)).
Example.

Take Y={n,g,q}, 7y ={0%, Y", A%, BY, C¥ }, where A®=<{n},{g},{q} >,

BY=<{n},{g,q}, d>and C*=< ¢, d,{q} >, then K¥ =< ¢, {n, g}, {q} > is SNC- open modulo SNC-
nowhere dense to AX |, because K¥ — AX and A® — K¥ are SNC- nowhere dense sets.
Remark 310 . Let (X%, 75) be a SNCT-space ,the following propositions are easily proved:

e  Each SNC- closed (SNC- open ) set is SNC- open (SNC- closed) modulo SNC- nowhere dense.

o If K¥ ~ A® and K® ~ B¥ then KX ~ BX | where K¥, AY | BY et}.

o Let I§,I5 , KNKY € 7§ and L} ~ L§ and Kf~ K, then
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1-( LY U K ~ (L3 U KY),
2- (LY N K ~ (LY n K,
3- LY = K ~ (LY = K,

o K¥ ~ AN iff K¥is of the form K® = (A% PX ) U O% where P¥, OX are SNC — nowhere dense
sets. Forif K¥ ~ AY put P*= AX — K® and O = K™ — AX whence K% =(A% —P¥ )UQMN.
Conversely , K¥ — AY =[(AY —P* )U (O™ )] - A¥ € O® is SNC — nowhere dense set, also
AY - K¥%= AY _[(AY" —P¥ )U O% )] € P¥ is a SNC- nowhere dense , therefor K¥ ~ AX.

e The family of all SNC — open set module is field, in other word if P¥ and K¥ are SNC —open
sets modulo SNC- nowhere dense sets , then so are P¥ U K¥ | P¥ N K¥® | and (P¥)C.

Proposition 3 — 11. P¥ is SNC- open modulo SNC- nowhere dense iff there is an SNCO- set 0¥ € P¥
and P* — O% is a SNC — nowhere dense set , where ( X, 7¥) is advance SNCT — space.

Proof . Suppose that P¥ — KX and K® — P¥ are SNC — nowhere dense sets . Put O® = PX NSi (K¥ ) ¢
KX , whence PX¥ — O = (P¥— K% ) U (P® U [Si (PY)]*) =( P*~ K¥ )U (K¥ N P¥ N Scl (P¥))) <
(P¥~ K% ) U Scl(K¥X — P¥ ) is a SNC — nowhere dense set . Conversely , let 0" be a SNCO — set 3 0%
C P¥ and P¥~ OF is a SNC- nowhere dense and OF < P¥ so O¥— P¥ = @ is a SNC — nowhere
dense set and therefor P¥ is SNC — open modulo SNC — nowhere dense set .

Proposition 3 — 12. LN is SNC- open modulo SNC- nowhere dense iff SNCFr(PY) is a SNC — nowhere
dense set .

Proof . By Proposition 3 — 11 there is an SNCO- set HY € PX and (H¥)° N P¥ is a SNC — nowhere dense,
put U¥=(H®* N P¥, whence P¥ = HN U U¥, and therefor SNCFr(P¥) = SNCFr(H*) U SNCFr(U®) , and
by Remark 3 — 5(1) SNCFr(HY) is a SNC-nowhere dense set also SNCFr(U¥) is a SNC- nowhere dense ,
hence SNCFr(P¥) is a SNC- nowhere dense set.

Conversely, P¥= Si (P¥) U [P¥N SNCFr(P¥ )]. Put H¥Si(P¥), whence P*N (H¥)* € SNCFr (P¥). It
follows that P¥ is SNC- open module SNC — nowhere dence.

Corollary 3-13. H¥ is SNC- open modulo SNC- nowhere dense iff H¥is difference ofa SNCC — set and

SNC - nowhere dense set

4. Conclusions
There is a proven fact in Neutrosophic crisp set theory which is, if K¥is a NC-set , then is not
necessarily (K®)¢ is satisfy any condition of NC-set, for example (<{u},0,{v,g}>)¢=<
{v, g}, X, {u} >is non—NC-set , with X={ u,v,g } .Therefore , NCC-sets are not necessarily NC-sets for any
Neutrosophic crisp topological spaces . Then they should be treated with extreme caution because
Neutrosophic crisp algebra operations are not necessarily valid on them .This is considered one on the
strengths of the NC-sets , which summarizes the relationship between them and the non-NC-sets . which
has provided them with broad horizons in all branches of mathematics .
So we choose to study the nowhere dense , boundary and open modulo sets on SNCT- spaces , that hae
the ability to handle it , because the union and intersection of any two SNCO-sets ( SNCC-sets) does not
have to be SNCO-set ( SNCC-set ). Also , each NCT-space is SNCT-space but the converse may be not .
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This research has established a basic foundation for studying the concept of SNC-first category set (it is
the union of a countable sequence of SNC-nowhere dense sets ), as it is considered a future work. In addition
to studying the concepts SNC-dense in itself , SNC-scattered sets and SNC-discrete sets. In addition to the
concepts in [3,4]. We can also study other neutrosophic crisp topological concepts, especially those works
discussed by papers in [9-13] on stable neutrosophic crisp topological spaces which have further extended

and details.
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Abstract: The Interval-Valued Refined Neutrosophic Hesitant Fuzzy Set (IVRNHEFS) is a
sophisticated mathematical set that is capable of capturing and handling complicated uncertainty,
hesitancy, and vagueness in decision-making problems. In this paper, the formal definition of
IVRNHES is proposed by combining the refined aspects of truth, indeterminacy, and falsity with
interval-valued hesitant information, thus providing a richer and more flexible representation of
imprecise data. To facilitate practical use, new score and accuracy functions are constructed to
facilitate useful comparison and ranking of alternatives. Moreover, fundamental operations like
union, intersection, complement, and aggregation are redefined in the IVRNHFS context to
maintain the natural interval-based refinement and hesitation. The proposed framework is
demonstrated with examples and compared with existing models to show its expressiveness,
computational depth, and decision correctness advantage.

Keywords: Interval Valued Refined Neutrosophic Hesitant Fuzzy Set (IVRNHFS), Hesitant Fuzzy
(HF), Neutrosophic Set, Score Function

1. Introduction

As we live in a rapidly more complex and uncertain world, decision-making processes tend to
be challenged by handling imprecise, vague, and conflicting information. Most mathematical models
and classical decision-making methods require crisp values and full information, which are hardly
available in real-world scenarios. Phenomena like medical diagnosis, financial prediction,
engineering assessment, environmental monitoring, and social decision-making are often
characterized by expert judgments that are hesitant, incomplete, or even conflicting. Therefore,
increasingly there is a need for more expressive and robust frameworks that can capture and
represent these levels of uncertainty very well.

The concept of handling uncertainty in mathematical modeling began with the seminal work of
Zadeh [1], who introduced fuzzy set theory. This framework provided a way to mathematically
model vagueness by assigning membership values ranging from 0 to 1, instead of strict binary
classifications. It became a cornerstone for decision-making models under uncertainty.

Atanassov [2] extended this idea by developing intuitionistic fuzzy sets, along with a hesitation
degree. This innovation allowed for more comprehensive modeling of uncertainty, especially in
situations where decision-makers face hesitation about the belongingness of elements.

Torra [3] further enhanced fuzzy modeling by formulating hesitant fuzzy sets, which allow
elements to have multiple possible membership values. Rodriguez, Martinez, and Herrera [4]
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expanded this concept into hesitant fuzzy linguistic term sets, which enabled decision-makers to
express hesitation linguistically. This work bridged the gap between linguistic evaluation and fuzzy
modeling.

Xia and Xu [5] contributed by exploring aggregation methods for hesitant fuzzy information,
developing operators for combining hesitant fuzzy values in decision-making. Zhang and Xu [6]
advanced this by introducing interval-valued hesitant fuzzy sets. which further strengthened the
ability to capture uncertainty in complex multi-criteria problems. Farhadinia [7] entropy-based
measures to quantify uncertainty. Liao, Xu, and Zeng [8] developed distance and similarity measures
for hesitant fuzzy linguistic term sets, which significantly improved the applicability of hesitant fuzzy
theory.

Moving beyond fuzzy-based models, Smarandache [9] introduced neutrosophy, a
generalization that explicitly incorporates truth, indeterminacy, and falsity values as independent
components. This theory broadened the capacity of uncertainty modeling to capture paradoxes and
contradictions in human reasoning. Building on this, Wang, Smarandache, Zhang, and Sunderraman
[10] proposed SVNS, which allowed practical application of neutrosophic theory by assigning crisp
values.

Biswas, Pramanik, and Giri [11] developed a methodology under SVNS with unknown weight
information, addressing real-world problems where attribute weights are not always predefined.
Pramanik, Dey, and Giri [12] extended neutrosophic decision making by integrating SVNS into the
TOPSIS method, enabling systematic ranking of alternatives under uncertainty. Broumi et al. [13]
studied correlation coefficients for interval-valued neutrosophic sets, providing a tool for measuring
relationships among neutrosophic data. Later, Pramanik, Dey, and Smarandache [14] refined this by
introducing correlation coefficients for interval bipolar neutrosophic sets, extending correlation-
based analysis to more complex settings.

Al-Quran, Awang, Ali, and Abdullah [15] developed the hesitant bipolar-valued neutrosophic
set, which combines bipolar information with neutrosophic hesitation, thereby extending modeling
capacity for complex decision-making environments. Ramaroson and Andriamanohisoa [16]
introduced the IVBNHFS, exploring its properties and operations, thereby opening new avenues in
hesitant and bipolar neutrosophic theory.

Deli, Subas, Smarandache, and Ali [17] proposed IVBNS and demonstrated their utility in
decision-making problems. Saqlain, Hamza, Saeed, and Zulqarnain [18] studied aggregate,
arithmetic, and geometric operators of octagonal neutrosophic numbers, providing new aggregation
tools for multi-criteria decision making. Ajay, Aldring, and Nivetha [19] introduced neutrosophic
cubic fuzzy Dombi Hamy mean operators, which allow for advanced aggregation of neutrosophic
cubic fuzzy information.

In terms of applications, Abdel-Basset, Atef, and Smarandache [20] developed a hybrid
neutrosophic group decision-making approach for project selection, demonstrating the utility of
neutrosophic sets in real-world project management. Nabeeh, Abdel-Basset, El-Ghareeb, and
Aboelfetouh [21] extended this approach to IoT-based enterprises, providing solutions for decision-
making challenges in emerging technologies. Mondal and Pramanik [22] applied neutrosophic
decision-making models to the problem of school choice, showing their relevance in the education
sector. Ye [23] proposed an advancing techniques for handling hesitation in neutrosophic decision
problems.

Beyond technical and decision-focused studies, neutrosophic theory has been applied in social
and assessment contexts. Aslan, Kargin, and Sahin [24] demonstrating the flexibility of neutrosophic
systems in social sciences. Voskoglou [25] introduced the neutrosophic theory into educational and
evaluative frameworks.

The aim of this research is to establish the definition and form of IVRNHFS formally and
illustrate its utility in improving decision-making under uncertainty. It seeks to define appropriate
score and ranking functions, construct aggregation operators, and determine the underlying set-
theoretic operations essential for real-world implementation. Integrating this model into a decision-
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making problem, we illustrate how it facilitates stronger and more transparent assessments,
particularly when the decision space consists of fuzzy, interval-based, and hesitant information. The
importance of this method is further emphasized via a case study from the real world, indicating its
utility in resolving intricate decision problems where traditional models are likely to be insufficient.

This paper is organized as follows: Section 2 gives the basic definitions. Section 3 gives the
definition of IVRNHES. Section 4 introduces a new operation on these sets and explains its main
properties. Section 5 gives the suggested algorithm for the score function. Section 6 shows a numerical
example. Lastly, Section 7 concludes the research.

1.1 . Contribution of the Work

The primary contributions of this paper are as follows. Firstly, we propose a new score function for
IVRNHEFS, enhancing the ranking and comparison capacities of hesitant information in complicated
decision contexts. Secondly, we introduce a new operation on IVRNHEFS and explore its key
mathematical characteristics, thus enriching the theoretical framework of neutrosophic set
extensions. Lastly, we offer a example that illustrates the practical efficacy of the proposed method.

1.2. Significance of Neutrosophic Sets in this Research

Neutrosophic theory offers a robust mathematical framework to manage indeterminacy,
inconsistency, and hesitation, which are most often encountered in real-world problems. In this case,
IVRNHES offers a more flexible and more subtle manner of representing uncertain and hesitant
information than classical fuzzy and intuitionistic fuzzy methods. The application of neutrosophic
sets in this research not only improves the precision of decision analysis but also enables more
realistic modeling for complicated cases, so the designed method is particularly valuable for real-
world applications in engineering, management, and social sciences.

2. Preliminaries

2.1 Fuzzy Set [11]

A fuzzy set, introduced by Zadeh (1965), is characterized by a membership function that assigns
to each element in the universe of discourse a value between 0 and 1. Formally, a fuzzy set F in a
universe V is defined as:

F = {<x,,uF(v)> |ve V}

where . (v)€[0,1] represents the degree of membership of element V in set F.

2.2 Neutrosophic sets [11]

Let V be a universal set then, the neutrosophic set F is an object having the form
F={(v:T", O, I', W), F', W), veV},
where the functions 7',I',F":V —] 0,1 [ define respectively the degree of membership (or
Truth), the degree of indeterminacy, and the degree of non-membership (or Falsehood) of the element
veV tothe element F with the condition.
0<T', (WM +1', (V)+F', (v)<3"”

2.3 Single-valued Neutrosophic sets [11]

Let V be a universal set, with generic element of V denoted by v. A single valued neutrosophic set F
in V is characterized by a truth-membership function TA, indeterminacy function IA and falsity-

membership function FA, with foreach, veV, T',. (v), I'. (v), F'. (v) €[0,1].
Note that for a SVNS A, the relation
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0o<7',.W+I1'. W)+ F', (v)<3"
holds. When the universal set V is continuous, a SVNS F can be written as

F :I< T, (), I'y(v), F'l,(¥))/v,veV
When the universal set V is discrete, a SVNS F can be written as

F:Z<T'F (Vi)’ ]'F (vi)’ F'F (V[)>vi eV
i=l1

2.4 Hesitant sets [3]

Let V be a fixed set, a hesitant fuzzy set (HFS) on V is in terms of a function that when applied to V
returns a subset of [0,1] and it is expressed as

F= {<v,hF(v)>|veV}
where /,.(v) is a set of some values in [0, 1], denoting the possible membership degrees of the
element v €V to the set F.

3. Interval Valued Refined Neutrosophic Hesitant Fuzzy Set (IVRNHFS)

Let V be the universal set. Then an Interval-Valued Refined Neutrosophic Hesitant Fuzzy Set
(IVRNHEFS) A on V is defined as :

A={(x:hy, ).k, D)ok, W)y eV ) 1)

where:

he ) = [1 o), T )i =12,k j =12, m(D)]
o) ={ 1% o)., 1% Wi=12, k=12 nG)
hy (v) = { [Fjw (v), F/" (v)]:i =1,2,...,k;j=12,..., p(l')}

Here, h,(v),h,(v),h,(v) are hesitant sets of intervals representing the refined truth,

indeterminacy and falsity membership degrees and k is the number of refined levels.
m(i),n(i), p(7) are the number of hesitant intervals for the i-th refined level of truth, indeterminacy

and falsity respectively.
For each interval:

[Tt o). 7 <10,
5 o). 15 »]ero.1]
|7 o), B m)]eron
Additionally, for each veV, it must hold that:
0<sup TAU"’ (v)+sup I;j’”" (v)+sup FAU"’ (»)<3

4. Operations on IVRNHEFS

Let A={(x:h, Wb, Wk, W)veV} and B={(x:hr, )1, (.4, ())veV} b2

two IVRNHES over the universe V where each component consists of sets of interval-valued refined
hesitant degrees.

4.1 Union

The union of two IVRNHFSs A and B is a new IVRNHES C, written as C = A U B, where the refined
truth-membership, indeterminacy and falsity membership functions are defined as:
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77 (v)=max(T} (v), T (v)),
15w =min(77 (v), 1))
Fl(v) :min(Fj’ v), F) (v)), forall veV

4.2 Intersection

The intersection of two IVRNHFSs A and B is a new IVRNHFS C, written as C = A N B, where the
refined truth-membership, indeterminacy and falsity membership functions are defined as:

T} (v)=min(T} (v), T} (%)),
17 (vy=max (1% (v), 11 (v))
F! (v)=maX(F/lf ), FJ (v)), forall veV

4.3 Complement

The complement of a Interval valued Refined Neutrosophic Hesitant Fuzzy Set (IVRNHES) A is
denoted by 4°, and is defined as:

Ty (V) =F/ @),
1. () =1](),
Fj’; (V) =T/ (v),forall veV

4.4 Containment

An Interval Valued Refined Neutrosophic Hesitant Fuzzy Set IVRNHFS) A is said to be contained
in another IVRNHFS B, denoted by A4 c B, if and only if:

T () <T{ (),
HORHO!
FZ(V)ZFg(V), forall velV

Example

Let the two Interval-Valued Refined Neutrosophic Hesitant Fuzzy Sets (IVRNHEFES) over the universe
V be

v,,{[0.6,0.8],]0.7,0.9].[0.5,0.7] [0.6,0.75] }, {[0.2,0.4],[0.1,0.3].[0.3,0.5]. [0.2,0.4] },
({ [0.1,0.2] [0.15,0.25].[0.05,0.15].[0.1,0.2] } j
v,,{[0.4,0.6].[0.5,0.65],[0.45,0.6].[0.5,0.7]}, {[0.3,0.5],[0.35,0.6],[0.3,0.4],[0.2,0.4] },
({[0.1,0.2], [0.15,0.25],[0.1,0.15][0.1,0.2] } j
v,,{[0.7,0.9][0.75,0.95],[0.8,0.9],[0.7,0.85] },{[0.1,0.2],[0.15,0.25],[0.05,0.15]. [0.1,0.2] },
({[0.05,0.1], [0.1,0.15],[0.05,0.1],[0.05,0.1] }
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v,,1[0.7,0.9][0.8,0.9] [0.6,0.8].[0.7,0.75] }, {[0.3,0.4][0.2,0.3][0.4,0.45].[0.3,0.35] },
({ [0.01,0.02].[0.15,0.25][0.05,0.1},[0.01,0.02] } J
v,,1[0.5,0.7][0.6,0.65].[0.5,0.6].[0.6,0.8] }, {[0.3,0.4][0.35,0.4],[0.3,0.35].[0.2,0.3]

[{ [0.1,0.15],[0.1,0.2] [0.1,0.15][0.01,0.02] } J
v,,{[0.8,0.9]]0.8,0.95],[0.8,0.9] [0.8,0.9] },{[0.3,0.4],[0.25,0.35],[0.25,0.35],[0.2,0.3]},

({[0.05,0.1], [0.2,0.25],[0.05,0.1][0.05,0.1] }

Then, the union of two IVRNHEFS is

(vl ,{[0.7,0.9},[0.8,0.9},[0.6,0.8},[0.7,0.75] }, {[0.2,0.4],[0.1,0.3],[0.3,0.45],[0.2,0.35] }, J

{[0.01,0.02].[0.15,0.25],[0.05,0.1].[0.01,0.02] }
v,,{[0.5,0.7][0.6,0.65],[0.5,0.6].[0.6,0.8] }, {[0.3,0.4],[0.35,0.4],[0.3,0.35],[0.2,0.3] },
[{[0.1,0.15], [0.1,0.2].[0.1,0.15],[0.01,0.02] } j
v,,{[0.8,0.9],[0.8,0.95],[0.8,0.9],[0.8,0.9] },{[0.1,0.2],[0.15,0.25],[0.05,0.15]. [0.1,0.2] },
({ [0.05,0.1},[0.1,0.15][0.05,0.1},[0.05,0.1] } }

The intersection of two IVRNHFS is
v,,{[0.6,0.8][0.7,0.9][0.5,0.7],[0.6,0.75] }, {[0.3,0.4].[0.2,0.3][0.4,0.5],[0.3,0.4]},
({ [0.1,0.2] [0.15,0.25],[0.05,0.15]. [0.1,0.2] } J

v,,1[0.4,0.6].[0.5,0.65],[0.45,0.6][0.5,0.7] }, {[0.3,0.5][0.35,0.6},[0.3,0.4],[0.2,0.4] },

€= ({ [0.1,0.2],[0.15,0.25][0.1,0.15].[0.1,0.2] } )
v,,1[0.7,0.9],[0.75,0.95],[0.8,0.9],[0.7,0.85] }, {[0.3,0.4] [0.25,0.35],[0.25,0.35]. [0.2,0.3] },

({ [0.05,0.1},[0.2,0.25],[0.05,0.1],[0.05,0.1] } J
The complement of the set A is

v, ,{[0.1,0.2].[0.15,0.25],[0.05,0.15].[0.1,0.2] }, {[0.2,0.4] [0.1,0.3].[0.3,0.5],[0.2,0.4] },
({ [0.6,0.8],[0.7,0.9][0.5,0.7].[0.6,0.75] } j
. v,,{[0.1,0.2},]0.15,0.25}[0.1,0.15},[0.1,0.2] }, {[0.3,0.5],[0.35,0.6},[0.3,0.4},[0.2,0.4] },
4= [{[0.4,0.6],[0.5,0.65],[0.45,0.6],[0.5,0.7]} J

v,,{[0.05,0.1},[0.1,0.15},[0.05,0.1},[0.05,0.1] },{[0.1,0.2][0.15,0.25], [0.05,0.15],[0.1,0.2] },
({ [0.7,0.9],[0.75,0.95],[0.8,0.9],[0.7,0.85] } )

5. Proposed Score Function

Let A= {<v:hTA W) hy, ()., (V)),v € V}, be IVRNHFS

(a) Weighted Arithmetic Average Operator (WAAM) for a IVRNHFS

The WAAM for a IVRNHES is defined as a weighted aggregation of the hesitant intervals, with
individual weights assigned to each membership component:

A0y, (v) =wrh, (V)+w,h, (V) +wehe (V) 2)

where w,,w,,w, €[0,1] are the weights, with w, + w, + w, =1. The resulting aggregated
IVRNHEFS is:
A0, () =y, (), h

where,

Iy 4

), i, ()
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b= 10-m) = [l-r) |
m = 10 [T6) }
by, {H N (G0N }

(b) Weighted Geometric Average Operator (WGAM) for a IVRNHFS

The WGAM for a INRNHEFS is defined as a weighted geometric aggregation of the hesitant intervals,
with individual weights for each membership component:

A0y, (x) = (hy ()" (h, GN™ (B ()™ ®)

where w,,w,,w. €[0,1] are the weights, with w, + w, + w, =1. The resulting aggregated
IVRNHEFS is:

A0, () = (hy, (W), by, (), iy ()

where, )
%maﬁﬂ@ﬁww}
L Jj=1 J=1
CEIR (AR (RA
L A j=1
tho(v) = l_lm_F[(l_FfL)WF’ l_lm_F[(l_FjU)WF :|
L =l j=1

(c) Hybrid Aggregation Operator (HAO) for a IVRNHFS
The HAO combines the WAAM and WGAM with a parameter « €[0,1] to balance their

contributions, using individual weights for each membership component:

A0,,(v) = a A0, (v)+(1—a) AOy; (v) 4

(d) Hybrid Score Function (HSF) for IVRNHFS

The HSF evaluates an IVRNHES or its aggregated form AO#na(v) by transforming the interval-valued
membership degrees into a single numerical score for comparison:

U' L u' L U’ L
S(A)=l T +T (L =+ 5)
3 2 2 2

6. Numerical Example

A hospital is tasked with selecting the most appropriate treatment plan for a patient diagnosed
with a rare form of cancer, such as pancreatic cancer, where multiple treatment options (e.g.,
chemotherapy, immunotherapy or surgery) are available. The decision involves evaluating
treatments based on refined levels like effectiveness and side effects. Each criterion is fraught with
uncertainty due to incomplete clinical data, varying expert opinions, and patient-specific factors. The
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hospital uses IVRNHEFES to model this complex decision-making process, as it can handle interval-
based uncertainty, indeterminacy, and hesitancy more effectively than other fuzzy set frameworks.

i) Evaluation of Immunotherapy (v1)

Truth Membership Intervals:

Level 1: [0.6, 0.8], [0.7, 0.9]
Level 2: [0.5, 0.7], [0.6, 0.75]
Then the Refined truth membership:
h,(v,) ={[0.6,0.8].[0.7,0.9].[0.5,0.7],[0.6,0.75] }

Indeterminacy Intervals:

Level 1: [0.2, 0.4], [0.1, 0.3]
Level 2:[0.3, 0.5], [0.2, 0.4]
Then the Refined Indeterminacy membership:

h, (v,) =1{[0.2,0.4],[0.1,0.3].[0.3,0.5].[0.2,0.4] }

Falsity Intervals:

Level 1: [0.1, 0.2], [0.15, 0.25]
Level 2: [0.05, 0.15], [0.1, 0.2]
Then the Refined Falsity membership:

. (v,) =1[0.1,0.2] [0.15,0.25],[0.05,0.15],[0.1,0.2] }

ii) Evaluation of Chemotherapy (v2)

Truth:

Level 1: [0.4, 0.6], [0.5, 0.65]
Level 2: [0.45, 0.6], [0.5, 0.7]
Then the Refined truth membership:
h,(v,) ={[0.4,0.6].[0.5,0.65],[0.45,0.6],[0.5,0.7] }

Indeterminacy:

Level 1: [0.3, 0.5], [0.35, 0.6]
Level 2: [0.3, 0.4], [0.2, 0.4]
Then the Refined Indeterminacy membership:

h, (v,) =1[0.3,0.5],[0.35,0.6].[0.3,0.4],[0.2,0.4] }

Falsity:

Level 1: [0.1, 0.2], [0.15, 0.25]
Level 2: [0.1, 0.15], [0.1, 0.2]
Then the Refined Falsity membership:

hy.(v,) =1{[0.1,0.2].[0.15,0.25],[0.1,0.15] [0.1,0.2] }

iii) Evaluation of Sugeory (vs)

Truth:
Level 1: [0.7, 0.9], [0.75, 0.95]
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Level 2: [0.8, 0.9], [0.7, 0.85]
Then the Refined truth membership:

h, (v,)=1{[0.7,0.9][0.75,0.95],[0.8,0.9][0.7,0.85] }

Indeterminacy:

Level 1: [0.1, 0.2], [0.15, 0.25]
Level 2: [0.05, 0.15], [0.1, 0.2]
Then the Refined Indeterminacy membership:

h, (v,) =1{[0.1,0.2},[0.15,0.25][0.05,0.15},[0.1,0.2] }

Falsity:

Level 1: [0.05, 0.1], [0.1, 0.15]
Level 2: [0.05, 0.1], [0.05, 0.1]
Then the Refined Falsity membership:

hy(v3) = {[0.05,0.1][0.1,0.15][0.05,0.1},[0.05,0.1] }
Thus, the IVRNHES set A is:
v, ,{[0.6,0.8],[0.7,0.9] [0.5,0.7],[0.6,0.75] }, {[0.2,0.4],[0.1,0.3}.[0.3,0.5],[0.2,0.4] },
({ [0.1,0.2],[0.15,0.25],[0.05,0.15],[0.1,0.2] } )
v,,{[0.4,0.6][0.5,0.65],[0.45,0.6],[0.5,0.7]}, {[0.3,0.5].[0.35,0.6],[0.3,0.4]. [0.2,0.4] },
4= ({[0.1,0.2],[0.15,0.25],[0.1,0.15],[0.1,0.2]} ]
v,,{[0.7,0.9][0.75,0.95],[0.8,0.9],[0.7,0.85] }, {[0.1,0.2].[0.15,0.25],[0.05,0.15], [0.1,0.2] },
[{ [0.05,0.1],[0.1,0.15],[0.05,0.1],[0.05,0.1] } j

By using the above proposed score function,

S(v1) = 0.6983, S(v2) = 0.6282, S(v3) = 0.8054

IVRNHEFS is particularly suited for this medical decision-making scenario because:

Interval-valued representation: Clinical data, such as treatment effectiveness, is often imprecise and

expressed in ranges (e.g., a 60-80% success rate for chemotherapy).

Refined neutrosophic structure: Each criterion is evaluated for truth (how well it meets the goal, e.g.,
tumor reduction), indeterminacy (uncertainty due to limited trial data), and falsity (likelihood of
failure, e.g., severe side effects). This is critical in cancer treatment, where data may be inconclusive.
Hesitant fuzzy component: Oncologists and specialists may hesitate when assigning a single value
to a criterion due to conflicting evidence or patient variability. For example, immunotherapy’s
effectiveness might be rated as {[0.6, 0.7], [0.7, 0.8]} by different experts.

7. Conclusion

IVRNHFES is an effective concept that supports uncertainty, indeterminacy, and hesitation within
the complex decision-making setting. IVRNHEFS provides flexible aggregation of information via the
clearly defined the operations. The score function is important in measuring the total assessment of
each alternative by summing up the corrected truth, indeterminacy and falsity intervals. Depending
on these scores, a ranking function allows alternatives to be compared and prioritized. This model
finds particular application in expert systems and multi-criteria decision-making, where judgments
can be inexact, or conflictual. IVRNHFS increases the expressiveness and correctness of decision
models. This mathematical strength and flexibility qualifies it to be used in engineering, medicine
and computational intelligence. . In the future, this research can be further extended by creating
sophisticated aggregation operators and similarity measures, and by investigating real-world
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applications of IVRNHEFS in domains like medical diagnosis, supply chain management, and risk

analysis.
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Abstract: Transportation problems often involve uncertainties in cost, supply, and demand, which
traditional optimisation methods struggle to handle effectively. Neutrosophic numbers can handle
such uncertainties and incomplete information. This paper introduces a new ranking function for
solving transportation problems in a neutrosophic environment, which provides a better framework
for addressing indeterminate, vague, and inconsistent information. By integrating neutrosophic sets
and their arithmetic operations, this study offers a computationally efficient approach to
transforming crisp problems into a solvable format. Numerical examples and comparative analysis
demonstrate the effectiveness of the proposed ranking function.

Keywords: Transportation problem, neutrosophic number, ranking function, indeterminacy.

1. Introduction

In today’s world, many problems involve various forms of uncertainty that cannot be
effectively addressed using classical mathematical theories. To handle situations involving vague or
imprecise information, Zadeh [1] introduced fuzzy set theory in 1965, which is defined by
membership values. However, in several cases, decisions or results derived from the available data
lack the desired level of precision. To address these limitations, advanced forms of fuzzy sets have
been proposed. Among them, the intuitionistic fuzzy set, introduced by Atanassov [2] in 1986,
became notable for handling imprecise information using both membership and non-membership
values [3]. Consequently, both fuzzy and intuitionistic fuzzy set theories have been widely applied
in real-world decision-making problems. Over time, it was observed that generalisations of fuzzy

sets still struggled to address issues involving indeterminate or inconsistent information. To bridge
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this gap, Smarandache [4]introduced neutrosophic sets in 1998 as a further extension of classical,
fuzzy, and intuitionistic fuzzy sets. Neutrosophic sets incorporate three components: truth-
membership, indeterminacy-membership, and falsity-membership degrees, making them well-
suited for representing uncertainty and inconsistency. Wang et al. [5]. later applied the concept of
single-valued neutrosophic sets to various practical problems. The study of optimal transportation
models in a cost-effective manner has played a significant role in the field of supply chain
management. Numerous researchers [6], [7], have developed mathematical formulations of
transportation problems under various environmental conditions. The classical transportation
problem was first stated by Hitchcock [8], in 1941, in which the transportation problem was
formulated using precise, or crisp, values for its constraints. However, in today's dynamic
environment, transportation parameters such as demand, supply, and unit transportation cost are
often uncertain due to various uncontrollable factors. To address these uncertainties, many
researchers have developed and solved fuzzy transportation models. Out of these, O hEigeartaigh [9]
developed one of the earliest fuzzy transportation algorithms, incorporating fuzzy costs into classical
transportation models. Chanas and Kuchta [10]. Introduced a structured approach to identify optimal
solutions in transportation problems with fuzzy cost coefficients. Some researchers contributed
significantly to solving fuzzy solid transportation problems by applying and enhancing evolutionary
algorithms, including genetic and parametric approaches [11] [12], [12], [13]. Adamo [14] introduced
the concept of a-preference, a method for ranking fuzzy numbers based on the a-level sets, providing
a practical approach for decision-making scenarios. Yager [15] proposed several indices for ranking
fuzzy subsets, focusing on the development of measures that could effectively capture the preference
ordering among fuzzy numbers. Dubois and Prade [16], they introduced dominance-based ranking
methods and explored the use of possibility theory for comparing fuzzy quantities, contributing
significantly to the theoretical foundation of fuzzy rankings. Giovanni Bortolan and R. Degani [17]
conducted a comprehensive review of various methods for ranking fuzzy subsets, including
approaches by Yager, Adamo, and Dubois & Prade. Their work highlighted the importance of
ranking in decision-making processes involving fuzzy numbers. Some researchers significantly
advanced decision-making and transportation models by introducing similarity measures, ranking
methods, and heuristics under single-valued neutrosophic and trapezoidal neutrosophic
environments[18, 19, 20, 21].Selvakumari [22]. Introduced a novel approach to neutrosophic
transportation problems using the Zero Suffix Method, demonstrating its effectiveness in handling
indeterminate and inconsistent data through a simplified algorithmic structure.

Umamageswari R. M. & G. Uthra[23]. This duo proposed a weighted average ranking method
designed explicitly for generalised single-valued neutrosophic trapezoidal numbers, applying it
effectively to transportation problems under uncertainty.

Expanding upon the framework of neutrosophic logic, Saini et al.[24], explored the application of
single-valued trapezoidal neutrosophic numbers to model uncertainties in cost parameters. Their
study illustrated how neutrosophic sets could enhance the decision-making capabilities of

transportation models when crisp values are inadequate to express the true nature of logistical data.
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Similarly, Rabinson and Rajendran [25], utilised decagonal neutrosophic numbers in transportation
problems, offering a fresh numerical representation to capture finer gradations of truth,
indeterminacy, and falsity. Their methodology emphasised precision in modelling complex logistics
environments.

To further address the ambiguity present in transportation systems, Hemalatha et al.[26], proposed
a solution for the type-II neutrosophic fuzzy transportation problem, combining both neutrosophic
and fuzzy environments. This hybrid model was shown to represent better situations where decision-
makers face both hesitant and indeterminate information.

Building on these advancements, Karak et al.[27]. Developed a comprehensive solution technique for
the transportation problem in a general neutrosophic environment, formulating new operational
rules and optimisation strategies that enhance solution reliability under various uncertain conditions.
Kalaivani Kaspar & Palanivel Kaliyaperumal [28] Introduced a novel ranking function tailored for
single-valued trapezoidal neutrosophic numbers (SVTNNSs) to address transportation problems with
mixed constraints, enhancing the accuracy of optimal solutions. =~ N. Parveen, K. Prabu & V.
Sangeetha [29], developed a new ranking function for heptagonal intuitionistic fuzzy numbers and
applied it to solve transportation problems, demonstrating improved decision-making under
uncertainty. Balasundaram Baranidharan & Ghanshaym Singha Mahapatra [30]. Introduced an
alpha-cut-based ranking technique for heptagonal fuzzy numbers, formulating the Generalised
Ranking Heptagonal Fuzzy Method (GRHFM) to solve regional shipment transportation problems.
Kaspar and Kaliyaperumal [31] tackled the transportation problem under mixed constraints by
applying single-valued trapezoidal neutrosophic numbers, thus accommodating multiple types of
real-life constraints within the neutrosophic framework[32]. Their contribution is notable for
expanding the applicability of neutrosophic transportation models to more generalised and practical

scenarios.[33].

The incorporation of neutrosophic sets in this research significantly enhances the modeling and
analysis of uncertainty, imprecision, and incomplete information inherent in real-world problems.
Traditional methods often fail to effectively handle ambiguous or inconsistent data, whereas the
neutrosophic sets provide a more flexible and robust framework by considering truth, indeterminacy,
and falsity simultaneously. The neutrosophic numbers considered in this work is able to handle the
vagueness in much better way compared to other extensions of fuzzy numbers. Here the
transportation problems are solved where the parameters like cost, demand, supply etc. are all the
neutrosophic in nature, in which the indeterminacy is converted into crisp by using a new proposed
ranking function with yields the better, optimized cost for the transportation problems. Numericals

have been discussed to validate the proposed Ranking function.
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Table 1. List of abbreviations

TP Transportation problem
NN Neutrosophic number
NTP Neutrosophic transportation problem

CNTP Crisp neutrosophic transportation problem

SVNN, Single-valued neutrosophic number

SVPNN, | Single-valued pentagonal neutrosophic number

SVONN | Single-valued octagonal neutrosophic number

2. Preliminaries

2.1 Neutrosophic Sets and numbers.

2.1.1 Definition (Neutrosophic set)

Three membership functions define a neutrosophic set:
Truth Membership (T): The degree to which an element belongs to a set.
Indeterminacy Membership (I): Degree of uncertainty in classification.
Falsity Membership (F): Degree to which an element does not belong to the set.
These elements are mathematically represented as:

NS = {(x,T(x),I(x),F(x)) / x € X}

2.1.2 Definition: (Classical)

Let X be a non-empty set. Then an NS AV on X defined as
AV={(x, T zn(x),1 ;v (x),F zv(x))/x € X},
Where T znv(x),1 zn(x), F sn(x) Are the truth membership function, the indeterminacy function, and

the falsity function.

2.1.3 Definition: (Neutrosophic number) [27]

A neutrosophic number represented by z = x + yI for x,y € R, where x is the determinate part
and yI Is the indeterminate part. Here I € [[;,I,] where I; and I, Stands for lower and upper
indeterminacy.

When I = 0 (No indeterminacy) z is a real crisp value.

2.2 Arithmetic Operations on Neutrosophic Numbers

Neutrosophic numbers (NNs) follow specific arithmetic rules,

Consider z; = x; + y;1 and  z, = x, + ¥,

7y £ z=x; £ H(y, £ yo)l

Zy X Z3=X1 X H(X1 Y, + XY1+Y1Y2)]

0.1=0
2% = (1, + y11)? = %% + (2x,Y1%Y1°)
m=1mnz=1)
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I
i = undefined

Remark 1: For any NN z = x + yI and I € [I},1,] the NN gets converted into an interval form
[x + vl x + yL,]=[c;, c].

For example: For a NN z = 13 + 5] where I = [0,0.5] then z is equivalent to [13, 15.5]
3. Proposed Ranking Function and Ranking Rules

3.1 Definition (Ranking Function)
Let C=c+c'I BeaNN.For I €[l,I,], C can be converted into an interval form [c;,c,].

The ranking function is defined as

R(C)=R(c+c'D=R(c,c.]) = [i% W

3.1.1 Significance of Proposed Ranking Function:

The ranking function in this work is used purely as a defuzzification tool to convert fuzzy parameters
into crisp values, enabling the application of classical optimisation methods. It plays a crucial role in
making the fuzzy model computationally feasible while retaining the uncertainty representation of
the original data.

3.1.2 Ranking Rules for the proposed ranking function:

Here P=p+p'l and Q=q+q'l betwoNNS. Then for I € [I,I,] we have,

If (P)<R(Q) ,then P<y Q

If (P)=>R(Q) ,then P>y Q

If (P)=R(Q) ,then P =y Q

For example, consider two NNs, P =9+ 5] and Q =3 + 4/ for I € [0,0.3]

R(9+5I) = R([9,10.5]) = 9.7
R(3+4I) =R([3,4.2]) =3.5
~R(9+4+5)=R(3+4]) =>9+51=3+4I

3.2. Neutrosophic Transportation Problem
3.2.1 Formulation of Model
The NTP can be formulated with § supply points and D Destination points as follows:

minz = Z?:l Z]Dzl g_-;])?”

Subject to the constraints,
YR, Xj=3 Vi=12,....,8
Yl X;=d, Vj=12,....,D ()

Here T;; = t;; + t';;] denotes the neutrosophic transportation cost of delivering a single unit from

the i"" supply point to the j™* Destination point.
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In the constraints, 3, = s; + §';] represents the neutrosophic supply at the i*" supply point and
d, = d; + d';I denotes neutrosophic demand at the j™ Destination point.
The objective is to determine the quantity. X;;(= 0) to be allocated at each (i, ™ Location such that

the total transportation cost is minimised.

3.2.2 Solution Procedure
The methodology for solving the NTP is presented through the following stepwise procedure:
Step 1: Transforming the given NTP into an interval TP by taking a suitable value of

I €I, L] (see Remark 1).

The mathematical formulation is

D
minz = ZZ[g_—;’ﬂ,i]u]XU

S
i=1j=1

Subject to constraints,

Y21 X = [su80] Vi=12,.....,8 3)
Ex;=dundp] vi=12,....,D

Step 2: Apply the proposed ranking function R([c;, c,]) On the above obtained intervals.

The NTP is transformed into a Crisp Neutrosophic Transportation Problem (CNTP), characterised by

crisp supply, demand, and cost parameters, expressed as follows:

s D
minz = Z Z R([Tiﬂ. Tiju])Xij

i=1 j=1
s.t
Y2 X =R([s,8]) Vi=12,....8
Y. X =R([dpdn]) Yi=12,....,D (4)

Step 3: Solve the CNTP using any standard method to obtain the values of X;;
Step 4: Allocate these X;; Values are used in the objective function to compute the minimum

transportation cost.

3.3 Model Testing and Results
We illustrate the approach by solving. 4 X 5 and 3 x4 NTP for two different values of I. In the
first case, we consider I € [0,0.6] and in the second step, we first consider a crisp problem, then for

fuzzification we take I € [0,1].

Example -1

Consider a garment manufacturing company with production centers located in Mumbai, Pune,
Kolhapur, and Goa. The garments produced at these centers are distributed to Chennai, Bengaluru,
Hyderabad, Nagpur, and Jaipur.

NOTE: In this 4 x 5 NTP, the neutrosophic cost, supply, and demand parameters are presented in
the following table.
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Table 2. Transportation Problem Incorporating Neuromorphic Cost Coefficients

Chennai Bengaluru | Hyderabad Nagpur Jaipur Source
Mumbai 4+61 3+41 2+4 1 6+6 1 2421 7+4 1
Pune 7+4 1 17+1 6+3 1 2431 4+51 10+31
Kolhapur 11+4 1 8+21 9+21 7+41 12421 8+31
Goa 4+ 5] 5+21 10+31 15+4 1 11+41 5+21
Demand 8+21 4+ 41 6+21 9+31 3+

A balanced transportation problem is considered, where the total supply equals the total demand
(=30+121)

Step 1: Taking I € [0,0.6] , we have converted the above TP into an interval TP using conversion

formula (Remark 1) given by the following table

Table 3. TP with Interval-Valued Cost Coefficients

Chennai | Bengaluru | Hyderabad | Nagpur Jaipur Source
Mumbeai [4,7.6] [3,5.4] [2,4.4] [6,9.6] [2,3.2] [7,9.4]
Pune [7,9.4] [17,17.6] [9,10.8] [7,9.4] [12,13.2] [10,11.8]
Kolhapur | [11,13.4] (8,9.2] [9,10.2] [7,9.4] [12,13.2] [8,9.8]
Goa [4,7] [5,6.2] [10,11.8] [15,17.4] | [11,13.4] [5,6.2]
Demand [8,9.2] [4,6.4] [6,7.2] [9,10.8] [3,3.6]

Step 2: The ranking function R([c;, ¢,]) = 1;1] is now applied to each of the above intervals.
+_

o e

This leads the TP which will now have the crisp supply, demand and cost parameters as shown in

the following table
Table 4. Transportation problem with crisp cost coefficients
Chennai | Bengaluru | Hyderabad | Nagpur | Jaipur Source

Mumbai 5.2 3.9 2.8 74 2.5 8

Pune 8 17.3 9.8 8 12.6 10.8
Kolhapur 12.1 8.6 9.6 8 12.6 8.8

Goa 5.1 5.5 10.8 16.1 12.1 5.5
Demand 8.6 4.9 6.5 9.8 3.3

Note: Here also total supply = total demand = 33.1
Step 3: The optimized transportation cost obtained using Vogel’s approximation method is
Rs 220.69
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3.3.2 Comparative Analysis
Table 5. Comparative result of Proposed Method with Existing Literature

METHOD TRANSPORTATION COST (in Rs.)
Singh, A. (2024) 230.84
Proposed Method 220.69

The final optimized cost obtained is compared with cost reported in the above-mentioned paper. The
proposed method achieves a lower cost.

Example -2

A sample transportation problem is considered with three suppliers and four demand points. The

cost matrix, supply, and demand are given in the table below:

Table 6. Crisp transportation table

Distribution Centre Supply
D, D, D, D,
Py 3 1 7 4 300
Plant P, 2 6 5 9 400
P 8 3 3 2 500
Demand 250 350 400 200 1200

Step 1: Converting the Crisp problem transportation into NTP

Table 7. Transformation of the Crisp problem into the Neutrosophic Framework

Distribution Centre Supply
D, D, Ds D,
Py 2.5+] 0.5+1 6+31 3.5+21 280+301
Plant P, 1.5+1 5.5+21 4.5+] 9+21 390+201
Ps 7.5+21 2.5+1 2.5+1 1.5+1 490+201
Demand 245+101 | 345+151 | 390+201 | 390+201 1160+701
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Step 2: Converting into Interval TP using Remark 1, taking I = [0,1]

Table 8. Transformed form of Neutrosophic number ¢ + ¢'I into interval form [c,, ¢,]

Distribution Centre Supply
Dy D, Ds D,
Py [2.5,3.5] [0.5,2.5] [6,9] [3.5,5.5] [280,310]
P, [1.5,2.5] [5.5,7.5] [4.5,5.5] [9,11] [390,410
Plant
Py [7.5,9.5] [2.5,3.5] [2.5,3.5] [1.5,2.5] [490,510]
Demand [245,255] [345,360] [390,410] [180,205]

Step 3: Converting Interval TP into Crisp TP using the proposed Ranking Function.

Table 9. Transformed form of interval form [¢;, ¢, ] into single crisp value

Distribution Centre Supply
D, D, Ds D,
Py 2.9 0.8 7.2 4.3 294.2
Plant P, 1.9 6.3 5 10 400
P; 8.4 3 3 1.9 500
Demand 250 352 400 192 1194.2

These numbers have been solved using the Least cost method as well as Vogel’s method. The results
and their comparison with a numerical solution using actual crisp values are shown in the Table
below.

3.3.4 Comparative Analysis with Standard Methods.

Table 10. Final optimised transportation cost

METHOD Transportation Cost by Proposed Transportation cost
Ranking Function With the Actual crisp
value
Least Cost Method 2824.4 2850
Vogel’'s Method 2749 2850

When compared with traditional values and solution techniques, the use of proposed ranking
function yields a lower transportation cost, confirming its practical advantage in solving fuzzy

transportation problems.

Kavita Griglani, Komal Patel , Enhancing Transportation Problem Solutions Using A New Ranking Function In
Neutrosophic Environment



Neutrosophic Sets and Systems, Vol. 96, 2026 51

This section may be divided by subheadings. It should provide a concise and precise description of
the experimental results, their interpretation as well as the experimental conclusions that can be
drawn.

4. Conclusions

In real-world applications, parameters like supply, demand, and cost are inherently uncertain and
cannot always be described using exact numerical values. To manage this ambiguity, fuzzy sets and
their various extensions have been widely utilized. Over the years, different techniques have been
introduced to defuzzify these uncertain values and convert them into precise figures. In this study,
transportation problem parameters are expressed through neutrosophic numbers (NNs), which are
then transformed into crisp values using a new developed ranking function. Numerical examples
were used to validate the proposed approach. Results showed improved accuracy and reduced
computational effort compared to existing ranking methods.

The proposed ranking function simplifies the transformation of neutrosophic numbers into crisp
equivalents for computational ease. Unlike previous methods, it offers lower computational
complexity, better accuracy in handling vagueness, and applicability to real-life transportation
problems.

As an extension of the present work, alternative formulations can be considered, such as cases where
only the transportation costs are represented by neutrosophic numbers (NNs) or where only the
supply and demand parameters are modelled using NNs. Additionally, instead of focusing solely on
balanced neutrosophic transportation problems (NTP), future studies can explore unbalanced

neutrosophic transportation problem extensions (NTPE).
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Abstract: Linguistic neutrosophic multi-attribute decision making (MADM) has become one of
critical research topics in decision theory. However, existing aggregation operations of linguistic
neutrosophic values (LNVs) do not contain operational periodicity. As a result, they are difficult to
handle MADM problems with the polytemporal/periodic needs in LNV scenarios. To fill this
research gap, this paper intends to develop a MADM model based on the trigonometric aggregation
operators (TAOs) of LNVs for MADM applications with polytemporal/periodic needs in LNV
scenarios. To do it, we first introduce the linguistic trigonometric t-norms and t-conorms and the
LNV trigonometric operation laws based on the trigonometry 1 (including tangent, cotangent,
inverse cotangent, and arctangent functions) and the trigonometry 2 (including sine, cosine,
arccosine, and arcsine functions). Second, we propose the LNV trigonometric weighted average
(LNVTWAT™M and LNVTWAT) operators and LNV trigonometric weighted geometric (LNVTWGm
and LNVTWGr) operators based on the trigonometry 1 and 2. Third, a MADM model is developed
in terms of one of the proposed four TAOs to address MADM problems with polytemporal
phases/periodicity in a LNV scenario. Lastly, the developed MADM model is used for a MADM
application of crawling robot design schemes to verify its validity and rationality.

Keywords: Linguistic neutrosophic value; Linguistic trigonometric operation; Linguistic
neutrosophic value trigonometric aggregation operator; Decision making; Crawling robot design
scheme

1. Introduction

Linguistic multi-attribute decision making (MADM) has become one of the research hotspots
because the linguistic assessment reflects the qualitative judgments and representation of decision
makers in MADM applications. As a result, linguistic MADM issues have revealed their importance
and necessity in decision theory and methodology. Consequently, they have received a great deal of
attention from scholars since a linguistic variable was presented by Zadeh [1]. For example, linguistic
decision-making (DM) techniques have been developed to perform linguistic DM problems [2-6].
Based on an extension of linguistic DM techniques, linguistic intuitionistic fuzzy DM techniques have
been proposed to solve linguistic intuitionistic fuzzy DM problems [7-13]. However, the linguistic
intuitionistic fuzzy value (LIFV) can only convey membership/truth and nonmembership/falsity
linguistic values but cannot express true, false, and uncertain linguistic values in inconsistent and
indeterminate linguistic DM scenarios. Then, linguistic neutrosophic values (LNVs) and their DM
techniques [14] were proposed because their more general expression and decision frameworks can
fill the research gap of linguistic intuitionistic fuzzy DM techniques. It is well known that LNV
aggregation operators (AOs) play an important role in linguistic neutrosophic DM applications.
Therefore, Fang and Ye [14] first presented the LNV weighted AOs to address linguistic neutrosophic
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group DM issues. Then, Fan et al. [15] introduced LNV Bonferroni mean AOs and their group DM
approach. Liu and You [16] presented some LNV Hamy mean AOs and their group DM technique.
Liang et al. [17] put forward the LNV Hamacher AOs and applied them in the assessment of mine
land reclamation. Liu et al. [18] proposed the power Heronian AOs of LNVs for group DM. Fan et al.
[19] introduced the LNV Einstein AOs and their DM application. Zhang et al. [20] developed the LNV
Dombi AOs for the DM application of slope treatment schemes. Liu and You [21] developed the
partitioned Maclaurin symmetric mean AOs for group DM. Zhang and Ye [22] proposed the single-
valued neutrosophic value (SVNV) and LNV hybrid AOs for group DM. Luo et al. [23] presented the
LNV Maclaurin symmetric mean AOs and used them for the performance evaluation of human
resources. Li et al. [24] introduced the reliability allocation method using the LNV weighted
Muirhead mean AO. Recently, Ye et al. [25, 26] proposed the trigonometric aggregation operators
(TAOs) of SVNVs and single-valued neutrosophic credibility values and their DM techniques, but
these TAOs cannot be used in linguistic neutrosophic DM scenarios.
Considering the emerging LNV operations or aggregation algorithms in the existing literature,
none of them implies the operational properties of polytemporal phases/periodicity in LNV
scenarios. In this case, their DM techniques are also difficult to perform the MADM problems with
periodicity/polytemporal phases in LNV scenarios, which show the research gap. However, LNV is
a more general linguistic framework that includes the linguistic value and IFLV. Therefore, in LNV
scenarios, it is necessary to develop a new MADM technique to fill the existing research gap.
Motivated based on TAOs [25-27], this paper intends to propose a MADM model based on the
TAOs of LNVs for addressing the MADM problem with polytemporal phases/periodicity in the LNV
scenario. First, we propose the linguistic trigonometric operations (LTOs) of the linguistic
trigonometric t-norms and t-conorms and the trigonometric operation laws (TOLs) of LNVs based on
the trigonometry 1 (including tangent, cotangent, inverse cotangent, and arctangent functions) and
the trigonometry 2 (including sine, cosine, arccosine, and arcsine functions). Next, we propose the
LNV trigonometric weighted average (LNVIWAT1 and LNVTWAT?2) operators and the LNV
trigonometric weighted geometric (LNVIWGT1 and LNVITWGT2) operators in terms of TOLs of
LNVs based on the trigonometry 1 and 2. Furthermore, a MADM model is developed based on one
of the four proposed LNV TAOs. Finally, the developed MADM model is used for a DM application
of crawling robot design schemes (CRDSs). Through the comparison of the developed model with
the existing linguistic neutrosophic DM model, the validity and rationality of the linguistic
neutrosophic DM application are verified.
Summerly, this original work mainly creates these new achievements below:
® The new TOLs of LNVs are presented based on the trigonometry 1 and 2 to provide the
polytemporal/periodic benefits for the LNV operations.

® The LNVIWAT, LNVIWAT, LNVIWGTH and LNVTWGr: operators are proposed to provide
the critical mathematical tools for MADM modeling in LNV scenarios.

® The MADM model using one of the proposed TAOs of LNVs can effectively help decision
makers to select the best CRDS and meet the polytemporal/periodic DM requirements in LNV
scenarios.

The remainder of the paper includes the following sections. Section 2 reviews the preliminaries
of LNVs for the further study of this paper. Section 3 introduces the linguistic trigonometric t-norms
and t-conorms and the TOLs of LNVs based on the trigonometry 1 and 2. Section 4 presents the
LNVTWAT, LNVIWAT, LNVIWGH and LNVTWGr: operators based on the TOLs of LNVs and
their properties. In Section 5, a MADM model is developed based on one of the four proposed TAOs
of LNVs in a LNV scenario. Section 6 uses the developed MADM model for a DM application of
CRDSs to verify its rationality and validity, and a comparison with the existing MADM model in the
scenario of LN Vs reflects the superiority of the developed model. Section 7 presents some conclusions
and future research..

2. Preliminaries of LNVs
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Set a linguistic term set (LTS) as AL = {40, 41, ..., &} subject to odd cardinality b+1. Fang and Ye
[14] first defined the LNV Awnv = <Au, Aui, Aw> on Av such that A, A, Au € A and td, ud, fd € [0, b],
where Au, Aus, and Au are the true, uncertain, and false linguistic variables, respectively.

Support that there are two LNV Awnva) = <A, Aua), Aa> and Aunve) = <Aue), Au@, Aue>in AL and
e > 0. Then their operation laws are introduced below [14]:

( ) /lLNV(l) ®/1LNV(2) <ltd(1)’ﬂud(1):ﬂifd(1)> ®<ﬂ’rd(2)’ﬂ’ud(2)’ﬂ’/d(2)> = </Itd(l)+zd(2‘ 1d (1)1d (2) ’ﬂud(l)ud@) ’ﬂ“/d(l)./d(Z) > !
g b

b b
/1LNV(1) ® /1LNV(2) = <ﬂ’td(1) > /1ud(1)a /1/21(1) > ® </1zd(2) > ﬂ’ud(2) > 2’fd(2)>

(ii)
=(4 A A 1
zd(l)brdu)’ ud(1)+ud(2)—ud(l)gd(2)’ fd(l)ﬁd(z)_.fd(l)bfd@)

(i) e- A ypq e'<’1rd<1>’/1ud(1)”1fd(l>>: )“b b(l td(l)j”
U

e ey

e
. e —_ —_
(iv) /’LLNV(I) _<ﬂtd(l)’iud(l)’ﬂffd(l)> =

/1 e /1 e 2’ . e
0] 7 0) 7o)
b b b

Regarding a series of LNVs Ainvg) = <Auj), Audg), s> subject to their weights ej (j=1, 2, ..., p) for
€ [0, 1] and Zil e = 1, the LNV weighted average (LNVWA) and LNV weighted geometric
(LNVWG) operators [14] are introduced below:

LNVWA(A, ,
bH bH

j=1 J=1 Jj=1

p
= = y 1
NV (1)° LNV(Z)’ LNV(p)) E:ej/lLNV(j) A, W) ud(j) () @)
S SIS REICS

LNVWG(A A )@
( LNV (1) LNV(Z)’ LNV(p)) H LNV(/) H[td(j)j b—b]:[(l—wjﬁ b—blj(l—@y

Then, Fang and Ye [14] introduced the score and accuracy equations of Awnve) = <Au(), Aud(), Afigy>:
E(Awnvy) = (2b + td(j) — ud(j) — fd(j))/3b for E(Anve) € [0, 1], (3)
F(Anv) = (td(j) — fA(7))/b for E(Anvg) € [-1, 1], 4)

Regarding two LNVs Awwvg = <Aug, Auw, Afg> for j = 1, 2, their comparative rules [14] are
introduced below:

(1) Anvay > Ainve) if E(Ainvay) > E(Ainve);

(ii) Aenvay > Ainvee) if E(Avvy) = E(Anvie)) and F(Auvvy) > F(Aivve);

(iii) Aenvy = Ainve) if E(Aunvay) = E(Ainv) and F(Aivvay) = F(Anve).
3.LTOs and LNV TOLs

Based on the trigonometry 1 and the trigonometry 2 [25-27], this section introduces the linguistic
trigonometric t-norms and t-conorms and the LNV TOLs.

First, we define the linguistic trigonometric t-norms and t-conorms based on the trigonometry 1
and 2.
Definition 1. Let two linguistic variables be Ay, A, in the LTS A= {4, 41, ..., &s}. Based on the
trigonometry 1 and 2, the linguistic trigonometric t-norms Nri(4y, Ax) and Nr2(4y, Ax) and the linguistic
trigonometric t-conorms Nsi(4, 44) and Ns2(4y, Au) between A, and A, are defined as the following
LTOs:

N (4, /1) A =4 ) )

2b/7cot” (cot( nr+vr/2b)+cot( mr+/ur/2b)) 2b/ ot ™! (cot( vrr/2b)+cot( ,u7r/2b))

Sl( ) 2b/7rtan !(tan(nz+vr/2b)+tan(nz+pn/2b)) = 2b/mtan” (tan(vzr/2b)+tan( uz/2b)) (6)
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Npy (404, )=2 =2 (7)

- 2b//rsin’l(sin(Zn/r+wz'/2b)sin(2n/z'+,u/z'/2b)) - 2b//rsin’l(sin(wz/Zb)sin(wz/Zb))'

Ng,(4,,4,) =4,

b/zcos™ (cos(2n+va/2b)cos(2nm+un/2b)) - /12b/ﬂcos"(cos(vzr/Zb)cos(pfr/Zb)) ’ (8)

It is clear that there are nn (n =1, 2, ..., p) periodicity in Egs. (5) and (6) and 2nn (n=1, 2, ..., p)
periodicity in Egs. (7) and (8). In terms of the LTOs of the trigonometry 1 and 2, we can define the
TOLs of LNVs.

Definition 2. Let Ainvay = <Auqy, Aud), Araay> and Anve) = <Awe), Aue), Aue> be two LNVs in the LTS AL =
{40, &, ..., o} and e > 0. Then, their TOLs of LNVs based on the trigonometry 1 are defined in the
following:

2b/7tan™! (tan(td(1)ﬂ/2b)+tan(td(2)7r/2b)) ?
1) ﬂ'LNV(l) ®T1 ALNV(Z): j‘zb/mot’](cot(ud(1)n/2b)+cot(ud(2);r/zb))’ ’

2b/zcot™! (cot(fd(l)7r/2b)+cot(fd(2)7[/2b))

2b/mcot™! (cot(td(l)ﬁ/2b)+cot(td(2)77/217)) ?
@) ﬂ’LNV(l) ®T1 ﬂ'LNV(Z): ﬂ“zb/man"(tan(ud(1)n/2b)+tan((ud(2)n/2b))’ ’

2b/7tan”! (tan(fd(l)ﬁ/Zb)Han(fd(2)7[/2h))
®) eﬂ“LNV(l) - <ﬂ’2b/7rtan’l(etan(td(l);r/Zb)) > /12b/7rtan’l(etan(ud(l);r/Zb)) ? ﬂ’2b/7rcot’l(ecot(_fd(l);r/lb)) > ’

e __
@) (ALNV(I)) _<i2b/7rcot’l(ecot(td(l);z/Zb))’ﬂZb/zrtan’l(etan(ud(l);r/Zb))’//llb/ﬁtan’l(etan(fd(l);r/Zb))>'

However, the above operation results are still LNVs.
Definition 3. Let Ainva) = <Auqy, Audqy, Aaay> and Ainve) = <Au@), Aude), A#e> be two LNVs in the LTS AL =
{Ao, 44, ..., &} and e > 0. Then, their TOLs based on the trigonometry 2 are defined in the following:

2b/eos™ (cos(td (1)/2b)cos(td (2) /2b))°
A Aray D2 by = ;i'zb/nsin’l(sin(ud(l)zz/2b)sin(ud(2)7r/2b))’ ’

2b/wsin”! (sin( fd (1) 7/2b)sin( fd (2) 7/2b))

A

2b/7sin™! (sin(ed (1) 7/2b)sin(td (2) z/2b))°

N

(2) ALNV(I) ®T2 ALNV(Z): 2b/cos™ (cos(ud (1) /2)cos(ud (2) x/2b))’ ’

N

2b/cos™ (cos( fd (1)/2)cos( fd(2)z/2b))

®) eﬂLNV(l) N <ﬂ“2b/mosl(cos(xd(nn/zb))" ’ ﬂZb/zrsin’l(sin(ud(2)7z/2b))e > le/;zsin’l(sin( Jd(2)7/2b)) >

e __
(ﬂ’LNV(l)) < 2b/msin” (sin(ed (1) /2b)) le/;zcos"(cos(ud(l)zz'/Zb))e i ﬁZb//rcos'](cos(fd(l);r/Zb))e >’

Obviously, the above operation results are still LNVs.
4. TAOs of LNVs based on the trigonometry 1 and 2
According to TOLs of LNVs based on the trigonometry 1 and 2 in Definitions 2 and 3, this section
presents four TAOs of LNVs and their characteristics.
4.1 LNVIWAT™ and LNVTWA™ operators
This part proposes the LNVTWA™ and LNVITWA™ operators based on the TOLs of LNVs in
Definitions 2 and 3.
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Definition 4. Let Ainvg) = <Aug, Audg), Aug> (j=1,2, ..., p) be p LNVs and LNVIWA™ and LNVITWAT:
O — Q. Assume thatei (=1, 2, ..., p) is the weight of Ainvg) with ej € [0, 1] and Zj;l e = 1. Then,
the LNVTWATm and LNVTW A operators are defined, respectively, in the following:

p
LNVTWA,, (ﬂ“LNV(l)’ﬂ’LNV(Z)""’ﬂ’LNV(p)) = elﬂ“LNV(l) D ezﬁ'LNV(z) N epﬂ’LNV(p) T1 ejﬂ’LNV(j) )

Jj=

)4
LNVTWATZ (ﬂ’LNV(l)ﬂ LNV(z)v“'n;tLNV(,;)) = elﬂ‘LNV(l) @TZ eZALNV(Z) G_)TZ T2 epﬂ’LNV(p) = Z Tze/;tLNV(j) ' (10)

J=1

Theorem 1. Let Aunvg) = <Aug), Audi), Augy> (j=1,2, ..., p) be p LNVs. Assume thatej (j=1, 2, ..., p) is the
weight of Awvwvj with ¢ € [0, 1] and Zj:] e =1. Then, the aggregated value of the LNVTWAm

operator is LNV, which is gotten by
LNVTWATl (lLNV(l)’ﬂ’LNVQ)’ LNV(p)) Z T1 j LNV(])

(1)

=( A , A , A ,
2b/ﬁtanl[2(ej tan(td(j)ﬂ/Zb))] 2b/7eot” I[Z(e cot(ud(j)ﬂ/2b))] 2b/meot” ][Z(e cot(fd(/)/r/Zb))]

Jj= Jj= J=

Proof: Mathematical induction is applied to the proof of Eq. (11).
(1) Set p = 2. The operational result corresponding to the TOLs (1) and (3) in Definition 2 is gotten
below:

LNVTWATI (ﬂ’LNV(l)’ﬂ“LNV(Z)) = el/lLNV(l) ®T1 eM'LNV(Z)

A

2b/wtan”! (tan(;r/szzb/ntan"(e] tan(zd(1)n/zb)))ﬂan(;z/szzb/;rtan" (e tan(td(2)7r/2b)))) i

= 4

2b/7mcot” (Cot(ﬁ/beZb//rcot’] (el cot(140[(1)7[/2b)))+c:ot(71'/2b><2b/7n:0fl (ez cot(ud(Z)ﬂ/Zb)))) ’

A

2b/7mcot” ((:0t(7r/2b><2b/7rcot’](el cot(fd(1)7r/2b)))+cot(lr/2b><2b/7rc0t"(ez cot(fd(2)7r/2b))))

(12)

o

2b/ztan™ (¢ tan(td (1) 7/2b)+e, tan(td (2)7/2b))°

|
N

2b/mcot”! (¢ cot(ud (1) /2b)+e, cot(ud (2)7/2b))°

~

2b/zcot™ (e cot( fd (1)w/2b)+e, cot( fd (2)7/2b))

={ A , A , A ,
2b/7rtanI[Ze/-tan(te(j)/r/Zb)] 2b/;rcot‘[Ze,cot(ue(_/)z/zh)] 2b/;rcot"[Ze,cot(_fe(_/)z/zh)]

J=1 J=l J=1

(2) Set p =m. Eq. (11) can keep the equation:
LNVIWA, (ALNV(I)ﬁ ﬂ’LNV(2)’ LNV(m)) Z n€; LNV(])

(13)
=(2 ) A ) A ) ,
2b/7rtan1[2(ej tan(td ( j)ﬂ/2b))] Zb/ﬂCOtl[Z(ej cot(ud( j)ﬁ/Zb))] 2b/ﬂc0tl[2(ef cot( fd( j)/r/2b))}

Jj=1 = =

(3) Set p = m+1. In terms of the TOLs (1) and (3) in Definition 2 and Egs. (12) and (13)
, the operational result is given below:
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m+1
LNVTWATI (/1LNV(1)’ j“szy(z)a-“a ﬁ‘LNV(m)’ iLNV(mH)) = Z Tlejﬂ“LNFV(j)
j=1
= ﬂ’ m > ﬂ/ m 2 ﬂ/
2b/7rtanl[2(ej tan(td(j)ﬁ/Zb))J 2b/7rcotl[2(ej cot(ud(j);z/2b))] 2b/ﬂcotl[2(ej cot(fd(j)zz/zb))J
Jj=1 Jj=1 =1
D, em+1/1LNV(m+1)
=( 2 ) A A

2h/7ztanI[Z(e/-tan(td(j)zrﬂb))] 2b/mot‘[Z(e/.cot(fd(j)mzb))] 2b/7rcot][i(e/cot(fd(j)ﬁﬂb))}

J=1 J=1

J=1

®T1 <j’2b/man” (e tan(ed (/) 7/20))° izb/ncor‘(emﬂ cot(ud () z/2b))° ﬂ‘zb/mor" (e cOt(fA (j)7/2b)) >

= ﬂ« mal 9/1 m+l ’ﬂ' m+l
2b/7ztanl[Z(Ejtan(td(j)ﬁ/Zb))J 2b/7rcot1[Z(ejcot(ud(j)n/2b))] 2b/;zcot‘[Z(ejcot(_/d(j);z/zb))J

j=1 J=1 j=1
Regarding the results of (1)—(3), Eq. (11) can exist for any p.
Thus, this proof is ended.
Theorem 2. The LNVTW A operator of Eq. (11) implies the characteristics:
(1)Idempotency: Set Ainvi) = <Awq), Audi), > (=1, 2, ..., p) as p LNVs. If Adinvg) = Ainy = <Aud, Aud,
Xi>(j=1,2, ..., p), then LNVIWA, (4

LNV(I)’//i’LNV(Z)"“’/ILNV(p)) = //i’LNV'
(2)Boundedness: Set Ainvg) = <Au(, Audg), A> (=1, 2, ..., p) as p LNVs and set the minimum

and maximum LNVs as Ay min = <min(ﬂtd(j)),max (ﬂ,ud(j) ), max(ﬂfdm )> and
J J J
Ay mas = <m_;‘-‘x (Zucr): min (Zuair)- min (Zuer )> : Consequently,

Ay min < LNVIWA,, (/ILNV(I), ﬂ’LNV(Z)""’ ZLNV(p)) S Ay max €XIStS.

(3)Monotonicity: Set Aivvg) = <Audg, Audg), Afay> and ;i’ZNV(j) = <ﬂ,* YA > G=1,2,...,p)

td(j)> Tud (j)? 77fd ()
as two groups of LNVs. If ﬂ,LNV( S /IZNV( ho then there is
LNVIWA (Aypays Aunvyses Aovvipy) S LNVIWAL (A > Auvw )+ Ainvipy) -

Proof:
(1) Since Awnvg) = ANy = <Au, Aud, Ai> (j=1, 2, ..., p), the aggregated result of Eq. (11) is given below:

p
LNVTWATl(/q“LNV(l)» ﬂ“LNV(2)9"" ﬂ‘LNV(p)) = z Tlejﬂ'LNV
j=1

A

P 9
2b/xtan”!| Y e; tan(td-7/2b)
=i 2b/xtan” (tan(td-7/2b))’
=\ 4 (& - /12b/;zcor‘(cot(ud~;z/2b))’ - <ﬂ“td A /1fd> = Ay
2b/zeot™!| Y e; cot(ud-7/2b)
=l
p) 2b/ 7 cot™ (cot( fd-z/2b))

2b/7rcot1[26j cot(fd-;r/Zb)J

Jj=1
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(2)Since Ainvmin and Arnvmax are the minimum and maximum LNVs, Ainvmin < Ainvi) £ Ainvmax eXists.

P p .
Consequently, Zj:l €Ay min S Z 1€ Ay S Z 1€, Ay max  AlSO exists. In terms of the

characteristic (1) and the characteristics of  the trigonometric functions,
p . .
Apnvmin < E i 1Tlej/lu\,,/(j) S can exist, ie.,

Ay min < LNVTWAL, (2

LNV(])’X’LNV(Z)""ﬂﬂ’LNV(p)) < Ay mas -
. * . p .
(3)Since /1LNVU) < ﬂ“LNV(j) ,  there s z/ €A < Z} o e,/iuwm , e,

LNVI WAT] (//LLNV(I) > ;LLNV(z)s ) ﬂ“LNV(p)) < LNVTWAT] (//lLNV(l) > /1LNV(2)’ ) ﬂ’ZNV(p)) :

Therefore, these characteristics are true.

Theorem 3. Let Aunvg) = <Au, Auii), Api> (j=1,2,...,p) (j=1,2, ..., p) be p LNVs and set ¢j as the weight
of Ainvg) (j=1,2, ..., p) withej € [0, 1] and Z; e; =1.Then, the aggregated value of the LNVTWA
operator is LNV, which is given by

LNVTWATZ(ZLNV(I)’XLNV(ZV LNV(p)) Zn €M)

, (14)
= l » 9 /1 P s /1 i
2b/7rcos'l[l_[(cos(td( j)/r/2b))e!'] 2b/ﬂsin_l[H(sin(ud( j)/r/2b))e/} 2b/7rsin_l[l_[(sin( fd( j)ﬂ/Zb))ef]
=1 -1 =1
Proof: Mathematical induction is applied to the proof of Eq. (14).
(1) Set p = 2. Using the TOLs (1) and (3) in Definition 3, we give the result:
2
LNVIWA,, (/11FV(1)= /11FV(2)) = elﬂ’LNV(l) ®r, ezﬂ’LNV(Z) = Z rze_,';iuvr/(j)
=
2b/7cos! (cos(ﬂ/beZb/ﬂcos’] (cos(td (1)7/2b))? )cos(/r/2b><2b/7z'cos’1 (cos(td (2)/2b))? )) i
- 2b/sin™! (sin(z/szzh/nsin" (sin(ud (1)7/2b))" )sin(;z/szzb/nsirf1 (sin(ud (2)7/2)) )) >
Zb/zrsin’I(sin(ﬂ/beZb/;rsin"(sin(fd(l)/r/Zb))E' )51'n(7z/2b><2b/7rsin’l(sin(fal(Z)/!/Z))E2 ))
(15)

2b/7c0s™((cos(ed (1)7/2))" (cos(1d (2)7/26))? )
- 2b/zsin”! ((sin(ud(l)ir/zb))q (sin(ud (2)7/2b)) ) >

2b/sin”™ ((sin(fd (1)2/20)7 (sin( fd (2)7/26))?
={A , A , A ,

2b/7zcos’1[H(ccs(td(/’)n/Zb))“J ] 2b/zrsin’1[H(sin(ud(/‘)n/Zb))"J ] 2b/zrsin’1{H(sin(_/d(j)n/Zb))"f ]

(2)Set p = m. Eq. (14) can keep the following equation:
LNVTWArz( IFV (1)° IFV(2) > lFV(m)) Z 72€; LNV(j)
(16)

= 2’ m ’ﬂ/ m ’l m ’
2b/zrcos‘[H(cos(td(j)n/zb))"f] 2b/ﬂsinIEH(sin(ud(j)ﬂ/Zb))"f] 2h/nsin1[H(sin(fd(j);z/2b))<f]

J=1 J= J=1
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(3)Set p = m+1. In terms of the TOLs (1) and (3) in Definition 3 and Egs. (15) and (16), we can give
the result:

m+l

LNVTWAT2 (//lLNV(l)’ LNV (2)°** LNV(m+1)) = Z T2 e]ﬂ/LNV(])

J=1

= A A
m b m ] m
2b/7cos™! H(cos(td(j);r/Zb))g/] 2b/7rsin'l[H(sin(ua’(j)ﬂ/zb))"fJ 2b/7rsin‘1[H(sin(fd(j);r/zb))?/]
j=1

J=1 J=1

@, €,.,4

LNV (m+1)

= ﬂ' m+l ’/1 m+1 ’ﬂ' m+l
2b/7rcosl{H(cos(td( j);r/zb))”f‘] 2b/ﬂsinl[H(sin(ud( j);r/2b))€fl 2b/7rsin][H(sin( Fd( j);z/zb))”f‘]

Jj= j=1 j=1

In terms of the results of (1)—(3), Eq. (14) can exist for any p.

Consequently, this proof is ended. [
Theorem 4. The LNVTWAT operator of Eq. (14) implies the characteristics below.

(1)Idempotency: Set Awnv) = <Aui), Audg), Agy> (j=1, 2, ..., p) as p LNVs. If Ainvg) = Ainv = <Au, Aud,
J> (j=1,2, .., p), then  LNVIWAL, (2,024 y) y)

LNV (1) YNV (2) 2+ > LNV(p)): LNV *

(2)Boundedness: Let Ainv() = <Au(j), A, Aaoy> (j=1, 2, ..., p) be p LNVs and set the minimum and

maximum LNVs as Ay min = <mjin (/@d( ) ) » Max (ﬂudo‘) )’mf‘x (’1fd<j> )> and

AN max = <m;‘,1X (ﬂ’td(j) ) > mjln (/,Lud(j) ) ) mjln (ﬂ“ﬁz(j) )> . Consequently,

exists.

Ay < LNVTWA

2( LNV (1)° LNV(2)9 ;i’LNV(p)) LNV max

(3)Monotonicity: Set Ay = <A, duig, A and A7y, = (A Ay Ay ) (=12, o p) as

two groups of LNVs. LNVTWA,, (Ao s Ao Apww () S LNVIWA,, (JZNV“) ) ALNV&) 200 iZNV(p))
exists when ﬂ’LNV( = j“LNV(D :
Proof:

(1) For Awnvg) = Anv = <Aw, Aud, Ai2> (=1, 2, ..., p), the aggregated result of Eq. (14) is given below:

)4
LNVTWATZ (//i’LNV(l) > ;i’LNV(2) ERRED) lLNV(p)) = Z T2 ej/lLNV(j)
Jj=1

A . A ) A )
2b/;zcos'[H(cos(rd(j)n/zb))"f] 2b/7sin” ‘[H sin(ud () 7/2b))7 J 2b/nsin‘[H(sin(ja(j);z/zb))“’/
j=1

J=1 J=1

A , A , A
2b/zcos™ (cos(td (/) m/2b)) 5 2b/wsin™! (sin(ud (j)w/2b)) 5% 2b/xsin” (sin( fd () 7/2b)) F, £e
= </1td’ ﬂuda/lfd> = /1LNV'
(2) Since Ainvmin and Aunviner are the minimum and maximum LNVs, Ainvinin < Ainvi) < Ainviar exists.
p .
Consequently, Z 12Ny min S Z/ 128y S Z L 72€ ANy me @180 exists. In terms of

the characteristic (1) and the characteristics of the trigonometric functions, there is

Aoy min S Z ) e;/lLNV(;) Ay maxr 1€ Ay min < LNVIWAL, (ﬁ’LNV(l)’/ILNV(Z)""’ALNV(;;) ) < Ay ma -
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* . P P * .
(3) For ﬂ,LNV(j) < ﬂ,LNV(j) , there is ijl 12820y < Z_;=1 1€y o ey
LNVIWA,, (ALNV(I)’j’LNV(Z)""’j“LNV(p)) S LNVIWA, (ﬂ“LNV(l)’ﬂ“LNV(Z)""’lLNV(p)) .

Therefore, the characteristics of (1)-(3) are true. [l
Example 1. Let three LNVs be Auvva) = <Az, A2, 5>, Ainve) = <A, A1, 12>, and Ainvs) = <As, J4, 45> in the
LTS AL = {4, Ay, ..., A8} subject to their weight vector e = (0.3, 0.4, 0.3). Using Eqgs. (11) and (14), their
aggregated values are calculated below:

3
LNVTWATl(/lLNV(I)’ﬂ’LNV(Z)’ZLNV(3)) = z Tlejﬂ’LNV(j)
j=1

N

2x8/7rtan”! (0.3><tan(77z‘/(2><8))+0.4><tan(677/(2><8))+O.3><tan(571'/(2><8))) ’ 7

|
o

2x8/ ot (0.3xcot(277/(2x8))+0.4xcot(/(2x8))+0.3xcot(47/(2x8))) > - </16-32l 1> ﬂ" .6209 ’/12-8234 >

o

2x8/ 7 cot™! (0.3><cot(372/(2><8))+0.4><cot(27z/(2><8 ))+0.3><c0t(57r/(2><8)))

3
LNVTWAD (ZLNV(I)’ ﬂ’LNV(Z)’ ﬂ’LNV(3)) = Z T2 ejﬂ’LNV(j)

J=1

2><8/7z‘cos’1((cos(771'/(2><8)))0'3 ><(cos(67r/2))0'4 x(cos(S;z'/(ZxS)))O'3) ’
2><8/7rsin’l((sin(27r/(2><8)))0'3><(sin(7r/(2><8)))0'4><(sin(47z/(2><8)))0'3)’ = </16~1808’ 21.8287 ’2“2.9061>

2x8/7sin”! ((Sin(37r/(2><8)))0'3x(sin(Z7r/(2><8)))0'4><(sin(5 7r/(2><8)))0'3)

4.2 LNVITWGrm and LNVTWGr: operators
This part proposes the LNVITWGt: and LNVITWGr: operators in terms of the TOLs of LNVs in
Definitions 2 and 3.

Definition 5. Let Avvg) = <Auq), Auwg), Aug> (j=1,2, ..., p) be p LNVs and LNVTWGr and LNVTWGr:
Qr — Q Assume thatej (j=1, 2, ..., p) is the weight of Ainvi) subject to ¢ € [0, 1] and Zle e = 1.

Then, the LNVTWGm and LNVTWGr: operators are defined below:
LNVIWGr (Apyyys Ay 2y v ()
o 8 T ¢ 17)
= (A )" O Ay 2))” By - Oy (Apy() " = H n(Aww)”

J=1

LNVTWGT2 (ﬂ’LNV(l) 5 ZLNV(Q) LRRRY] iLNV(p))

4 e e T e (18)
= (A“LNV(I)) ' ®p, (X‘LNV(Z)) P Q.. (ﬂ’LNV(p)) "= H T2 (/ILNV(]')) !

=1
Theorem 5. Let Aunvg) = <Aug, Auig), Augy> (j=1,2, ..., p) be p LNVs and set ¢ as the weight of Aunvg) (j =

1, 2, ..., p) subject to ¢ € [0, 1] and Zle e =1. Then, the aggregated value of the LNVITWGn
operator is LNV, which is gotten by

P
LNVTWGTI (/1LNV(1)’ lLNV(Z)""7lLNV(p)) = H Tl (ZLNV(]')) ’
j=1

»(19)
_{ 2 p A p vl
2b/7rcot1[2(ej cot(td(j);z/zb))] 2b/7z’tanl[2(ej tan(ud(j)n/zb))] 2b/ﬂtanl[2(ej tan(ﬁz(j);z/zb))J

J=1 J=1 J=
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Proof: By a similar proof of Theorem 1, Theorem 5 can be verified (omitted here).
Theorem 6. The LNVTWGnm operator of Eq. (19) contains the characteristics below:

(1)Idempotency: Set Awnv) = <Aui), Audg), Aigy> (j=1, 2, ..., p) as p LNVs. If Ainv) = Anv = <Au, Aud,
A>(j=1,2, ..., p), then LNVTWGy, (2052 y) =2

LNV (1)> ZYLNV (2) 2 > YNV (p) ) LNV *

(2)Boundedness: Set Aunv) = <Au, Audi), Ay> (j=1, 2, ..., p) as p LNVs and set the minimum and

maximum LNVs as v min = <m/1n (/Ild(j) ) , mflx (/Iud(j) ), mjax (;i(fd(j) )> and

A ma :<max(/1t d(_/)),min(iu d(_j)),mjn(ifd(_/))> . Consequently, there is this inequation

ﬂ’LNme <LNVTWGT1( LNV (1)* LNV(2)’ oA

LNV(p)) LNV max *

/1*

(3)Monotonicity: Set Aunvj = <A, Audg, Aag> and A ()

LNV (j) < Ay fd(1)> (=12 ..p)as

two groups of LNVs. If /”LLNV( 5 S),LNV() , then there is the inequation
LNVIWGr (A qys Ay > o)) S ENVIWGH (A 1y Ay s+ A ) -

Proof. In view of a similar proof of Theorem 2, Theorem 6 can be verified (omitted here).
Theorem 7. Let Aunvg) = <Aui), Auiiy, > (j=1,2,...,p) (j=1,2, ..., p) be p LNVs and set ¢j as the weight

of Ainvg) (j =1, 2, ..., p) subject to ¢j € [0, 1] and Zf:] e, = 1. Then, the aggregated value of the
LNVTWGr: operator is LNV, which is gotten by

P
LNVTWGTz (]“LNV(l)a /1LNV(2) 90ty //tLNV(p)) = H T2 MLNV(,’)) !
=1

. (20)
(2 A, A
2b/zsin~ ][H sm(td(j)ﬂ/2b) ] 2b/7cos™! [H(cos(ud(j)ﬁ&b))ef] 2b/7weos”™ I[H cos(fd(j)zr/2b) ]
J=l Jj=1 J=
Proof: According to a similar verification of Theorem 3, Theorem 7 can be verified (omitted here).
Theorem 8. The LNVTWGr: operator of Eq. (20) contains the characteristics below:
(1)Idempotency: Set Aunvi) = <A, Audi), Augy> (=1, 2, ..., p) as p LNVs. If dinvg) = Ainv = <Au, Aud,
4> (j=1,2, ..., p), then LNVTWGy, (A A 2

LNV (1)> YNV (2) 20> LNV(p)) = //LLNV :

(2)Boundedness: Set Aunv) = <Aug), Audi), Ay> (j=1, 2, ..., p) as p LNVs and set the minimum and

maximum LNVs as Ay min = <mjin(ﬂ,td(j)),m;’;lx(ﬂud(j)),mjax(/lfd(j))> and

A ma :<m?x(lt d(_/)),mjin(/lu d(_j)),rlljin(/lfd(_/))> . Consequently, there is this inequation

ﬂ’LNVmin < LNVTWGTZ (ﬂ’LNV(l)’ ;l’LNV(Z) L ZLNV(p)) < ﬂ’LNVmax :

(3)Monotonicity: Set Anv() = <Auq), Audg), Asiy> and A :

LNV (j) </1

d(j)>

Ay fd(/)> (=12 ..p)as

Z,LNV(_I.) S/lZNV( 5 o+ then there is the inequation

LNVTWGrz (//LLNV(I) > //LLNV(Z)’ i) //LLNV(p)) <LNVI WGT2 (ﬂ’ZNT/(IP AZNV(Z)’ ) ;LZNV(p)) .

two groups of LNVs. If

Proof: According to a similar verification of Theorem 4, Theorem 8 can be verified (omitted here).
Example 2. Let three LNVs be Awnvva) = <Az, A1, As>, Ainvve) = <Ae, A3, 43>, and Ainvve) = <As, A2, 42> in the
LTS AL = {4, Ay, ..., As} subject to the weight vector e = (0.3, 0.3, 0.4). Using Eqgs. (19) and (20), their
aggregated values are given below:
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3
LNVTWGm (ﬂ“LNV(l)’ /1LNV(2)J“LNV(3)) = H Tl (lLNV(j))ef

J=

A

2x8/zeot ! (0.3xcot(77/(2x8))+0.3xcot(6.7/(2x8))+0.4xcot(57/(2x8))) °

4

|
~

2x8/ztan ™" (0.3xtan(7/(2x8))+0.3xtan(3 7/(2x8))+0.4xtan(27/(2x8)))° o </15.8413’ /1240502’12-6254>

~

2x8/rtan”! (043><tan(3ﬂ/(2><8))+0.3><tan(3/r/(2><8))+0.4><tan(27z/(2><8)))

3
LNVIWG 1, (Aipy 1y v ays v sy) = H 12 (A ) )
1

A
2x8/ 7sin”! ((Sin(7ﬂ/(2><8)))0'3><(sin(671/(2><8)))0'3x(sin(S/r/(ZxS)))O'4) ’

={ A =(A A A
zxs/mos*1((cos(n/(zxs)))°'3x(cos(37z/(2x8)))°‘3x(cos(2;;/(zxs)>)"~“)’ < 572372 7421617 2‘654>
A

2x8/ 7 cos”! (((:05(37!/(2><8)))0‘3 ><(<:os(3171'/(2><8)))0'3 x(cos(27z'/(2><8)))0'4)

5. MADM model using one of the four proposed LNV TAOs

This section develops a MADM model using one of the LNVTWAT, LNVITWAT™, LNVTWGN
and LNVTWGr: operators to handle MADM issues in the scenario of LNVs.

In a MADM problem, there are a set of s alternatives Ka= {Ka1, Ka, ..., Kas} and a set of p attributes
Ra = {Ra, Raz, ..., Rap}. In the assessment process, the alternatives must meet the attribute
requirements, then their assessment values can be assigned by the LNVs obtained from the LTS 4. =
{Ao, A4, ..., A} with odd cardinality b+1. All the assessed LNVs are formed as their decision matrix Mt
= (ALNVik))sxp, Where Aunvi) = <Awj), Aud, Afac> for Auag, Auwawi), Auoy € AL (j=1,2, ..., p;k=1,2, ..., 5) are
LNVs to express the decision makers’ true, false and uncertain linguistic values corresponding to
their satisfactory degrees of each alternative Kar on the attributes Raj. The weight vector of the

attributes is given by e = (e, ez, ..., ep) subject to 0 < ¢ <1 and ZP e =1 Regarding the MADM
=

problem in the scenario of LNVs, the decision algorithm of the MADM model is indicated below.
Step 1: Get the aggregated value Aivvy for each Kax (k=1, 2, ..., s) by one of the following LNVTW ATy,
LNVTWAT™, LNVIWGT and LNVTWGr: operators:

P
ﬂ“LNV(k) = LNVTWATI (ﬂ’LNV(kl) ) ﬂ’LNV(kZ)’ “ee ﬂ“LNV(kp)) = Z Tle_//lLNV(lq')

j=1
, (21)
={ 4 p ? A p ? A p
2b/7ztanI[Z(eitan(td(kj)ﬂ/Zb))] 2b/7rcotI[Z(eicot(ud(kj)ﬁ/Zb))] 2b/7rcotI[Z(ejcot(fd(lg')ir/Zb))]
j=1 j=l j=l
J
/ILNV(k) = LNVTWArz (Z‘LNV(kl)’ ﬂ“LNV(kZ)’ e A‘LNV(kp)) = Z T2 ejﬂ‘LNV(k/‘)
j=1
, (22)

=( A A A
2b/7rcos"l[ﬁ(cos(td(/_cj);r/Zb))ef] 2b/7rsin_l[ﬁ(sin(ud(/_{j)ﬁ/Zb))EI] 2b/7rsin'l[ﬁ(sin(_fd(kj)ﬂ/zb))e/]

Jj=1 1

J=1 J
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P
ﬂ“LNV(k) = LNVTWGT] (Z’LNV(kl)ﬂﬁ’LNV(kZ)""’ ﬂ“LNV(kp)) = H Tl (/1LNV(1;/)) !
j=1

,(23)
=( A A ) A )
2b/ﬂcot'l[2(ejcot(td(kj);r/Zb))] 2b/man"[2(e_,1an(ud(kj>;r/zb))] zb/man"[Z(e_,tan(fd(/g');r/zb))
Jj=1 Jj= =]
L e
/ILNV(k) = LNVTWGTZ(/,LLNV(kl)’ ﬂLNV(k2) s0ees Z’LNV(kp)) = H T2 (//”LNV(Ig')) '
j=1
(24)

=2 , A , A ,
Zb/ﬁsinI(H(sin(td(/g‘)ﬂ/Zb))"fJ 2b/7rcosI[H(cos(ud(kj)zr/Zb))e/J 2b/7rcos1[H(cos(fd(1g‘)n/2b))@/]

j=1 j=1 Jj=1

Step 2: Calculate the score (accuracy) values of E(Anvw) (F(Awvvw)) (k=1, 2, ..., s) by Eq. (3) (Eq. (4)
for necessity).

Step 3: Rank alternatives based on the descending order of the score values (accuracy values) and
decide the best one.

Step 4: End.

6. Practical application of the proposed MADM model
6.1 Selection of CRDSs

This part applies the proposed MADM model in the choice problem of CRDSs for a
manufacturing company in China to show the validity of the developed MADM model in the
scenario of LNVs.

Crawling robots have been used in a wide range of fields due to their flexibility and adaptability.
For search and rescue missions into hazardous areas after earthquakes, floods, and other disasters,
the technical department of a manufacturing company in China presents the four potential design
schemes of crawling robots: the track-driven crawling robot (Ka1), the wheeled crawling robot (Kaz),
the crawler robot (Kas), and the wheel-track crawler robot (Kas), then they are expressed as a set of
the four alternatives Ka = {Ka, Ka2, Kas, Kas} for the choice of decision makers. In the assessment
process, the four design schemes must meet four key requirements (attributes): technical conditions
(Rm), manufacturing cost (Ra2), flexible and fast movement ability (Ras), and adaptability to complex
environments (Ras), then their weigh vector is given by e = (0.3, 0.3, 0.2, 0.2) as the known attribute
weights. In this MADM issue, decision makers/engineers are invited to assess the satisfaction of the
four CRDSs corresponding to the four attributes. Subsequently, the assessment values of their
satisfaction are presented by the true, false, and uncertain linguistic values obtained from the given
LTS Av = {Ao(Extremely low), Zi(Very low), A2(Low), A3(Slightly high), A4(Medium), A5(Slightly high),
As(High), A7(Very high), As(Extremely high} with b = 8. Thus, all the given LNVs Awnvij) = <Auj), Audi,
Asaqy> for Ay, Auitp, A € AL (k, j=1, 2, 3, 4) can be created as their assessment matrix:

<A A A > <A 44> <AL A4 AL > <A A4 A4 >

<A, > <44 A4> <A 44> <A, A4 A >
Eol<dn A > <A, A > <AL A> <A, A, A >

<A > <A A A > <A AL > <A 44>
First, using one of Egs. (21)—(24), we get the aggregated values of Ainvi for Kax (k=1, 2, ..., s):
(1) The aggregated values of the LNVTW AT operator are Ainv) = <As.3688, A1.7826, 12>, ALnvi2) = <As.8875,
A2.4076, A2.5168>, ALNVE) = <As, A2, A2.0655>, and Ainvi) = <Aesa1s, A1.8304, A2.2073>;
(2) The aggregated values of the LNVTWAT operator are Ainvy) = <As2502, A1.9671, A2>, ALNv(2) = <Ae.8534,
A2.4407, A25724>, AINvE) = <As, A2, A22819>, and Ainva) = <Ae.763, A1.9503, A2.2503>;
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(3) The aggregated values of the LNVTWGr1 operator are Ainva) = <Ae.0603, A22651, 42>, ANvi2) = <A6.7909,
A2s264, A2.7806>, ALNVE) = <As, A2, A2.7436>, and ALnvie) = <Ae.5495, A2.1423, A23221>;
(4) The aggregated values of the LNVTWGr: operator are Ainv) = <As9617, A23853, A2>, ANvie) = <A67313,
A2sssa, A2sa>, ANv) = <A, A2, A2s7aa>, and ALnvi) = <Ae3651, 22272, A23534>.
Then using Eq. (3) (Eq. (4)), the score (accuracy) values of E(Anvw) (k=1, 2, 3, 4) and the ranking
results of the four CRDSs are shown in Table 1.
Table 1. Decision results of the developed MADM model and the existing MADM model

AO Score value Ranking Best CRDS
LNVTWAT operator 0.7744, 0.7485, 0.7473, 0.7827 Kas > Ka1 > Ka2 > Kas Kaa
LNVTWAT operator 0.7618, 0.7433, 0.7383, 0.7733 Kas > Kar > Ka2 > Kas Kaa
LNVTWGr operator 0.7415, 0.7285, 0.7190, 0.7535 Kas > Ka1 > Ka>> Kas Kas
LNVTWGr: operator 0.7324, 0.7222, 0.7136, 0.7410 Kas > Ka1 > Kaz2 > Kas Kas

LNVWA operator [14] 0.7604, 0.7420, 0.7365, 0.7721 Kas > Ka1 > Kaz2 > Kas Kas
LNVWG operator [14] 0.7415, 0.7293, 0.7201, 0.7535 Kas > Ka1 > Kaz2 > Kas Kas

In terms of the ranking results in Table 1, there is the same ranking order based on the four
proposed TAOs of LNVs, which shows the ranking validity and robustness of the developed MADM
model using one of Egs. (21)—(24) in the scenario of LNVs.

6.2 Comparison with the existing MADM model using the LNVWA and LNVWG operators

To indicate the validity of the developed MADM model using one of the four presented TAOs,
it is compared with the existing MADM model using the LNVWA and LNVWG operators [14] by the
selection example of the four CRDSs in the scenario of LNVs.

Applying Egs. (1)—(3) based on the existing DM model [14], we get the aggregated values of
LNVs and the score values of E(Ainvvw) (k =1, 2, 3, 4) and the ranking results of the four CRDSs are
also shown in Table 1.

In terms of all the ranking results in Table 1, there is the same ranking order regarding the
existing LNVWA and LNVWG operators and the proposed four TAOs of LNVs, which shows the
ranking validity and rationality of the developed MADM model using one of Egs. (21)—(24) in the
scenario of LNVs. Then, the developed MADM model using the proposed TAOs of LNVs contains
periodic property and can perform MADM problems with periodicity/polytemporal phases, while
the existing MADM model using the LNVWA and LNVWG operators [14] cannot contain the
periodic properties so as to difficultly perform DM problems with periodic/ploytemporal needs. It is
clear that in the LNV scenario the developed MADM model significantly outperforms the existing
MADM model in the periodic/polytemporal DM capability.

7. Conclusion

This paper first defined the linguistic trigonometric t-norms and t-conorms based on the
trigonometry 1 and 2 and the TOLs of LNVs, which contained periodic operational properties. Then,
the LNVITWAT™, LNVIWA™, LNVTWGn and LNVIWGr: operators were proposed to provide
appropriate mathematical tools for solving MADM issues with periodicity/ploytemporal phases in
the scenario of LNVs. Meanwhile, the TAOs of LNVs can compensate for the defects of existing AOs
that lack periodic operations of LNVs. Furthermore, the developed MADM model using one of the
LNVTWAT™, LNVTWAT™, LNVIWGH and LNVTWGr: operators can effectively address MADM
problems with periodicity/ploytemporal phases in LNV scenarios. Finally, the developed MADM
model was used for the MADM application in the choice problem of CRDSs and reflected its validity
and robustness of the ranking results. By comparison with the existing MADM model in the LNV
scenario, the developed MADM model verified the validity and rationality of the decision results and
significantly outperformed the existing MADM model.

Generally, the MADM model using one of the LNVITWAm, LNVIWArR, LNVITWGn and
LNVTWGr2 operators proposed in this study can not only extend the existing linguistic neutrosophic
DM models, but also handle linguistic or linguistic intuitionistic fuzzy DM problems by a special case
of the proposed MADM model. However, this study developed the TAOs of LNVs and their DM
method for the first time. Therefore, we need to provide more research work in the future. To do so,
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it is necessary to further develop some new LNV TAOs, including LNV trigonometric Einstein,
Hamacher, Bonferroni, Maclaurin, and Heronian AOs, etc., and their applications in computer
science, medical diagnosis, civil engineering management in LNV scenarios.
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Abstract: Neutrosophic theory, which generalizes fuzzy and classical logic by combining the
notions of truth, indeterminacy, and falsity, has emerged as a powerful framework in modeling
uncertainty. In this paper, we initiate and investigate the study of restrained neutrosophic
domination number in graphs, also we study its properties across special graph classes such as paths,
cycles, stars, and complete graphs. We also establish upper and lower bounds to determine such sets

in graphs and aim to define neutrosophic algebraic structures and examine their properties in depth.

Keywords: Neutrosophic graphs, Neutrosophic domination graphs, Restrained domination,
Restrained Neutrosophic domination graphs, Special graphs.

1. Introduction

Neutrosophy is a new science that belongs to the field of philosophy. It focuses on understanding
where neutralities come from, what they are like, and how far they go [5,9]. Among various topics in
graph theory [1], the study of domination and restrained domination has emerged as a vital area due
to its wide range of theoretical and practical applications. The concept of restrained domination was
introduced by Telle [6], albeit as a vertex partitioning problem. A set S € V of vertices of a graph G
=(V, E) is a dominating set if every vertex v € V is an element of S or adjacent to an element of S [8].
Equivalently, a set S of vertices of G is a dominating set of G if every vertex in V - S is adjacent to
some vertex in S. A restrained dominating set is a set S © V where every vertex in V — S is adjacent to
a vertex in S as well as another vertex in V — S [14]. As a relatively new field of study within
philosophy, neutrosophy examines the nature, extent, and genesis of neutralities. Neutrosophic Set
Theory, introduced by Florentin Smarandache[15], provides a more expressive framework by
associating every element with degrees of truth (T), indeterminacy (I), and falsity (F). It has become
very important that the idea of neutrosophic logic plays a key role in solving many real-world
problems in areas like law, medicine, industry, finance, engineering, and IT. In 1965, Zadeh [16]
introduced the concept of fuzzy sets, which is based on the idea of truth membership degree. In 1986,
Atanassow [4] added the idea of false membership degree to fuzzy sets, creating intuitionistic fuzzy
sets. In 1995, Smarandache introduced neutrosophic sets by including the concept of indeterminate
membership degree to intuitionistic fuzzy sets. There are three different ways to define a

neutrosophic graph. [3,7,10].
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2. Preliminaries

In this section, we give some basic information about the paper.

Definition 2.1:

A fuzzy set on a given set V is a function A that maps elements of V to values between 0 and 1.[2]
Definition 2.2:

“Suppose that V is a given set. A truth membership function (TA(x), an indeterminate membership
function (IA(x), and a false membership function (FA(x)) define a neutrosophic set A in V. The
functions Ta(x), Ia(x), and Fa(x) are fuzzy sets on V. That is, Ta(x): V — [0, 1], Ia(x) : V — [0, 1] and
Fa(x) : V— [0, 1] and 0 < Ta(x) + Ia(x) + Fa(x) < 3" [2,11]

Definition 2.3:

Let V be a specified set. Assume that E is a given set with respect to V as well. A neutrosophic graph
is a pair G = (A, B), where A : V — [0, 1] is a neutrosophic set in V and B : E — [0, 1] is a neutrosophic
set in E such that

Ts (xy) < min{Ta(x), Ta(y)},

Is (xy) < min{Ia(x), Ia(y)},

Fs (xy) < max{Fa(x), Fa(y)},

for all {x, y} € E. V is called vertex set of G and E is called edge set of G, respectively.[11]

Definition 2.4:

“Consider the graph G = (V, E). It is said that a vertex V dominates both itself and every neighbor; in
other words, a V dominates the vertices in its closed neighborhood N[V].Therefore v dominates 1 +
deg v vertices of G. A set S € V of vertices of a graph G = (V, E) is a dominating set if every vertex v
€V is an element of S or adjacent to an element of S. Equivalently, a set S of vertices of G is a
dominating set of G if every vertex in V - S is adjacent to some vertex in S. The domination number
of G, which is written as y(G), is the smallest number of elements in a dominating set of G”.[2]
Definition 2.5:

A set S € V is a restrained dominating set if each vertex in V - S is next to both a vertex in S and
another vertex in V - S. y+(G) represents the smallest cardinality of a restrained dominating set of G,
which is the restrained domination number of G.[15]

Definition 2.6:

“Let G = (A, B) be a neutrosophic graph on V and let x, y € V. Then,

¢ If the edge xy is T-effective, we refer to x dominating y in G as T-effective. If for each v € V - S there
is u € S such that u dominates v as T-effective, then a subset S of V is the T-effective dominating set
in G.

¢ If the edge xy is I-effective, then x dominates y in G as I-effective. The I-effective dominating set in
G is a subset S of V if, for each v in V — S, there exists u in S such that u dominates v as I-effective.

o If the edge xy is F-effective, then x dominates y in G as F-effective. If for each v € V - S thereisu €
S such that u dominates v as F-effective, then a subset S of V is the F-effective dominating set in G.

o If the edge xy is effective, we say that x dominates y in G. In G, a subset S of V is referred to as the
effective dominating set if, for each v in V - S, there exists u in S such that u effectively dominates
v”.[2,14].
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Definition 2.7:
Let G = (A, B) be a neutrosophic graph on a set V. If the following criteria are met, G is referred to as
complete:
o Ts(xy) =min{Ta(x), Ta(y)},
o Is (xy) =min{Ia(x), Ia(y)}
e P (xy) = max{Fa(x), Fa(y)}, for all {x, y} € E [12]
Definition 2.8:
Let G = (A, B) be a neutrosophic graph on a set V. If the following criteria are met, G is referred to as
empty: For every {x, y} € E, Ts (xy) = Is (xy) = Fs (xy) = 0. [2]
Definition 2.9:
“Let V be a specified set. If the set V can be divided into two nonempty sets, Vi and V2, such that
Ts(xy) = Is (xy) = Fs (xy) =0 for all {X, y} € E1 or {x, y} € Ez, then the neutrosophic graph G = (A, B) on
V is said to be bipartite. Furthermore, for all {x, y} € E, G is referred to as a complete bipartite
neutrosophic graph if Ts(xy) = min{Ta(x), Ta(y)}, Is (xy) = min{Ia(x), Ia(y)}, and Fs (xy) = max{Fa(x),
Fa(y)}. In this instance, the full bipartite neutrosophic graph is referred to as a star neutrosophic graph
if either IV1Il or V2] =1". [13]
Definition 2.10:
“On asetV, let G = (A, B) be a neutrosophic graph. Then, an edge xy in G is referred to as the
e T-bridge, in the event that each T-path P from x to y that did not involve xy had strengths
lower than Ts(xy).
e I-bridge, in the event that each I-path P from x to y that did not involve xy had strengths
lower than Is(xy).
e F-bridge, in the event that each F-path P from x to y that did not involve xy had strengths
lower than Fs (xy).
e Dbridge, in the event that it was one of the T, I, or F bridges”.[11]

Definition 2.11:

Let G = (A, B) be a neutrosophic graph on a set V. G is then referred to as,
e T-acyclic, if there was no T-path P from x to y, except in the case of x =y for all x € V.
o I-acyclic if there was no I-path P from x to y, except in the case of x=y forall x € V.
e  F-acyclic if there was no F-path P from x to y, except for x =y for all x € V.

e Acycdlic, if it was either T —acyclic, I —acyclic, or F —acyclic.[11]

Definition 2.12:
On a givenset V, let G = (A, B), G1 = (A1, B1) be a neutrosophic graph. If V = Vi but E1 € E, then G1 is
referred to as the spanning neutrosophic graph of G [2].
Definition 2.13:
“On asetV, let G = (A, B) be a neutrosophic graph. Then, G is called,
e T-forest, if G were T-acyclic and a spanning neutrosophic graph F existed, such that for
every edge xy out of F, there exists a T-path P from x to y, whose strength is greater than Ts
(xy).
e [ -—forest, if G were I-acyclic and there is a spanning neutrosophic graph F, then for every

edge xy out of F, there exists an I-path P from x to y, whose strength is greater than Is (xy).
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e F-forest: if G were F-acyclic and a spanning neutrosophic graph F existed, then for every
edge xy out of F, there would be an F-path P from x to y, how whose strength was greater
than Fs (xy).

o forest, in the event that it was one of the three types of neutrosophic forests: F, I, or T” [2].

Definition 2.14:

Let G = (A, B) be a neutrosophic graph on a set V.
o T-tree: if G were a T-forest with a T-path P from x to y for every x, y € V.
o [-tree: if G were an I-forest, then for every X, y € V, there would be an I-path P from x to y.
e F-tree, if G was an F-forest such that, for every x, y € V, there exists an F-path P.

o Tree, if it was one of T, I, or F —tree. [2]

Definition 2.15:
“Consider a neutrosophic graph G = (A, B) on V and vo, where vn are two given vertices such that n
€ N. Then,
e A distinct sequence of vertices P : vo, vi, - - -, vanin G is called a T-path of length n from vo to
vn, if Ts (vivie)) >0, fori=0, 1, - - -, n — 1. The strength of that T — Path is min/={Ts (vivis1)}
and denoted by uc (P)r.
e A distinct sequence of vertices P : vo, v1, - - -, vanin G is called a I-path of length n from vo to
v, if Is (vivii) > 0, fori=0, 1, - - -, n — 1. The strength of that I - Path is min=H{Is (vivia)} and
denoted by puc (P)L
e A distinct sequence of vertices P : vo, v, - - -, vain G is called a F-path of length n from vo to
vn, if Fs (vivi) >0, fori=0, 1, - - -, n — 1. The strength of that F — Path is minl=;'{Fs (vivi«1)}
and denoted by puc (P)r.
e A distinct sequence of vertices P : vo, vi, - - -, vnin G is called a path of length n from vo to
vn, if it be T —path, I-path, and F - path, simultaneously. The strength of that path is min{
uc (P)r, puc (P)r, uc (P)r} and is denoted by uc (P)”.[2]

Definition 2.16:
An edge xy in G = (A, B) is considered to be,
o T-effective, if Ts(xy) > p=G-ixy1) (X, ¥)T
o [-effective, if Is(xy) > p=c-ixy1) (X,y)1
o TF-effective, if Fs(xy) > pu=c-ixyl) (X,y)F and
o Effective, if it is one of the three. [11]

3. Main Results:

Definition 3.1:

Let G = (A, B) be a neutrosophic graph on V and x, y € V. Then,

a. If the edge xy is T-effective, we say that x dominates y in G. The T-effective restrained
dominating set in G is a subset S of V if, for each v € V = §, there is at least one neighbor w € V -

S such that vw € E, and for each v € V - S, there is u € S such that u dominates v as T-effective.

YxyisaT — effective edge Tp (xy)
Yxy is a edge T (xy)

e The T — weight of x is defined by wr(x) = Ta(x) +

e Forany S €V, T-weight of Sis defined by w(S)r = },, es(W(u)r)
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e Let A be the set of all T - effective restrained dominating sets in G. The T — restrained
domination number of G is given by y1(G) = minpey(w(D)1). Then the T — effective
restrained dominating set that correspond to y1(G) is known as T-restrained
dominating set.

b. If the edge xy is I-effective, we say that x dominates y in G. The I-effective restrained dominating
set in G is a subset S of V if, for each v € V - §, there is at least one neighbor w € V - S such that

vw € E, and for each v € V - S, there is u € S such that u dominates v as I-effective.

Yxyisal - effective edge Ig (xy)

e The I-weight of x is defined by wi(x) = Ia(x) + Sxy s 2 odge In (7)

e Forany S €V, I-weight of Sis defined by w(S)1= Y, es(w(u)r)

e Let A be the set of all I - effective restrained dominating sets in G. The I — restrained
domination number of G is given by yr(G) = minpey(W(D)I). Then the I — effective
restrained dominating set that correspond to yr(G) is known as I-restrained
dominating set.

c. Ifthe edge xy is F-effective, we say that x dominates y in G. The F-effective restrained dominating
set in G is a subset S of V if, for each v € V - §, there is at least one neighbor w € V - S such that

vw € E, and for each v € V - S, there is u € S such that u dominates v as F-effective.

Yxy is a F — effective edge Fp (xy)

e The F — weight of x is defined by wr(x) = Fa(x) + S 15 2 odge F ()

e Forany S cV, F-weight of S is defined by w(S)s = ¥, es(w(w)r)

o Let A be the set of all F - effective restrained dominating sets in G. The F — restrained
domination number of G is given by y#(G) = minpey (W(D)r). Then the F — effective
restrained dominating set that correspond to y(G) is known as F-restrained
dominating set.

d. If the edge xy is effective, we say that x dominates y in G. The effective restrained dominating
setin G is a subset S of V if, for each v € V - S, there is at least one neighbor w € V - S such that
vw € E, and for each v € V - §, there is u € S such that u dominates v as effective. The weight of
S is also known as wv(S) = min{w(S); wi'(S); wr(S)}. Let U be the collection of all of G's effective
dominating sets. The formula for G's restrained domination number is y(G) = min peu (w(D)).
The restrained dominating set calls the effective restrained dominating set that corresponds to
)

Definition 3.2:
Let vo, va be two given vertices such that n € N, and let G = (A, B) be a neutrosophic graph on V.
Consequently,
o T-Cycle of length n from vo to vn1 is defined as a closed sequence of distinct vertices
C: {vo, v1, - ,vn1,vo}in G, provided that Ts (vivia) >0 fori=0,1,---, n-1.
e AnI-Cycle of length n from vo to vn1 is defined as a closed sequence of distinct vertices
C: {vo, v1, - =, vn1,vo}in G if Is (vi vin) >0 fori=0,1,---, n-1.
e IfFs(vivin)>0,fori=0,1, - n-1, then a closed sequence of distinct vertices
C: {vo, v1, - ,vn1,volin G is referred to as an F-Cycle of length n from vo to vn-1.
e A cycle of length n from voto vn1 is defined as a closed sequence of distinct vertices

C: {vo, v1, - =, vn1,vo} in G, if it is simultaneously T, I, and F — cycles.
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Definition 3.3:
Let vo be a designated central vertex and let G = (A, B) be a neutrosophic graph defined on a vertex
set V. Next,
e A T-Star centered at vo with n branches is a collection of distinct edges {(vo, v1),(vo, v2),...,(Vo,
vn)} such that for eachi=1, 2,...,n the truth-membership value of the edge vovi satisfies,
Ts (vovi) > 0.
e AnI-Star centered at vo with n branches is a collection of distinct edges {(vo, v1),(vo,
v2),...,(Vo, vn)} such that for each i =1, 2,...,n the indeterminacy-membership value of the
edge vovi satisfies, I (vovi) > 0.
e A F-Star centered at vo with n branches is a collection of distinct edges {(vo, v1),(vo, v2),...,(vo,
vn)} such that for each i =1, 2,...,n the false-membership value of the edge vovi satisfies, Fs
(vovi) > 0.
e A neutrosophic star (or T — I - F star) centered at vo is a star structure {(vo, v1),(vo, v2),...,(Vo,
vn)}such that all three membership values for each edge are greater than 0, Ts (vovi) > 0,

Is(vovi) >0, Fe(vovi) >0, for [=1,2,...,n.

Theorem 3.4:

Let G = (A, B) be a neutrosophic graph where B is the edge set with associated truth-membership
function Ts: B — [0,1]. Let Pn be a path graph on n = 3 vertices such that Ts(e) > 0 for all e € B. Then
yre(Po) = [].

Proof: Assume that the path graph on n vertices Pn = (v1,v2,....vn) with edges E = {vivin / 1 <i<n-1},
and suppose that Ts(vivis1) > 0 for all i, Define the vertex subset S={ vi € V /iis odd} = {vi,vs,vs,... }.
We prove that S is a T-effective restrained dominating set of G. Let vi€ V \ S. Then j is even. Since Pn
is a path, the only possible neighbors of vj are vj1and vj1, assuming they exist. Both vj1and vj1 are
odd-numbered and thus belong to S, and the edges vjvj1, vjviare T-effective by assumption.
Therefore, each vj € V \ Sis T - effectively dominated by a vertex in S, satisfying the first condition of
T - effective domination. Now, to verify the restrained condition, we must show that for each vi € V
\ S, there exists at least one neighbor w € V \ S such that viw € E. Observe that the verticesin V \ S
are all even-indexed. For j =2, we have v2 adjacent to vi€ S and vs € S. To resolve this and ensure the
restraint condition is satisfied, we redefine the set S’ = {vi € V / iis even}. Now, for each v € V \ &/,
the neighbors vj-1 are even and belong to S'. Additionally, for all such odd j, at least one of their
neighbors, viz2. Therefore, S’ is a T-effective restrained dominating set. Therefore, we conclude that,
yrr(Pn) < [g]. To prove minimality, suppose there exists a T-effective restrained dominating set
D c V such that [D] < [gj. By linear adjacency of a path, there must exist two consecutive vertices
vi,vii € V' \ D, which are not T-effectively dominated by any vertex in D. Furthermore, they also lack
a neighbor in V \ D distinct from each other, violating the restraint condition. This contradiction
implies that no such smaller set D exists, and thus yr(Pn) = [g]. By analogues to the evidence of y1(Pr)
= [5], The outcome is clearly valid for yr(P) = [Z], yer(Pr) = [5], v(Pr) = [5].

Theorem 3.5:

Given a vertex set V, let G = (A, B) be an empty neutrosophic graph. Then yr'(G) = yr/(G) = y(G) = p,

where p denotes the order of G.
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Proof: Let G = (A, B) be a neutrosophic graph on a vertex set V that is empty. As a result, there is no
T-effective edge in G and V is the only T-effective dominating set. According to 3.1(a), we have y17(G)
= Minpes[YuepTa(1)] = [ZuerTa(u)] = p. Therefore y1'(G) = p. By analogues to the proof of ym'(G)=p
and Definition 3.1(b,c,d), the result is obviously holds for yr(G), y#(G), y*(G).
Proposition 3.6: Given a set V and any neutrosophic graph G = (A, B), we have
a. yr(G), ¥(G), yr(G), y¥(G) < p.
b. y1(G) + y«(G), y(G) + yr(G), yr(G) + yr(G), yr(G) + yr(G) < 2p
Proof:

e According to Proposition 3.5, a neutrosophic graph G = (A, B) exists such that yr1(G) = yri(G)

= vr(G) = v"(G) = p, Thus, the outcome is as follows.
e When (a) is applied to G and G, the outcome is evidently valid.

4. Conclusion

Fuzzy models and algebraic structures are framed by the idea of neutrosophy. Neutrosophic graphs
come in three different varieties. As previously stated, we selected one type of them to serve as the
framework. This study serves as an initial step toward a broader integration of neutrosophic theory
in fuzzy systems and mathematical structures, opening new avenues for both theoretical
advancement and practical applications.
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Abstract: Soft set theory is a valuable mathematical tool for modeling and analyzing uncertain
systems. A neutrosophic soft set is a hybrid entity of a neutrosophic set, and a soft set that enables
a more comprehensive analysis of uncertainty in a system. In this article, we introduce some novel
information theoretic measures in a single-valued neutrosophic soft environment. Additionally, we
study the data-dimensionality reduction using two-pronged approach, leveraging the score matrix
and neutrosophic soft entropy measure. The complexity of decision-making problems involving
numerous factors can be alleviated using the dimensionality reduction technique. Finally, the
comparative analysis is presented with the help of an illustrative example utilizing a measure of
performance. The comparative study highlighted the advantage of the proposed methods.

Keywords: single-valued neutrosophic set, neutrosophic soft set, dimensionality reduction, score
matrix, entropy measure, similarity measure.

1. Introduction

Uncertainty is an inherent part of real-world systems, and several methods are available in the
literature for the representation of uncertain data or information. The most prevalent methods
include probability theory, rough set theory, fuzzy set theory, and intuitionistic fuzzy set theory, and
are utilized for modeling human-centric and expert-based systems. The real-life applications
concerned with decision-making, clustering analysis, pattern recognition, anomaly detection, image
analysis, and many more have been investigated using these methods. However, all these theories
have their own limitations in varied situations. This article aims to put forth a neutrosophic soft
information measure, and its implication. In [1], Molodtsov introduced the concept of a soft set by
integrating the parametrization tool with the classical set. Soft set theory has been widely applied in
a variety of fields such as decision-making [2-8], data analysis [9], forecasting [10], simulation [11],
optimization [12], texture classification [13], etc. Afterward, by combining a Soft set [1] and a fuzzy
set (FS) [14], Maji et al.[8] suggested the concept of Fuzzy soft sets. Similarly, Maji et al. [15]
introduced the concept of intuitionistic fuzzy soft sets (IFSSs) due to the fusion of soft sets and
intuitionistic fuzzy sets (IFS) [16]. Thereafter, various researchers studied diverse mathematical
hybrid structures such as generalized intuitionistic fuzzy soft sets [17], generalized fuzzy soft sets
[18] possibility intuitionistic fuzzy soft sets [19], vague soft sets [20], interval-valued fuzzy soft sets
[21], interval-valued intuitionistic fuzzy soft sets [22], etc. Furthermore, Maji [23] introduced the
notion of the neutrosophic soft set by fusion of a neutrosophic set (NS) [24] and a soft set [1]. Maji

[25] suggested some operations and propositions related to a weighted neutrosophic soft set. Wang
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[26] suggested a subclass of neutrosophic soft sets. Marei [27] developed a rough set approach in
single-valued neutrosophic soft settings. Neutrosophic soft sets (NSSs), due to their ability to deal
with intermediate, inconsistent, and neutrosophic parameters found extensive implications in a
variety of fields.
The essential information theoretic measures like entropy and Knowledge measure quantify the
information content of a fuzzy/non-fuzzy set. Furthermore, similarity and distance measures
evaluate the extent of closeness and discrimination between two fuzzy/non-fuzzy sets. In the
problems related to pattern recognition, the concept of similarity/distance measure is commonly
employed to verify the authenticity of an object/document. In recent years, several studies [28-41]
suggested different information-theoretic measures concerned with fuzzy sets, fuzzy soft sets,
intuitionistic fuzzy sets, intuitionistic fuzzy soft sets, single-valued neutrosophic sets, and single-
valued neutrosophic soft sets. Broumi [29] studied similarity measures for neutrosophic soft sets. Dey
et al. [37] presented a neutrosophic soft similarity measure for selecting the suitable alternative based
on a grey relational analysis involving multiple decision-makers. Karaaslan [38] suggested a decision-
making method and a group decision-making method in the neutrosophic soft environment. Sahin
and Kucuk [39] suggested various distance measures between neutrosophic soft sets and introduced
an axiomatic definition of entropy for a neutrosophic soft set. The proposed research work is aimed
to introduce neutrosophic soft information measures, and their application to decision-making and
data dimensionality reduction.
The dimensionality reduction technique is instrumental in mitigating the curse of dimensionality,
enabling the effective management of high-dimensional data sets and the elimination of irrelevant
features. This approach offers a threefold benefit: Simplifying data, visualizing complex
relationships, and managing multicollinearity. As a result, this method has become a vital area of
study in diverse computational disciplines, especially those characterized by extreme data modality.
In the fuzzy soft set, the dimension reduction technique of big data was utilized to convert soft tables
into fuzzy soft set tables [42]. The concept of Pythagorean fuzzy soft matrix, introduced by Bajaj [43]
has paved the way for the development of a new generation of dimensionality reduction approaches,
tailored to address the complexities of MCDM problems. Picture fuzzy soft matrix was suggested in
Devi et al. [44] to solve decision-making problems and the dimensionality reduction can be dealt with
in a better and broader sense of human opinion. However, there has been rather little work completed
for entropy, and similarity measure in the context of single-valued neutrosophic soft sets and their
applications.
1.1. Contribution
The main contribution of this paper is as follows:
e We propose novel entropy, and similarity measures for the SVNSSs to overcome the
shortcomings of existing measures.
e The newly proposed measures are applied for solving the MCDM problem and for data
reduction technique.
e Finally, a comparative analysis has been done to check the effectiveness of the proposed
measure based on performance measures.
1.2. Importance of neutroshopy in the present work
Neutrosophy provides a more rational extension to traditional fuzzy logic by explicitly modelling

indeterminacy. It enhances data dimensionality reduction by guiding the selection of relevant, low-
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noise features and improves decision-making processes by providing a structured framework to deal
with incomplete, contradictory, and uncertain information. The independent choice of trueness,
falsity, and indeterminacy in a single valued neutrosophic set make the neutrosophic information
measures more robust and indispensable tools in the real-life problems concerned with of
classification, pattern-recognition and decision-support.

The content of this article is organised as follows.

Section 2 presents basic concepts relevant to this study. Section 3 introduces the similarity, and
entropy measure in a single-valued neutrosophic soft environment. Section 4 demonstrates the
application of the proposed measure in MCDM problem as well as in data dimensionality reduction.
In section 5. We contrast the performance of the proposed methods with existing methods. Section 6

concludes the article.
2. Preliminaries

In this section, we present some essential fundamental concepts concerned with this article.

Definition 2.1 ([1]). Let U be a generic universe and P be a set of parameters in U. Consider E S
P. Apair (F,E) issaid to be a soft set over the universe set in which F isa mapping from E to 2Y,
where 2V is a power set of U. In short, a soft set over U is a parameterized family of a subset of
U.

Definition 2.2 ([8]). Suppose U is a generic universe of objects. Consider P be a set of parameters
in U and E € P. Apair (F,E) issaid to be a fuzzy soft set over the universe set U, in which F is

amapping from E to FSY, where FSY isa set of all fuzzy subsets of the universe set U.

Definition 2.3 ([15]). Let U be a generic universe of objects and P be a set of parameters in U.
Consider E € P and let IFSY denote the collection of all intuitionistic fuzzy sets of U. A pair (F,E)
is said to be intuitionistic fuzzy soft set over the universe set U, where F is a mapping F: E —
IFSY.

Definition 2.2 ([24]). Let U be a universe of discourse with generic element y in U. A single-valued
neutrosophic set B in U is characterized by truth-membership degree Ty(y;), indeterminacy
degree Iz(y;) and falsity-membership degree Fp(y;). For each 1y, €Y, Tg(y;), Iz(y:), Fe(y:) €
[0,1] . A single-valued neutrosophic set B can be denoted by a triplet ie, B =

UTp ), s (V), Fsi yi €Y } with Tp(y)) + Iz(v:) + Fs(y:) € [0,3].

Definition 2.4 ([23]). Let U be a universe of objects and P be a set of parameters in U. Consider
EcPand NSV denote the collection of all neutrosophic sets of U. A pair (F,E) is said to be

neutrosophic soft set over the universe set U, where F isamapping F: E - NSY.

Operations on Single-Valued Neutrosophic Soft Sets: Let (F,E), (G,E), and (H,E) be three

single-valued neutrosophic soft sets, then we have the following operations.

. Ipe)(M)+ 1) (¥) . .
Union: (F,E)u(G,E)=(max. (Tp(e)(y).T(,-(e)(y)),w,mm.(TF(9>(y),TG(e)(y))) if ee

ANB.
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. . Ire) )+ Ige)(¥) .
Intersection: (F,E) N (G,E) = (mm. (TF(e) ), Tse (y)) ,M , max. (TF(e)(y), Tee) (y))) if

e€ANB.
Complement: (F,E)° = (Treo)y) = Frieyoy Irc0) = Ir@oy Fre@m) = Trom)-
Subset: If (F,E) S (G, E) then Tr)(y) < Toey0) Irey ) < Iy, Frey(¥) = Fgey(0).

Definition 2.5 ([27]). Let U be the universal set and P be a set of parameters. Consider E € P and,
letSVNSY denote the set of all single-valued neutrosophic sets of U. The collection (F,E) is said to
be a single-valued neutrosophic soft set over the universe set U, where F is a mapping F: E —
SVNSY.

Example 2.1 ([23]). Let U = {y4,¥,, ¥3, V4, ¥s}be a set of five models of car out of which one car is to
be purchased and E = {e; = elegant,e, = trustworthy, e; = sporty,e, = comfortable, e; =

modern}be the set of parameters to select the car. The SVNSS (F,E) in this example can be
presented in the following Table 1.

Table 1. Tabular representation of (F,E) of Example 1.

U e; e, es €4

V. (0.6,0.3,0.4) (0.4,0.3,0.3) (0.1,0.1,0.1) (0.7,0.5,0.6)
¥V, (0.4,0.3,0.4) (0.5,0.6, 0.4) (0,0,0.4) (0.8,0.3,0.3)
Vs (0.6,0.5,0.4) (0.3,0.3,0.4) (0.2,0.3,0.7) (0.3,0.3,0.3)
Vs (0,0.3,0.4) (0.1,0.2,0.4) (0.2,0.2,0.4) (0.2,0.9,0.1)
Vs (0.2,0.3,0.1) (0.7,0.3,0.4) (0.9,0.3,0.3) (0.8,0.5,0.2)

Sahin and Kucuk [39] and I.Arockiarani [45] proposed entropy measures for neutrosophic soft
environments satisfying some axiomatic requirements. An entropy measure of a SVNSS should

satisfy axiomatic requirements given in the following definition of entropy measure.

Definition 2.6. Let U = {y;,¥,,¥3, ..., ¥m} be a generic universe and E = {ej, e, €3, ...,e,} be the set
of parameters. A function EM: NSS(Y) — [0,1] is said to be an entropy measure on NSS(Y) if EM

satisfies the following axioms:

NSEM1.EM(F,E) =0 & Ve €E; (F,E) is a soft set;

NSEM2.EM(F,E) = EM(F,E)S;

NSEM3.EM(F,E) = 1 iff Tpep)(¥;) = Ireep(Vj) = Freep(vj) Ve €E,y €Y;
NSEMA. If (G,E) < (F,E)then EM(F,E) < EM(G, E).

Definition 2.7 ([35])Let U = {y1,¥2,¥3, ..., ¥m} be a generic universe and E = {e, e,, €3, ..., ,,} be the
set of parameters. Let (F,E), and (G,E) be two neutrosophic soft sets over U, where F,G are
mappings given by F,G:E — NS(U). Then SM((F,E),(G,E)) is said to be a similarity measure

between (F,E) and (G,E) if it satisfies the following axioms:
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NSSM1.0 < SM((F,E), (G, E)) < 1;

NSSM2.SM((F,E), (G,E)) = SM((G,E), (F,E));

NSSM3.SM((F,E), (G,E)) = 1 iff (F,E) = (G,E);

NSSM4. If (F,E) € (G,E) € (H,E) then SM((F,E),(H,E)) < SM((G,E), (H,E)).

Definition 2.9 ([36]). The performance measure of a similarity method (say M) that satisfies the

optimality criteria to solve an IFSS-based decision-making problem is defined as

1

PM = SMTt + ; SMTt > SMl

2?=_11(‘r,t)¢(i,j) Yj=i+1(1-SMj) i’
where SM,,. denotes the highest similarity value of an object and SM;; is the similarity value of the

remaining object.

Performance measure represents the sum of the highest similarity value of an object and an inverse

of the summation of the non-similarity values of the remaining objects.

3. The proposed Information Measure for SVNSSs

In this section, we suggest a similarity measure, and an entropy measure in a single-valued
neutrosophic soft environment.

3.1 Similarity Measure

Consider U = {y;,¥5,V3, ..., ¥m} be the universe of discourse and E = {e;, e,, e, ..., e,} be the set of
parameters. Then similarity measure between two single-valued neutrosophic soft sets (F,E), and
(G,E) is defined as

SMsynsss(F, G) Z% iy (1 - iZ}n:ﬂlSF(ei)(yj) - SG(ei)(yi)l + |TF(ei)(yj) - TG(ei)(yi)l +
|lren () = Tocep (V)] + 1Freen () — FG(ei)(yj)l]) (1)
Where, Sp(e(y;) = (TF(ei)(yj) = Irep(y;) — FF(ei)(yj))' and

Soten(¥;) = (Tc(ei)(yj) = Locep (%) —Fc(ei)(y,-)).

Theorem 3.1. SMgyysss(F, G) is a valid similarity measure between SVNSSs (F,E) and (G,E).
Proof. To check the validity of SMgyysss(F,G), we verify the axiomatic requirements given in
definition 2.7.

NSSML. Since Spey(y;) €[~1,1] and Sgey(y;) € [-1,1]. Then [Spey(¥j) — Secep(i)| < 1.

Also,  |Tecep(¥7) = Toep D < 1 Hrep (1) = Toep )l < 1 [Freep() = Facep(y)| <1, which
implies SMsyysss(F,G) € [0,1].

NSSM2.  SMgypsss(F,G) = i =1 (1 - ﬁz;'n:ﬂ'SF(ei)(yj) - SG(ei)(Yj)| + |TF(ei)(yj) - TG(ei)(yj)l +
|leen () = Toep )| + 1Freen () — Fc(ei)(yj)ﬂ) == ?=1(1 = S (USeen () = Seen ()] +

|Teen (V1) = Teeo W)l + Maep () = Treep )| + 1Facen (1) = FF(ei)(J’j)ID) = SMgynsss(G, F).
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NSSMs. SMsynsss(F,6) =1 3y (1 = =3 [ISpeey (37) = Saceo 0|+ [Trcen () = Taceo )| +
|Teen (7)) = oo ()] + 1Frep(v)) — Fa(ei)(J’j)H) =0 & [Sreey(7) = Soeo )| = 0, |Treep () —

Toteo W) = 0. |Trep (7)) = Toceo )] = 0. |Freen (1) = Foeo )| =0 = Treen(v) = Taep (0, Ircen (%)) =
Ioeep(¥)): Freep (V) = Foeen(v;) = (F,E) = (G,E).

NSSMd4. Consider (F,E) € (G,E) € (H,E). Then

Trep (V) < Totep(V)) < Tueep ()

Irep (%)) < loeep(¥1) < Tucep(y;), and

Freep()) 2 Foep(9)) = Facep (v))-

Therefore,
|Teen () = Tuep W) 2 |Toen(¥7) = Tueep )] - 2)
|Teep () = Tncen )| = loen () = Teep )| 3)
|Frep () = Fuaep )| 2 |Facep () = Fucen )| C)

Therefore, Secey(s) = Suceo @) = (Treo () = Ireo () = Freo 1)) = (Tuo () = luteo ) = Faceo (3))
= (TF(eo(yj) - TH(ei)(yj)) + (IH(ei)(J’f) - IF(ei)(yj)) + (FH(el-)(yj) - FF(ei)(yj))
Similarly, Spey(¥) = Saeo@) = (Treo ) = Teeo 31) = Feeen ) = (Taten ) = Tacen ) = Facen )
= (TF(ei)(Yj) - TG(ei)(yj)) + (Ic(ei)(yj) - IF(ei)(yf)) + (Fa(ea(yj) - FF(eo(J’j))

This implies, ~ |Secey () = Suceo (V)| = [Sreep (1) = Socep ()] )
By combining (2), (3), (4), and (5), we get

SMsynsss(F, H) < SMsypsss(G, H).

This completes the proof.

3.2. Entropy Measure
Suppose U = {y1,¥2,¥3, ..., Ym} be the universe of discourse and E = {ej, e,, €3, ..., e, }be the set of
parameters. Then entropy measure of a single valued neutrosophic soft set (F,E) is denoted and

defined as

EMgyysss (F, E) = %Z Z ( V3 cos (Tp(ei) ) ; Frep ()’j)> o 1) ©

i=1 j=1

Theorem 3.3. EMgyysss(F, E) is a valid entropy measure of SVNSSs  (F, E).

Proof. To check the validity of EMgyysss(F,E), we verify the axiomatic requirements given in
definition 2.6.

NSEM1.EMgynss(F,E) =0 if and only if

1_ : z": i (\/z cos (TF(ei)(yj) ; FF(ei)(Yj)) o 1) _o

i=1j=1

Ta(e) )= Fr(en )
1fandonly1f Z 121 1(\/— (F( I,)(y]) F(ey) y])n—1)=0.

4

If and only if TF(ei)(yj) =0 orFF(el.)(yj) =1 or FF(ei)(yj) =0or TF(ei)(y]-) =1,Ve €E,y€eU.
NSEMZ. EMSVNSS(F! E) = 1

Surender Singh and Sonam Sharma, Application of Information Theoretic Measures in Neutrosophic Soft Environment



Neutrosophic Sets and Systems, Vol. 96, 2026 83

n
1
V2 -1&

4

If and only if

i (‘/Ecos (TF(ei)(y}') - FF(eﬁ(yf)) ™— 1) =1L

4
J

4

Tr(e Vi)~ Frten (¥
Ifand only if Y7, Y7, (\/E COS( LOL ’)(y])) T — 1) =v2-1.

Tr(e) Vi)~ Fr(ep
If and only if Cos( F(el)(y])4 il ‘)(y])> =1
If and only if Trep (yj) = Fp(ei)(y]-).

Tr(e) Vi)~ Fpre )W)
NSEM3. EMsyyss(F, E) = ﬁ oy, (\/ECOS( Fep) Vi)~ Frep Wi )n B 1)

4

= i 2 2 (\/7 cos (FFC(B") (yj);TFc(ei)(y’)>n - 1) = EMgynss(F, E)°.
NSEM4. Ve, €E,yeU , when (G,E) < (F,E) then TF(ei)(yj) < TG(ei)(y].); IF(el-)(Yj) <
Igep (J’j); Freep (yj) 2 Fgeep (yj) which implies T (y]-) — Freep (Yj) < Toep (y]-) — Feep (}’j) or

Tr(e) Vi)~ Fren@)) TN (B NG
ey (ﬁ ( g PP ) 1) S (ﬁ( et Fote) ) )n - 1)

4 4

and hence we get, EMgyyss(F,E) S EMgyyss(G, E).

In the next section, we present some applications of our suggested measures i.e., similarity, and

entropy measure.
4. Applications

In this section, we apply the suggested similarity measure to a decision-making problem.
4.1. Application to Suitable Location of Industrial Unit

In this subsection, we introduce a method for solving a decision-making problem based on the
proposed similarity measure. The concept of an ideal point has been utilized to identify the most
suitable alternative in decision-making processes. Although an ideal alternative may not exist in real-
world scenarios, it provides a valuable theoretical framework for evaluating alternatives. We define
the ideal alternative y*as the SVNS y*j = (T"I",F*) = (1,0,0) Vj. To utilize our proposed measure
for the selection of a suitable location of an industrial unit, following algorithm is suggested.
Algorithm 1.
Step 1. Identify the alternatives and parameters, and obtain the single-valued neutrosophic soft set
(F,E) as shown in the Table 1.

Table 1. Tabular representation of (F,E)

Alternative/Parameter—» e, e, e,

v
Y1 Fey(n1) Fie,y(v1) Feepy 1)
Y1 Fiey(2) Fie,y(v2) Feey(v2)
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Ym F(el) ) F(ez) m) e F(en) )

Where Fe,(y;) = (TF(ei)(J’i)' Trcep (1), FF(ei)(J’j))-
Step 2. Normalize the SVN soft set (F,E) into (F',E) using the following framework.

(TF(ei)(yf)'IF(ei)(yf)'FF(ei)(yf)) € EB
(FF(ei)(yj)' 1- IF(ei)(yj)’TF(ei)(yj)) e €C

Where B is the benefit parameter set and C is the cost parameter set.

Step 3. Compute the similarity measure SM(y]-, y*),j =1,2,3,..m by using Eq. (1).

Step 4. Evaluate the performance measure corresponding to the similarity value of the alternatives.
Step 5. Choose or select the suitable measure that offers a higher accuracy rate/performance measure.
Next, we consider the following numerical example to illustrate the procedure.

Example 4.1 Industrial site selection is a complex decision-making process that involves evaluating
multiple factors, including technical, economic, social, environmental, and political considerations,
highlighting the need for a robust tool and knowledge base to support data collection, analysis, and
site management. Let us suppose a company X wants to select a suitable location for setting up an
industry. Assume that there are four locations: location A, location B, location C, and location D. The
company selects six parameters to evaluate the four locations. Let U = {y; = location 4,y, =
location B, y; = location C,y, = location D} be the set of locations and E = {e;,e,, 3,4, 5,66}
is a set of parameter, where e; = raw material, e, = power, e; = labour, e, = Transport, e5 =
vulnerability to nature, es =investment climate. The decision data given by the expert is shown in
Table 2, decision scenario is visualized in Figure 1.

Now, we utilize the above algorithm 1 to select the suitable industry under single-valued

neutrosophic soft information.

Power

Labour i Raw Material

Locational Factors for
Industries

T

Vulnerability to Nature Transport

Investment Climate

Figure 1. Decision scenario for location of industrial unit

Implementation of Algorithm 1.
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Step 1. Select the alternatives and parameters, and obtain the single-valued neutrosophic soft set
(F,E) as shown in Table 2.
Table 2. Tabular representation of (F,E)

Altergative e; e, es ey es ee
A (0.6,02,03) (0.7,03,04) (0.4,03.0.6) (0.8,0203) (0.503,02) (0.2,03, 0.5)
B (04,0.1,02) (0.3,0.1,02) (0.2,02,04) (0.3,0.1,04) (0.20.1,03) (0.2,0.3, 0.5)
C (0.7,0.3,04) (0.8,02,05) (0.4,02,05) (08,0.1,02) (0.503,02) (0.3,0.2 0.5)
D (0.3,0.2,0.3) 0.2,0.2,0.3) (0.3,0.1,0.3) (0.3,0.2,0.3) (0.10.2,0.2) (0.3,0.2,0.5)

Step 2. As all the parameters are benefit parameters, so there is no need to normalize. Therefore, the
normalized SVNS (F',E) is similar to Table 2.

Step 3. Compute the similarity measure SM (y]-,y*), j=1,2,3,..m by using equation (1) and (6),
shown as follows:

SM(y1,y*) = 0.8604, SM(y,,y*) = 0.8479,SM(y5,y*) = 0.8729,SM(y,,y*) = 0.8437

Step 4. Evaluate the performance measure corresponding to the similarity values given above. Firstly,

we consider some existing measures which is given as below.

SM; = where

1+L(F,G)

n m
1
LGEE) = 2 ) D Teeo() = T G|+ Ireo() = loteo )|+ Feep () = Foteo )

i=1 j=1

Mukherjee and Sarkar [34]

2 { (T ONA Tecep 37)) + (o A loeep 37)) + (Frceo 1A Facep (3))}

SMZ =
D)y {(TF(EE) )V Tocep (y,-)) + (IF(ei)(yj)V lg ey (y,-)) + (FF(ei) (yf)VFG(ei)(yf))}
Mukherjee and Sarkar [35]
M. = i=1 275 {(TF(ei) () Tscen (yj)) + (IF(ei) )lscey (yj)) + (FF(ei) (i) Fsten (yj))}
s =
i=1 27121 {(TF(ei)z (y]')v Te(ep? (y]')) + (IF(ei)2 (yi)v laep? (}’j)) + (FF(Ei)2 (y]')VFG(ei)Z (y}))}
Sinha and Majumdar [46]
 om 2 2 2
i=1 2751 {\/(TFG(ei)(yj)) + (IFG(ei)(yf)) + (FFG(Ei)(yj)) }
SM4 =

max(|a(e)l, 18(e)])

Binu and Paul [33]
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Where  Trge) (%) = Treen(Vi)lacen (V) = Treep (V) Tacen (),

Iroep (V) = Trep V1) Focep (V1) = Freeo ) locep (1),
Fratep (1) = Freep(07)Tocep V) = Tecep V1) Facen (7)),

a(e;) = J (TF(ei) (yj))z + (IF(e,-> (yj))z + (FF(ea (yj))zr and
Ble) = \/(TG(ei)(yj))z + (IG(ei)(yf))z + (FG(ei)(yf))z‘

SMs = ﬁ e 2t max{|Treeny () = Taep (V)] Teen (V) = Tacep )| 1Frcep (7)) = Focep ()1}:

Sarkar and Ghosh [47]

The computed values of the existing and proposed measures are shown in Table 3 along with their

performance measure (given in definition 2.9 and definition 2.10).

Table 3. Similarity measure values along with performance measure

Measures A B C D PM1
SM, 0.8453 0.8328 0.8570 0.8283 2.882
SM, 0.333 0.33 0.3738 0.1659 0.8057
SM; 0.4444 0.743 0.4878 0.2176 0.9636
SM, 0.3833 0.562 0.3833 0.3166 0.8917
SMy 0.0205 0.55 0.0198 0.0307 0.3720

Proposed SM  0.8604 0.8479 0.8729 0.8437 3.1050

Step 5. From the performance measure of the proposed measures and existing measures shown in
Table 3, we conclude that our suggested measures have a high degree of accuracy while comparing

with the existing measures.
4.2. Dimensionality Reduction Technique for SVN Soft Matrix in Decision- Making

In the present subsection, we investigate two dimensionality-reduction techniques i.e., score-based
dimensionality reduction technique and entropy-based dimensionality-reduction technique. Firstly,
we present some relevant definition of object-oriented SVN soft matrix, parameter-oriented SVN soft
matrix, score matrix, and threshold value of SVN soft matrix. In the following, we present some
essential definitions to understand the techniques of data dimensionality reduction.

Definition 4.1 ([44]). Let E = {ej, ey €3, ..,€,} be parametrs and U = {y;,¥,,¥3, ..., ¥m} be the

universe of discourse, then for SVN soft set (F,E),

IEI ZIEI IEI

is known as oriented-object grade with respect to parameters.
Also,
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is known as oriented parameter grade with respect to objects. Where |[U| and |E| denotes the
cardinality of universal set and parameter set.
Definition 4.2. The threshold value of the SVN soft matrix using Entropy measure is computed as

follows.

1 O\ Tren (V) = Freen
Epy = ﬁ_lzz<ﬁcos( F( 1)(3’1) ; F( ,)(yj))n_l)

i=1j=1
here TH = (T, Loy, Fr) = |5 —2, 3, —d_ yr. . Fii
where = T itH, U'TH) — i'j|U><P|' i’j|U><P|' i'j|U><P| .

Definition 4.3.([48]) The threshold value of the SVN soft matrix from the matrix itself is computed as

follows.
WTH = [Sij] = [T” - IL]Fl] Vl,]

_ _ Tij Tij Fij
where TH = (Try, Iy, Fry) = [Zi,jluxpl,zi,jluxpl,Zi,j|UXP|]~

The two algorithms of dimensionality reduction are as follows.

Algorithm 2. (Score-based dimensionality reduction technique)

Step 1. We construct the SVN neutrosophic soft matrix.

Step 2. Using definition 4.1, compute the object-oriented matrix for the object 0; and the parameter-
oriented matrix E; for the parameters.

Step 3. Next, compute their score matrix using definition 4.3.

Step 4. Find the threshold element and threshold value of the neutrosophic soft matrix as presented
in definition 4.3.

Step 5. Remove those objects and parameters for which SM(0;) < SM(TH) and SM(E;) > SM(TH),
respectively.

Step 6. The new neutrosophic soft matrix is the desired dimensionality-reduced matrix.

Algorithm 3. (Entropy-based dimensionality reduction technique)

Step 1. Construct the SVN soft matrix.

Step 2. Compute the object-oriented and parameter-oriented SVN soft matrix by using definition
4.1.

Step 3. Evaluate the entropy measure of the object-oriented and parameter-oriented SVN soft matrix
by using definition 4.2

Step 4. Evaluate the threshold element THof the SVN soft matrix and compute its entropy measure
given in definition 4.2.

Step 5. Remove those objects for which EM(0;) > EM(TH) and those parameters for which
EM(E;) < EM(TH).

Step 6. The remaining SVN soft matrix is the desired dimensionality-reduced matrix and the object
corresponding to the lowest entropy value is the best one.

Fig. 2 presents the flowchart of the proposed dimensionality reduction technique.
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Now, we consider an illustrative example to present the applicability of the proposed measure in the
light of algorithm 2 and algorithm 3.

Example 4.2. Let Mr. Y wants to select the most suitable house from five number of houses
concerning five parameters. Our problem is to select the most suitable house i.e., the object which
dominates each of the house of the spectrum of the parameters. To solve this decision-making
problem, we consider a numerical example, which is adapted from the reference [23] and [25].
Suppose there are five houses H = {hy, hy, h3, hy, hs} and E ={e; = beautiful, e,= cheap, e; = in
good repairing, e, =moderate, es=wooden} be the set of parameters.

Firstly, we solve this problem with the help of existing score-based data reduction, to check the

consistency.

Implementation of Algorithm 2
Step 1. Consider the SVN soft matrix (SVNSM).

€ €z €3 €y €s

h, /(0.6,0.3,0.8) (0.5,0.2,0.6) (0.7,0.3,0.4) (0.8,0.5,0.6) (0.6,0.7,0.2)

h, [ (0.7,0.2,0.6) (0.6,0.3,0.7) (0.7,0.5,0.6) (0.6,0.8,0.3) (0.8,0.1,0.8)

hs;| (0.8,0.3,0.4) (0.8,0.5,0.1) (0.3,0.5,0.6) (0.7,0.2,0.1) (0.7,0.2,0.6)

h4\ (0.7,0.5,0.6) (0.6,0.8,0.7) (0.7,0.6,0.8) (0.8,0.3,0.6) (0.8,0.3,0.8)

hs \(0.8,0.6,0.7) (0.5,0.6,0.8) (0.8,0.7,0.6) (0.7,0.8,0.3) (0.7,0.2,0.6)
Step 2. Construct the object-oriented 0;and the parameter-oriented SVN soft matrix Ej; i,j =
1,2,3,4,5.

e e, e ey es 0;
h, / (0.6,0.3,0.8) (0.5,0.2,0.6)  (0.7,0.3,0.4) (0.8,0.5,0.6)  (0.6,0.7,0.2)  (0.64,0.4,0.56)
h, (0.7,0.2,0.6) (0.6,0.3,0.7) (0.7,0.5,0.6) (0.6,0.8,0.3) (0.8,0.1,0.8)  (0.68,0.38,0.6)
hy| (0.8,0.3,0.4) (0.8,0.5,0.1)  (0.3,0.5,0.6) (0.7,0.2,0.1)  (0.7,0.2,0.6) (0.66,0.34,0.36)
hy| (0.7,0.5,0.6) (0.6,0.8,0.7)  (0.7,0.6,0.8) (0.8,03,0.6)  (0.8,0.3,08)  (0.72,05,0.7) |

(0.8,0.6,0.7)

(0.5,0.6,0.8)

(0.8,0.7,0.6)

(0.7,0.8,0.3)

(0.7,0.2,0.6)

hs\ (0.7,0.58,0.6) /
Ej; \(0.72,0.38,0.62) (0.6,0.48,0.58) (0.64,0.52,0.6) (0.72,0.52,0.38) (0.72,0.3,0.6)

Now, evaluate the score matrix of parameter and object-oriented SVN soft matrix SM(E;) and
SM(0;), as given in Guleria and Bajaj [48].

€1 =) €3 €4 €s 0; SM(0;)
h1 (0.6,0.3,0.8) (0.5,0.2,06)  (0.7,0.3,0.4) (0.8,05,06)  (0.6,0.7,02) (0.64,0.4,056) (0.416)
hy ( (0.7,0.2,0.6) (0.6,0.3,07)  (0.7,0.5,0.6) (0.6,0.8,03)  (0.8,0.1,08) (0.68,0.38,0.6) (0.452)\|
hs (0.8,0.3,0.4) (0.8,05,01)  (0.3,0.5,0.6) (0.7,02,01)  (0.7,0.2,0.6) (0.66,0.34,0.36) (0.5376)
hy (0.7,0.5,0.6) (0.6,08,07)  (0.7,0.6,0.8) (08,03,06)  (08,03,08) (0.72,0507)  (0.37)
hs (0.8,0.6,0.7) (0.5,0.6,08)  (0.8,0.7,0.6) (0.7,0.8,03)  (0.7,02,06)  (0.7,0.58,0.6)  (0.352)
Ei | (0.72,038,0.62) (0.6,0.48,0.58) (0.64,0.52,0.6) (0.72,0.52,0.38) (0.72,0.3,0.6)
SM(E)) 0.4844 0.3216 0.328 0.5244 0.54

Step 3. Compute the threshold element of the SVN soft matrix and determine its threshold value by
using the score matrix. We have

TH = (0.68,0.432,0.556) and SM(TH) = 0.4398
Step 4. Using the values obtained in step 3, we remove those alternatives for which condition
SM(0;) < SM(TH) and those parameters for which condition SM(E;) > SM(TH) holds. Thus, the

desired matrix is given as:
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€ €3 0; SM(0,)

h, (0.6,0.3,0.7) (0.7,0.5,0.6) (0.68,0.38,0.6)  (0.452)
hs (0.8,0.5,0.1) (0.3,0.5,0.6) (0.66,0.34,0.36) (0.5376)
Ej (0.6,0.48,0.58) (0.64,0.52,0.6)
SM(E)) 0.3216 0.328
From the above matrix, it can be seen that the data size has been reduced by approximately 50%. It
can be concluded that the same decision partition stated in [23] and [25], that Mr. Y selected the house
hs.

1. Construct the SVN soft matrix

2. Find object-oriented SVN soft matrix O; and compute entropy measure
EM{O;) and the parameter-oriented SVN soft matrix £; and compute its
entropy measure EM(E)

3. Evaluate the threshold element TH of SVN soft matrix and compute EM(TH)

4. Remove those objects for which EM(0;) > EM(TH) and those parameters for
which EM(E;} = EM(TH)

5. The SVN soft matrix is the desired dimensionally reduced matrix

6. The object corresponding to the lowest entropy EM(O;) is the best one

Figure 2. Flowchart of algorithm 3 for dimensionality reduction technique for SVN soft environment

Implementation of Algorithm 2 (Entropy-based data reduction technique)

Step 1. Consider the SVN soft matrix (SVNSM).

Surender Singh and Sonam Sharma, Application of Information Theoretic Measures in Neutrosophic Soft Environment



Neutrosophic Sets and Systems, Vol. 96, 2026

90

€1

h, 7/(0.6,0.3,0.8)
hy [ (0.7,0.2,0.6)
hs| (0.8,0.3,0.4)
hs\ (0.7,0.5,0.6)
hs \(0.8,0.6,0.7)

€z

(0.5,0.2,0.6)
(0.6,0.3,0.7)
(0.8,0.5,0.1)
(0.6,0.8,0.7)
(0.5,0.6,0.8)

€3

(0.7,0.3,0.4)
(0.7,0.5,0.6)
(0.3,0.5,0.6)
(0.7,0.6,0.8)
(0.8,0.7,0.6)

€4

(0.8,0.5,0.6)
(0.6,0.8,0.3)
(0.7,0.2,0.1)
(0.8,0.3,0.6)
(0.7,0.8,0.3)

€s

(0.6,0.7,0.2)
(0.8,0.1,0.8)
(0.7,0.2,0.6)
(0.8,0.3,0.8)
(0.7,0.2,0.6)

Step 2. Construct the object-oriented 0;and the parameter-oriented SVN soft matrix Ej; i,j =
1,2,3,4,5.
e, e, es €y es 0;
h, / (0.6,0.3,0.8) (05,0.2,0.6)  (0.7,0.3,0.4) (0.8,0.5,0.6)  (0.6,0.7,0.2)  (0.64,0.4,0.56)
h, (0.7,0.2,0.6) (0.6,0.3,0.7) (0.7,0.5,0.6) (0.6,0.8,0.3) (0.8,0.1,0.8)  (0.68,0.38,0.6)
hs (0.8,0.3,0.4) (0.8,0.5,0.1) (0.3,0.5,0.6) (0.7,0.2,0.1) (0.7,0.2,0.6)  (0.66,0.34,0.36)
hy| (0.7,0.5,0.6) (0.6,0.8,0.7)  (0.7,0.6,0.8) (0.8,0.3,0.6)  (0.8,0.3,0.8)  (0.72,0.5,0.7)
hs| (0.8,0.6,0.7) (0.5,0.6,0.8)  (0.8,0.7,0.6) (0.7,0.8,03)  (0.7,0.2,0.6)  (0.7,0.58,0.6)

7 \(0.72,0.38,0.62) (0.6,0.48,0.58) (0.64,0.52,0.6) (0.72,0.52,0.38) (0.72,0.3,0.6)

Now, evaluate the entropy measure of parameter and object-oriented SVN soft matrix EM(E;)and

EM(0;) by using Definition 4.2 which is given below.

e; e, e3 ey es 0; EM(0;)

Ry (0.6,0.3,0.8) (0.5,02,0.6)  (0.7,0.3,0.4) (08,05,0.6)  (0.6,07,0.2) (0.64,0.4,056) (0.2583)
R, (0.7,0.2,0.6) (0.6,03,0.7)  (0.7,0.5,0.6) (06,08,03)  (0.801,08) (0.6803806) (0.2583)
hy (0.8,0.3,0.4) (0.8,05,0.1)  (0.3,0.5,0.6) (07,02,01)  (0.7,02,0.6) (0.66,0.34,0.36) (0.1472)
hy (0.7,0.5,0.6) (0.6,0.8,0.7)  (0.7,0.6,0.8) (08,0.3,0.6)  (0.803,08) (0.72,050.7) (0.2664)
hs (0.8,0.6,0.7) (0.5,0.6,0.8)  (0.8,0.7,0.6) (07,08,03)  (0.7,02,06) (0.7,0.580.6) (0.2535)
Ei 1(0.72,0.38,0.62) (0.6,0.48,0.58) (0.64,0.52,0.6) (0.72,0.52,0.38) (0.72,0.3,0.6)

EM(E)) 0.2535 0.2664 0.2648 0.1134 0.2476

Step 3. Compute the threshold element of the SVN soft matrix and determine its threshold value

using Definition 4.2, we have
TH = (0.68,0.432,0.556) and EM(TH) = 0.2463

Step 4. Next, by using the values obtained in step 3, we remove those alternatives for which condition
EM(0;) > EM(TH) and those parameters for which condition EM (E]) < EM(TH) holds. Thus, the

desired matrix is as follows.

31 €; €3 és 0; EM(0;)
hs (0.8,0.3,0.4) (0.8,0.5,0.1) (0.3,0.5,0.6)  (0.7,0.2,0.6) (0.66,0.34,0.36) (0.0272)
E; 1(0.72,0.38,0.62) (0.6,0.48,0.58) (0.64,0.52,0.6) (0.72,0.3,0.6)
EM(E)) 0.2535 0.2664 0.2648 0.2476

From the above matrix, it can be seen that the data size has been reduced by approximately 50%. Mr.

Y selected house hs;. So, our proposed measure is consistent with the existing method.
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5. Comparative Study

To show the effectiveness of our proposed measure over the existing measures, we consider the
following illustrative example.

Example 5.1. [23]. Consider U = {y,,y,} be the universe of discourse where y, = severe, y, =
mild. Here the set of parameters E = {ej, e, e3,€4, €5} is a set of certain visible symptoms, where
e; =headache, e, = fatigue,e; = nausea and vomiting, e, = skin changes, e; = weakness. In this
example, our proposed method is applied to determine whether an ill person having some visible
symptoms is suffering from cancer or not suffering from cancer. To illustrate and compare our
proposed measures, we consider some existing measures which are given in section 4. The results
obtained from the evaluation of proposed measures and existing measures are given in Table 4.

Table 4. Similarity measure between the proposed and existing measures

Measures (F, G) (G, H) PM2
SM, 0.69 0.31 2.139
SM, 0.75 0.33 2.242
SM; 0.335 0.743 2.248
SM, 0.624 0.562 2.909

SM; 0.09 0.55 1.64
Proposed SM 0.95 0.76 5.116

Now, we consider another example to show the effectiveness of the proposed measure.

Example 5.2. Let (F,E),(G,E), and (H,E) be three SVNSSs, whose SVN soft matrices are given as
below.
(0.6,0.2,0.1) (0.4,0.5,0.2) (0.8,0.1,0.2)

(F,E)=| (05,03,0) (0.7,0.1,02) (0.6,0.3,0.2) |,
(0.8,02,0.1)  (0.6,0,0)  (0.9,0,0.1)

(0.5,030.2) (0.7,0,0.2) (0.6,0.3,0.1)
(G,E)=|(06,0201) (04,001) (0.50.1,02) | and
(0.9,0,0.1) (0.5,0.1,0.2) (0.8,0,0.2)

(0.4,0.4,0.2) (0.6,0.2,0.1) (0.5,0.1,0.2)
(H,E) = (0.3,02,0.1) (0.7,0.1,0.2) (0.5,0.4,0.1) |.
(0.2,0,02)  (0.5,0,0.1) (0.1,0.8,0)

Now, compute the similarity measure SM((F,E), (H,E)), SM((F,E),(G,E)) and SM((G,E),(H,E))
which is shown as

Table 5. Similarity values between SVNSSs due to proposed and existing measures

Measures (F,H) (G,H) (F, ) PM3
SM, 0.6476 0.6476 0.6211 2.0150
SM, 0.5749 0.6176 0.5489 1.7588
SM; 0.7295 0.6564 0.8510 2.4793
SM, 0.5989 0.5710 0.5885 1.788
SM; 0.2883 0.5824 0.21 1.222

Surender Singh and Sonam Sharma, Application of Information Theoretic Measures in Neutrosophic Soft Environment



Neutrosophic Sets and Systems, Vol. 96, 2026 92

Proposed SM 0.9428 0.9335 0.9428 9.0268

Now, we represent the graphical representation of the performance measures given in Table 3, Table
4, and Table 5 of the existing and proposed measures. From Fig 3., it can be concluded that the

proposed similarity measure boasts a significantly higher accuracy rate than existing measures.

Performance Measure

20
9.0268
15 g
° " @16
2.015 .
5 2.139 — 2.479 1.788 . -
P — 2.247 2.248 2:509 05
0 0.8057 ~0.9636 M V
SM1 SM2 SM3 SM4 SM5 Proposed SM

Figure 3. Graphical representation of performance measure of proposed measure and existing measure.

6. Conclusion

This article introduced some information theoretic measures in the SVNS framework. Our approach
is grounded in the conviction that entropy, and similarity measures as indispensable tools to
investigate the uncertain information with soft representation. Based on the score matrix and entropy
measure, a new technique of dimensionality reduction has been investigated in the SVNS soft
environment. By using two techniques of data reduction, we observed that data size has been
substantially reduced to 50% and despite reduction techniques, the data still supports the same
decision partition suggested in Maji ([23] [25]). Furthermore, the effectiveness of the proposed
measures has been buttressed by illustrative examples. The evaluation of performance measure
elucidated the higher accuracy of the proposed measures. The present study deals with applications
of proposed methods using artificial dataset. In future, the relevant real-data can be explored to

investigate more interdisciplinary applications.

Acknowledgements Authors are highly thankful to the anonymous reviewers for the
constructive suggestions to bring the paper in the present form.
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Abstract

This paper introduces a novel family of hybrid neutrosophic esti-
mators for estimating the population mean when dealing with inde-
terminate data. Building upon neutrosophic statistics, we propose
two innovative estimators that synergistically combine ratio-product
and exponential components to enhance estimation accuracy. The
proposed estimators integrate the strengths of existing neutrosophic
ratio, product, and exponential estimators while incorporating op-
timization parameters. We derive the theoretical properties of the
proposed estimators, including bias and mean squared error (MSE),
and obtain optimal expressions for the parameters. Through an ex-
tensive empirical study using real neutrosophic data from medical
sales and networking, we demonstrate the superior performance of
our proposed estimators compared to existing alternatives. The re-
sults show significant improvements in relative efficiency compared
to the conventional mean estimator, particularly when dealing with
highly correlated neutrosophic variables. Additionally, we conduct
a comprehensive comparison with classical statistical methods, re-
vealing that our neutrosophic approach provides more accurate and
robust estimates than classical methods. This research contributes

to the advancement of neutrosophic statistics by providing more
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reliable tools for population mean estimation in uncertain environ-

ments.

Keywords: Neutrosophic statistics, Hybrid estimators, Population
mean, Ratio-product estimation, Exponential estimation, Classical statis-

tics comparison

1 Introduction and Literature Review

Neutrosophic statistics has emerged as a powerful extension of classical
statistics for handling indeterminate and uncertain data (23; 27). In the
realm of sample surveys, traditional estimators often fail to account for the
inherent vagueness present in real-world measurements (36; 26). The neu-
trosophic framework provides a mathematical foundation for dealing with
such uncertainties by incorporating the concept of indeterminacy explicitly
into statistical analysis (24; 25).

Recent work by (29) and (33) has demonstrated the effectiveness of
neutrosophic ratio and product-type estimators in survey sampling. Build-
ing upon these developments, we propose a new class of hybrid estimators
that combine the strengths of ratio-product and exponential estimation
approaches (3; 32; 38; 39). Our estimators incorporate optimization pa-
rameters that allow for flexibility in adapting to different data characteris-
tics, particularly when dealing with highly correlated neutrosophic variables
(7; 12). (40) study presents an advanced neutrosophic class of estimators,
incorporating Searls’ technique (an optimization tool) as well as a version
without it, for mean estimation using auxiliary information under neutro-
sophic simple random sampling (NeSRS).”

The remainder of this paper is organized as follows: Section 2
reviews existing neutrosophic estimators and establishes the theoretical
framework. Section 3 presents our proposed hybrid estimators and de-
rives their statistical properties. Section 4 describes the empirical study
using real neutrosophic data, and Section 5 presents the results and dis-

cussion. Section 6 provides a comprehensive comparison with classical sta-
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tistical methods. Finally, Section 7 concludes with implications and future
research directions.

Despite significant advancements in neutrosophic statistics (28), sev-
eral research gaps remain in the domain of population mean estimation.
Existing neutrosophic estimators often focus on either ratio or product
approaches separately (29), or combine them in simple linear forms (16).
However, these approaches fail to fully exploit the potential synergies be-
tween different estimation techniques, particularly when dealing with com-
plex indeterminate data structures (20).

The motivation for this study stems from three key observations.
First, as noted by (17), most existing neutrosophic estimators do not in-
corporate optimization parameters that could adapt to varying degrees of
correlation between study and auxiliary variables. Second, recent work by
(18) has highlighted the need for more sophisticated hybrid estimators that
can combine multiple estimation approaches while maintaining theoretical
rigor. Third, empirical studies by (19) demonstrate that current estima-
tors often underperform when dealing with highly correlated neutrosophic
variables in practical applications.

Our research addresses these gaps by developing a new family of
hybrid estimators that: (1) combine ratio-product and exponential compo-
nents in a novel formulation, (2) incorporate multiple optimization param-
eters for enhanced flexibility, and (3) demonstrate superior performance
across different correlation structures and sample sizes. This work builds
upon the theoretical foundations laid by (27) while addressing practical

challenges identified in recent applications (21).

2 Notations and Terminologies

The neutrosophic number’s potential range could extend over an unfamil-
iar interval [a, b], yet there exist various methods to express neutrosophic
observations. Here, we present neutrosophic values as Zy = Z; + Zyly,

where Iy € [I1,Iy], Z; and Zy are lower and upper values of neutro-
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sophic observations. Thus, the neutrosophic values are in the interval form
Zn € |a,b] where a and b are the lower and upper values of the Zy (26).

Consider a neutrosophic random sample of size ny drawn from a
finite population comprising Ny units. Let ;5 be the i-th sample obser-
vation of our neutrosophic study variable, and z;y be the corresponding
auxiliary variable (30).

The following notations are used throughout the paper:

yn and Ty: Sample means

Yn and Xy: Population means

Cyn and C,n: Neutrosophic coefficients of variation

pzyn: Neutrosophic correlation between Yy and Xy

Ba(zyn: Neutrosophic coefficient of kurtosis

eyn and e;y: Neutrosophic mean errors

The error terms are defined as:

éyN = (gN - YN)

€N = (Ty — XN)

with expected values:
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where:

g
2 _ YxN
OzN - XQ
N
2
02 _ UyN
yN Y2
N
OzyN
PayN =
OxNOyN
g _ 1= Ix
N =
ny
frn =2
N — 77
Ny

3 Existing Neutrosophic Estimators

The following existing neutrosophic estimators provide the foundation for

our proposed methods (40):

3.1 Neutrosophic Mean Estimator

L
v = ; Yin (1)

with MSE
MSE(gn) = OnYiCyy (2)

3.2 Neutrosophic Ratio Estimator

UrN = Zg—NXN (3)
TN
with Bias and MSE
Bias(gj,.N) = QNYN [ng:N - CxNCprxyN] (4)
MSE(yrn) = OnY3[Con + Con — 2ConCyn payn] (5)

3.3 Neutrosophic Product Estimator
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with Bias and MSE

Bias (gpN) - QNC:UNYNCprxyN (7)
MSE(@pN) - QNY]\zl {CjN + C:?N + QP:ByNC:BNCyN] (8)

3.4 Neutrosophic Exponential Ratio Estimator

_ _ (XN — ZUN)
rN =YNCXp | =———
YBrrN = YN €XP Xn+In

with Bias and MSE

L — |3 1
Bias(yprrn) = OnYN {gC;?N — §CxNCpra:yN:| (10)
_ 1
MSE(:&BTT‘N) = QNY]\2/ |:C§N + ZOﬁN - pa:yNCa:NOyN:| (11)

3.5 Neutrosophic Exponential Product Estimator

_ _ Iy — Xy
= _— 12
YBTpN = YN €XP (J_CN I XN) (12)
with Bias and MSE
_ [—1 weyNCanC,
Bz’as(@BTpN) = QNYN |:?C§N + py]v#] (13)
_ 1
MSE(yprpn) = OnYy {CZN + Zcizv + nyNCxNCyN} (14)
3.6 Neutrosophic Ratio-Product Estimator
_ _ XN TN
N = SNY) 41— N 15
g = v [ (52) + (1= a0 (2] (15)
with optimal a; and minimum MSE (40):
1 PryNCyn
= _ (14 =¥ TYN 1
a1 B < + CxN ) ( 6)
MSE(:’]SETpN)min = QNY]%Cg?N(l - pg:yN) (17)
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3.7 Neutrosophic Ratio-Product Exponential Estima-

tor

_ _ Xy —Tn Iy — Xy
rpeN = Qg €X — | + (1 —an)ex _— 18
e = v |azexp (520 ) 4 (1 a) p(xN+XN>] (1s)

with optimal ay and minimum MSE (40):
1 C,n

=+ PN = 19
MSE(gSrpeN)mm = GNYNCg?N(l - pin) (20)

3.8 combining the ratio and product estimator

(40) have developed the following neutrosophic estimator by combining the

ratio and product estimator, given below:

T (X—jj) ra-an (2] (21)

with bias and MSE expressions given by:

Bias(ijer) = (/{71 — 1)YN + 6]\/16117]\/ [(1 — 2a5)pxyNCyNCxN + OJ5C§N}
(22)
MSE(yr,rn) = (k1 — 1)°Y3 + 0nkTYR [Con + (1 — 2a5)*Chy 4 2(1 — 2a5) paynCynCan |
+ 29Nk1<k1 — 1) [0550 N + (1 — 2055>C:pNCprxyN]
(23)

The optimal values of k; and a5 are complex and obtained by minimizing

the MSE. We use the expressions from (40) in our empirical study.

3.9 Neutrosophic ratio cum product exponential es-

timator

(40) have also propounded a neutrosophic ratio cum product exponential

estimator, as given below:

N = K oasexp| =——— | + (1 —ag)exp | ———=— 24
YRorN 2yN|:6 p(XN—l-:CN ( 6) eXp Tn + X (24)
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with bias and MSE expressions given by:

L — 1 o 1
Bias(Ypryrn) = Y |:(k2 — 1) + kofn ((5 - 046) PayNCynCan + (76 — g) ng\/)]

(25)

_ . 1 ? 1
MSE(QRQTN) = (kQ - 1)2Y]\2/ + HngyA% CzN + <§ - a6) C(:%N +2 (5 - a6> pxyNCyNCxN

_ Q. 1 1
-+ 29]\[/{72(/{72 — 1)Y]37 |:(76 — g) Cg%N + (5 — 066) CyNCprmyN:|

(26)

The optimal values of ks and ag are complex and obtained by minimizing

the MSE. We use the expressions from (40) in our empirical study.

4 Proposed Hybrid Neutrosophic Estimators

Building upon the existing estimators, Motivated by (40)we propose two
novel hybrid neutrosophic estimators that combine ratio-product and ex-

ponential components for enhanced estimation accuracy.

4.1 Simplified Hybrid Estimator (Type I)

a5 4 (1= ag)f(—N} exp [51 {MH (27)

tsimple
Iy N XN+ Iy

MAK1 — YN

4.2 Simplified Hybrid Estimator (Type II)

; _ Xy —Tn Ty — Xn Xy —In
tszmple _ =N TN L _—:| o {_—}:|
MAK?2 yN[4XN+xN ( 4)XN+50N p | B2 Xn+ I

(28)
4.2.1 Bias and MSE of tjﬂ’}lé
Bias(tf&’%l{el) = QNYN [(1 — 2&3 — 51)pzyNCyNCa:N (29)
3 1
+(as + g@f - 551)03N (30)
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MSE(tyh) = OnYR [Coy + (1 — 205 — £1)°C2y (31)

+2(]- - 20{3 - 51)pmyNCyNCmN} (32)

P stmple
4.2.2 Optimal Values for ¢},5

1 Pz NO N 51
opt Y Y
6] =—11 + =
3 2 < Can ) 2 (33)
202ynCyn
opt Ty Y
! 3CxN ( )

4.2.3 Bias and MSE of 5"l

. simple ¥ 1
Bws(tMAl}lQ) = OnYy {(5 — ay — 39)peynCynCan (35)
a3 1 fhy o
simple \ 1
MSBIGI) =073 |G+ (G- o= BPCh (3)
1
+2(§ — Oy — BQ)pmyNCyNCxN:| (38)

. imple
4.2.4 Optimal Values for t},15

1 PaynCyn
opt Y Y
= - — —_ 39
Qy 5 B2 + Con (39)
4p.ynCyn
opt _ Y y 40
2 3C, N (40)

4.3 Hybrid Ratio-Product Exponential Estimator (Type
I)

_ XN TN XN — TN
¢ - K N L1 — )N ON N 41
MAK1 1YN |5 . + ( QS)XN] exp {53 {XN . H (41)
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4.4 Hybrid Ratio-Product Exponential Estimator (Type
IT)

XNy—1T Ty — X Xy —7
trmare = Koy aGM +(1— 066)1‘1\/—1\/] exp {54 {N—MH

XN+ Zn XN+ Ty XN—i-i‘N
(42)

4.5 Statistical Properties

To derive the bias and MSE of the proposed estimators, we use the following

error terms:

eyn = (Jv — Yn); v = (Tn — Xn) (43)
B(ey) = B(eay) =0 ()
E(éZN) = HNY]%IOEN; E(@?:N) = QNX?VCEN (45)

E(e,nen) = ONYNXNCynConpayn (46)

4.5.1 Bias and MSE of ty;451

Bias(tMAKl) = (Kl — 1))7]\/ + KleNYN {(1 - 20(5 - ﬁ?))pmyNCyNCa:N (47)

+(as + %532, - %53)031\/ (48)

MSE(tyax1) = (K1 — 1)°Yg + K70NYR [Coy + (1 — 205 — 35)°Cly

(49)
+2(1 = 2a5 — B3) paynCyn Can| (50)
+ 2K, (K, — D)OxY2 | (a5 + gﬁg — %ﬂg)ciN (51)
+(1 = 2a5 — B3) poynCynCan] (52)
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4.5.2 Optimal Values for ¢y, 451

1 P NC N ﬁ?)
opt Y Y
Q =—11 e I ) 2 5
2p NC N
opt Ty Y
_ 54

1
opt
ot _
L+ 0y [C20(1— p2,3) + 502, 5 C2y]

4.5.3 Bias and MSE of ¢3;4x9

) — _ 1
Bias(tayraxe) = (Ka — 1)Yn + KofnYy [(5 — ag — B4) peynCynCoun  (56)

O+ 30— g - Hick] (57

_ _ 1
MSE(tyaxs) = (Ko — 1)2Y3 + K305Ya {CjN + (5 —ag — B4)*C2y

(58)
1
+2(§ — Qg — 54)pxyNCyNCxN:| (59)
_ o 3 1
F 2R~ 1ONTR (4 302 - 5~ Sk (o0
1
+(§ — o — B4)p:tyNCyNCzN:| (61)
4.5.4 Optimal Values for ;459
1 PeyNCyn
opt _ - _ Ty Yy 2
a6 2 54 + CxN (6 )
4prynCyn
opt Ty Yy
_ 63
Y 1
ort (64)

T 140y [C2 (1 p2,0) + 2028 C2]

5 Empirical Study

To evaluate the performance of our proposed estimators, we conduct both

real data analysis and Monte Carlo simulations.
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5.1 Real Data Application

We use neutrosophic data concerning networking and sales of medical rep-
resentatives. The study variable (Yy) is the ”Percentage of sales after the
pandemic,” and the auxiliary variable (Xy) is the ”Percentage of network-
ing before the pandemic.” The neutrosophic parameters for the data are as
follows. The population size is Ny = [30,30], with sample sizes of ny =
[10,10] and [15,15]. The means are Xy = [34.16,34.45] for the auxiliary
variable and Yy = [34.80, 35.04] for the study variable. The standard devi-
ations are S,y = [15.08,15.09] for Xy and S,y = [12.32,12.32] for Y. The
coefficients of variation are Cyn = [0.441,0.438] and C,y = [0.354,0.351],
showing relatively consistent variability. The correlation coefficient be-
tween the variables is p,,ny = [0.861,0.862], indicating a strong positive re-
lationship. The kurtosis of the auxiliary variable is fa)n = [1.793,1.793],
suggesting a platykurtic distribution.

5.2 Monte Carlo Simulation

We conduct a Monte Carlo simulation with neutrosophic random variables
following a neutrosophic normal distribution. The data is generated from
a 4-variable multivariate normal distribution. We consider two scenarios
for the correlation coefficient: p,,n = [0.70,0.70] and py.n = [0.90,0.90].
The simulation parameters include a population size of Ny = [150, 150]
and sample sizes of ny = [42,42] and [72, 72].

For the scenario with p,.n = [0.70,0.70], the means are Xy =
[45.42,65.69] for the auxiliary variable and Yy = [45.29, 64.86] for the study
variable. The standard deviations in this case are S,y = [11.33,13.58] and
Syn = [10.54, 12.56].

For the scenario with p,.n = [0.90,0.90], the means are Xy =
[46.08, 65.3] for the auxiliary variable and Yy = [46.29, 64.65] for the study
variable. The standard deviations in this case are S,y = [11.22,13.59] and
Syn = [11.48,13.59]. These parameters allow us to examine the perfor-

mance of our estimators under different correlation strengths while main-
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taining other distributional characteristics.

5.3 Efficiency Comparison

We compare the proposed estimators with existing ones using Relative
Efficiency (RE):
MSE(©)

RE(®,0) = Jrora) (65)

6 Results and Discussion

The RE values for the proposed and existing estimators are presented in

Tables 1-4.

Table 1: Relative Efficiencies of Estimators for Real Data (ny = [10, 10])

Estimator RE

Un [1.000, 1.000]
e [2.454, 2.468]
Ypn 0.213, 0.213]
JBTrN 3.173, 3.183]
YBTON 0.406, 0.406]
YsErpN [3.865, 3.887]
UsrpeN 3.865, 3.887]
TRorN 4.032, 4.054]
URyrN 3.891, 3.913]
(simle [4.112, 4.134]
o 4.095, 4.117]
tArAKL [4.215, 4.237]
tar Ak [4.198, 4.220]

The results demonstrate that:

e The proposed hybrid estimators ty;4x1 and tyraxe with their opti-
mal parameter values outperform all existing estimators in terms of

relative efficiency across all scenarios.

) . . impl impl .
e The simplified estimators 345 and ¢34, show competitive per-

formance, achieving RE values of [4.112, 4.134] and [4.095, 4.117]
respectively for ny = [10, 10], which is higher than Searls-type esti-

mators but slightly lower than the full versions.
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Table 2: Relative Efficiencies of Estimators for Real Data (ny = [15, 15])

Estimator RE

U [1.000, 1.000]
Yo 2.454, 2.468]
Yo 0.213, 0.213]
UBTrN 3.173, 3.183]
UBTpN [0.406, 0.406]
JsErpN [3.865, 3.887]
UsrpeN [3.865, 3.887]
UrirN [3.947, 3.969]
URorN [3.878, 3.900]
goimple 4.025, 4.047)
¢simle 4.012, 4.034]
tarAK1 [4.102, 4.124]
tarak? [4.088, 4.110]

Table 3: Performance of 57 with varying £, values (ny = [10,10])

By Value a! Bias MSE RE

0 [0.930, 0.932] [0.012, 0.012] [0.085, 0.084] [3.912, 3.934]
1 (0.430, 0.432] [0.045, 0.045] [0.102, 0.101]  [3.265, 3.285]
-1 [1.430, 1.432] [0.032, 0.032] [0.118, 0.117] [2.823, 2.841]
Optimal  [0.797, 0.799]  [0.008, 0.008] [0.079, 0.078] [4.215, 4.237]

e The Searls-type estimators yr,,n and yg,,n show significant improve-
ment over traditional estimators but are surpassed by both our full

and simplified hybrid estimators.

e The improvement is particularly significant for highly correlated data
(pyzn = [0.90,0.90]), with RE values exceeding 6.0 for our proposed

full estimators.

e Both full and simplified estimators maintain their superiority across
different sample sizes and correlation structures, with the full versions

providing a 2-3% efficiency gain over simplified versions.

e The hybrid formulation with optimal parameters effectively combines

the benefits of ratio-product and exponential estimation approaches.

Anisha Taneja and Sachin Malik, A Novel Family of Hybrid Neutrosophic Estimators for Population Mean Estimation



Neutrosophic Sets and Systems, Vol. 96, 2026 111

imple

Table 4: Performance of 3,55 with varying £, values (ny = [15, 15])

B2 Value g Bias MSE RE

0 0.861, 0.862] [0.015, 0.015] [0.082, 0.081] [3.712, 3.734]
1 0.261, 0.262]  [0.052, 0.052] [0.104, 0.103] [2.925, 2.945]
1 [1.461, 1.462] [0.038, 0.038] [0.115, 0.114] [2.618, 2.636]
Optimal  [0.395, 0.396] [0.010, 0.010] [0.076, 0.075] [4.088, 4.110]

Table 5: Performance of ¢y, 451 (full version) with varying 3 values (ny =

[10,10])

B3 Value g K Bias MSE RE

0 [0.930, 0.932] [0.978, 0.978] [0.011, 0.011] [0.082, 0.081] [4.012, 4.034]
1 [0.430, 0.432] [0.962, 0.962] [0.043, 0.043] [0.099, 0.098] [3.365, 3.385]
-1 [1.430, 1.432] [0.987, 0.987] [0.031, 0.031] [0.115, 0.114] [2.923, 2.941]
Optimal  [0.797, 0.799] [0.975, 0.975] [0.007, 0.007] [0.077, 0.076] [4.215, 4.237]

7 Comparative Study with Classical Statis-
tics

To assess the advantages of our neutrosophic approach, we conducted a
comprehensive comparison with classical statistical estimators. The clas-
sical counterparts of our proposed estimators were implemented using the
same data but without considering the indeterminacy intervals.

The comparison reveals several important findings:

e The neutrosophic estimators consistently outperform their classical
counterparts in terms of relative efficiency, with gains ranging from

5-8% depending on the estimator.

e The advantage is most pronounced for our proposed hybrid estima-
tors, with RE improvements of approximately 7-8% over classical

methods.

e The simplified estimators 57 and ¢57%7 show 6-7% improvement

over classical methods, demonstrating that even without scaling con-

stants, the hybrid formulation provides substantial benefits.

e The Searls-type estimators yg,,n and yg,,n show moderate improve-

Anisha Taneja and Sachin Malik, A Novel Family of Hybrid Neutrosophic Estimators for Population Mean Estimation



Neutrosophic Sets and Systems, Vol. 96, 2026 112

Table 6: Performance of ¢y 4k (full version) with varying 54 values (ny =

[15,15])

B4 Value g’ K Bias MSE RE

0 (0.861, 0.862] [0.976, 0.976] [0.014, 0.014] [0.083, 0.082] [3.712, 3.734]
1 (0.261, 0.262] [0.958, 0.958] [0.051, 0.051] [0.105, 0.104] [2.925, 2.945]
-1 [1.461, 1.462] [0.987, 0.987] [0.037, 0.037] [0.116, 0.115] [2.618, 2.636]
Optimal  [0.395, 0.396] [0.969, 0.969] [0.009, 0.009] [0.077, 0.076] [4.088, 4.110]

Table 7: Comparison of Neutrosophic and Classical Estimators (ny =
[10, 10])

Estimator Neutrosophic RE Classical RE

In [1.000, 1.000] 1.000
TN [2.454, 2.468) 2.461
UBTrN [3.173, 3.183] 3.178
UBTpN [3.865, 3.887] 3.876
YrarN 4.032, 4.054] 3.815
URarN [3.891, 3.913) 3.762
e [4.112, 4.134] 3.842
toe 4.095, 4.117) 3.828
tarar [4.215, 4.237] 3.921
tararc [4.198, 4.220] 3.905

ment over classical methods but are less efficient than both our full

and simplified hybrid estimators.

e The classical estimators fail to capture the uncertainty present in the

data, leading to less robust estimates.

e The neutrosophic framework provides more accurate interval esti-
mates that better reflect the inherent variability in real-world data,
particularly for the simplified estimators which offer a good balance

between complexity and performance.

8 Conclusion

This research has introduced a novel family of hybrid neutrosophic estima-
tors for population mean estimation that effectively combine ratio-product
and exponential components with optimal parameter values. Through rig-

orous theoretical development and extensive empirical validation, we have
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demonstrated that our proposed estimators ty;ax1 and ¢y 452 outperform
existing neutrosophic estimators across various scenarios. The key contri-
butions of this work include the development of mathematically rigorous
hybrid estimators that combine the strengths of ratio-product and expo-
nential approaches, the derivation of optimal parameter values that min-
imize mean square error, comprehensive empirical validation using both
real-world data and Monte Carlo simulations, and the demonstration of
superior performance compared to both neutrosophic and classical statis-
tical methods.

Our comparative analysis with classical statistics revealed significant
advantages of the neutrosophic approach, particularly in handling indeter-
minate data and providing more robust interval estimates. The proposed
estimators showed consistent improvements in relative efficiency, with gains
of 7-8% over classical methods in our real data application. The simplified
versions of our estimators also demonstrated substantial improvements (6-
7%) while maintaining computational simplicity, making them attractive
options for practical applications where computational resources may be
limited.

Future research directions could explore the extension of the pro-
posed framework to multivariate estimation problems, development of simi-
lar hybrid estimators for other population parameters, application to com-
plex sampling designs beyond simple random sampling, and integration
with machine learning techniques for big data applications. Additionally,
further investigation into the performance of these estimators under differ-
ent types of indeterminacy structures would be valuable.

The practical implications of this research are substantial, particu-
larly in fields like medical research, economics, and social sciences where
indeterminate data is common. Our estimators provide survey practition-
ers with more accurate tools for population mean estimation while properly
accounting for measurement uncertainty, offering significant improvements
over traditional approaches in both theoretical robustness and practical

applicability.
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Abstract

The Neutrosophic Set provides a flexible mathematical framework for addressing uncertainty through three
distinct membership functions: truth, indeterminacy, and falsity. Extensions such as the Hyperneutrosophic
Set and the SuperHyperneutrosophic Set have recently been introduced to address increasingly complex
and multidimensional problems. Detailed formal definitions of these concepts can be found in [I]. A
Neutrosophic Crisp Set partitions a universe into three subsets, explicitly representing truth, indeterminacy,
and falsity memberships. In this paper, we explore the properties of the HyperNeutrosophic Crisp Set and the
SuperHyperNeutrosophic Crisp Set. These structures merge the ideas of Neutrosophic Crisp Sets with those
of Hyperneutrosophic and SuperHyperneutrosophic Sets. We anticipate that this integrated framework will
contribute to the advancement of research in areas such as Uncertain Sets and Uncertain Topology.

Keywords: Set Theory, SuperhyperNeutrosophic set, Neutrosophic Set, HyperNeutrosophic set, Neutrosophic
Crisp Set

1 Introduction

Handling uncertainty is a key challenge in mathematics, computer science, and decision-making. Over the years,
researchers have developed many set-based models to represent and process uncertain information. The concept
of fuzzy sets, first introduced by Zadeh [2] and later expanded in practical applications by Zimmermann [3],
laid the foundation for this area. These sets allow each element to have a degree of membership between 0 and
1, enabling a gradual representation of truth rather than a strict binary approach.

Building on fuzzy sets, Atanassov introduced intuitionistic fuzzy sets, which include both membership and
non-membership degrees [4]]. Further extensions such as vague sets [5]] and hyperfuzzy sets 6] were developed
to address more complex situations. Other generalizations include picture fuzzy sets, hesitant fuzzy sets, and
spherical fuzzy sets, each designed to tackle specific types of uncertainty in real-world problems.

A major step forward was taken with the introduction of neutrosophic sets by Smarandache [[7]], which explicitly
incorporate an indeterminacy component alongside truth and falsity. This richer structure allows a more nuanced
description of uncertain phenomena. Recently, Fujita proposed the HyperNeutrosophic Set and its superhyper
generalizations to capture multi-level and high-dimensional uncertainty [|1,8[9]. These frameworks have been
applied to various fields, including data analysis, decision science, and algebraic modeling.

Within this context, neutrosophic crisp sets provide a way to represent truth, indeterminacy, and falsity
explicitly as disjoint or overlapping subsets of a universe. Extending this idea, HyperNeutrosophic Crisp
Sets and SuperHyperNeutrosophic Crisp Sets combine the crisp nature of these subsets with the multi-valued
structure of hyperneutrosophic models. This integration allows for the representation of multiple possible crisp
assignments at different hierarchical levels, making the model suitable for complex systems where uncertainty
exists at multiple layers.

The aim of this paper is to study the properties and algebraic structures of HyperNeutrosophic Crisp Sets and
n-SuperHyperNeutrosophic Crisp Sets. We present formal definitions, illustrative examples, and theoretical
results that establish their foundational behavior. By bridging the gap between neutrosophic crisp models and
higher-order hyperneutrosophic structures, our work contributes to the ongoing development of uncertainty
theory and its mathematical foundations.
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2 Preliminaries

This section gathers the key notions and notation that form the foundation of our study. Throughout, we restrict
our attention to finite sets.

2.1 Neutrosophic, HyperNeutrosophic, and n-SuperHyperNeutrosophic Sets

A variety of set-theoretic paradigms have been introduced to capture uncertainty, imprecision, and vagueness
in decision-making [8}{9]. The classical theory of Fuzzy Sets, initiated by Zadeh, remains a cornerstone [2}3].
Building on this, Atanassov’s Intuitionistic Fuzzy Sets incorporate both membership and non-membership
degrees [4,|10], while Vague Sets provide an alternative dual-measure approach [5,|11}|12]]. Further general-
izations include Hyperfuzzy Sets, which extend the fuzzification process to higher-order structures [6}/13H16].
Other notable extensions of fuzzy sets include Picture Fuzzy Sets [17,/18], Hesitant Fuzzy Sets [[19-21]], and
Spherical Fuzzy Sets [22(-24]], which have been applied extensively in decision science and related fields.

Neutrosophic Sets, proposed by Smarandache, introduce an explicit indeterminacy component alongside truth
and falsity, yielding a richer framework for nuanced reasoning [7,/25,26]]. To model even more elaborate forms
of uncertainty, researchers have defined HyperNeutrosophic Sets and their n-fold superhyper variants, which
are well-suited to high-dimensional or deeply nested problem domains [1,27530]. Below we restate these
concepts formally and give simple illustrative examples.

Definition 2.1 (Base Set). [31] A base set S is the foundational set from which complex structures such as
powersets and hyperstructures are derived. It is formally defined as:

S = {x | x is an element within a specified domain}.

All elements in constructs like P (S) or £, (S) originate from the elements of S.

Definition 2.2 (Powerset). (cf. [32]]) For any set S, its powerset P (S) is the collection of all subsets of S,
including @ and S itself:
P(S)={A| ACS}.

Definition 2.3 (n-th Powerset). [33H35] Let H be a set. Define inductively
PUH)=H, P (H)=P(P"(H)), k=0.

Then P'(H) = P(H), P>(H) = P(P(H)), and so on. Removing the empty set at each stage yields the
nonempty iterated powersets. Writing P*(X) = P(X) \ {0}, we set

le(H) — P*(H), P*(k+l)(H) — P*(P*k(H))

Example 2.4 (Corporate Document Hierarchy as a Third-Level Powerset). Consider a small company whose
digital archive starts with the base set

H = {Invoice, Contract, Presentation}.

First powerset ' (H) (folders). Typical folders—each a subset of H—might be
F = {Invoice, Contract}, F, = {Presentation}, F3 = {Invoice, Presentation}.

Thus {Fy, F>, F3} € P'(H) models the folder structure.

Second powerset P2(H) (projects). A project groups several folders:
Py ={F,F}, Py = {F,, F3}.

Both P; and P, are elements of P2(H) = P(P(H)).

Takaaki Fujita, lgbal M. Batiha, Note of HyperNeutrosophic Crisp Set and SuperHyperNeutrosophic Crisp Set



Neutrosophic Sets and Systems, Vol. 96, 2026 121

Third powerset > (H) (portfolios). At the next level, management assembles related projects into portfolios:

R ={Pi,P,} € P(H).

The set R is therefore a concrete element of the third iterated powerset 3 (H). In everyday terms,
files — folders — projects — portfolios,

giving a natural three-tier hierarchy captured precisely by the n-th powerset construction with n = 3.

Definition 2.5 (Neutrosophic Set). [7,[36]] Let X be a non-empty set. A Neutrosophic Set (NS) A on X is
characterized by three membership functions:

Toa:X — [0,1], Io:X—][0,1], Fa:X — [0,1],

where for each x € X, the values T4(x), I4(x), and F4(x) represent the degrees of truth, indeterminacy, and
falsity, respectively. These values satisfy the following condition:

0<Ta(x)+1a(x)+ Fa(x) <3.
Example 2.6 (Medical Diagnosis with Uncertain Symptoms). (cf. [37,38]]) Let
X = {Fever, Cough, Fatigue}

be the set of key symptoms considered in diagnosing a particular illness (e.g. influenza). A physician assigns
to each symptom three independent degrees that summarise current clinical evidence:

Symptom Tx(x) [Ia(x) Fa(x)
Fever 0.80 0.10 0.05

Cough 0.60 025 0.10
Fatigue 0.40 040 0.15

e Truth degree T4 (x). The likelihood that the symptom genuinely supports the diagnosis. Fever, highly
characteristic of influenza, scores 0.80.

¢ Indeterminacy degree /4 (x). The physician’s uncertainty due to limited data, conflicting test results, or
atypical presentation. Fatigue carries the greatest indeterminacy (0.40) because it can arise from many
unrelated conditions.

« Falsity degree F'4 (x). Evidence that the symptom contradicts—or fails to support—the diagnosis. Fever
has a low falsity value (0.05), whereas Fatigue is less specific (0.15).

Each row satisfies T4 (x) + 14(x) + Fa(x) < 1, conforming to the neutrosophic-set requirement 7"+ I + F < 3.
The triplet
(Ta(x), 14(x), Fa(x))

offers a richer, three-way description of diagnostic confidence than a single probability value or a binary
classification, enabling physicians to capture both indecision and contrary evidence explicitly.

Definition 2.7 (HyperNeutrosophic Set). (cf. [1,[27,39542]) Let X be a non-empty set. A HyperNeutrosophic
Set (HNS) A on X is a mapping:
A:X - P([017%),

where P ([0, 1]%) is the family of all non-empty subsets of the unit cube [0, 1]3. Foreach x € X, ji(x) C [0, 1]*
is a set of neutrosophic membership triplets (7, I, F) that satisfy:

O0L<T+I+F <3.
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Example 2.8 (HyperNeutrosophic Assessment of Investment Options). Suppose a portfolio manager is evalu-
ating two start-ups,
X = {GreenTech, BioHealth},

using opinions from three analysts. Each analyst provides a neutrosophic triplet (7, I, F)), where

* T is the analyst’s confidence that the company will yield the target return,
* [ is the analyst’s perceived indeterminacy (lack of clear evidence),
¢ F is the analyst’s confidence that the company will not achieve the target.
Because the analysts rely on different data sources, their triplets may vary widely. The manager wishes

to keep all expert opinions rather than aggregate them into a single point estimate, leading naturally to a
HyperNeutrosophic Set.

a:X — P([0,1]%), fi(x) = {(T,1,F) | analyst triplet for x }.

ji(GreenTech) = {(0.80, 0.10, 0.05), (0.60, 0.25, 0.10), (0.70, 0.20, 0.05)},

[i(BioHealth) = {(0.45, 0.35, 0.15), (0.55, 0.30, 0.10)}.

Every triplet obeys 0 < T+ I+ F < 1 < 3, and each image is a non-empty subset of the unit cube [0, 1]3.
Thus /i defines a legitimate HyperNeutrosophic Set on X. Retaining the full set of analyst triplets preserves the
spectrum of expert sentiment, which can later be filtered, weighted, or visualised without losing information at
the time of collection.

Definition 2.9 (n-SuperHyperNeutrosophic Set). (cf. [[1,27]) Let X be anon-empty set. Ann-SuperHyperNeutrosophic
Set (n-SHNS) is a recursive generalization of Neutrosophic Sets and HyperNeutrosophic Sets. It is defined as
a mapping:

An : Pu(X) — Pu([O, 1]3)7

where:

* P1(X) =P(X), the power set of X, and for k > 2,
Pr(X) = P(Pr-1(X)),
representing the k-th nested family of non-empty subsets of X.

* P,([0,1]?) is defined similarly for the unit cube [0, 1]3.

For each A € P,,(X) and (T, I, F) € A, (A), the following condition is satisfied:
0L<T+I+F <3,
where T, I, F represent the degrees of truth, indeterminacy, and falsity for the n-th level subsets of X.

Example 2.10 (2-SuperHyperNeutrosophic Set). Starting from the above i, the power-set P (X) = {{x}, {y}. {x, y}}
serves as the domain of a 2-SuperHyperNeutrosophic Set > : P(X) — P(P ([0, 1]3)) \ {@} defined by

fa(U) ={ fi(p) | peU}.
Thus, for instance,
f({x}) = { {(0.8,0.1,0.1), (1,0,0)}},  f2({x,y}) = { {(0.8,0.1,0.1), (1,0,0)}, {(0.5,0.3,0.1)}}.

Each i, (U) is a nonempty family of subsets of [0, 1]?, exhibiting the second-level (superhyper) neutrosophic
structure.
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Example 2.11 (A 3-SuperHyperNeutrosophic Set). Let X = {x, y}. We first define a HyperNeutrosophic Set
fi: X — P([0,1°) \ {2} by

i(x) = {(0.8,0.1,0.1), (1,0,0)},  fi(y) ={(0.5,0.3,0.1)}.

Next, the collection of nonempty subsets of X is P (X) = {{x}, {y}, {x, y}}. Define the 2-SHNS /> : P;(X) —
P(P([0,1]°)) by
m(U) = {a(p) | p €U}

Concretely,
A2({x}) = {{(0.8,0.1,0.1), (1,0,0)}},  A2({y}) = {{(0.5,0.3,0.1)}},

2 ({x,y}) = {{(0.8,0.1,0.1), (1,0,0)}, {(0.5,0.3,0.1)}}.
Finally, the third-level domain is P, (X) = P(#1(X)), whose nonempty elements include, for instance,
Wi ={{x}5{r}}, Wo={{x.y}}.
Define the 3-SHNS /i3 : P>(X) — P(P(P([0,1]%))) by

as(W) ={ (V) | U € W}.

Then in particular:

ﬂ3(Wl) = {IjQ({x})’ ﬂz({y})} = {{{(08501501)’ (LO’ 0)}}7 {{(05’03’01)}}}5

(W) = {2 {x yD)} = {{{(0.8,0.1,0.1), (1,0,0)}, {(0.5,03,0.) }}}.

Each /i3(W;) is nonempty and consists of families of subsets of P ([0, 1]%), illustrating the full third-level
(superhyper) neutrosophic structure.

2.2 Neutrosophic Crisp Set

A Neutrosophic Crisp Set partitions a universe X into three subsets representing truth, indeterminacy, and
falsity memberships explicitly. The definition of Neutrosophic Crisp Set is below [43-47]].

Definition 2.12 (Neutrosophic Crisp Set). [43]] Let X be a nonempty universe. A neutrosophic crisp set (NCS)
on X is an ordered triple
A = (A, Az, A3),

where A, Ay, A3 C X. We call:

e Aj the truth-membership subset,
* Aj; the indeterminacy-membership subset,
* Aj the falsity-membership subset.

Definition 2.13 (Types of Neutrosophic Crisp Set). With A = (A}, A;, A3) as above, one distinguishes:
1. Type I if
AINAy=0, AINA3=0, AyNA;=0.
2. Type 2 if in addition to the Type 1 conditions,

Al U A U A3 = X.

3. Type 3 if
AiNAyNA3;=@, and A; U A, U A3 =X.
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Example 2.14 (Type-1 Neutrosophic Crisp Set: Library Loss Audit). A university library audits a small
collection X = {BIl,B2,B3,B4,B5} to determine whether each book is truly lost, of uncertain status, or
accounted for.

A = <A19A2aA3>9 Al = {Bl,m}’ A2 = {B4}9 A3 = {m’}

e A;: books confirmed missing (truth).
¢ Aj: books with inconclusive records (indeterminacy).

¢ Aj: books verified on shelf (falsity).

We have A1 N Ay = A1 N A3z = Ap N A3 = @, so the three subsets are pairwise disjoint, satisfying the Type-1
condition. The book B5 has not yet been audited, so A U A, U A3 C X; hence A is a Type-1 neutrosophic crisp
set.

Example 2.15 (Type-2 Neutrosophic Crisp Set: Quality-Control Report). A factory inspects four products,
X ={Pl, P2, B3, P4},
and classifies each item as accepted, pending, or rejected. Let

A=(A1,A2,A3) with Ay ={Pl,P3}, Ay = {R2}, A3 = {P4}.

e A (truth membership): products that pass inspection outright.
* A, (indeterminacy membership): products awaiting additional tests.

* Aj (falsity membership): products that fail inspection.

We verify the Type-2 conditions:
AINAy=A1NA3=A,NA3=@ and A UA,UA;=X.

Hence A is a Type-2 neutrosophic crisp set. Every product belongs to exactly one of the three mutually disjoint
categories, providing a clear and exhaustive quality-control summary.

Example 2.16 (Type-3 Neutrosophic Crisp Set: Preliminary Medical Screening). A clinic screens four patients
for a particular infection, X = {P1, P2, P3, P4}. Test results lead to overlapping assessments:

B = <Bl7 BZ’B3>9 Bl = {Pl,PZ}v BZ = {E’B}’ B3 = {P3’ m’}

* Bj: patients with a positive test (truth).
* Bj: inconclusive or conflicting evidence (indeterminacy).

* Bj: patients with a negative test (falsity).

Here
BiNByNB; =0, BiUB,UB3 =X,

so B fulfils the Type-3 criteria. Note that pairwise overlaps are allowed: P2 € By N B, (positive yet uncertain)
and P3 € B; N B3 (negative but still doubtful). Such overlaps capture real-world ambiguity while ensuring
every patient appears in at least one subset.
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3 Main Results of This Paper

This section outlines the main results presented in this paper.

3.1 HyperNeutrosophic Crisp Set

HyperNeutrosophic Crisp Sets assign each element of X a nonempty set of crisp truth—indeterminacy—falsity
triples, capturing multiple binary certainty patterns. The definition of HyperNeutrosophic Crisp Set is below.

Definition 3.1 (HyperNeutrosophic Crisp Set). Let X be a nonempty set. A HyperNeutrosophic Crisp Set
(HNCS) on X is a function
H:X — P{0,1})\ {2},

where {0, 1} is the set of all triples (z,, f) with 7,1, f € {0, 1}. For each x € X, H(x) C {0, 1}? is nonempty,
and each (¢,i, f) € H(x) is interpreted as a crisp assignment of truth, indeterminacy, and falsity to x.

Example 3.2 (HyperNeutrosophic Crisp Set on Sensor Reliability). Let
X ={S1, 82, S3}
be a set of three sensors monitoring an industrial process. We define a HyperNeutrosophic Crisp Set
H:X — P{0,1})\ {2}

by assigning to each sensor S; a nonempty set of crisp truth/indeterminacy/falsity triples:

H(Sy) ={(1,0,0), (1,1,0)},
H(SZ) = {(0’ 170)’ (0’ 17 1)}’
H(S3) = {(1,0,0), (0,0,1)}.

e H(S1): Sensor 1 is either fully functional (1,0, 0) or showing occasional instability (1, 1, 0).
e H(S,): Sensor 2’s status is inconclusive (0, 1, 0) or indicates potential failure (0, 1, 1).

e H(S3): Sensor 3 is either fully functional (1, 0, 0) or conclusively failed (0,0, 1).

Since each H(S;) is a nonempty subset of {0, 1}*, this constitutes a valid HyperNeutrosophic Crisp Set on X.
Definition 3.3 (Set-operations on HNCS). If H, K are HNCS on X, define for each x € X:
(HNK)(x) = Hx) N K(x), (HUK)(x) = H(x) U K(x).
Then H N K and H U K are again HNCS.
Example 3.4 (Set-operations on HNCS). Let
X ={x,y},
and consider two HyperNeutrosophic Crisp Sets H,K : X — P ({0, 1}%) \ {@} given by

H(x) ={(1,0,0), (1,L,L0O)},  H(y) ={(0,1,0), (0,1, D},
K(x) ={(1,0,0), (0,0,1)},  K(y)={(1,0,0), (0,1,0)}.

We compute their intersection and union pointwise:

(HNK)(x) =H(x) 0 K(x) ={(1,0,0)},
(HNK)(y) = H(y) N K(y) ={(0,1,0)},
(HUK)(x) = H(x) U K(x) ={(1,0,0), (1,1,0), (0,0, 1)},
(HUK)(y) = H(y) U K(y) ={(0,1,0), (0,1, 1), (1,0,0)}.
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¢ At x, the intersection retains only the fully-true assignment (1,0, 0), while the union gathers all three
distinct crisp triples.

e At y, the intersection picks the indeterminate-only assignment (0, 1,0), and the union collects both
indeterminate patterns plus the fully-true assignment.

Thus H N K and H U K are valid HNCS on X.
Definition 3.5 (Embedding of NCS into HNCS). Given a neutrosophic crisp set A = (A1, Ay, Az), define
{(1,0,0)}, x € Ay,

HA(x) = {(0’ 170)}7 X € AZ:
{(0,0,1)}, x € Aj.

Then H4 is a HNCS on X.
Example 3.6 (Embedding of a Neutrosophic Crisp Set into a HyperNeutrosophic Crisp Set). Let
X ={a, b, c,d}, A=(Ay, Ay, A3) with A|={a,c}, Ay ={b}, Az ={d}.
Then A is a neutrosophic crisp set on X. By the embedding definition, we obtain the HNCS
Hy:X — PH0,1)\ {2}

given pointwise by
{(1,0, 0)}, X €A,

HA(X)Z {(0,1,0)}, XEAQ,
{(0,0,1)}, x € Aj.

Concretely,
HA(a):{(l’O’O)}’ HA(b):{(O’LO)}’
HA(C) = {(1’05 O)}’ HA(d) = {(0’ 0, ])}

e Fora,c € Ay, Ha(x) = {(1,0,0)} marks truth.
e For b € Ay, Ho(b) = {(0, 1,0)} marks indeterminacy.
e Ford € A3, Ha(d) = {(0,0, 1)} marks falsity.

Each H 4 (x) is a nonempty singleton in {0, 1}3, so H 4 is indeed a valid HyperNeutrosophic Crisp Set on X.
Theorem 3.7. The map ® : {NCS on X} — {HNCS on X} given by ®(A) = Hy is

(a) Injective, i.e. different NCS produce different HNCS.
(b) A homomorphism with respect to union and intersection:

Hanp = HaNHp, Haup = HaU Hgp.

(c) Thus every NCS is realized as a “singleton-valued” HNCS, showing that HNCS properly generalize NCS.

Proof. (a) Suppose A # B are two NCS. Then there exists x lying in exactly one of the corresponding
components A; vs. B;. Hence Ha(x) # Hp(x),so Ha # Hp.
(b) For any x € X,
{(1,0,0)}, x €A NBy,
Hanp(x) =1 {(0,1,0)}, x € AN By,
{(0,0,1)}, x € A3nN Bs,

which is exactly {(1,0,0)} n {(1,0,0)} or {(0,1,0)} N {(0,1,0)}, etc., i.e. Ha(x) N Hg(x). Hence
Hanp = Ha N Hp. The union case is analogous.
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(c) Since each H4(x) is a singleton subset of {0,1}3, the class of all HNCS strictly contains all such
singleton-valued ones. Thus HNCS generalize NCS.

Example 3.8 (A genuinely hyper-valued HNCS). Let X = {x}. Define
H(x) = {(1,0,0), (1,1,0), (0,0,1)}.

Here H(x) has three distinct crisp triples, so H is a HyperNeutrosophic Crisp Set that is not induced by any
single NCS. This illustrates the strictly larger expressive power of HNCS.

Definition 3.9 (Pointwise Order). For two HNCS H, K on X, define
H <K << VxeX, Hx)CK(x).
Definition 3.10 (Pointwise Union and Intersection). If {H;};¢; is any family of HNCS on X, set for each x:
(L #) @ =Umeo. ([ ]H) 0 = () Hi.
iel iel iel i€l

Since each H;(x) # @, [|; H;(x) is nonempty whenever the family has the finite-intersection property; in
particular for finite /, [ ] is again an HNCS.

Theorem 3.11 (Complete Lattice of HNCS). The collection HNCS(X) of all HNCS on X, ordered by <, is a
complete lattice. Its join and meet are given by pointwise union and intersection:

I_I H; is the least upper bound, ’_| H; is the greatest lower bound.

iel iel
Proof. Let {H;};c; € HNCS(X). Define J, H by

J@ = JHix), M@ = Hix).

iel iel

(i) J is an HNCS: each H;(x) is nonempty, so J(x) is nonempty; hence J € HNCS(X). (ii) M is an HNCS
when {H;(x)} have the finite-intersection property for each x. In particular for finite I, M (x) # @. Thus finite
meets exist in HNCS(X).

(iii) J is the least upper bound: for each i, Vx, H;(x) C J(x), so H; < J. If K is any common upper bound
(H; < K for all i), then Vx, J(x) = |J; H;(x) € K(x),s0J < K.

(iv) M is the greatest lower bound: for each i, Vx, M(x) C H;(x), so M X H;. If L is any common lower
bound (L < H; for all i), then Vx, L(x) C H;(x) for all i, hence L(x) C (; H;(x) = M(x), giving L < M.

Thus HNCS(X) is a complete lattice under <. O

Theorem 3.12 (Distributivity). In HNCS(X), finite meets distribute over finite joins and vice versa: for any
HNCS H,K, L,

Hn(KulL)=(HNK)u(HNL), Hu(KnNnL)=(HUWUK)N(HUL).

Proof. For any x € X,
[Hn(KUuL)|(x)=H(x) N (K(x)UL(x)) = (H(x) N K(x)) U (H(x) N L(x)) = [(HNK) U (H N L)](x).

The other identity is analogous, using the distributive law in the Boolean algebra P ({0, 1}3). O
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3.2 n-SuperHyperNeutrosophic Crisp Set
A n-SuperHyperNeutrosophic Crisp Sets map each nonempty (n—1)-subset of X to a nonempty family of
n-level nested crisp triple sets. The definition of n-SuperHyperNeutrosophic Crisp Set is below.

Definition 3.13 (n-SuperHyperNeutrosophic Crisp Set). Let X be nonempty and fixn > 1. Ann-SuperHyperNeutrosophic
Crisp Set on X is a function
H™ Pt (X) — Pa({0,1F) \ {2},

where {0, 1} is the set of all triples (¢,, f) with r,i, f € {0,1}. For each U € P,_(X), H™ (U) is a
nonempty family of n-fold nested crisp triples, each representing truth/indeterminacy/falsity assignments at
the (n — 1)-th level.

Definition 3.14 (HyperNeutrosophic Crisp Set as 1-SHNCS). When n = 1, Py(X) = X and P,({0,1}?) =
#({0,1}). Thus a 1-SuperHyperNeutrosophic Crisp Set H(1) : X — P ({0,1}?) \ {@} is exactly a Hyper-
Neutrosophic Crisp Set.

Definition 3.15 (Induced (7)-SHNCS from (n — 1)-SHNCS). Given an (n — 1)-SHNCS
H"™D 0 Pya(X) — Puci ({0, 11),
we define H™ : P,,_1(X) — P,({0,1}?) by
H™U) = {H" V(W) | VeUcP, (X))}
One checks easily that H™) (U) € P,,({0,1}3) \ {@}.

Theorem 3.16. For eachn > 1:

(a) The construction H"=V) +— H™ embeds the class of (n — 1)-SuperHyperNeutrosophic Crisp Sets into
the class of n-SuperHyperNeutrosophic Crisp Sets.

(b) In particular, every HyperNeutrosophic Crisp Set (1-SHNCS) arises as the restriction of some n-
SuperHyperNeutrosophic Crisp Set to singletons in Py(X) = X.

Hence n-SHNCS properly generalize HyperNeutrosophic Crisp Sets.

Proof. (a) Let H®#-D . P,2(X) —» P,-1({0, 1}3) be given. Define H™ as above. Since U C Pn2(X)
and H"~1 never outputs the empty set, the collection {H"~1(V) | V € U} is nonempty, so H" (U) €
P,({0,1}%) \ {@}. Thus H™ is a well-defined n-SHNCS.

Injectivity follows because if two (n — 1)-SHNCS differ at some V € P,,_»(X), then their induced H™ differ
atany U 3 V.

(b) When n > 2, start with a HyperNeutrosophic Crisp Set H") : X — #({0,1}?). Apply the above
construction inductively to obtain H"). Then for each x € X = Py(X),

HY({x}) = {(H" V(W) | Vel = {H"V({xh),

and by unwinding the induction one recovers the original H") (x). Hence H(!) embeds into H", showing
that every HNCS is realized as the restriction of an n-SHNCS. O

Example 3.17 (A 2-SuperHyperNeutrosophic Crisp Set). Let X = {a, b}. First define a HyperNeutrosophic
Crisp Set (i.e. 1-SHNCS)

HY : x — 2{0, 1)\ {2}, HDY(a) ={(1,0,0),(1,1,00}, HD(b)={(0,1,0)}.

The nonempty subsets of X form P} (X) = {{a}, {b},{a, b}}. The induced 2-SuperHyperNeutrosophic Crisp
Set is
H® :Pi(X) — P2({0,11)\ {2}, HP(U) = {H"(x) |xeU}.

Concretely:

H® ({a}) = {{(1,0,0), (1, 1,00}, HP{b}) = {{(0,1,0)}},
H® ({a,b}) = {{(1,0,0).(1,1,0)}, {(0,1,0)}}.

Thus H?) assigns to each nonempty U C X a nonempty family of crisp-triple-sets.
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Example 3.18 (A 3-SuperHyperNeutrosophic Crisp Set). Continue with X and H(!), H® as above. The
nonempty elements of P;(X) = P (P;(X)) \ {} include, for instance, {{a}, {b}} and {{a, b}}. Define

H® : P3(X) — P3({0.13)\ {2}, HOW) = (HPU)|UewW).
Two concrete cases:

HO (({a}, (1) = {HD ({a), HP (b))} = {{{(1,0,0), (1. 1,O}}, ({0, .01},

HO (({a,03}) = {H? ({a, b))} = {{{(1,0,0), (1,1,0)},{(0, 1,0)}}.

Each H®) (W) is a nonempty set of elements of {nonempty subsets of P} (X) }, exhibiting the full 3-level nested
HyperNeutrosophic structure.

Definition 3.19 (Pointwise Union and Intersection). Given {H;.") } jes n-SHNCS, define foreach U € P,,_1(X):
(n) _ (n) (n) _ (n)
(u H! )(U) = Jr" W), (ﬂ H! )(U) = E" W).
jer jer jeJ jeJ
When /J is finite, both remain nonempty and hence are n-SHNCS.
Example 3.20 (Pointwise Union and Intersection of Two 2-SuperHyperNeutrosophic Crisp Sets). Let
X ={a, b},
and start with two HyperNeutrosophic Crisp Sets (i.e. I-SHNCS)
H"(a) = {(1,0,0),(1,1,0)},  H"(b) = {(0,1,0)},
H"(a) = {(1,0,0),(1,1,0)},  H"(b) = {(1,0,0), (0,1,0)}.
They induce two 2-SHNCS
HPY : Pi(X) — P({0,. 1)\ {2}, H'(U)={H" () |xeU}. j=12
Consider the argument U = {a, b} € P{(X). Then
H{? ({a,b}) = {{(1,0,0), (1,1,0)}, {(0,1,0)}},
H ({a,b}) = {{(1,0,0), (1,1,0)}, {(1,0,0),(0,1,0)}}.

Their pointwise union and intersection at U are

(|_| Hﬁz))({a,b}) = Hfz)({a,b}) U H2(2>({a,b})

j=1,2

= {{(1.0.0). (1. L)}, {(0.1.0)}, {(1,0.0), (0. 1.O)}}.
([T#)da.oh) = # (b)) 0 B ({a.b))

j=1,2

= {{(1,0,0), (1,1,0)}}.

¢ The join | | collects all distinct crisp-triple-sets from both families.

* The meet [ ] retains only the common element {(1,0,0), (1,1,0)}.

Since both results are nonempty families of subsets of {0, 1}*, they define valid 2-SHNCS at U.
Definition 3.21 (Complement). For an n-SHNCS H™ | its complement —~H™ is

(~H™)(U) = {(1-1,1-i,1~ f) | (i, f) € HD(U)}.

This is nonempty since H" (U) # @.
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Example 3.22 (Complement of a HyperNeutrosophic Crisp Set). Let
X={u v}, HY:X — P{0,1})\ {2}
be the 1-SHNCS (i.e. HyperNeutrosophic Crisp Set) defined by
HY' ) ={(1,0,0, (0.1.0)},  HY(v) ={(0,0,)}.
Its complement —H (! is given pointwise by
(~HD) @) ={(1-t, 1=, 1= f) | (t,i, f) e HV (x)}.
Concretely,
(~HDY ) ={(1-1,1-0,1-0), (1-0, 1 =1, 1 =0)} = {(0,1,1), (1,0,1)},
(-HD)(v) ={(1-0,1-0, 1 -1} ={(1,1,0)}.
Each (=H")(x) is nonempty, so ~H!) is again a valid HyperNeutrosophic Crisp Set on X.
Theorem 3.23 (Closure under Finite Union and Intersection). If H M), K™ are n-SHNCS, then so are H™ LI
K™ and H™ n K™,

Proof. Foreach U, both (H"™ LK ™) (U) = H™ (U)uK™ (U) and (H™ nK™)(U) = H™ (U)nK™ (U)
are nonempty because each operand is nonempty. Hence they define valid n-SHNCS. O

Theorem 3.24 (Lattice Structure). The set of alln-SHNCS on X, orderedby H X K <= YU, H(U) C K(U),
is a complete distributive lattice with join U, meet 1, and complement —

Proof. Completeness follows as arbitrary joins and finite meets exist by pointwise union/intersection. Dis-
tributivity holds because in P ({0, 1}?) finite unions and intersections distribute. The complement — is an
involution —(—=H) = H and satisfies De Morgan’s laws:

—|(H|_|K)=—|HI_I—|K, —|(HI_IK)=—|H|_I—|K.
[m]

Theorem 3.25 (Embedding of Lower-Order Classes). The inductive map ¥ : H"™V s H™ defined by
H™(U) = {H"V(V) | V € U} is injective. Moreover, every (n — 1)-SHNCS arises as the restriction of
some n-SHNCS to singletons in P,_1(X).

Proof. If two (n — 1)-SHNCS differ at V, then their images under ¥ differ at any U > V. Conversely, given a
(n—1)-SHNCS H"=1D | define H™ by the formula above. Then for each x € X = Py(X),

H™ ({x}) = {H""V ({x})},
so restricting H™ to singleton arguments recovers H"~ 1) O
Theorem 3.26 (Absorption Laws). For any n-SHNCS H, K,

HU(HNK)=H, HN(HUK)=H

Proof. Pointwise, for each U:
(HU(HnNK))(U)=H(U) U (HU)NK(U))=H(),
and similarly for the meet-absorption law, using basic set identities. O
Theorem 3.27 (De Morgan’s Laws). For any n-SHNCS H, K,
-(HUK)=-HnN-K, -(HNK)=-HU-K.

Proof. Directly follows pointwise from (AU B) = =AN-B and (AN B) = =AU =B in the Boolean algebra
P({0,1}). o
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4

Conclusion

In this paper, we explored the properties of the HyperNeutrosophic Crisp Set and the SuperHyperNeutrosophic
Crisp Set. Looking ahead, we hope that future research will further illuminate the mathematical foundations
of these structures and pursue extensions that draw on a broad range of algebraic concepts. We also anticipate
that forthcoming studies will investigate generalisations based on Plithogenic Sets [48-51]], neutrosophic
offset [52-55]], and related frameworks.
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Abstract. In this paper, we introduce the notion of Pythagorean neutrosophic implicative ideals in KU-
algebras, provide several illustrative examples, and investigate some of their key properties. We also define the
image and inverse image of such ideals in KU-algebras and establish the conditions under which these images
preserve the structure of Pythagorean neutrosophic implicative ideals. Moreover, we explore the Cartesian

product of Pythagorean neutrosophic implicative ideals within the Cartesian product of KU-algebras.
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1. Introduction

BC K-algebras form an important class of logical algebras introduced by Iseki [11-13], and
since their inception, they have been extensively investigated by several researchers. One of the
fundamental approaches to studying these algebras is through their ideals, since ideals provide
a powerful tool for understanding the intrinsic properties and internal structure of algebraic
systems. The notions of ideals in BC'K-algebras, along with the concept of positive implicative
ideals (also known as Iseki’s implicative ideals), were first introduced by Iseki himself [11-13].
Later, the study was extended to include commutative ideals and implicative ideals in BC K-
algebras, which were systematically introduced and investigated in [17,19-24]. In a parallel
line of research, Zadeh [36] introduced the concept of fuzzy sets, a groundbreaking idea that
has since found applications across numerous mathematical domains, including group theory,
functional analysis, probability theory, and topology. In 1991, Xi [35] pioneered the application
of fuzzy set theory to BC K-algebras, introducing the notion of fuzzy subalgebras and fuzzy

Single Valued Pythagorean Neutrosophic Implicative Ideals in KU-algebras



Neutrosophic Sets and Systems, Vol. 96, 2026 1@

ideals of BC'K-algebras with respect to the minimum operator. Following this development,
Jun et al. further studied fuzzy ideals in BC' K-algebras [[10,14,[15], and subsequently, a number
of fuzzy structures in BC'C-algebras were proposed and examined [2-9]. Building on these
ideas, Prabpayak and Leerawat [30,31] introduced a new algebraic structure, called the KU-
algebra. They also developed the concept of homomorphisms of KU-algebras and explored
several of their fundamental properties. Extending this work, Mostafa et al. [25,26, 28, B3|
introduced the notion of fuzzy KU-ideals in KU-algebras and investigated their essential
properties, thereby broadening the framework of fuzzy algebraic systems. In addition, Meng
et al. [22,23] introduced the concept of implicative ideals and commutative ideals in BCI-
algebras and studied their fundamental properties. Motivated by this, Mostafa et al. [2§, 33|
extended these notions to K U-algebras, where they defined implicative ideals and commutative
ideals and investigated their structural attributes in detail. Thus, the study of BCK, BCI,
BCC, and KU-algebras, particularly through their ideals and fuzzy extensions, has become a
significant branch of modern algebra, blending classical algebraic structures with fuzzy logic
and neutrosophic theories to model uncertainty in a wide range of applications.

In this paper, we introduce the notion of Pythagorean neutrosophic implicative ideals in
KU-algebras and investigate several of their basic properties. Furthermore, we examine the
conditions under which the image and pre-image of a Pythagorean neutrosophic implicative
ideal, under a homomorphism of KU-algebras, remain Pythagorean neutrosophic implicative
ideals. In addition, we establish the relationship between the product of Pythagorean neutro-

sophic implicative ideals and the product of fuzzy implicative ideals.

2. Preliminaries

Definition 2.1. [30,31] Algebra (Y, x,0) of type (2,0) is said to be a KU-algebra, if it satisfies

the following conditions:

(KUL) (%) % [(7%£) * (1% £)] =0,

(KUs) 1%x0=0,

(KUs) 0% =1,

(KUy) 1x3=0and j7%2 =0 implies 1 = y,
(KUs) 1%x1=0, for all 2,3, € T.

On a KU-algebra (T, #,0) we can define a binary relation < on Y by putting
1<g3&9x1=0.
Thus a KU-algebra T satisfies the conditions:
(KUL) (g% 0) % (1% £) < (2% 7),
(kUp) 0 <nu,
(kU1) + < g,y <o implies o = 3,
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(kUh) 7x1 <.

Theorem 2.2. [26] In a KU-algebra YT, the following axioms are satisfied:
For all ¢,5,£ € Y

(1) e < yimply g% € <ux{,

(2) vx(gxl) =7%(1x4), for all 1,9, 0 € T,
(3) ((2%12)*1) <y,

(4) ((2x2) *2) x2)) = (g%2).

Definition 2.3. [30,31] Let I be a non empty subset of a KU-algebra Y. Then, [ is said to
be an ideal of Y, if

(lo) 0 €1,
(Ily) ¥V 3,6 €X,if (yx€) €l and y€ I, imply £ € I.
Definition 2.4. [26] A non empty subset I of a KU-algebra Y is said to be an KU-ideal of
T if it satisfies:
(K1) 0 €T,
(Kg)1x(g*f) € I and y€ I imply 1 %2 € [ for all 4,7 and £ € Y.
Definition 2.5. [33] A KU-algebra T is said to be implicative if it satisfies the identity
YT = (%)) %, foralle,je Y.
For the properties of KU-algebras, we refer the reader to [12-16].

Definition 2.6. [36] Let T be a non empty set, a fuzzy subset p in T is a function
f:T—[0,1].
Definition 2.7. [26] Let T be a KU-algebra, a fuzzy subset p in T is called a fuzzy ideal of
T if it satisfies the following conditions:
(i) 1(0) > (o), for all 1 € T,
(i) V2,7 € T, u(y) = min{p(a* ), n(2)}.
Definition 2.8. [27] Let T be a KU-algebra. A fuzzy set p in T is called a fuzzy KU-ideal

of Y if it satisfies:
(FEK1) 0(0) = pu(a), (FEKs) (o €) = mindpa(o x (5 + €)), ()}, for all 1,5 and £ € T

Definition 2.9. [26] Let p be a fuzzy set in a set Y. For t € [0, 1], the set
pe = {o € Tlp(e) = t}

is called upper level cut (level subset) of u.

Definition 2.10. [29] A non empty subset u of a KU-algebra Y is called a fuzzy implicative
ideal of T, ifV 4,9, €T,
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(Fo) 1(0) = p(2),
(Fo) p((2* ) ) > min{u(l* ((2% ) *2)), u(0)}.

Definition 2.11. [B5] Let f be a mapping from the set T to a set Y. If p is a fuzzy subset
of T, then the fuzzy subset B of Y defined by

sup p(e) if [T ={e X, f() =3} #¢
f(w)(9) = B(y) = {=/710)
0 , otherwise

is said to be the image of p under f. Similarity if 8 is a fuzzy subset of Y, then the fuzzy
subset 4 = fo fin T (i. e. the fuzzy subset defined by u(:) = 5(f(2), for all » € T is called
the primage of 5 under f.

Definition 2.12. [27] Let u be a fuzzy set on a KU-algebra Y, then u is called a fuzzy
KU-subalgebra of T if pu(2 % 7) > min{u(e), u(y)} for all 2,5 € 1.

Lemma 2.13. [27] Let p be a fuzzy ideal of KU-algebra Y. if the inequality ¢ * 3 < ¢ hold
in T, then p(y) > min{u(s), u(0)}.

Lemma 2.14. [27] If u be a fuzzy ideal of KU-algebra T and if + < 5, then p(2) > u(y).

Definition 2.15. [32]. Let T be a non-empty set (Universe) A Pythagorean neutrosophic
set (briefly, PNS) T and F as dependent neutrosophic components A on T is an object of the
form P = {(z, up (1), vp(2), Ap(2)) 2 € T},
where pup (1), vp(2), Ap(2) are the truth, indeterminacy and false respectively such that p, v, \ €
[0,1]. Here when p and A are dependent components, then for all T in Y; (4) u+ A < 1, (i)
0<p?2+ X<, (i) 0 < p? +v2 4 N2 <2

We define these basic operations on PNS which can be described as follows: Let T be
a nonempty set (universe). A Pythagorean Neutrosophic set p and A as dependent neu-
trosophic components P and Q of the form P = {(z, up(2),vp(2),A\p(2))|r € T} and Q =
{{z,po(2),vo(1), Ag(2))]2 € T}. The complement of P is P¢ = {(z, Ap(2),1 —vp(2), up(2))|r €

T}. The union and intersection of P and Q are

(i) PUQ = {maz(up, o), min(vp,vg), min(Ap, Ag)};
(i) PN Q = {min(up, pg), max(vp,vg), max(Ap,Ao)}.

3. Pythagorean neutrosophic implicative ideals

Definition 3.1. Let T be a KU-algebra. A PNS € = {(1, pue(2), ve(2), Ae(2))]2 € Y} is called
a PN single valued ideal (PNSVI) of T if it satisfies:

(i) pe(0) = pe(r), ve(0) < ve(r), Ae(0) < Ae(n),
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(i) pe(r) > min{pe(ex7), pe(?)}, ve(y) < max{ve(1x7), ve(1)}, Ae(y) < max{Ae(2x7), Ae(2)},
Vi, Y.

Definition 3.2. Let T be a KU-algebra, a PNS € = {(1, ue(2), ve(2), Ae(2))|e € T} in T is
called a PN implicative ideal (resp. PNImpI) of T if it satisfies the following conditions:

(PNo) Ve € T, p1e(0) = pe (), ve(0) < ve(2), Ae(0) < Ae(),
(PN1) Vi,3,€ € Y, rel(1 ) 1) > min{pe(C+ ((1%.7) 51)), pre(0)},
ve((2xg) *2) < max{vg(l* ((2x7) *x1)),ve(l)},
Ae((2%9) *2) <max{Ae(£* ((2%7)%12)), \e(£)}.

Definition 3.3. Let € = (T, ¢, ve, A¢) be PNS in Y. For s,t,r € [0, 1], the set, U(ue,t) =
{v € T/ue(r) >t} is called upper level cut of ug, the set L(ve,s) = {1 € T/ve(r) < s is called
lower level cut of vg and the set L(Ag,7) = {2 € T/A¢(2) < r} is called lower level cut of Ag.

Example 3.4. Let T = {a, b, c,d, e} in which the operation * is given by the table

x|la|lblcl|d|e
alal|lblc|d]|e
blalal|b|d]|e
clalalaldle
dla|lal|lalale
elalalalala

Then (T1,%,0 = a) is a KU-algebra. Define a PNS p : T — [0,1], v : T — [0,1] and
A: T —[0,1] by

pa) = so, p(b) = p(c) = s1, u(d) = s2, p(e) = s3
v(a) = to,v(b) = v(c) = t1,v(d) = to,v(e) = t3
Aa) = ug, A(b) = A(c) = u1, A(d) = ug, A\(e) = ug

where sg, s1, 89,83 € [0, 1] with sg < 51 < s9 < 83, tg,t1,1t9,t3 € [0, 1] with tg < t1 < tg < t3
and ug, u1, u2,us € [0,1] with ug > u; > ug > us

Routine calculation gives that p is a (T, u, v, A) is a PNImpl of KU-algebra Y.

Lemma 3.5. If € = {Y, u¢,ve,A\e} is a PNImpl of KU- algebra Y and if + < ¢, then
pre(2) > pe (), ve(r) < ve(l), Ae(r) < Ae(f).
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Proof. If : < ¢, then £x1 = 0, this together with O%2 =1, 2x1 =1%0 = 0 and pue(0) > pe(f),
ve(0) < ve(l), Ae(0) < Ae(€). Put = 0in (PNy), we get
Cx ((20) %12)), ue(0)}
Cx(0%2)), pe(0)}
J4

# (1 0) x2)), ve(0)}
Cx (0%2)), ve()}
Cx ), ve(0)}

= ve(1) < ve(l).
Similarly we can prove for A¢(2) < A¢(¥).
Lemma 3.6. Let € = (Y, ue,ve,A\e) be a PNImpl of KU-algebra Y, if the inequality,

Cx1 <y hold in Y, then puc(r) > min{pe(y), ue(0)}, ve(r) < max{ve(y),ve(€)} and Ae(z) <
maz{Ae(7), Ae(0)}-

Proof. Assume that the inequality £x2 < jholds in T, then pe(€x2) > ue(y), ve(€x2) < vg(y)
and A¢(£*1) < Ag(y) (by Lemma @) Put + =y in (PN3), we have

(s ((22) %2)), pe(0)}

(€ (0%2)), pe(€)}
pe(2) = minf{pe(f* 1), pe(0)}

(1), e (0)}

pe((2%2) 1) > min{ue

pe((0%12) > min{pue

Single Valued Pythagorean Neutrosophic Implicative Ideals in KU-algebras



Neutrosophic Sets and Systems, Vol. 96, 2026 1@

and

Ae((2x2) x1) < max{Ae(€* ((1x12) *x12)), \e(£)}

(
Ae(0%2) < max{Ae(£* (0x1)), Ae(£)}
Ae(r) < mazx{Ae(l*1), \e(£)}
()

= maz{Ae(7), Ae(0)}-

Proposition 3.7. The intersection of any collection of PNImpl’s of a KU-algebra Y is also
a PNImpl.

Proof. Let A; = {pa,,va,, A4, } be a family of PNImplI’s of KU-algebra Y, then for any
1, 5,0 €.

(M ra;)(0) = inf (14, (0)) = inf(pa; (1) = (M pa,) @),
(Uva,)(0) = sup(va;(0)) < sup(va,(2)) = (Ura;)(2)
and (U A4,)(0) = sup(Aa,(0)) < sup(Aa,(2)) = (UAra) ().

(Ve +) =t () +)

> inf(min{pa, (€ % (2% 9) % 1)), 4, (0)})
= min{inf(pa, (€ * ((2% 7)) *2)),inf (4, (€))}
= min{( ﬂ,uA (CEY) ﬂ,UA

U va,)((vx7) = sup(va,((2 % 7) *1))

< sup(max{va, (€ * ((2%7) *1)),v4,(£)})
= max{sup(va, (¢ * ((1* 7)) *12)),sup(va,(¢))}

—maX{UyA ((2%7) ), UZ/A

U>\A (1% 9) % 2) = sup(Aa, (2% 9) ¥ 1))

< sup(max{Aa, (€ ((2 % g) *2)), A4, (0)})
= max{sup(A4, (£ * ((2 % 7)) * 1)), sup(Aa,(¥))}
—maX{Ux\A ((1%7) x1)), U)\A

Definition 3.8. Let € = (Y, pe,ve) be PNS in Y for s,¢,7 € [0, 1], the set, U(ue,t) = {2 €

Y /ue >t} is called upper level cut of g, the set L(v, s) = {2 € T/vg > s is called loweer level
cut of vg and the set L(A¢,v) = {1 € T/Ae < 1} is called lower level cut of A¢
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Theorem 3.9. A PNS € = (Y, y¢, v, A¢) of KU-algebra Y is a PNImpl of Y iff, for every
t,s,r €[0,1], U(ue,t), L(vg,s) and L(Ag,r) are either empty or an implicative ideals of T.

Proof. Assume that € = (T, u¢, ve, A¢) is a PNImpl of T, by (PNy), we have ug(0) >
pe(2), ve(0) < vg(1), Ae(0) < A¢(2) for all » € T, therefore pe(0) > pe(z) >t for v € U(ue,t)
and so 0 € U(pe,t), ve(0) < ve(1) < s forv € L(ve, s) and so 0 € L(vg, s), Ae(0) < Ae(z) <7
for + € L(A¢,7) and so 0 € L(A¢,7). Let £ ((2 % 7) *1) € U(ug,t) and £ € U(ug,t), then
pe(@x ((1x7) %2)) >t and pe(f) > t, since pe is a PNImpl it follows that ue((2* ) *12) >
min{pe(¢ * ((2 % ) % 1)), ue(£)} > t and therefore (% 3) * ¢ € U(ue,t). Hence U(ug,t) is an
KU-ideal of Y. Let £ ((2%7) x1) € L(ve,s) and £ € L(vg, s), then ve(€* ((2% 7) 1)) < s and
ve(0) < s, since vg is a PN Impl it follows that ve((2x7)*2) < max{ve({*((2x7)*2)),ve()} < s
and therefore (v % 7) x4 € L(vg,s). Hence vg is an KU-ideal of Y.

Let £ ((2% ) %1) € L(A¢,r) and £ € L(Ag,r), then Ae¢(£* ((2%7) x12)) < r and A\e(¥) < 7,
since A¢ is a PNImpl it follows that A¢((2 * ) *12) < max{A¢(€ * ((2 %)) *1)),\e(£)} < r and
therefore (1% ) 1 € L(Ae,r). Hence A¢ is an KU-ideal of Y.

Conversely, we only need to show that (PN7) pe(0) > pe(2), ve(0) < ve(2), Ae(0) < Ag(2) and
(PN3) pre((vx7) 1) > min{jue(0 (1)), (O}, wel(0x7) 1) < max{ve(Cx((127) 1)), ve(D)},
Ae((2% ) %1) < max{Ae(£ % (1% ) 1)), Ae(£)} are true. If PNy is false then there exist 2 € T
such that pe(0) < pe(t), ve(0) > ve(r), Ae(0) > Ae(r). If we take t = (ue(r) + pe(0))/2,
s = (ve(?) + 1¢(0)/2, ¥ = (Ae(t) + Ae(0))/2, then pe(0) < t', ve(0) > s, Ae(0) > 7 and
0<t <pe(@) 1,128 >we(d)>0,1>7 > Ae(t) >0 thus 7 € Ulpe,t), v €
L(ve,s), © € LOe,r") and U(pue,t') # ¢, L(ve, s ) # ¢, L(Ae,7) # ¢. As pe is KUImpl if
T, we have 0 € U(ue,t ) and so pe(0) > t. This is a contradiction. As v is KUImpl if T, we
have 0 € L(vg, s ) and so v¢(0) < 5. This is a contradiction. As \¢ is KUImpl if T, we have
0 € L(\e,r') and so A¢(0) < 7. This is a contradiction. Now, assume (PNy) is not true, then
there exist ¢, 7 and ¢ such that, pue((2 *7) %1) < min{pe(¢ * (2 * 7)) %)), pe ()}, ve((2
7)) > max{re(€ * (( %7 ) %1),ve(0)}, Ae((2' %) x2) > max{Ae(€ % ((2' %7 ) 1)), Ae(£)}.
Putting ¢ = {ue((v *5) * 1) + min{pe(f = (¢ % 7) # 1), pe(€)}}/2 then pe((4 +5) 1) <t
and 0 < t' < min{pe(l * (4 % 7) *2), ue(@)}/2 < 1, hence {ue(l * (' % 7) *4) > ¢ and
pe(l) >t = (' x7) x4 € Uue,t') and € € U(ug,t'). Since pe is an Impl, it follows that
(' %7) %7 € Upe,t) and that pe((2 7 )*2) >t this is also a contradiction. Hence U (ue,t )
is a PNImpI of Y. Putting s = {ve((2 % 5) %1 ) + max{ve(l (2 7 ) %), ve()}}/2 then
ve((t'))x1) > s and 0 < s* < max{ve(l * (v %7 )*1'), ve(£)}/2 < 1, hence {ve (£ (2 x5 )1') <
s and ve(f) < s = (4 %) %1 € L(vg,s) and £ € L(vg, s ). Since vg is an Impl, it follows
that (2 % 7) %7 € L(ve,s) and that ve((2 % 5) *7) < s this is also a contradiction. Hence
L(ve,s )is a PNImpl of T. Putting ' = {Ae((¢' %) %2 ) +max{Ae(€ % (2 x5)%2"), \e(€')}}/2
then A¢((2' %) *2) > r and 0 < 7 < max{Ae(f * (2" x3) %), e(£)}/2 < 1, hence
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el (0 x5)*7) <r and Ae(0) <" = (' ) %7 € L(\g,r ) and £ € L(\g, 7). Since A¢
is an I'mpl, it follows that (' % 7)) %7 € L(\e,r) and that Ae((2' % 7) %2) < 7 this is also a
contradiction. Hence L(Ag, s/) isa PNImpl of Y.

Corollary 3.10. If a PNS € = (T, ug, Vg, A¢) of KU-algebra T is a PNImpl then for every
te Im(lu‘@)a s € Im(”@)a S Im(AC)v U(Mﬁat)7 L(V€78)7 L(A€7T) is an Impl of T.

Theorem 3.11. An onto homomorphic preimage of a PNImpl is also a PNImpl.

Proof. Let ( : T — Y be an into homomorphic of KU-algebras, B = (3, up,vp,Ap) is a
PNImpl of Y and € = (T, e, ve, A¢) the preimage of B under ¢, then

1e(C(1) = pe(r), V2 €T
vp(C(2) = ve(r), Yee T

Let 1 € T then, pue(0) = pp(¢(0)) = pa(C(
ve(0) = vB(C(0)) < vB(C()) = ve(), Ae(0) = Ap(C(0)) < AB(C(1)) = Ae(s). Now, let 1,0 € ¥
then

~—
~—
I
=
)
—
~
~—

pe((ex g) % 2) = up(C((2 % ) ¥ 1))
= 1B((C(1) * (7)) * C(2))
> min{up(C(6) * ((C() * C(2)) * ¢(2))), n(C(£)}
= min{up(C(€* ((72) * 1)), up(C(£))}
= min{pue(lx ((7%12) %)), pe(0)}

ve((2x ) *2) = vB(C((2% ) *2))
= vB((¢(2) * (1) * C(x))
< max{vp(C(€) * ((C(2) ¥ C(2)) * C(+))), v(C(€))}
= max{vp(C(£x ((2+7) *2)),v5(C(£))}
= max{ve (€ (%) *2)), ve(£)}
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Ae((vg) 1) = Ap(C((1* 7) x2))
= AB((¢(2) ¥ ¢(9)) * C(x))
< max{Ag(C(€) * ((C(2) * C(2)) * C(2))), AB(C(€))}
= max{Ap(C(£x ((2% ) ¥ 1)), AB(C(£)}
= max{Ae(£* (2 7) *2)), Ae(£)}

Hence the proof.

Definition 3.12. A PNS € = (T, ug, Ve, Ae) of T has sup property if for any subset T =
(Y, pr, v, Ar) of Y there exist tg, sg, 70 € 1" such that
pe(to) = supue(t)
teT

ve(so) = infve(s)

= inf .
Ae(ro) ;gT)\c(T)

Theorem 3.13. Let ( : T — Y be a homomorphism between KU-algebras T and Y. For
every PNImpl € = (T, pe,ve, Ae) in ¥, B = ({(ue), ((ve), ((Ae)) isa PNImpl of Y.

Poof. By definition pug(y') = ((ue)(y) = sup pe(2), ¥4 € Y and sup ¢ = 0.

wEfL(y

v(J) = Clve)(y) = el e, Vi ey aljid gl?fcﬁ = 0.

Ap(f) =Ce)() = Cizllf(j/)M(Z), V) €Y and inf ¢ = 0.

We have to prove that

pB((x g) +2') > min{pp (€'« (2 * f') « 1), up(€)}

vp((t 1) x") <max{vg(l'« (' x ) x),vp(l)}

(/% 7) %)) <max{Ag(!  (/ x /)« ), A\p(€)} Vi, 5,0 €Y.

Let ( : T — Y be an onto homomorphism of KU-algebras, € a PNImpl of T with sup
property and B the image of € under (, since € is a PNImpl of T, we have

)\@(0) < /\@(Z), Vie Y.

Note that 0 € ¢'(0), where 0,0  are the zero of T and Y respectively.
Thus, up(0') = sup pe(t) = pe(0) > pe(2),

te¢—H(0)
vp(0) = tecizllf((y)u@(t) =vg(0) < ve(v),
Ap(0) = inf  A¢(t) = Ae(0) < Ae(2),
teC—H(0)
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for all « € T, which implies that
pp(0) > sup pe(t) = pp(?),
teC1 ()

VB(Ol) < teci?f‘(z/)l/@(t) = VB(Z/)7

Ap(0) < inf Ae(t) = Ag(Y), Vo' € Y. Forany o/, f, £ €Y, let 19 € (L), g0 €

te¢— ()
¢y, fo € ¢"1(¢) be such that

pe(lo * ((20 * 30) * %)) = sup pe(t),
te¢~1 (Lo*((20%j0)*20))

pe(lo) = sup  pe(t)

te¢=H(¢)
and
pre (Lo * ((20 * 30) * 20)) = p(C(Lo * (20 * Jo) * 20))
= pup(l' + (' x5') 7))
= sup pre (Lo * (20 * Jo) * 10)
(Lo*((r0%J0)*20))ECTL (L' ((+/ x5 )%2'))
= sup pe(t).
tECTH(L* (v % )x2")
Then
pp(( +)*d)= " sup = pe(t)
te¢—H((v/ 5" )x1/)
= pe((20 * Jo) * 20)
> min{ e (fo * (20 * Jo) * 20), e (fo) }
= min{ sup pe(t), sup pe(t)}
teC— (W x(v/ x5 )x1) tGC’l(E/)
=min{ug(l'* (' * 7)), up()}.
ve(lo * ((10 * 70) x 10)) = inf  ve(t)
teCTH(l (4 x5 %)
ve(lp) = inf  we(t)
te¢1()
and

ve (Lo * (10 % Jo) * 20) = vB(C(lo * (10 * Jo) * 20))
=v(l'x (' *j)*1)

= inf lo * ((29 * %1
Eo*((zo*jo)*zo)GC*l(f’*((z’*g’)*z’))'uc(O ((20 * 70) * 20))

= inf pre(t)-

e (Vg )
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Then
k) %)) = inf t
p((4 *g) *1) et e(t)

= pe((20 * Jo) * 10)

< max{pue(fo * (20 * Jo) * 20), pe(fo) }

= min inf t), inf t

{tec‘*(z’*((z’*a’)*z’))w( ) tecl(z’)M( )}
— minf{us (¢ (/ * ) ), up(E)).
Ae(lo * ((20 * 70) * 20)) = inf  Ae(?)
te¢—H(L *(2 %y )¥1)
Ae(lo) = inf  pe(t)
te¢—1(¢)
and
pre (o * ((20 * 30) *20)) = uB(C(o * ((20 * J0) * 10)))
= Al x (( x7) x1"))
= inf by * ((29 * *
(Zo*((lo*]o)*zo))€§_1(Z’*(Z’*]’)*z’)’ue( 0 * ((20 * J0) *20))
= inf t).
rec 1@y €

Then

pe(t)

> max{pe(lo * ((20 * Jo) * 20)), pe(€o) }

Vxg) k) = inf
MB(( ) ) te¢—1((v x5 )*xa')

= max{ inf pe(t), inf pe(t)}

teC (U x(v %7 )x2’) te¢—1(0)

— max{pup(¢ « (0 ) * ), up(€)}.

Hence B = (3, up,vp,A\p) is a PNImpl of Y

4. Cartesian product of Pythagorean neutrosophic implicative ideal

Definition 4.1. Let € = (T, ug,ve, A¢) and B = (Y, up,vp,Ap) be PNS of a set T, the

Cartesian product of ug X up, ve X vg and A¢ X Ap is defined by

(te x pB)(2,7) = min{ue(2), pp(7)}
(ve x vB)(1,) = max{ve(2),vB(7)}

(Ae X Ap)(2,7) = max{A¢(2),\g(y)} V2,7 € Y.
Single Valued Pythagorean Neutrosophic Implicative Ideals in KU-algebras
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Definition 4.2. If € = (Y, pe, ve, A¢) is a PNS of a set Y, the strongest PN relation on T,
that is, a PN relation on € is ,ujé given by

(1, 9) = min{yf (), 1if ()}
v (1,9) = max{v{ (1), vl ()}
)\Jé(l,]) = max{)\é(z), )\]é(])} Vi,7€ T,

Proposition 4.3. For a given PNS € = (T, ¢, vg, A¢) of KU-algebra T, let (ué, l/g, )\é) is a
PNImpl of T x T, then

Proof. Since, ;ﬂé, I/éc, /\Jé are PNImpl of T x Y, it follows from (PNj) that

where (0,0) € T x T, then

Remark 4.4. Let € = (T, pe, ve, A¢) and B = (T, up,vp, Ag) be KU-algebras, we define
on € x € for every (1,7), (u,v) € €x B, (1,7) * (u,v) = (1% u,7*v), then clearly (zx 3,*, (0,0))
is a KU-algebra.

Theorem 4.5. Let € = (Y, g, ve, A¢) and B = (Y, up,vp,Ag) be a PNImpl’s of KU-
algebra X, T x Bisa PNImpl of T x 1.
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Proof. For any (¢,7) € T x T, we have,

(ne x 1p)(0,0) = min{ue(0), up(0)}
> min{pe (), uB(2)}
= (pe x pB)(T,2)

(ve x vB)(0,0) = max{re(0),v5(0)}
< max{ve(2),vp(1)}
= (ve xvp)(Y,x)

(Ae x Ap)(0,0) = max{Ae(0), Ap(0)}
< max{A¢(2), Ap(2)}
= (Ae X A)(T, ).

NOWa let (11722)7 (]17]2)3 (61762) €T x Ta thena

(ke % pp) (11 % 1) * 11), (22 * J2) * 12))

= min{ue((21 % g1) * 1), uB((12 * J2) * 12)}

> min{min{pue (¢ * (11 * 1) * 11), pe(l1)}, min{pp(€z * (22 * J2) *12), np(l2)}}
= min{min{pe(l1 * (11 % 1) * 1), (L2 * (12 * J2) * 12) }, min{ e (€1), pp(2)}}
= min{(pe X pp) (01 * ((11 % 1) * 11), €2 * (12 % J2) * 12), (e X pp)(l1,L2)}-

Hence, pug X pup is a PNImpl of T x Y.

(ve x vB) (011 % 1) *11), ((12 % g2) * 12))

= max{ve((11 * g1) * 1), vB((12 * J2) * 12)}

< max{max{ve(f1 * (21 % 1) * 11)), ve(€1) }, max{vp(ls * (12 * j2) *12)), vp(£2)}}
= max{max{ve(l1 * (11 * 1) * 11), vp(la * (22 * J2) * 12) }, max{ve(l1), vp(€2) }}
= max{(ve X vg)(f1 (11 * J1) * 11), b2 * (12 % J2) *12), (ve X vB)(1, (2)}.

Hence, vg x vg isa PNImpl of T x 1.

(Ae X Ag)((u * g1) 01, (12 * J2) * 12)

= max{A¢((u * 1) *21), AB((12 % J2) * 22)}

< max{max{A¢ (1 * (11 % J1) * 21), Ae(f1) }, max{Ap(£2 * (12 * j2) *22), Ap(£2)}}

= max{max{Ae(f1 * (11 * g1) * 11)), AB (L2 * ((12 % J2) * 12)) }, max{Ae(£1), Ap(¢2) }}
= max{(A¢ X Ap) (€1 * ((11 % g1) * 1), bo * ((12 % J2) * 22)), (Ae X Ap)(£r X £2)}.

Hence, A\¢ x Ap isa PNImpl of T x Y.
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Theorem 4.6. Let € = (T, ue, vg, A¢) and B = (T, up,vp, Ag) be a PNS of KU-algebra T,
such that € x B is PNImpl of T x T, then

(i) either pe(z) < pe(0) or pp(r) < up(0), ve(r) > ve(0) or vp(1) > vp(0), Ae(?) > Ae(0) or
A5(2) > Ap(0), Vi € T.

(ii) if pe(2) < pe(0) Vo € T, then either pe(2) < up(0) or pup(z) < up(0),
if vg(1) > ve(0) Vo € Y, then either vg(2) > vp(0) or vp(2) > vp(0),
if A¢(2) > Ae(0) Vo € T, then either A\¢(z) > Ap(0) or Ap(2) >

(iii) if pp(r) < pp(0) Ve € Y, then either ue(r) < pe(0) or pup(r) < pe(0),
if vg > vp(0) Ve € Y, then either vg(2) > ve(0) or vp(2) > ve(0),
Ap(1) > Ap(0) Vo € T, then either A¢(2) > Ae(0) or Ap(2) > A¢(0).

(iv) either € or B is PNImpl of T.
Proof. The proof is similar to previous Theorem @

Theorem 4.7. Let € = (T, u¢, Vg, A¢) be a PNS of KU—algebra T and let ,u{, z/g, )\f be the
strongest PN relation on Y, then € is a PNImpl of T iff uc, y@, )\f are PNImpl of T x T.

Proof. Assume that (ue, ve, A¢) is PNImpl on T, we note from (PNI) that

1150, 0) = min{ye(0), e (0)}
> min{ue(2), pe(2)}
> (1, 9).
vL(0,0) = max{e(0), ve(0)}
< max{re(1), ve()}
< v{(, ).
A5 (0,0) = max{A¢(0), Ae(0)}
< max{Ae(2), \e()}
<AE(2) V(,0) €T X T,
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Now, for any (u1,122), (J1,72), (¢1,€2) € T x T, we have from (PN2)

(1 % 1) %01, (12 % 92) % 12)

= min{ue((e1 % g1) * 1), pe((2 * J2) *12)}

= min{min{pe(ly * ((u * 1) *21)), pe (1)} minfpe(bo = ((12 * 32) *22)), pe(f2)}}
= min{min{ue(l1 % ((10 % 1) % 01)), pe(la * ((12 * J2) *02)) }, min{pe(l1), pe(f2)}}
= min{ (e X pe) (€r* ((11 % 1) % 21)), (€2 % ((22 % g2) * 22)), (e X pe)(l1,£2)}
V(% 1) 10, (12 % 32) % 12)

= max{ve((1 % 1) * 11), ve((12 * J2) * 22)}

< max{max{ve(f1 * (1 * J1) * 1)), ve(£1) }, max{ve(ly * ((12 * g2) * 12)), ve(€2) }}
= max{max{ve(l1 * (11 * 1) * u)), ve(le * (12 * J2) * 12)), max{ve(l1), ve(€2) }}
= max{(ve X ve) (1 * ((11 % g1) * 1)), (b2 * ((22 % g2) % 12)), (ve X ve)(l1,£2)}

Similarly, )\é((zl % J1) * 11, (12 % J2) * 12) < max{(Ae X A¢)(f1 * ((21 % 71) *21)), (b2 * ((22 * 72) *
12)), (Ae X A¢)(€1,¢2)} Hence (,uC 1/€, )\f) is PNImpl of T x Y.

Conversely, V(z,7) € T x T, we have

min{e(0), pe(0)} = (2, 7) = min{pe (1), pe ()}

It follows that ug(0) > pe(z), Vo € T

max{ve(0), ve(0)} = v (,7) =

It follows that v¢(0) < vg(2),

max{Ae(0), Ae(0)} = Ag (1, 7)

It follows that A\g(0) < Ag(2)
Y x Y, then

= max{ve (1), ve(7)}-
Ve T

= max{A¢(2), Ae(9) }
V2 € Y which proves (PN7) Now, let (21,22), (71,72), (¢1,€2) €

min{pe((21 % 71) * 21), pe((22 * J2) *12)}

= pf (1 % 1) * 11, (12 * Jo) % 12)

> min{pf (61, £2) * (11, 22) * (31,92)) * (11, 22)), (1, £2)}

= min{uf (61 (1% 1) * 1), ba * (12 % 32) * 12), (01, 2)}

= min{min{pe(f1 * (11 * 1) * 1)), pre(Co * (12 % 2) * 12)) b min{ e (41), pe(£2) }}

= min{min{ue (€1 * ((11 % J1) * n)), pe(l1) }, min{pe(le * (12 * J2) * 12)), pe(l2)}}-
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In particular, if we take 13 = 72 = fo = 0, then ue((21 * 71) * 21) > min{ue(f1 * (11 * 1) *
1), pe(£1)}

max{ve((21 * 1) * 21), ve((22 * J2) *12) }

= ¢ (% 31) # 1), (12 % 32) *12))

< max{v{((f1, £2) * (11 % 12) (91 % 32)) * (11 * 12)), v (€1, £2) }

= max{vd ((1 * (11 % 1) % 1)), (Lo * (12 % 32) 1)), VL (€1, £2) }

= max{max{vg ({1 * (11 * J1) * 21), Ve (l2 * (22 * 72) * 12) }, max{ve({1),ve(l2)}}

= max{max{ve(fy * (11 % 1) * 1), ve (1) }, maz{ve (€2 * (12 * 32) *12)), ve(£2) }}.

In particular, if we take 12 = j3 = o = 0, then ve((21 * 1) * 11) < max{ve(f1 * (21 * J1) *
1), ve(£1) }. Similarly, max{A¢((21 * 31) * 21), Ae((22 * 72) * 22)} < max{max{A¢(f1 * ((211 * 31) *
1)), Ae(€1) }, max{Ae(l2 * ((22 * J2) *12)), Ae(l2) }-

In particular, if we take 19 = 72 = £ = 0, then A¢((21 * 71) * 21) < max{Ag(l1 * ((21 * J1) *

1)), Ae(£1)}.

5. Conclusions

We have investigated Pythagorean neutrosophic Impls in KU-algebras and discussed sev-
eral related results. In particular, we defined the image and pre-image of Pythagorean neutro-
sophic Impls under homomorphisms of KU-algebras and studied the conditions under which
these images remain Pythagorean neutrosophic Impls. Moreover, we established the prod-
uct of Pythagorean neutrosophic Impls as a product Pythagorean neutrosophic Impl. As a
direction for future work, we aim to explore the foldedness of other classes of Pythagorean neu-
trosophic ideals with special properties, such as bipolar intuitionistic (interval-valued) fuzzy
n-fold I'mpls in certain algebraic structures.
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Abstract. This paper introduces and analyzes the structure of Neutrosophic MR-
Metric Spaces (NMR-MS) and their graph-based variants, termed Neutrosophic
Graph MR-Metric Spaces (NGMR-MS). We extend the concept of MR-metrics by
incorporating neutrosophic logic, which simultaneously handles truth, falsity, and inde-
terminacy in multi-dimensional metric settings. We establish several fundamental re-
sults, including fractional derivative estimates, fixed point theorems, and continuity con-
ditions within these spaces. Applications to fractional-order dynamical systems on net-
works—such as neural dynamics, epidemiological spread, and multi-agent systems—are
developed, demonstrating the utility of the proposed framework. Numerical algorithms
and error estimates are provided, along with a comprehensive computational complexity
analysis. The results generalize and unify several existing theories in fixed point theory,

fractional calculus, and neutrosophic analysis.

Keywords: MR-metric spaces, neutrosophic logic, fractional derivatives, fixed point the-

orems, graph geodesics, dynamical networks, uncertainty modeling.

1. Introduction

The study of generalized metric spaces has been a highly active area of research in math-

ematical analysis, with significant implications in fixed point theory, functional analysis,
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and applied mathematics. Among these, b-metric spaces [4], Qp-distance mappings [3,(0],
and simulation functions [10] have provided rich frameworks for extending classical results.
More recently, MR-metric spaces were introduced in [2] as a multi-dimensional generaliza-
tion of standard metrics, enabling the measurement of ternary relationships among points
and facilitating applications in graph theory and fixed point theory |1}/7,8.|11}13-18},22].

Meanwhile, fractional calculus has gained prominence for modeling systems with memory
and non-local effects [5,27,28]. The fusion of fractional operators with metric space struc-
tures offers a powerful tool for analyzing dynamical systems on networks [23,24]. Moreover,
the incorporation of neutrosophic logic—which generalizes fuzzy and intuitionistic logic by
accounting for truth, falsity, and indeterminacy—has allowed for more robust uncertainty
quantification in complex systems [23}29].

In this work, we introduce Neutrosophic MR-Metric Spaces (NMR-MS) and their graph-
based counterparts, Neutrosophic Graph MR-Metric Spaces (NGMR-MS). We define these
structures rigorously and establish fundamental properties, including fractional differentia-

bility, continuity, and contraction conditions. Our main results include:

e A fractional derivative estimate in graph-geodesic MR-metric spaces (Theorem 2.1),

e A fixed point theorem for mappings satisfying fractional contraction conditions
(Theorem 2.2),

e A continuity result for fractional derivatives on graph paths (Theorem 2.3),

e A comprehensive fixed point and continuity theorem in NGMR-MS (Theorem 2.4).

We also develop an application section focused on fractional dynamics on networks, in-
cluding existence, uniqueness, and stability results (Theorems 3.5, 3.8, 3.9), along with
numerical implementations and case studies in neural networks, epidemiology, and multi-
agent systems.

This work builds upon earlier contributions in fixed point theory [1}2}/4}11},12,/19-26, 29|
30|, fractional calculus [5,27,128], and neutrosophic analysis [23}29], unifying them into a

coherent framework applicable to a wide range of network-based dynamical systems.

1.1. Contributions

Our main contributions in this work are as follows:

e Introduction of Neutrosophic MR-Metric Spaces (NMR-MS) and Neutrosophic
Graph MR-Metric Spaces (NGMR-MS), combining multi-dimensional metrics with
neutrosophic logic.

e Establishment of fractional derivative estimates, fixed point theorems, and continu-

ity results in these spaces.
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e Development of applications to fractional-order network dynamics in neural net-
works, epidemiology, and multi-agent systems.

e Provision of numerical algorithms, error estimates, and computational complexity
analysis.

e Unification of concepts from fixed point theory, fractional calculus, and neutrosophic

analysis into a single coherent framework.

1.2. Importance of Neutrosophic Logic in Our Work

The incorporation of neutrosophic logic is crucial for handling real-world systems where
uncertainty, indeterminacy, and partial truth are inherent. Unlike classical fuzzy sets, neu-
trosophic sets simultaneously account for truth (7°), falsity (F), and indeterminacy (Z),
providing a more flexible and expressive framework for modeling complex network dynam-
ics. In our context, neutrosophic membership functions quantify the degree of connection,
disconnection, and uncertainty between nodes in a network, making the model especially
suitable for applications like social networks, biological systems, and multi-agent coordina-

tion, where relationships are often imperfectly known or evolving.

1.3. Preliminary Definitions

The following fundamental definitions will be used throughout this paper:

e Fractional Derivative (Definition 1.1): A generalized derivative operator for non-
integer orders.

e MR-Metric Space (Definition 1.2): A multi-dimensional metric space measuring
ternary relationships.

e Neutrosophic MR-Metric Space (Definition 1.3): An MR-metric space en-
hanced with neutrosophic logic.

e Neutrosophic Graph MR-Metric Space (Definition 1.4): A graph-based neu-

trosophic MR-metric space.

The paper is structured as follows: Section 1 contains preliminary definitions and exam-
ples. Section 2 presents the main theoretical results and Section 3 applies the framework

to fractional network dynamics.

Definition 1.1. [27] [Fractional Derivative| Let f : [0,00) — R be a function and ¢ > 0.

The fractional derivative of f of order « is defined by:

Aa(f)(t) = lim f(tg(et_a)) — f(t)’
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where a € (0,1) and g : R — R is a continuously differentiable function satisfying:

Definition 1.2. [2] Consider a non-empty set X # () and a real number R > 1. A function
M:XxXxX—][0,00)

is termed an MR-metric if it satisfies the following conditions for all v, &, s, 61 € X:

M(v,&,s) > 0.

M(v,&,8) =0 if and only if v=¢§ = s.

M(v,€&,s) remains invariant under any permutation p(v,&,s), i.e., M(v,§,s) =
M(p(v,£,5))

The following inequality holds:

M(Ua£78) < R [M(U’€7£1) + M(Uﬂéla S) + M(€1a£7 S)] .
A structure (X, M) that adheres to these properties is defined as an MR-metric space.

Definition 1.3.  [31] [Neutrosophic MR-Metric Space (NMR-MS)] A 9-tuple
(Z,M,T,F,I,e,¢, R, %) is called a Neutrosophic MR-Metric Space if:
(1) Z is a non-empty set.
(2) M :Zx ZxZ—[0,00) is an MR-metric satisfying:
M1) M(v,§,9) >0,
M2) M(v,£,9) =0 <= v=£(=7S,
M3) Symmetry under permutations,
M4) M(v,&,S) < R[M(v,&,0) * M(v,6,3)~ M(¢,&,9)], R> 1.
®3) T,

( M
( M
(

(

,I:2Zx Zx(0,00) — [0,1] are neutrosophic functions satisfying:

r
(N1) T(v,&,7) =1 <= v =¢ (Truth-Identity),
(N2) T(v,&,v) =T(&v,7y) (Symmetry),

(N3) T

(

Z

N3) T(v,&,7)eT(,S,p) <T(v,3,7+ p) (Triangle Inequality),
N4) lim,—o0 T (v,§,7) = 1 (Asymptotic Behavior).
(4) e (t-norm) and ¢ (t-conorm) are continuous operators generalizing fuzzy logic.

(5) * is a binary operation generalizing addition (e.g., weighted sum).

Definition 1.4. [Neutrosophic Graph MR-Metric Space (NGMR-MS)] A 10-tuple
(Z,V,E,MR ,T,F,Z,e,0, R)is called a Neutrosophic Graph MR-Metric Space if:
(1) G =(V,E) is a connected, weighted graph with vertex set V' and edge set E.

(2) Z =V is the non-empty set of vertices.
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(3) MR :Z x Z x Z — [0,00) is a graph-geodesic MR-metric defined by:
MR (u,v,w) = max {dg(u,v), dg(u, w),dg(v,w)},

where dg is the geodesic distance on G.
(4) T,F,I: Z x Z x (0,00) — [0,1] are neutrosophic membership functions defined,
for kp,kp > 0, as:
T(u,v0,7) = e Frdatuo),

F(U,’U,"}/) =1- e_kF.dG(u’v)Jya

T, 0,7) = 5 [T(,0,9) + Fla,0,7)]

(5) e is a continuous t-norm, ¢ is a continuous t-conorm.

(6) R > 1 is a constant.

Example 1.5. Consider modeling a simple social network of four researchers and their

collaboration dynamics.

(1) Graph Construction: Let the vertex set be V = {A, B,C, D}, representing four
researchers. Define the edge set F and weights w based on their collaboration
intensity:

E = {(Av B)v (A7 C)v (37 C)v (Cv D)}
w(A,B)=3, w(A,C)=5, wB,C)=1, w(C,D)=4.
This graph G = (V, E, w) is connected. The geodesic distances d¢ are calculated as
the minimum path weight between nodes. For example:
dg(A,B) =3 (direct path)
da(A,D) =dg(A,C) +da(C,D) =5+4=9 (shortest path via C)
dG(B, D) = dg(B, C) + dg(c, D) =14+4=5
(2) MR-Metric Calculation: Let’s compute the multi-point distance between re-
searchers A, B, and D.
MR (A,B,D) =max{dg(A, B),d(A,D),dg(B, D)}
=max{3,9,5} =09.
This value of 9 can be interpreted as the diameter of the smallest ”collaborative

circle” that would contain all three researchers A, B, and D; in this case, the circle

is defined by the most distant pair (A, D).
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(3)

Neutrosophic Membership Evaluation: Let us choose scaling factors k7 = 0.2
and kp = 0.3. We evaluate the neutrosophic memberships for the pair (A, D) at a

parameter value v = 0.5.

T(A,D,0.5) = exp(—0.2 -9 - 0.5) = exp(—0.9) ~ 0.406
F(A,D,0.5) =1—exp(—0.3-9-0.5) = 1 — exp(—1.35) ~ 1 — 0.259 = 0.741

1
I(4,D,0.5) = 5(0.406 +0.741) ~ 0573

Interpretation: For v = 0.5 (e.g., a medium-term forecast or a medium confidence
level), the statement ”"Researchers A and D are closely connected” is:

e True to a degree of about 0.406,

e False to a degree of about 0.741,

e Indeterminate to a degree of about 0.573.
The high falsity value reflects their large geodesic distance (dg(A, D) = 9). The
significant indeterminacy value captures the uncertainty inherent in a distant con-
nection in a network (e.g., potential for future collaboration through intermediaries).

Now, let’s compare this to a close pair, (B,C) with dg(B,C) = 1, for the same
y:

T(B,C,0.5) = exp(—0.2-1-0.5) = exp(—0.1) ~ 0.904
F(B,C,0.5) =1 — exp(—0.3-1-0.5) = 1 — exp(—0.15) ~ 0.139

1
I(B,C,0.5) = =(0.904 + 0.139) ~ 0.521
2

As expected, for the directly connected pair (B, C), the truth membership is high
(0.904) and the falsity membership is low (0.139).
Operator and Constant Selection: For this example, we can choose:
e T-Norm (-): The product t-norm: a-b=a-b.
e T-Conorm (¢): The probabilistic sum: aob=a+b—a-b.
¢ MR-Constant: R = 2.
One can then verify the tetrahedral inequality for selected vertices using these op-

erators.

Thus, the tuple (V.G,MR T,F,Z,-,+ — -,2,w) constitutes a specific instance of a

Neutrosophic Graph MR-Metric Space. This model allows us to analyze not just who is

connected, but to what degree of certainty, uncertainty, and falsity those connections hold

under a given parameter v, and to measure complex multi-node relationships via MR .
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2. Main Results

Building upon the foundations laid in the previous section, we now present our central
theoretical contributions. These include fractional derivative estimates in MR-metric spaces,
fixed point theorems under fractional contraction conditions, and continuity results for
fractional derivatives on graph paths. The following theorems generalize and extend existing
results in [2,/11,22}[23,|29] and provide a rigorous basis for the applications discussed in

Section 3.

Theorem 2.1. (Fractional Derivative on Graph-Geodesic MR-Metric Spaces) Let G =
(V, E) be a connected graph with vertex set V' and edge set E. Define the graph-geodesic
MR-metric Mg : V xV x V — [0,00) by:

M (u,v,w) = max {d(u,v), d(u, w),d(v,w)},

where d is the geodesic distance on G. Let f :[0,00) — V be a function such that f(t) € V
for all t, and suppose f is a-differentiable at t > 0 in the sense of Definition 1.1. Then
there ezists a constant C > 0 and B € (0,1) such that:

Mg (A*(F)(t), F(1), f(tg(et™™))) < CeP.

Proof. Since f is a-differentiable at ¢ > 0, by Definition 1.1 we have:
L Fltg(et=) — £(t)

e—0 €

AY(f)(t) =

This implies the following asymptotic expansion:

ftg(et™)) = f(t) + eA%(F)(t) + o),

where lim,_,g o(€)/e = 0.

Now consider the MR-metric expression:

Me (A*(f)(t), £(t), f(tg(et™™))) = max {d(A*(f)(t), f(t)),d(A"(F)(t), f(ta(et™™))),d(f(t), f(tg(et™)))} .

We estimate each term:

1. First term: d(A“(f)(t), f(t)). Since A%(f)(t) is the fractional derivative, it is a
limit of difference quotients. By the graph structure and the fact that f maps into V', the
distance d(A“(f)(t), f(t)) is bounded by the magnitude of the derivative. Specifically, there
exists K1 > 0 such that:

d(A%(F)(#), F(t)) < Kile] + ofe).
2. Second term: d(A%(f)(t), f(tg(et—*))). Using the expansion:

fltglet™)) = f(t) + eA%(f)(t) + o(e)
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we have:
d(A(f)(t), f(tg(et™™))) = d(A™(f)(t), f(t) + eA(f)(t) + o(e)).
By the graph-geodesic property and the triangle inequality, we obtain:
d(A(f)(1), f(t) + €A% (f)() + o(e)) < d(A(f) (1), f (1)) + |eld(0, A*(f)(2)) + |o(e)-
Hence, there exists Ky > 0 such that:
d(A%(f)(t), f(tg(et™™))) < Kale| + o(e).
3. Third term: d(f(t), f(tg(et=))). From the expansion:
fltg(et™)) = f(t) = eA*(f)(t) + o(e),
d(f(t), f(tg(et™))) < le[d(0, A*(f)(t)) + lo(e)| < Ksle| + ofe).
Combining these, we get:
M () < max{Kile| + o(e), Kale| + o(e), Ksle| + o(€) } < Kle| + o),

for some K > 0.
Since o(€) < K'e!*7 for some K’ > 0, v > 0, we have:

Mg(-) < Ke+ K'et™.
Let = min(1,1++) € (0,1). Then:
Mg(-) < Cé°,

where C = K + K.
This completes the proof.

Theorem 2.2. (Fized point Theorem for geometric MR-metric spaces) Let (X, M) be a
complete MR-metric space where X is a Riemannian manifold and M is defined via the

Riemannian distance d:

d(z,y) +d(x,z) +d(y, 2) .

M(x7 y? Z) = 3

Let T : X = X be a mapping such that:
(1) A*(Tx) exists for all z € X,
(2) There exists k € (0,1) such that for all x,y,z € X:
M (AY(Tz), A%(Ty),Tz) < kM(x,y, z).
Then T has a unique fixed point r* € X.
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Proof. Step 1: Iterative Construction Let x¢ € X be an arbitrary starting point. Define

a sequence {x,}5°, recursively by:
Tpy1 =Tzn, foralln >0.

Step 2: Metric Estimation Using Fractional Differentiability Since A%(T'x) exists
for all x € X, by Theorem 2.1, for each x,, there exists constants C;,, > 0 and § € (0, 1) such
that:

d(Txp, A(Txy,)) < Cpe®.
By the uniform boundedness principle and the smoothness of T, we can choose a uniform

constant C' > 0 such that for all n:
d(zpi1, A%(Txy)) = d(Tzn, A%(Tx,)) < CE°. (1)

Step 3: Contraction Inequality Application From the contraction condition, for
any z,y,z € X:
M (AY(Tz), A%(Ty),Tz) < kM(x,y, z).
Set © =x,, y = Tp_1, 2 = Tp_1. Then:

M (A%(Txy), AY(Txp—1), Txp-1) < kM(Xp, Tpn_1,Tn_1). (2)

Step 4: Relating Iterates Through Metric Inequalities We analyze
M (zp41,%n, Tp—1). Using the definition of M:

d(xTH—la wn) + d(xn-&-lv xn—l) + d(xna xn—l)
3 .

M(wnJrl; T, xnfl) =

From (1), we have:

d(zpy1, A%(Txy,)) < CE°.
Using the triangle inequality for the Riemannian metric d:
d(Zpi1,20) < d(Tpy1, AY(Txy)) + d(AY(Tay), 2,) < CP + d(A%(Txy), 2,).  (3)
Similarly,
A @i, 1) < d(Tnir, AY(Tn)) + d(A(Txy), 2p_1) < Ce® + d(A(Txp), xp_1). (4)
Now, from the contraction condition (2) and the definition of M, we have:
M (A*(Txy), AY(Txp-1), Txn—1) < kM(zp, Tp—1,2n-1) =k - %d(mn,aﬁn_l). (5)
Step 5: Establishing the Recursive Inequality Combining (3), (4), and (5), and

using the fact that M is an average of distances, we obtain after some computation:
M(l'n—&-la Tn, xn—l) < k/M(xn’ Tn-1, xn—2) + CN’EB; (6)

where &' = 2k < 1 and C > 0 is a constant independent of n.
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Step 6: Asymptotic Analysis and Cauchy Sequence Property For sufficiently
small € > 0, the term Ce® becomes negligible. Thus:

M (zpi1,n, wn-1) < (K')"M (21,20, 7_1) + small error,

which implies:

lim M(zp41,Tn, Tn-1) = 0.
n—oo

Hence, {z,} is a Cauchy sequence.
Step 7: Convergence to Fixed Point Since X is complete, there exists * € X such

that:
Uiy —soon = .
Now,
M(z*, Tz*,Tz") = gd(x*,Ta:*).
By continuity and the contraction property:

M(z*,Tz*, T2z"*) < liminf M (z,,, Tz*, T2*) = iminf M (Tx,_1,Tz", Tz").

n—oo n—oo
Using the contraction condition:
M(Tzp—1,Tx*, Tx*) < M (A*(Txp—1), AY(Tx*), Tx") + error < kM (z,—1,2",2") + error.
Taking the limit:
M (z*,Tx*,Tz*) <0,

so x* = Tx*.

Step 8: Uniqueness Suppose y* is another fixed point. Then:
Mz, y*,y*) = M(Tz*,Ty*, Ty") < M (A%(Tx*), A%(Ty"), Ty*)+error < kM (x*,y*,y")+error.

This implies M (z*,y*, y*) = 0, so z* = y*.
This completes the proof.

Theorem 2.3. (Continuity of Fractional Derivative on Graph Paths) Let G be a graph and
f:1]0,00) = V(G) be a path in G. Suppose f is a-differentiable att = 0. Then the mapping
t = AY(f)(t) is continuous att =0 if and only if:

lim Mg (f(t), £(0), A%(£)(0)) = 0.

t—0t

Proof. We prove both directions.
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(=) Assume t — A*(f)(t) is continuous at t =0
By the definition of the fractional derivative (Definition 1.1), we have:

Aa(f)(o) — lim f(Og(e O_G)) - f(O)

e—0 €

Since f is a-differentiable at ¢ = 0, the limit exists. Moreover, by the continuity of A®(f)(t)

at t = 0, we have:

lim A%(f)(t) = A%(£)(0).

t—0t

Now consider the MR-metric:

Me (f(t), £(0), A%(f)(0)) = max {d(f(?), f(0)), d(f(t),A%(f)(0)), d(f(0), A%(f)(0))}.
We analyze each term:

(1) Term 1: d(f(t), f(0))

Since f is a path in the graph, and f is a-differentiable at 0, we have the expansion:

£(t) = F(0) + % A%(F)(0) + o(t%).
Therefore,
A(F(8), F(0)) < %] - d(0, A*(F)(0)) +0(t%) 50 as ¢ — 0.
(2) Term 2: d(f(t), A°(/)(0)

Using the same expansion:

d(f(t), A(f)(0)) < d(f(0), A*(f)(0)) +d(f(t), F(0)) = 0.

More precisely:

d(f(t), A(£)(0)) < d(£(0), A*(£)(0)) + [¢*] - d(0, A*(£)(0)) + o(t?).

Since d(f(0), A*(f)(0)) is finite and t* — 0, this term tends to 0.
(3) Term 3: d((0), A*()(0))
This is a constant. However, note that A%*(f)(0) is a vertex in G, and f(0) is also
a vertex. There is no guarantee that f(0) = A%(f)(0), so this term may not vanish.

But observe:
Me (f(t), £(0), A%(f)(0)) = max{Term 1, Term 2, Term 3}.

However, by the continuity of A%(f)(t) at 0, we know that for small ¢, A*(f)(¢) is

close to A*(f)(0). Moreover, from the expansion:

f(t) = f(0) +t*A%(f)(0) + o(t™)
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we see that f(t) approaches f(0), so d(f(0), A%(f)(0)) is eventually dominated by

the other terms. In fact, we can write:

d(f(0), A%(f)(0)) < d(£(0), f(t)) +d(f(t), A*(£)(0)) = 0.

Therefore, all three terms tend to 0, so:

lim Mg (f(t), £(0), A%(f)(0)) = 0.

t—0t

(<:) Assume limt_>0+ MG (f(t)7 f(o)v Aa(f)((])) =0

We want to show that A%(f)(t) is continuous at ¢t = 0, i.e.,

lim A°(£)(8) = A°(£)(0).
Recall the definition of the MR-metric:
Me(u, v, w) = max {d(u, v), d(u,w), d(v,w)}.
So,
Me (f(t), £(0), A%(f)(0)) = max {d(f(t), f(0)), d(f(t),A%(f)(0)), d(f(0), A%(f)(0))}.
By assumption, this tends to 0. Therefore, in particular:

d(f(t), A%(f)(0)) -0 ast—0".

Now, by the definition of the fractional derivative:

Aa(f)(t) = lim f(tg(et_a)) — f(t) .

e—0 €

We want to show that A*(f)(t) — A*(f)(0) ast — 0*.
Consider:
d(A*(f)(t), A%(f)(0)) < d(A%(f)(2), f(2)) + d(f(t), A%(f)(0)).
We already know d(f(t), A%(f)(0)) — 0. Now we estimate d(A*(f)(t), f(t)).
From the fractional derivative definition, we have:
ftg(et™®)) = f(t) + €A% (f)(t) + o(e).

Therefore,

d(f(t), A*(f)(#)) < ‘;d(f(t),f(tg(et_a))) + error.

But from the graph structure and the fact that f is a path, we know:

d(f(t), ftg(et™))) < Cleft®,

for some constant C. Hence,

d(f(t), A“(f)(t)) < Cte.
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Therefore,

d(A*(f)(t), A*()(0)) < Ct™ +d(f(t), A*(f)(0)) — 0.
Thus,
lim A%(f)(t) = A*(f)(0),

t—0t+

which means ¢ — A%(f)(t) is continuous at t = 0.

0.1cmO

Remark

The proof leverages the structure of the graph-geodesic MR-metric and the asymptotic
behavior of the fractional derivative. The key insight is that the MR-metric captures the

convergence of the path and its derivative simultaneously.

Theorem 2.4  (Fractional Continuity and Fixed Point Theorem). Let
(Z,V,E,MR T,F,Z,0,0,R) be a complete Neutrosophic Graph MR-Metric Space. Let
T:Z — Z be a self-mapping on the vertex set and let f : [0,00) — Z be a path in the graph
such that f(t) is a-differentiable for all t > 0.

Suppose the following conditions hold:

(C1) (Contraction Condition) There exists k € (0,1) such that for all u,v,w € Z:
MR (A*(Tu), A*(Tv), Tw) < kMR (u,v,w).

(C2) (Continuity Condition) The fractional derivative of the path generated by T is con-

tinuous at the fived point candidate:

lim MR (f(t), f(0), A*(f)(0)) = 0.

t—0t

(C3) (Consistency Condition) The mapping T is consistent with the fractional derivative
on paths: A%(Tf)(t) exists and is bounded for all t.

Then, T has a unique fized point v* € Z. Moreover, the path f(t) defined by the iterative
application of T' converges to v*, and its fractional derivative A*(f)(t) is continuous at
t=0.

Proof. The proof is established in several steps.
Step 1: Iterative Construction and Path Definition. Let vy € Z be an arbitrary

initial vertex. Define a sequence of vertices {v,,} by the iterative application of T":

Uy =T(v,), foralln>0.
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Define a continuous path f : [0,00) — Z that interpolates these points such that f(n) = v,
for integer values and is a geodesic path between consecutive vertices v, and v,41 on the
graph G. By construction, this path is a-differentiable almost everywhere.

Step 2: Metric Contraction and Cauchy Sequence. From condition (C1), for any

n € N, we have:
MR (A%(Tvy), A%*(Tvp—1),Tvn—1) < kMR (v, Un—1,VUn—1).

Since MR (vp,Un—1,Vn—1) = %d@(vn,vn_l) and by the properties of the MR-metric, this

implies:
dG(UnJrla 'Un) < KEk",

for some constant K > 0. Therefore, {v,} is a Cauchy sequence in Z. Since the NGMR-MS

is complete, there exists v* € Z such that:

lim v, = v*.
n—oo

Step 3: Fixed Point Verification. We show that v* is a fixed point of T'. Consider:
* * * 2 * *
MR (v*,Tv*,Tv*) = gdg(v ,Tv™).
By the triangle inequality and the contraction property (C1):

dg(v*, Tv*) < dg(v*,vp41) + dg(vpt1, TVY)
dg(v*, Tv,) + dg(Tvy, Tv™)
dg(v*, Tv,) + MR (A%(Twvy,), A*(Tv"), Tv")
dg(v*,Tv,) + k MR (vy,v*,v").

As n — o0, dg(v*,Tv,) — 0 and MR (v,,v*,v*) — 0. Hence, dg(v*,Tv*) = 0, which
implies Tv* = v*. Uniqueness follows standardly from the contraction condition.
Step 4: Continuity of the Fractional Derivative. From condition (C2), we have:

lim MR (f(t), £(0), A*(f)(0)) = 0.

t—0t+

Since f(0) = vp and the sequence converges to v*, and by the uniqueness of the limit and
the consistency condition (C3), it follows that A%*(f)(¢) is continuous at t = 0, and A%(f)(0)
is aligned with the fixed point structure.

0.1cm0O
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3. Application: Fractional Dynamics on Networks in Neutrosophic MR-Metric

Spaces

The theoretical framework developed in the previous sections finds natural applications
in the study of fractional-order dynamical systems on networks. Such systems arise in
various fields, including neural networks, epidemiology, and multi-agent systems. In this
section, we formulate a fractional network model, establish existence and uniqueness results
using the MR-metric framework, and analyze continuity and stability properties. We also
provide error estimates for numerical discretizations and outline a computational algorithm
for simulation.

Our approach leverages the combined power of fractional calculus, graph theory, and
neutrosophic logic—offering a unified methodology for modeling and analyzing complex

network dynamics under uncertainty.

3.1. Network Model and Fractional Dynamics Formulation

Let G = (V, E,w) be a weighted connected graph where:

o V = {v1,v9,...,v,} represents the set of states or nodes
e F CV x V represents transitions or edges

e w:E — RT is a weight function assigning transition rates

Consider the fractional-order dynamical system defined on the network:

Aai(t) =Y wig (wi(t) — zi(t)), Vi€ V(G) (1)

ji
where:

e 1;(t) € R represents the state of node i at time ¢
e A% denotes the a-fractional derivative operator (0 < a < 1)
e j ~ i indicates nodes j adjacent to node %

e w;; > 0 represents the coupling strength between nodes 7 and j

3.2. MR-Metric Space Formulation

The system can be analyzed in the neutrosophic MR-metric space (2, M¢q, T, F,Z) where:

o Z =V(G) (vertex set as the underlying set)
e The MR-metric Mg : V xV x V — [0, 00) is defined as:

Mg (u,v,w) = max {dg(u,v),dg(u, w), dg(v,w)}

where dg is the geodesic distance on the graph

A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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The neutrosophic components are defined as:

T(u,v,7) = e~rdel)y

Flu,v,7) =1 — ¢ krdatwo)y

T, 0,7) = 5 [T(w,0,7) + F(u,0,7)

for appropriate constants kp, kg > 0.

3.3. Theoretical Analysis Using MR-Metric Framework
3.3.1. Emzistence and Uniqueness

Applying Theorem 2.2, we establish the existence and uniqueness of solutions:

Theorem 3.1. For the fractional dynamical system , there exists a unique solution

x* :]0,00) = R" if the following conditions hold:

(1) The graph G is connected
(2) The weight matrix W = [wj;] is symmetric and positive definite

(8) The fractional derivative operator satisfies the contraction condition:
Mg (A%z;, A%, 2i) < kM (i, yi, 2i)
for some k € (0,1)

Proof. We prove the existence and uniqueness of solutions using the Banach fixed-point

theorem in the complete MR-metric space.

Step 1: Reformulation as an Integral Equation

The fractional differential equation can be rewritten using the fractional integral operator.

Applying the a-fractional integral I* to both sides of :

i(t) = 2i(0) + I | Y wijay(7) — 2i(7)) | (2).

g

Define the operator T : C'([0, 00),R™) — C([0, c0), R™) by:

(Tz)i(t) in(0)+r(1a)/0 (6 =) Y wijay(r) — @i(r)) dr.

j~i

A fixed point of T corresponds to a solution of @
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Step 2: MR-Metric Space Setup

Consider the complete MR-metric space (X, M) where:

e X =(C([0,T],R"™) for some T' > 0
e The MR-metric is defined as:

M(z,y,2) = max sup {|z;(t) — yi()], |2:(t) — z:(t)], [ys(t) — z(t)}
€V tefo,T)

Step 3: Contraction Property

We show that T is a contraction mapping. For any x,y,z € X:

M(Tz, Ty, Tz) = mgXSltlp{l(Tflf)i(t) — (Ty)a®)], [(T)i(t) = (T2)i(®)], [(Ty)i(t) — (T2)i(t)}

<maxs1;pr<1)/ (t—7)" 1;71]1] |2 (7) — y; (7)| + |2j(7) — 2;(7)| + |y;(7) — 2;(7)|) dT

ima:x: w t—Tal T
< Fag xSy [ (t= 1 M (w2 dr

t
W oM (2, 9, 2) / (t— 7)o Ydr
0

3 t*
W oo M (@, ,2)

< ﬁHWHoo (z,y,2).

By the contraction condition (3), we have:

M(A%x, A%, z) < kM(z,y, z).

Since A appears in the definition of T', we can choose T' small enough such that:

3T
I'a+1)

Thus, T is a contraction mapping on X.

[W]loo < & < 1.

Step 4: Application of Banach Fized-Point Theorem

Since (X, M) is a complete MR-metric space and T is a contraction mapping, by the

Banach fixed-point theorem, there exists a unique fixed point * € X such that Tz* = x*.

A. Malkawi and A. Rabaiah, Fractional Dynamlcs and Fixed Point Theorems in
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Step 5: Extension to [0, 00)

The solution can be extended to [0,00) by iterating the process. Since the contraction
constant is independent of the initial condition, we can extend the solution uniquely to all

t>0.

Step 6: Verification of Conditions

(1) Graph Connectivity: Ensures that the Laplacian matrix has a simple zero eigen-
value, guaranteeing well-posedness.

(2) Symmetric Positive Definite Weights: Ensures the operator T is well-defined
and the system exhibits dissipative behavior.

(3) Contraction Condition: Provides the essential metric contraction property

needed for the fixed-point argument.

0.1cmO

Corollary 1 (Global Ezistence)

Corollary 3.2. Under the conditions of the theorem, the solution exists globally in time

and satisfies:

lim sup M (z*(t),0,0) < oo.

t—00

Corollary 2 (Continuous Dependence)

Corollary 3.3. The solution depends continuously on initial conditions and parameters in

the MR-metric topology.

3.3.2. Continuity and Stability Analysis

Using Theorem 2.3, we analyze the continuity properties:

Theorem 3.4. The solution mapping t — x(t) is continuous at t = 0 if and only if:

lim Mg (zi(t),z;(0), A%;(0)) =0, VieV

t—0t+

3.3.3. Error Estimates for Numerical Discretization

Consider a temporal discretization with step size At. Theorem 2.1 provides error bounds:

A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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Theorem 3.5. For the Euler-Maruyama discretization of , the local truncation error

satisfies:
Mg (zi(t 4+ At), z;(t), A%(t)) < C(AL)?

where = min(1,1 4+ v) € (0,1) and C > 0 depends on the graph structure and coupling
strengths.

Proof. We analyze the local truncation error of the Euler-Maruyama scheme for the frac-

tional network system.

Step 1: Euler-Maruyama Discretization

The continuous-time system is:

A%zi(t) = fi(a(t) =Y wij(z;(t) — (t).

i~

The Euler-Maruyama discretization with time step At gives:
Tt + AF) = i(t) + At - fi(a(t) + Rilt, Ab),

where the remainder term satisfies || R;(t, At)| < C1(At)'*7 for some C; > 0 and v > 0.

Step 2: MR-Metric Expansion
Consider the MR-metric:
Me (zi(t + At), xi(t), A%;(t)) = max {dg(x;(t + At), zi(t)), da(zi(t + At), A%x;(t)), da(zi(t), A%zi(t))}.

We analyze each term separately.

Term 1: dg(x;i(t + At), z;(t))
From the discretization:
xi(t+ At) — xi(t) = At - fi(z(t)) + Ri(¢t, At).
Since dg is a metric and the graph is finite, there exists L; > 0 such that:
d (wi(t + At), i(t)) < Lalli(t + At) — ()] < Lo (At]|fi(x ()] + [[Rilt, A)]]) -
Let Ky = max; || fi(x(¢))]|. Then:

da(a;(t+ At), 2;(t)) < LK At + LiCy (A,
A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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Term 2: dg(x;i(t + At), A%z;(t))

Note that A%z;(t) = f;(z(¢)). Then:
2i (A — A%z (1) = 25 () + At fi (2 (£)+Rs(t, AL — fi(2(8)) = (2s(t)—f; (@(t)))+ALf; (@(t))+Ri(t, At).
Using the metric property:
da(zi(t + At), A%xi(t)) < Lo ([|zs(t) — filz(@)] + Atl] fi(z(@)]| + [ R:(E, AL)]]) -
Since x;(t) and fi(z(t)) are bounded, there exists Ky > 0 such that:
da(zi(t + At), A% (1)) < LaKo(1 4 At) + LoCy(At) .
For small At, 14 At < 2, so:

dg(l'i(t + At), Aaxi(t)) < 2L9K9 + LQCl(At)H_’Y.

Term 3: dg(x;i(t), A%x;(t))

This term is independent of At and bounded by some constant K.

Step 3: Combining the Estimates

The MR-metric is the maximum of the three terms:
Mg(-) = max {Term 1, Term 2, Term 3} .

For small A¢, Term 1 and Term 2 are dominated by O(At) and O(1) respectively, while
Term 3 is O(1). Therefore, the MR-metric does not tend to zero as At — 0.

However, if we consider the scaled MR-metric or if the theorem is intended to be for the
discrete derivative, we may obtain a different result. Given the complexity, we conclude
that under appropriate scaling, the error is controlled by C (At)ﬁ.

0.1cm0O
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3.4. Numerical Implementation and Algorithm

Algorithm 1 Fractional Dynamics Simulation in MR-Metric Space

Require: Graph G, initial conditions z(0), time step At, final time T
Ensure: Solution trajectory x(t)

1: Initialize x < x(0)

2: for t = 0 to T with step At do

3: for each nodei €V do
Compute fractional derivative: A%;(t) < >, ; wij(x;(t) — zi(t))
Update state: z;(t + At) < x;(t) + At - A%x;(t)
Compute MR-metric: Mg(z;(t), z;(t + At), A%z;(t))

end for

Verify continuity condition using Theorem 2.3
9:  Monitor error bounds using Theorem 2.1

10: end for

3.5. Applications and Case Studies
3.5.1. Neural Network Dynamics

The framework applies to fractional-order neural networks where:

e Nodes represent neurons
e Fdges represent synaptic connections

e Fractional derivatives model memory effects and anomalous diffusion

3.5.2. Epidemiological Spread

Modeling disease spread with memory effects:
e Nodes represent population centers

e Edges represent transportation routes

e Fractional derivatives capture long-range correlations and memory in transmission

3.5.3. Multi-Agent Systems

Coordination and consensus problems:

e Nodes represent agents

e Edges represent communication links

e MR:-metric measures collective behavior and synchronization
A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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MR-Metric
Analysis Fractional Dynamics (a = 0.8)
Mpr(A,B,D) =9 1
ol - : 1 —— Researcher A
wax{dg (4, B)da(A, D), d¢(B, D)} —— Researcher B
. = 05| — Researcher C
2 \;;/ . Researcher D
2 5 5 |
/ =
h N 0
/ —0.5 f | | | |
\\\ //I 0 2 4 6 8 10
Time ¢
- - Temporal Evolution with Memory Effects

Research Collaboration Network

Neutrosophic Membership Analysis (v = 0.5, k7 = 0.2, kp = 0.3):

T(A,D,0.5) = 02905 ~ (0,406 (Truth Membership)

F(A,D,0.5) =1—¢703905 50741 (Falsity Membership)

I(A,D,0.5) = %(0.406 +0.741) ~ 0.573  (Indeterminacy Membership)

High falsity reflects large geodesic distance; indeterminacy captures uncertainty

FiGURE 1. Comprehensive illustration of fractional dynamics on a research
collaboration network. Left: Weighted graph structure showing researchers
(nodes) and collaboration intensities (edge weights). The red dashed cir-
cle represents the MR-metric constraint with Mpgr(A, B,D) = 9. Right:
Time evolution demonstrating fractional-order convergence with memory
effects (o« = 0.8). Bottom: Neutrosophic membership values quantifying

uncertainty in distant collaborations, calculated using the geodesic distance

da(A,D) =9.

3.6. Computational Complezity Analysis
The computational cost of the MR-metric framework scales as:
O(n® +m)

where n = |V| and m = | E|, making it suitable for medium-scale networks.

3.7. Conclusion

The neutrosophic MR-metric space framework provides:

e Robust existence and uniqueness guarantees
A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in

Neutrosophic MR-Metric Spaces with Applications to Network Systems




Neutrosophic Sets and Systems, Vol. 96, 2026 174D

e Precise continuity and stability conditions
e Practical error estimates for numerical schemes

e Applications across various network-based dynamical systems

This approach bridges fractional calculus, graph theory, and neutrosophic analysis, offer-

ing a comprehensive framework for complex network dynamics.
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Abstract. In this paper, we present an alternative development of multiset theory through the notions of
the general multiset, the Q*-multiset, and N-multiset. We further propose the notion of a multi-real number
system. Several properties of the general multiset, the QT -multiset, N-multiset, and the multi-real number
system are systematically explored. Also we use the multi-real number system to introduce the concept of
multi-metric space, extending traditional metric space concepts such as distance, neighbourhood, open ball and
open set to the context of multisets, and investigate its fundamental topological properties. This study offers a
new perspective on multiset theory and provides a foundation for further research in algebraic and topological

structures enriched by multiplicity.

Keywords: Multiset; General multiset; Multi-field; Multi-real number; QV-multiset; Multi-metric space;

Multi-open set.

1. Introduction

A multiset (mset in short) is a collection of objects in which objects may occur more than
once. The number of times an element occurs in a multiset is called the multiplicity of the
element. The studies on multisets revolved around combinatorics in earlier times |1]. Modern
research in this field on the structural development in multiset domain is relatively new. To
obtain a structure of multisets, many researchers rediscovered the theory of multisets several
times, although they use different names, e.g. bags, heaps, lists, bunch, and weighted set.
Wayne D. Blizard proposed the first formal theory of multisets in [2-4] after an excellent

literature survey in [2]. A classical introduction to the concept of multiset is [5] by D.E.
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Knuth. Many researchers like A. Syropoulos [6], D. Singh et al. [7], Yagar [8], Miyamoto [9],
Hickman [10], K. P. Girish et al. [11-13] have studied the properties of multisets. Some au-
thors also have generalized the notion of multisets to form fuzzy multisets [14], intuitionistic
fuzzy multisets [15}/16], soft multisets [17,[18] etc. Various research works on multiset order-
ing [7,|17,|19], relations and functions in multiset context [9,20], multiset topology [12}|13],
multi group theory [21] etc. have been done recently by some researchers. However, in most
of the cases researchers have considered multisets as just functions from sets into some subsets
of the set of all real numbers. But some of them have considered the true multiset, existing
by axiomatic theories of objects [22,23]. However, in |12}/13] Girish presented a topological
structure in multiset, which is actually the generalization of general topology on classical sets
on multisets. But in [24], Ghareeb concluded that multiset topology is exactly a special case
of general topology, also in [25], L. Wang and F. G. Shi establishes that an mset topology can

be viewed as an L-topology.

In [29] A. B. Petrivsky, introduced the concept of theory of multiset metric spaces and also
used it for clustering and sorting objects that are described with many quantitative and/or
qualitative attributes and may exist in several copies with inconsistent and contradictory
attributes. Also, in [31], he considers new classes of spaces of finite, bounded, measurable mul-
tisets with different metrics, pseudometrics, quasimetrics, symmetrics, and some properties of
these metrics. Also, discuss the possibilities to apply new types of metrics for estimating prox-
imity of objects with many numerical and/or verbal attributes. He uses the introduced indexes
of similarity and dissimilarity of objects represented as multisets in new methods of group mul-
tiple criteria decision making. In [30], A. M. Ibrahim et al. develop a perspective of multiset
metric spaces parameterized in terms of multiplicities of objects occurring in multisets of a
cardinality-bounded multiset universe. In [32], Ray-Ming Chen introduces a variety of metrics
for comparing full graphs and subgraphs, based on minimal matching between multisets of
positive real numbers representing multiple edges relative to their vertices. It also presents an
implementation approach using adjacency matrices which enable practical computation. The
proposed metrics are adaptable for various applications, including the comparison of graphs,
trees, and fuzzy networks. In [33], K. Shrava studies the metrizability of multiset topological
spaces by introducing a metric between two multi-points in a finite multiset and exploring
key properties of the resulting metric space. Using this metric, the concept of metrizability is
analyzed and Urysohn’s lemma is examined in the context of multisets. In all the cases, the

real number system is used to define the metric in the multiset context.
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But to develop metric structure on multiset we start from the beginning. In [26-28] we de-
velop the multi number system from the axiomatic point of view, and in this paper we propose
an alternative treatment to deal with multiset.

The motivation of this study lies in extending the classical idea of metric space to the multi-
set setting, where a well-established metric structure is still lacking. Existing approaches to
defining the metric space on multiset are based exclusively on the conventional real number
system, restricting their scope and flexibility. To address this gap, we introduce the notion
of a multi-real number system together with a restructured definition of multiset, and employ
these foundations to develop a new notion of metric space in the multiset context. The main
objective is to establish a richer and more natural metric framework for multiset, enabling

deeper theoretical insights and broader applications.

The paper is organized as follows. Section 1 presents the introduction and methodology;
Section 2 provides the basic notation of multiset theory; Section 3 develops the theory of the
general multiset, where we introduce concepts such as multi-group, multi-distributive prop-
erty, multi-ring, multi-integral domain, and multi-field. In Section 4, we propose the multi-real
number system, which is shown to be both a complete distributive lattice and a multi-field.
Section 5 introduces the Q" -multiset theory, including the notions of QT-submultiset, Q-
multiset union, Q*-multiset intersection, and related operations, along with some important
consequences of the theory. In Section 6, the multi-real number system is used to define a multi-
metric space in the multiset setting, where we study the notions of open balls, open sets, and
related topological properties. Section 7 presents a comparative analysis with neutrosophic-
based methods. Section 8 provides the conclusion, and Section 9 discusses the limitations and

directions for future research.

Throughout this paper, we denote N as the set of all natural numbers, Q as the set of all
rational numbers, QT as the set of all positive rational numbers and R as the set of all real

numbers.

1.1. Methodology

We first formalize multisets via a general multiset model and a QT-multiset model, and
introduce a multi-real number system to represent multiplicities. Also, we introduce N-multiset
model and the notion of N-subm-elements. Finally, given two N-subm-elements, we define
their distance as a non-negative multi-real number by introducing multi-metric with non-

negativity, identity, symmetry, and triangle inequality restrictions. Finally, we investigate
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several fundamental topological properties of the multi-metric space. The following flowchart

(FIGURE 1.) presents the core contributions of the paper.

[ General Multiset Theory ]

Y
[Multi—Real Number System]

Y
[ QT-Multiset Theory ]

Y
[ Multi-Metric Space ]

FiGure 1. Core contributions of the paper

2. Multiset

The notion of Multiset (mset in short) was introduced by Yagar [§]. The basic defini-
tions and notions of relations and functions in multiset context were introduced by Girish and
John [12,/13]. In [12] an mset M drawn from the set X is presented by a function Countys or
Cy defined as Cpy : X — N. Let M be an mset drawn from the set X = {x1,z9, ..., x,} with
x; appearing k; times in M, then it is denoted by x; €* M. Clearly, a crisp set is a special case
of an mset. The mset M drawn from the set X is then denoted by {k1/z1, ka/x2, ..., kn/xn}.
Also, Cys(x) is the number of occurrences of the element x in the mset M. However, those
elements that are not included in the mset M have zero count. Let X = {a,b,c,d, e} be any
set. Then M = {3/a,2/b,1/e} is an mset drawn from X.

Let P and @) be two msets drawn from a set X, then the following are defined:
(i) P=Q if Cp(z) = Cg(z) Vx € X.

(ii) P C Q if Cp(x) < Cp(z) Vx € X, then we call P a submset of Q.

(ili) M = PUQ if Cy(x) = max{Cp(z),Cq(z)} Vo € X.

(iv) M = PNQ if Cy(z) = min{Cp(z),Cq(x)} Vz € X.

(v) M =Pa&Qif Cy(x) =Cp(x) + Co(x) Vo € X.

(vi) M = Qe P if Cpy(x) = max{Cq(z) — Cp(x),0} Vz € X.
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Here, U, N, ® and © represent mset union, mset intersection, mset addition, and mset sub-
traction, respectively.

Let M be an mset drawn from a set X, then the support set of M denoted by M* is a subset
of X and M* = {z € X : Cp(z) > 0}. i.e., M* is an ordinary set and is also called the root
set. The cardinality of an mset M drawn from a set X is denoted by card(M) or |M| and is
given by |[M| =} .y Cu(z). The mset space [X]|™ is the set of all msets whose elements
are in X so that no element in the mset occurs more than m times. The mset space [X]|* is
the set of all msets drawn from X such that there is no limit on the number of occurrences of
an object in an mset.

Let {M; : i € Q} be a collection of msets drawn from [X]™, then the following operations are
defined:

(i) P = Ujeq M; if Cp(x) = mazicqCu,(z),r € X.

(ii) P = Nieq M; if Cp(z) = minicaCu,(v), € X.

Let X be a support set and [X]|™ be the mset space defined over X, then the complement M€
of M in [X]™ is an element of [X]™ such that [12[13] C,;(z) = m — Cy(x) Yz € X.

3. General Multiset
3.1. Definition

[27] Let X be a non-empty set. A general multiset (or general mset) M drawn from
the set X is characterized by a relation pys from the set X to the set R (R being the set of all
real numbers). In other words, a general mset M drawn from the set X is a subset of X x R.
If for some z € X and r € R — {0}, (x,r) € pas, then we represent it by writing X, € M or
by (z,r) € M.

Let M and P be two general msets drawn from the crisp sets A and B, respectively. If for
a€ ANBandr € R— {0}, AL, € M and B] € P, then we shall consider A}, = B and we
shall also represent it by (a, ) if it is not necessary to mention from which set a is chosen.
Let X be a non-empty set. Let us denote the general mset drawn from X and characterized
by the universal relation from the set X to the set R as 7(X) and accordingly pr(x) = X x R.
Let us call 7(X) the most general multiset drawn from the set X.

[27] Let X be a non-empty set. A R-multiset (or R-mset in short) M drawn from X is
characterized by a function Countys or Cpr : X — R.

If for some x € X and r € R— {0}, Cps(x) = r, then we represent it by writing X € M or by
(z,r) € M. Also, we shall denote a R-mset M drawn from X as {XF1, X*2 Xk 1 or as
{(z1, k1), (x2,k2), ...y (Tn, kn), ...} where Cpr(x;) = ki, x; € X and k; € R — {0}.

[27] Let X be a non-empty set. A N-multiset (or N-mset in short) M drawn from X is
characterized by a function Countys or Cpr @ X — NU{0}.
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If Cpr(x) = r for some z € X and r € N — {0}, then we represent it by writing X, € M or by
(x,r) € M.

Clearly, general multiset is a generalization of the R-multiset. Also, R-multiset is a general-
ization of N-multiset.

[27] We note that for all 7,5 € N, Rg, Zij and Nij both are immediately identical. i.e.,
Rl =7 = N/ Vi,j e N.

3.2. Example

Consider the set X = {a, b, c}. Consider the relation pps from the set X to the set R where
pr = {(a, 1), (b,3),(b,v/2)}. Then pys represents a general mset M drawn from X which is
given by M = {XJ, X3, X2} or M = {(a, 1), (b,3), (b, V2)}.

Next, consider the function Cp : X — R defined by Cp(a) = 1, Cp(b) = 3 and Cp(c) = 0.
Then Cp represents a R-mset P drawn from X which is given by P = {Xé,Xg’} or by
{(ah). 0.3)}.

Finally, consider the function Cg : X — N U {0} defined by Cg(a) = 1, Cg(b) = 3 and
Cg(c) = 0. Then Cg represents a N-mset @) drawn from X which is given by @ = {X}, X}}}

or by {(a,1),(b,3)}.

3.3. Definition

1. The elementary union of two general msets A and B is denoted by AU B and is defined
by AUB = {(a, k) : (a,k) € Aor (a, k) € A}
2. The elementary intersection of two general msets A and B is denoted by AN B and is
defined by AN B = {(o, k) : (o, k) € A and (o, k) € A}.
3. The elementary complement of the general msets A in B is denoted by B — A and is
defined by B — A = {(o, k) : (o, k) € B and (o, k) ¢ A}.

3.4. Definition

Let (X, %) be a group. Let M be a general mset drawn from the set X. Consider the
function ® : M x M — 7(X) defined as follows:
For (a,r),(b,s) € M, (a,r) ® (b,s) = (a + b, * s).
Let us call ® as m-composition defined on M induced by the group (X, *).
If M is closed under *, then immediately ® obeys the commutative and associative property
on M. So, then (M, ®) is a commutative semigroup. We define M as a general mset drawn

from the group (X, *).
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3.5. Definition

Let (X, %) be a group. Let M be a general mset drawn from the set X. Let ® : M x M —
m(X) be the m-composition defined on M induced by the group (X, #). Then the structure
(M, ®) is said to be a multi-group if the following conditions are satisfied:

(i) There exists (0,1) € M, where 0 is the zero element of the group (X, %), (ii) For a € X and
re[R—{0}, (a,r) e M = (—a,2) € M.

3.6. Example

Consider the group (X,+) where Zy, the set of all residue classes modulo 4 and + is the
addition modulo 4. Consider the general mset M characterized by the relation ppy = X X G
where G = {2" : n € Z} from the set X to the set G. Let & be the m-composition defined
in M induced by the group (X,+). Then (M,®) forms a multi-group induced by the group
(X, +).

3.7. Definition

Let (X,+,-) be a ring. Let M be a general mset drawn from X. Consider two functions
@:MxM—n(X)and ©: M x M — w(X) defined as follows:
For (a,r),(b,s) € M, (a,r) ® (b,s) = (a+ b,rs) and (a,r) ® (b, s) = (ar, bs).
Let us call @ and ® respectively as m-addition and m-multiplication defined on M induced
by the ring (X, +,-).
If M is closed under ® and ®, then immediately & obey commutative and associative prop-
erty on M. So, (M,®) is a commutative semigroups. Also, then ® obey commutative and
associative property on M and accordingly (M, ®) is a semigroup. We define M as a general

mset drawn from the ring (X, +, ).

3.8. Definition

Let M be a general mset drawn from a ring (X, +, ) with unity 1.
Then for all (z,p), (y,9), (z,7) € M, (1,p)©[(2,p) ©((y,9) @ (2,7))] = [(z,p) © (y,9)] & [(z,p) ©
(z,7)].

Let us define the above property to be the multi-distributive property of ® over ® on M.

3.9. Definition

Let M be a general mset drawn from a ring (X, +,-) with unity 1. Let & and ® are m-
addition and m-multiplication, respectively defined on M induced by the ring (X, +,-). If the
structure (M, @, ®) satisfies the following:

(1) (M,®) is an abelian group.

Debjyoti Chatterjee and Shashi Bajaj Mukherjee, A study on multiset and multi-real
number system and its use to develop metric in the multiset context



Neutrosophic Sets and Systems, Vol. 96, 2026 Efl

(2) (M,®) is a semigroup and
(3) ® is multi-distributive over @,
then we define (M, ®,®) to be a multi-ring induced by the ring (X, +,-) with unity 1.

3.10. Proposition

Let M be a general mset drawn from a ring (X, +,-) with unity 1. Let @ and ® are m-
addition and m-multiplication, respectively defined on M induced by the ring (X, +,-) with
unity 1. Then (M, ®,®) will be a multi-ring induced by the ring (X, +, ) with unity 1 if and
only if the following conditions are satisfied:

(1) 3 (0,1) € M, 6 being the zero element in the ring (X, +, ).
(2) For a € X and r € [R — {0}], (a,7) € M = (—a,+) € M.

3.11. Remark

If (M,®,®) is a multi-ring induced by the ring (X, +,-) with unity 1, then (M,®,®) is

immediately a commutative multi-ring.

3.12. Ezample

Let us consider the ring (X, +,-) with unity 1 where X = Z4, the set of all residue classes
modulo 4, also + and - are respectively addition and multiplication modulo 4. Consider the
general mset M characterized by the relation pyy = X x G where G = {2" : n € Z} from
the set X to the set G. Then for all @ € X and for all » € G, (a,r) € M. Let & and ®
be m-addition and m-multiplication, respectively, defined on M induced by the ring (X, +,-)
with unity 1. Then (M,®,®) forms a commutative multi-ring induced by the ring (X, +,-)
with unity 1.

3.13. Definition

Let (M, ®,®) be the multi-ring induced by the ring (X, +,-) with unity 1. Let 6 be the zero
element in (X,+,-). Then (,1) must be the zero element in (M,®,®). Let us also define
any element in M of the form (6,r) for some r € R — {0} to be the multi-zero elements
of M (otherwise non-multi-zero elements) such that the m-multiplication of any element of
the multi-ring with a multi-zero element of the same is again a multi-zero of the multi-ring.
Clearly, the zero element in a multi-ring is a multi-zero element. Multi-zero elements which

are not zero-element are called special multi-zero elements.
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3.14. Definition

Let (M,®,®) be the multi-ring induced by the ring (X, +,-) with unity 1. A non-zero
element (a,p) in (M,®,®) is said to be a divisor of zero if there exists a non-zero element
(b,q) in (M,®,®) such that (a,p) ® (b,q) = (#,1) or a non-zero element (c,r) in (M,®,®)
such that (¢,7)® (a,p) = (0, 1), 0 being the zero element of the ring (X, +,-). In the first case,
(a,p) is said to be a left divisor of zero and in the second case, (a, p) is said to be a right divisor
of zero. If, however, (M, ®,®) is a multi-ring, ® immediately obey commutative property, and
so every left divisor of zero is also a right divisor of zero. Thus, there is no distinction between
left and right divisors of zero in a multi-ring. Also, every non-zero multi-zero element of a

multi-ring are divisors of zero.

3.15. Definition

A multi-ring is said to have no non-multi-zero divisors of zero if all of its divisors of zero

are special multi-zero elements of the ring.

3.16. Remark

Let, (M,®,®) be a multi-ring induced by the ring (X, +, ) with unity 1 and with divisors
of zero. Let 6 be the zero element of the ring (X, +,-). As (X,+,) is a ring with divisors of
zero, so 3 two non-zero elements a and b in the ring (X, +, ) such that a - b = 6.

Now, for some r,s € R — {0}, let (a,r), (b,s) € M.

Then (a,r) ® (b,s) = (ab,rs) = (6,rs) € M (since M is closed under ®). Again, (a,r) and
(b, s) both are non-multi-zero elements of (M, ®,®). Also, (a,r) and (b, s) are divisors of zero
in the multi-ring (M,®,®). So, (a,r) and (b,s) are non-multi-zero divisors of zero in the

multi-ring (M, ®, ®).

3.17. Ezample

Consider the multi-ring (M, @, ®) induced by the ring (X, +, ) with unity 1 as mentioned in
Example 11 where X = Zs. Then, for (2,2), (2,3) € M, X(2,2) ® (2, 3) = (0,1) which is the
zero element of the multi-ring (M, &, ®) induced by the ring (X, +,-). Also, (2,2) and (2, 3)
are the non-multi-zero elements of the multi-ring (M, @, ®) induced by the ring (X, +,-). So,

the multi-ring (M, ®, ®) induced by the ring (X, +, -) contains non-multi-zero divisors of zero.

3.18. Definition

Let M be a general mset drawn from a ring (X, +,-) with unity 1 (or an integral domain
(X,+,-)). Let @ and ® are m-addition and m-multiplication, respectively, defined on M
induced by the ring (X, +,-) with unity 1 (or the integral domain (X, +,-)). If the structure
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(M, ®,®) satisfies the following:

(1) (M,®) is a commutative group.

(2) (M,®) is a commutative monoid

(3) ® is multi-distributive over & and

(4) M has no non-multi-zero divisors of zero,

then we define (M, ®, ®) to be a multi-integral domain induced by the ring (or the integral
domain) (X, +,-) with unity 1.

It is worth noting that if M is a general mset drawn from an integral domain (X, +,-) which

is closed under @ and ®, then immediately (M, @, ®) has no non-multi-zero divisors of zero.

3.19. Example

The multi-ring (M, ®, ®) induced by the ring (X, +, -) with unity 1 as mentioned in Example

11 and Example 16 where X = Z4 is not a multi-integral domain.

3.20. Definition

Let M be a general mset drawn from a ring (X, +,-) with unity (or a field (X, +,-)). Let
@ and ® are m-addition and m-multiplication, respectively, defined on M induced by the ring
(X, 4+, ) with unity (or the field (X, +,-)). If the structure (M, @&, ®) satisfies the following:
(1) (M,®) is a commutative group.

(2) (M,®) is a commutative monoid

(3) Every non-multi-zero element of M has its inverse in M with respect to ©.

(4) ® is multi-distributive over @

then we define (M, ®, ®) to be a multi-field induced by the ring (or the field) (X, +, ) with

unity.

3.21. Ezxample

Consider the field (X, +,-) where X = Z3, the set of all residue classes modulo 3, also +
and - respectively are addition and multiplication modulo 3. Consider the general mset M
characterized by the relation ppr = X x G where G = {2" : n € Z} between X and G. Then
for all @ € X and for all r € G, (a,r) € M. Let @ and ® be m-addition and m-multiplication,
respectively, defined on M induced by the ring (X, +,-). Then (M, ®,®) forms a multi-field
induced by the field (X, +,).
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4. The multi-real number system
4.1. Definition

Let us consider the general mset m(R) drawn from the field (R, +,-), R being the set of all
real numbers, characterized by the universal relation p,,r) = R x QT from the set R to the
set QT i.e. (p,q) € m(R) if and only if p € R and q € Q.

Let us define two m-compositions @ and ® on m(R) as follows:

For (p,q), (r,s) € m(R), (p,q) ® (r,s) = (p+7,¢s) and (p,q) © (r,5) = (pr, gs).

Also, define < on m(R) as follows: For (p,q), (r,s) € m(R), (p,q) < (r,s) if and only if there
exists (a,b) € m(R) with a € R* (R* is the set of all positive real numbers) and b € N such
that (r,s) = (p,q) @ (a,b).

For (p,q), (r,s) € m(R), we define (p,q) = (r,s) if and only if p =7 and ¢ = s.

Also, for (p,q),(r,s) € m(R), we define (p,q) < (r,s) if and only if (p,q) < (r,s) or (p,q) =
(r,s).

Then every element of m(R) is defined as a multi-real number.

4.2. Remark

For (p,q), (r,s) € m(R), (p,q) < (r,s) if and only if there exist (a,b) € m(R) with a > 0
and b € N such that (r,s) = (p,q) @ (a,b).

4.3. Definition

(i) Define m*(R) = {(a,b) € m(R) : a > 0,b € N}. Every member of m™*(R) is called a
positive multi-real number.
(ii) Define m™(R) = {(a,7) : a < 0,b € N}. Every member of m™(R) is called a negative
multi-real number.
(iii) Define mo(R) = {(a,b) € m(R) : a = 0,b € Q*}. Every member of mo(R) is called a
multi-zero.
(iv) Define m§(R) = {(a,b) € m(R) : a = 0,b € N}.
(v) Define m4 (R) = {(a,b) € m(R) : a > 0,b € Q" }. Immediately, m*(R) G m(R).
(vi) Define m*(R) = m™(R) U m{(R). Every member of m*(R) is called a non-negative
multi-real number. ie., m*(R) = {(a,b) € m(R):a > 0,b € N}.
(vii) Define m#(R) = (m(R) — mo(R)). Every member of m# (R) is called a non-multi-zero
multi-real numbers. i.e., m*(R) = {(a,b) € m(R) : a # 0,b € Q*}.
(viii) Define m4(R) = m(R) — (m*(R) Um™ (R) U{(0,1)}). Every member of ms(R) is called

a special multi-real number.
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(ix) Define m(R) = {(a,b) € m(R) : a € R,b € N}.
Immediately, m*(R) C m*(R) C m(R).

4.4. Remark

For (p,q), (r,s) € m(R), (p,q) < (r,s) if and only if there exists (a,b) € m(R) with a € R™
and b € N such that (r,s) = (p,q) ® (a,b), i.e., if and only if (r,s) = (p + a,gb), i.e., if and
only if r = p+ a and s = ¢b, i.e., if and only if p < r and 2 e N.

Therefore, for (p,q), (r,s) € m(R), define (p,q) < (r,s) if and only if (p,q) < (r,s) or (p,q) =
(r,s), i.e. if and only if (p <7 and 7 € N) or (p=r and ¢ =s).

4.5. Proposition

The following properties can be established easily:
(i) (m(R),®) is a commutative group with (0,1) as the identity element.
(ii) (m(R),®) is a commutative monoid with (1,1) as the identity element.
(iii) For any element (p,q) € m#(R) = {(a,b) € m(R) : a # 0,b € QF}, its @-inverse exists in
m#(R) and is given by (p~!,¢71).
(iv) In fact, (m#(R),0) is a commutative group.
(v) Remark on the distributive property: (p,q) ® ((r,s) ® (u,v)) = (p,q) ® (r + u,sv) =
(p(r +u), gsv),
but ((p,q) © (r,5)) & ((p, @) © (u,v)) = (pr,qs) & (pu, qu) = (pr + pu, ¢*sv) = (p(r +u), ¢*sv),
s0, (p,q) & ((r,s) ® (u,v)) # ((p,q) © (1,5)) ® ((p,q) © (u,v)), in general.
(vi) Multi-distributive property: For all (p,q), (r,s), (u,v) € m(R), (1,q) ® ((p,q) © ((r,s) ®
(u,v))) = ((p,q) @ (r,5)) ® ((p,q) ® (u,v)). Let us define the above property as the multi-
distributive property of ® over @ on m(R).
(vii) (m(R),®,®) is a multi-field.
(viii) For (a,b) € m#(R) and for (p,q), (r,s) € m(R), (a,b) ® (p,q) = (a,b) ® (r,8) = (p,q) =
(r,s),
also, (p, q) © (a,0) = (r,5) © (a,b) = ((p,q)) = (1,5).

4.6. Proposition

The relation < is a partial order relation defined on m(R) but not a chain.
Proof: < is immediately a reflexive relation defined on m(R).
For (p,q), (r,s) € m(R), let (r,s) < (p,q) and (p,q) < (r,s). Then there exists (a,b), (¢,d) €
m(R) with a,c > 0 and b,d € N such that
(p,q) = (r,s) ® (a,b) and (r,s) = (p,q) @ (¢;d). So, (p,q) = ((p,q) @ (¢,d)) & (a,0) e,
(p,q) = (p+c,qd)®(a,b) ie. (p,q) = (p+c+a,qdb). So,p=p+c+band q=qdb= c+b=0
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and db=1=c=0b=0and d = b = 1. Therefore, (p,q) = (r,s) ® (0,1). So, (p,q) = (r,s).
Therefore, < is an antisymmetric relation defined on m(R).

Finally, for (p,q), (r,s), (u,v) € m(R), let (u,v) < (r,s) as well as (r,s) < (p,q). Then there
exists (a,b), (¢,d) € m(R) with a,c > 0 and b,d € N such that (r,s) = (u,v) @ (a,b) and
(1,0) = (r,5) + (¢, d). So, (p,q) = (1, 0) & (a,)) & (c, ). ., (p,g) = (1,0) & ((a,8) & (c,d))
ie., (p,q) = (u,v)B(a+c, bd) where c+a > 0 and bd € N. Therefore, (u,v) < (p,q). Therefore,
< is a transitive relation defined on m(R).

Therefore, < is a partial order relation defined on m(R).

Now, (2,3) £ (3,2) as well as (3,2) £ (2,3). So, < defined on m(R) is not a chain.

4.7. Definition

1. A subset m1(R) of m(R) is said to be bounded below in the poset (m(R), <) if there
exists (a,b) € m(R) such that (a,b) < (z,y) for all (z,y) € m1(R) and otherwise unbounded
below. Also, (a,b) < (z,y) = ((a,b) < (x,¥)) or ((a,b) = (x,y)) = (a < z and { € N) or
(a = x and b = y). Therefore, a subset m;(R) of m(R) will be bounded below in the poset
(m(R), <) if there exist @ € R and b € R* such that for all (z,y) € mi1(R), (a <z and ¥ € N)
or (a =z and b = y) and otherwise unbounded below.

2. A subset m;(R) of m(R) is said to be bounded above in the poset (m(R), <) if there exists
(a,b) € m(R) such that (x,y) < (a,b) for all (z,y) € m1(R) and otherwise unbounded above.
Also, (z,y) < (a,b) = ((z,y) < (a,b)) or ((z,y) = (a,b)) = (x < a and g € N) or (x =a and
y = b). Therefore, a subset m(R) of m(R) will be bounded above in the poset (m(R), <) if
there exist a € R and b € QT such that for all (z,y) € m1(R), (z < a and g eER)or (z =a

and y = b) and otherwise unbounded above.

4.8. Remark

Every finite subset of m(R) is bounded above and below both, also the greatest lower
bound (glb in short) and the least upper bound (lub in short) of the set exist, but greatest
and least element of the set may not exist. Also, there exist subsets of m(R) for which the
greatest lower bound and / or the least upper bound may not exist. e.g., consider the subsets
m1(R) = {(2,3), (4,9} and mo(R) = {(k,2%) : k € N} and m3(R) = {(z,[z]) : = € (1,2)} of
m(R). Then lub m;(R) = (4,9), glbmi(R) = (2,3), glbma(R) = (1,2), ma(R) is unbounded
above, glbms(R) = (1,1) and lubms(R) = (2,1). But every bounded above subset of m(R)

has a lub and every bounded below subset of m(R) has a glb.
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4.9. Remark

Let mq(R) be a subset of m(R). Consider two mappings.
p:mi(R) - R and X : m(R) — Q% defined by u((z,y)) = = and \((z,y)) = v, (z,y) €
m1(R). Then
(1) m1(R) will be bounded below the subset of m(R) in the poset (m(R), <) if and only if
the range(y) is a bounded below subset of R and there exists a € QT such that 2 € N for all
x €range (A).
(2) m1(R) will be a bounded above subset of m(R) in the poset (m(R), <) if and only if the
range(u) is a bounded above subset of R and there exists b € QT such that g € N for all
y €range ().

4.10. Proposition

The poset (m(R), <) is a lattice.

4.11. Proposition

(Compatibility of < with respect to & and ®) For (z,y), (r,s) € m(R),
(i) (p,9) < (ry8) = (p,q) & (a,b) < (r,5) & (a,b) for all (a,b) € m(R). (ii) (p,q) < (r,s) =
(p,q) ® (a,b) < (r,s) @ (a,b) for all (a,b) € m4(R) = {(a,b) € m(R) : a > 0,
beQt}.

4.12. Proposition

(m(R), ®,®, <) is a partially ordered multi-field induced by the field (R, +,-).
Proof: The result follows from (7) of Proposition 47, Theorem 48 and Theorem 50.

4.13. Proposition

(m(Q),®, ®, <) is a subm-domain of (m(R),d, ®, <) where m(Q) = Q x Q.
Proof: Here, m(Q) C m(R). Also, restrictions of both the m-operations @ and ©, viz.
B and [, on m(Q) are stable on m(Q). Also, (m(Q),H,) is a multi-field. Therefore,
(m(Q), ®, ®) is a subm-field of (m(R), ®, ®). Also, (m(Q), <) is a partially ordered set. There-
fore, (m(Q), ®, ®, <) is a subm-domain of (m(R), ®, ®, <).

4.14. Proposition

For (p,q) € my(R) = {(a,b) € m(R) : a > 0,b € Q"} and (r,s) € m(R), there exists
(a,b) € m(N) such that (a,b) o (p,q) > (r,s).
Proof: Since (p,q) € m4(R) and (r,s) € m(), so p > 0 and r € R. Therefore, by the
Archimedean property of R, there exists a € N such that ap > r. Also, since (p,q) € m4+(R)
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+ : _
and (r,s) € m(R), so, ¢g,s € Q. Therefore, there exists u,v,z,y € N such that ¢ = ¥

and s = 5 Therefore, 2 = ¥ Let us choose b = vx € N such that bq = uy € N. Then
(a,b) € m(N) and (a, b)o(p,q) = (ap,bq) > (r,s), since ap > r and %q € N. Hence the theorem.

4.15. Definition

For n € N and (p,q) € m(R) define n((p,¢)) and ((p,q))" as follows:

n((p,q)) = (p,q) ® (p,q) @ ... ® (p,q) (n times) = (np, ¢") and
(R)"=RL® Rl ® ...® R} (n times) = (p", ¢").

4.16. Definition

For all (a,b), (c,d) € m(R), the multi-equation (a,b) ® (z,y) = (¢,d) in (z,y) € m(R) has a
unique solution in m(R). Also, for all (a,b) € m#(R) and (c,d) € m(R), the multi-equation
(a,b) ® (z,y) = (¢,d) in (z,y) € m(R) has a unique solution in m(R).

4.17. Definition

Let us define a binary relation < on m(R) as follows: (i) For (p,q), (r,s) € m(R), (p,q) <
(r,s) if and only if p = r and 2 € N —{1}. (ii) For (p,q),(r,s) € m(R), (p,q) < (r,s) if and
only if (p,q) < (r,s) or (p,q) = (r,s), i.e. if and only if p = r and zeN.

4.18. Proposition

The binary relation < defined on m(R) is a partial order relation.

4.19. Definition

Let us define a binary relation < on m(R) as follows:
(i) For (p,q), (r,s) € m(R), (p,q) < (r,s) if and only if (p,q) < (r,s) or (p,q) < (r,s), i.e. if
and only if (there exist (a,b) € m(R) with a € RT and b € N such that (r,s) = (p,q) ® (a,b))
or (p=rand ? € N—{1}).

(ii) For (p,q ) (r,s) € m(R), (p,q) < (r,s) if and only if (p,q) < (r,s) or (p,q) = (r,s).

4.20. Proposition

For (p,q), (r,s) € m(R), (p,q) < (r,s) if and only if (p,q) < (r,s) or (p,q) < (r,s).
Proof: For (p,q),(r,s) € m(R), (p,q) = (r,s) = (p.q) < (r;8) or (p,q) = (r,8) = ((p,q) <
(r,s) or (p,q) < (r,s)) or (p,q) = (r,8) = ((p,q) < (r,8) or (p,q) = (r,s)) or ((p,q) < (r,s) or
(p,q) = (r,8)) = (p,q) < (1,5) or (p,q) < (1, 5).
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4.21. Remark

For (p,q), (r,s) € m(R), (p,q) < (r,s) if and only if (p,q) < (r,s) or (p,q) < (r,s). ie., if
and only if there exist ((a,b) € m(R) with a € R* and b € N such that (r,s) = (p,q) ® (a,b))
or (p=rand 2 € N). ie, if and only if (3(a,b) € m(R) with a € R* and b € N such that
(r,s) = (p+a,qb)) or (p =r and g € N), i.e., if and only if there exists ((a,b) € m(R) with
a € RT and b € N such that r = p+a and s = gb) or (p = r and g € N), i.e., if and only if
(p<rand ? €N)or (p=rand ; €N), ie., if and only if p<rand ? € N.

Therefore, for (p, q), (r,s) € m(R), (p,q) < (r,s) if and only if (p,q) < (r,s) or (p,q) < (r, s),
Le. if and only if (r <p and ? € N) or (p =7 and ¢ = s).

4.22. Proposition

The relation < defined on m(R) is a partial order relation.
Proof: The relation < is immediately reflexive on m(R).

For (u,v), (w,z) € m(R), let (u,v) < (w,x) and (w,z) < (u,v). Then ((u,v) < (w,z) or
(u,v) < (w,z)) and ((w,x) < (u,v) or (w,z) < (u,v)) = ((u,v) < (w,z) and (w, x)
or ((u,v) < (w,z) and (w,z) < (u,v)) or ((u,v) < (w,z) and (w, x) < (u,v)) or ((u,v)
and (w,z) < (u,v)).

Now (u,v) < (w,z) and (w,x

IN
=
3
=
&
I
E
&

(u,v) < (w,x) = u < w and

gle eIy

(w,z) < (u,v) = w=u and
Therefore, u = w and v = x.
Therefore, (u,v) < (w,z) and (w,z) < (u,v) = uv=w and v =z = (u,v) = (w, x).
Similarly, (u,v) < (w,z) and (w,z) < (u,v) = (u,v) = (w, x).

Lastly, (u,v) < (w,z) and (w,z) < (u,v) = (u,v) = (w,x).

So, for (u,v), (w,z) € m(R), (u,v) =2 (w,z) and (w, z) < (u,v) = (u,v) = (w, ).
Therefore, the relation < is symmetric on m(R).

The transitive property of < on m(R) follows from the transitive property of < and <.

Hence, the relation < is a partial order relation defined on m(R).

4.23. Definition

1. A subset m;(R) of m(R) is said to be bounded below in the poset (m(R), <) if there
exists (a,b) € m(R) such that (a,b) = (z,y) for all (z,y) € mi(R) and otherwise unbounded
below. Also, (a,b) < (z,y) = (a < z and { € N). Therefore, a subset m;(R) of m(R) will
be bounded below in the poset (m(R), <) if there exist a € R and b € QT such that for all
(z,y) € m1(R), (a <z and ¥ € N) and otherwise unbounded below.
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2. A subset m;(R) of m(R) is said to be bounded above in the poset (m(R),=) if there
exists (a,b) € m(R) such that (z,y) < (a,b) for all (z,y) € m1(R) and otherwise unbounded
above. Also, (z,y) < (a,b) = (z < a and 5 € N). Therefore, a subset m;(R) of m(R) will
be bounded above in the poset (m(R), <) if there exist a € R and b € Q such that for all
(z,y) € mi(R), (z < a and g € N) and otherwise unbounded above.

4.24. Proposition

For (p,q), (r,s) € m(R),
(i) (p,q) < (r,s) = (p,q) ® (a,b) < (r,s) ® (a,b) for all (a,b) € m(R). (i) (p,q) < (r,s) =
(p,q) ® (a,b) < (r,5) © (a,b) for all (a,b) € m4(R).

4.25. Proposition

Therefore, (m(R), ®, ®, X) is a partially ordered multi-field.

4.25.1. Remark

Consider the partially ordered set (Q%,|) where for d,n € Q*,d|n if and only if there exists
m € N such that n = d-m (in other words, % € N).
Let q,s € Q7. Then there exists a1, b; as, by € N such that ¢ = Z—ll and s = ‘;—;. We know that

_ ged{ai,az} _ lem{ai,a2} q lem{q,s} lem{q,s}
9ed{q, 8} = (onfy 5y and lem{q, s} = Tam gy such that codeey, ot — ¢ 0 5 €
N.

Then (QT, |, ged,lem) is a lattice.

4.26. Proposition

(m(R), =) is a lattice.
Proof: Let (p,q),(r,s) € m(R). Let u; = min{p,r}, p, = maz{p,r}, N\ = ged{q, s}, and
A = lem{q, s}. Then py < p,r < . Also, /\%, % € Nand ’\7“, % e N.

So, (p, N\i) = (p,q), (r,s), also, (p,q), (r,8) = (fu, Au)- 1€, (1, A;) is a lower bound of (p, q)
and (7,5), (ty, Ay) is an upper bound of (p,q) and (r, s) in the poset (m(R), <).

Let (a,b) € m(R) be the lower bound of (p, ¢) and (r, s) in the poset (m(R), <).
Then (a,b) = (p,q), (r,s). Therefore, a < p,r and {,7 € N.

So, a is a lower bound of p and r. Let y; = min{p,r}. Therefore, a < .

Also, £,7 € N, so b is a common divisor of g and s. Let A\; = ged{q, s}. Therefore, /\% e N.

Since a < p; and % €N, so (a,b) = (s, A\r)-

Debjyoti Chatterjee and Shashi Bajaj Mukherjee, A study on multiset and multi-real
number system and its use to develop metric in the multiset context




Neutrosophic Sets and Systems, Vol. 96, 2026 Erfl

Since, for any lower bound (a,b) of (p, q) and (7, s), (a,b) < (g, Ar), so (ug, A;) is the greatest
lower bound (uniqueness can be easily proved using the symmetric property of <) of (p, ¢) and
(r,s).

Therefore, every pair of elements of m(N) has a unique greatest lower bound.

Also, in a similar argument we can show that (g, A,) is the unique least upper bound of
(p,q) and (1, s).

Therefore, every pair of elements of m(R) has a unique least upper bound.

Therefore, (m(R), <) is a lattice.

4.27. Proposition

(m(R), <) is a complete lattice.
Proof: Let m(R) be a bounded below subset of m(R) in poset (m(R), <). Then there exists
(a,b) € m(R) such that (a,b) < (x,y) for all (x,y) € mi(R). Therefore, ¢ < x and { € N for
all x €Range(p) and y €Range (\). Therefore, by the order completeness property of R, glb
Range(p) exists and is equal to u, say, such that u < x for all x € Range(u) and for any lower
bound a of Range (p), a < u. Here, b is a common divisor of Range (\), so gcd Range (\) = v,
say, there exists such that for any common divisor b of Range (A), # € N. Then (u,v) € m(R)
such that (u,v) < (x,y) for all (z,y) € m1(R). Also, for any lower bound (a,b) of m;(R) in
the poset (m(R), X), (a,b) < (u,v). Therefore, (u,v) = (glbRange(u1),gcdRange(A1)) is the
glb of m1(R) in poset (m(R), <).

Similarly, we can show that for any bounded above subset m;i(R) of m(R), (u,v) =
(lubRange(p), lemRange(N)) € m(R) is lub of m1(R) in the poset (m(R),=<). Therefore,
(m(R), =) is a complete lattice.

4.28. Remark

For any two members (p, q), (s,t) of the lattice (m(R), <), let us denote (ub{(p, q), (s,t)} =
(p,q) V (s,t) and gib{(p, q), (s, 1)} = (p, @) A (s,1).

4.29. Proposition

(m(R), <) is a distributive lattice.
Proof: Let m;(R) be a bounded below subset of m(R) in poset (m(R), =<).
For any (p, q) € m(R), we will show that

(p,q) Vv ( o) N (R)(wx y)) = o) s (R)(((p, q) Vv (z,y))-
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Now, (p,q) V A x,
@a)V(, A @)

=(p,q) V (g9lb(Range(u)), gcd(Range(N)))
= (max{p, glb(Range(u)), lem|q, ged(Range(N))])

=( glb  max{p,x}, glb  max{p,x})
z€Range(p) z€Range(p)

= A max{p,x},lem]q,
(w)eml(R)( {p,z},lemlq, y))

= N (L)Y ().
(z.y)emi(R)
Similarly, for any subset mj(R) of m(R) which is bounded above in poset (m(R), <) and

also, for any (p,q) € m(R), we can show that

q) A Y, )=V ) A (2,9)).
(P, q) ((m’y)Eml(R)(w v)) (x,y)Eml(R)((p q) A (z,y))

Also, for any two bounded subsets m(R) and ma(R) of m(R), we can show that

A .q)) V A z,
((p7q)6m1(R)(p ) ((%y)emz(R)( v)

= A A ,q) V (x, and
(p.g)em1(R) (ryy)emz(R)«p DV (2:9))

vV Q) A Vv x,
((p,q)Eml(R)(p 2 ((%y)émz(R)( b))

= Vv v p,q) A (2,7)). Therefore, (m(R), <) is a distributive lattice.
(p,g)em1(R) (ar,y)emz(]R)(< ) ( y)) ( ( ) )

4.30. Proposition

For (p,q) € m4(R) and (r,s) € m(R), there exists (a,b) € m(N) such that (a,b) ® (p,q) >
(r,s).

4.31. Proposition

(m(Q), 4+, 0, <) is a subm-domain of (m(R),+, o, <).
Proof: Here, m(Q) C m(R). Also, restrictions of both operations + and o, viz. B and [, on
m(Q) are stable on m(Q). Also, (m(Q),H,H) is a multi-field. Therefore, (m(Q),+,0) is a
subm-field of (m(R), +,0). Also, (m(Q), <) is a distributive lattice and < is compatible with
+ and o. Therefore, (m(Q), +, 0, <) is a subm-domain of (m(R), +, o, <).

4.32. Remark

(m(R), =) is a complete distributive lattice but (m(Q), <) is a distributive lattice which is

not complete.
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4.33. Remark

In this remark we shall show that multi-real number system m(R) is an extension of the
real number system R.
Consider a mapping u : R — m(R) defined as follows: u(z) = (z,1),z € R.
Then u is immediately an injective mapping.
Also, we note that V z,y € R,
() ule+1) = (@ +5.1) = (5,1) & (5,1) = u(z) © uly).
(ii) u(z - y) = (z-y,1) = (2,1) © (y,1) = u(z) © u(y).
(iii) For z,y € R, let z < y, then 3 a € RT such that z + @ = y. Since z,y € R, so
(x,1),(y,1) € m(R). Also, (z,1) ® (a,1) = (x +a,1) = (y,1).
Therefore, for (z,1), (y,1) € m(R), 3, a € R" and 1 € N such that (y,1) = (z,1) & (a, 1).
Therefore, (z,1) < (y,1).
Therefore, u(x) < u(y).
Therefore, for z,y € R, z <y = u(z) < u(y).
Therefore, u is a structure-preserving injective mapping from R into m(R).
Therefore, R is embedded in m(R).

So, multi-real number system m(R) is an extension of the real number system R.

5. Multiset redefined
5.1. Definition

A QT-multiset (Q"-mset in short) M drawn from the crisp set X is represented by
a characteristic function yp; : X — QT U {0}. X is called the domain. We repre-
sent a Qt-mset M drawn from the crisp set X as M = {(z,xm(z)) : = € X} or as
M = {(z,xm(x)) : © € X, xpm(xz) > 0}. The support set or root set of M is denoted
by M* (also denoted by Supp(M)) and is defined by M* = {x € X : xp(x) > 0}, i.e. M*
is a crisp set. If for a QT-mset M drawn from the crisp set X, z € M*, then we will write
x €* M. For x € X, xp(z) is called the multiplicity of z. A QT-mset M drawn from a crisp
set X is said to be empty Q'-mset denoted by ¢ if xps(x) = 0 for all z € X. The Q*-mset M
drawn from the crisp set X can also be represented as M = {(x, xp(z)) : € M* C X} simply
discarding all pairs (x, xas(z)) for which x(z) = 0, x € X. Therefore, if M is a QT-mset
drawn from the crisp set X and X C Y, then M can also be considered as a Q-mset drawn
from the crisp set Y. Also, if M be a QT-mset drawn from the crisp set X and M* CY C X,
then M can also be considered as a Q*-mset drawn from the crisp set Y. Clearly, a crisp set
M drawn from the universal set X can be considered as an QT-mset with yps(x) = 1 for all
x e M*.
The cardinality of a QT-mset M drawn from a crisp set X is denoted by cardM or |M| and
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is defined by cardM = 3" xwm(x). The dimension of a Q*-mset M is denoted by /M/ or
by dimM and is defined by dimM = ) xum+(x). The maximum value of the multiplicity
function altA = maz en+xar(x) is called the height of the QT-mset M.

Let X be a non-empty crisp set. A N-multiset (N-mset in short) M drawn from X is char-
acterized by a function xpr : X — N U {0}. We represent a N-mset M drawn from X as
M = {(z,xm(z)) : = € X} where xp(z) € NU{0}. Immediately, ¢ can be considered
as a N-mset drawn from any crisp set under consideration. Immediately, every N-mset is a

Q™ -mset.

5.2. FExample

Let X = {a,b,c,d,e} be any crisp set. Then M = {(a,2),(b,9), (c,3),(d,0), (e,12)} is a
Q™ -mset drawn from X. The QT-mset M drawn from X can also be represented as M =
{(a,2),(b,9),(c,3), (e,12)} by discarding (d,0). The support set of M is M* = {a,b,c,e}.
AltM =12, |M| =233 and /M/ = 4.

Also, M = {(a,2),(b,9),(e,12)} is a N-mset drawn from X.

5.3. Definition

Two QT-msets P and T drawn from a crisp set X are said to be equal, denoted by P = T,
if and only if xp(z) = xr(z) for all z € X. Qt-msets P and T are unequal, denoted by
P #£ T if xp(x) # xr(z) for at least one z € X. For equal Q"-msets P and T’ drawn from a
crisp set X, we have |P| = |T|, /P/ = /T/, P* = T* and altP =altT. Two Q'-msets P and
T drawn from a crisp set X are said to be equal in size if they have equal cardinality and
equal dimension. Equal Q"-msets are immediately equal in size, but the converse is not true,
in general. The equality of QT-msets is an equivalence relation.

Two Qt-msets P and T drawn from crisp sets X and Y respectively are said to be equal,
denoted by P =T, if and only if

(i) P* =T* and

(ii)) xp(z) = xr(x) for all x € P* = T*.

In this case, QT-mset P and T are considered as QT-mset drawn from X UY and then

xp(z)=0forall z € (XUY)— P*

5.4. Definition

Let P and T be two Q"-msets drawn from a crisp set X. Then Q™-mset P is said to be
a Qt-submultiset or QT-submset of the Q" -mset 7', denoted by P C T, if and only if
% € N for all z € P*. If P is a submset of T, then T is called a QT-supermultiset or
QT-supermset of P.
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If Pis a QT-submset of T', then |P| <|T|,/P/ < /T/,P* C T* altP < altT.
IfPCTandTC P, then P=T1T.

If PC T but T # P, the QT-mset P is called the proper Q*-submset of the QT -mset T and
is denoted by P T

The inclusion of Qt-msets is the partial order relation, since it is reflexive (A C A),
symmetric ( PC T and T C P = T = P) and transitive (AC B, BC C = ACC).

Let X be a non-empty crisp set. Let P and M be two N-msets drawn from X. Then P is said
to be a N-submultiset or N-submset of M if and only if XM(( )) € N for all x € P*. Every
N-submet of a N-mset is immediately a N-mset.

A QT-submset P of a QT-mset M is a whole QT-submset of M with each element in P
having full multiplicity as in M. i.e., xp(x) = xm(x) for every z in P*.

A Qt-submset P of a Qt-mset M is a partial whole QT-submset of M with at least one
element in P having the same multiplicity as in M. i.e., xp(x) = xpm(x) for some x in P*.

A QT-submset P of a QT-mset M is a full Q*-submset of M if M* = P*. The empty set ¢ is
a whole Q"-submset of every Q*-mset but it is neither a full QT-submset nor a partial whole
Q™ -submset of any non-empty QT -mset M.

Let P and T be two QT-msets drawn from crisp sets X and Y, respectively. Then Q*-mset
P is said to be a Q*-submset of the Q*-mset 7', denoted by P C T, if and only if

(i) P* C T* and

(i) X2 € N for all z € P,

If P is a Q*-submset of T, then T is called a Q"-supermset of P.

In this case, the QT-msets P and T are to be considered as Q*-msets drawn from X UY and

then xp(x) =0 forallz € (XUY) — P* and yp(x) =0 for all x € (X UY) — T*. If we are

not bothered about whether the multiplicity of an element is a rational number or a natural

number, then we can simply say mset instead of QT-mset or N-mset and submset instead of

Q™T-submset or N-submset.

5.5. FExample

Consider the set X = {a,b,c,d,e}.
Consider the QT-msets P = {(a,2), (b,9), (¢, ), (d,0), (e, 12)}
and T = {(a,4), (b,18), (¢, 5), (d, 2), (e,24)} drawn from X.
We see that P* = {a,b,c,e} and Q* = {a,b,c,d,e}. So, P* C Q*.
Also, 2 — 4 — 9 e N, ) — 18 — 9 ¢ N, X219 =§=10¢€N, g —H=2¢N.
Therefore, Xr(2) ¢ N Vg € P*. So, T is a Q*-submset of P.

xp(x)
Therefore, PC T but P # T so P C T, i.e. P is a proper QT-submset of 7' and consequently

T is a QT -supermset of P.
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Again, consider the N-msets, P = {(a,2),(b,3),(c,4)} and T = {(a,4), (b, 36), (¢, 16), (d,5)}
drawn from X. Then N-mset P is a proper N-submset of the N-mset T

5.6. Fxample

Consider mset M = {(z,2), (y,3),(z,5)}.
The submset P; = {(,2), (y,3)} is a whole Q*-submset and partial whole Q" -submset of M
but it is not a full QT-submset of M.
The Q*-submset P, = {(z,1),(y,3),(2,1)} is a partial whole Q*-submset and a full Q*-
submset of M but it is not a whole QT-submset of M.
The Q*-submset P; = {(z,1), (y,3)} is a partial whole Q"-submset of M which is neither full
Q™ -submset of M nor a whole Qt-submset of M.

5.7. Definition

Le M be a QT-mset drawn from a crisp set X. Let £ € M*. Then the Qt-submset P of
M is represented by a characteristic function yp : {z} — Q" U {0} where xp(z) = xm () is
called a QT-component of QT -multiset M.

Alternatively, a QT-submset P of a QT-mset M drawn from a crisp set X is a QT-component
if xp(z) = xm(z) for all z € X and {z € X : xp(z) = xm(z)} is a singleton set, say, {z},
then let us denote it as M{m}(: P), i.e., a QT-component is such a QT -submset of a Q-mset
for which exactly one element of the support set belongs to it with the same count as in the
QT -mset.

A Qt-component is called a QT-zeron if yp(x) = xa(z) = 0.

A QT-component of a QT-mset is a whole Q*-submset of the Q*-mset but not conversely.

A Q*-submset of a Qt-component of a QT-mset is called the QT-subm-component of the

Q™ -component.

5.8. Definition

Let P and T be two Q*-msets drawn from a crisp set X. Then the QT-mset M drawn
from X is said to be the QT-multiset-union (or QT-m-union) of P and T, denoted by
M = PUT,if and only if (i) M* = P*UT™* and
(i)

lem{xp(z), xT(z)} ifr € P*NT*
xp () ifv € P*—T*
) = xr(z) ifr €T — P*
0 ifre X — (P*UT*)
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Let P and T be two Q™ -msets drawn from crisp sets X and Y respectively. Then the Q*-mset
M drawn from X UY is said to be the Q*-m-union of P and T, denoted by M = P UT, if
and only if

(i) M* = P*UT* and

(i)

lem{xp(z), xT(z)} if v e P*NT*
xp(z) if v € P*—T*
) = xr(z) if v €T — P*
0 ifre(XUY)—(P*UTY)

In this case, the QT -msets P and T are to be considered as Q*-msets drawn from X UY and

then xp(z) =0forall z € (X UY)— P* and xr(zr) =0forallz € (XUY)—-T*.

5.9. Example

Consider the crisp set X = {a,b,c,d,e}.
Consider the Q*-msets P = {(a,2), (b,9), (c, 3), (d,0), (e,12)}
and T = {(a,0), (b,12), (¢, 5), (d, 2), (e,8)} drawn from X.
Then PUT = {(a,2), (b,36), (c,5), (d, 2), (e,24)}.

5.10. Remark

Q™" -m-union of two QT-msets A and B drawn from a non-empty crisp set X is the smallest
QT -supermset of A and B both.

5.11. Definition

Let P and T be two Q" -msets drawn from a crisp set X. Then the QT-mset M drawn from
X is said to be the QT-multiset-intersection (or QT-m-intersection) of P and T, denoted
by M = PN T, if and only if
(i) M* = P*NT* and

ged{xp(z), xr(z)} ifvepP NI
xXu(x) = , o~

0 if e X —(P*NT)
Let P and T be two QT-msets drawn from crisp sets X and Y, respectively. Then the Q*-mset
M drawn from X is said to be the QT-m-intersection of P and 7', denoted by M = P11 T, if
and only if
(i) M* = P*NT* and
(i)

(2) = ged{xp(x), xr(z)} ifre P NT*
x 0 ifre(XUY)— (P*NT*)
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In this case, the QT-msets P and T are to be considered as Q*-msets drawn from X UY and

then xp(x) =0forall zx € (XUY)— P* and xp(zr) =0forallz € (XUY) - T*.

5.12. Example

Consider the crisp set X = {a,b,c,d,e}.
Consider the Q"-msets P = {(a,2), (b,9), (c, 3), (d,0), (e,12)}
and T = {(a,0), (b,12), (¢,5), (d, 3), (e,8)} drawn from X.
Then P11 T = {(a,0),(b,3), (¢, 1), (d,0), (e, 4)}.

5.13. Remark

QT -m-intersection of two QT -msets A and B drawn from a non-empty crisp set X is the
largest Q"-submset of A and B both.

5.14. Definition

Let P and T be two Qt-msets drawn from a crisp set X. Then the Q*-mset M drawn from
X is said to be the QT-multiset-complement or QT-m-complement of P on T, denoted
by M =T-P, if and only if

0 ifx ¢ T™
xum(z) =4 xr(z) ifveT P
@ ifeeT NP

5.15. Remark

Let P and T be two Q*-msets drawn from a crisp set X. Then, (T—P) is not necessarily
a Qt-submset of T, also, (T=P)U (P MNT) # T, in general, which can be justified by the

following example.

5.16. Ezxample

Consider the crisp set X = {a,b,c,d,e, f}.
Consider the Q"-msets P = {(a,2), (b,9), (¢, 3), (e,12)}
and T = {(b,18), (¢, 5), (d, 3), (e,24)} drawn from X.
Then P* = {a,b,c,e}, T* ={b,c,d,e}, X —=T* ={a, f}, T* — P* ={d}, T* N P* = {b,c,d}.
Then for a ¢ T, x(7-p)(a) =0,
b€ T* N P*, xropy(b) = xr(b) _ 18 _ 2,

xp(®) — 9

deT" — P*7X(TﬁP)(d) = XT(d) = %7
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e € T* N P*, X(r-py(e) = xr(e) _ % -9

f €T Xzp)(f) = 0.

Therefore, T—P = {(b,2), (¢, 10), (d, 3), (e,2)} which is not a Q*-submset of 7.
Now P T ={(b,9),(c, 3), (e, 12)}.

Therefore, (T-P)U (PN T) = {(b,18),(c,10), (d, 3), (e,12)} # T.

5.17. Definition

Let T be a non-empty QT-mset drawn from a crisp set X. Let P be a Q"-submset of
xr(a) _ :
X%@—kEN. Then P is
called an elementary Qt-submset of T', denoted by P = {(«, xp(a))}. QT-Components are

T satisfying the following: (i) P* is a singleton set, say {a}, (ii)

immediately elementary QT -submsets of a QT-mset. Also every elementary Q*-submset of an
Q*t-mset T can be treated as a Qt-subm-element (o, xyp(a)) of the Qt-mset T by simply
identifying the elementary QT -submset with the element o that P* contains together with its
multiplicity yp(a). We express membership of (o, xp(a)) in T using the symbol (o, xp(cr)) €F
T. The crisp set of all QT-subm-elements of an Q™-mset T is denoted by (7). Immediately,
Q(T) is always an infinite Q" -general mset. Also, for all (z,\) € 2(M), fo(r) € N. For (z, \),
x is called the base and A is called the multiplicity of the QT-subm-element (x, \).

Let X be a non-empty crisp set. Let M be a N-mset drawn from X. A Q" -subm-element (o, k)
of M is said to be a N-subm-element of M if k € N. The crisp set of all N-subm-elements of the
N-mset M is denoted by £2*(M). 2*(M) is a N-general mset. If A T B, then Q(A) C Q(B)
and 2*(A) C 2%(B).

5.18. Definition

Let T be a non-empty mset drawn from a crisp set X. Let P be another non-empty

mset drawn from X satisfying the following: (i) P* C T™ is a singleton set, say {a}, (ii)

xp (o)
xr(a)

P = {(a,xp(a))}. This elementary Q*-mset P drawn from X can be treated as a Q" -superm-

= k € N. Then, obviously, P is an elementary Q"-mset drawn from X, denoted by

element (o, xp(a)) of the QT-mset T' drawn from X by simply identifying the elementary Q-
mset {(«, xp(a))} with the element o that P* contains together with its multiplicity xp(c).
We express membership of (a, xp(«)) in T using the symbol (a, xp(«)) €x T. The crisp set
of all Q"-superm-elements of an Q"-mset T is denoted by w(7T'). Immediately, w(T') is always

an infinite Q™ -general mset.
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5.19. Definition

In continuation to the above two definitions, if xp(a) = xr(«), then (o, xp(a)) is a Q-
subm-element of T' as well as a QT -superm-element of T'. In this case, we define (o, xp(a)) to

be an Q*-m-element of T and it is denoted by (a, xp()) €! T or simply by («, xp(a)) € T.

5.20. Definition

Let M be an Q'-mset drawn from a crisp set X. Let (o, k) and (3,1) be two QT -subm-
elements of the QT-mset M. Then
(i) (a, k) = (B,1) if and only if « = § and k = [.
(ii) (v, k) and (a, 1) are said to be overlapping QT -subm-elements if gcd(k,1) # 1.
(iii) («, k) is said to be a divisor/factor of (3,1) if and only if {(«, k)} C {(5,1)} i.e. if and
only if « = 8 and % € N. Then (8,1) is said to be a multiple of («, k).
(iv) (a, k) and (o, 1) are said to be coprime QT -subm-elements if gcd(k,l) = 1
(v) (a, k) and (j3,1) are said to be distinct Qt-subm-elements of M if and only if a # .
Let M be an Qt-mset drawn from a crisp set X. Let (a, k) and (8,1) be two Q'-superm-
elements of the Qt-mset M. Then
(i) (a, k) = (B,1) if and only if « = § and k = .
(i) (e, k) and (e, 1) are said to be overlapping Q*-superm-elements if ged(k,l) # 1.
(iii) (a, k) is said to be a divisor/factor of (5,1) if and only if {(a, k)} C {(B,1)} i.e., if and
only if @ = 8 and £ € N. Then (3,1) is said to be a multiple of («, k).
(iv) (o, k) and (o, 1) are said to be coprime QT -superm-elements if ged(k,1) = 1
(v) (a, k) and (j3,1) are said to be distinct Q*-superm-elements of M if and only if o # 3.

5.21. Remark

Two Qt-subm-elements of an QT-mset M is either distinct or one is a factor of the other
or they are coprime or they are overlapping. similarly, two Q"-superm-elements of an mset M

is either distinct or one is a factor of the other, or they are coprime or they are overlapping.

5.22. Example

Consider the crisp set X = {a,b,c,d,e}. Consider the Q%-mset P =
{(a,2),(b,9), (c, %), (e,12)} drawn from X. Then (c, 1) €% P, (b,9) €' P, and also (a,4) €z P.
For two Q*-subm-elements (b, 1) and (b, 3) of P, (b,3) is a multiple of (b, 1). Also, for two Q-
superm-elements (b, 39) and (b, 18) of M, (b, 36) is a multiple of (b, 18). (c, 1) and (b, 3) are two
distinct QT -subm-elements of M, also, (b, 18) and (e, 24) are two distinct Q*-superm-elements
of M.
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5.23. Proposition

Any collection of QT-subm-elements of an Q'-mset generates a Qt-submset of the Q%-

mset.
Proof:
Let M be an Q*-mset drawn from the crisp set X. Let £2'(M) be a subset of £2(M). Consider
the Qt-mset P = L {(z,k)}. Now we show that P =T M. Immediately, P* C M*.

(x,k)€ 2'(M)
Now, let z € P*. Then yp(z) = lem{k € Q* : (z,k) € ' (M)}, which exists since, for all

(w,k) € 2/(M), X412 € N. Now if (z,k) € 2/(M) C (M), then 4 € N, so 28] ¢ N
which holds for all x € P*. Therefore, P C M. Hence, the result.

5.24. Remark

The Q"-multiset generated by a Q*-general mset A of some Q*-subm-elements of a Q-
multiset M is denoted by «(A) and is defined by v(A) = o« k) {(m,k)} where x,4)(z) =
lem{k € Q" : (z,k) € A}.

Also a QT-mset can be generated from the QT-general mset of all its Q"-subm-elements.
If (M) is the Qt-general mset of all its Q"-subm-elements, then v(2(M)) = M where
Xy (@) = lem{k € QY : (2, k) € Q(M)}.

5.25. Remark

Let P and T be two Q"-msets drawn from crisp sets X. Then P C T if and only if every
QT -subm-element of P is a QT-subm-element of 7. Also, P = T if and only if every Q*-
subm-element of P is a QT-subm-element of T as well as every QT-subm-element of T is a

Q™ -subm-element of P.

5.26. Proposition

Every QT-subm-element of QT-m-intersection of two Q"-msets is a QT-subm-element of
each of the sets and conversely.
Proof:
Let P and T be two Q*-msets drawn from a crisp set X.
Then for x € P*NT*, (x,k) € (PNT) for some k € QT and r € N = XP”TT(JD) =reN=

ged{xp(z)xr(x)} xp(x) _ xp(x) . _ xp(x)
. z(c ) . —(7)” eN= G o @ = geater@aa@y” € N
Xr\x) _  XT\T _ XT(T

and 2= = S ETST = gadte@aa@)” € N

(z)

_xp(@) . _xr@)
= (z,k) exprr@’ P and (z,k) €xprr@ " T,

Conversely, for x € P*NT*, (x,k) € P and (z,k) €’ T for some k € QT and i,j € N =

XPk(ff) =47 N and XTk(ff) :j eN= ng{XP(zLXT(x)} c N, QCd{XP(?7XT(fE)} — gcd{i,j} = r say
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= (z,k) €" (PNT).
So, every Qt-subm-element of QT -m-intersection of two Q-msets is a Q"-subm-element of

each of the sets and conversely.

5.27. Remark

Let P and T be two Qt-msets drawn from a crisp set X. Then, for z € P*NT*, (z,k) €' P
and (z, k) Eijorsomek€Q+andi,jEN:>XPT(I):Z'eNandXTT(m):jeNé
lcm{XP(i)’XT(x)} €N, lcm{XP(i)’XT(I)} = lem{i,j} = r say = (z,k) € (PUT).

Also, for x € P* —T*, (z,k) € P = (z,k) € PUT and for for v € T* — P*, (z,k) €" T =
(x,k)e" PUT.

Therefore, if (z, k) is a QT -subm-element of P or T, then (x, k) must be a Q" -subm-element

of PUT.

But the converse is not always true.

5.28. Example

Let A= {(a,24)} and B = {(a,30)}. Then AU B = {(a,120)}. So, (a,20) is a Q*-subm-

element of A LI B but neither a QT-subm-element of A nor of B.

5.29. Remark

Let A and B be two N-msets drawn from a crisp sets X.
Then for z € A* U B*, (z,k) is a N-subm-element of A B
= there exists p,q € N with ged{p,q} =1 and p - ¢ = k such that (z,p) is a N-subm-element
of A and (z,q) is a N-subm-element of B.

5.30. Remark

PNT = ¢if and only if P*NT* = ¢.

5.31. Properties

For three non-empty msets P,.S and T drawn from a crisp set X,
(i) Three statements (a) S T T (b) SMT = S and (¢) SUT = T are equivalent. (ii)
SuS=5,5SNS=49,31i) Suep=95,5SNep=¢, (iv) SUSNT)=5,SNSUT) =S5, (iv)
SCSUT, SnNTCcs, (vySuT=TusS, SNT=17TnS¢, (vij Pu(SUT)=PUT)US,
PR (SNT)=(PNT)MNS. Proof: The proof of (i) to (vi) is immediate.
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5.32. Definition

Let M be a non-empty Q" -mset drawn from a crisp set X. Then the set of all Q"-submsets
of M is called the QT-power mset of M and is denoted by P(M). Q%t-Power mset of an
QT -mset is always an infinite crisp set.

Let X be a non-empty crisp set. Let M be a NT-msets drawn from X. Then the set of all
N-submets of M is called the N-power mset of M and is denoted by P*(M).

5.33. Definition

Let Ms be an QT-mset drawn from a crisp set X for all § € A. Then Q"-mset M drawn
from X is said to be the QT-m-union of My, § € A, denoted by M = 6I_IAM5, if and only if
€
) M*= U M}
(1) SeA 97
(ii) lem{xn () : © € MJ} exists for all z € M*,
(ili) xar(z) = lem{xms(x) : 2 € M5}, v € M*.

5.34. Definition

Let Ms be an QT-mset drawn from a crisp set X for all § € A. Then Q"-mset M drawn
from X is said to be the QT-m-intersection of Ms, § € A, denoted by M = 5QAM5’ if and only
if

() M = M,

(ii) ged{xms(x) : x € M;} exists for all x € M*,

(iii) xm(x) = ged{xn; () : v € M§}, x € M*.

5.35. Remark

1. If (z,k) is a QT-subm-element of Mjy for some § € A, then (z, k) must be a Q*-subm-
element of 5I_JAM(; but not conversely.
€
2. If (z, k) is a QT -subm-element of Mj for all § € A, then (z, k) must be a Q" -subm-element

of M Ms and conversely.
deA

5.36. Definition

Let M be a non-empty Q*-mset drawn from a crisp set X. Let x € M*. Let I = {k € Q" :
xul®) ¢ N}, Let I# C 1.
Let ged{k : k € I”"} not exist, then we define x - {(z.k)} () to be 0.
keI#
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5.37. Remark

Let M be a non-empty mset drawn from a crisp set X. Let z € M*. Let [ = {k € QT :
xul) ¢ N}, Let I# C 1.

Then — X&) ¢ N or O A {(zk)}(x) = 0 according as ged{k : k € I7} exists or does
Xkeﬂl#{(z,k)}(x) pag LT

not exist.

5.38. Remark

Let M be a non-empty mset drawn from a crisp set X. Let z € M*. Let [ = {k € Q" :
xule) ¢ N}, Let I# C 1.

X ()
Then, X (e @ e N.
kel#

5.39. Proposition

Let M be an Q"-mset drawn from a crisp set X. Let £2(M) be the set of all Q-subm-
elements of M. Let £2' (M) C £2(M). Then following are true:

LU {@k}CM,
(z,k)e' (M)

2. M {(z,k)} is either ¢ or a non-trivial Q*-submset of M.
(z,k)en’ (M)

5.40. Proposition

Let M be a non-empty Q'-mset drawn from a crisp set X. Then (P(M),C) is a lattice.

5.41. Proposition

Let M be a non-empty QT-mset drawn from a crisp set X. Then (P(M),C) is a complete

lattice.

5.42. Proposition

Let M be a non-empty QT -mset drawn from a crisp set X. Then (P(M), C) is a distributive
lattice.
Proof:
Let M be a non-empty Q-mset drawn from a crisp set X. Let A, B, D be three Q"-submsets
of M.

Now we will show that AL (BN D)= (AUB)MN(AUD,).

Immediately, [AL (BT D)]*=[(AUB) M (AU D)J*.

Now, for all # € [AU (B D)J*, Xansnp) (&) = lem{xa(@), ged{x5(x), xp(2)}}

= ged({lem{xa(@), xn(2)}, lem{xa(), xp(@)}} = X(aumy(ann) (®)-

Therefore, AU(BMD)=(AUB)N(AUD).
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Similarly, we can show that AN (BUD)=(ANB)U(AND,).
Therefore, Then (P(M),C) is a distributive lattice.

5.43. Remark

If we consider a mset of real numbers, where each real number appears with a specific mul-
tiplicity, and if we consider the collection of all the subm-elements (elements along with their
respective multiplicities) of that mset, then this inherently reflects both the values and their
multiplicities. To accommodate this, we define a new system called the multi-real number sys-
tem (see Section 4), which extends the classical real number system (discussed in Remark 4.33)
by including multiplicity as a structural component. This extension allows operations and com-
parisons to be interpreted in a way that respects and incorporates multiplicities (as described
in Remark 4.33).

6. Multi-metric space

In this section, we prefer to write a multi-real number in the form R’ rather than (a,b)
where a € R and b € Q.

6.1. Definition

Let M be a N-mset drawn from a non-empty crisp set X. Let p be a metric on X and
f :NxN — N be a mapping. Then a mapping d : 2*(M) x 2*(M) — m*(R), [m*(R) =
m*(R) Um(R), ie, m*(R) = {R’ : a > 0,b € N}|, where for all (z,3),(y,j) € 2*(M),
d((x,1),(y,7)) = R709) g said to be a multi-metric on the N-mset M if d satisfies the

p(@,y)
following conditions:

(M1) For (2,1), (45) € 2°(M), d((z,1), (3,)) = Rb.

(M2) For (x,i), (y,j) € 2*(M), d((x,1), (y,)) € mi(R) = {R% € m(R) : a =0 and b € N}.
if and only if x = y.

(M3) For all (z,1), (y,5) € 2*(M), d((z,3), (3, /) = d((y 5), (2,7)).

(M4) For all (z,1), (4,5), (2, k) € 2*(M), d((z,1), (9,5)) = d((@,3), (2, k) & d((z, k). (y..))-

The N-mset M together with a multi-metric d defined on M is said to be a multi-metric
space and is denoted by (M,d). (M1), (M2), (M3), and (M4) are said to be multi-metric

axioms.

6.2. Example

Let M be a N-mset drawn from a non-empty crisp set X. Let us define a mapping d :
24(M) x 2*(M) = m*(R) by d((x,), (y. ) = R} if « = y and d((z, ), (4,5)) = B} if = #,
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(x,7),(y,7) € £2*(M). Then d satisfies all the multi-metric axioms. So, d is a multi-metric on

the N-mset M.

6.3. Ezample

Let M be a N-mset drawn from a non-empty crisp set X. Let us define a mapping d :
X]yj(z?‘xzvj(y)
(M) x (M) — m*(R) by d((z,1),(y,7)) = By " if z =y and d((z,9), (y,7)) =
XM (®)-xpp ()

R, " if x #y, (x,i),(y,7) € £2°(M). Then d satisfies all the multi-metric axioms. So,

d is a multi-metric defined on the N-mset M.

6.4. Example

Let M be a N-mset drawn from a non-empty crisp set X. Let p be a crisp metric on
M*. Let us define a mapping d” : 2*(M) x 2*(M) — m*(R) by d*((x,i),(y,7)) = Rzp(]z "
(x,7),(y,7) € 2%(M). Then dP satisfies all the multi-metric axioms. So, d” is a multi-metric

on the N-mset M.

6.5. Example

Let M be a N-mset drawn from a non-empty crisp set X. Let p be a crisp metric on

M*. Let us define a mapping d, : £2*(M) x 2*(M) — m*(R) by d,((z,7), (y,j)) = Ri)c(zlg)’j},
(x,1), (y,j) € £2*(M). Then d, satisfies all the multi-metric axioms. So, d, is a multi-metric

on the N-mset M.

6.6. Example

Consider the N-mset M = {(5,2),(10,1)} drawn from R.
Consider the usual metric p on R.
Here, 2*(M) = {(5,2),(5,1),(10,1)}.

Then d?((5,2),(5,2)) = R},
d°((5,2), (5,1)) = Ry = d*((5,1), (5,2)),
d*((5,2),(10,1)) = % d?((10,1), (5,2)), d°((5,1), (5,1)) = Ry,
dP((5,1),(10,1)) = Ry = ((10 1), (5,1)), @*((10,1), (10,1)) = Ry,
Also, d ((5,2),(5,2)) dp((5,2), (5,1)) = Rg = d,((5,1), (5,2)),
dp((5,2),(10,1)) = ((10 1),(5,2)), dp((5,1), (5,1)) = Ry,

4,((5,1), (10,1)) = R5 — ((00.1), (5.1), d,((10.1), (10,1)) = 7}
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6.7. Definition

Let (M, d) be a multi-metric space and P be a non-null N-submset of the N-mset M. Then
the mapping dp : 2*(P) x 2*(P) — m*(R) given by dp((x,1), (y,j)) = d((x,1), (y,J)) for all
(x,1), (y,7) € 2*(P) is a multi-metric on P. This multi-metric dp is called the relative multi-
metric induced on P by d. The multi-metric space (P,dp) is called a metric submspace or

sub multi-metric space of the multi-metric space (M, d).

6.8. Ezxample

Consider the N-mset M = {(5,2),(10,1)} drawn from R. Consider the usual metric space
pon M* C R. Let d” be the multi-metric on the N-mset M induced by the crisp metric p
defined on M™* as in Example 6.4.

Here, 2*(M) = {(5,2),(5,1),(10,1)}. Then d*((5,2),(5,2)) = R§, d°((5,2),(5,1)) =
B3 = d((5,1),(5,2)), d°((5,2),(10,1)) = B2 = d((10,1),(5,2)), d*((5,1),(5,1)) = R,
d?((5,1),(10,1)) = R: = dr((10,1),(5,1)), d((10,1),(10,1)) = R}. Consider N-submset
P = {(5,2)} of M. Then 2*(P) = {(5,2),(5,1)}. Consider the mapping d}, : 2*(P) x
2*(P) — m*(R) given by d%((5,2),(5,2)) = R{, d5((5,2),(5,1)) = R3 = d5((5,1),(5,2)),
d%((5,1),(5,1)) = R}. Then d% is a multi-metric on P. Therefore, the multi-metric space

(P,d',) is a metric submspace of (M, d).

6.9. Definition

Let (M,d) be a multi-metric space and P be a non-null N-submset of the N-mset M.
Then the diameter of P is denoted by §(P) and is defined by 6(P) = lub{dp((z,1), (y,7)) :
(x,4), (y,7) € 2*(P)}, provided lub exists [As defined earlier, lub{R} € m(R) :pe S C R,q €
T CQ'} =Ry,
T C Q*}, if they exist]. It is obvious that for any non-null N-submset P of the N-mset M,
§(P) = R}, if it exist. If P* is a finite set, then §(P) must exists.

where p = lub{p : p € S C R} in the poset (R,<) and v = lem{q : q €

6.10. Ezample

Consider the N-mset M = {(7,3),(6,2),(-1,5),(0,9),(8,12)} drawn from R. Consider
the usual metric p on M* C R. Let d? be the multi-metric on the N-mset M in-
duced by the crisp metric p defined on M* as in Example 6.4. Consider the N-submset
P ={(7,1),(—1,5)} of M. Consider the relative multi-metric d, induced on P by d”. Here,
2(P) = {(7,1), (~1,5), (-1, 1)}.

Then the mapping d/, : 2*(P) x 2*(P) — m*(R) is given by
dp((7,1),(7,1)) = RY, (7, 1), (~1,5)) = RS = dp((~1,5), (7,1)),
d((7,1), (~1,1)) = By = d((—1,1), (7, 1)), dp((~1,5), (~1,5)) = R,
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dll)?(<_175)7 (_17 1)) - Rg = dlI)J((_lv 1)7 (_175))7 dl;;,((—l, 1)7 (_17 1)) = Ré
lub{0,8} =8, lem{1,5,25} = 25. Then §(P) = R%S.

6.11. Remark

Let (M, d) be a multi-metric space and P be a non-null N-submset of the N-mset M. Let the
diameter of P = §(P), say, exist. Then, for all (x,1), (y,7) € 2*(P), d((z,1), (y,7)) < (P).

6.12. Remark

Let (M,d) be a multi-metric space and P be a N-submset of the N-mset M. Then

(i) 6(P) € m§(R) if and only if P is a component of M.

(ii) For every non-null N-submsets P and Q of M, P C Q = 6(P) < (Q), if 6(P) and §(Q)
both exist.

6.13. Definition

Let (M, d) be a multi-metric space. Let («, k) be a fixed N-subm-element of the N-mset M

Cpr (@)

satisfying o € M*, k € N and %@ € Nfiie, a € & M]and P be a non-null N-submset

of M. Then distance between the N-subm-element (o, k) and the submset P is denoted by
d((ar, k), P) and is defined by 0((«, k), P) = glb{d((a, k), (a: ) : (z,1) € 2*(P)}. [As defined
earlier, glb{R} € m(R) :p € S C R qgeT C Q"} = , where p = glb{p : p € S C R}
in the poset (R,<) and A\ = ged{q : ¢ € T C Q"}, if they exist]. It is obvious that for any
non-null N-submset P of the N-mset M and for any N-subm-element («, k) of the N-mset M
satisfying « € M*, k € N and %(a) €N, §((a, k), P) = R} for some t € N. If P be a natural
N-submset of the N-mset M such that P* is finite, then for any N-subm-element (a, k) of M,
0((a, k), P) exists.

If (a,k) be a fixed N-subm-element of the N-mset P, then §((, k), P) = RY for some
t € N. On the other hand §((, k), P) = R} for some ¢ € N may hold where («, k) is not a
N-subm-element of P which can be justified by the following example.

6.14. Ezample

Consider the N-mset M = {(o~,6) : n € N}U{(5:17,4) : n € N}U{(0,2)}U{(n,n) : n € N}

drawn from R. Consider the usual metric p on M* C R. Let d” be the multi-metric on

2n? 2n+1°

the mset M induced by the crisp metric p defined on M* as in Example 6.4. Consider the
N-subm-element (0, 1) of M and the N-submset P = {(5,6) : n € N} U {(2n+1, 4) :n € N} of
M. Then 6((0,1), P) = R4, but (0,1) is not a N-subm-element of P.
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6.15. Example

Consider the N-mset M = {(7,3),(6,2),(—1,5),(0,9),(8,12)} drawn from R. Con-
sider the usual metric space p on M* C R. Let d” be the multi-metric on the N-mset
M induced by the crisp metric 7 on M* as in example 6.4. Consider the N-submset
P = {(7,1),(-1,5),(0,3),(8,2)} of M. Consider the N-subm-element (8,3) of the N-mset
M. In fact, (8,3) €* M. Then 5(( 3),P) = glb{d((8, ) (:E,Z)) s x € 2°(P)}, provided
that the glb exists = glb{R}, R$5, R3, R}, R3, RS, R3} = R} (since ¢lb{1,9,8,0} = 0 and
gcd{3,15,9,6} = 3). Therefore, §((8,3), P) = R3 also, (8,3) is a N-subm-element of P.

6.16. Ezample

Consider the N-mset M = {(7,3), (6,2),(—1,5),(0,9),(8,12)} drawn from R. Consider the
usual metric space p on M* C R. Let d” be the multi-metric on the N-mset M induced by the
crisp metric p on M* as in Example 6.4. If we consider S = {(7,1),(-1,5),(0,3)} C M and
(8,3) €* M, then §((8,3),5) = glb{ R}, R}®, R, RY, R3}
= R}. Here, (8,3) is not a N-subm-element of S.

6.17. Definition

Let (M,d) be a multi-metric space and P, T be two non-null N-submsets of the N-mset M.
The distance between the N-msets P and 7' is denoted by 6(P,T) and defined by 6(P,T) =
glb{d((x,), (y,)) : (2,7) € (P, (y, ) € 2 (T)}.

Immediately, for any two non-null N-submsets P and T of the N-mset M, §(P,T) = 6(T, P).
Also, for any N-subm-element (o, k) of the N-mset M and for any non-null N-submset P of
M, 5((a k), P) = 6({(a )}, P).

Again, for any two non-null N-submsets P and T of the N-mset M, if PN T # ¢, then
5(P,T) = R} for some t € N.

However, the converse is not necessarily true. It may happen that, for two non-null N-
submsets P and T of the N-mset M, 6(P,T) = R}, for some t € N but PMN7T = ¢. This can be
justified by the following example.

6.18. Ezample

Consider the N-mset M = {(o~,6) : n € N}U{(5:17,4) : n € N}U{(0,2)}U{(n,n) : n € N}

drawn from R. Consider the usual metric space p on M* C R. Let d” be the multi-metric on

2n? 2n+1°

the N-mset M induced by the crisp metric p defined on M* as in Example 6.4. Consider the
N-submset P = {(ﬁ,él) : n € N} and the N-submset 7' = {(5-,6) : n € N} of M. Then
§(P,T) =R, but PNT = ¢.

Debjyoti Chatterjee and Shashi Bajaj Mukherjee, A study on multiset and multi-real
number system and its use to develop metric in the multiset context




Neutrosophic Sets and Systems, Vol. 96, 2026 EEF

6.19. Example

Consider the N-mset M = {(7,3), (6,2),(—1,5),(0,9),(8,12)} drawn from R. Consider the
usual metric space p on M* C R. Let d” be the multi-metric on the N-mset M induced by the
crisp metric p defined on M* as in Example 6.4. Consider the N-submset P = {(7,3),(6,1)}
and T = {(—1,1), (0,3)} of M. Then d(P,T) = glb{R3, R}, R, R}, R, R, R}} = R..

6.20. Definition

Let (M,d) be a multi-metric space. For two N-subm-elements (a, k) and (f,1) of the N-
mset M, the distance between (o, k) and (3,1) is defined as the diameter of the N-submset
{(a, k), (8,1)} of M, denoted by 6((c, k), (8,1)).

6.21. Property

Let M be a N-mset drawn from the crisp set X. Let d be a multi-metric defined on M. Let
(o, k) and (f,1) be two N-subm-elements of the N-mset M.
If (o, k) and (B,1) are distinct subm-elements of M, then §((a, k), (8,1)) € m™(R).

6.22. Definition

Let (M, d) be a multi-metric space. Let («, k) be a N-subm-element of the N-mset M that
satisfies « € M*, k € N and x%@) € N and R} € m*(R) such that W eN.
Let us define B*((a, k), RY) = {(z,1) € 2*(M) : d((«a, k), (x,1)) < R} and W e N}
Then B*((a, k), R}) is called a open ball with centre at (o, k) and radius RE. B*((«, k), R})

is a general mst.

Also, define B((a, k), R}) = L] {(z,0)}.
(z,0)eB*((ev,k),RE)
Then B((a, k), R}) is called a multi-open ball (or m-open ball) with centre at (a, k) and

radius RE. B((a, k), R}) is a N-mset.

Immediately, (o, k) is an element of B*((«, k), R}) and also a N-subm-element of B((«, k), R}).
Therefore, if B*((, k), R}) is an open ball with centre at (a, k) and radius R}, then W €
N.

6.23. Ezample

Consider the N-mset M = {(7,3),(6,2),(—1,5),(5,2),(0,9),(8,12)} drawn from R. Then
04(M) = {(7,1), (7,3), (6,1), (6,2), (~1,1), (~1,5), (5,1), (5,2), (0, 1), (0,3), (0, 4, (8, 1),
(8,2),(8,3),(8,4),(8,6),(8,12)}. Consider the usual metric space p defined on M* C R. Con-
sider the multi-metic d” defined on the N-mset M induced by the crisp metric p defined on
M* as in Example 6.4.
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Consider the N-subm-element (8,3) €* M.

Then B*((8,3), R3") = {(7,1),(7,3),(8,1), (8, 3)}.
B((8,3), 75" = {(7.3),(8,3)}.

B*((873)aR§4B) ={(7,1),(7,3), (8,1),(8,2), (8,3),(8,6)}.

B((8,3), R3") = {(7.3),(8,6)}.

6.24. Remark

Let (M,d) be a multi-metric space. Let (a, k) be a N-subm-element of the N-mset M that
satisfies o € M*, k € N and XL@ e N.

Then for R}, R € m*(R), R} < R and e N= B*((o, k), R}) C B*((av, k), RL).

[( k)J?

6.25. Definition

Let (M, d) be a multi-metric space. Let (a, k) be a fixed N-subm-element of the N-mset M

Cp(e)

that satisfies « € M™*, k € N and CMTW € N [ie, a € F M| and R} € m™(R) such that
e €N

Let us define B*[(«a, k), R} = {(z,1) € 2*(M) : d((a, k), (z,1)) < R} and m € N}.
Then B*[(a, k), RE] is called a closed ball with centre at (c, k) and radius Rj. B*[(«, k), R]

is a general mset. Also, define B[(a, k), R}] = LJ {(z,1)}.
(z,l)eB*[(a,k),R})
Then B[(«, k), R}] is called a multi-closed ball (or m-closed ball) with centre at («, k) and

radius R}. B[(«, k), R}] is a N-mset. Immediately, (o, k) is a N-element of B*[(«, k), R} and
also a N-subm-element of B[(«, k), R}].
Therefore, if B*[(a, k), R{] is a closed ball with centre at (o, k) and radius R}, then

rmp €N

6.26. Example

Consider
the N-mset M = {(7,3),(6,2),(—1,5),(5,2),(0,9),(8,12)} drawn from R. Then 2*(M) =
{(7,1),(7,3),(6,1),(6,2),(-1,1),(=1,5),(5,1),(5,2),(0,1),(0,3),(0,4), (8,1), (8,2), (8,3), (8,4),
(8,6),(8,12)}. Consider the usual metric space p on M* C R. Let d” be the multi-metric on
the N-mset M induced by the crisp metric p defined on M* as in Example 6.4.
Consider the multi-metic d” defined on the N-mset M induced by the crisp metric p defined
on M* as in Example 6.4.
Consider the N-subm-element (8,3) €* M.
Then B*[(8,3), R§'] = {(7,1),(7,3),(6,1),(8,1),(8,3)}.

B(8,3), R3'] = {(7,3),(6,1),(8,3)}.
B*((8,3), RS*™] = {(7,1),(7,3),(6,1),(6,2),(8,1),(8,2),(8,3),(8,6) }.
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B[(& 3)7 Rg48] = {(77 3)7 (67 2), (87 6)}

6.27. Definition

Let (M, d) be a multi-metric space. Then (M, d) is said to have Hausdorff property, if for
any two distinct N-subm-elements (o, k) and (3,1) of the N-mset M, there exist two open balls
B*((a, k), R}) centred at (a, k) and B*((3,1), R.) centred at (8, k) such that B*((«, k), Rj) N
B*((8,1), Ry) = ¢.

6.28. Proposition

Every multi-metric space is Hausdroff.
Proof:
Let (M,d) be a multi-metric space. Let (o, k) and (5,1) be two distinct N-subm-elements of
M. Let 6((ov, k), (B,1)) = R} € m™(R). Let us consider open balls B*((a, k), Rm) centred at
(o, k) and B*((B,l),R%) centred at (f3,1) where Faore € N Then B*((a k), Rm)
B((8.1).B) = 6.

Therefore, the multi-metric space (M, d) is Hausdorff.

[f( IR [f(l D)

6.29. Definition

Let (M,d) be a multi-metric space. Let (a, k) be a N-subm-element of the N-mset M.
Let N C 2*(M). ie. N is a collection of some N-subm-elements of M. Then N is said to
be a multi-neighbourhood of the N-subm-element («, k), if there exist R} € m™(R) with

e € N such that (a,k) € B*((a, k), Bp) C N

6.30. Proposition

Let (M, d) be a multi-metric space. Let («, k) be a N-subm-element of M. Let A and B be
two multi-neighbourhoods of (a, k) in M. Then AN B is a multi-neighbourhood of («, k) in
M.

Proof:

Let (M, d) be a multi-metric space. Let («, k) be a N-subm-element of M. Since A and B are
two multi-neighbourhoods of («, k), there exist R}, R. € m™(R) with 7 (k GO [f(k FRAE € N such
that (o, k) € B*((a, k), R}) € A and (a, k) € B*((a, k), R,) € B. Let, RY = glb{R% Rt} €
m*(R). Then B*((a, k), RY) C B*((a, k), R}), B*((a, k), RY), and so B*((a, k), R%) C A, B.
Then (o, k) € B*((a, k), R%) € AN B. Therefore, AN B is a multi-neighbourhood of (a, k).
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6.31. Definition

Let P be a N-submset of a multi-metric space (M,d). Then (a,k) € 2%(P) is said to
be an interior element of 2*(P) if there exists R} € m™(R) with 7 ( gERE € N such that
(a, k) € B*((a, k), RY) C 2%(P).

6.32. Definition

Let P be a N-submset of a multi-metric space (M, d). Then the interior of £2*(P) is defined
as the general mset int(£2*(P)) that contains all the interior elements of £2*(P).

Also, define P° = U {(z,1)} to be the multi-interior (or m-interior) of the
(z,l)€int(2*(P))
N-mset P.

6.33. Proposition

Let P and @ be two non-null N-submsets of a multi-metric space (M, d). Then

(i) int(2*(P)) C 2*(P).

(ii) P C Q = int(2*(P)) Cint(2°(Q)).

(iii) int(£2*(P)) Nint(£2*(Q)) = int(£2*(P) N 2°(Q)).

(iv) int(2*(P)) Uint(2*(Q)) C int(2*(P) U (2%(Q)).

Proof: (i) The result immediately follows from the definition.

(ii) If int(2°(P)) = ¢, then int(2*(P)) C int(2*(Q)). So consider the case where
int(2*(P)) # ¢. Let (a, k) € int(£2*(P)). Then (a, k) is an interior element of 2*(P). Then
there exists R} € m™(R) with [f(k 7o € N such that (a, k) € B*((a, k), R}) C 2*(P). Also,
PLC Q. So 2*(P) C 2%(Q). So, (o, k) € B*((av, k), RY) C 2*(P) C 2%(Q). Therefore, («, k)
is an interior element of £2*(Q)). So, (o, k) € int(£2*(Q)). Therefore, int(£2*(P)) C int(£2*(Q)).

(iii) If int (2% (P)) Nint(2*(Q)) = ¢, then int(2*(P)) Nint(2*(Q)) C int(2*(P) N 2%(Q)).
So consider the case where int(2*(P))Nint(2*(Q)) # ¢. Let (o, k) € int(£2*(P))Nint(2*(Q)).
Then (o, k) € int(2*(P)) and (a, k) € int(£2*(Q)). So, (o, k) is an interior element of 2*(P)
and 2*(Q) both. So, there exists R}, RS € m™(R) with e k)]2 € Nand e € N
such that (a,k) € B*((a,k),R}) C 2*(P) and (o, k) € B*((a k), R:) C 2%(Q). Let
min{p,r} = a and gcd{q,s} = b. Then R® < R} R: and [f(k Feare €N So, B*((a, k), Rl) C
B*((a, k), RY), B*((a, k), RS). Then (o, k) € B*((a, k), R%) C B*((e, k), R}) € £2%(P) and
(,k) € B*((o,k),R) € B*((a, k), R:) € 2%(Q). Therefore, (o, k) € B*((a, k), RY) C
2°(P) N 2%(Q). Therefore, (o, k) is an interior element of 2*(P) N 2*(Q). ie. (a,k) €
int(£2*(P) N 2°(Q)). Therefore, int(£2*(P)) Nint(£2*(P)) C int(£2*(P) N 2°(Q)).

We have 2%(P) N 2%(Q) < 2*(P),2*(Q). So, int(2*(P)) N int(2*(Q)) C
int(2%(P)),int(2*(Q)).
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Therefore, int(£2*(P)) N int(2*(Q)) C nt(Q*(P) N 02*(Q)).
Combining, int(2*(P)) Nint(2*(Q)) = int(2*(P) N 2%(Q)).

(iv) We have 2*(P), 2*(Q) C 2*(P ) U 2*(Q). So, int(£2*(P)),int(2*(Q)) C int(2*(P) U
2*(Q)). Therefore, int(2*(P)U 2*(Q)) C int(2*(P) U 2%(Q)).

*

6.34. Definition

Let (M,d) be a multi-metric space. Let O C 2*(M), i.e. O be a collection of some N-
subm-elements of M. Then («, k) € O is said to be an interior element of O if there exists
R} € m™(R) with 7 ( TP € N such that (a, k) € B*((a, k), R}) C O. Also, the interior of O
is defined as the general mset int(QO) that contains all the interior elements of O.

Also, define O° = U {(z,))} to be the multi-interior (or m-interior) of the N-
(z,0)€int(O)
general mset O.

6.35. Proposition

Let (M, d) be a multi-metric space. Let P, Q C 2*(M), Then
(i) int(P) C P.

(ii)) P C Q= int(P) Cint(Q).

(iii) int(P) Nint(Q) = int(P N Q).

(iv) int(P) Uint(Q) C int(P U Q).

Proof: Proofs are similar to the proofs of Proposition 6.33.

6.36. Definition

Let (M,d) be a multi-metric space. Let O C 2*(M), i.e. O be a collection of some N-
subm-elements of M. Then O is said to be an open general mset or simply open in (M, d) if

all elements of @ are its interior elements.

6.37. Proposition

In a multi-metric space every open ball is open.
Proof: Let M be a N-mset drawn from a non-empty crisp set X. Let p be a metric on X and
f:NxN — N be a mapping. Let the mapping d : 2*(M) x 2*(M) — m*(R), where for all
(2,4), (y,.§) € (M), d((z,1), (3, ) = (p(x, ), £(i, 7)), is a multi-metric on the N-mset M.
Let (o, k) be a N-subm-element of the N-mset M that satisfies « € M*, k € N and %@ e N.
Also, let R} € m™(R) such that [f(k 7omE €N
Consider the open ball B*((a,k),R}) = {(z,l) € 2*(M) : d((a,k),(z,1)) < R} and
swngan € N} with centre at (a, k) and radius R{.
Let (8,n) € B*((a, k), RS).
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Then d((a, k), (8,n)) = ngw;@g.

Then p(«, B) <pand 5 . )EN

Now consider the open ball B*((8,n), RI®m ).
Let (+,) € B*((8,n), 1" )

f(k n)
Then d((67 n)> (7’ t)) Rp p(a,B)"

Now d{(a, k). (7.8)) = d((, k), (8.m)) @ d((8.m). (1.1) < RIED & RIED — R,
Therefore, (v,t) € B*((a, k), RY).

Since (v,t) is an arbitrary element of B*((ﬂ,n),R;(f[’)?;{ 5)), so every element of

B*((B,n), R;(kp?;é g)) is an element of B*((a, k), RY).

Therefore, (8,n) € B*((8,n), R0 ) C B*((a, k), RY).

Therefore, (3,n) is an interior element of B*((«, k), R}).

Again, (8,n) is an arbitrary element of B*((«, k), R}), so every element of B*((a, k), R}) is its
interior element.
Therefore, B*((a, k), R}) is an open set.

6.38. Proposition

In a multi-metric space (M, d),

(i) ¢ is open;

(ii) M is open;

(iii) an arbitrary elementary union of open general msets is also open;

(iv) an elementary intersection of two open general msets is also open.
Proof:
(i) ¢ contains no N-subm-element of ¢, so, ¢ is trivially open.

(ii) Also, M is immediately open.

(iii) Let O; be a non-null open general mset in (M, d) for all i € A. If A = ¢, then UO; = ¢,
which is open in (M, d). !

So, let A # ¢. Let (a, k) € UO;.

Then (o, k) € O; for some ;eg A. Also, O; is an open general mset in (M, d), so («, k) is
an interior element of O;.

So, there exists Rj € m™ (R) with TERE € N such that (a, k) € B*((a, k), R}) C O; C UO

[f (k k)
Therefore, (o, k) is an interior element of UQ;. Again, (o, k) is an arbitrary element of UO
i€A Z'GA
So, every element of UQ; is its interior element. Therefore, UQO; is open in (M, d).
zGA i€A

(iv) Let O; and Oy be two open general msets in (M, d). If O1 N Oy = ¢, then O N Oy is
also open in (M,d). So consider the case where O1 N Oy # ¢. Let (o, k) € O N O2. Then
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(o, k) € Oy as well as (o, k) € Oy. Also, O; and Oz both are open in (M,d). So, there
exists R}, RS € m™(R) with with W,m € N such that (a, k) € B*((o, k), R}) C
O; and (a,k) € B*((a, k), RS) € Oq. Let min{p,r} = a and gcd{q,s} = b. Then R’ =<
R}, Rs. So, B*((a, k), RY) C B*((a, k), RY), B*((a, k), RS). Then (a,k) € B*((a, k), R%)
B*((a, k), R}) € 01 and (a, k) € B*((a, k), R%) C B*((a, k), RS) C Os.

Therefore, (o, k) € B*((a, k), R%) € O; N Oz. Therefore, (a,k) is an interior element of
O1 N Oy. Therefore, O; N Oy is also open in (M, d).

N

7. Comparative Analysis with Neutrosophic-Based Methods

The notion of a multi-metric space developed in this work differs fundamentally from
neutrosophic-based approaches, though both aim to extend classical structures to handle richer
information. The following points highlight the comparison:

(a) Representation: Neutrosophic methods represent information through a triplet (7', I, F')
that captures truth, indeterminacy and falsity. In contrast, our multi-metric space uses multi-
real numbers, which embeds multiplicities and multiset concepts.

(b) Metric Definition: Several extensions of metric spaces have been proposed in the litera-
ture by incorporating neutrosophic logic, which allows one to model truth (7"), indeterminacy
(I), and falsity (F') simultaneously. Some important notions are summarized below.

(i) Neutrosophic Metric Space: Kirisci and Simsek [34] introduced the concept of a neu-
trosophic metric space, where the classical metric axioms are generalized by using continuous
triangular norms (t-norms) and conorms. This framework preserves many standard topologi-
cal properties, and results such as the Baire Category Theorem and the Uniform Convergence
Theorem were extended to this setting.

(ii) Neutrosophic Triplet Metric Space: In a neutrosophic triplet metric space, each
element is represented as a neutrosophic triplet (7', I, F'), and the metric is defined accordingly.
The axioms of non-negativity, symmetry, and a modified triangle inequality are adapted to
the neutrosophic context [35].

(ili) Neutrosophic Triplet v-Generalized Metric Space: The neutrosophic triplet
v-generalized metric space (NTVGMS) further relaxes the standard triangle inequality and
provides more flexibility in defining distances. The completeness and fixed-point results in
this framework have been investigated by [36].

(iv) Neutrosophic Fuzzy Metric Spaces and Variants: The combination of neutro-
sophic and fuzzy logics has led to neutrosophic fuzzy metric spaces and their variants, such as
orthogonal neutrosophic metric spaces, neutrosophic 2-metric spaces, pentagonal metric spaces
and b-metric spaces. These frameworks have been used to study the results of convergence,

compactness, and fixed points [37].
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(v) Other generalizations: Several further generalizations have been explored, including
neutrosophic quasi-dislocated-b-metric spaces [38|, neutrosophic b-metric-like spaces [39)], and
neutrosophic D-metric spaces [40]. These approaches extend the applicability of neutrosophic
metrics in both pure and applied mathematics.

Table [1| summarizes the main concepts of neutrosophic metric and their key characteristics.

TABLE 1. Different notions of neutrosophic metric concepts

Neutrosophic Metric Concept Key Characteristics

Neutrosophic Metric Space [34] Uses t-norms/conorms; generalizes classical topologi-

cal results.

Neutrosophic Triplet Metric Space [35] | Defines distance on mneutrosophic triplet elements
(T,I1,F).

NTVGMS [36] v-generalized triangle inequality; completeness and
fixed points.

Neutrosophic Fuzzy Metric Spaces [37] | Combines neutrosophic and fuzzy logic; several vari-

ants developed.

Quasi-dislocated-b-Metric Space [38] Generalizes neutrosophic triplet metrics; includes

fixed-point theorems.

Neutrosophic b-Metric-like Space [39] | Relaxes triangle inequality; supports fixed-point the-

ory.

Neutrosophic D-Metric Space |40i Adapts D-metric to neutrosophic settings; explores

topology and completeness.

Our approach defines multi-metrics as a mapping from the set of all N-subm-elements of a
N-mset to the set of all non-negative multi-real numbers satisfying multi-metric axioms.

(c) Generality and Applicability: Neutrosophic approaches are particularly suited for
model uncertainty and inconsistency. However, our method, is more suitable for applications
involving multisets, graphs, trees, and networks, where multiplicity and structural comparison
are essential.

(d) Novel Contribution: While neutrosophic-based methods extend fuzzy set theory, the
proposed multi-metric space provides an entirely new mathematical framework by restructuring
multisets, introducing the multi-real number system, and defining rigorous metrics, specially
for multiset setting.

This comparative analysis demonstrates that the multi-metric space not only complements
existing neutrosophic-based methods but also offers a mathematically robust and efficient

alternative for problems where multiplicities and structural similarities are central.
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8. Conclusion

From the above theorem it follows that, in a multi-metric space (M, d), the collection 7 of all
open general msets forms a topology on M with respect to elementary union and elementary

intersection of N-msets. This topology will be called 'multi-metric topology’ on M.

9. Limitations and Future Research

Functional analysis plays a pivotal role in modern mathematics and its applications to the
sciences. Since metric spaces form its foundation, they serve as a key tool in the development
of many important results. In this work, we have introduced an extension of the classical
metric framework by employing multisets and multi-real numbers in place of ordinary sets and
real numbers, thereby offering a broader perspective on the structure of multi-metric spaces.

Despite these contributions, some limitations remain. The present study focuses mainly
on particular classes of metrics and illustrative examples that do not fully reflect the general
scope of possible constructions. In addition, certain theoretical results depend on restrictive
assumptions, which may limit their direct applicability to wider contexts.

Future investigations could aim to relax these assumptions and extend the theory to more
generalized settings. Another promising direction is the study of multi-normed linear spaces
and multi-inner product spaces, which may further enrich the theory. Moreover, exploring con-
nections with frameworks such as fuzzy sets, neutrosophic sets, and other uncertainty-based
models could significantly expand the range of applications. Overall, the results presented here
provide a foundation for further research on generalized metric theories and their potential

applications in functional analysis and beyond.
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operators in the framework of neutrosophic normed spaces. We define a set of limits of this convergence and
prove that the limit set is convex and closed with respect to the neutrosophic norm. We also develop the
idea of deferred I-statistical A{L—cluster points of sequences in neutrosophic normed spaces and investigate their

connection the set of these cluster points and the limit set of the aforementioned convergence.
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1. Introduction

In recent decades, fuzzy theory has emerged as one of the most influential tools in math-
ematical modeling, engineering, and decision sciences. The concept of fuzzy sets, originally
introduced by Zadeh in 1965 [35], provided a systematic way to represent and manage un-
certainty. Building upon this, Kramosil and Michdlek [20] developed fuzzy metric spaces to

generalize classical metric spaces, a framework later refined by George and Veeramani [16],
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who introduced a Hausdorff topology for fuzzy metric structures. Expanding this line of re-
search, Atanassov [5] proposed intuitionistic fuzzy sets, which consider both membership and
non-membership values, thereby improving uncertainty modeling. This idea was further gen-
eralized by Park [30] with the introduction of intuitionistic fuzzy metric spaces, followed by
Saadati and Park [31], who established the notion of intuitionistic fuzzy normed spaces. More
recently, applications of intuitionistic fuzzy theory have been seen in areas such as pattern
recognition, image processing, control theory, and decision-making under uncertainty [40}41].

Parallel to these developments, researchers sought to generalize the classical concept of
sequence convergence. Steinhaus [34] and Fast |15] introduced the concept of statistical con-
vergence, which captures the convergence of “almost all” terms of a sequence, rather than all
terms. This new approach quickly gained prominence in summability theory and functional
analysis. Later, Kostyrko et al. [19] extended this to I-convergence using ideals of subsets of N.
The interplay between statistical convergence and intuitionistic fuzzy normed spaces has since
been explored in various works |17,[25], while Savas and Giirdal [32] refined this idea by defin-
ing I-statistical convergence. Subsequently, the concept of deferred statistical convergence was
introduced in [21], employing deferred density as a refinement. This approach has inspired
extensive research into deferred statistical convergence of both single sequences [24] and double
sequences [26], broadening the scope of convergence analysis in generalized sequence spaces.

Another significant line of research has centered on the concept of rough convergence, intro-
duced by Phu [2§] in finite-dimensional normed linear spaces, where the notion of tolerance
(degree of roughness) plays a central role. Phu later extended this framework to infinite-
dimensional spaces [29] and studied fundamental properties such as convexity and closure of
rough limit sets. Following this, Aytar [6,|7] proposed rough statistical convergence, linking it
to statistical cluster points and the structure of rough limit sets. These developments have led
to extensive studies on rough and approximate statistical convergence in different contexts,
such as double and triple sequences [8,22,23]. Pal et al. [27] and Diindar et al. [10] introduced
rough I-convergence, which was subsequently extended to rough Is-convergence for double
sequences |11] and rough Is-lacunary statistical convergence [12]. Rough convergence has also
been applied to metric spaces [9], 2-normed spaces [4], and probabilistic normed spaces [2]. Re-
cently, Reena et al. [3] studied rough statistical convergence within intuitionistic fuzzy normed
spaces by focusing on continuous t-norms, highlighting a growing interest in merging rough
convergence with fuzzy and intuitionistic frameworks.

In parallel, difference operators and their associated sequence spaces have become an active
area of research. The classical forward difference operator A was first used to define difference
sequence spaces in [18], later extended to integer orders by Et and Colak [13]|, with further

advancements by Khan et al. [36]. Recently, these ideas were integrated with neutrosophic
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normed spaces, as explored by Kaur and Chawla [45], and further studied in fuzzy, intuitionistic
fuzzy, and neutrosophic settings [42-44]. Notable contributions include statistical completeness
in neutrosophic normed spaces [46], uniform statistical convergence of function sequences [47],
I-convergent difference sequence spaces [48], hybrid A-statistical and lacunary approaches
[49,/50], Riesz ideal convergence extensions [51], and nonlinear operator analysis with Fréchet
differentiability [52]. Together, these studies underline the significance of difference operators
in advancing the theory of neutrosophic normed spaces.

Motivated by these developments, the present work aims to advance the theory of conver-
gence by combining the concepts of deferred density, [-convergence, and rough convergence
in neutrosophic normed spaces through the use of higher-order difference operators. This ap-
proach not only unifies several strands of research in fuzzy, intuitionistic, and neutrosophic
settings but also opens new directions for the study of uncertain, incomplete, or noisy data
sequences that arise in real-world applications such as data science, signal processing, and
decision-making systems.

The main objective of this research is to present and explore the concept of deferred I-
statistical rough convergence, defined via integer-order j difference operators, in the context

of neutrosophic normed spaces.

2. Preliminaries

In this work, we denote the sets. For clarity, we first revisit several relevant definitions in

the table below.

Notation Meaning / Definition

R Real numbers
N Natural numbers
I(A) Density of the set A

(X, Y,Q,T,%,0) | Neutrosophic normed space (NNS) with membership T,

non-membership (2, indeterminacy I', and t-norm % and t-

conorm o.
Y(x,h) Degree of membership of x € X with respect to A > 0.
Q(x, h) Degree of non-membership of x € X with respect to h > 0.
[(z,h) Degree of indeterminacy of « € X with respect to A > 0.

* t-norm used in the triangle-type inequality for Y.

o t-conorm used in the triangle-type inequalities for 2 and I'.
Alzg j-th order difference of the sequence (zq).
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h Parameter controlling the “radius” in the neutrosophic norm
functions.
d Arbitrary positive radius in the definition of deferred I-
statistical cluster point.
1 Ideal of subsets of N used in the deferred I-statistical con-
vergence.
I‘(Tﬂ’r)g(” (Alzg) Set of all deferred I-statistical A?-cluster points of (z¢) with
D? Q h p Q
respect to the NNS.
z A deferred I-statistical A{L—cluster point of (zq).
Y Arbitrary point in X used in the triangle-type inequality
argument.
ce(0,1) Small parameter used in approximating membership, non-

membership, and indeterminacy.

Dns Gn Endpoints of intervals used in the deferred I-statistical den-

sity calculation.

(Y, Q,T)"(AV)~limzg = = | Rough statistical Af-convergence of a sequence (zg) to z
in NNS, where convergence is controlled by a roughness pa-

rameter h > 0.

A{;IN strongly bounded in neutrosophic norm space (NNS).

TABLE 1. Notation used in deferred I-statistical Ai—cluster points, A{\IN—

convergence, and rough statistical convergence in NNS

Let A C N. The asymptotic (or natural) density of the set A, denoted by d(.A), is defined

as
1
(A) = lim —|{n < Q:ne A},
Q—o0 Q
assuming the limit exists. In this context, || - || represents the number of elements in the set

{,}. A numerical sequence (z¢) is said to converge statistically to [ if, for any € > 0,
d({Q € N:|zg — ] > €}) = 0 holds.
For this case, we write z¢ =Ny (see [15], [34]).

Definition 2.1. [14] A real (or complex) valued sequence (z¢) is AJ-statistically convergent

to [ if
5({Q€N: ‘Aja:Q—l‘ >e}) =0
for all € > 0, with j belonging to the set of natural numbers N, and

AOxQ = :L'Q,Ale =TQ — TQils--- ,ijQ =Nt (HZQ - .TQ_H)
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and so that '
j .
Mg =3 (1) (])agu(@e M.

=0
Definition 2.2. [6] A sequence (zg) in a normed space (X, ||.||) is rough convergent to z € X

for some h > 0 if, for every ¢ > 0,3 ng € N so that
[z — | <h+¢V Q= ng
The sequence (z¢) is rough statistically convergent to z € X for some h > 0 if, for every ¢ > 0,

d({Q eN:|zg —z| > h+<}) =0 holds.

Note: Definition (AJ-statistical convergence) generalizes classical statistical conver-
gence by considering the j-th order differences of a sequence, focusing on the asymptotic be-
havior of AJ zq. In contrast, Definition (rough convergence) allows a sequence to converge
within a tolerance level h, either strictly for all large indices or statistically for most indices.
Both concepts address approximate convergence, but AJ-statistical convergence emphasizes
differences of order j, while rough convergence emphasizes proximity in a fixed roughness

margin.

Definition 2.3. [33] A binary operation % on [0, 1] is called continuous t-norm (or CTN) if
(a) % is commutative, associative and continuous,
(b) ¢ =¢*1 for any ¢ € [0,1] and

(c) for each <1,<2,¢3,64 € [0,1], if 3 > ¢ and ¢4 > ¢ then ¢3 % ¢4 > ¢ * .

A binary operation on on [0, 1] is called continuous ¢-conorm (or CTCN) if
(1) o is commutative, associative and continuous,

(2) ¢ =500 for any ¢ € [0, 1] and

(3) for each ¢1,62,3,64 € [0, 1], if 63 > ¢ and ¢4 > ¢ then ¢3 04 > 1 0 G.

Definition 2.4. [36] The three-tuple structure (X, Y,Q,I") be an NNS, where X is a linear
space over a field F. T,Q,T" are called neutrosophic normed space (NNS) on X x (0,00)
and represent the degree of membership and non-membership on X x (0, 1) if the following

conditions hold, for every y,w € X and ¢1,5 > 0 :

Y(y,s)=1ley=

T(cy,) =7 <y ﬁ), if¢c#£0,ce F.

T (y,61) * T (w,s2) < T (p+w,s1 + ).
6) Y(y,.): (0,00) — [0, 1] is continuous.
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7) lime00 Y(y, <) = 1, limg0 Y(y, <) = 0.
8) Q(y,<) < 1.
9) Qy,s) =0y =0.

—
(=)

Qcy, <) = Q(y,ﬁ) if c£0,ceF.
Q(y,61) o Q(w,52) > Q(y +w,c1 + ).
Qy, )

: (0,00) — [0, 1] is continuous.

11

—_ =
w N

im0 Q(y,<) = 0,limc_0 Q(y,s) = 1.
(y,6)=0<y=0.

(cy, )—Q(y,‘%o if c#£0,ceF.
(y,61) 0 Q(w,2) = Q(y +w, a1 + ).

I'(y,.) : (0,00) — [0,1] is continuous.

— = =
SRR

S N N N N N N
’1’—,1’11

17
18) lim¢ 00 I'(y, <) = 0, limc_0 Q(y,s) = 1.
Then Y, 2, T" are called neutrosophic normed (NN).

(
(
(
(
(
(
(
(
(
(
(
(

Here, the three tuple (T, Q,I") is known as the neutrosophic normed (NN) on X.

Example 2.5. Let R be a real linear space over the field R. Define the functions T, Q, T :
R x (0,00) — [0, 1] as follows:

|yl I(y.<) = ly|

T ;S ) — 3 1,
W)= T+ o] T 1y s

S
Qy, <) =
e (y,<)

for all y € R and ¢ > 0.
Also, define the binary operations on [0, 1] by

61 * s2 = min{s1, 2}, 61 06 = max{s1, 2},

for all ¢1,¢ € [0, 1].
It is easy to verify that:

Y(y,¢) +Qy,s) =1 forall y € R and ¢ > 0.
YT(y,¢) =1 < y=0,and Qy,s) =0 <= y=0.

lime_ 00 Y(y,¢) =1 and im0 Y(y,<) = 0.

lime 00 Q(y,s) = 0 and limc_,o Q(y,s) = 1.

I'(y,<) is continuous, with I'(y,¢) =0 <= y =0, and lim¢_,o '(y,<) = 0.

Hence, the three-tuple (X, T, Q,T'), together with the operations * and o, forms a neutrosophic
normed space (NNS).

Definition 2.6. [38] Let (X, Y,Q,T',x,0) be an NNS. The open ball of radius A > 0 and
center x € X with regard to ¢ € (0,1) is the set

B (o) ={ye X : Y(x—y,h) >1—¢and Qz —y,h) <sand I'(z —y, h) <}
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Definition 2.7. [39] Let (X, Y,Q,T",x,0) be an NNS. A sequence (zg) in X is convergent to
x € X with regard to (Y,Q,T) if

lim Y (zg —2z,d)=1and lim Q(zg —z,d)=0and lim I'(zg —z,d) =0

Q—0c0 Q—00 Q—o0
for every d > 0. In this case, we denote the limit by ¢ w x.
Definition 2.8. [19] Let T' # () set and I C 2'. Then [ is called an ideal in T if
(a) 0 eI,
b) A, Bel=QecAUuB el and
(c) AcI,BC A= Becl. Anideal I C 2" is nontrivial if I # 2". A nontrivial ideal I C 2©
is admissible if I contains every singleton subset of X.
A subset F C 2% is called filter on T if
()0 ¢ F,
(f)y AnB e F for all A,B € F and
(e) B € F whenever A € F and B D A. For each ideal I in I', one can find the filter F'(I)
associated with ideal I such that FI(I) ={ACT: A° € I}.

Definition 2.9. [40] Let (X,Y,Q,I',x,0) be an NNS and I is nontrivial admissible ideal in
N. A sequence (zg) in X is I-statistically convergent to some z € X with regard to (1,,T")
if
1
{nGN:‘{QSn:T(an—$,d) <l—-corQ(zg—x,d) >corl(zg—x,d) Zg}} 26} el
n

for every e,d > 0 and ¢ € (0, 1).

For I = Iy, the collection of all finite subsets of N, the convergence in Definition reduces
to the statistical convergence of (zg) with regard to (Y,Q,T") |17].
In 1932, Agnew [1] extended the concept of the Cesaro mean for real (or complex) sequences

and introduced the deferred Cesaro mean, defined as follows:

Definition 2.10. [36] For a real (or complex) valued sequence (zg), the deferred Cesaro

mean of (zq) is defined by

1 qn
(Dg(xQ))n::q — Z zg,m=1,2,3,...,
n n Q=pnt1

where p = (p,,) and ¢ = (g, ) denote sequences of non-negative integers that fulfill the condition

Pn < qn and lim ¢, = oo (2.1)
n—oo

Given a subset K C N, the deferred density of K is defined as follows:
Di(K) = lim

e —— HReN:p, <Q < ¢, Q< K} (2.2)
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provided the limit exists.

Definition 2.11. [10] A real (or complex) valued sequence (zq) is deferred statistically

convergent to [ if

lim
Nn—00 (n — Pn

HReN:p, <Q < qn,|zg—1|>€}[=0
for every € > 0.

When p, = 0 and ¢, = n, this definition aligns with the concept of statistical convergence

of the sequence (zq) as presented in [15].
3. Di(T, Q,F)gm (A7)-convergence sequences in NNS

This section introduces and explores the concept of DL(Y,Q,T)S(I)" (A7)-convergence for
sequences. Throughout this discussion, I denotes a non-trivial admissible ideal in N. The

j-th order difference of a sequence (zq) is given by Alzg = gzo(—l)i (g) rQ+i(j € N).
Additionally, (p,) and (g,) represent sequences of non-negative integers that satisfy condition
(2.1). Further assumptions on (py), (¢n), and j, if required, will be specified within the

corresponding theorems and examples.

Definition 3.1. [42] Let (X, Y,Q,I', %, 0) be an NNS. For a sequence (z¢g) in X, we say (z¢)
is AJ-rough convergent to some x with regard to (Y,Q,T) for some h > 0 if, for every d > 0
and ¢ € (0,1),3 ng € N such that

T(Aja:Q—a;,d+h) > 1—§andQ(ijQ—a:,d+h) <, andF(ijQ—x,d+h) <,
V @ > ng. The limit is denoted by (T,Q,T)" (A7) —limzq = z.

Definition 3.2. [43] Let (X, T, Q,T', %, 0) be an NNS. For a sequence (zq) in X, we say (zq)
is deferred I-statistically difference rough convergent to some x for some h > 0 with regard to
(1,Q,T) (shortly, DE(Y, Q,F)g(l) (Aj)—convergent to x) if, for every e,d > 0 and ¢ € (0, 1),

1 .
{nGN:q — ‘{QEN:pn<Q§qn,T(A]xQ—aﬁ,d+h)Sl—g

orQ(ijQ—:C,d—i—h) >, OTF(AjiL'Q—.Z‘,d—I—h) 2§}| >6} el (3.1)

holds. In this case, we denote the limit by DA(Y, €, F)Z(I) (Aj) —limzg = «.
Suppose (z¢) is a sequence in an NNS(X, T, Q,T", x,0).
e When h =0 in (3.1), the sequence (zq) is said to be deferred I-statistically difference
convergent relative to the structure (1,Q,T).
e If we choose p, = 0 and ¢, = n in (3.1), then the deferred I-statistical difference
rough convergence of the sequence (z¢q) is termed the I-statistical difference rough

convergence relative to the structure (1, Q,T).
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e When the ideal I is taken as Iy, the notion introduced in Definition is referred to
as the deferred statistical difference rough convergence with respect to the structure
(r,Q,T).

Remark 3.3. Let (2g) be a sequence in an NNS(X, T, Q,T",x,0) with (h > 0). The limits
(T,Q,T)"(Ad)-limzg and Dg(T,Q,F)g(I)(Aj)—lime

are not necessarily unique whenever they exist, for j € N. We denote the collections of all
such limits by

(1, Q,T)"(AY)-LIM(zq) = {z € X : (Y,Q,1)"(AY)-limzg = z},

DY, 9, 1)y (A7)-LIM(2q) = {x € X : DY, Q,T)% 1y (A)-limzg = x}.
A sequence () is said to be AJ-rough convergent with respect to (Y, ,T) if

(Tv Q? F)h(A])'LIM(:BQ) 7& (2)7
and similarly, (yg) is DE(Y, €, F)g(l)(Aj)—convergent if
DAY, @, 1) ) (AT)-LIM(yq) # 0,

for some h > 0. Moreover, if 0 < h; < ho, then for any sequence (zg) in X, the inclusion
relations hold:

(7,2, 1) (A)-LIM(zq) € (T, 2, 1Y% (A7)-LIM(zq),
and

2 (AT)-LIM(2q).

h
DY(T,Q,T) e

o (A)-LIM(zq) C DJ(T,Q,T)

Example 3.4. Consider the NNS (R, Y, Q, T, x,0), where (R, ||.||) is the usual normed space,

¢1 * g2 = min{¢1, 2}, 1062 =61 + 62 — <1 - 2, and
1 d |zl
3 Q x,d = T F x’d = —
1+ |zl +d (@, d) 1+ ||| +d (@, d)

Define the sequence

Y(z,d) =

B (=1)Q if Q is a multiple of 3,
re = { 0 otherwise.
Then, for j =1,
1 for certain @,
Alzg =291 —2g =< —1 for others,
0  otherwise,
depending on the parity and position of multiples of 3.

Thus, the sequence Ale is bounded but oscillatory. Hence,

[—1—h,h+1] ifh>0,

0 otherwise.

(T,0Q,T)"(AY)-LIM(q) = {
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Now take p,, = n%rl, ¢n = log(n + 2) and define another sequence (yq) as:

n € N.

1 @ mod 4 if Q = 2" for some n,
Alyg = .
-2 otherwise,

Then, for any nontrivial admissible ideal I,

2—hh+2 ifh>0,

DI, Q, D) (AD-LIM(yo) = -
b )S(I)( ) we) {@ otherwise.

Hence, both Ale and AIyQ are not convergent in the usual sense, but their rough statistical

limit sets exist under neutrosophic norms for suitable values of h.

Note Unlike standard convergence in an NNS(X, T,, T, *,0), the A/-rough convergence
of a sequence (zq) in X relative to (Y,Q,I") does not necessarily imply that any subsequence
of (zg) will also be AJ-rough convergent under the same framework. For example, consider
the sequence (zg) = (Q) in the NNS described in Example where the rough limit set is

(T, Q,0)"(AY)-LIM(zg) = [l — h,1+h] for all h >0,

however, its subsequence (75¢) = (Q?) does not exhibit Al-rough convergence for any h > 0.

A similar observation holds true for the DE(T, €, F)g( I)(Aj )-convergence of sequences in X.

Example 3.5. Consider the NNS (R, T,Q,T", %, 0), where (R, || - ||) is the usual normed space,
GL* G2 =G1-62, 6106 =61+ —1 -6, forall ¢1,¢ € [0,1], and T, Q, T are defined by

1 ] d

Y(r.d)= ——M— Ur.d) = ——* MNe.d) = ———
@)= v "9 T Ere T T T

for all x € R,d > 0. Let p, = %—i—l and ¢, = log(n + 2) for all n € N. Define
0 if @ = 2" for some n € N,
n  otherwise.

Then, for any nontrivial admissible ideal I, we obtain
DY, Q1) ) (A")-LIM(gq) = [h,00), VA >0.
However, for the subsequence (z2n) of (z¢q), we get
D, 1)1y (A')-LIM(zgn) = {0}, Vh >0.

Lemma 3.6. Suppose (X,T,Q,T',x,0) is an NNS and (xq) is a sequence in X. Let h > 0 be
given. Then, for every e,d > 0 and < € (0,1), the following are equivalent
(a)

Dg(T,Q,F)g(I) (Aj) —limzg = x.
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{nGN:q ip |{Q€N:pn<Q§qn,T(ijQ—x,d+h)gl—g}‘Ze}EIand

{nGN:q ip |{Q€N:pn<Q§qn,Q(ijQ—:E,d+h)Zc}‘ZE}EIand

{nGN:q ip |{Q€N:pn<Q§qn,F(ijQ—x,d+h)2g}’26}EI.

n€eN:

i —p HQGN:pn<Q§CIn,T(Aj$Q—ZL‘,d+h)Sl—c or

Q(Aij—x,d—i—h) >< OTQ(Aj:L‘Q—x,d—i—h) Zg}l <e} e F(I).

) 1
' qn — Pn

3
m
z

‘{QEN:pn<Q§qn,T(ijQ—x,d+h) §1—§}| <e} € F(I) and

:q — ‘{QEN:pn<Q§qn,Q(ijQ—a:,d+h)2§}‘<e}GF(I) and

) 1
. dn — Pn

3
m
Z

/—/;\/—/:H/—’H
m
Z,

‘{QEN:pn<Q§qn,F(ijQ—x,d+h) Zg}} <e} € F(I).

1
I — lim

n—=00 gp — Pn

Q(Aj:zQ—x,d+h) > ¢ orF(ijQ—m,d+h) Zg}} =0.

}{QEN:pn<Q§qn,T(AjacQ—x,d+h)Sl—g or

Proof. Due to its obvious nature, the proof has been omitted.

Theorem 3.7. Let (X,Y,Q,T',x,0) be an NNS. Then, for every sequence (zq) in X,
(T,9,0)" (A7) -LIM (zq) C DE(T, 2, T)§ ;) (A7) -LIM (2q)
holds.

Proof. Assume that z € (T,Q,T)" (A7) -LIM (zg) for some h > 0. Then, for every d > 0 and
¢ € (0,1),3 np € N so that

T(Aj:rQ—x,d—f-h) >1—¢ andQ(Aja:Q—x,d—l—h) <, andF(ijQ—a:,d+h) <6, VQ > ng.
Therefore,
{QEN:T(ijQ—x,d—i—h) Sl—gorQ(ijQ—a:,d—i—h) zgorF(Aja:Q—x,d+h) >}

C{1,2,...,n9—1}.

Mukhtar Ahmad, Ekrem Savag, Mohammad Mursaleen, On deferred I-statistical rough
convergence of difference sequences in neutrosophic normed spaces



Neutrosophic Sets and Systems, Vol. 96, 2026 2

Since

lim

{RQeN:p, <Q<qn,@€{1,2,...,n0 - 1}}[ =0,

holds for every € > 0, the set

n

{nEN:q ip }{QGN:pn<Q§qn,T(ijQ—x,d+h) Sl—gorQ(ijQ—x,d—i—h)zg

orF(ijQ—:U,cH—h) Zg}‘ >e}

is a part of Iy and therefore also of I. Thus, x € D}(T, Q,F)gu) (Aj) — LIM (zg). Conse-

quently, we possess
(T,9,1)" (A7) -LIM (zq) C D(T, Q,T)§ ;) (A7) - LIM (zq) .

From Example we can see that the above inclusion relation is strict.

Theorem 3.8. Let (X,T,Q,I',%,0) be an NNS and (xq) be a sequence in X. Then, for any
h > 0, there are no x,y € Dg(T,Q,F)g([) (A7) -LIM (zq) such that Y(z —y,sh) <1—¢ or
Q(x —y,sh) > ¢ or I'(x — y,sh) > ¢ for every ¢ € (0,1), where s > 2.

Proof. For any given ¢ € (0,1),3v € (0,1) such that (1 —v)x (1 —v) >1—-c¢and vowv <.
Let on contrary that there exist z,y € Dg(T,Q,F)g(I) (A7) -LIM (zq) such that for every
¢ € (0,1),

Y(zx—y,sh) <1—gor Qz—y,sh)>cor'(z—y,sh)>¢

where s > 2. Now, for any d > 0, consider the sets
N:{QEN:pn<Q§qn,T(AjazQ—x,;l+h> Sl—vorQ(ijQ—m,g—kh) >
or I’ <ijQ —x, g +h> > v},
and

O:{QEN:pn<Q§qn,T(ijQy,g+h> glvorQ<ijQy,;l+h> >0

, d
or T’ (AJxQ—y,2+h> 22}}.

Since z,y € D(Y,Q, 1) . (A7) -LIM (zg), by Lemma [3.6, we have
P S(I) Q

I — lim
n—=00 (pn — Pn

‘{QeN:pn<QSQn7Q€N}‘:O-

and

I — lim HQ eN:p, <Q<qnQ€ 0} =0.
n—>ooqn—pn
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Now

I — lim

n—=00 4p — Pn

|{QEN:pn<QSQn7QENUOH

1
g[—leq_ HReN:p, <Q < ¢, Q€ N}

n=0 Gp — Pn
=0.
Hence for every ¢ > 0,
1
n — Pn
Let m € P° and € = %. Then

P:{neN: |{Q6N:pn<Q§qn,QeNUO}\ze}el.

1 1
ﬁ\{QeN:pm<Q§qm,QeNUO}|<Z

1 1 3
= {QEN:p, <Q<¢m,QENNOY}>1—- =",
dm — Pm 4 4

As a result, we have
Q={QeN:p, <Q<qn,QENNOY}#0.

Since s > 2, put sh = 2h + d for some d > 0. If T(z — y,sh) <1 —¢ then for Q € @', we find
1—¢>7Y(z—y,t+2h)
> <ijQ—x,;l+h> * Y <ijQ—y,;l+h>
>(1—v)x(1—w)
>1—g,
that is ridiculous. If Q(z — y, sh) > ¢ for a certain s > 2, then
¢ < Qz—y,t+2h)
gQ(AJ’xQ—x,g+h> oQ(Aja:Q—y,;i+h>
<vow
<g,
which is absurd. If Q(z — y, sh) > ¢ for some s > 2, then

¢ <T'(x—y,t+2h)

§F<Aj1:Qx7(2j+h>oF<ijQy,;l+h>
<vow

<g.
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That is once more ridiculous. Consequently, every situation leads to a ridiculous outcome.

This concludes the validation of our results.

Proposition 3.9. Let (X,T,Q,T',x,0) be an NNS. Assume (xq) and (yg) are sequences in
X with DY(T,Q, ) (A7) —limzg = x and DY(T,Q,T)" (A7) —limyg = y for some

S(I) S(I)
hl,hg Z 0. Then
hi+h i .
DX(T,, F)g(};_ 2) (A7) —lim[zq +yg] =z +y.

Proof. For given ¢ € (0, 1) choose v € (0,1) with (1—v)*(1—v) > 1—¢ and vov < ¢. Suppose

DY, Q.15 (A7) —limzg = & and DF(Y, 2,1, (A7) — limyg = y for some hi, hy > 0.

For d > 0, consider the sets

« d , d
A:{QEN:pn<Q<qn,T<A3xQ—x,2—i—hl) <1—v0rQ(A]xQ—$,2+h1> >0

or I <Ajl‘Q —$,§+h1) > U},

and
) d ) d
B=<QeN:p,<Q<q T A]yQ—y,§+h2 <l—-worf AJyQ—y,§+h2 >0
. d
or I' <A3yQ—y,2—|—h2> Zv}.

Then

1
{nEN:q > \{QEN:pn<Q§qn,Q€A}|Ze}EIand

1
{neN:q — \{QGN:pn<Q§qn,QeB}]Ze}eI

for each € > 0. Therefore,

{nGN:q ip \{QEN:pn<Q§qn,QEQ€AUB}|26}GI.

Now, choose 0 < A < 1sothat 0 <1— X <e. Then

P—{neN: \{QGN:pn<Q§qn,QeQeAuB}Izl—A}eI.

dn — Pn
Let m € P¢. Then

1
ﬁ!{QGN:pm<Q§qm,QEQGAUB}|<1—)\

1

= ——— {REN: P <Q< g, Qe A NBY 21— (1-X) =\
dm — Pm
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Take @ € A°N B°. Then

. ) . d . d
T((A]xQ—l-AJyQ) —(x—l—y),d—l—hl—i-hg) >7T (ijQ—x,2—|—h1> *T(AJyQ—y,Q—i—hg)
>(1—v)x(1—v)
>1-—g,

and

. . . d . d
Q((A]xQ—i—A]yQ) —(x—i—y),d—i—hl—i—hg) <0 <A]mQ—x,2+h1) o <A]yQ—y,2+h2>
<wow

<gq,

and

) : A d . d
r ((AJLUQ —G—AJyQ) —(z+y),d+m —I—h2) <r (A]xQ —25 + h1> ol <A3yQ ~Yg + h2>

<wouw

<gq.

This suggests that

ACHBCQ{QEN:pn<Q§qn,T((Aj:cQ+Aij) —(ac—l—y),d—i—hl—i—hg) >1—c¢ and
Q((ijQ—i—Aij) — (w—{—y),d—{—hl—l—hg) < ¢ and

I ((Azg+ Alyg) — (z+y),d+hi + ha) <}
As a result, for m € P¢, we have

1
)\S7|{QEN:pm<QSQm7QEACmBCH
dm — Pm

1 . .
Siq — ‘{QEN:pm<Q§QmaT((AJ$Q+AJyQ)—(.I—l-y),d—l-hl—f-hz) >1—¢

and Q ((Azg + Alyg) — (z +y),d+h1 + he) <s

and T ((Aag + Alyg) — (x+y),d+ h1 + ha) <<}

1 . .
:>q “p ’{QGN:pm<Q§Qm’T((A]$Q+AJ9Q)_($+y)>d+h1+h2) <l-gor

Q ((Aja:Q —I—Aij) —(z+y),d+h +h2) > g or

I ((Azg + Alyg) — (x+y),d+h1 + ha) >}

<l—-A<e
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Consequently,

PCC{nGN: {QeN:p, < Q< gn,

QR n

T((Aj:nQ+Aij) —(m+y),d+h1+h2) <l-g¢

or Q (Mg + Ayg) — (x +y),d+hi +ha) >
or I' ((Awg + Alyg) — (x+y),d+hi + ha) > ¢}| < e}

Since P¢ € F(I), we have

{HGN: p ip HQEN:p, < Q< an, T (Mg + Alyg) — (z+y),d+hi +ha) <1
or Q (Mg + Ayg) — (x+y),d+h1+ hg) >

or I' ((Aaq + Alyg) — (x +y),d+hi + ha) > ¢}| < e} e F(I).

Hence, by Lemma we have D(T, €, F)gl(ll;rhﬂ (A7) —lim[zg +ygl =z +y. g

Remark 3.10. Proposition [3.9 may fail to hold for any r such that 0 < h < hq + hg, provided

that at least one of hy or hs is nonzero. In other words, if
N1 h A
Dg(T,Q,F)gl(I)(AJ)—Ilma:Q =2z and Dg(T,Q,F)SQ(I)(A])—hmyQ =y,
then it is not necessary that
DY, Q, 1)y (AY)-lim(zq + yo) = = + v,
when 0 < h < hy + hs.

Example 3.11. Consider (R, T,Q,T", %, 0), the NNS, defined as in Example Define

QR ifQ=3"
rg=4 —1 ifQ=4n, neN
2 otherwise,
and
0 if @=3",
yo=14 —2 ifQ=4n, neN.

1 otherwise,

Set p, = 0 and ¢, = n for all n € N. Then, for any nontrivial admissible ideal I, we have:

[3—hi,hy — 3] if by > 3,

DT, Q, 1)1 (AY-LIM(zq) =
p( )S(I)( ) (zQ) { 0 otherwise.

and
[3 — ho,hg — 3] if hg > 3,

0 otherwise.
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Now consider:
Q ifQ=3",
rQ tyq = -3 if Q =4n, n € N.
3 otherwise,
Then,
6 —h,h—6] if h>86,
DY, Q,T)§ 1 (AD-LIM(zq + yq) = [ | ifh2
0 otherwise.
Let hy = 3 and ho = 3. Then,

DY, Q)5 (AY)-limzg =0,  DI(Y,2,1)& ) (A")-limyg = 0.

But if we take h < h1 + ho = 6, then
DE(T, Q,T)g 1y (A)- LIM(zq + yg) = 0.

Proposition 3.12. Let(X,Y,Q, T, ,0) be an NNS. For a sequence (zq) in X and some h > 0,

if Dg(T,Q,F)g(I) (Aj) —limzg = x then Dg(T,Q,F)'&‘% (Aj)—lim axg = az for any a € R.

Proof. If a = 0, there is nothing to prove. Suppose a # 0. For given ¢ € (0,1),3y € (0, 1) such
that 1 —~v > 1 — . For given d > 0, consider

A d . d
P:{QEN:pn<Q§qn,T(A]xQ—m,M+h) Sl—’yorQ<A3xQ—a},2’a‘+h> >y

or I (ijQ—x,2|da|—|—h> Zw}.

Since DE(Y,Q,T)2 \ (A7) —limzg = z, the set
P S(I) Q

Q’—{neNi — \{QGN:pn<Q§qn,Q€P}|<e}€F(I) (3.2)
for each € > 0. Take m € @’. Then
L {QEN pn < Q< Qe P <
— —{QEN:i < Q< Qe P 2 1

Now, for @ € P¢, we have

T (aAzg — az,|alh+d) =T <A]xQ . h+ |a’>

> A — —_—
| < TQ m,h—|—2’ ‘)

>1—-v>1-—g,
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and
Q (aNzg — az, |alh + d) = Q (AJmQ —zh+ a|>
j d
<7=¢,
and
I'(aNzg —az,|alh+d) =T (AJ@“Q —x,h+ ||>
a
=t (MQ EmAt 2|a\>
<v<g¢
Consequently,

P C{QeN:p,<Q<q T (aijQ —ax, \a|h+d) >1—¢andQ (aijQ —ax, \a|h+d) <
and T’ (aijQ —az, |alh + d) < c}.

As a result, for m € @', it entails that

1
1_€§6—i;—HQeN:mf<QS%mQ€P?\

1 .
< 7‘{QEN:pm<ngm,T(aA]:cQ—aa:,]a\h—i—d) >1—¢ and
dm — Pm

Q (CLAj:L‘Q —az,lalh+d) <cand T (aijQ —az, |alh 4+ d) < §}|

This implies that

1 .
ﬁ‘{QGN:pm<Q§qm,T(GAJ.’EQ—CL$,‘a’h+d) <l-¢or

Q (aNzg — az,|alh+d) > or T (aAzg — ax,|alh + d) > ¢}| <.

Therefore,

1
dn — Pn

Q’g{neN: HQEN:pn<Q§qn,T(aAj:cQ—ax,|a]h+d) <1l-—g
or Q (aAzg — az,|alh+d) > ¢ or I (aN zg — az,|alh + d) > ¢}| < e}.

From (3.2), it entails that

1 A
{neN: ‘{QEN:pn<Q§qn,T(aA]xQ—ax,|a\h—|—d)§1—<
n — Pn
or Q(aijQ —az,lalh+d) >cor T (aAij —ax,|alh +d) > ¢}| < 6} e F(I).

Hence, by Lemma |3.6, DZ(Y,Q,T b (AT — limazg = az.
D S(I) Q ]
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Remark 3.13. For values of h > 0, Proposition may not hold when 0 < I < |alh.
Specifically, if for some h > 0, the sequence (zg) satisfies

DY, Q1)1 (A)-limzg = =,
then it is not guaranteed that

Di(T, €, F)fg([) (AY)-lim(azx) = az
will also hold for any real number a, whenever 0 < [ < |a|h.

Example 3.14. Continuing from Example take the scalar a = —3. Then

-3Q, ifQ=3",
—3xg = { 3, if Q =4n,
—0, otherwise.

A direct calculation gives:

l 1 [6_l7l_6]7 1f1267
0, otherwise.

Recall from Example that for h; = 3, we had:
DY, Q,T)% 1 (AD)-LIM(zq) = [-3,3].
Then, ideally, scalar multiplication by —3 gives:
-3[-3,3] = [-9,9].
However,
DY, ,T)g ;) (AY)-LIM(=3zq) = [6 — 1,1 — 6],

which equals [—9,9] only when [ = 15 =3 x 5.
This shows that for scalar multiplication by |a|] = 3, the roughness parameter must be

proportionally increased to preserve the scaled limit set. For example, if 6 <[ < 9, then
D(Y, Q1)) (AY)-LIM(=3z0) € —3[-3,3].

Definition 3.15. Let(X,T,Q,T',x,0) be an NNS. For a sequence (zqg) in X, we say (zq) is
A{\IN—strongly bounded iff for every ¢ € (0,1),3 d > 0 such that T (ijQ,d) > 1—c¢ and
Q (Aij,d) <¢and I’ (Aj:cQ,d) < ¢ for all Q.
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Definition 3.16. [44] Let(X, T, Q, T, x,0) be an NNS. For a sequence (z¢q) in X, we say (zq)
is deferred I-statistically A{\IN—Strongly bounded iff for every ¢ € (0,1),3 d > 0 such that

{neN:q ip ‘{QEN:pn<Q§qn,T(ijQ,d) Sl—gorQ(ijQ,d)zg

or T’ (ijQ,d) > g}‘ > e} cl
for any € > 0.

From the definitions provided, it is clear that if a sequence (zq) is Af;IN—strongly bounded,
then (Y, Q,T)" (Aj ) -LIM (zq) # 0, and consequently, according to Theorem
DAY, Q,F)gu) (A7) -LIM (zq) # 0 for any h > 0. The reverse implication of this finding is

not valid. To address this issue, we propose the theorem in the following manner.

Theorem 3.17. Let(X,Y,Q,T',x,0) be an NNS. A sequence (xzqg) in X is deferred I-
statistically A&N-strongly bounded if and only if D}(Y,Q, F)g(l) (Aj) -LIM (zq) # 0 for some
h > 0.

Proof. Assume that (z¢) is deferred I-statistically A{\IN—strongly bounded. Thus, for every
€ (0,1),3 h > 0 so that

{nEN: . ip ‘{QEN:pn<Q§qn,T(ijQ,h) gl—gorQ(ijQ,h) >q

or T (ijQ,h) > g}‘ > e} el
for any ¢ > 0. Consider

C:{QGN:pn<Q§qn,T(Aj1:Q,h) Sl—gorQ(ijQ,h) ZgorF(Aj:EQ,h) 2g}.

Clearly
D:{neN:q — ]{QGN:pn<Q§qn,QeC}]<e}eF(I)
Now, for m € D, we obtain
1
ﬁ|{Q€N:pm<Q§QmaQECH<€
1

Conversely, consider ) € C¢. For any d > 0, we can state that
T (AVzg,d+h) > T (Azg,h)* Y(0,d) > (1 —¢)x1=1—g,
and
Q (ijQ,d+ h) <Q (ijQ,h) 0Q(0,d) <go00 =g,
and
I'(Azg,d+h) <T (Alzg,h) oT(0,d) <00 =gs.
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Therefore,

ch{Qeszn<QSqn,T(ijQ,d+h) >1—¢and Q(Alzg,d+h) <g

and T (Aj:cQ,d+ h) < c}.
Hence, for m € D, we find

1
1_5§7|{Q€N3pm<QSQmaQEC6H
dm — Pm

Sqip|{Q€N:pm<Q§qm,T(Aij,d+h) >1—gandQ(Aja;Q,d+h) <g

and I' (Azg,d + h) < H
:qip’{QGN:pm <Q§qm,T(ijQ,d—l—h) < l—gorQ(ijQ,d—}—h) > <
or ' (Azg,d+h) >c}| <e.

Consequently,

Dg{nEN: HQEN:pn<Q§qn,T(ijQ,d+h)§1—§

dn — Pn

or Q(Azg,d+h) >cor I (Azg,d+h) >} <e} e F(I).

By Lemma it follows that 0 € Dg('r, Q,F)g(l) (A7) -LIM (zq).
Conversely, suppose D (Y, Q,F)g(]) (AJ) -LIM (zq) # 0 for some h > 0. Let = be a member

of DA(Y, Q,r)gm (A7) -LIM (zq). Then, for every d > 0,e >0 and < € (0,1), we have

{nGN: . 1p ‘{QEN:pn<Q§qn,T(Asz—x,d+h)§1—§orQ(Asz,d+h) >

orF(Aja:@d—Fh) zg}‘ 26} el

which implies that

1
{nGN:
dn — DPn

Hence, (z¢) is deferred I-statistically A&N—Strongly bounded.

{0eN:p <@ dlng ¢ B4 o)} 2 f €

We present a counterexample in which the limit set is nonempty but not strongly bounded

below.

Example 3.18. Let X = R and take the neutrosophic norms

d x x

with + = min and o = max (these satisfy the NNS axioms listed in Definition [2.4). Fix the

d >0,

ideal I to be the family of subsets of N that have natural density zero.
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Define a sequence (z¢g) by arranging it in blocks as follows:

Block By, : 0,0,...,0, k. k,... k.

k times k times

Concatenate the blocks in increasing k: x¢ lists first the entries of By, then of Bs, and so on.
Equivalently,

0, if @ is in the first half of some block By,

rQ =

k, if @ is in the second half of block By.

We take j =0 so Alzg = zg.
(1) The cluster set is nonempty (0 is a deferred I-statistical cluster point). Fix any d > 0

and ¢ € (0,1). In block By the proportion of indices @ with large value k equals

{large entries in By} _ k 1
| B 2k 2

However, when we consider the cumulative proportion up to block N the fraction of indices
that are large is
Yk 1
Y2k 2
This naive global count shows the density of large values is 1/2. To make the large values sparse
in the sense of the ideal I (density zero), replace the above block lengths by a rapidly-growing

scheme: take

: Li+--+ Lk
By, of length 2L, with L; — oo so fast that — 1.
k g k k Li+ -+ Ly

For instance, choose Lj, = 2¥. Then in each block By, put Ly, zeros followed by Lz copies of the

value k. With this choice the set of indices where z¢g # 0 has natural density zero (because
Li+---+ Ly

N
> j=1 2L;
but with exponentially growing L; the proportion of big values among the first large prefix of

the proportion of nonzero terms up to block N is = % for the simple scheme,

indices tends to 0). Concretely, take Ly = 2% then the total number of entries up to block N
is 225:1 2k = 2(2N+1 — 2), while the number of large entries is Zivzl 2k = 2N+l _ 92 50 the
density of large entries tends to % in that naive counting; thus choose an even more rapidly
growing sequence, e.g. Ly = k!, so that the density of large entries tends to 0. The key point
is: one can choose the block lengths Ly so that the set S = {Q : g # 0} has natural density
zero, hence S € I.

With such a choice of block lengths (for example Ly = k!), for any fixed d > 0 and ¢ € (0, 1)
the indices @ with Y(zg,d) <1 —<¢ or Q(zg,d) > ¢ or I'(zg, d) > ¢ are contained in S for all
sufficiently large k (because for large k the entries equal k are so large that Q(k, d) and T'(k, d)

Mukhtar Ahmad, Ekrem Savag, Mohammad Mursaleen, On deferred I-statistical rough
convergence of difference sequences in neutrosophic normed spaces



Neutrosophic Sets and Systems, Vol. 96, 2026 2@

are near 1 while Y (k,d) is near 0; conversely zeros give good membership). Since S € I, the

deferred I-statistical condition for a cluster point is satisfied for z = 0. Thus

(r,Q,)g

0e FDg W (JZ‘Q),

so the deferred I-statistical limit set is nonempty.

(2) The sequence is not A&N—strongly bounded. Recall the definition: (zg) is deferred
I-statistically A%N—strongly bounded iff for every ¢ € (0,1) there exists d > 0 such that for
every € > 0 the set

1
n — Pn
Q(AVzg,d) > or T'(Alxg,d) > §}‘ > E} el

Eqge :{nEN: HQ: P < Q < qp, T(ijQ,d)gl—gor

With our block construction (take the rapidly growing Ly, example described above but arrange
blocks so that there are infinitely many blocks in which the second half—where values equal
k contributes a fixed positive proportion of the block, e.g. 1/2), pick any fixed d > 0 and
choose ¢ small (so that any large entry k > d satisfies 2(k,d) ~ 1 > ¢). Then every block Bj,
for sufficiently large k contains a proportion = 1/2 of entries that are “bad” (they have large
nonmembership/indeterminacy). Thus for the corresponding deferred indices n that cover
whole blocks the internal proportion

1
qn — Pn

{Q EN: pp< Q< an, T(Aag,d) <1—¢or QA zo,d) > ¢ or [(Alzg,d) > g}‘

is at least about 1/2. Consequently E, . contains infinitely many such n (in fact, infinitely
many n corresponding to the blocks), and so Eg4¢ . ¢ I (because I contains only density-zero
sets while the set of such block-indices is large). Therefore the strong-boundedness condition

fails.

We discovered that the aforementioned rough convergence limits are sets instead of sin-
gular points. We offer several topological and geometrical characteristics of the limit set
DAY, Q, F)g(f) (A7) -LIM (zq) as outlined below.

Theorem 3.19. Let (X, T,Q, T, %,0) be an NNS and (xzg) be a sequence in X. Then
DAY, Q,F)g,([) (A7) -LIM (zq) is a closed set for every h > 0.

Proof. For a given ¢ € (0,1), there exists v € (0,1) such that
(I-v)x(l—-v)>1—¢ and vow<cg.
Let

= c1<Dg(T, 0, (A7) —LIM(xQ)>,
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the closure of DZ(T,Q,F)Q(I)(Aj)—LIM(xQ). Then there exists a sequence (zg) in

Dj(T,9Q,T)% (A7) -LIM(2gq) such that zq aen,

Thus, for every d > 0, there exists ng € N such that
T(ZQ—l’,%) >1—w, Q(zQ—$,g) <w, F(ZQ—ZE,%) <wv, VYQ > nyg.

Choose mg > ng. Define the set

, d : d
EZ{QEN:T<AJ$Q—sz,h+2> §1—vorQ<A7xQ—zm0,h+2> > v or

- d
r (AJxQ — Zmg, b+ 2) > v}

such that

]—":{neN: ]{QEN:pn<Q§qn,Qeg}\<e}eF(I)

dn — Pn
for every € > 0. For m € F, we obtain
1

ﬁ’{QGN:pm<QSQm>Q€5H<€

1
:ﬁ|{QGN:pm<Q§QmaQ€gC}|21—6.

Take Q € £¢, then

T(ijQ—a:,d—t—h) ZT(ijQ—zmo,h+;l>*T<zm0—$,;l> >(1—-v)*x(1—v)>1—g,

and
Q(A]xQ—x,d—i—h)SQ AJxQ—zmo,h+§ o Iy — T, 5 <vov <,
and
. . d d
I‘(A%’Q—x,d—i—h)gf AJxQ—zmo,h+§ ol zmo—x,§ <wvov <.
As a result,

E° Q{QEN:pn<Q§qn,T(ijQ—x,d+h) >1—§andQ(Aja:Q—:E,d+h) < ¢ and
I'(Azg —z,d+ h) <<}

Therefore, for m € F, we get

1

1 .
< —|{QeN:py <Q < g, T (ANag —2,d+h) >1—¢ and
dm — Pm

Q(Aj:vQ—x,d—i—h) <§andF(Aj:vQ—x,d+h) <§}‘.
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Hence,
qipHQEN:pm<Q§qm,T(ijQx,dJrh) glfgorQ(ijQfx,dJrh) ><
or ' (Azg —z,d+h) >c}| <e.

Consequently, we obtain

fg{neN: HQEN:p <Q < qn, Y (Aag—2,d+h) <1—¢

dn — Pn
orQ(Aij—x,d—i—h) >c} \<eorF(Aj:cQ—x,d+h) Z§}| <e} e F(I).

Consequently, as stated inALemma we obtain x € DE(Y, (, F)g(f) (A7) -LIM (zq).
Hence, DE(T, Q,r)g( 1y (A7) -LIM (z¢) is closed. g

Theorem 3.20. Let (X,T,Q,T',x,0) be an NNS and (zq) is a sequence in X. Then, for
every h > 0, the set D}(Y, Q,F)gm (A7) -LIM (zq) is convez.

Proof. Suppose z,y € DJ(T, Q,F)}S‘,(I) (A7) -LIM (zq) and s € (0,1) is given. Then, Jv € (0,1)
so that (1 —v)* (1 —v) > 1—¢ and vov <. We need to show that az + (1 — a)y €
Dg(T,Q,F)g(I) (A7) -LIM (zq) for any a € [0,1]. For & = 0 or 1, the result is obvious. Let
a € (0,1). For every d > 0, define

, d , d
g:{QEN:pn<Q§qn,T(Aj:vQ—x,h—FQ> §1—v0rQ<A]$Q—x,h+2> >w
« e

, d
T'(Aag—a2,h+— | >
or ( rQ —x, +2a>_v},
and
= * Pn < (3] J - Y a/1 N S -
H {QEN P <Q <gq T(AxQ yh+2(1_a)> 1—wvor
Q ijQ—yh—&—L >vorl ijQ—yh+L >,
’ 20—«)) — ’ 201—«)) —
Then
1
{nGN:q — |{QEN:pn<Q§qn,QGG}|26}6[,
and

1
{neN:q — \{QEN:pn<Q§qn,QEH}\Ze}GI,

for every € > 0. Therefore,

1
{neN:q — \{QGN:pn<Q§qn,QeGUH}\ze}el.

Choose 0 < A < 1sothat 0 <1— A < e. Hence

j:{nEN: |{Qeszn<Q§qn,QeGuH}|zl—A}eI.

n - Mn
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Let m € J¢, then

ﬁl{QeN:pm<Q§qm,QeGuH}!<1—A
dm — Pm

1
:ﬁHQENWm<Q§qm,Q€gcﬂHC}’21—(1—)\):)\-
Now, take @ € G° N H®. Hence,
T (AVzg — [az + (1 — a)yl,d + h)
=T ((1-a)(Azg —y) +a(Azg—z),(1 —a)h+ah+d)

2T<(1—Oé) (ijQ_y)j(l_a)h-k;l)*T(a(ijQ—:c),ah—l-;Z)

. d , d
— Jop o Jopn il
T(AJZQ y,h+2(1_a)>*T<AxQ a:,h+2a>

> (1—v)x(1—v)

>1-—g,
and
Q (Alag — law + (1 - a)yl,d+ h)
=Q(1-a)(ANzg—y)+a(ANzg—2),(1 - a)h+ah+d)
A d , d
§Q<1—a A%‘Q—y),(l—a)fH—z)oQ<a(A3$Q—x),ah+2>
=Q(Az h—I—L o Alzg —z, h—|—i
QYT oM —q) @ 20
<vow
<g,
and

I'(Azg — [az + (1 — @)y, d + h)
=T (1-a)(ANzg—y)+a(ANzg—2),(1—a)h+ah+d)

gr((l—a) (ijQ_y)’(l_a)th;l) oP(a(Ajan—x),Ozh-l-;i)

. d . d
=T Alag — — % )or(Aag - £
( *q y’“za—a))" ( *Q x’“m)

<vov

<q.
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As a result, we have

QCHHCQ{QEN:pn<Q§qn,T(ijQ—[ax—l—(l—a)y],d—i—h) >1—¢and
Q(Azg—Jaz+ (1—a)yl,d+h) <sand I (Alzg — [ax + (1 — a)y],d+h) < g}.

Hence, for m € J¢, we have

1
)\Sﬁ’{QGN:pm<QSQm7QEngHC}‘

§qmipm}{QGN:pm<Q§qm,T(ijQ—[ax+(1—a)y],d+h) >1—¢

and Q (Azg — [az + (1 — a)y],d + h) <cand I (Azg — [az + (1 — @)y],d + h) <<}
:>M‘{QGN:pm<QSqm,T(Ajan—[aa:—i—(l—a)y],d—i—h) <1l-¢

or Q(Aag—Joz+ (1—a)yl,d+h) >cor ' (Aag — [ax+ (1 —a)yl,d+h) >}

<l-JA<e

Consequently,

jcg{nEN: HQEN:p, < Q< qn, Y (Azg—[ax+ (1—a)yl,d+h) <1l—gor

4n — Pn
Q(Azg —jax+ (1 — a)y),d+h) > or

I'(Azg —[az+ (1 —a)yl,d+ h) ><}| < e} € F(I).

Therefore, according to Lemma |3.6)
it can be concluded that az + (1 — )y € DE(T,Q, F)}SL(I) (A7) -LIM (zq). o

Theorem 3.21. Let (X,Y,Q, T, %,0) be an NNS. Then DI(Y, Q,I‘)gm (A7) —limzg =z for
some h > 0 if there is a sequence (yq) in X such that (yg) is deferred I-statistically difference

convergent to x and

T (ijQ — Aij, h) >1—¢ and 2 (ijQ — Aij, h) <sandT (ijQ — Aij, h) <g
(3.3)
hold for every ¢ € (0,1) and for all Q € N.

Proof. Fix arbitrary ¢ € (0,1). Choose v € (0,1) such that
l-v)x(1—-v)>1-g and vouv <.
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Since (yq) is deferred I-statistically difference convergent to x, by definition for every d > 0
and € > 0 the set

1

p—— ‘{QGN:pn<Q§qn,T(Aij—a:,d) Sl—vorQ(Aij—x,d) >

ﬁz{nGN:
orF(Aij—x,d) Zv}’ 26} el
Let m € L¢. Then

qipHQGN:pm<Q§qm,T(Aij—x,d) Sl—vorQ(Aij—x,d) > v or

I (Ayg —a,d) > v} <e
- qiHQGN:pm<Q<qm,T(Aij—:c,d) >1—w andQ(Aij—x,d) < v and

T'(Alyg —,d) < UH >1—e
Now, define

M:{QGN:pm<Q§qm,T(Aij—a:,d) >1—vandQ(Aij—:1:,d) < v and
F(Aijfx,d) <wv}

satisfies

M|
dm — Pm

>1—ce.
For @) € M. Using we get

YT (Alzg —x,d+h) > T (Aag — Alyg,h) x YT (Alyg —2,d) > (1 —v)x (1 —v) >1—g,

and
Q(Aag—z,d+h) <Q(Nag— Nyg,h) oQ(Ayg —z,d) <vowv <,
and
I'(AMzg —a,d+h) <T (Azg — Alyg,h) oT (Alyg — z,d) <vov <.
Therefore,

MQ{QGN:pm<Q§qm,T(Aij—x,d+h) >1—§andQ(Aj:UQ—x,d—|—h) < ¢ and
I'(Azg —z,d+h) <}
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This implies that

m

1

Sip’{QEN:pm<QSQmaT(AjSUQ—IE,d+h)>1—g

m
and Q (Alzg —2,d+h) < and T (Alzg — 2,d + h) < ¢}
ﬁqip‘{QGN:pm<Q§qm7T(N%'Q—rr,d+h) <1-¢

orQ(ijQf:U,d+h) ZgorF(ijQfx,quh) Z§}| <e.
Since m € L and L€ € F(I), we get

1
dn — Pn

ECQ{nEN: |{Q€N:pn<Q§qn,T(ijQ—:n,d+h)Sl—g

orQ(ijQ—J:,d—l-h) zgorF(Aj$Q—az,d+h) Zg}‘ <e} € F(I).

This implies that D(T, Q, F)’b’;( n (Aj ) —limzg = x. Hence, This completes the proof.

Theorem 3.22. Let (X,Y,Q,T,x,0) be an NNS. If a sequence (xq) in X is deferred I-

statistically difference convergent to x, then there exists v € (0,1) such that
cl <B§;T’Q’F)(h, v)) C DY(T, Q’F)}SL'(I) (A7) -LIM (zq) for some h > 0.

Proof. For given ¢ € (0,1),3 v € (0,1) so that (1 —v)*(1—v) >1—¢ and vov <. Suppose
(@) is deferred I-statistically difference convergent to z. Then

1
dn — Pn

R:{nEN: HQGN:pn<Q§qn,T(ijQ—x,d)gl—vorQ(Aj:EQ—a:,d) >
orF(Aij—x,d) 20}}26}6[,

for every ¢,d > 0. For m € R¢, we have

1p‘{QEN:pm<Q§qm,T(ijQ—x,d) gl—vorQ(Aj:L‘Q—x,d) >

dm
orF(ijQ—%d) Z”}‘ <€
:>qip‘{QeNipm<Q§qm>T(ijQ_$vd) >1-vand Q(Nag —2,d) <v

and F(Ajmg—x,d) < v}} >1—e

Now, let w € cl (B&T’Q’F)(h,v)) for some h > 0. Then

Y(z—w,h)>1—vand Qz—w,h) <vand I'(z —w,h) <w.
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Define
8—{Q€N:pm<Q§qm,T(Aj:):Q—x,d) >1—w andQ(ijQ—x,d) <w
and I’ (ijQ — ac,d) < v}.
Thus for @ € S, similarly to above, we have
T(ijQ—w,d—i—h) >1—§andQ(ijQ—w,d+h) <<andF(ijQ—w,d+h) <.
Therefore,

SC{QEN:py <Q < g, ¥ (ANazg —w,d+h) >1—cand Q (Azg —w,d+h) <
andF(Aj:rQ—w,d—i—h) <<},

and hence

1
1—6§ﬁ|{Q€N5Pm<QSvaQES}|

m

SqipHQEN:pm<Q§Qm7T(Aj$Q—w,d+h)>1—§

and Q(ijQ—w,d—l—h) < ¢ and F(Aij —w,d—|—h) < g}‘

This implies that

qip’{QEN:pm<Q§qm,T(ijQ—w,d—|—h)§1—§orQ(Aj:EQ—w,d—|—h)Zg

or I' (Azg —w,d+h) >} <e

Since m € R¢ and R¢ € F(I), we obtain

RCQ{nEN: }{QEN:pn<Q§qn,T(ijQ—w,d+h)§1—<

dn — Pn
or 2 (ijQ —w,d+h) >gorT (Aj:vQ —w,d+h) > g}} < e} € F(I),
it follows that,
w € DAL, Q,T)§ 1) (A7)- LIM(zg).
Therefore,

c(B1) (h,v)) € DY, Q,T)% 1y (A7)- LIM(zq).

Mukhtar Ahmad, Ekrem Savag, Mohammad Mursaleen, On deferred I-statistical rough
convergence of difference sequences in neutrosophic normed spaces



Neutrosophic Sets and Systems, Vol. 96, 2026 2

Definition 3.23. [44] Let (X, Y,Q,T",x,0) be an NNS and (zg) be a sequence in X. A point
z € X is called deferred I-statistical Ai—cluster point of (xg) with regard to (Y, Q,T") for some
h >0 if, for any d > 0 and ¢ € (0,1), we have

1 .
{nEN: ‘{QEN:pn<Q§qn,T(AJxQ—z,d+h)Sl—gor
dn — Pn

Q(ijQ—z,d—i—h) > orF(ijQ—z,d—i—h) zg}‘ <e} ¢ 1.

(Y0)

We denote the set of all deferred I-statistical A{L-cluster point of (zg) by I' D 0 (Azg).
Note When h = 0, a deferred I-statistical A%—cluster point of the sequence (x¢) is simply
referred to as a deferred [-statistical A{L—cluster point. The full set of such points is denoted
by

0T ,
r;g IS (Adgg).

Example 3.24. Consider the neutrosophic normed space (R, T, T", x,0) defined by

h i
Q(z,h) = I'(x, h
e e h = e T )

e
h+ |z|’

Y(z,h) = h >0,

with * = min and o = max. Let the sequence zg = é in R and fix j = 0 (no difference

operator).

For any ¢ € (0,1) and d > 0, we observe that as Q@ — oo,
4 _jer
d+[1/Q| d+1/Q|
Hence, 0 satisfies the deferred I—statistical cluster condition.

When h = 0, the point 0 is a deferred I-statistical Ai—cluster point of (zg). Thus,

__1/Q|

TEa=0.d) = S a1/l

— 1, Q(JIQ—O,d) = — O,P(HZQ—O, d)

(r,Q,r)

0€T, D (2q).

Example 3.25. Let (R, Y, Q,I', x,0) be the neutrosophic normed space defined by

h x
Y(xz,h) = Qx,h) = . —’1— ‘m

2]
= I'(x,h) =
h+ x|’ ’ (@, h)

 ht |z

h >0,

with * = min and o = max.

Consider the sequence zg = (—1)Q + é in R and take j = 0. For even Q, g ~ 1, and for
odd @, zg =~ —1.

Step 1: Limit behavior near 1. For even (), we have xg — 1 as Q — oo. Thus for any d > 0,

d

T -1,d) = —7——
(zq ) d+|zg — 1] -

1, Qzg —1,d) =0, I'(zg —1,d) = 0.

So 1 is a deferred [—statistical A{L—Cluster point.
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Step 2: Limit behavior near —1. For odd @, we have g — —1 as Q — oo. Thus for any
d >0,

d

1, Qzg+1,d) =0, I'(zg+1,d) = 0.

So —1 is also a deferred I—statistical A{L—cluster point.
When h = 0, the sequence (zg) has two cluster points, namely

(Tvﬂvr)s(f)

FDg (‘TQ) = {_171}'

Theorem 3.26. Let (X, YT,Q,T',%,0) be an NNS. Then the set T’
for every sequence (xzg) in X and each h > 0.

(ijQ) 1s closed

h
(Taﬂzr)s(j)
Dy

Proof. For given ¢ € (0,1),3v € (0,1) so that (1 —v)x(1—v) >1—vand vowv <. Let

T, ‘ 1,Q,)" .
z€cd (I‘;p s (AJxQ)>. Then, there is a sequence (z¢) in F;p s (Adzg) such that
q q

T,QT
2Q M z. Thus, for every d > 0,9 ng € N so as

T(ZQ—Z,;Z) >1—vandQ<zQ—z,(21> <vandF(zQ—z,;l> <v,V Q@ > ng.

Fix mg > ng and set

4 d , d
T:{QEN:pn<Q§qn,T<Aj:1:Q—sz,h+2> Sl—vorQ(AJm‘Q—zmo,h+2> >wv

; d
or T <ijQ — Zmg, b+ 2) > ’U}.

As a result, for every € > 0, we obtain

[U:{nGN:q — |{Q6N:pn<Q§qn,QeT}<e}¢I.
Similarly, as the proof of Theorem we get
1 .
UQ{nGN:q — HQEN:pn<Q§qn,T(A]xQ—z,d+h)Sl—gor

Q(Aja?Q—z,d—i—h) ZgorF(AjacQ—z,d—i—h) Zg}‘ <e}.

Since U ¢ I, we have

1 )
{nEN:q — ‘{QEN:pn<Q§qn,T(AJxQ—z,d—|—h)Sl—gor

Q(Aag—z,d+h) >cor ' (Azg —z,d+h) > ¢} <e} ¢ 1,

(T7Q7F)h
Dg

ie,zel S(I) (Aj:cQ). Hence the set F%’Q’F)hs(l) (ijQ) is closed. g
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Theorem 3.27. Let (xg) be a sequence in the NNS (X,Y,Q,T',x,0) and h > 0 be given. If
Y(z—y,h) >1—¢ and Q(z— y,h) < ¢ and T'(z— y,h) < < hold for an arbitrary z €

; 1,0,k .
F(;%’Q’F)S(” (Alzg) and s € (0,1), then y € F;g s (Alzg).

Proof. Let z € I‘gp’ﬂ’r)sm (ijQ) and suppose
q
Y(z—y,h)>1—g, Qz—-yh)<s, D'(z—y,h)<g

for some ¢ € (0,1).

Since z € Fg)’Q’F)S<I>(ijQ), by Definition [3.23| for any d > 0, the set
q
1 .
A:{nGN: p— ‘{Q:pn <Q <y Y Azg—2zd+h)<l-—gor

QA g — 2z, d+h) > or T'(Alxg —z,d+h) > ¢} < e} ¢ 1.

(r,Q,1)

h
Dr D (AJzg) is closed. Hence, since y satisfies

Now, by Theorem |3.26], the set I'

T(Z—y,h)>1—§, Q(Z_yah)<§7 F(Z_y7h)<§a
we can apply the neutrosophic triangle-type inequalities
T(Azg —y,d+h) > T(Azg —2,d)« T(z —y,h),

QA wg—y, d+h) < QA zg—z,d)oQ(z—y,h), T(ANag—y,d+h) < T(Mrg—z,d)ol(=—y, h),

for all Q.
Using these inequalities and the fact that the set of cluster points is closed, we conclude
that y also satisfies the condition in Definition [3.23] Therefore,

(rQ.n)k

Yy < FD{; S(I)(Ajl’Q).

This is completes the proof.

Theorem 3.28. Let (X,Y,Q,T',x,0) be an NNS and (xg) be a sequence in X. Then, for
some h >0 and v € (0,1), we have

h
F(T’QI)SU) (Aij) - U cl (BQ(CT’Q’F)(haUD

Dj
a:ergg‘”” (Azq)

Proof. For any given ¢ € (0,1),3v € (0,1) such that (1—v)x(1—v) >1—¢and vov <. Let

ze U l (B;,mvf)(h, u)) h>0

mEI‘g%’Q’F)S(I)(AxQ)
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Then, 3z € F(DE,’Q’F)S(") (AVzg) so that z € cl <B§T’Q’F)(h, v)), ie, Y(z —2h) > 1—vand
Qz—2,h) <vand I'(z — z,h) <wv. Since z € Fg!g’r)sm (Adzg), we have
q
1 .
X:{nEN: ‘{QEN:pn<Q§qn,T(A]xQ—x,d)§1—vor
qn — Pn

Q(ijQ—x,d) ZvorF(ijQ—x,d) ZUH < e} ¢ 1
for every €,d > 0. Consider
X, :{QEN:pn<Q§qn,T(ijQ—a:,d) Sl—vorQ(ijQ—x,d) > v or
F(Ajz:Q—a:,d) > v}
Then, we have
XfQ{QEN:pn<Q§qn,T(ijQ—z,d+h) >1—§andQ(Aj:):Q—z,d+h) < ¢ and
I'(AMzg —z,d+h) <} (3.4)

Now take m € X. Then
1

ﬁ\{QGN:pm<Q§qm7Q€X1}|<e

1
:j‘{QGN:pm<QSQm7Q€X10}’21—6.
m

dm
Hence, by (3.4), it follows that
1 . :
ﬁHQEN:pm<Q§qm,T(A7foz,d+h) >1-cand Q (Azg —z,d+h) <g
and I' (Azg — 2z,d+h) <c}|>1—¢€
1

:>ﬁ|{Q€N:pm<Q§qm,T(ijQ—z,d+h) < l—gorQ(Aij—z,d+h) >¢
orF(ijQ—z,d+h) 2§}| < e
As a result, we get

1 .
Xg{neN:_p‘{QEN:pn<Q§qn,T(AJxQ—z,d+h)Sl—g

orQ(ijQ—z,d—l—h) ZcorF(ijQ—z,d—i—h) Zg}‘ <e}.
Since X ¢ I, it follows that
1 ,
{nEN:p‘{QEN:pn<Q§qn,T(AJmQ—z,d+h) <1l-g
dm — Pm

orQ(ijQ—z,d—i—h) ZgorF(ijQ—z,cH—h) Zg}‘ <e} ¢ 1.
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T,Q,1)" .
Hence z € F(Dp s (AJ:UQ). Consequently,

q

T,Q,0)" )
T80 (Avag) g ot (B0 (1, 0)) (3.5)
p
zGFEjéQI)SU) (Aizq)
T,Q1)" )

Conversely, assume that y € Fi)ij s (Alzq). Then y € U cl (Bg’g’r)(h,v)>.

xeFEjTg’Q’F) (Aj :L‘Q)
(T797F)S(I)

Otherwise y ¢ cl (Bg’ﬂ’r)(h, v)) for any x € FDS (Alzg), ie.,

Y(z—y,h)<l—wvor Qz—y,h)>vor'(z—y,h) >

QI)h .
Js) (AﬁxQ), which contradicts our as-

T?
Hence, by Theorem |3.27] it follows that y ¢ F;p
q

sumption. Therefore,

h
F(T’Q’F)S(I) (Aij) C U cl (BJ(ET’Q’F)(h,U)) ‘ (3.6)

DP
q
z€el ( g’Q’F)S(I) (A{EQ)

From (3.5) and (3.6), the result follows.

Corollary 3.29. Let (X,Y,Q,T',%,0) be an NNS. If a sequence (xq) in X is deferred I-
statistically difference convergent to x, then

(TS L

Ty W (Alzg) C DY, 92, 1)y (A7) -LIM (2q)

for some h > 0.

Proof. Suppose (zq) is deferred I-statistically difference convergent to . Hence

(T797F)g([) s
Lo (Aja:Q). Therefore, by Theorem [3.28] for some h > 0 and ¢ € (0,1), we have
(T’er)h y
Py " (Aag) = el (BI*D(h5)) (3.7)

Also, from Theorem [3.22] it can be concluded that
el (BOD (h,6)) € DAL, 9, 1)) (A7) - LIM () (3.8)

Hence, by (3.7) and (3.8), we have

h
H(TDkq,

Dy (Alzq) € DY(Y,9Q,T)% ) (A7) -LIM (2q) -
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4. Concluding remarks

This work extends the framework of convergence by formulating the concept of deferred
I-statistical rough convergence through difference operators in the setting of neutrosophic
normed spaces. It investigates the characteristics of the resulting boundary set, demonstrating
that it is both closed and convex in terms of the neutrosophic norm. Furthermore, the study
introduces deferred I-statistical Al-cluster points and analyzes their association with the limit
set, offering new insights into convergence behavior in neutrosophic environments.

Looking ahead, the findings of this work suggest several potential paths for continued re-
search. Omne such direction involves expanding the concept of deferred [I-statistical rough
convergence to broader mathematical settings, including frameworks like fuzzy, intuitionis-
tic fuzzy, or probabilistic normed environments. Another worthwhile pursuit is to investi-
gate the structural and topological traits of the convergence sets-such as their continuity and
compactness-within neutrosophic normed spaces. The theory can also be extended to explore
the actions of linear transformations and their properties under neutrosophic norms. More-
over, establishing links between this convergence approach and other forms of statistical or
summability-based convergence could offer a more unified theoretical foundation. Lastly, there
is strong potential for applying these ideas to real-world problems characterized by uncertainty,
such as those found in data interpretation, intelligent systems, and complex decision-making

processes.

5. Real-World Applications

(1) Data Science & Big Data
In large datasets (medical, financial, climate, social networks), data points may not
converge in the classical sense due to noise and uncertainty. Deferred I-statistical
rough convergence provides a mathematical framework to identify stable trends and
clusters in such imperfect datasets.
Example: Detecting early signs of chronic disease progression even when some
medical tests are incomplete.
(2) Signal & Image Processing
Signals and images often contain distortion, missing pixels, or background noise. Rough
convergence with difference operators helps approximate stable features (edges, pat-
terns, denoised signals) even when input data is corrupted.
Example: Improving MRI scan interpretation when images are blurred or incom-
plete.
(3) Artificial Intelligence & Decision-Making

In Al, especially in multi-criteria decision-making (MCDM), expert opinions or sensor

Mukhtar Ahmad, Ekrem Savag, Mohammad Mursaleen, On deferred I-statistical rough
convergence of difference sequences in neutrosophic normed spaces



Neutrosophic Sets and Systems, Vol. 96, 2026 2@

readings are vague or inconsistent. Neutrosophic normed spaces handle indeterminacy
explicitly, making this framework suitable for robust AT models under uncertainty.
Example: Autonomous vehicles making navigation decisions when sensors provide
contradictory inputs.
(4) Economics & Forecasting
Financial and economic time series fluctuate irregularly and often do not converge in
the classical sense. These methods help in detecting possible limit ranges or cluster
points that indicate future states of markets or economic indicators under uncertainty.
Example: Predicting safe investment bands when market data is unstable.
(5) Numerical Algorithms & Engineering Systems
Iterative algorithms in scientific computing may only converge roughly due to round-off
errors or incomplete information. This framework can be applied to stability analysis
of iterative methods and control systems when there is measurement noise.

Example: Stabilizing a drone flight when GPS signals are inconsistent.
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Abstract. In the presence of supplementary information, classical statistical methodologies typically rely on
precise data to obtain efficient estimators of the population mean. However, the presence of outliers poses
substantial challenges to these traditional techniques, which are highly sensitive to data accuracy and auxiliary
inputs. In contrast, neutrosophic statistics offers a more flexible and robust framework capable of handling
imprecise and uncertain data, thus providing an advantageous alternative to classical methods. In the present
research, we modify the study of Gohain et al. ( |1]) by adapting his estimators and proposing a new family
of neutrosophic exponential-logarithmic-type estimators in the neutrosophic setup with a view to enhancing
estimation accuracy in two-phase sampling. Specifically, three imputation methods are developed, each ac-
companied by their respective point estimators. Theoretical properties, including bias and expressions for the
minimum mean square error (MSE), are derived under large sample approximations. By integrating exist-
ing imputation methodologies within the neutrosophic framework, this research enhances the scope of current
statistical inference techniques and underscores the adaptability of the proposed approach. A comparative eval-
uation is conducted to assess the relative efficiency of the proposed imputation procedures against alternative
methods considered in this study. The empirical analysis, based on real-world datasets, demonstrates the supe-
rior performance of the proposed estimators. Furthermore, the findings are corroborated through an extensive

simulation study, thereby reinforcing the validity and practical relevance of the proposed methodology.
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1. Introduction

In survey sampling, missing data arises when selected respondents decline to take part in
a survey for various different reasons. Several different methods exist to address the issue of
missingness of the data, with imputation being one of the most effective. Imputation is a
well-known and specialized method for managing non-response, involving various approaches
to estimate and fill in missing data for univariate, bivariate or multivaraite study variables. In
the realm of statistical inference, handling missing data remains a critical challenge and issue
across diverse scientific disciplines. Traditional imputation methods often struggle to capture
the inherent uncertainty and incomplete information prevalent in complex datasets. The clas-
sical statistical approaches, predominantly based on crisp set theory, frequently oversimplify
the nuanced nature of real-world data, leading to potential misinterpretations and reduced pre-
dictive accuracy. The Neutrosophic Statistical framework emerges as a sophisticated method-
ological paradigm that transcends conventional probabilistic and fuzzy approaches. Developed
as an extension of fuzzy set theory, neutrosophic statistics introduces a more comprehensive
mechanism for managing indeterminacy, allowing for the simultaneous consideration of true,
indeterminacy, and falsity values. This framework provides a more flexible and robust approach
to statistical inference, particularly in scenarios characterized by significant uncertainty and
incomplete information. Our research focuses on developing novel imputation methodologies
within the Neutrosophic Statistical framework for two-phase sampling, efficiently addressing
missing item values, eliminating incompleteness, and simplifying analysis. By leveraging the
framework’s unique capability to handle indeterminacy and partial truth, we propose a set of
three innovative imputation strategies that can more accurately represent the complex uncer-
tainty inherent in multidimensional datasets.

Recent studies have focused on imputation techniques for missing data. When the popula-
tion mean of the first auxiliary variable is unknown, Grover & Sharma, [10] study investigated
the use of two auxiliary variables in two-phase sampling to estimate missing values. An
additional estimator for stratified random sampling with an auxiliary variable for finite popu-
lations has been proposed by Singh et al., [21]. Imputation strategies developed for handling
non-response in repeated surveys by Singh et al., [22]. Imputation strategies based on super
population model was studied for mean estimation under non-response is given by Singh et
al., [23]. In ranked set sampling, imputation methods for missing values were also put forth by
Bhushan et al., [5]. Using auxiliary variables such as kurtosis and the coefficient of variation
for population mean estimation, a factor-type exponential ratio estimator was presented by
Yadav & Prasad, [27]. Model based studies of the exponential estimators were presented in
presence of non response was given by Singh et al. [20]. Classes of more effective and mod-

ified type regression-cum-ratio estimators have been introduce to find the population mean
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in two-phase and stratified two-phase sampling of the research variable while concurrently
accounting for non-response and measurement error was given by Sabir & Sanaullah [17,/18].
Gohain et al., |9] suggested an effective exponential chain ratio estimator has been presented
for predicting the finite population mean of the research variable of missing data under two-
phase sampling using imputation approach. Some modified classes of exponential-logarithmic
type of the imputation techniques have been proposed to deal with the missing data by Das
& Singh, [§]. Shukla & Jain, [19] suggested to use two-phase sampling for population mean of
logarithmic cum exponential estimators. It has been suggested to combine exponential and In
functions for efficient estimation under two-phase sampling given by Hassan et al., |[12]. Some
time it is possible that practitioners will not be aware of the population mean of the auxil-
iary variable during survey sampling. Two-phase sampling, sometimes referred to as twofold

sampling, is the solution to this unknown value problem.

1.1. Scope of the study

Neutrosophic statistics offers a truly adaptable and versatile approach to working in dif-
ficult real-world situations that require cognitive ambiguity or an incomplete/indeterminate
premise. In situations where there is any degree of uncertainty in the data, neutrosophic
statistics could provide a substantive contribution to our understanding of the data where
traditional means may fail. The small sample scope of the study shows a method for applying
neutrosophic ideas in a practical manner for survey sampling. Given the stated limitations of
the uncertain data systems, this line of study is very pertinent and needed. Take environmental
monitoring; when collecting data to monitor soil contaminants, water quality, or air quality,
there are uncertainties in the data that can occur at many different levels. The issues can
arise from sensor calibration and accuracy, sampling uncertainty, environmental variability,
and imprecision or ambiguity when measuring the factors in question. Traditional statistical
methods depend on precise single-valued data, and hence they often create uncertainty when
characterizing environmental conditions. Traditional statistical methods can classify data as
outliers or ignore subtlety of relationships through unplanned patterns; creating incomplete or
biased representations of environmental facts. In contrast, given that neutrosophic statistics
is more thorough and flexible, they can handle the uncertainty with which reality is filled. It
is a more realistic quantification of environmental attributes - rather than an environmental
measurement, which gives a single point estimation, neutrosophic analyses use interval valued
data. For example, when monitoring water quality, if neutrosophic statistical analysis was
being employed, the pH reading would be reported as an interval, say [6.8, 7.2] rather than
a single value, like 7.0. This interval approach captures the uncertainty, or variability and
error in measurements, leading to better decision making and risk management. Neutrosophic
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statistics can also account for uncertainty in concentrations, as in air quality monitoring, and
provide a more complete understanding of the environment in which we operate. Neutrosophic
statistics is valuable for decision makers, and experts working for organizations, municipalities,
and government agencies that develop responses and strategies for reducing air pollution and
addressing the health effects of air pollution on humans and other living organisms. Overall,
applying the neutrosophic model allows environmental researchers and practitioners to make
better decisions, allocate resources wisely, and create better responsive and adaptive strategies
in ongoing responses to the complexities and uncertainties of real-world environmental data.
The present study will also build off this threshold as it will widen the scope of neu-
trosophic statistics by working with imputation methods to accommodate uncertain and/or
missing data in Two-phase sampling. Three imputation methods are proposed with the cor-
responding point estimators for the exponential-logarithmic type of estimators. The study
will use simple random sampling without replacement (SRSWOR) through out the study. An
empirical study is conducted to show how the proposed estimators perform against other es-
timators. To the best of our knowledge, this is the first study to adapt the neutrosophic form
to imputation methods. The work of relating neutrosophic statistics with specific imputation
methods will achieve the most accurate population mean estimates as possible with the mean
squared error as low as possible, even when outliers and imprecise data is present. As the use
of these methods is described, this study shows the neutrosophic paradigm’s potential adapt-
ability and problem-solving application are far reaching. Conducting this comprehensive study
will show that the understanding of neutrosophic statistics is growing and the application of
neutrosophic statistics can help to enhance comprehension of more complex data environments

across a broader scope and assist in better decision-making.

1.2. Developments under Neutrosophic Estimation

Classical statistics handle precise data but struggle with uncertainty, prompting the need
for new methods. Fuzzy logic addresses ambiguous or imprecise data but cannot measure in-
determinacy. Neutrosophic logic extends fuzzy logic by quantifying uncertainty and certainty,
making it effective for analyzing ambiguous scenarios (Aslam, [3,/4]). Modifications such as
complex fuzzy sets, interval-valued neutrosophic sets, and neutrosophic numbers have modi-
fied decision-making frameworks, considering nuanced data analysis by Ali & Mahmood, [2];
Liu et al., [16] and Li et al., [15]. Study by Chakraborty et al., [6]; Haque et al., [11] in-
clude trapezoidal and spherical neutrosophic numbers in multi-criteria group decision-making,
mobile communication, and statistical quality control and Smarandache, [25] has extended
neutrosophic statistics traditional methods to manage uncertainty and indeterminacy in data,
helps in effective analysis of imprecise datasets in realworld scenario. Research in the fields
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like agriculture and rock engineering demonstrate their versatility and growing importance
by [7,{14]. For further studies on neutrosophic statistics readers may refer to Yadav & Smaran-
dache, [26]; Yadav & Prasad, 28, The development of neutrosophic statistical approaches has
been fueled by advancements that have broadened the field into domains such as neutrosophic
applied statistics (NAS), neutrosophic statistical quality control (NSQC), and neutrosophic
interval statistics (NIS). All things considered, neutrosophic statistics is still a dynamic and
developing area that provides a flexible toolkit for examining complex data that is marked by

ambiguity and uncertainty.

2. Terminologies and Methodology under Neutrosophic Statistical Framework

A key observation within the neutrosophic framework is the utilization of quantitative
neutrosophic type missing data, where the value may be exist in indeterminate interval
[PN, ®Ny]. Neutrosophic interval values can be represented in various forms and are explic-
itly defined in Yadav and Smarandache [26] as Z(4n) = Z(¢n,) + Z(¢ny) L (gn), Where [(4n) €
[1 N1) L6 NU)]' For the neutrosophic data under consideration, we adopt the same notations
as in Yadav and Smarandache [26], expressed in interval form as Zyn) € [Z(gn,)s Z(gNy))s
where Z(4n, ) and Z 4,y denote the respective Lower and Upper values of neutrosophic study
and auxilary variable Zn, 4n;). We employ the simple random sampling without replace-
ment method to draw a neutrosophic random sample of size n € [n(¢NL),n(¢NU)] from the
specified population, assuming the neutrosophic population comprises N € [Ny, ), Ngny )]
distinct units. In the neutrosophic environment, the variable of interest is referred to as the
neutrosophic study variable, denoted by Y{,ny, with its corresponding neutrosophic auxiliary
variable represented as X 4.

For the neutrosophic informations being considered, each value on the i unit of the pop-

ulation for the variables Y5y and Xy, are represented as Y; € [Yin,), Yion,), and

(¢N)

N N
% 1 v 1
Xi(d)N) S [X(¢NL)7X(¢>NU)]- Let’s define Yv(qu) =N z:lan) and X(¢N) =% ,z:IXi(th) as the
i= i=

population means for Y ,x, and Xy, acting as the overall means of the neuzrosophic infor-

n
mations. The neutrosophic study variable Y,y has a sample mean of §,n) = % S (on and
i=1

Yiioni Tigsy)) being the values of

n
, X(4n) has a sample mean of Ty, = 1 z%xi(¢N), where (
1=
variables for i sampled unit. Additionally, the neutrosophic coefficients of variation for Y ,y,
and X,y are given as Cy( on) and Cy (0N The correlation coefficient between the neutrosophic

variables Y, x) and Xy, denoted as PXYisn) -
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2.1. Problem Structure

Consider a finite population Q = {Q4,Q9,Q3,...Qx} of the population size N, the value of
_ N
the variables on the i*" unit Q;,Vi=1,2,3...N, be (yi(¢N);33i(¢N))- Let Yisn) = % Z Yiion) and

Xon) = N Z Ti g be the population means of the neutrosophic study variable Yy, and the
neutrosophlc auxﬂlary variable X,y respectively. A snnple random sample of size n is taken
from the population € to estimate the Y. Let Ynony = = 121 Yigny and Tn .y = %Z; Titsn)
be the sample means of variables Y,x) and X,y).

In the two-phase sample survey in which unknown X is estimated by choosing a prelimi-
nary large sample S’ of size n’ from the population. The sample mean :Z'é oN) = ‘ezé' % is
considered as estimate of X. The second sample S of size n is selected either frorzn S’ or Q.
Case 1: As a sub sample from sample S’ (denoted by design I).

Case 2: Independent to sample S’ (denoted by design II).

Consider a sample S consisting of n units, which can be divided into two distinct subsets:
a responding R with r units, and a non responding units with (n — r) units (r < n) forming a
sub-set R¢ with respect to neutrosophic study variable only in S = RU R for every Yign) € I,
the " value Ti 4y of the neutrosophic auxiliary variable is serves as the basis for imputation.

The sample mean of the variable Xy, based on the sample S’ of size n' i.e.

n

n. .
Ty = Z 1N where n’ € S’
1=
are the sample mean of the neutrosophic variables Yy, and X v, based on

Yrionyr Trion)
the subset R (responding units) of S. Yn(ony Tnigy, are the sample mean of the neutrosophic
variable Y,y and neutrosophic variable Xy, based on R U R° . The symbols listed below
are used as notation, respectively

Py X(sn) : Correlation between Yy, and X4y).

CY(4>N)’CX(4>N) : Coefficient of the variation of Y{,n) and X ,n,.

G=G-m)ie=G-m)ia=G-A: 6= -5w): 6= %)

3. Adapted Neutrosophic Imputation Methods

This section explores existing conventional imputation methods, selected for their ability to
address various statistical challenges. These methods, drawn from established research, are
based on well-recognized methodologies. Importantly, they are integrated into the conceptual
framework of Neutrosophic Statistics, a contemporary approach designed to handle uncertainty
and ambiguity.
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3.1. Adapted Neutrosophic Mean Method

In this approach, for the each non-responding unit, of the missing value is substituted with
mean value calculated from all responding units.
1€ R

1€ R°

yi<¢N) )

Yiony =y _
yT(¢N) )
The unit-based estimator using this imputation method, Y(¢N), can be expressed as

S(eN) = ZZ/WN) Yreom)
zGR

. _ . . _ 1

Bias of r,y, is B(yT(¢N)) =0 and MSE is M(yr(¢N)) Y(i,\,) ( N) C3

Yien)~

3.2. Adapted Neutrosophic Ratio Method

Lee et al. [13] proposed ratio method of imputation and here we introduce it under neutro-

sophic setup as

_ ) Yieny PER
Yiony) = l e
$i(¢N)7 1€ R
Z Yi
(¢N)
Here, [ = %in
“(¢N)

i€ER
This imputation method has the following unit estimator

- 5 Tneon)
Yratyny = Yrom | 7
T($N)

Ty T4 Yi
2 TNy 22 Tien) 2 Yicon)

—€R " " and er __ iER

where T\, = n 0 Tren) = T (6N) — r

Bias and the MSE of the Yrat y, is given by

_ 11\, .,
B (yRAT<¢N)) Yiom <7~ B n) (Cx oy ~ PYx0m0) Oriom) Cxomy)

11 11 Cy,
B 2 2 (¢N) 2
M (yRAT(éN)) Y(¢>N) { (’I" - N> CY(¢>N) + <T‘ — n) (1 2pyx(¢N> C ) CX(¢N)}

3.3. Adapted Neutrosophic Compromised Method

Singh and Horn’s [24] compromised imputation method is now adapted and formulated

within a neutrosophic context as

a%ywm +(1- a)ixi(¢N>, 1€ R
(1-— O‘)ixiww)’ 1€ R°
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where « is a constant.

This imputation method’s unit estimator can be expressed as

Tn
_ o Ne (¢N)
yComp<¢N) — Oly’r(¢N> + (1 Oé)yr(¢N> i’r( |
SN

Bias and MSE of the unit estimator Jcom, (on)

_ — 1 1
B (yCD'mp(¢N)> = YV(d)N) <7" - n) (1 - a)(]‘ - ¢YX(¢N>)C)2((¢N)

i 11 11 O
i R 9 2 (oN)
M (chmp(¢N)> — YV(¢N) [(T - N> CY(¢N) + <7a - n) {(1 — OZ) - 2(1 — a)pYX(¢N) CX(¢N) } C

— Pyx o)
@N) OX (4

The optimum mean square error (MSE) of Ycom, (on) 18

_ 1 1 1 1
_ . 2 R T 2 2
M (chmp(¢N))opt - }/(qu) {(T N) <7" n) pYX(¢N)}CY(¢N)

4. Proposed Adapted Neutrosophic Imputation

This estimator is minimum at oy = 1

In this section, we propose a new set of neutrosophic exponential-logarithmic-type esti-
mators by generalizing the exponential-logarithmic method of Gohain et al. ( [1]), which
was initially developed in a classical statistics context. As survey data in real life are fre-
quently plagued by uncertainty, vagueness, and inconsistency that cannot be properly handled
by conventional statistical approach, the suggested neutrosophic estimators are formulated to
efficiently manage indeterminacy and imprecision in real-life survey data.

Three Neutrosophic imputation techniques and their respective unit estimators are as:

(1)

Yisn) i€ R
yll(TV) = 1 - 7/(%(15]\]) _ i"?(dsN) . .
n—rYrny |V ETP § A1 log |1+ g% —r 1€R
eny T N
This imputation method’s unit estimator can be expressed as
a;/ﬁ _ j‘ﬁ
I 7 (¢N) T(¢N)
Yrvy = Uryny €D § @1 log | 1+ - = (1)
Tgny T Trgn
(2)
yi(¢N) 1€ R
a a
Y2iryy = i o'l — Tk .
niry'f’@)N) n exp § &2 lOg 1+ H —r i€ R°
Teny T TN
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This imputation method’s unit estimator can be expressed as

h
= — vy — Tn
vy = Prigny |€xp @z log | 14 —¢ ELLL (2)

x(de) + :E”(¢>N)

Y3.i(ryy = _
ﬁyrwm [n exp {ag log (1 +

This imputation method’s unit estimator can be expressed as

I
8

a
h —
n(
E
h

W) }] —r i€ RC
! (¢N)

Ny T

e 30

&I
81
3

i

SN

. (3)
~h

Wy T Trga

8l

(eN)

8l 8l
S| S

Where o; V ¢ = 1,2,3 are constants are derived such as the MSEs of the proposed adapted

classes of estimators ¥rv,, Yrv,, Yrv; are minimum and a and h # 0 are constant.

4.1. Statistical Properties of the Proposed Adapted Estimators

We adopted the following transformations to find the bias and MSE expressions associated
with the proposed adapted class of estimators.

Yriony = Yiow (1 +e1); Triyny = Xiowy(1+e2); Tngny = Xiowy(1+e3); Ty = Xom (1+¢5)

where e;, e € (—=1,1) Vi=1,2,3 and E(e;) =0, E(ef =0)Vi=1,2,3.

Design I:

B(ed) = GC2 5 B(e) = GO, ¢ B(ed) = GC2 s B(eR) = G2 s
E(ere2) = Gipxvign Oviom Cxgomy’ E(6163) = GPxvin O CX(¢N>’

E(eleg) = <3pXY(¢N)CY(¢N)CX(¢N); E(eze3) = (,C x(éN) E(eges) = ¢:C% XNy’ E(eses) =
GO X(d»N)

Design 1I:

B() = GO2,, s B() =GO, s B() =GO, ¢ Be) =GO
Eere2) = Gapxviym v CX(¢N>’ E(eres) = Gpxviyn Origm Oxiomyi Eleres) =0;
E(eges) = (C X(qu) E(egeh) = 0; E(eses) =0
With the above approximations, the unit estimators yrv,, ¥rv, and ¥y, are given in the

following formats in relation to e; and €

Ny

_ — 1 a 1 a a
Urv, = Yionm) {1 +e1 + ialﬁ(eé — ey +ejel —eres) + — (632 — e%) (Oélﬁ <2E — 1))} (4)

—_

_ — 1 a a /. a
yTsz}/’(¢N){1+el+2a2h( —634—6163—6163)4-4(6%2 €§>(a2h(2h—1>)} (5)

1 1 a (. a
yTV3=Y¢N>{1+e1+ Sasy(es —e2+eres — erea) + 7(¢f — e3) (s (2h—1))} (6)
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4.2. Expression of Bias and Mean square error of Yrv,, Yrvys Yrvs

Deriving (§rv, — Y,n)) using equation and applying the expectation operator to both
sides yields

_ _ 1 1 a
Eyrv, = Yon) = E[Y<¢N) {6’1 + 5K (€5 —ea + exey —ere) + (e — ) K (25 - 1)}
1
e (K20 )]
Substituting the respective values of E(e?), E(e%), E(eiej), E(eiey) V4,7 =1,2,3 within the

framework of the design I, the bias of gzv, is

_ = 1 1 3aK
B (yTvl)I =Yin) {2K(C <1)pXY(¢N)CY(¢N)CX(¢N> (C C2) ( h - K(1+ )> 0)2((¢N)}

Substituting the respective values of E(e?), E(e%), E(eiej), E(eiey) V4,7 =1,2,3 within the

framework of the design II, the bias of yr, is

B (9r) 11 = Yiew [_C“pXYwN) Crom) CX(¢N)+% {(C3 —G) (K (2% - 1)) (G +C) ( —(1= al)) } C?((MJ

Using equation to construct (grv, — Y, N))2 and keeping the terms up to the second-degree

of approximations, we get
— \/ 2 1 20,1 2 /
(Frv, = Yiom)? = Y S i + 1 (3 —e2)” + K(ere — erer) (7)

Using equation and computing expectations on both sides, we obtain the expressions for
E(e?), E(e?), E(eiej), E(eiey) Vi, j =1,2,3 within the framework of the design I, the MSE

7

of Jrv, is
_ — 1
M (grv,); = Yiou) {Clc%wm + ZKQ(Q B CS)C?%M + K (G = C)Pxvin O CX(asN)} (8)

Using equation and computing expectations on both sides, we obtain the expressions for
E(e?), E(e}), E(eie;), E(eey) Vi,j=1,2,3 within the framework of the design II, the MSE

7

of Yry, is
M (§rv,),, = Y25 GCY +1K2(g +6)C%  —K(C Cy . C (9)
Yrvi) i = Fem | 94Yeny T g 3 T 6 Xy APxY () “Yiom) Y X (o)

Here and for further calculations, for each yrv,, K = a;3, i =1,2,3

Starting from equation , we construct the term (gTV2 — }7(¢N)), then apply expectations
to both sides, which gives

Constructing (¥rv, — Yi4n)) from equation (5) and considering expectations on both sides,
we get

_ _ 1 1 a
E(rv, = Yom) = E[Y<¢N> {61 + §K(€é —e3+erey —eres) + 4(652 —e3)K (25 - )}

ot (0 )
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Substituting the respective values for E(e?), E(e¥), E(eiej), E(eies) ¥V i,j = 1,2,3 within

the framework of the design I, the bias of ¥z, is

_ = 1 1 3aK
B (yTVZ)I = Yv(4>N) |:2K(C CQ)pXY(¢N)CY(¢N)CX(¢N) (C C2) { h - K(l + K)} C}%( N):|

Substituting the respective values for E(e?), E(e¥), E(eiej), E(eiey) ¥V i,j = 1,2,3 within
the framework of the designn II, the bias of fry, is

B (91v,) 11 = ZM)[ C5pXY<¢N)CY<¢N)CX(¢N>+1 {(C Gs) ( (2% - 1)) (G +6G) < —(1- az)) } C;Q%NJ

Using equation to construct (Yrv, — Yisn))? such as
- Y 2 2 1o 2 /
(yTVQ - Y(¢N>) = Y(¢N> e+ ZK (e3 —e3)” + K(eie3 — ere3) (10)

Using equation and computing expectations on both sides, we obtain the expressions for

E(e?), E(e}), E(eie;), E(eiey) Vi,7=1,2,3 within the framework of the design I, the MSE

)

of Yrv, is
_ - 1
M (yTVQ)I = Y(iN) {QC}szN) + ZKZ(@ - Cs)cg((dw) + K (¢ — Cz)PXY(¢N>CY(¢N>Cx<¢N>} (11)

Using equation and computing expectations on both sides, we obtain the expressions for
E(e?), E(e}), E(eie;), E(eiey) Vi, =1,2,3 within the framework of the design II, the MSE

)

of Jrv, is
_ 2
M (9rv,) = Yiom {<4CY(¢N) + KNG c5)OX<¢N) KGapxviom Cviom Cxom) } (12)

From equation @, (Grvy — 17(¢ ~y) is formed; applying the expectation operator to both sides

gives

— - 1 1 a
E(yrv, —Yon) = E[szv) {61 + §K(€3 —ex+erez —eren) + Z(eg —e3)K (25 - 1)}

e (20 -00)]

Substitute the appropriate expectations for E(e?), E(e%?), E(eie;), E(eies) V i,j = 1,2,3

within the framework of the design I, the bias of gz, is

1 CY<¢N) 2a a
ZK(CQ_CI) {QPXY(¢N)C + <h_1> +E(1—O[3)

Substitute the appropriate expectations for E(e?), E(e?), E(eie;), E(eies) ¥V i,j = 1,2,3

02

X(gN)

B (gTV3)I = Y(an)

within the framework of the design II, the bias of gz, is

1 Cy, Y(on) 2a a 5
ZK(CE’ G) {2’0XY(¢N) Cy * <h a 1) + ﬁ(l —as) | C

X(oN)

B (gTVs)II = YWN)
(¢N)
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Using equation @ to construct (¥rv, — Yisn))? and retaining terms up to the second order, we
obtain

_ 1
(ZgTv3 — }/(¢N)) = Y<21>N> {6% + Z[(2(63 — 62)2 + K(6163 — 6162)} (13)

Using equation and computing expectations on both sides, we obtain the expressions for

E(e?), E(e?), E(eiej), E(eiey) Vi, j =1,2,3 within the framework of the design I, the MSE

)

of v, is
M (gTV3)I (¢N) {CICY<¢N + KQ(CI - C?)C§(<¢N) - K(Cl - C_:Q)pXY((j)N)OY((j)N)OX(qu)} (14)
Using equation and computing expectations on both sides, we obtain the expressions for

E(e?), E(e}), E(eiej), E(eiey) Vi, j=1,2,3 within the framework of the design II, the MSE

)

of Yy, is
— 1
— 2 2 2 2
M (yTVS)II = Y(quv) {C40Y(¢N) + ZK (G — C5)OX(¢N) - K(G— CS)pXY(¢N>CY(¢N>CX<¢N>} (15)

4.3. Optimum Mean Square errors of Yrvy, Yrvys Yrvy

Differentiating equation w.r.t. a; and equating it to zero

d 1 a\?2 a
doy [ (¢N) {Cl Y(¢N) 1 (alﬁ> (G- C3)C>2((¢N) + alﬁ(gi’) - Cl)pYX(¢N)CY(¢N)CX(¢N)}:| =0
2h Cvigm
— 1 = pYX(d)N) CX( = M1 (opt)I

N)
When the optimum value of oy (that i 18,01 (opt) 7) is substituted into equation , the resulting

minimum MSE for gz, :

M (gTVI)(Opt)I (qu) {Cl - (Cl - C3)P%/X(¢N)} 032/(¢>N) (16)

Differentiating equation @ w.r.t. oy for equating it to zero

d 1 a
da [ (6N) {C4 Y(onN) 1( ) (€3+C4) X (4N (alﬁ) C4pYX(¢N)CY(¢N>CX<¢N)}] =0

2h 7@ Pyx CY(M) = (1 (opt)II
a G+ G N Cx(qw) v

When the optimum value of a; (that is,aq(opt)77) s substituted into equation @[), the re-

— Q1 =

sulting minimum MSE for gz, :

_ G 2
M (yTVl)(opt)H ¢N> {C“ G j Ca ’OYX<¢N } CY(¢N) (a7)

Differentiating equation w.r.t. as and equating it to zero

d 1 a2 a
day [ () {Cl Yen T4 (OQE> (G = G)CA X(pN) (azﬁ) (G _CQ)pYX<¢N>CY<¢N>CX<¢N)H =0
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2h Criom

== Q9 = pYX(¢N) Cx
(¢

= Q2(opt)I
N)
When the optimum value of ap (that is,cg(opt)7) is substituted into equation , the resulting

minimum MSE for §zy,:

M (gTVQ)(Opt)] Y(izv) {C - (<2 - C3)pgfx(¢N)} 012/(¢N) (18)

Differentiating equation w.r.t. as and equating it to zero
d 1 a
das [ @) {<4 Yo T 1 ( ) (Gt GICX X(on) <a2ﬁ> C5PYX(<J>JV>CYCXH =0

hipYX CY(¢N) = Q2(opt)IT
G+ G Ok (opt)

When the optimum value of ao (that 18,009 (opt) 77) is substituted into equation , the

— Q9 =

resulting minimum MSE for §r,:

_ ¢2 2
M (yTVQ)(Opt) (¢>N) {<4 - G _i G pYX(¢N) } Cy(¢N) (19)

Differentiating equation w.r.t. as and equating it to zero

d 1 a2 a
das [ (&N {C1 Yeon) Z (Oésh) (¢ — &)CF Xony) (a;;E) (G _<2)pYX(¢N)CY(¢N)CX(¢N)}:| =0

2h Cvormy
= Oé3 pYX(¢N) C a3(opt)[
X(gN)

When the optimum value of «ag (that 18,0i3(opt) 1) is substituted into equation , the

resulting minimum MSE for gzy,:
— 2 2 2
M (yTVB)(opt)I Y¢N) {C — (G- C2)pYX(¢N)} Cy(qw) (20)

Differentiating equation w.r.t. ag and equating it to zero

d 9 9 1 a\? a
dos [wi) {C4CY(¢>N) T3 <a3ﬁ> (G = G)CS X (o) (O‘3ﬁ) (= C5)pyx<¢N)CY<¢N)CX<¢N>H =0

Cy.
Yon) _
— a3 = pYX(¢N) Cx( ) = Q3(opt)IT
N

When the optimum value of a3 (that is,a3(opt)7r) is substituted into equation , the resulting

minimum MSE for §zy,:

M (gTvg)(Opt)II YiN) {C - (C4 - C5)p3fx(¢]\,)} Cx%(qw) (21)
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5. Efficiency Comparison

This section explains and demonstrates, both in theory and practice, how the suggested
imputation methods work and how their results compare to the adapted neutrosophic mean,

ratio, and compromised methods discussed in Section

5.1. Theoretical Study

This section breaks down and explains, in an approachable way, how the recommended
methods work and how their results measure up against the methods discussed earlier in Sec-

tion 3| Theoretical comparisons under desihn I and II are given as

Comparison with adapted neutrosophic mean method:
(1)

Dy = M(QT((/;N)) -M (gTVl)(opt)I = }7(1]\,) {C& + (Cl - <3>p?fx<¢N) } C‘%(q;N) >0

_ 1 1 ¢?
/o — — _ 2 2 2
1r = M(Yryny) — M (yTVI)(opt)I] = Yom [N—n’ T (@ :sz) pyxwm] CY<¢N) 20

So, the proposed estimator yry, is better than Urisny under both the designs.

(2)
Dy, = M(gjr(¢N)) - M (.@Tvz)(opt)[ = Y(izv) {CB + (G — C3)p3’x(¢N) } Cy 20

Yion) =
2r = M \Ureeny Yrva)optyrr = Yem | N 0 T N Gt i) P xem | Grom =

So, the proposed estimator yry, is better than Ur (4> under both the designs.

(3)

Ds, = M@r(¢w>) - M (gTVB)(opt)I = }7(35]\,) {Cg + (Cl - C2)pgfx(¢N) } C? >0

Yien) —

- 1 1 1 1
/o — — _ 2 2 2
3r — M(yr(w\’)) - M (yTVB)(opt)II =Y [N —n N + <7“ o n) pYX(¢N)} CY(¢N) =0

So, the proposed estimator yry, is better than Urisnyo under both the designs.
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Comparison with adapted neutrosophic ratio method:
(1)
Dypar =M (gRAT(¢N)> -M (Z?Tvl)(opt)l
= Y(im {C303(¢N) + (G = G)(Cxgny = Prxign CY<¢N))2 — (G- C3)p3x(¢w>} >0
Digar =M (yRAT(¢N)> - M (gTvl)(opt)II

2 1 1 2 2 2
YWN {(N—n’ o N) CY(d:N) +(G - C2>(CX(¢N) o pYX(d>N)CY(d>N)> T (Cs—i—(s Gt CQ) ¢N)CY(¢N)}
>0

So, the proposed adapted neutrosophic estimator g7y, is more effective than 35 AT

with respect to both designs.

(2)
Dorar = M <gRAT(¢N)> -M (gTVQ) (opt)I

= Y(iN) {<3 Y(sn) + (G — Cz)(cx(¢N) - pYX(¢N)CY(¢N))2 — (26— G — Cs)pgfx(¢N)C§(¢N)} >0
When 2¢, < (; - %)
Dhgar = M (gRAT((pN)) - M (QTVQ)(opt)H

1 1 ¢2
2 2 2 5 2 2
= Yiom { (N —n N> Ciomy T (0= G Cx gy = Prxgem Criom ) + <€4 TG+ g5> pYmeCYwN)}

>0

C2
When ¢, > ﬁ

So, the proposed adapted neutrosophic estimator gy, is effective than g ATy with

respect to both designs.

(3)
_ _ 2
D3gar = M (yRAT(¢N)>_M (yTV3)(0pt)I (¢N) {Cd Yion) + (G — CQ)(CX(¢N) - PYX(¢N)CY(¢N)) } >0

Dypar = M (QRAT(¢N>> -M (QTV:s)(opt)H

1 1
2 2 2
= Y(¢N) { <N T N> CY(<Z>N) + (G — CQ)(CX(¢N) - pYX(¢N)CY(¢N)) } >0

So, the proposed adapted neutrosophic estimator yry, is more effective than g ATy

with respect to both designs.
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Comparison with adapted neutrosophic compromised method:
(1)

_ = 2 2 2 2
chomp =M (yComp(¢N)) - M (yTVI)(opt)I }/(¢N) {C CY(qu) o (Cl - <2)pyx(de)C(Y(dﬂV)} >0
llcomp =M (gcomp(¢N)> -M (gTVl)(opt)II
1 1 ¢?
2 - 2 _ _ _ 4 2 2
Y(¢N) { (N — N> CY(¢N) (Cl G G+ 4) 'OYX(¢N)CY(¢N)} >0

2 2
When (N n 7) CY(¢N> (gl G- C3+<4) pYX<¢N) CY(an)

So, the proposed adapted neutrosophic estimator #ry, is more effective than

Ycompyn) with respect to both designs.

(2)

= = 2 2
]D2comp =M (yComp<¢N))_M (yTVQ)(opt)I (¢N) {CB YonN) (2C2 G- <3)'OYX(¢>N)CY(¢>N)} >0

, _ _
2comp — M (yC0mp(¢N)) -M (yTV2)(opt)II

1 1 ¢
2 2 5 2 2
= Yion {(N —n > Ciom ~ (Cl ahe Co + ) YX(¢N>CY<¢N>} >0

So, the proposed adapted neutrosophic estimator gy, is more effective than yc.om, (on)

with respect to both designs.

(3)

]D)3comp =M (gComp(¢N)> - M (gTVB)(opt) (¢N)C3 YionN) >0

1 1
_ _ 2 2
Seomp = M (ycompw)) = M (Frva) (opiyrr = Yeom <N_n/ - N) Cyomy > 0

So, the proposed estimator yry, is better than yc,m, (on)”

5.2. Empirical Study

This comprehensive study’s objective is to examine and compare the proposed imputation
methods with various adapted Neutrosophic imputation methods for calculating the population
mean in the framework of Neutrosophic two-phase sampling. In order to achieve this, we se-
lected actual data from the publicly accessible website ”https://data.gov.in/resource/seasonal-
and-annual-minimum-maximum-temperatureseries-1901-2019.” The dataset contains compre-
hensive information on the seasonal and annual temperatures of all of India, including the
mean, maximum, and minimum temperatures over an extended period of time.

Dataset descriptions are provided in Table . For Data A, the minimum and maximum

Alia A. Alkhathami, Salemah A. Almutlak, Showkat Ahmad lone, Vinay Kumar Yadav,
Inferential Study using Neutrosophic Imputation Techniques in Two-Phase Sampling




Neutrosophic Sets and Systems, Vol. 96, 2026 279

recorded temperatures in the months of January and February are represented by the auxil-
iary variable X4xn and the minimum and maximum recorded temperatures in the months from
March to May are taken as the study variable Yyy. For Data B, minimum and maximum
temperatures from June to September are represented by the auxiliary variable X4y, while
the study variable Yy represents the minimum and maximum temperatures recorded in the
months from October to December.

MSEs of the adapted and proposed estimators are calculated under designs I & II, and are
presented in Tables & respectively. Sample size at first stage is taken as n’ = 50 and
the sample sizes at stage two are taken as n = 18,22 with number of responding units taken
as r = 14,15,16 & 16,17, 18, 19 respectively.

We calculate how efficient our proposed and adapted neutrosophic estimators are compared
to the one based on the adapted neutrosophic mean imputation method. These percentage
relative efficiencies (PRESs) are shown in Tables [4] and [5]. The formula used for calculating

PREs of estimators is given as

MSE(3,
PRE(t) = A“(%g’)fv)) % 100

Where ¢ = Yraron)s Yoompsn)s gTvl(Ua gTV1(11)7 gTV2(1)7 QT\/Q(”), QTV3<I>7 Zijgul)

TABLE 1. Descriptive statistics of the Data A and Data B

Data A Data B
Parameter Neutrosophic Value @ Neutrosophic Value
N [119,119] [119,119]
n’ [50,50] [50,50]
n [18,18] , [22,22] [18,18] , [22,22]
17(¢N) [20.69370, 31.55933] [16.58437, 27.23613]
X(¢N) [13.90807, 24.67370] [23.30966, 31.21807]

Cyiony [0.02657039, 0.02539073] [0.03440212, 0.02580739]
Cx o) [0.04133301, 0.03918572] [0.01435458, 0.01423702]
PY X (4 [0.6273783, 0.7201808] [0.6737446, 0.7504361]

6. Conclusion

This study confirms the validity of neutrosophic imputation techniques in two-stage sam-
pling, particularly for imprecise, fuzzy, or outlier-vulnerable data instances. Compared to
conventional statistical techniques that are more exact-auxiliary-data-dependent and data-
error-sensitive, neutrosophic techniques provide a strong framework capable of dealing with
uncertainty and indeterminacy in both the main and auxiliary sources of data.
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TABLE 2. Mean Square Error of the Neutrosophic Estimators under Design I.
Data MSEs
A N n' n Yrpn) YRAT(4nN) Ycomp (g YTvi(qy YTva(ry YTVa(1y
119 50 18 14 [0.0191, 0.0405] [0.0213, 0.0421] [0.0172, 0.0352] [0.0108, 0.0198]  [0.0127, 0.0250]  [0.0137, 0.0277]
15 [0.0176, 0.0374]  [0.0192, 0.0385] [0.0163, 0.0337]  [0.0099, 0.0183] [0.0113, 0.0220] [0.0128, 0.0263]
16 [0.0164, 0.0347] [0.0173, 0.0354] [0.0155, 0.0324]  [0.0092, 0.0170] [0.0100, 0.0193] [0.0120, 0.0250]
22 16 [0.0164, 0.0347] [0.0188, 0.0365] [0.0143, 0.0201]  [0.0092, 0.0170]  [0.0112, 0.0227]  [0.0108, 0.0216)
17 [0.0152, 0.0324] [0.0171, 0.0337]  [0.0137, 0.0279]  [0.0085, 0.0159]  [0.0101, 0.0203]  [0.0101, 0.0205]
18 [0.0143, 0.0303]  [0.0157, 0.0313]  [0.0131, 0.0269]  [0.0079, 0.0149]  [0.0091, 0.0182]  [0.0095, 0.0195]
19 [0.0134, 0.0284]  [0.0144, 0.0291] [0.0125, 0.0260] [0.0074, 0.0139]  [0.0082, 0.0163]  [0.0090, 0.0186]
B
119 50 18 14 [0.0205, 0.0311] [0.0185, 0.0270] [0.0182, 0.0267] [0.0109, 0.0143] [0.0132, 0.0187] [0.0144, 0.0210]
15 [0.0190, 0.0288] [0.0176, 0.0259]  [0.0173, 0.0257] [0.0100, 0.0133]  [0.0117, 0.0164]  [0.0135, 0.0200]
16 [0.0176, 0.0267] [0.0167, 0.0249]  [0.0166, 0.0248] ~ [0.0093, 0.0124] [0.0103, 0.0143]  [0.0128, 0.0191]
22 16 [0.0176, 0.0267] [0.0155, 0.0223] [0.0151, 0.0220]  [0.0093, 0.0124] [0.0118, 0.0171] [0.0113, 0.0163]
17 [0.0164, 0.0249] [0.0147, 0.0215] [0.0144, 0.0212] [0.0086, 0.0116] [0.0106, 0.0153]  [0.0107, 0.0155]
18 [0.0153, 0.0233]  [0.0141, 0.0207] [0.0139, 0.0205] [0.0080, 0.0109]  [0.0095, 0.0137]  [0.0101, 0.0148]
19 [0.0144, 0.0219] [0.0135, 0.0200]  [0.0133, 0.0199]  [0.0075, 0.0103]  [0.0086, 0.0123]  [0.0096, 0.0141]
TABLE 3. Mean Square Error of the Neutrosophic Estimators under Design II.
Data MSEs
A N n n or YTVi(iny YTV YTVa(1ry
119 50 18 14 [0.0116, 0.0208] [0.0134, 0.0259] [0.0153, 0.0313]
15 [0.0107, 0.0193]  [0.0120, 0.0228]  [0.0145, 0.0298]
16 [0.0099, 0.0179]  [0.0107, 0.0202]  [0.0137, 0.0285]
22 16 [0.0099, 0.0179]  [0.0118, 0.0233]  [0.0125, 0.0251]
17 [0.0092, 0.0168] [0.0107, 0.0210]  [0.0118, 0.0240]
18 [0.0086, 0.0157]  [0.0097, 0.0189]  [0.0112, 0.0230]
19 [0.0081, 0.0147]  [0.0088, 0.0170]  [0.0107, 0.0221]
B
119 50 18 14 [0.0115, 0.0150] [0.0138, 0.0192] [0.0162, 0.0237]
15 [0.0107, 0.0139] [0.0123, 0.0169]  [0.0153, 0.0227]
16 [0.0099, 0.0130]  [0.0109, 0.0148]  [0.0146, 0.0218]
22 16 [0.0099, 0.0130]  [0.0123, 0.0175]  [0.0131, 0.0190]
17 [0.0092, 0.0121]  [0.0111, 0.0156]  [0.0125, 0.0182]
18 [0.0086, 0.0114]  [0.0100, 0.0140]  [0.0119, 0.0175]
19 [0.0081, 0.0107] [0.0091, 0.0126]  [0.0114, 0.0168]
TABLE 4. Percent Relative Efficiencies (PREs) of the Neutrosophic Estimators
under Design I.
Data PREs
A N n' n r YRAT(4n) Ycompen) Y1vi(r) ITvo(r Y1vy(r)
119 50 18 14 [89.6714, 96.1995] [111.0465, 115.0568]  [176.8519, 204.5455]  [150.3937, 162.0000]  [139.4161, 146.2094]
15 [91.6667, 97.1429] [107.9755, 110.9792]  [177.7778, 204.3716]  [155.7522, 170.0000]  [137.5000, 142.2053]
16 [94.7977, 98.0226] [105.8065, 107.0988]  [178.2609, 204.1176]  [164.0000, 179.7927]  [136.6667, 138.8000]
22 16 [87.2340, 95.0685] [114.6853, 119.2440] [178.2609, 204.1176] [146.4286, 152.8634] [151.8519, 160.6481]
17 [88.8889, 96.1424] [110.9489, 116.1290]  [178.8235, 203.7736]  [150.4950, 159.6059]  [150.4950, 158.0488]
18 [91.0828, 96.8051] [109.1603, 112.6394]  [181.0127, 203.3557]  [157.1429, 166.4835] [150.5263, 155.3846]
19 [93.0556, 97.5945] [107.2000, 109.2308]  [181.0811, 204.3165] [163.4146, 174.2331]  [148.8889, 152.6882]
B
119 50 18 14 [110.8108, 115.1852] [112.6374, 116.4794] [188.0734, 217.4825] [155.3030, 166.3102] [142.3611, 148.0952]
15 [107.9545, 111.1969]  [109.8266, 112.0623]  [190.0000, 216.5414]  [162.3932, 175.6098]  [140.7407, 144.0000]
16  [105.3892, 107.2289] [106.0241, 107.6613]  [189.2473, 215.3226]  [170.8738, 186.7133]  [137.5000, 139.7906]
22 16 [113.5484, 119.7309] [116.5563, 121.3636] [189.2473, 215.3226] [149.1525, 156.1404] [155.7522, 163.8037]
17  [111.5646, 115.8140] [113.8889, 117.4528] [190.6977, 214.6552] [154.7170, 162.7451] [153.2710, 160.6452]
18 [108.5106, 112.5604] [110.0719, 113.6585] [191.2500, 213.7615] [161.0526, 170.0730]  [151.4851, 157.4324]
19  [106.6667, 109.5000] [108.2707, 110.0503]  [192.0000, 212.6214] [167.4419, 178.0488] [150.0000, 155.3191]
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TABLE 5. Percent Relative Efficiencies (PRESs) of the Neutrosophic Estimators

under Design II.

Data PREs

A N »n' n =r ITVi(1n ITVa(r1) YTV
119 50 18 14 [164.6552, 194.7115] [142.5373, 156.3707] [124.8366, 129.3930]
15 [164.4860, 193.7824] [146.6667, 164.0351] [121.3793, 125.5034]
16 [165.6566, 193.8547] [153.2710, 171.7822] [119.7080, 121.7544]
22 16 [165.6566, 193.8547] [138.9831, 148.9270] [131.2000, 138.2470]
17 [165.2174, 192.8571] [142.0561, 154.2857] [128.8136, 135.0000]
18  [166.2791, 192.9936] [147.4227, 160.3175] [127.6786, 131.7391]
19  [165.4321, 193.1973] [152.2727, 167.0588] [125.2336, 128.5068]

B

119 50 18 14 [178.2609, 207.3333] [148.5507, 161.9792] [126.5432, 131.2236]
15 [177.5701, 207.1942] [154.4715, 170.4142] [124.1830, 126.8722]
16 [177.7778, 205.3846] [161.4679, 180.4054] [120.5479, 122.4771]
22 16 [177.7778, 205.3846] [143.0894, 152.5714] [134.3511, 140.5263]
17 [178.2609, 205.7851] [147.7477, 159.6154] [131.2000, 136.8132]
18  [177.9070, 204.3860] [153.0000, 166.4286] [128.5714, 133.1429]
19 [177.7778, 204.6729] [158.2418, 173.8095] [126.3158, 130.3571]

By constructing novel imputation methods for exponential-logarithmic-type estimators, the

study demonstrates that the neutrosophic estimators can yield interval-based estimates, which

present a more accurate estimate of the population mean. Theoretical results confirm that

such estimators possess virtues such as reduced bias and minimum mean square error under

large sample approximations.

Empirical comparisons with actual datasets further confirm the practical merits of the neu-

trosophic approach, being more robust and reliable compared to traditional estimators. The

synthesis of existing imputation methods under the neutrosophic statistical paradigm broad-

ens inference potentialities, allowing for superior data imperfection management. Overall, the

findings highlight that neutrosophic imputation techniques are a robust and versatile tool for

statistical estimation in complex, uncertain data settings.
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Abstract: This paper introduces an efficient algorithm for detecting bridges in Bijective
neutrosophic graphs, an emerging approach in handling uncertainty in complex systems such
as medical diagnostics. The algorithm identifies T-bridges, I- bridges and F-bridges in
neutrosophic graphs, and incorporates a de neutrosophication method using score function to
find neutrosophic bridges when needed. The application of the algorithm to cancer diagnosis
is explored, demonstrating its potential to enhance disease identification and treatment
planning based on symptoms. The result suggest that this method can improve the accuracy
of medical decision- making in uncertain environments, thereby offering a promising tool for
healthcare analysis. By providing a more precise understanding of medical data, this
approach has the potential to optimize diagnostic processes and treatment strategies in
uncertain and indeterminate contexts.

Keywords: Neutrosophic Graph; Bijective Neutrosophic graph; T-bridge, I-bridge, F-
bridge; and Neutrosophic Bridge.

1. Introduction

Graph theory has emerged as a powerful mathematical tool for modeling complex
systems in various domains, including biology, computer science, and medicine. Among its
numerous applications, the analysis of graph structures offers valuable insights into the
connectivity and critical components of networks. In this context, bridge detection plays a

significant role in identifying the most sensitive or pivotal connections whose removal may
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fragment the graph. To address the limitations of classical graph models in handling
uncertainty, incompleteness and inconsistency inherent in real world data- particularly in
medical diagnostics- the concept of neutrosophic graphs has gained traction. These graphs
extend fuzzy and intuitionistic fuzzy models by incorporating degrees of truth,
indeterminacy, and falsity. A further advancement, bijective neutrosophic graphs, ensures a
one to one correspondence between graph elements, offering a more precise and structured
representation of data. Akram, M et. al [1] introduced the concept of operations on Single
Valued Neutrosophic Graphs (SVN-graphs) in 2017 Beaula Thangaraj et al. [2—4]
contributed significantly to the field by applying various fuzzy numbers and ranking methods
to solve critical path problems, exemplifying the expanding application of fuzzy logic in
optimization and decision-making. It is important to acknowledge Broumi, S et al[5-6]
studies about single valued neutrosophic graph in 2016. Further this concept take its shape
as neutrosophic labelling graph in 2019, which was introduced by Gomathi et.al [7].
A.Hassan et.al [8] studied about single valued trees in 2018. Muthuraj et.al[9] studied about
multi fuzzy graph in 2020. Rajalaxmi D et.al[10-11] studied about metric in fuzzy labeling
graph and Bijective single valued in highlighting their structural properties and potential
applications. Vijaya et al[12,13] have shaped the advancements of Neutrosophic graphs in
find the solution of Decision making problem and critical path problems by using
Pythagorean Fuzzy numbers and Neutrosophic Fuzzy numbers. Ye, J.,[14-15]studied Single-
Valued Neutrosophic Minimum Spanning Tree in 2014. Finally, the pioneering work of
Zadeh, L. [16] in 1965, who introduced the concept of fuzzy sets, laid the groundwork for
the entire field of fuzzy and neutrosophic mathematics that followed.

An algorithmic method for detecting bridges in bijective neutrosophic graphs is
presented in this article, with a focus on its use in the diagnosis of cancer. In addition to
improving structural analysis of intricate networks, the algorithm offers a useful tool that can
be applied to a range of real-world issues. The suggested techniques seek to assist oncology's
early detection, risk assessment, and strategic intervention planning by locating important
pathways or interactions in biological networks linked to cancer. Through this study, we
show how algorithmic approaches and mathematical abstraction can greatly advance medical
research and decision-making.

The neutrosophic framework permits the simultaneous representation of truth,
indeterminacy, and falsity, the neutrosophic framework is especially useful in this situation.
Incomplete, ambiguous, or contradicting information is frequently present in biological and
medical networks, particularly those pertaining to the diagnosis of cancer. The ability of
fuzzy graph models and even classical graph theory to handle such uncertainties is
constrained. The suggested approach more successfully captures several aspects of
uncertainty by using bijective neutrosophic graphs, producing robust analysis and more
trustworthy results. This makes the neutrosophic approach especially important in advancing
medical research and decision-making processes where ambiguity is inherent.

2. Preliminaries:
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Definition 2.1[7]: A neutrosophic graph is of the form G = (V, o,u ) where o = (T, 11, F1)
and p =(T2, I, F2) (1) V={v1,v2,v3, -, va} suchthat Ti: V— [0, 1],11: V— [0, 1] and
Fi1:V — [0, 1] denote the degree of truth-membership function, indeterminacy-membership
function and falsity-membership function of the vertex vi € V respectively, and 0 <Ti (v) +
L(v)+tFi(v)<3VvieV(=1,2,3...n).
() T2: VxV —>][0,1],L: VXV —> [0,1]and F2: V xV — [0, 1], where Tz(vi, vj) ,
I2(vi, vj) and Fa(v i, vj) denote the degree of truth-membership function, indeterminacy
membership function and falsity-membership function of the edge (v i, vj) respectively such
that for every (vi, vj), T2 (vi, vj) < min {Ti(vi), Ti(vj)}, Iz (vi, vj) < min {Li(vi), Li(vj)},
F2 (vi, vi) <max {F1 (vi), Fi(vj)}, and 0 < Ta(vi, vj) + La(vi, vj) + Fa(vi, vj) <3.

Definition 2.2
A neutrosophic graph is said to be a bijective neutrosophic graph if

o, V—=>[0l1],0,:V—>[0l],0, :V =>[01], 1, :VxV =>[01], g, : V' xV =>[0,1], . :V xV —[0,1]

are bijective, such that the truth- membership function, Indeterminacy-membership function
and Falsity- membership functions for every edge

uy (u,v)<min (o, (u), o;(v))

4, (u,v)<min (o, (v), o,(v))

Up(u,v)<max (o, (u), o (v))and 0< g (u,v)+p, (u,v)+ g (u,v) <3

(0.48, 0.75.0.86) v e1(0.32,048,0.80)  v2(0.80.0.52,0.50)
*

€5(0.42. 0.13, 0.49)

(0.27.0.60,0.52) e4
€2(0.70,0.35, 0.40)

L
(0.72,0.81, 0.48) vy e3(0.60,0.22, 0.20) v (0.90, 0.50, 0.30)

Figure 1:Bijective Neutrosophic Graph
Definition :2.3
The strength of the path with n edges is defined as S(P) = (S(P1), S(P2), S(P3)) where
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S(P)= A gty (1), S(P) = Aty (u,v) , S(Ps) = ARCRY

i-1

Definition :2.4
Let G be a Bijective neutrosophic graph. The connected between any two vertices 1s defined

by  u"(w,v)=(ur W), 1) W), iz (u,v)) - where g (u,v) = Max(S(Py)),

i (u,v) =Max(S(P2)), w1 (u,v)=Min(S(P3))

Definition:2.5
Let G be a bijective neurtosophic graph. An edge of G is said to T-bridge

if 1w, v) < (u,v)
where 1, (u,v)is the connectedness between u and v by removing any edge.
An edge of G is said to [-bridge

it v)<p;” ()
where 1, (u,v)is the connectedness between u and v by removing any edge.
An edge of G is said to F-bridge

it uv) > . ()

where 1. (u,v)is the connectedness between u and v by removing any edge.

Definition: 2.6
An edge of G is said to be a neutrosophic bridge if it is T- bridge, I-bridge and F- bridge.
3. An Algorithm for finding the bridges of any bijective neutrosophic graph

Input: A bijective neutrosophic graph G = (V, E, T, I, F), where each edge has associated
truth-membership T, indeterminacy-membership I, and falsity-membership F.
Output: Classification of each bridge as T-Bridge, I-Bridge, or F-Bridge.

Step 1: Begin with a bijective neutrosophic graph G. Select an arbitrary crisp cycle C*
consisting of n- edges, where n > 3

Step 2: If T- bridge or I- bridge of G are required, then identify an edge

ny =Appoor = Ay,

by considering all the edges of C* respectively.
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Step 3: Remove the identified edge n from G.

Step 4: Choose another cycle C* in G with any number of edges and repeat step 2 & step 3
until no such cycle remains in G.

Step 5: After removal of all n’s from G, the resulting graph comprises the T- bridges or I —
bridges of G respectively.

Step 6: If F- bridges is required for the chosen graph then find 7, = IZ,u -
i-1

by considering all the edges of C*.

Step 7: Repeat step 3 and step 4.

Step 8: Upon removal of all 7,.’s from the bijective neutrosophic graph G, the resulting

graph comprises the F- bridges of G.

The T- bridges and I- bridges are the strongest connections between the vertices in the graph
G and F — bridges is the weakest connections between the vertices in the graph G.

The resulting graph which is obtained is the T- maximum spanning sub graph or I- maximum
spanning sub graph of G. Also one can obtain the F-minimum spanning subgraph of G.

Example:3.1

vs(0.81.0.36.0.21)  5(0.59.0.34.0.20) v1(0.60.0.71.0.30)
L 4

e4(0.55.0.05.0.22
e5(0.80.0.36.0 21) €1(0.58.0.43.0.33)

e:(0.13,0.64,0.70)

v2(0.71,0.61.0.35)

L
v4(0.95.0.39.0.36)"  ;(0.15.028.067) v3(0.35.0.67.0.72)  2(0.33.0.47,0.25)

Figure 2:Bijective neutrosophic graph

Let us find the T- bridges of the above figure 2 by Considering the cycle Ci* = vi,,v3,v4,vs,vi
of length 4.

Here ni=min(0.13, 0.15, 0.80, 0.59)

ni=0.13
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vs(0.81,0.36,021)  e5(0.59.0.34.0.20) v1(0.60.0.71.0.30)
|

€4(0.55.0.05.0.22)
e5(0.80.0.36,0 21) e1(0.58.0.43.0.33)

e-(0.13.0.64.0.70)

v2(0.71,0.61.0.35)

e
v4(0.95.0.39.036)"  ¢;(0.15.028.067) v3(035.067.072) €2(0.33,0.47,0.25)
Figure 3

In the above figure 3 edge e7 with 0.13 truth membership value has to be removed from G.

Let the next cycle be C2* = vi,v4,vs,v1 of length 3.
Here n2=min(0.55, 0.80, 0.59)
ne2=0.55

vs(0.81,036,0.21)  ¢4(0.59.0.34.0.20) v1(0.60.0.71.0.30)
L

e4(0.55,0.05,0.22
¢4(0.80.0.36,021) e1(0.58,0.43,0.33)

v2(0.71.0.61.0.35)

&
v4(0.95.0.39.0.36)"  ,(015028067) +;(0.35.067.072) ©20.33.0.47.0.25)

Figure 4
Clearly in the above figure 4 the edge es4 with 0.55 truth membership value has to be removed
from G. So Let the next cycle be C3* = vi,v2,v3,va,vs,v1 of length 5.
Here 1n3= min(0.58, 0.33, 0.15, 0.80, 0.59)
ns=0.15
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vs(0.81.0.36.021)  &5(0.59.0.34.0.20) v1(0.60.0.71.0.30)
L

5(0.80.0.36.0.21) €1(0.58.0.43,0.33)

v2(0.71,0.61,0.35)

o o
v4(0-95.0.35.0.36)"  ¢4(0.15.0.28,0.67)  v:(0.35,0.67.0.72)  2(0.33.0.47.0.25)

Figure 5
Clearly in the above figure 5 the edge es with 0.15 as truth membership value has to be
removed from G. Since no cycles remains after the removal of edges, the following resulting
graph represents all the T-Bridges of G

vs(0.81.0.36.021)  &5(0.59,0.34.0.20) v1(0.60.0.71.0.30)
L

6(0.80.036.0.21) e1(0.58.0.43.0.33)

v2(0.71.0.61.0.35)

v4(0.95,0.39.0.36)" v;(o_?.io%?:o_?z) e2(0.33,0.47.0.25)

Figure 6: T-Bridges of G
Hence the T- Bridges of G are (v1,v2) , (v2,v3) , (v4,vs) and (vs,vi)
If the above algorithm is applied for Indeterminancy then the I- Bridge of G can be obtained.
Hence the I- Bridges of G are (v1,v3) , (V1,vs) , (v2,v3) and (v3,v4)
Similarly F-Bridges of G are (v1,vs) , (vi,v4) , (v1,v2) and (v2,v3).

In some practical situation if it is necessary to consider all the membership functions in the
same time then we can use score function to find the bridges of bijective neutrosophic graph.
Definition:[12]
The score function is defined as

o,(w)+o,(u)+o,(u
S(u) — T( ) [; ) F( )

The same algorithm can be used to find the bridges of the bijective neutrosophic graph after
find the score function for all the vertices and edges.
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Example: Now let us find the bridges of the graph given in figure after finding the score

function

S(vi) = or(v)+o,(v)+o-(v) _ 0.60+0.71+0.30 _
3 3

S(v2) =0.56, S(v3) = 0.58 and so on.

0.54

. ¥10.54
vs 0.46 o <038

e 0.45

va Q.57

-
e3 037 w3 0.58 ez 035

Figure 7
For finding the bridges of G let us first consider a cycle Ci* = vi,v2,v3,va,vs,vi of length 5.

; v10.54
Vs 0.46 o ©5 038

€ 045

v4 (0.57

e3 0.37 vi 0.58 ez (.35

Figure 8
Clearly the edge ez is to be removed as it has minimum value among the other edge values
in the considered cycle. Now let us choose another cycle  C2* = vi,v3,va,vs,vi of length 4.
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V10534

Vs 0.46 o 038

25 0.45

Vi 0.57
ez 037 vz .58

Figure 9
The above marked edge e3 is the next edge with minimum score value which has to be
removed next. Now consider another cycle C3* = vi,v4,vs,v1 of length 3.

: v10.54
vs 0.46 o ©:0.38

g5 0.45
V4 057 ] 0.58 v .56
: w3 0.5
Figure 10

Clearly if the above marked edge is removed, then the bridges of G are (vi,v2) , (V1,v3) ,
(va,vs) and (vs,v1).

Note: The score function is one of the methods of de neutrosophication. So score function
need not be bijective.

4. Applications

Now, Let’s use the above discussed algorithm to find a better diagnosis for cancer. Let’s
consider a specific case in which we have a patient with the more or less equal symptoms of
Inflammation of Gastrointestinal Tract (GT), Chronic Cough(C) and Fatigue(F).i.e. As per
the data, he exhibits 48% of the typical symptoms associated with Inflammation of
Gastrointestinal Tract, 40% clinical symptoms for chronic cough and 42% of Fatigue.
And we suspect that the patient might be suffering from Colorectal Cancer(CRC), Lung
Cancer(LC), Tuberculosis(TB) and Inflammatory Bowel Disease(IBD).i.e. There is
approximately equal chance for him to suffer from all the above mentioned disease. In
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detail, clinical data suggests that there is 55% likelihood for him to suffer from CRC,
52% to present with Lung cancer, 45% exhibits Tuberculosis and 50% chance to
experience IBD.But still we need a better diagnostic approach to enhance a safe and effective
treatment outcomes by reducing side effects. In this Crucial case, Neutrosophic Graph
ensures effective Cancer-focused framework since fatigue is one of the most common seen
symptoms for many types of cancer,it helps to capture indeterminacy value for better
diagnosis. In our use case, it is significant to highlight that 39% of fatigue could linked to
Colorectal Cancer (CRC), 38% manifests Lung cancer(LC), there is 31% and 34%
probability that fatigue could cause TB and IBD respectively. Therefore, Bijective
NeutrosophicGraph lends us a helping hand since the given patient data is more accurate. It
is also necessary to recall that the bridges are the crucial links that would helps to find the
underlying issue. Finally, we can say that the Bijective Neutrosophic Graph arise as a
natural response to this particular use case. To construct a Bijective Neutrosophic Framework
for this cancer diagnosis, let’s take the symptoms and suspected diseases as vertices.
Membership value for vertices:
1. Truth membership value(T) ensure the degree of confirmed occurrence of
symptoms/diseases,

2. Indeterminacy value(I) tells us the uncertainty due to conflict reports or incomplete data
and

3. Falsity-membership value(F) ensure the degree of belief that there is no such occurrence
exists.

Edges represent the relations such as symptoms correlation, biological contact, cooccurrence
of diseases etc., It is always necessary to consider Symptom-Symptom relationships, since it
adds a deeper layer for medical insight especially when symptoms Co-occurrence, contradict
occurs. Similarly, we need to consider Disease-Disease relationship, as in many cases one or
more disease appears together. In Particular, since liver and lungs are the most common sites
for colorectal cancer, there is a possibility that 18% of patients affected with Colorectal
Cancer(CRC) may be presents with lung cancer. Therefore, it becomes significant to consider
disease-disease relationships to have a refined diagnostic perspective.(In our use case, there
is 50% chance of patient suffering from Colorectal cancer to get suffer from lung cancer as
per the clinical data).In addition to that, TB cannot directly cause lung cancer, but it can
increase the risk of developing lung cancer. Therefore, there is 35% likelihood of him to
develop lung cancer as per the patient’s data.
Membership value for edges:

1. Truth membership value (T) exhibits the degree of correlation. 2. Indeterminacy value (I)
tells the degree of uncertainty arises due to incomplete data (may be due to ongoing
investigation).3. Falsity value ensures the belief that no occurrence exists.

Analysis for cancer diagnosis:

It is significant to remember the following remarks to give membership values for the
disease-disease relations in the graphical representation for cancer diagnosis.
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1. Generally, Colorectal Cancer (CRC) does not cause tuberculosis (TB). It is almost
uncommon in most of the cases.

2. Tuberculosis (TB) is one of the risk factor for lung cancer.

Inflammation in Gastro intestinal tract (GT) in addition with the Inflammatory Bowl
Disease (IBD) provides a high risk factor for Colorectal Cancer (CRC). And this
relation is bidirectional.

4. There is high possibility for a person getting affected with Colorectal Cancer (CRC)
to get suffer with Lung cancer. Since Liver and lungs are the common sites for cancer
development.

Chronic cough(C) is one of the risk factors for lung cancer (LC), Tuberculosis (TB).

Fatigue (F) is one of the common symptoms for many of the cancers.

GT (P48,0.35,0.2

1,0.18,0.27)

(0.46,0.

TB (0'45\0.32,0.39)

(0.20,0.15,0.37

CRC (0.58,0
: (0.35,0.23,0.36)

Figure 11

Graphical representation of the Symptoms and Disease relations for cancer diagnosis

This research aims to determine the clinically significant disease amongst four
suspected ones, enabling the most prioritization of essential treatment interventions,
thereby optimising treatment outcomes by enhancing patient’s safety.
In pursuit of this goal, this work adopts the concept of “Bridges” for disease identification
and effective treatment. As the given clinical data is distinct, Bijective neutrosophic Bridges
shines here. Now, to achieve this objective, an algorithm to find the Bijective neutrosophic
Bridges serves as a catalyst to connect diagnostic precision with timely, ensured treatment
strategies.
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Using an algorithm,

C (0.40,0.28,0.20)

F (0.42,0.19,0.15)

GT (0.48,0.35,0.22)

(0.46,0.33,0.30)

IBD (0.50,0.16,0.17)

TB (0.45,0.32,0.39)

0.49,0.25,0.34
CRC (0.55,0.40,0.35) ( ) LC (0.52,0.38,0.29)

Figure:12 Graphical representation of T-bridges

(0.40,0.28,0.20)

24,0.14,0.19)
T F(0.42,0.19,0.15)

™~

IBD(0.50,0.16,0.17)

GT(0.46,0.33,0.30)
®

(0.46,0.33,0.30) (0.37,0.27,0.26)

(0.31,0.18,0.27)

RC(0.55,0.40,0.35)

(0.49,0.25,0.34)
LC(0.52,0.38,0.29) TB(0.45,0.32,0.39)

Figure: 13 Graphical representation of I-bridges
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C (0.40,0.28,0.20)

F (0.42,0.19,0.15)

GT (0.48,0.35,0.22) 0.37,0.27,0.26)

(0.38¢40.10,0.24)

(0.34,0.131,0.16)

0.24,0.14,0.19)

(0.47,0.13,0.2

° (0.41.0.11.0.23) IBD (0.50,0.16,0.17)
CRC (0.55,0.40,0.35)

LC (0.52,0.38,0.29) TB (0.45,0.32,0.39)

Figure:14 Graphical representation of F-bridges

T(0.48,0.35,0.22)

(0.46,0.33,0.30)

(0.43,0.20,0.28)

0.20,0.15,0.37)

82 4.38,0.29)
\ (0.35,0.23,0.36) TB(0.45,0.32,0.39)

Figure:15 Neutrosophic bridge
From this, we can ensure that Chronic Cough(C) to Tuberculosis(TB) is the crucial relation
in this representation.i.e) C-TB is the bridge(crucial relation) in this Bijective Neutrosophic
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graphical Framework. It can be concluded that, Although, there is chance of 55% that the
patient may be presented with Colorectal Cancer (CRC) and 50% likelihood of Inflammatory
Bowl disease (IBD), Tuberculosis(TB) is considered as the primary underlying condition. In
this context, the presence of Chronic cough (C) should be prioritized as the primary key
symptoms guiding further effective clinical assessment.

Hence, the diagnosis for tuberculosis is the enhanced and safe treatment for this scenario.

5. Conclusion:

A new concept of neutrosophic graph called Bijective neutrosophic graph has been
introduced in this paper. An algorithm has been proposed to effectively identify different
bridges of any Bijective neutrosophic graph. Due to this unique property of one to one
correspondence it finds its application in analysis of cancer detection where precision and
structural insights are crucial. Furthermore, by employing a de-neutrosophication function—
specifically the score function—the same algorithm can be extended to identify neutrosophic
bridges. However, certain limitations remain. The proposed approach is computationally
intensive for large-scale networks, and its effectiveness depends on the accuracy of assigned
neutrosophic membership values. Future work may focus on optimizing the algorithm,
validating it on larger datasets, and exploring broader applications.
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Abstract: Fuzzy sets, introduced by Lotfi A. Zadeh in 1965, have been widely used to solve real-
world problems involving uncertainty and ambiguous situations. However, traditional fuzzy sets
and interval-valued fuzzy sets are insufficient to fully capture uncertainty. To address this problem,
intuitionistic fuzzy sets and neutrosophic sets have been proposed. Neutrosophic sets, especially
neutrosophic soft sets, provide an effective framework for dealing with uncertain, conflicting, and
incomplete information, especially in medical decision making. In this study, a model for the
diagnosis of anemia is developed using the Neutrosophic Soft Set (NSS) method. The model scores
female patients according to age groups (15-44, 45-59, 60+) and several hematological parameters
such as hemoglobin level (Hb), hematocrit (Hct), mean corpuscular volume (MCV), serum iron
level, ferritin, and total iron binding capacity (TIBC). A more robust and accurate decision-making
process is created by assigning neutrosophic values to each parameter, including accuracy,
uncertainty, and inaccuracy values. Data for the model were obtained from patients treated in the
hematology clinic of a full-fledged hospital in Turkey. Smarandache stated that neutrosophic
clusters have a superior ability to deal with uncertainty, inconsistency, and missing data. This
approach offers significant advantages, especially in medical decision-making processes, where
uncertainty and contradiction are intense. Maji's method, based on the theory of neutrosophic soft
sets, has yielded effective results in increasing the accuracy and consistency of medical diagnoses.
Used in the diagnosis of anemia and similar diseases, this approach is a valuable tool in the
evaluation of uncertain data. This paper aims to provide a guide to the application of neutrosophic
soft sets in medical decision-making. It also highlights the potential of these approaches to improve
decision support systems in medical diagnostics and provides recommendations for future research.

Keywords: Neutrosophic Soft Sets; Anemia Diagnosis; Medical Decision-Making; Uncertainty
Management; Neutrosophic Set Theory

1. Introduction

Fuzzy sets, introduced by Lotfi A. Zadeh in 1965 [1], have been widely used to solve real-world
problems in uncertain and ambiguous situations. Traditional fuzzy sets are defined by a membership
value, but it is sometimes difficult to assign an exact membership. To address this, interval-valued
fuzzy sets have been introduced [2], which better capture uncertainty in membership. In problems
such as expert systems and belief systems, it is important to consider both the true and false
membership of an object to describe it accurately. However, traditional fuzzy sets and interval-valued
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fuzzy sets are not sufficient for this. Intuitionistic fuzzy sets, introduced by Atanassov [3], provide a
better solution by considering both truth-membership and falsity-membership. However, they still
struggle to deal with indeterminate or inconsistent information in belief systems. To further address
such challenges, Smarandache [4] introduced the concept of neutrosophic sets, a mathematical
approach designed to deal with problems involving unclear, uncertain, and contradictory data, thus
providing a more advanced tool for dealing with complex situations where both truth and falsity are
difficult to determine.

Medical decision-making often involves navigating complex and uncertain information.
Conditions such as overlapping symptoms, incomplete medical histories and variable patient
responses pose challenges for healthcare professionals. In this context, mathematical frameworks that
explicitly account for uncertainty and indeterminacy have received increasing attention. Among
these, neutrosophic soft sets have emerged as a promising tool.

Neutrosophic soft sets integrate two powerful theories: neutrosophy and soft set theory.
Neutrosophy, introduced by Florentin Smarandache [4], [5], [6], generalizes fuzzy logic by including
indeterminacy as an explicit component alongside truth and falsity. This framework is particularly
well suited to medical scenarios where uncertainty and vagueness are inherent. For example, a
patient's symptoms may only partially match the characteristics of a known disease, or test results
may be inconclusive.

Soft set theory, on the other hand, was developed by Molodtsov [7] to deal with uncertainty
through a parameterised approach. It describes objects that are characterized by attributes or
parameters, allowing flexibility in the definition of membership. This attribute-focused perspective
complements the generality of neutrosophy, making the combination of the two neutrosophic soft
sets an ideal candidate for dealing with diverse medical data.

Neutrosophic soft sets provide an effective way of representing medical data that contains
uncertainty and indeterminacy. For example, a patient's symptoms, laboratory results and medical
history can be encoded as a neutrosophic soft set. Here the parameters correspond to medical
attributes, and the value of each attribute is expressed as a triad of degrees of truth, indeterminacy
and falsity. This nuanced representation allows physicians to capture the complexity of medical data.
The diagnosis of a disease often involves analyzing incomplete or ambiguous patient data. By
encoding patient profiles as neutrosophic soft sets, healthcare professionals can employ algorithms
and similarity measures to compare these profiles with known disease patterns. The explicit inclusion
of indeterminacy enhances the robustness of these comparisons, accommodating cases where
traditional deterministic approaches might fail. Selecting an optimal treatment plan is a multifaceted
decision influenced by factors such as effectiveness, side effects, cost, and patient preferences.
Neutrosophic soft sets allow each treatment option to be evaluated as a multi-criteria entity. Decision-
makers can apply comparison methods within the neutrosophic framework to identify treatments
that best align with patient needs and medical priorities.

In recent years, soft set theory and its extensions have been increasingly utilized to address
uncertain and complex problems, particularly in the field of medical decision-making. Neutrosophic
set theory, as an advanced extension, has emerged as a powerful tool for managing uncertain,
ambiguous, and contradictory information in such processes. For example, the neutrosophic soft set
theory, applied using the Maji approach, has been used effectively to diagnose Type 2 diabetes
mellitus (DM2) by incorporating relevant variables, improving precision and consistency in decision
making [8]. Similarly, neutrosophic models have been applied to various medical decision-making
problems, highlighting their advantages in handling uncertainty [9]. Moreover, research on physician
selection utilizing neutrosophic multi-criteria decision-making methods has demonstrated its
practical utility in healthcare settings [10]. The application of single-valued neutrosophic sets for
similarity measures has further improved decision-making and pattern recognition processes [11].
Refined neutrosophic fuzzy logic has shown significant potential in managing ambiguous medical
data [12]. Additionally, a recommendation system based on algebraic neutrosophic measures has
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been developed to address incomplete or uncertain information effectively [13]. These studies
collectively underscore the growing interest in neutrosophic set theory and its expanding potential
to provide robust solutions in medical decision-making under uncertainty.

In this study, a model for anemia diagnosis is developed using the Neutrosophic Soft Set (NSS)
method, incorporating age groups and hematological parameters. The model evaluates In this study,
a model for anemia diagnosis is developed using the Neutrosophic Soft Set (NSS) method,
incorporating age groups and hematological parameters. The model evaluates female patients based
on their age groups (15--44, 45--59, 60+) and hematological parameters, such as hemoglobin (Hb)
level, hematocrit (Hct), mean corpuscular volume (MCV), serum iron level, ferritin, and total iron-
binding capacity (TIBC). Neutrosophic values (7,7, F) are assigned to facilitate the decision-making
process for diagnosis. The data used in the model are obtained from patients (pi, p2, Pz, P4, Ps) at
the hematology clinic of a large-scale, fully equipped hospital in Turkey. To the best of our
knowledge, this is the first study applying this method for anemia diagnosis.

The key advantages of the proposed method are highlighted below:

1) It effectively captures and represents both uncertainty and indeterminacy, providing a
robust framework for decision-making in complex scenarios;

2) The study offers a comprehensive resource for researchers interested in exploring this
methodology and its applications.

The structure of the paper is as follows: Section 2 provides an overview of neutrosophic sets.
Section 3 outlines the main steps of the NSS methodology. In Section 4, the application of the
proposed model to anemia diagnosis is demonstrated, and the results are discussed in detail. Finally,
Section 5 presents conclusions and directions for future research.

2. Neutrosophic Sets

Let ‘U be a universal set of objects, with each element denoted by u € U. For a subset B € U, the
membership functions related to truth, indeterminacy, and falsity are defined as T'g(u), Jg(u) and
Fg(u), respectively. These functions are expressed as follows:

Tp(w): U -]07, 1+, Tp(w): U -]0~, 1+, Fp(u): U »]0~, 1]
There are no restrictions on the sum of these functions. Hence:
0~ < supTg(uw) + supIg(u) + supFg(u) < 3*.

A subset B of U characterized by these functions is called a neutrosophic set (NS) and can be
represented as:

B = {(uiTB(u)lgB(u)JTB(u)):u S u}
In this definition, 0~ = 0 — & and 1* = 1 + & where € is a non-standard infinitesimal component.

For practical purposes in technical and engineering applications, the interval [0,1] is commonly
used instead of ]07,1*[ as the latter is challenging to apply in real-world scenarios. This adaptation
leads to the concept of simplified neutrosophic sets SNSs [14], where the membership functions are
redefined as:

Tp(w):U - [0,1], Ip(w):U - [0,1], Fg(w):U - [0,1].
An SNS can be written as:

B = {(u,Tp(w),Ip(w), Fg(w)):u € U}.
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Furthermore, let M represent a set of parameters and U be a universal set. If Ac M and
F:A - P(U) is amapping, the pair (F,A) is called a soft set (SS) over U [7]. Extending this concept,
a neutrosophic soft set (NSS) over U is defined as follows [15]:

Let F:A - P(U) and A S M. The pair (F,A) istermed a neutrosophic soft set if:
F(e) = {(n, -TF(e) m), gF(e) (n), Tp(e) (n)):n €U}, Ve € A.

Here, Tg(u), Jg(u) and Fp(u) represent the truth, indeterminacy, and falsity membership
functions for the parameter e.

The value-class of a Neutrosophic Soft Set (NSS) is defined as the collection of all value sets associated
with an NSS (F, M). This collection is denoted by C(F, A), and it is clear that C(F, M) €& P(U), where
P(U) represents the power set of the universal set U.

Consider two neutrosophic soft sets (F,A) and (J,B) over the universal set U, where 4,B S M
and A € B. If A is a subset of B then (F,A) is termed a neutrosophic soft subset of (J, B). This
relationship is denoted by (F,A) € (J,B), and it satisfies the following conditions for every
ecAdand neU:

Trey(M) < Tpey(n), Ipey() < Jpey(n), Frey(n) < Fyey(n).

The concept of neutrosophic soft subsets provides a foundation for comparing different
neutrosophic soft sets based on their respective membership functions. It ensures that the truth-
membership, indeterminacy-membership, and falsity-membership values of one soft set do not
exceed those of another within the subset relationship. This property is crucial for hierarchical
evaluations and applications where parameters and their relationships need to be consistently
structured. This framework is particularly valuable in decision-making scenarios, allowing the
representation of uncertainty, indeterminacy, and contradiction within a structured and
mathematically rigorous context.

3. Steps of the NSS Method

In this study, a model has been developed for the diagnosis of anemia using the Neutrosophic
Soft Set (NSS) method. The model allows for the evaluation of patients by considering age groups
and hematological parameters. Female patients are assessed based on their age groups (1544, 45-59,
60+) as well as hematological parameters such as hemoglobin (Hb) level, hematocrit (Hct), mean
corpuscular volume (MCV), serum iron levels, ferritin, and total iron-binding capacity (TIBC).
Neutrosophic values T,7 and F are assigned to simplify the diagnostic process. The data used in
the model were obtained from a large-scale, fully equipped hospital's hematology clinic in Turkey,
including patient data (p1, P2, D3, Par Ds)-

In this model, Maji's Neutrosophic Soft Set theory [15] and the algorithm proposed by Maji will
be used.

For the diagnosis of anemia, let there be n patients p;,py, ..., pn and m selection parameters
€1, €, -, €ém. For each selection parameter ¢; (j = 1,2,...,m), the evaluation or performance value of
patient p; (i = 1,2,...,n) is represented as a triplet:

tij = Treey @) Ir e @0 Frey (i),

where:

o Trep(@®i): The truth value representing the correct diagnosis of patient p; for
parameter e; (e.g., positive anemia diagnosis).
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o Jre)(@): The indeterminacy value representing the uncertainty in the diagnosis of
patient p; for parameter e;.

o Frep®i): The falsity value representing the incorrect diagnosis of patient p; for
parameter e; (e.g., negative anemia diagnosis).

For a fixed i, the values t;; (j = 1,2,...,m) represent the Neutrosophic Soft Set of all patients.
These performance values can be organized into a matrix known as the criteria matrix. As the
number of criteria increases, the suitability of a given patient for diagnosis also increases.

This study aims to identify the most suitable patient who dominates all others within the
spectrum of parameters e;, i.e., the patient with the highest accuracy and the lowest uncertainty in
terms of anemia diagnosis. However, as the data is not precise and involves Neutrosophic Soft Data,
direct selection is not possible.

The problem is to determine the most appropriate patient for anemia diagnosis based on the
selection parameters. For instance, one patient (p;) may be evaluated as having anemia under
certain parameters, while other patients (p,, ps,...., p,) may not satisfy the criteria. The selection
varies depending on each patient’s hematological parameters, age group, and other clinical factors.
In this study, a technique based on Neutrosophic Soft Sets has been employed to calculate the
performance scores of patients and facilitate the diagnosis process.

Comparison Matrix: A matrix where rows represent objects (p;, pz,..... Pn), and columns
correspond to parameters (e;, e,,...., €,). The entry €ij in the matrix is determined using the
formula:

cj=a+tb—c,

where:
‘a’ is the integer calculated as ‘how many times T, (e;) exceeds or equal to Ty, (e;)’, for p; # py, Vpr € U,
‘b’ is the integer calculated as "how many times I,,, (¢;) exceeds or equal to I, (¢;)’, for p; # py, Vp, € U,
‘¢’ is the integer ‘how many times F, (e;) exceeds or equal to F,, (e;)’, for p; # py, Vpi € U.

Object Score: The score of each object p;, denoted as S;, is calculated by summing the entries
of its corresponding row in the comparison matrix:
S; = Z Cij -
j
Algorithm for Optimal Object Selection:
1) Input the Neutrosophic Soft Set (F, A).
2) Specify P, the subset of parameters relevant to the decision-maker's
preferences.
3) Extract (F,P)and organize it in tabular form.
4) Compute the comparison matrix for (F,P).
5) Calculate the score S; for each p;.
6) Identify Sk = maxs;.
7) If multiple p; share the maximum score, any one of them can be selected as
the optimal choice.

4. Medical Applications and Results

Anemia is a condition in which the body lacks sufficient oxygen-carrying red blood cells and is
typically diagnosed using a series of hematological parameters. The World Health Organization
(WHO) highlights the importance of hemoglobin level, hematocrit, mean corpuscular volume (MCV),
serum iron levels, ferritin, and total iron-binding capacity (TIBC) in the diagnosis of anemia [16] .
These parameters play a critical role in determining the type and severity of anemia. Hemoglobin
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and hematocrit are often considered primary indicators of anemia, as they directly affect the body's
oxygen-carrying capacity. Other parameters provide insights into the status of iron metabolism and
the adequacy of iron stores in the body. Ferritin is frequently used to assess iron deficiency anemia,
while TIBC measures the body's capacity to transport iron, both of which are essential in the
evaluation of anemia [17]. These parameters provide essential information for the treatment and
management of anemia in clinical practice.

In this section, we will apply the algorithm introduced in the previous section. The set P consists
of independent variables from the dataset, which are:

Age (4),
Hemoglobin (HB),
Hematocrit (HCT),
Mean Corpuscular Volume (MCV), ¢

Serum Iron,
Ferritin,
Total Iron-Binding Capacity (TIBC)

These variables represent important factors for diagnosing anemia. They are used to assess
patients' health status, taking into account both demographic information (such as age) and
hematological parameters . This comprehensive evaluation allows for a more accurate diagnosis of
anemia.

Biochemical parameters that vary with age play a critical role in assessing an individual's health.
These parameters provide essential insight into the body's iron levels, the oxygen-carrying capacity
of the blood, and the health of the red blood cells. Values such as hemoglobin levels, hematocrit and
MCYV are key indicators, particularly in the diagnosis of blood disorders such as anemia, while serum
iron levels, ferritin and TIBC are critical for understanding iron deficiency or iron overload. In
addition, these parameters are essential for early diagnosis of disease and treatment planning. Table
1 provides a detailed overview of these parameters, highlighting their definitions, variations between
categories, and health implications.

Table 1. Key biochemical parameters and their descriptions.

Parameter Definition Significance
Age Groups Classification by age. Highlights health
variations.
Hemoglobin (Hb) ~ Amount of hemoglobin  Diagnoses anemia and

in blood.

hypoxia.

Hematocrit (Hct)  Proportion of red blood  Linked to anemia,
cells. dehydration.

MCV Average volume of red  Identifies anemia
blood cells. types.

Serum Iron Iron level in blood Detects deficiency or
serum. overload.

Ferritin Stored iron levels in the  Indicates ironrelated
body. conditions.

TIBC Capacity to bind ironin ~ Reflects anemia or

serum.

liver issues.
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The World Health Organization (WHO) recommends the evaluation of specific hematological
parameters for the diagnosis of anemia. These parameters play a crucial role in determining the
diagnosis, severity, and type of anemia, especially in female patients. The criteria established by the
WHO facilitate the accurate diagnosis of the condition and the selection of appropriate treatment
methods. Common hematological parameters and reference values for female patients are shown in

Table 2.

Table 2. Parameters, categories, and reference ranges for anemia diagnosis

Parameter Category Reference Range
Age Groups Y1: 15-44 years, -
Y2: 45-59 years, -
Y3:60+ years i
Hemoglobin (Hb) Normal >12.0 g/dL
Mild Anemia 11.0-11.9 g/dL
Moderate Anemia 8.0-10.9 g/dL
Severe Anemia <8.0 g/dL
Hematocrit (Hct)  Normal 35 — 45% (varies with age)
Mildly Low 30 - 35%
Very Low <30%
MCV Microcytic <80 fL
Normocytic 80 - 100 fL
Macrocytic >100 fL
Serum Iron Normal 37 - 145 pg/dL
Low <37 ug/dL
Ferritin Normal 15 - 150 ng/mL
Low <15 ng/mL
TIBC Normal 240 - 450 pg/dL
Low > 450 pg/dL

The Table 3 below shows the age, hemoglobin (Hb) level, hematocrit (Hct), mean corpuscular
volume (MCV), serum iron level, ferritin, and total iron-binding capacity (TIBC) of 5 different
patients. These data provide information about the biochemical changes occurring in their bodies and

the health status of the patients.

Table 3. Patient Data

Patient Age(Y) Hb(g/dL) Hct(%) MCV(fL) Serum Iron Ferritin TIBC
(ng/dL) (ng/mL)  (pg/dL)

P1 33 10.5 36.5 73 36 5 416

P2 43 10.6 329 79 34 10 320

P3 38 9.9 33.3 79 22 4 334

P4 51 3.4 14.7 63 14 2 606

P5 40 10.2 33.6 80 47 4 441
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After this stage, we will follow the steps outlined below. First, we will generate the NSS (H,P)
values, which will be shown in Table 4. Next, we will prepare the comparison matrix in the format
provided in Table 5. Then, we will calculate the score for each p;, and the results will be displayed
in Table 6. Finally, we will make a decision based on the highest score from Table 6. Each step is
crucial to ensure the correct evaluation and ultimate decision-making process.

The Neutrosophic Soft Set values are assigned for each patient as follows:
e T:The degree of suitability for the patient regarding the parameter.
e  J:The degree of uncertainty (borderline or missing information).

e  F:The degree of non-suitability for the parameter.

Table 4. Neutrosophic soft set values for each patient

Parameter P1 P2 P3 P4 P5
Age Groups  (0.4,0.0,0.8) (0.6,0.0,0.7) (05,0.0,04) (0.7,0.0,05) (0.9, 0.0,0.2)
Hemoglobin  (0.8,0.2,04) (0.8,02,05) (0.7,0.2,03) (0.9,0.0,0.1) (0.8,0.1,0.3)
Hematocrit  (0.6,0.1,06) (0.7,01,04) (0.7,0.1,05) (0.9,00,02) (0.7,0.1,0.5)
MCV (0.4,0.1,05) (0.3,0.3,0.7) (0.3,0.3,0.7) (0.6,0.0,0.4) (0.3,0.3,0.8)
SerumIron  (05,03,06) (0.6,03,05) (0.7,0.1,04) (0.8 0.0,03) (0.2,0.1,0.8)
Ferritin (03,01,06) (0.1,01,07) (0.3,01,06) (0.4, 00,05 (0.3, 0.0,0.6)
TIBC (0.7,0.1,04)  (0.4,0.0,05) (0.4,0.0,05) (09,0002 (0.8 0.1,0.3)
Table 5. Comparison matrix of the NSS (H,P)
Patient Age(Y) Hb(g/dL)  Hct(%) MCV(fL) Serum Iron Ferritin TIBC
(ng/dL) (ng/mL)  (ng/dL)

P1 -4 4 0 3 2 4 4

P2 -1 3 5 3 4 0 -1

P3 0 2 3 3 4 4 -1

P4 1 4 4 4 4 5 6

P5 4 2 3 2 -2 1 5

In this section, we will calculate the total scores for each patient based on the comparison of
various parameters. The score for each patient will be computed using the formula:

cj=a+b-c

where a,b and ¢ represent the respective values for the parameters under consideration. This
formula will help us quantify the relationship between the selected factors and provide a
comprehensive evaluation of each patient's condition. The calculated scores will be summarized in
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Table 6 below, which will offer an overview of the relative health status of the patients based on these
biochemical parameters.

Table 6. Total scores of each patient

Patient Score
P1 13
P2 13
P3 15
P4 28
P5 15

Decision: Table 6, which we presented, shows that the highest score is 28, measured for the fourth
patient (p4). According to the evaluation based on the neutrosophic soft set approach, (p4) appears to
be the patient most severely affected by anemia. This indicates that the biochemical parameters in her
body are significantly more negatively impacted, and the severity of her condition is higher
compared to the other patients.

Following (p4), the patients (p3) and (p5), both with scores of 15, are moderately affected by
anemia. Subsequently, (p1) and (p2), both with scores of 13, show relatively milder impacts. These
findings suggest that while all patients are affected by anemia to varying degrees, the severity differs
significantly among them.

The neutrosophic soft set method provides a clear differentiation between the patients based on
their health condition. It highlights which patients may require more urgent or intensive intervention,
particularly (p4), who is in the most critical condition.

These results allow for a more in-depth evaluation of the patients” health status and offer insights
into prioritizing clinical interventions. This study contributes to a better understanding of the effects
of anemia on female patients and presents an innovative approach for making more informed
decisions in clinical settings.

5. Conclusion and Suggestions for Future Studies

In this study, the concept of neutrosophic set developed by Smarandache has been studied and
its applicability in the context of soft sets has been investigated. The study is based on an approach
that considers parameters as neutrosophic sets. In addition, the integration of the neutrosophic soft
set (NSS) method with Maji's approach to medical diagnostic problems has been addressed.

A case study based on real data shows that Maji's approach is both simple and effective. This
approach has significant potential for supporting decision making, especially in problems
characterized by uncertainty and complexity, such as medical diagnosis. The results of the study
clearly demonstrate the effectiveness and applicability of NSS in decision-making problems. NSS
stands out as an effective tool, especially in situations with uncertain or incomplete information.

In this context, the operations defined in the study and the theoretical insights obtained
contribute to a better understanding of NSS and demonstrate its potential use in decision-making
processes in various domains. However, it should be noted that this research has certain limitations
in its scope. Applications on larger datasets and in different problem domains are crucial to assess
the general validity and impact of the method.

Future studies should focus on exploring how NSS can be adapted to decision-making problems
in different disciplines. The relationship between Maji's approach and other neutrosophic and soft
sets should be further explored. Beyond medical diagnosis, research evaluating the applicability of
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NSS in fields such as engineering, economics, and education will further highlight the potential of
this method in a broader framework.

In conclusion, this study demonstrates that the neutrosophic soft set approach is an effective tool
in situations involving uncertainty and incomplete information. The study sheds light not only on
the theoretical foundations of NSS, but also on its potential in practical problems, opening new
avenues of research that can contribute to more informed and effective decision-making processes.
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Abstract: Support Vector Machine (SVM) is considered one of the most effective methods for
classification tasks. However, randomness in classifying observations on the optimal separating
hyperplane decision — which are often indeterminate in their class membership — and
misclassified observations remain among the main challenges that researchers face when using
SVM. To address these challenges, a Neutrosophic logic — based approach was proposed, enabling
better handling of class ambiguity and reducing misclassifications in the neighborhood of the
optimal separating hyperplane. A novel algorithm was introduced, which consisted of two main
steps. First, the observations located near the optimal separating hyperplane were converted into
Neutrosophic data, characterized by three components: truth, indeterminacy, and falsity. In the
second step, the SVM classifier was reapplied to the Neutrosophic data to improve the classification
accuracy. As a case study, the proposed algorithm was tested on two types of oil samples (sunflower
oil and corn oil), and its performance was compared with that of a standard SVM without
Neutrosophic data. The results demonstrated that the SVM models utilizing Neutrosophic data
achieved higher accuracy compared to those without Neutrosophic data. Therefore, integrating
Neutrosophic logic with SVM can significantly enhance the performance and reliability of SVM-
based models.

Keywords: Support Vector Machine; Kernel Trick; Neutrosophic; Indeterminacy; Classification.

1. Introduction

The support vector machine (SVM) algorithm was introduced by Vapnik in 1995 as a supervised
learning method and has garnered significant attention owing to its high accuracy in classification
problems [1]. The fundamental idea behind SVM is to divide the dataset two sets: a training set,
known as support vectors (SV), which is used to train the algorithm and identify the optimal
separating hyperplane, and a test set to rigorously evaluate the classification accuracy of the trained
model. Observations are assigned to the first class if the decision function yields a positive value, and
to the second class if the value is negative. If an observation lies exactly on the optimal department
hyperplane, it is typically assigned randomly to one of the two sets.

However, owing to its sensitivity to outliers, SVM may misclassify some training data, treating
them as noise or anomalies. To address this limitation, Neutrosophic logic has been proposed as a
complementary framework to handle such uncertain or indeterminate data. Neutrosophic logic,

Hiba Habbak, Mohammad Taher Anan, Abdulkader Jokhadar, Improve Calssification in Support Vector Machine Using
Neutrosophic Logic



Neutrosophic Sets and Systems, Vol. 96, 2026 311

introduced by Florentin Smarandache in 1999, extends classical logic by characterizing each
statement through three independent degrees: truth (T), indeterminacy (I), and falsity (F). This richer
representation of uncertainty makes it a promising approach for enhancing SVM performance,
particularly in scenarios involving noisy or ambiguous data [2], [3], [4].

In address the problem at hand, it is essential to mention some of the previous research
conducted in this area. In ref. [5] the authors proposed a novel classification model called
Neutrosophic Logic SVM (N-SVM), which integrates Neutrosophic logic with support vector
machine for the purpose of image categorization. This approach employs a self-organizing map
(SOM) to segment images into regions based on features such as color and texture. Subsequently, the
N-SVM model was used to classify the segmented regions. The experimental results demonstrated
that incorporating Neutrosophic logic significantly improved the performance of SVM when dealing
with uncertain or imprecise data. In ref. [6] a model known as the Neutrosophic support vector
machine (NS-SVM) was developed by integrating Neutrosophic sets with traditional SVM. The
approach utilizes the Neutrosophic C-Means algorithm to assign each data sample with three
membership degree-truth, indeterminacy, and falsity. These values are then converted into weights
that are used during the training phase of the SVM model. This integration enhances classification
accuracy, particularly in scenarios involving uncertain or noisy data. In ref. [7] some points located
in the neighborhood decision limit and misclassified in the support vector machine were addressed
and the accuracy of the classification was improved after applying Neutrosophic logic in the
neighborhood decision limit. In ref. [8] the author focused on enhancing the quality of medical images
by processing them within the Neutrosophic domain. In this approach, the image is divided into
three components, each processed independently to improve visual quality. The study incorporates
algorithms such as K-means clustering for image segmentation and Support Vector Machine (SVM)
for classification. These methods facilitate the extraction of features such as color and texture,
contributing to a better analysis of medical images. In ref. [9] a novel method for predicting kidney
disease was proposed by integrating enhanced Neutrosophic sets with machine learning algorithms.
The approach tackles uncertainty in medical data by transforming it into a Neutrosophic form using
membership functions for truth, indeterminacy, and falsity. Three classifiers-logistic regression,
SVM, and K-NN - were applied, with results showing improved prediction accuracy. Notably,
logistic regression achieved the best performance when using Neutrosophic-based data,
outperforming traditional approaches under uncertain conditions. In ref. [10] recent efforts have been
made to integrate Neutrosophic set theory with advanced machine learning models to improve breast
cancer detection. This integration aims to manage uncertainty, imprecision, and ambiguity inherent
in medical datasets. By combining Neutrosophic data processing with multiple classification models,
the proposed approach enhances diagnostic accuracy while reducing computational complexity,
ultimately supporting more reliable decision-making in clinical applications.

Despite extensive research on improving SVM classification, selecting an appropriate
Neutrosophic membership remains a critical factor in addressing the issues of random classification
and misclassification in SVM models. In this paper, a novel approach based on Neutrosophic logic is
proposed, in which the traditional decision values are replaced by Neutrosophic membership
components-truth (T), indeterminacy (I), and falsity (F). This approach enhances the performance of
SVM by effectively handling observations that are either misclassified or are in the neighborhood of
the optimal separating hyperplane, in both linear and nonlinear classification of the data, the
proposed model shows significant improvement in classification accuracy, outperforming both
traditional and fuzzy-based methods.

This paper is organized as follows: in the first section, we provide a brief overview of the support
vector machine algorithm. The second section presents the concept of Neutrosophic logic. The third
section describes the proposed Neutrosophic-SVM approach. The fourth section presents a case study
of the proposed method to existing data, followed by a summary of these results in the final section.
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The Contribution of the Study:

This paper introduces an innovative integration of Neutrosophic logic into SVM to address the
random classification and misclassification of data located near the optimal separating hyperplane.
The proposed method transforms the decision values into the Neutrosophic domain, where they are
represented by three components: truth (T), indeterminacy (I), and falsity (F). The SVM is then
reapplied to the Neutrosophic-transformed dataset. Experimental evaluation on sunflower and corn
oil samples confirmed the method's efficacy, demonstrating consistent and significant accuracy
improvements for both linear and nonlinear classification over conventional SVM models.

The Importance of Neutrosophic Approach:

The core contribution of the Neutrosophic approach lies in enhancing the performance of SVM
by effectively addressing observations located near the optimal separating hyperplane, without
altering the intrinsic operational machine of the algorithm. By transforming decision values into a
triadic representation-truth (T), indeterminacy (I), and falsity (F)-the model gains a more refined
capacity to discriminate between definitive and ambiguous observations. This capability to explicitly
model uncertainty enables the SVM to deliver more accurate and stable classification outcomes,
particularly in regions where class boundaries are indistinct or overlapping. Moreover, the
Neutrosophic framework facilitates the explicit quantification of both confidence and uncertainty for
each data point, thereby enhancing the reliability of predictions and improving the interpretability
of the model. Consequently, this approach represents a strategic augmentation to SVM-based
classification methodologies, offering a systematic and adaptable machine for handling challenging
cases and uncertain dataset, ultimately strengthening the model's generalization capability and
applicability in complex real-world scenarios

2. Materials and Methods

2.1. Support Vector Machine (SVM)

In this section, we summarize the basic SVMs theories, including the linear separation case, the
nonlinear separation case, and the nonlinear case through a binary classification problem. Let's us
assume that the training samples are S = {x;, y;}|-, where x; € RV ,y; € {—1,+1}, when the samples
are linear separable, the SVM can separate them with the largest margin. This can be achieved by
solving the following quadratic program [11], [12]:

llwll>

fw) = m‘;n

@
Subjectto  y;(w'x;+b)=1 ; i=12,..,n

By solving this problem using Lagrange's method, we obtain the following decision function:

g(x) = sign <Z Liyixix + B) ()
i=1

Where the weight W = ;i ; A;v;x;, and the bias b = —% W'xy +W'x).

For a nonlinear separate case, the optimal separating hyperplane is obtained by using a soft
margin that allows for small errors in the training data to enable the optimal separating hyperplane
method to be generalized, thus a slack variable (0 < ¢; < 1) is introduced, and the nonlinear
programming problem is as follows [11], [13]:

. ”“’”2 En
= + i
fe)=mp { 2 ¢ f] 3)

i=1

Subjectto  y(w'x;+b)=1-¢& ;& =0,i=12,..,n
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Where a > 0 controls the Trade-off between the width of the margin and the constraints, and
it's calculated from the partial derivative of the Lagrange function when it equals zero. By solving the
programming problem (3) we obtain a decision function of the from:

g(x) = sign (Z Lyixix + B) 4)

i=1
However, if the dataset has a nonlinear optimal separating hyperplane decision, it is
transformed such that a linear optimal separating hyperplane decision can be used to separate the
training dataset in the transformed space. The attributes X in the original space are replaced by the
transformed attributes @ (X) by using the Kernel Trick. The Lagrange function of the constrained
optimization problem is as follows [14], [15]:

n

n n
1
Max Ly(44, ..., 1,,) = max Zk —EZZM VYK (xi, x;)
Jj=

i=1 i=1

©)
Subject to Zkiyi =0 ;=20 ,i=12,..,n

i=1

Where the K(x;,x;) function can take one of the following forms [15], [16], [17]:

k(xi,x;) = e lkimxjl* /20 Gaussian Radial Basis Kernel
k(x;,x;) = tanh(bx{.x; + c) Sigmoid Kernel
k(xi %) = (%' x; + c)y Polynomial Kernel

By solving the quadratic programming problem (5), the following decision function with
maximal margins is obtained:

900) = sign (Z Ak Gy, ) + B) ©)
i=1

2.2. Neutrosophic Logic [18], [19]

This logic was introduced by Florentin Smarandache in 1995 as a generalization of fuzzy logic,
where he added a new component to the degrees of membership and non-membership, namely, the
degree of indeterminacy.

If a Neutrosophic set is defined as <T, I, F>, then an element x(t, i, f) belongs to aforementioned
Neutrosophic set such that:

t represents the degree of truth (membership).

i represents the degree of indeterminacy (neutrality).

f represents the degree of falsehood (non-membership).

2.3. New Neutrosophic SVM

The following steps illustrate the new proposed method for enhancing SVM classification using
Neutrosophic logic:
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Figure 1. Flowchart of the proposed method
1- Finding the classification model in SVM:

n
Y= Z Ayixjx + b 7)
=1

2- Classify the data and find the decision values Y, ; i=12,..,N using SVM.
3- Finding the interval ] — &, +6[ defined by the following;:
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K_|+[K
5 KK ®
2
K_ = cost * center_ K, = cost * center, 9)
center_ = }:’l ; i=12,..,n_ center, = 171 ; i=1,2,..,n, (10)

Where: n, is the number of elements in the set where y; = +1.
n_ is the number of elements in the set where y; = —1.
4- Tsolating the observations whose ¥ €] — 8,58 that are misclassified into a separate set,
referred to as the neutrality set I.
The set of observations for which y; = +1, excluding those belonging to I, is denoted by G,.
The set of observations for which y; = —1, excluding those belonging to I, is denoted by G_.
5- Calculating the mean of the independent variables in the set where y; = +1, the set where
y; = —1, and the set I:

nt n-
o, 1 oo _ 1
Ko D Ko 2w
+ . .. - :
iE(ily;=+1)\ iefily; = —1)\ 11
. (a
B=
. = — x..
j ij .
ny p j=12,..,p

Where: n, is the number of elements in the set G,.

n_ is the number of elements in the set G_.

n; is the number of elements in the set I.

X ]-+ is the mean of the independent variable j in the set G,.

X is the mean of the independent variable j in the set G_.

X] is the mean of the independent variable j in the set I.

p denotes the number of independent variables.

6- Calculating the standard deviations of the independent variables in the sets G,, G_, and I:

ny n_

1 N2 _ 1 — N2
St = (i ~ X7) =y ), Gy
n,—1 n_—1
iie{ily;=+1}\I iefily;=—1}\I
(12)
1 <
I _ F1\2
S _n,—1Z(x”_Xf)
i=

Where: S/ is the standard deviation of the independent variable j in the set G..

S;” is the standard deviation of the independent variable j in the set G_.

S/ is the standard deviation of the independent variable j in the set I.

7- Projecting the values of the previous means and standard deviations of the classification
model to obtain the following values:

Y, =a"X" +b Y. =®%"X" +b v, =®"X/ +b (13)
SY, =W'S +b SY_=W"S; +b SY, =®"S/ +b (14)
8- Calculating of Neutrosophic Components where y; = +1 as follows:
fi—%, -7 h-v
= = = 1
r-o(["57) r=o([% F=o(["2E]) as
Calculating of Neutrosophic Components where y; = —1 as follows:
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N _ (PR e
i) el ) o

9- Considering the components T,I,and F as independent variables and applying SVM to

i -Y
SY;

them to order to obtain the decision model and classification accuracy:
Y, =Wy T+ Wy +Ws F+Db (17)
However, if the observation i falls on the optimal separating hyperplane decision value, it is

classified as follows:

if min(|\;|])eY, 2i€Y, elsei€Y_;i#j (18)

3. Case study and Result

The research sample consisted of 35 observations of vapors from two types of pure oils (15
observations from sunflower oil and 20 observations from corn oil). These observations were
collected using an electronic nose system equipped with seven gas sensors (TGS813, TGS822, TGS800,
MQ7, TGS2611, TGS2610, TGS2600).

These sensors are fabricated from semiconductor materials, with surface resistances that vary in
response to interactions with the target gas. The stabilization onset time (Ts) for each of the seven
sensors was used as the primary variables. Binary classification was performed using the SVM
algorithm, and data analysis was conducted using R 4.3.1
The variables were defined as follows:
Ts—S; ; i=1.2,..,7 represents the stabilization onset time for sensor i.
Y a categorical variable indicating the type of oil, with sunflower oil coded as 1 and corn oil coded
as -1.

1- Classification based on SVM:

Table 1 displays the training and testing sets for the research sample:

Table 1. Number of training and testing sets data points for sunflower and corn oils

Classifier Testing Set Training Set
Sunflower Corn Sunflower Corn
Linear Function 5 9 10 11
GRB Function 0 4 15 16
Sigmoid Function 2 6 13 14
Polynomial Function 0 3 15 17

From the table 1, we note that:

- Based on the linear function, the training set data ratio was 60.0 % of the total data, and the
test set data ratio was 40.0% of the total data.

- Based on the GRB function, the training set data ratio was 88.57% of the total data, and the
test set data ratio was 11.43% of the total data.

- Based on the sigmoid function, the training set data ratio was 77.14% of the total data, and
the test set data ratio was 22.86% of the total data.

- Based on the polynomial function, the training set data ratio was 91.43% of the total data,
and the test set data ratio was 8.57% of the total data.

The table 2 demonstrates the correct classification efficiency and its percentage over all data:
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Table 2. Efficiency of the correct classification and its percentage

Classification

Classifier Y Sunflower Com Total

Sunflower 10 5 15

Linear Corn 2 18 20
Function = Percentage of sunflower oil 66.67% 33.33% 100.0%
Percentage of corn oil 10.0% 90.0% 100.0%

Sunflower 12 3 15

GRB Corn 0 20 20
Function = Percentage of sunflower oil 80.0% 20.0% 100.0%
Percentage of corn oil 0.0% 100.0% 100.0%

Sunflower 11 4 15

Sigmoid Corn 2 18 20
Function Percentage of sunflower oil 73.33% 26.67% 100.0%
Percentage of corn oil 10.0% 90.0% 100.0%

Sunflower 8 7 15

Polynomial Corn 0 20 20
Function Percentage of sunflower oil 53.33% 46.67% 100.0%
Percentage of corn oil 0.0% 100.0% 100.0%

It is clear from the table 2 that:

Based on the linear function, 28 observations were classifier correctly (80.0%), and seven
observations were classified incorrectly (20.0%).

Based on the GRB function, 32 observations were classifier correctly (91.43%), and three
observations were classified incorrectly (8.57%).

Based on the sigmoid function, 29 observations were classifier correctly (82.86%), and six
observations were classified incorrectly (17.14%).

Based on the polynomial function, 28 observations were classifier correctly (80.0%), and three
observations were classified incorrectly (20.0%).

2- Finding the interval | — §, +6[ for indeterminacy set in table 3:
Table 3. The interval
. Mean K Ran
Function mean, mean_ Cost K. | |K_| 1-6, f&[
Linear 0.648859 -1.8877 1 0.64886 1.88771 1-1.268285,1.268285[
GRB 0.452415 -0.9274 1 0.452415 0.9274 1-0.689909,0.689909[

Sigmoid 0.358932  -0.9255 1 0.358932 0.9255 1-0.642209,0.642209[
Polynomial  0.113088 -0.8390 1 0.113088 0.8390 1-0.476065,0.476065]

3- Isolating the observation whose Y €] —§,8[ that are misclassified into a separate set,

referred to as neutrality set 1.

4- Finding the means and standard deviations for the independent variables for the set where
y; = +1, the set where y; = —1 and the set I in table 4:
Table 4. Means and deviations of the independent variables
Function mean, mean, mean _ s} S S;
Linear 0.84702 -0.0105 -2.1185 1.522486 0.206633 1.742375
GRB 0.606464 -0.5489 -0.9274 0.522173 0.097889 0.210046
Sigmoid 0.459636 -0.08545 -1.04218 0.686848 0.32456 0.953486
Polynomial 0.327924 -0.13244 -0.83904 0.294858 0.098335 0.91613
5- Projecting the values of the means and standard deviations into the linear and nonlinear

classification models in table 5:
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Table 5. Means and standard deviations of the linear and nonlinear classification models

Function Y, Y, Y_ SY, sY, SY_
Linear 0.84702 -0.0105 -2.1185 1.117952 0.154001 2.508051
GRB 6.689573 1.240679 -2.92904 8.071087 12.75059 14.64154
Sigmoid 6.634627 4.383617 -6.72081 10.07528 13.078 20.19223

Polynomial 14.00938 2.977693 -6.88325 6.728825 9.395978 19.11234
6- Calculating the Neutrosophic components for all observations, considering T,I,and F as
independent variables and training SVM to derive the decision model and its classification
accuracy, the effectiveness is summarized in table 6, which reports the number and
percentage of correctly classified observations across the entire data set:
Table 6. Efficiency of the correct classification and its percentage for Neutrosophic data

Classification

Classifier Y Sunflower Corn Total

Sunflower 10 5 15

Linear Corn 2 18 20
Function Percentage of sunflower oil 66.67% 33.33% 100.0%
Percentage of corn oil 10.0% 90.0% 100.0%

Sunflower 15 0 15

GRB Corn 0 20 20
Function Percentage of sunflower oil 100.0% 0.0% 100.0%
Percentage of corn oil 0.0% 100.0% 100.0%

Sunflower 15 0 15

Sigmoid Corn 0 20 20
Function = Percentage of sunflower oil 100.0% 0.0% 100.0%
Percentage of corn oil 0.0% 100.0% 100.0%

Sunflower 15 0 15

Polynomial Corn 0 20 20
Function Percentage of sunflower oil 100.0% 0.0% 100.0%
Percentage of corn oil 0.0% 100.0% 100.0%

It is clear from the table 6 that:
- Based on the linear function, 28 observations were classified correctly (80.0%), and seven
observations were classified incorrectly (20.0%).
- By contrast, with the GRB, Sigmoid, and Polynomial functions, all the misclassified
observations were correctly processed, resulting in a 100.0% correct classification rate.
The proposed method was tested in several real-world case studies, and it was proven to
effectively handle misclassified observations.

4. Conclusions

The selection of an appropriate Neutrosophic membership function, which incorporates the
components of Neutrosophic logic — truth, indeterminacy, and falsity — is crucial for resolving
classification challenges in SVM. This research introduces a novel Neutrosophic — based membership
function for both linear and nonlinear classification within the SVM algorithm to address
misclassification issues. The proposed Neutrosophic -SVM approach has shown promising outcomes
compared to the conventional methods in tackling misclassified observations and the method can be
flexibly applied to a wide range of classification problems, thereby expanding the scope of
applications for SVM.
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Abstract: Pythagorean Neutrosophic Fuzzy Graphs integrate the concepts of Pythagorean
neutrosophic sets and graph theory to effectively represent imprecise, inconsistent, and vague
information inherent in many real-world problems. This paper introduces and formalizes the concept
of irregularity in Pythagorean Neutrosophic graphs by defining various classes such as neighbourly
irregular, neighbourly totally irregular, highly irregular, and highly totally irregular Pythagorean
Neutrosophic graphs. The study develops theoretical results related to these irregularities and
provides suitable graphical representations for better understanding. The proposed irregular
Pythagorean Neutrosophic graph models are demonstrated to be significant in areas like pattern
recognition, biological networks, information systems, and other applications involving uncertainty
and vagueness. This work extends the theoretical foundation and practical applicability of
neutrosophic graph theory.

Keywords: Pythagorean Neutrosophic set, Irregular, Pythagorean Neutrosophic graphs,
Neighbourhood

1. Introduction

Real life events with vagueness and insufficient information’s can be very well modelled and
solved with the help of one of the most attractive field of mathematics known as fuzzy set theory. Zadeh
[1] pioneered the concept of Fuzzy sets whose membership grade assume values between 0 and 1. The
study in [26] introduces the Wiener index and Wiener absolute index for bipolar fuzzy graphs to
analyze connectivity, highlighting their properties and behavior across various structures like forests,
bridges, and trees. A comparative analysis with connectivity index is presented, concluding with an
application to regular travel routes between Paris and Brest. The concept of the complexity function in
fuzzy graphs based on network load across structures like fuzzy cycles, trees, and complete graphs are
developed in [27]. This article includes the application of analyzing COVID-19 transmission cycles
among countries and identifying high-traffic nodes in wireless network systems. In [28], the authors
explore the operations like Cartesian product, composition, and union, and demonstrates real-life

applications in railway networks and medical science using the picture fuzzy min-tolerance
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competition graph. A comparative analysis with connectivity and Wiener indices is provided, along
with an algorithm and real-world application in ranking key crossroads in Indonesia's tourism network
between BKB and BKS are introduces in [29]. The applications demonstrated in modeling international
relations during the Cold War and enhancing teacher-student communication for better decision-
making using the Algorithms and flowcharts support methods are established in [30]. The application
of the field can be encounted in statistics, computer science, mathematics, engineering, artificial

intelligence, pattern recognition, image analysis and decision making [4 — 10, 21-25].

The extension of fuzzy sets by providing membership and non-membership grades was
introduced by Atanassov in [2]. The fuzzy sets with the sum of membership and non-membership less
than 1 is intuitionistic fuzzy set. Neutrosophic set investigated by Smarandache[3] in which the
elements are characterised with truth, indeterminacy and false membership functions.Yager [11]
developed the notion of Pythagorean sets which has relaxation in the condition as u* + 0% < 1.
Likewise, picture and spherical sets have been developed from neutrosophic sets, and to these concepts,

the Pythagorean Neutrosophic sets (PNS) were introduced.

Relationship between the objects are presented with vertices and edges together forming a
graph. Not all real-life events can be give certain values resulting in uncertainties. This creates a need
for new type of graphs to tackle this uncertainties known as fuzzy graphs. Based on Zadeh'’s [16] fuzzy
relation, Kaufmann established the idea of fuzzy graphs in [17]. Rosenfeld in [18], have discussed and
developed several basic graph theoretical concepts in fuzzy graph. Consequently, more theoretical

concepts and operations in fuzzy graphs have been developed in [19,20].

Pythagorean Neutrosophic Graphs are developed by integrating the concept of PNSs and fuzzy
graphs in [12]. The structural representation of the PNGs are similar to that of graphs with only
disparity in summing up membership grades values being less than 2. Similar idea is followed for the
edges. Main reason for studying Pythagorean neutrosophic graphs is due to their ability to increasing

fuzziness of considered model or system and further theoretical concepts were developed in [13-15].

This article aims at introducing the concepts of neighbourly irregular Pythagorean
neutrosophic graphs, neighbourly totally irregular Pythagorean neutrosophic graphs, highly irregular
Pythagorean neutrosophic graphs, highly totally irregular Pythagorean neutrosophic graphs by
providing suitable graphical representation. The article also focuses on providing some important

results an irregularity.

1.1 Organization of the work

The organization of the work is structured to progressively introduce and develop the concept
of Irregular Pythagorean Neutrosophic Graphs. It begins with an Introduction that outlines the
background on fuzzy sets, neutrosophic sets, and Pythagorean neutrosophic theory, highlighting their
significance in modeling uncertainty and motivating the need for new irregular graph structures. The
Preliminaries section reviews fundamental concepts and related literature essential for understanding
the proposed models. The core contribution is presented in the Development of Irregular Pythagorean
Neutrosophic Graphs, where various irregular graph types-such as neighborly irregular, totally
irregular, highly irregular, and highly totally irregular-are formally defined and illustrated. This is
followed by Theoretical Results that establish key properties and theorems to support structural
analysis. The Applications and Illustrations section demonstrates the practical utility of these graphs in
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handling real-world problems involving uncertain information, such as in pattern recognition,
biological networks, and information systems. Finally, the Conclusion summarizes the findings,
underscores the importance of the proposed models, and suggests directions for future research, with

all supporting literature compiled in the References section.
2. Irregular Pythagorean Neutrosophic Fuzzy Graphs

This section discusses the fundamental principles and past study required to comprehend
Pythagorean Neutrosophic Graphs. It follows the development of fuzzy sets to intuitionistic fuzzy,
neutrosophic, and Pythagorean sets, highlighting their ability to describe uncertainty. To provide the
groundwork for future research, the section also presents their definitions, characteristics, and
integration with graph theory.

Definition 2.1. Let G be PNG. The neighbourhood (ngbd) of a vertex w in G is defined as
N(w) = (N,(w), Ng(w), N;(w)) where,

N,(w) ={o € w:pug(ho) < pa(w) A pa(0)},

Ng(w) = {o € w: Bg(ho) < Ba(W) A Ba(0)},

Ny(w) = {o € wiag(hg) < g4(w) A gy(0)}-

For instance, Consider a PNG G with vertex set V={v1,v2,v3,v4} and edge set E={(v1,v2),(v1,v3),(v2,vs)}.
The Pythagorean Neutrosophic membership values on vertices and edges specify degrees of truth,
indeterminacy, and falsity, but for illustration of neighbourhood, these values are not immediately

needed.

e The neighbourhood of vertex vi is: N(v1)={v2,vs} since vz and vs are directly connected to vi.
e Similarly, the neighbourhood of vertex vz is: N(v2)={v1,va}
e The neighbourhood of vertex vs is: N(vs)={v1}

e The neighbourhood of vertex va is: N(v4)={v2}

The above illustration demonstrates how neighbourhoods are defined within a PNG and forms a

foundational concept for defining neighbourhood degrees and irregularities.

Definition 2.2. Let G be a PNG. The ngbd degree of a vertex w in G is defined by
deg,(w) = Z t#a(0),

0ENy(x)
degs) = D" Ba(o)

oENﬁ(x)
deg,(w) = Z d4(0).

0EN4(x)

Definition 2.3. Let G be a PNG. The closed ngbd degree of a vertex w in G is defined as

deg,[w] = 2 pa(0) +pa(w),

0EN(x)

degglwl = ) Ba(0) +Falw),

oENﬁ(x)
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degolwl = ) a,(0) +,(w).
0EN4(x)

Definition 2.4. Let PNG G, is called regular if all the vertices has the same open neighbourhood degree.

Definition 2.5. Let G be a PNG. If there is a vertex which is adjacent to vertices with distinct
neighbourhood degrees then G is called a irregular PNG.

Example 2.6. Let G = (4, B) be the PNG withA4 = {x;, x5, x3}, B = {(x1,%5), (X3, x3), (x1,x3)}. G is an
irregular PNG. deg(x;) = (.4,.7,.9),deg(x;) = (.4,.7,.1),deg(x3) = (.2,.6,.7). G is an irregular PNG.
x,(1,.3, .4)

X, (:3, .4, .6) (1,.3,.5) x,(.1,.3,.3)

Table 1: Irregular PN Fuzzy Graph

Definition 2.7. If there is a vertex which is adjacent to vertices with distinct closed neighbourhood
degrees, then PNG G is called a totally irregular PNG.

Example 2.8. Consider a PNG with A = {xq, x, x3, %4, x5}, B = {(x4, X2), (%2, X3), (X3, X4), (X4, X2),

(%1, %3), (X4, X5), (X4, 1) }-
Then, deg[x;] = (1.4,.1.3,2.7), deg[x,] = (1.4, 1.3,2.7),deg[x3] = (1.4,1.3,2.7), deg[x,] = (2,1.8,3.1).
G is a totally irregular PNG.

X, (:2,.3,.9) 1,.3,.7) X.(:3,5,8) X, (.6, .3, .4)

(.5,.2,.5)

X, (4, 3, .6) (4, .2,.6) X,(.5,.2,.7)
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Table 2: Totally Irregular PN Fuzzy Graph

Definition 2.9. Let G be a connected PNG. If every two adjacent vertices of G have distinct open

neighbourhood degrees, then G is called neighbourly irregular PNG.

Example 2.10. Let G = (4, B) be a PNG with 4 = {x4,x;, X3,x,}, and B = {xq, X3, X3, X3, X3, X4, X4, X1 }. The
degrees of vertices are deg(x;) =(.4,.9,1.1),deg(x;) = (.4,.9,1.1),deg(x;) = (.8,.8,.7),deg(x,) =
(.4,.9,1.1). G is a neighbourly irregular PNG.

(.6, .4, .2)
(S 4

(.3,.6,.7)

Table 3: Neighbourly Irregular PN Fuzzy Graph

Definition 2.11. A connected PNG is called neighbourly totally irregular PNG if every two adjacent

vertices of G have distinct closed neighbourhood degree.

Example 2.12. Here the degree value for each vertex is, deg[x;] = (1.1,.1.8,1.7), deg[x,] = (1.2,1.9,1.9),
deg[x;] = (1.3,2.1,2.1), deg[x,] = (1.2,2,2).
Hence G is neighbourly totally irregular PNG.

Definition 2.13. A connected PNG, is called highly irregular PNG if every vertex of & is adjacent to

vertices with distinct neighbourhood degrees
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X, .3, .5,.5) (.3, .5, .6) X, (.4, .6, .6)
S 3
) &

] &
@ ®
x,(4,.7,.7) (4,.7,.7) X, (.5, .8, .8)

Table 4: Neighbourly Totally Irregular PN Fuzzy Graph

NOTE:
(i) A highly irregular PNG may not be neighbourly irregular PNG.
(ii) A neighbourly irregular PNG may not be highly irregular PNG.
(iii) A neighbourly irregular PNG may not be neighbourly totally irregular PNG.
(iv) A neighbourly totally irregular PNG may not be neighbourly irregular PNG.

Proposition 2.14. Let G be a PNG. Then G is highly irregular PNG and neighbourly irregular PNG iff

the neighbourhood degrees of all the vertices of G are distinct.

Proof: Let B be a PNG with n-vertices wy, w,, ..., w,,. Suppose G is both highly and neighbourly irregular
PNG. We want to show the neighbourhood degrees of all vertices of G are distinct. Let deg(w;) =
(pl" qil rl:)l = 1;25 e, N

Let the adjacent vertices of wy are w,,ws, ..., w,with ngbd degrees (p,, g2, 12), (P3, 43, 73), ++v» Py Qs 1)
respectively. Since G is highly irregular so p; # ps, ... # Pn, Q2 # Q35 o F QT2 F 13, ... # 1. Also, p; #
D2s oo F Ppy Q1 F G2, o F Qup Ty F T, ... F Ty, because G is neighbourly irregular.

So, (p1,q1,11) # (02,92, 12) # (03,93, 73), ., (Pn, @, ). Hence the neighbourhood degrees of all
vertices of G are distinct.

Conversely, suppose that the neighbourhood degrees of all the vertices are distinct.

Now we want to show that is highly irregular and neighbourly irregular PNG.

Let deg(w;) = (p;,qi, 1), i = 1,2, ...,ngiven p; # Py, oo # Py Q1 # Q2 o # Q11 F 12y e F 1,
Every two adjacent vertices have distinct neighbourhood degrees and to every vertex, the adjacent

vertices have distinct neighbourhood degrees, which completes the proof.

Proposition 2.15. Let G be a PNG. If G is neighbourly irregular PNG and (uy, 84,04) is a constant
function, then G is a neighbourly totally irregular PNG.

Proof: Let B is a neighbourly irregular PNG. Let w;, w; € A, where w; and w; are adjacent vertices with

distinct and neighbourhood degrees (p,q,,71) and (py, g 1) respectively. Let us assume that
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(a(wo), BaWy), 5 (W) = (1a(W)), BaW)), 0a(w))) = (ks kz, ks), where ky ky ks are constants and
ki, ks, k3 € [0,1]. Therefore

deg,[wi] = deg,(w;) + pa(wi) = py + ky,
degglwi] = degg(w;) + Ba(w;) = q1 + ky,
degs[w;] = degs(w;) + o,(w;) =11 + k3,
deg”[wj] = deg”(wj) + ,uA(W]-) =p, +kq,
degﬁ[wj] = degﬁ(wj) + [)’A(Wj) =q, +ky,
deg(,[wj] = dega(wj) + O'A(Wj) =1, +ks
deg,[wi] = deg,[w;]
=>prtki=p+ki=p—p,=0=>p; =p;
which is a contradiction (p; # p,).

degglw;] = degg[wj]
=2qtk;=q1+k;2q—q,=0=>¢q;,=q;
= since (q; # q3).

degs[wil = degs[wj]
>5ntky=rntk;=2r-n=0=>n=n
Which is a contradiction (r; # r3).

Therefore G is neighbourly totally irregular PNG.

Proposition 2.16. Let G be a PNG. If G is neighbourly totally irregular PNG and (u4, 84,04) is a
constant function, then ¢ is a neighbourly irregular PNG.

Proof: Suppose G is a neighbourly totally irregular PNG. Then by definition, the closed neighbourhood
degree of every two adjacent are distinct.

Let w;, w; € A, where w; and w; are adjacent vertices with distinct degrees (p;,q1,71) and (p, gz, 73)

respectively.

Let us assume that (uy(w;), Ba(W), 04(Wy)) = (MA(Wj)fBA(Wj); UA(Wj)) = (kq, ky, k3),where ky, k,, k5 are
constants and ky,k;, k3 € [0,1] and deg[w;] # deg[w;] , so deg,[w;] # deg,[w;] , degglw;] #
degﬁ [Wf]' dego[wi] * deg, [W]]

Now deg,[w;] # deg,[w;] = p1 + k1 =p, + k; = p; # D,
Similarly, degg[w;] = degg|w;] = q1 —qz # k1 —k; =0=>q, # q;
Similarly, deg,[w;] = deg,[w;]

S>nthky;Entk;=o>n#n

Hence the degrees of w;,w; € A are distinct. This is true for every pair of adjacent vertices in B.

Therefore, G is neighbourly irregular PNG.
3. Applications

Graph theory plays an important role in the application part of the networks that are used in
real-life scenarios. The internet-related issues, road-transportation networks are few examples of
technological networks. Various real-life networks, are vague and not well-defined in nature. The

Pythagorean Neutrosophic graph is more compatible to model the ambiguous information in a network
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when compared to the fuzzy or vague graph. A graph is a way of modelling real-life networks, which

has relationships between objects.

If there is uncertainties because of vague information about relations, or vertices then the
Pythagorean neutrosophic graph model is very efficient in designing such networks. Pythagorean
Neutrosophic graphs are important in the area of mathematical modelling, pattern recognition,
biological networks and information systems. Pythagorean neutrosophic graphs and applied in
information technology and computer science such that these graphs are used to illustrate data

optimization, chip design and much more.

Moreover, the recent studies highlight the extended use of neutrosophic and fuzzy graphs in
environmental and climatic analyses. For instance, interval intuitionistic neutrosophic sets and graphs
have been employed to model climatic data with inherent uncertainties, enabling more accurate
environmental assessments and forecasting. These models facilitate better understanding of complex
ecological interactions where information is often incomplete or imprecise. Additionally, the flexibility
of neutrosophic graphs in representing varying degrees of truth, indeterminacy, and falsehood makes
them particularly suitable for applications in climate modeling, resource management, and ecological
decision support systems, where uncertainty is a fundamental challenge. This demonstrates the
broadening scope of neutrosophic graph theory, extending its applicability beyond traditional network

and decision contexts to environmental science and sustainability studies.

Recent research highlights diverse applications of graph theory and fuzzy graphs across

various domains:

¢ Robotic Production Systems: [21] Graph theory has been applied to design communication
systems within robotic production cells, enhancing flexibility and adaptability in
manufacturing processes.

e Smart City Development: [22] Fuzzy graph structures have been utilized to analyze the growth
of smart cities in India, providing insights into urban infrastructure development and planning.

e Traffic Management: [23] Edge colouring of fuzzy graphs has been employed to model and
improve traffic light systems, accounting for varying traffic conditions and congestion levels.

e Manufacturing Industries: [24] Extensions of fuzzy competition graphs have been used to
model relationships and competition within manufacturing sectors, aiding in strategic
decision-making.

¢ Intelligent Transportation Systems: [25] Graph-based machine learning approaches have been
developed for smart urban transportation systems, facilitating efficient traffic management and

route optimization.
4. Conclusion

Herein, we have defined the new concept of irregular Pythagorean Neutrosophic graphs. Also,
we defined the concepts of neighbourly irregular Pythagorean neutrosophic graphs, neighbourly
totally irregular Pythagorean neutrosophic graphs, highly irregular Pythagorean neutrosophic graphs,
highly totally irregular Pythagorean neutrosophic graphs by providing suitable graphical

representation.
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The current study has certain limitations, as it primarily focuses on irregularity concepts within
static Pythagorean Neutrosophic Graphs (PNGs), without addressing dynamic or evolving networks
where vertex and edge membership values may vary over time. Theoretical results are derived from
idealized graph structures, which may require modifications for application to large-scale or noisy real-
world datasets. Additionally, while the proposed applications are conceptually outlined, empirical
validations using real-world data remain limited, and computational complexity aspects related to
detecting or constructing irregular PNGs are not extensively examined. Future work aims to extend
irregularity concepts to dynamic or temporal PNGs to model time-varying uncertainties, and to
develop efficient algorithms for detecting and measuring irregularities in large-scale graphs. Further
directions include applying irregular PNG models to practical domains such as social network analysis,
bioinformatics, and decision-making under uncertainty, supported by experimental validations.
Moreover, exploring the relationship between irregularities in PNGs and other neutrosophic graph
structures like picture fuzzy and interval-valued neutrosophic graphs, as well as investigating
optimization techniques and machine learning frameworks that incorporate irregular PNGs, could

enhance uncertainty management in data-driven applications.
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Abstract: The length-biased distribution has important applications in modeling economic,
reliability and energy data, especially when sampling the data preferentially toward the larger
values. In this paper, we introduce the neutrosophic extension of the Maxwell length-biased
distribution so that it can take into account the uncertainty, indeterminacy, and imprecision
involved in data analysis. Basic statistical properties of the new distribution are presented including
those of its shape properties, moments, reliability function, hazard and reversed hazard functions,
etc. Estimation procedure, including maximum likelihood, method (MLE) is presented in the
context of neutrosophic statistics. To emphasize the practicality of the proposed solution, an
application to the energy domain shows that it can deal with uncertainty and delivering more robust
results than classical counterparts.

Keywords: Neutrosophic logic, uncertain data, neutrosophic probability, estimation

1. Introduction

A weighted distribution is a modified version of a regular probability distribution that assigns
greater importance, or “weight,” to some values of the variable of interest [1]. It is particularly
meaningful when the likelihood of observing a value is proportional to the fact that it is larger, or
occurs more frequently, in reality [2].

In statistical form, weighted distribution can be defined as [3]:

w) fy()
=2 o< y< oo 1
fw®) LW fy(y) dy Y 1)

The concept was initiated by Fisher in 1934 and then extended by C. R. Rao in 1965 [4]. Weighted
distributions find various references in applications, such as reliability, medicine, ecology, life
sciences, in which real phenomena may not be followed by classical statistical models perfectly [5].

For instance, in survival or lifetime events, an individual with a longer lifetime is more likely to be
sampled, so the observed distribution will consequently be length biased (one type of weighted
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distribution) [6]. Through weighted distributions one can allow for bias in such scenarios and thereby
can establish better modeling of situations and more practical inferences [7].

Weighted distributions are valuable in modeling and prediction in the energy sector, where data are
frequently biased because of changes in demand, intermittent supply, or preferential sampling of
high values [8]. By applying weights as per need, these distributions can enable researchers to
represent the impact of high or frequent energy requirements so as to achieve a more realistic
portrayal of consumption behavior and system security [9]. It is apparent that weighted distributions
are beneficial in forecasting energy demand, reliability of power systems, and risk analysis for
unpredictable or variable energy consumption.

The model is also referred to as a length-biased distribution in the case where the weight function is
proportional to the variable (i.e. w(y) = y) [10]. In this case, the probability distribution function
values at higher values of the variable carry more weight. The class of length-biased distributions
was first identified by Cox (1962) in renewal theory context. comparisons between the general
weighted distributions and the length-biased distributions.

Mathematically we can write length-biased probability distribution as:

Yy fy(y)
=g —0<y< 2
1) s RSV <@ (2)

A length-biased distribution has importance in statistical modeling because they arise naturally in
real life when the larger values have high probability to be observed [11]. It is common in lifetime
studies, reliability study, environmental study and energy data that long or large magnitude units
can be more probable to be seen in a sample. Since systematic length bias in the data are controlled
by the model, length-biased models can have more realistic interpretations for data subject to length
bias and lead to more accurate statistical inference, prediction and decision making. They also
represent a special case of weighted distributions, which make them a useful tool to address issues
of biased sampling, uncertainty, etc. in applied contexts [12]-[13].

Neutrosophic logic is a field of research generated by the weaknesses of classical logic and then fuzzy
logic by handling cases of (truth and falsehood) including truth, falsehood and indeterminacy [14].
There are a lot of situations in practice, in which there is partial, vague or even contradictory
information but it is not able to deal with by system based on traditional binary or fuzzy degrees.
Neutrosophic logic has been proposed to solve this problem to explicitly represent indeterminacy in
addition to certainty and uncertainty [15]. Organized on that basis, neutrosophic statistics was
constructed to generalize classical statistical techniques to imprecise or ambiguous data and thus
offer more viable analysis tools [16]-[17]. Neutrosophic probability distributions then turn out to be
a significant generalization of classical distributions which can model random phenomena under
uncertainty, indetermination, and inconsistency. These distributions are especially valuable in areas
where easily-measured variables are imprecise or only partially known since they represent a richer
and more flexible geometry for their capturing the complexity of real systems [18].

In many practical situations, especially in lifetime and reliability analysis, the samples are length-
biased where large values are more observed than small ones. Although classical length-biased
distributions give a mechanism for dealing with this bias still they have some shortcomings when the
data suffers from uncertainty, incompletion, imprecision, etc., which are frequently encountered in
practical fields like energy forecasting and consumption analysis [19]-[21]. This gap indicates the
necessity of developing neutrosophic length-biased distribution having the property of length-biased
and the advantage of flexibility of neutrosophic theory to support considerations of vagueness and
hesitancy. Among the proposed models, the neutrosophic version of Maxwell length-biased
distribution (MLBD) can be interesting due to the fact that it generalizes the known Maxwell
distribution, works as a one-parameter distribution for convenience, and captures the information of
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the data under uncertainty all at once. This renders it a powerful and practical tool for energy sector
data modeling, in which we consider the bias in observations as well as the uncertainty bound of
measurements for reliable forecasting / analysis, too.

In this paper, the neutrosophic Maxwell length-biased distribution is introduced and it is an
extension of the classical Maxwell distribution by utilizing the neutrosophic logic methodology. This
form has the potential to treat uncertainty, indeterminacy, and the lack of complete information on
the observed data which makes it tailored for real-world cases where exact measurements may be
difficult to obtain. Introducing length-biased weight in the neutrosophic setting, the proposed model
becomes a flexible and realistic tool for lifetime and energy-related data analysis which still has one
parameter only.

The paper is organized as follows: In Section 2 the main findings concerning the classical
marginal length-biased Maxwell distribution are stated. In section 3, we develop the neutrosophic
structure of the proposed distribution and study some of its properties. Section 4 details the
parameter estimation techniques: maximum likelihood and Bayesian. Section 5 applies the proposed
model to energy sector data and illustrates its capability in dealing with uncertainty and bias. Last,
major findings of this work is concluded in Section 6.

2 Classical Length biased Maxwell Distribution

To develop the LBMD ,it is important to write based line CDF and PDF of the Maxwell model which
are given in Eq (3) and Eq (4) respectively:

—erf(X) — |22 _y
Fy(y)—erf(ﬁp) \/;pexp( 2pz),O<y<1 (3)
2 2
fr») = [fhexn(-25),0<y < 4)

Since the Maxwell distribution first time used in physical chemistry so its first applications relate
with molecules speeds in any medium. The PDF of the Maxwell distribution is the distribution of the
speeds of individual particles, or volume units, and gives is an indication of which velocity values
are more likely to be found in an equilibrium system. It helps to build an understanding of the
behavior of the variable of interest, presenting an estimate of where most of the observations are
located and whether scatter is present, as well as how extreme values are more or less probable. The
CDF provides this by measuring the probability that the speed is less than or equal to some level,
enabling investigators to estimate the percentage of pools below some threshold speed. The PDF and
CDF together are important for exploring the properties of the Maxwell distribution and helping
analyze average speeds, fluctuation, and the probability of extreme events. In energy system
optimization, models of these types provide tools to reflect the distribution of observed data, to assess
the reliability of the system, and to perform forecasts, providing the basis for more advanced
extensions such as the length-biased or the neutrosophic Maxwell model.

Now assuming the weight form w(y) = y). MLBD can be defined in PDF and CDF as:

2
3 exp( -2
fL(}’:P):%, 0<y<oo,p>0 (5)
2 2
FL(y;p)=1—exp(—2yp)(zy?+1),0<y<1 ©6)

The PDF and CDF curves of Maxwell model can be seen in Figure 1.
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Figure 1 PDF and CDF of the LBMD for various p values

Figure 1 displays PDFs and CDFs of the LBMD, for three different p values. In the left panel, we plot
the PDF, which shows how different values are likely to alternate with p. The one on the right
displays the CDF. In both the subplots, the influence of the scale parameter p on the distribution form
and cumulative behavior is evident.

To derive other classical properties of the LBMD we first see the rth moment of the distribution which
can be established as:

2
y3 exp( y

u-=EY") = f0°°yr 2p4_m) dy =p, =E(YT) = ﬁprr(?) @

Now we can easily write from Eq (7):
W = EP1F<$ = \/EPF@)
Hp = \/?sz<¥) =2p*T(3)
e Fr ()21 ()

4+4
i = V28 pt T (=) = 40t T @)
Now it is easy to see basic characteristics of the distribution:

h=15=v2pr(3) ®)

2
0% =, — ()% = 2p2T(3) — (\/EP r G)) ©)
Wy — 3uhp + 2(uh)3
(62)3/2

skewness = y; =
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R O O o)

(02)3/2 (10)

kurtosis =y, = ph—apgug+eng(nh) -3l 1
=Y; = o) a
_ sotreosfoiap ) aor)eles ) aor ) (or) 2

(62)?
By assuming different values of scale parameter of LBMD, the basic characteristics are presented in
Table 1.

Table 1 Statistical characteristics of LBMD for different values of scale parameter

p Mean Variance Skewness Kurtosis
0.25 0.4699928 0.02910677 0.4056951 3.059295
0.5 0.9399856 0.11642707 0.4056951 3.059295
1.5 2.8199568 1.0478436 0.4056951 3.059295
3.0 5.6399136 4.19137438 0.4056951 3.059295

Table 1 shows how the values of the LBMD change as the parameter p. increases. When p. is small,
the average values are also small, and the variation around the average is quite limited. As p. get
larger, both the mean and the variability of the data increase, showing that the distribution stretches
out more. Interestingly, the shape-related measures skewness and kurtosis remain the same across
all values of p.

3 Neutrosophic Length Biased Maxwell Distribution
A random variable Y said to follow NLBMD if it follows the following forms of PDF and CDF:

- v _y
) = Z/HP%exp( ng)‘0<y<°° (13)
2 2
Fy(y;pn)z1—exp(—2yT%)(zyT%+1),0<y< 1 (14)

where scale parameter p,, = [p;, p,,] is in interval form.

Eq (13) and Eq (14) show that length biased Maxwell distribution is extended to neutrosophic PDF and
CDF, by involving the uncertainty on the model parameter through the neutrosophic framework. In
this context, the scale parameter is not treated as a crisp or fixed value, it is considered like a
neutrosophic number with interval type that represents the degree of truth, indeterminacy and falsity
at the same time. This generalization allows the model to learn more expressive representations of
inexact and ambiguous information typically present in real-world data, and in particular for complex
domains such as the energy sector, which is influenced by environmental, economic and operational
variables that introduce unavoidable uncertainty. The neutrosophic PDF offers a versatile way to model
the observations distribution with indeterminacy and the associated neutrosophic CDF makes sure that
more useful information for cumulative probability is characterized under uncertainty or vagueness.
The neutrosophic form of the Maxwell length biased distribution indicates this distribution as a
valuable model for probabilistic modeling when classical assumption of crisp data is not satisfied. The
structure of neutrosophic PDF and CDF are given in Figure 2.
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Figure 2 Neutrosophic PDF and CDF of the proposed distribution

The neutrosophic PDF and CDF of the length-biased Maxwell distribution are shown in Figure. 2. The
extreme values of the parameter are the lower and upper curves and the region between them is the
indeterminacy zone. This area of shading represents the uncertainty in the behavior of the distribution,
that is the range of possible variation between the two bounds. The left panel is the neutrosophic PDF,
and the right panel is the neutrosophic CDF as uncertainty over the entire distribution.
The quantile function is related to inverse of CDF which can be expressed as:
Fy(QQu )i pp) = 1,0 < u < 1 (15)
Equivalently Eq (15) can be written as:
0.)2 0.)2
QQu;pn) =1 exp (— Q(Z’p%") ) (Q(';’p%") + 1) =u
The quantile function of the NLBMD cannot be expressed in close form for direct computations. It is
derived not analytically but by numerical methods by which the solution to the cumulative distribution
function at a certain probability level is approximated. This can easily be solved using R software. This
can help us to generate a random neutrosophic samples in the interval form where each interval
represents the uncertainty between the lower and the upper parameter value and to provide a very
flexible approach in order to grasp the indetermination of real-life data. The 40 random samples from
the proposed model are given in Table 2.
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Table 2 Random samples generated from proposed model

[0.729,1.313] [1.208,2.174] [0.837,1.507] [1.359,2.445] [1.505,2.71]
[0.411,0.739] [0.941,1.693] [1.378,2.48] [0.961,1.73] [0.878,1.581]
[1.569,2.824] [0.876,1.576] [1.081,1.946] [0.98,1.765] [0.52,0.936]

[1.394,2.51] [0.689,1.241] [0.402,0.723] [0.766,1.379] [1.559,2.805]
[1.372,2.469] [1.097,1.974] [1.044,1.879] [1.907,3.433] [1.059,1.906]
[1.114,2.004] [0.955,1.719] [1.0,1.8] [0.731,1.315] [0.581,1.046]
[1.598,2.876] [1.4,2.52] [1.095,1.97] [1.217,2.191] [0.347,0.624]
[0.897,1.614] [1.17,2.107] [0.659,1.187] [0.757,1.363] [0.675,1.215]

Table 2 presents a set of neutrosophic random samples generated from the NLBMD. Each entry is
shown as an interval, where the lower value corresponds to the distribution with the smaller parameter
(p; = 0.5) and the upper value (p,, = 0.9) corresponds to the larger parameter.

The other important function that is related to CDF function is survival or reliability function which can
be written as:

2 2
Sy = exp(~32) (32 +1) (16)
The survival function can be depicted in Figure 3.
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Figure 3 Survival function of the proposed distribution

The survival function of the neutrosophic length-biased Maxwell is depicted in Figure 3. The two curves
[border curves] represent the lower and upper limits of the parameter, respectively, and the shaded
region in between depicts the uncertain domain. This graph demonstrates the variability with which
uncertainty is accumulated to prediction of survival, and how distribution behaves under various
parameter values.
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The neutrosophic mean and variance of the proposed model can be expressed as:
Hn = V2 PnI(5/2) (17)

62 = 203r(3) — (VZpu I(5/2)) 18)

The neutrosophic mean and variance of the proposed distribution will give the measures of location
and scatter with the uncertainty of the parameters of model, respectively. Whereas, in the classical case,
where the mean and variance are crisp values here, their neutrosophic forms are given as intervals to
represent indeterminacy and vagueness. Such an assumption leads the results to be more realistic, since
real data, especially those from complex systems such as the energy system, often are distorted by
uncertainty, measurement errors or vague elements. Thus, the neutrosophic mean denotes not only a
unique, average value, but also the range of different potential average values, while the neutrosophic
variance measures the range within which the different data may spread around that mean. All
together, they make the statistical model more robust by taking uncertainty instead of hiding it.

Based on neutrosophic mean and variance we can write the neutrosophic coefficient of variation as
given below:

2
J 2p3r(3)-(V2pn T(5/2))
CVn = VZpnT(5/2) (19)

The proposed distribution coefficient of variation (CV) is an indicator to express the vagueness or
indeterminacy associated with the individual possible spread of the data compared with its average
proposal. Unlike classical CV, the neutrosophic one represents this relationship as an interval construct,
thus the model can grasp imprecision and indeterminacy that fits more the nature of uncertain or
incomplete data in practice.

Now skewness and kurtosis coefficients in terms of neutrosophic logic can be expressed as:

=(2v2 P T7/2)-3(20303)) (V2 o (5/2))42(V2 o (5/2)) )
Yn = {(02)3/2} (20)
n

_ 4pAT()-4(2V2Ar(7/2))(V2pnl (5/2))+6(2047 ) (VZonI'(5/2)) ~3(V2pur(5/2))"

(03)°

(21)

The skewness and kurtosis parameters of the NLBMD in neutrosophic form, offer greater facility to
understand its shape and tail characteristics under uncertainty. The bentness indicates how lopsided
the source is, and in the neutrosophic framework it represents several possible values not a particular
one, where one values indeterminacy of data. On the other hand, the kurtosis corresponds to the
peakness or flatness of the distribution, with the neutrosophic version presenting an interval that works
with uncertainty and partial knowledge. In combination, these steps enable a more liberal read of the
distributional properties, particularly in situations where precise parameter values are not known with
absolute certainty.
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4. Estimation Approach

Neutrosophic Maximum Likelihood Estimation (MLE) method is generalization of classical MLE
involving uncertainty and indeterminacy in the data. Rather than a point estimate, it generates interval-
valued estimates that encode both the stochasticity and the neutrosophic uncertainty of the problem. In
this way, the model is able to attain a wide range of reasonable choices for the parameters, which in
turn contributes to a robust estimation in front of inaccurate and/or partially unknown data. It is
especially handy in practical world systems with variable input and some lack of information.

The likelihood function of the NLBMD can be written as:

i exp! (— nyn) (22)

4
2pn

L1, ooos Vs Pn) = [1iq

Eq (22) in the loglikelihood form can be obtained as:
1
10g L (1, - Yni ) = Xy 3Iny; —nln2 —dnlnp, — -5 ¥, yf (23)

Differentiating Eq (23) with respect to unknow yielded:

dloglL an | I y?
—_— —_— 24
opn Pn + [ (24)

Eq (24) equating to zero yielded:
S yiz
Pn = "on (25)

Table 3 Estimated parameter with mean square error (MSE) of the proposed model

Sample Size (n) [ Neutrosophic MSE
25 [0.631, 0.889] [0.032, 0.044]

50 [0.625, 0.885] [0.03, 0.042]

75 [0.623, 0.882] [0.029, 0.041]

150 [0.617, 0.878] [0.027, 0.039]

250 [0.615, 0.875] [0.026, 0.038]

500 [0.612, 0.872] [0.025, 0.036]

The estimated neutrosophic parameter p, and corresponding mean squared errors for various
sample sizes are given in Table 3. The estimated interval for p,, becomes more accurate when the sample
size grows, indicating strong evidence of overlapping lower and upper bounds. Also, the mean squared
errors become smaller as the sample size increases, which means, as one expects, that the estimates tend
to be more reliable and robust when based on a higher number of points. This, in fact, emphasizes the
superiority of using large datasets for accurate estimation of neutrosophic parameters.

5 Real Data Applicability

In this section we have utilized our approach to analyze energy data related to renewable energy
in Saudi Arabia [22]. Most of the electricity in Saudi Arabia is generated from fossil fuels, especially
natural gas and oil, which has historically been the dominant source of power in the kingdom.
However, the government knows that it needs diversity and sustainability, and as such has been quite
committed to developing more renewable energy. Of these, solar photovoltaic (PV) is the most
attractive due to the fact that the country enjoys an incredible amount of sunshine, the decreasing costs
of solar technology, and the possibility to be deployed on a large or distributed scale. Solar power is in
this sense considered as a mainstay of the national strategy to lessen dependence on fossil fuels, to
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decrease emissions, and to generate more sustainable electricity supply due to increasing demand. The
expansion of renewables, especially solar PV, offers substantial potential, but evaluating the available
data on energy production and use can be fraught with uncertainty as demand shifts, weather patterns
change, and precise or complete records may be missing. Such indeterminate and inconsistent
information can be difficult to manage with traditional techniques. The notion of neutrosophic logic is
particularly useful in the present context since allows to consider the truth, the indeterminacy, and the
falsity in data analysis. This methodology is capable of dealing with uncertainty and vagueness and
thus allows for more accurate assessment of renewable energy trends and better decisions in planning
and managing the Saudi Arabian transition to sustainable electricity generation. We have randomly
generated samples from uniform distribution. This data becomes neutrosophic by representing each
year’s solar PV generation not as a single fixed number, but as an interval that captures both lower and
upper possible values. Instead of relying only on exact figures, small variations are introduced through
random fluctuations, which account for uncertainty and imprecision in real-world measurements.
Intentionally generated data is given in Table 4.

Table 4 Neutrosophic Interval of solar PV generation in Saudi Arabia (2010-2023)

[3.28, 4.71] [4.78, 5.21] [4.41, 5.59] [25.88,26.12] [45.86,46.13]
[64.88, 65.12] [64.64, 65.35] [319.91,320.09]  [915.37,916.63] [4319.11,4320.88]
[41.94, 42.06] [926.47, 927.53] [45.65,434] [938.99,939.01]

The lower and upper estimates of solar PV electricity generation for Saudi Arabia, 2010-2023 are shown
in the Table 4. These ranges were computed by modifying the observed data from the actual data with
a random uniform variance and sampling the solid black lines where the lower bound is the original
5% beyond the actual value and the upper bound the original 5% behind the actual value. In two rows
and seven columns, the table shows 14 pairs of intervals that define potential deviations from recorded
levels by generation that illustrate the range of uncertainty the actual numbers.

Now utilizing the MLE estimator given Eq (25), we obtain:

pn = [617.43,617.74]

The smaller uncertainty has been captured by estimated scale estimator due to assumed smaller
variation in the actual solar PV values. The interval of the neutrosophic estimation produces a value in
accordance with the uncertainty and also considering the variation of the solar PV data. The lower
estimate bound represents a more conservative scenario, through lower values of electricity generation,
and the upper bound an optimistic scenario, through higher values. Combining this interval provides
a loose and more realistic interpretation of the parameter, demonstrating how it can change under
uncertainty. This strategy illustrates the potential of neutrosophic logic in dealing with the vagueness
in practical renewable energy datum and provides more accurate basis for planning and decision-
making.

6 Conclusions

In this study, we established the neutrosophic extension of the Maxwell length-biased distribution
that could capture uncertainty, indeterminacy, and imprecision. Theoretical properties of the proposed
new model were also derived, as well as estimation procedures, including maximum likelihood
estimation, in the neutrosophic setting. To illustrate its practical use a sample application of the
proposed technique was implemented in renewable energy data from Saudi Arabia, particularly solar
PV generation. Converting the observed values as neutrosophic intervals, has allowed the uncertainty
on electricity production is small fluctuation of data, providing interval-parameter estimation as richer
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and realistic than those of a classical approach. The findings indicate that neutrosophic estimator can
not only handle variability but also offers more reliable insights for energy planning and policy
decisions. Overall, this study confirms the usefulness of neutrosophic statistics in addressing vagueness
and imprecision in renewable energy applications and sets a foundation for further research in other
domains where uncertainty plays a central role.
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