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set, neutrosophic logic, neutrosophic probability, neutrosophic statistics that started in 1995 and their applications in any field,
such as the neutrosophic structures developed in algebra, geometry, topology, etc.

The submitted papers should be professional, in good English, containing a brief review of a problem and obtained results.

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as well as their inter-
actions with different ideational spectra.

This theory considers every notion or idea <A> together with its opposite or negation <antiA> and with their spectrum of
neutralities <neutA> in between them (i.e. notions or ideas supporting neither <A> nor <antiA>). The <neutA> and <antiA>
ideas together are referred to as <nonA>.

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and <antiA> only).
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Neutrosophic Set and Neutrosophic Logic are generalizations of the fuzzy set and respectively fuzzy logic (especially of
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(7, a degree of indeterminacy (/), and a degree of falsity (F), where T, I, F are standard or non-standard subsets of /-0, 17/

Neutrosophic Probability is a generalization of the classical probability and imprecise probability.
Neutrosophic Statistics is a generalization of the classical statistics.
What distinguishes the neutrosophics from other fields is the <neutA>, which means neither <A> nor <antiA>.
<neutA>, which of course depends on <A>, can be indeterminacy, neutrality, tie game, unknown, contradiction, igno-
rance, imprecision, etc.
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Abstract

This study presents Linguistic Dual Hesitant Hypersoft Set (LDHHS) for Analysing
Medical Diagnose. In LDHHS, linguistic terms are combined with Dual Hesitant logic to
handle uncertainty and vagueness in Decision-Making. The Hypersoft Set extend traditional
soft sets by handling multi-attributes and interdependent parameters in Decision-Making. In
the context of LDHHS can be used to categorize and assess different aspects of Aggregation
and using Decision-Making in Medical Diagnose. In this study the development of this
framework, its application and its potential impact using a Gastroesophageal reflux disease
(GERD) case study to illustrate its effectiveness.

Keywords: Linguistic set, Dual Hesitant set, soft set, hypersoft set and multi-criteria decision-
making (MCDM).

1.Introduction

Language, with its inherent ambiguity and subjectivity, often complicates medical
diagnosis and treatment by introducing uncertainty and vagueness. Linguistic Dual Hesitant
Hypersoft Sets (LDHHS) address these challenges by effectively managing linguistic
uncertainty and modeling the complexities of medical data. By assigning Dual Hesitant values
to descriptive terms like "minor" or "critical" for symptoms and "dissatisfied" or "very
satisfied" for treatment effectiveness, LDHHS provides a precise framework for decision-
making. This innovative approach has the potential to enhance diagnostic accuracy, optimize
treatment strategies and improve healthcare outcomes, offering significant benefits for medical
practitioners.

Motivation and Research Gap: In this study, medical diagnosis systems have increasingly
required decision-making frameworks capable of processing vague linguistic information and
multidimensional uncertainty. Traditional fuzzy and soft set-based models struggle to fully
manage the nested and hierarchical nature of medical attributes such as symptom severity,
disease progression, and treatment effectiveness. This creates a pressing need for an advanced
model that can simultaneously incorporate

e linguistic subjectivity of medical descriptions,
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e membership and non-membership in diagnostic evaluation,
o multi-level and multi-attribute clinical data,
e integration of decision-makers preferences.

A standardized framework for handling linguistic variables with further sub-attributes under
Dual Hesitant environments. Aggregate operators, distance and similarity measures that
support linguistic hypersoft information. Application of such a framework to medical
diagnosis, where ambiguity and complexity are dominant. Thus, no comprehensive decision-
making model currently exists that integrates linguistic uncertainty, attribute and Dual Hesitant
non-membership simultaneously.

Research Questions

1. How can aggregation, distance, and similarity measures be constructed underthe
LDHHS environment to support multi-criteria decision-making?

2. Does the proposed LDHHS based MCDM model provide more reliable and
consistent diagnostic outcomes compared with existing approaches?

Novelty and Contributions: This study presents a novel decision-making framework based
on Linguistic Dual Hesitant Hypersoft Sets (LDHHS) to address the persistent issues of
linguistic ambiguity and uncertainty in medical diagnosis and treatment planning. The primary
contribution lies in the ability of the proposed LDHHS model to incorporate multidimensional
medical factors while simultaneously capturing the degrees of membership and non-
membership associated with linguistically expressed symptoms and treatment effectiveness. In
this study also contributes a practical application by demonstrating the effectiveness of N-
LDHHS in a real-world medical decision-making scenario, providing new insights for
healthcare practitioners and policymakers.

Literature review: Bin Zhu and Meimei Xia [10] introduced the concept of Dual Hesitant
Fuzzy Sets (DHFSs), explores their properties and operations, and demonstrates their
application in group forecasting. Dejian Yu, et al. [1] proposed new aggregation operators for
dual hesitant fuzzy sets to better handle uncertainty. Their effectiveness is shown through a
numerical example and applied to selecting HR outsourcing suppliers. Zhiliang Renl and
Cuiping Wei [2] presents a prioritized multi-attribute decision-making method for dual hesitant
fuzzy environments. A correctional score function and Dice similarity measure are introduced
to better handle hesitant degrees and attribute priorities. The approach is demonstrated through
a practical example. Baoquan Ning, et al. [3] proposed a MADM method using probabilistic
dual hesitant fuzzy sets, introducing new distance and entropy measures and applying them to
credit risk evaluation.

Muhammad Sagqlain, et al. [4] introduced NHSS-TOPSIS, a decision-making method using
neutrosophic hypersoft sets with new distance and similarity measures, applied to medical
diagnosis and green security system selection. Hongjum Wang, et al. [5] proposed several
aggregation operators for dual hesitant fuzzy MADM problems and demonstrates their
effectiveness through a technology commercialization evaluation example. Jawad Ali and
Muhammad Naeem [6] introduced new distance and similarity measures for normal wiggly
dual hesitant fuzzy sets to better support decision-making, demonstrated through a disease
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detection example. Babitha and Sunil Jacob John [7] introduced a hybrid hesitant fuzzy soft
set, combining soft sets and hesitant fuzzy sets, and explores its basic operations and
application in decision-making. Sreelekshmi et al. [8] Proposed the Hesitant Fuzzy Hyper Soft
Set to enhance decision-making accuracy, with defined operations and an application in
robotics.

Glad Deschrijyer et al. [9] introduced aggregation operators on the lattice L*, analyzes
their properties via t-norms and implicators, and examines them under Smets—Magrez axioms.
Ubaid Ur Rehman et al. [11] proposed complex dual hesitant fuzzy sets and their similarity
measures, applying them to pattern recognition and medical diagnosis to demonstrate their
effectiveness. Rana Muhammad Zulqarnain, et al. [12] developed algebraic operations and
aggregation operators for interval-valued intuitionistic fuzzy hypersoft sets, applying them to
material selection in cryogenic storage systems for improved decision-making. Sathiyapriya
Bangarusamy, et al. [13] proposed approach enhances diagnostic accuracy and supports more
tailored and reliable treatment strategies for improved patient care. Baoquan Ning et al. [14]
proposed a novel correlation coefficient in the probabilistic dual hesitant fuzzy setting and
applies it to a MADM method for evaluating project manager candidates. Florentin
Smarandache [15] Introduced IndetermSoft and IndetermHyperSoft Sets to handle
indeterminate data, extending soft set theory with applications in fuzzy and neutrosophic
environments. Takkai Fujita and Shinjuku [16] explores advanced extensions of soft and rough
sets, introducing Superhypersoft Hyperrough and Superhypersoft Superhyperrough sets to
better handle uncertainty in decision-making. Saqlain, et. al [17] introduced Neutrosophic-
linguistic valued hypersoft sets (N-LVHS) help manage linguistic uncertainty in medical
diagnosis by assigning neutrosophic values to vague terms, improving accuracy in treatment
and decision-making.

In this research paper explores Linguistic Dual Hesitant Hypersoft sets (LDHHS),
starting with their fundamental principles and properties. It introduces operational laws and
two mathematical Aggregated operators, LDHHSOWGAO and LDHHSWGAO, explaining
their significance. A framework for Multi-Criteria Decision-Making (MCDM) is presented
using an LDHHS algorithm, demonstrated through a case study. The paper concludes with
findings and future research directions.

Acronyms
DHFS - Dual Hesitant Fuzzy Sets
LDHHS - Linguistic Dual Hesitant Hypersoft sets
ELDHHS - Empty Linguistic Dual Hesitant Hypersoft sets

LDHHSWGAO -Linguistic Dual Hesitant Hypersoft set Weighted geometric
averaging Operator

LDHHSOWGAO -Linguistic Dual Hesitant Hypersoft Set Ordered Weighted
Geometric Averaging Operator

GERD -Gastroesophageal Reflux Disease

2. Preliminary
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2.1 Linguistic Set

Let w = {w;, Wy, W3, ... Wy} wheren=2p + 1: p>1and p € R" (finite and real
valued), be a finite strictly increasing set. For example, if p = 1 then,

w = {w;, w,, wy } = {dissatisfied, neutral, satisfied}

For Linguistic set, which is under consideration, the relationship to its elements w,, and the
subscript n will be strictly increasing. To define the continuity this set is extended to w =
{w,: w € R} where w is also strictly increasing.

Definition 2.1 Dual Hesitant Fuzzy Set
Let U be a fixed set, then a Dual Hesitant Fuzzy Set (DHFS) D on U is described as
D= {<e, a(e), B(e) > ¢ € U},

in which a(e) and B(e) are two sets of some values in [0, 1], denoting the possible membership
degrees and non-membership degrees of the element ¢ € U to the set D respectively, with the
conditions

0<y,n<1,0<y"+n*<1,
Where y € a(e), n € B(e), yT e a*(e) = Uyea max{y} and n*e B*(e) = UnEB max{n} for all e

€ U. For convenience, the pair D(e) = (a(e), B(e)) is called a dual hesitant fuzzy element
denoted by

D = (a, B), with the conditions: y € a, n € B, yte a* = |
UTIEB max{n},0<y,n<land0<y* +n*<1.

Jea max{y} and n*e B* =

Definition 2.2 Soft Set

Let U be a universe set and let H = {h;, h,, hs, . ... h,} be a finite set of
Parameters or Attributes. Let P (U) denote the collection of all subsets of U. For any E = H, a
pair (D, H) is called soft Set over U, where the mapping D is given by D: H = P (U).

Definition 2.4 Hypersoft Set

Let U be a universe of discourse, P (U) be a power set of U, Let H = {H;, H,, Hs,
....Hy,} for n>1 be n distinct attributes whose corresponding attributes values are respectively
the sets aj,a,,as,....a, witha, Nag =@, forp#qandp,q€ {1,2,3,...n}. Then the pair
(D, I) where I={a; Xa, X az X....X a,: nis finite and real valued} is known as
Hypersoft set over U with mapping

D:a; Xa, X az X....Xa,=1-P (V).
Definition 2.5 Linguistic Hypersoft Set

LetA=(Aq,A3,A3,....A,) for n>1 be n distinct attributes, whose corresponding attribute
values are respectively the sets uy, u,, us,....u, with up Nug = @, where p # q for eachn > 1

andp, q € {1, 2, 3, ...n}. Then the pair (8, <) where < = {u; X u, X uz X....X u, : tis finite
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and real valued} is known as hypersoft set over U with mapping
0:(u; Xuy; X uz X....xu,) =P ).

Then the linguistic hypersoft set will be,
B({BU(M}):BEA&tE W, ={W;, Wy, Wy, ... W,} wheren=2p+1:p>1and m € R*}

3. Linguistic Dual Hesitant Hypersoft Set (LDHHS)
In this section, we propose LDHHS with its set structure properties.
Definition 3.1: Linguistic Dual Hesitant Hypersoft Set (LDHHS)

Let U be a universe of discourse P (U) be a power set of U. Take A = (A1,A,,A3,.... ;) forn
>1. where Aq,A5A5,....A, are attributes, whose corresponding sub-attribute values are
respectively the sets uy, uy, us, ... u, with u, N ug = @, where p # q foreachn>1and p, q €
{1,2,3,...n}. Let = {u; X u, X uz X....X u,: where n is finite and real valued} and 0 :
X =(u; XUy X uz X....Xxu,) = P (U). Now the pair (0, «) is known as the Linguistic Dual
Hesitant Hypersoft Set (LDHHS) can be defined as

eOL (W)) = {BO\' (Y+a ﬂ+)) | B Cr& Y+, T]+ Ew= {Wla W, W3, ... Wn}}

Where w is the set of Linguistic Parameters and y*, n* represent the Dual Hesitant maximum
membership and maximum non-membership values in Linguistic Parameters with the
condition

0<y,n<1L0<y"+n*<l
Numerical Example 3.1.1

Let U = {s4,s,,53} be a universe of discourse, consisting of a set of three woods,
describes the strength of wood O(M(w)) = {s;,s,}. consider the attributes be A = Softwoods,
A% = Hardwoods and their corresponding sub-attributes values are

Softwoods = u; = {Cedar, Pine}
Hardwoods = u, = {Teak, Beech}

and set B(\ (W)) = {s;, s,} © U. Then the function 8: ¢ = u; X u, — P (J) and we have five
Linguistic Parameters w = {wy, w,, w3, wy, ws} = {very dissatisfied, dissatisfied, neutral,
satisfied, very satisfied}, each linguistic Parameter corresponds a dual Hesitant value: w; =
0.01 for very dissatisfied, w, = 0.05 for dissatisfied, w; = 0.25 for neutral, w, = 0.35 for
satisfied and wg = 0.52 for very satisfied.

Define the strength of woods in Linguistic Dual Hesitant Hypersoft Set (LDHHS)
(6,0)=0(A (W)= {BA(y*. ") [BSA &Y, n" €EW={w;, Wy, w3, ... Wp}}

0({Cedar, Beech}) = {s;, s,} = {(s;((dissatistied, neutral), (very dissatisfied, dissatisfied))),
(s, (neutral, satisfied), (very dissatisfied, dissatisfied))} = G

Similarly,

B. Sathiyapriya and Dr. V. Pankajam, Linguistic Dual Hesitant Hypersoft Set and their Application with
Decision Making in Medical Diagnosis and Treatment



Neutrosophic Sets and Systems, Vol. 98, 2026 6

0;({Pine, Teak}) = {s;, sy} = {(si((neutral, satisfied), (very dissatisfied, dissatistied))),
(s, (dissatisfied, neutral), (very dissatisfied, neutral))} = G,

0,({Cedar, Teak}) = {s,, s3} = {(syp((very dissatisfied, neutral), (very dissatisfied,
dissatisfied)), s;((neutral, satisfied), (very dissatisfied, dissatisfied))} = G,.

Definition 3.2: Let (0,,x;) = G; be a LDHHS, then the subset G}, can be defined as. O(A (w))
= {B(}\' (y+9 T]+)) | B c 7\' & Y+a T‘|+ Ew= {Wla Wy, W3, ... Wn}}

. Go=Gy
2. YwE Gy, 0,(w) = 6;(w).

This holds only when linguistic variables w,, satisfy the property i.e., each w, of (B, ) <
w,, of (81,;). Where w, represents Linguistic variables associated with Dual Hesitant
evaluation.

Example 3.2.1

Recall Example 3.1.1. The function 8, : ¢, =u; X u, — P (U) and assume the hypersoft set,
0;({Pine, Teak}) = {(s;(neutral, satisfied), (very dissatisfied, dissatisfied), (s, (dissatisfied,
neutral), (very dissatisfied, neutral)} = G,,. Where o, = « and G, = G;.

Where Gy, is a subset of the original set G;. Linguistic variables are associated with Dual
Hesitant evaluation (maximum of membership and non-membership).

Definition 3.3

Empty Linguistic Dual Hesitant Hypersoft Set (ELDHHS) can be defined as.
el:OCEzulx uZX ..... XunﬁP(U)

Such that each u, (p < n) is empty. 6,({Gg(U)})
1. (04, %g)@)=Ggif VB, (W)=0:V W E .
Example 3.3.1

Recall Example 3.1.1. The function 8, : o« =u; X u, — P(J), where u, and u, are all
empty sets (u; = u, = @) and assume the Hypersoft set, 8, (@) = @ = Hg, where «g = .

Definition 3.4

The AND operation on two (0, ;) = G; and (0,, ;) = G, Linguistic Dual Hesitant
hypersoft set (LDHHS) can be defined by

1. GyA Gy = (0142, X1a2) = G1a2
2. (wp, wq) =W, = Gqy2, where wy, € G; and wy € G, with p#q
3. B1u2(wp, wq) = 81(Wp) U 85 (wy).

Definition 3.5
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The OR operation on two (6, ;) = G; and (0,, x,) = G, Linguistic Dual Hesitant
hypersoft set (LDHHS) can be defined by

L. Gyv Gy = (B1y2, %142) = G12
2. (Wp, Wq) = w,= Gy,,, where wy, € Gy and wy € G, with p#q

3. B1n2(wp, wq) = 01(wp) N B, (wg)

Definition 3.6

The NOT operation on (08, ) Linguistic Dual Hesitant hypersoft set (LDHHS) can be
defined by.

I. ~G=~(0,x)=~u; X ~u, X....X ~U,
2. ~G=~Nw,:p=123,....... n
Definition 3.7

The Complement on (8, <) = G Linguistic Dual Hesitant hypersoft set (LDHHS) can
be defined by

1.(8,x)~ =(8~, ~ x), 0~: ~ « = P(Y).
2.07(~w)=U\0(w); Yw € G.

Proposition 3.8: Let (0, <) =G, (01, %;) = G; and (0,, %) = G, be Linguistic Dual Hesitant
hypersoft set (LDHHS) then following holds.

(01, %) = (81,%4)

(62, xg)(D) = (82, ;)

~(~G)=G

~ (83, xg) (@) =U

If (04, ¢1) = (85, %) and (0,, X,) = (04, ;) then (8,, %;) = (0,, X;) iff each
w,, of (8;,%¢;)=w, of (8,, ;).

ARSI A

This property holds only when Dual Hesitant variables satisfy the property i.e., each w,, of
(81, ¢1) =w,, of (82, 3).

Proof: Recall G, G; and G, from example 3.1.1.
1. 0, contains Dual Hesitant Variables G4, G,, G, ... G,

For each w, € «;, we have a mapping 6;(w,) = 0;(w,,) each Linguistic Dual Hesitant
variable map to itself. Thus, the set (0, ;) is a subset of itself by the Definition of 3.2, as the
mappings are trivially reflexive.

“(81,¢1) = (81, 7).
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2. g refers to an empty domain, (i.e., no Linguistic Dual Hesitant variable) the
complement

operation on LDHHS with empty domain means there are no variables to map to Linguistic
Dual Hesitant values.

0,(w,) =0 for all w,, € g the function maps nothing to the power set U. Since the empty set
is a subset of any set, it follows that (0,, Xg)(@) = (8,, X,) because the empty set maps to no
Linguistic Dual Hesitant variables, making it trivially a subset of any non-empty LDHHS.

3. Let’s assume ~ (04, o¢;) represents the complement of the LDHHS, which is
(01, ¢4)

with each Linguistic Dual Hesitant variables w,, replaced by its complement. Now, apply the
complement again would return the original Dual Hesitant values, as: ~ (~ (w,,)) = w,, for
each w, thus ~ (~ G) = G, Confirming the double complementation property.

4. When the LDHHS is complemented and the domain is the empty set, the result is
the complement of the empty set, which is the entire universal set U.
Therefore, ~ (0,, g) () =U.

5. Let’s assume that (0,,¢;) S (05, %,) and (6,, ;) S (04, ;). This means that
for all, w,, € 0, there exists a corresponding w, € 6, such that 6;(w,) € 0,(w,,)
Similarly, (8,, %;) € (04, «;) implies: 8,(w,,) S 0;(w,,)
Since 0;(w,,) € 0,(w,,) and 0,(w,,) € 8;(W,),
we conclude: 8;(w,) = 0,(w,)

Thus, (04, %) = (0,, %,), provided that the Linguistic Dual Hesitant variables w,, from both
sets match exactly.

4. Operational Laws on LDHHSS

In this section, we discuss the importance of operational laws, theorems and propose
for LDHHS. Let (0,,¢;) = G; and (0, %;) = G, be two LDHHS, where
®y = {uy Xup X uzX....Xup: p is finite and real valued} over U with mapping
B:¢; =u; Xuy X uz X...xu, - P(U) and o¢,= u; XUy X U3 X....X Ug: y is finite and
real valued} over A with mapping 6:0¢; =u; X up X uz X....X ug - P(Q).

Such that

(6,09 =06((w)) = {BA ", NN IBSA& Y, n" € w={wy, Wy, w3, ... Wp}}
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where w is the set of Linguistic terms and y*, n* represents the Dual Hesitant Maximum of
Membership and non-membership values in Linguistic terms in ascending order i. e. very
dissatisfied to very satisfied.

Then the operational laws on LDHHS can be defined with some necessary conditions.
Definition 4.1 Union of LDHHS

The union of two LDHHS, (0,,%;) = G; and (0,,«,) = G,, can be represented as
G;1 U G,. Depending on the relationship between their Linguistic Dual Hesitant variables and
their domains, the union is defined in two cases.

Case 1: Let (64, ¢;) = G; and (0,, «;) = G, be two LDHHS, then the union can be defined as

n n
G1 U Gy = {TT Ap(wp) X I Ag(wy) € | | up X | | Ug )
p=1 q=1

n n

where, A,(wp) € 1—[ up, and Ag(wg) € 1_[ uq should be distinct with u, Uug = @,
p=1 q=1

forp#qandp,q€ {1,2,....n}and w = {wy, wo, W3, ... Wp}.

n n
Case 2: G; U G, = {A,(wp) € 1_[ up X 1_[ Ug}
p=1 q=1
With p = q and Linguistic Dual Hesitant variable wy, of u,, should be same.

Example: Consider 3.1.1

Case 1: 0,({Pine, Teak})= {s;, s,} = {s;(satisfied, neutral), (very dissatisfied, dissatisfied),
s,(very dissatisfied, dissatisfied), (neutral, very dissatisfied)} = G,

0,({Cedar, Beech}) = {s;, s,} = {s;(very dissatisfied, dissatisfied), (satisfied, neutral),
s,(neutral, dissatisfied), (very dissatisfied, very dissatisfied)} = G,.

“upUug=@ withp #q

G, U G, = {s,(satisfied, dissatisfied), s,(dissatisfied, neutral), s; (disatisfied, satisfied),
sy (neutral, very dissatisfied)}.

Case 2: 0, ({Pine, Beach}) = {sy,s,} = {s;(satisfied, neutral), (dissatisfied, very dissatisfied),
s,(neutral, dissatisfied), (very dissatisfied, dissatisfied)} = G,

0,({Pine, Teak}) = {s;,s,} = {s;(satisfied, neutral), (dissatisfied, very dissatisfied),
s,(neutral, dissatisfied), (very dissatisfied, dissatisfied)} = G.

“upUug # @ withp=q
G, U G, = {s,(satisfied, dissatisfied), s, (neutral, dissatisfied)}.
Case 3: (counter example)

0, ({Pine, Beach}) = {s;,s,} = {s;(satisfied, neutral), (dissatisfied, very dissatisfied),
sy(neutral, dissatisfied), (very dissatisfied, dissatisfied)} = G,
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0, ({Pine, Teak}) = {s;,s,} = {s;(very satisfied, neutral), (dissatisfied, very dissatisfied),
s,(neutral, satisfied), (very dissatisfied, dissatisfied)} = G,.

~upUug # @ withp=q

Each Linguistic Dual Hesitant variables wy, of G, is less then Linguistic Dual Hesitant variables
wy, of G, then this implies G; U G, can be defined with some restriction i.e., consider highest
Linguistic Dual Hesitant variables wy, of each Parameters.

Example

G; = {sy(satisfied, neutral), (dissatisfied, very dissatisfied), s,(neutral, dissatisfied),
(very dissatisfied, dissatisfied)}

G, = {s;(very satisfied, neutral), (dissatisfied, very dissatisfied), s,(neutral, satisfied),
(very dissatisfied, dissatisfied)}

As, s;(satisfied, dissatisfied) < s;(very satisfied, dissatisfied) and s,(neutral, dissatisfied) <
s, (satisfied, dissatisfied)

Then G; U G, = {s;(very satisfied, dissatistied), s,(satisfied, dissatisfied)}.
Definition 4.2 Intersection of LDHHS

Case 1: Let (04,%;) = G; and (0,,%;) = G, be two LDHHS, then the intersection can be
defined as

n n
Gy NGy = {TT Ap(wp) X TTAg(wq) € | | up X | | Ugp =0
p=1 q=1

n n

where, A,(wp) € 1_[ u, and Aq(wg) € 1_[ ug should be distinct with up, Uug = @,
p=1 q=1

forp=qandp,q€ {1,2,....,n}and w={w,, w,, Wy, ... Wy}.

n n
Case 2: G; N G, = {A,(wp) € 1_[ up X 1_[ Ug}
p=1 q=1
With p = q and Dual Hesitant variable wy, of s, Then G; N G, = G; OR G,.

Example: Consider,

Case 1: 0;({Pine, Teak}) = {sq,s,} = {s;(very satisfied, satisfied), (very dissatisfied, very
dissatisfied), s, (dissatisfied, very dissatisfied), (neutral, dissatisfied)} = G;

0, ({Cedar, Beech}) = {sy,s,} = {s;(very dissatisfied, very dissatisfied), (very satisfied,
neutral), s, (dissatisfied, very dissatisfied), (satisfied, neutral)} = G,.

SupNug=0
G1 ] GZ = {Q)}

Case 2: 0, ({Pine, Beach}) = {s;, s,} = {s,(satisfied, neutral), (very dissatisfied, dissatisfied),
s,(neutral, dissatisfied), (dissatisfied, very dissatistied)} = G,
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0, ({Pine, Teak}) = {s;,s,} = {s,(satisfied, neutral), (very dissatisfied, dissatisfied),
sy(neutral, dissatisfied), (dissatisfied, very dissatisfied)} = G,.

“up Nug # @ withp=q
G, N G, = {s,(satisfied, dissatisfied), s,(neutral, dissatisfied)}.
Case 3: (counter example)

0, ({Pine, Beach}) = {s;,s,} = {s;(neutral, satisfied), (dissatisfied, very dissatisfied),
s,(neutral, dissatisfied), (very dissatisfied, neutral)} = G,

0, ({Pine, Teak}) = {s;,s,} = {s;(very satisfied, neutral), (very dissatisfied, dissatisfied),
s, (satisfied, neutral), (very dissatisfied, dissatisfied)} = G,.

“up Nug # @ withp=q

Each Linguistic Dual Hesitant variable wy, of G, is less then Linguistic Dual Hesitant variable
wy, of G, then this implies G; U G, can be defined with some restriction i.e., consider highest
Linguistic Dual Hesitant variable wy, of each Parameters.

Example

G; = {sj(neutral, satisfied), (dissatisfied, very dissatisfied), s,(neutral, dissatisfied),
(very dissatisfied, neutral)}

G, = {s;(very satisfied, neutral), (very dissatisfied, dissatisfied), s,(satisfied, neutral), (very
dissatisfied, dissatisfied)}

As, s;(satisfied, dissatisfied) < s;(very satisfied, dissatisfied) and s,(neutral, neutral) <
s, (satisfied, dissatisfied)

Then G, U G, = 0.
Theorem 4.3: If G; and G, be two LDHHS then the following holds

1. GiUG,=G;

2. G1 U Q) = G1

3. GiNG; =Gy

4. G NO=0

5. G1UG2:G2UG1

6. GlﬂGZZGzﬂGl

7. IfGl C G2 and GZ C G1 then G1 = Gz.

8. £(G1)=08G,;0=0.

9. C(G1VUgy)=C(G,UGy)
Proof

Straight Forward.

Theorem 4.4

If G4, G, be two LDHHS then the operations are given as follows
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1. ¢ X Gy = Ggx1; C (Linguistic Dual Hesitant variable)

2. Gy ® Gy =Gy
3. Gl ® G2 = G1®2
4. (G)* =Gy

Proof
Straight Forward.
5.Some Aggregation operators

Aggregate operators are essential in decision-making processes, combining and
aggregating Linguistic Dual Hesitant quantifiers or numerical values to assess factors. They
enable informed analysis and evaluation of complex information, handling multiple criteria
simultaneously, such as language, quality, reliability and customer satisfaction allowing for
comprehensive evaluation and comparison.

Definition 5.1 LDHHSWGAO

Consider Ay, Ay, A3,.... A, for n=> 1, where (Aq,A;,A3,....A,) are attributes, whose
corresponding sub-attribute values are respectively the sets o< = (uy, uy, us,....uy) with up N
uq =0, forp # q foreachn= 1andp,q € {1,2,3,....t}.

W' X =g, U, U, Uy > P () =(8,0) =00 (W) = By, ") [BEA &Y, nT EW
={W19W2’W39"'Wn}} (1)

Where w is the set of Linguistic Parameters and y*, n* represent the Dual Hesitant maximum
membership and maximum non-membership values in Linguistic Parameters.

. t
lf IlT (7\1' )\21 7\3' e 7\n) = Hn=1 )\n(Y+; n+)T“

such that
W' A 2223 ) =4 " @22 QA7 Q... .. ® A= (B (v, ™)}
where T = (T4, T, T3, --- - - T,) is the exponential weighting vector of the A, (y*,n™)™ € {B(A

(y*,n%)} and T, € [0,1] with ¥t _; T, = 1, then p* is called Linguistic Dual Hesitant weighted
geometric averaging operator (LDHHSWGAO).

Example

Assume T = (0.6,0.2)" then LDHHSWGAO {s;(Pine, Beech), s,(Cedar, Teak)} = {s;(Pine
(neutral, satisfied), (dissatisfied, very dissatisfied), (Beech (satisfied, dissatisfied), (neutral,
dissatisfied))}

AU A g ) = [ ()™ =4 @2 R ® . .. .. R A,

={BA G}
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= {s;(Pine (neutral, satisfied)®®, (dissatisfied, very dissatisfied)®?), (Beech (satisfied,
neutral)%®, (neutral, dissatisfied)??)}

= {s,((neutral, satisfied)®® + (dissatisfied, very dissatisfied)®?), ((satisfied, neutral)®-® +
(neutral, dissatisfied)%2)}

= {s;(neutral, dissatisfied), (satisfied, neutral)}
Similarly, s,(none, none).
Definition 5.2 LDHHSOWGAO

Consider Ay, A5, A3,....A, for n> 1, where (Aq,A;,23,....A,) are attributes, whose
corresponding sub-attribute values are respectively the sets o< = (uy, uy, us,....u,) with u, N
uq =0, forp # q foreachn= 1and p, q € {1,2,3,....t}.

W o= ug,Up, Uz, Uy > P () =(6,00 =00 (W)= {BA G, n")[BSA&Y" Nt EW

={Wq, Wy, W3, ... Wp}} (2)
if W A2 Ag,e ) = [ Ay )™

such that

W A2 A5 A) = 4T @2 Q7 ® ... ® Ay "= {BL (v, n")}

where T = (T4, T, T3, .- .. T,) is the exponential weighting vector of the A,(y*,n")™ € {B(A

(y*, nM)} and t, € [0,1] with X{_; T, =1, then p'* is called Linguistic Dual Hesitant
Hypersoft Set Ordered Weighted Geometric Averaging Operator (LDHHSOWGAO).

Example

Assume T = (0.5, 0.4)" then LDHHSOWGAO {s,(Cedar, Beech), s,(Pine, Teak)} =
{s;(Pine (neutral, satisfied), (dissatisfied, very dissatisfied), (Beech (satisfied, dissatisfied),
(neutral, dissatisfied))}

AU A g ) = [ ()™ =4 @2 R ®. .. .. R A,

={BA ("M}

= {s,(Cedar (satisfied, dissatisfied)?>, (neutral, dissatisfied)®*), (Beech (neutral, very
dissatisfied)®>, (dissatisfied, very dissatisfied)®4)}

= {s,((satisfied, dissatisfied)?® + (neutral, dissatisfied)®*), ((neutral, very dissatisfied)?> +
(dissatisfied, very dissatisfied)%#)}

= {s;(satisfied, neutral), (neutral, dissatisfied)}
Similarly, s,(none, none).

Theorem 5.1
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L. m})in(Kn(v’L.n*)) <UT A A A3, M) S mgX(MYW*))
2. mpin(An(y“L, T'|+)) < IJ.,‘E (A, Ag A3, ) < ml:i)':lX()\n(Y+; T]+))
Proof

Straight forward

Theorem 5.2
L W QAp(ytm™)
A (y*m™)
2. IV, nh) = Rp(rtm™)) Vp, then '™ (A, (v, %)) = w, A, (v, ™))

Proof: Straight forward.

W A, (v*,n*), where (A,(y*,n*)) is any permutation of

6. LDHHS Algorithm to solve MCDM problem

A decision-making technique based on Linguistic Dual Hesitant Hypersoft Set
Weighted Geometric Averaging Operator (LDHHSWGAO) has been used to construct an
algorithm known as Linguistic Dual Hesitant Hypersoft Set based multi criteria group decision-
making (LDHHS) algorithm. The graphical representation of the proposed LDHHS algorithm
is presented in figure 2.

Step 1: Let, A;,A;,23,...,A, for n=>1,be n distinct attributes, whose corresponding sub-
attribute values are respectively the sets uy, uy,...u, with u, Nug =@, forp # g, and p, q €
{1,2,...n}. let T = (T4, Ty, T3, .---- T,) be the exponential weighting vector. Where t,, > [0,1]
with ¥t _ t, = 1.

Let 0:x=1u; X u, X uz X...... Xxu, > P(U)=0r W) ={BA (¥ ", ") |BES L &
vy, nt € w={w;, wy, wg, . .. wy}} The decision-maker D assign the values with the

Linguistic Dual Hesitant Parameters and assign Linguistic Dual Hesitant variable to each
alternative as Gp,= {(A,(y*,n")) [p =12, .. n}, w = {w;, wp, w3, ... wy} and construct a

Linguistic Dual Hesitant preference table for (A, (y*,n™))(™).

Step 2: Construct a matrix [A,q]pxq for D using Linguistic Dual Hesitant Hypersoft weighted
geometric averaging operator (LDHHSWGAO),

BAYT, M) =4" QL2 Q. .... ® A,
Step 3: List the aggregated values of all the alternatives B(A (y*, n™).

Step 4: Finally, list the alternatives with maximum membership (y*) value. The maximum
membership will represent the positive ideal alternative.

Figure 1. Graphical representation of proposed LDHHS algorithm

MAXIMUM OF
LINGUISTIC DUAL
HESITANT
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START |————» | DECISION MATRIX

i r

END
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6.1 Illustrative Example

When ten patients visit a doctor with symptoms. Like Dry cough, Bitter taste, Upper
Abdominal Discomfort, Epigastric pain, Belching. These symptoms are making a doubt to
affect Gastroesophageal reflux disease (GERD) and also making the diagnosis questionable
even if they are symptomatic of several medical diseases, including GERD. To evaluate their
symptoms more precisely, the doctor uses LDHHS, and data presented in table 1.

Consider P = {P;, P,, P;, . . . .P;o} be ten patients as alternatives and doctor want to
diagnose them. The medical diagnose system should be to identify Gastroesophageal reflux
disease (GERD) patients, while minimum of stomach issues and improve outcomes.

Consider the attributes A;= Dry cough, A, = Bitter taste, A3;= Upper Abdominal Discomfort,
A, = Epigastric pain and A5 = Belching.

Then the function p: X = u; X uy X uz X u, X ug — P(U) and assume the hyper soft set
P={P,P,, P;,....Po} = Uwhere U= {P;, P, P;,....Py} be the universal set.

Step1: Construction of Linguistic Dual Hesitant preference table for alternatives

This table organizes the system of each patient as fallows

Table 1: Doctor patient interaction and information gathering in Linguistic Dual Hesitant

Patient Dry cough Bitter taste Upper Epigastric Belching

No./ Abdominal | pain

Symptoms Discomfort

Py (very dissatisfied, | (neutral, (dissatisfied, | (satisfied, (very
satisfied),  (very | satisfied), neutral), dissatisfied), | dissatisfied,
dissatisfied, (dissatisfied, (satisfied, (neutral, dissatisfied),
dissatisfied) neutral) dissatisfied) | very (neutral,  very

dissatisfied) | dissatisfied)

P; (satisfied, neutral), | (satisfied, (neutral, very | (dissatisfied, | (satisfied, very
(neutral, dissatisfied), dissatisfied), | neutral), dissatisfied),
dissatisfied) (dissatisfied, (dissatisfied, | (very (dissatisfied,

very very dissatisfied, | very
dissatisfied) dissatisfied) | dissatisfied) | dissatisfied)

P; (very satisfied, | (satisfied, (neutral, (satisfied, (very satisfied,
very dissatisfied), | neutral), (very | dissatisfied), | very dissatisfied),
(very dissatisfied, | dissatisfied, (dissatisfied, | dissatisfied), | (dissatisfied,
dissatisfied) dissatisfied)
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very (neutral, very
dissatisfied) | dissatisfied) | dissatisfied)

P4 (neutral, (neutral, very | (very (satisfied, (very
dissatisfied), dissatisfied), dissatisfied, | very dissatisfied,
(neutral, very | (very dissatisfied), | dissatisfied), | dissatisfied),
dissatisfied) dissatisfied, (dissatisfied, | (dissatisfied, | (very

dissatisfied) neutral) very dissatisfied,
dissatisfied) | dissatisfied)

Ps (dissatisfied, very | (neutral, very | (very (very (satisfied, very
dissatisfied), (very | dissatisfied), dissatisfied, | dissatisfied, | dissatisfied),
dissatisfied, (dissatisfied, dissatisfied), | neutral), (very
neutral) very (dissatisfied, | (neutral, dissatisfied,

dissatisfied) very dissatisfied) | dissatisfied)
dissatisfied)

Ps (satisfied, very | (dissatisfied, (satisfied, (neutral, (dissatisfied,
dissatisfied), (very | neutral), (very | dissatisfied), | very satisfied),
satisfied, very | dissatisfied, (very dissatisfied), | (neutral,
dissatisfied) neutral) dissatisfied, | (satisfied, dissatisfied)

dissatisfied) | very
dissatisfied)

P; (neutral, (very (satisfied, (neutral, (satisfied, very
dissatisfied), (very | dissatisfied, neutral), dissatisfied), | dissatisfied),
dissatisfied, dissatisfied), (dissatisfied, | (neural, very | (dissatisfied,
dissatisfied) (neutral, very | very dissatisfied) | very

dissatisfied) dissatisfied) dissatisfied)

Ps (dissatisfied, (neutral, very | (satisfied, (very (neutral,  very
satisfied),  (very | dissatisfied), dissatisfied), | dissatisfied, | dissatisfied),
dissatisfied, (neutral, (dissatisfied, | neutral), (dissatisfied,
dissatisfied) dissatisfied) very (neutral, very

dissatisfied) | dissatisfied) | dissatisfied)

Py (satisfied, neutral), | (satisfied, (dissatisfied, | (dissatisfied, | (satisfied,
(very dissatisfied, | dissatisfied), neutral), very dissatisfied),
neutral) (very (very dissatisfied), | (neutral,

dissatisfied, dissatisfied, | (neutral, dissatisfied)
dissatisfied) neutral) dissatisfied)

P1o (satisfied, very | (satisfied, very | (neutral, (satisfied, (very satisfied,
dissatisfied), dissatisfied), dissatisfied), | neutral), dissatisfied),
(neutral, (neutral, (neutral, very | (very (very
dissatisfied) dissatisfied) dissatisfied) | dissatisfied, | dissatisfied,

dissatisfied) | dissatisfied)

Step 2: The LDHHSWGADO is designed to aggregate values (weights: for Dry cough = 0.2, for
Bitter taste = 0.3, for Upper Abdominal Discomfort = 0.2, for Epigastric = 0.1, for Belching =
0.2). across different symptoms (attributes) for each and every single patient.

Patients

LDHHSWGAO Values
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P, i (dissatisfied, neutral)

P, (satisfied, dissatisfied)

P, (very satisfied, very dissatisfied)
P, (very dissatisfied, dissatisfied)
P; B (very dissatisfied, dissatisfied)
P, (satisied, dissatisfied)

P; (satisfied, dissatisied)

Pg (neutral, dissatisfied)

Py (satisfied, neutral)

Pio i (satisfied, neutral)

Step 3

Next, the doctor uses this operator to aggregate the Linguistic Dual Hesitant variables
for each Patients. This aggregation takes into account maximum of Membership and Non
membership of all symptoms to calculate an overall score for each Patients.

Patients Aggregated Values
P, [ (dissatisfied)

P, (satisfied)

P, (very satisfied)
P, (very dissatisfied)
P B (very dissatisfied)
P, (satisfied)

P; (satisfied)

Pg (neutral)

Py (satisfied)

Pio | (satisfied)

Step 4: Finally, list the alternatives with maximum Membership (y*) Values. The maximum
(y*"), will represent the positive ideal alternative.

Alternative Result
P, [(Negative)
P, (Positive)
P; (Positive)
P, (Negative)
Ps B (Negative)
P, B (Positive)
P; (Positive)
Pg (Negative)
Py (Positive)
Pio | (Positive) |
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In this case study highlights how the LDHHS algorithm helped doctors overcome
diagnostic challenges with patients showing common symptoms like Dry cough, Bitter taste,
Upper Abdominal Discomfort, Epigastric pain and belching which overlap across multiple
illness, including Gastroesophageal Reflux Disease (GERD). By leveraging advanced
language models and analysing a wide range of medical data, the algorithm provided accurate,
data-driven diagnoses, reducing uncertainty. Figure: 2 visually represents the relationship
between Patients and GERD.

Figure 2: Negative and Positive Patients in GERD

0.

6
0.4

0
P1 P2 P3 P4 P5 P6 P7 P8 P9 P10

[ Represent Negative in GERD

] Represent Positive in GERD

6.3 Result Discussion Comparison and Future Direction

The comparison between proposed LDHHS algorithm and traditional diagnostic
methods underscores its potential to revolutionize healthcare. Unlike conventional techniques
reliant on clinical judgement, LDHHS leverages advanced language models and real-time
medical data to deliver more accurate and adaptive diagnoses. Table 2 illustrates its comparable
performance with existing methods, while its ability to incorporate new research and manage
risk, particularly crises for GERD, highlights its superiority. By complementing, rather than
replacing, the expertise of healthcare professionals LDHHS paves the way for more precise,
efficient and patient-centered diagnostic solutions.

Table 2: Comparing Research Result with Existing Studies.

METHOD POSITIVE NEGATIVE
FDHS P1, P3, P4, Ps, P7, P10 P2, Ps, Ps, Po
LDHHS P2, Ps, Ps, Ps, P1o P1, P3, P4, P7, P9

7.Conclusion

In conclusion, this study underscores the critical role of language and the challenge it
poses in medical diagnosis and treatment. By introducing Linguistic Dual Hesitant Hypersoft
Sets (LDHHS), a robust framework for managing Linguistic Dual Hesitant uncertainty, the
study presents a promising approach to enhancing healthcare decision-making. The proposed
definition, concepts, aggregation operators and algorithms demonstrate the utility of LDHHS
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in addressing the complexity of modern medical practice, fostering more effective and patient-
centered care. Looking ahead, expanding LDHHS to encompass a broader spectrum of medical
conditions and fostering collaboration between data scientists and healthcare professionals will
be key to advancing its potential. Beyond healthcare, the versatile framework of LDHHS holds
promise for applications in diverse fields such as market research, environmental assessments
and disaster preparedness, offering a powerful tool for navigating complex and uncertain
environments.
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Abstract: This paper introduces a novel class of Neutrosophic closed sets called Neutrosophic y -
generalized a -closed sets (Ne.(yGa)CS), along with their corresponding open sets (Ne.(yGa)OS), within
the structure of Neutrosophic Topological Spaces (NTS). The motivation for this study arises from the
limitations observed in existing Neutrosophic closed sets such as a -closed, semi-closed, and y -closed sets,
which often lack the flexibility to model hybrid structures involving partial membership and indeterminacy.
To address this gap, we define the Ne.(yGa)CS using B-closure operators and a-open supersets, offering a
broader framework that unifies and extends several earlier concepts. The proposed sets are systematically
analyzed through formal claims, and their behavior is demonstrated using counterexamples to confirm that
reverse implications do not generally hold. Additionally, we explore their algebraic properties including union,
intersection, and inclusion relationships. A comparative analysis illustrates how these sets generalize
previously defined structures while preserving essential topological characteristics. The findings not only
contribute to the advancement of Neutrosophic set theory but also offer a solid foundation for further research
in uncertainty modeling, generalized topology, and decision-making systems. This work enhances the
expressiveness of Neutrosophic topology and opens potential pathways for practical applications in fields
requiring nuanced treatment of imprecision.

1. Introduction and Preliminaries

In recent decades, the limitations of classical set theory in handling real-world uncertainty have driven
the development of more generalized mathematical frameworks. Among these, Smarandache’s Neutrosophic
Set theory stands out as a significant advancement . This enables the representation of uncertain, incomplete,
inconsistent, and vague information with greater flexibility.

Building on this foundation, Neutrosophic Topology emerged as a natural extension of classical topology
into the domain of indeterminacy. This new branch was initiated by A.A. Salama [10], who developed the
concept of Neutrosophic Topological Spaces (NTS). In these spaces, the classical notions of open and closed
sets are redefined to accommodate the presence of indeterminate and inconsistent information, which is
especially relevant in areas such as artificial intelligence, decision support systems, and data analysis.

Since the introduction of NTS, many researchers have contributed to its advancement by proposing
various types of Neutrosophic open and closed sets. These generalized forms have helped to build a more
complete understanding of topological structures under uncertain conditions. For example, Arokiarani I. and
colleagues [2] proposed the notion of Neutrosophic a-CS, which broadened the traditional concept of
closedness in topological spaces by integrating indeterminacy and partial membership. Their work added
depth to the exploration of closure operations in generalized topologies.
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Similarly, Ishwarya P. et al. [ 7] studied Neutrosophic Semi-Open Sets, which represent a hybrid category
between open and closed sets. This intermediate classification has provided new insights into how
Neutrosophic sets behave with respect to topological boundaries, particularly when information is incomplete
or partially defined.

Despite these advancements, existing classifications may not fully capture the intricate relationships
between different types of Neutrosophic sets. To address this gap, the present study introduces a novel class
of closed sets, termed Neutrosophic y-Generalized a -Closed Sets (abbreviated as Ne.(yGa)CS, along with
their corresponding open sets, known as Neutrosophic y\gamma-Generalized o\alpha-Open Sets
(Ne.(yGa)CS).

These newly defined set classes are proposed to further refine and generalize the concepts of closure and
openness in Neutrosophic Topological Spaces. The key idea is that a set A; in a Neutrosophic topological
space (¥y,,NeT) is said to be a Ne.(yGa)CS if N, bcl(A;) € Q whenever A;cQ

and Q is a Neutrosophic & - alpha-Open Set in the same space.

This framework incorporates both the y-closure and o\alpha-openness concepts, leading to a more
layered and flexible understanding of set boundaries. By doing so, it bridges the gap between multiple earlier
notions and offers a unified structure to study more complex topological behaviors under uncertainty.

The objective of this research is threefold:
e To formally define and introduce the new classes of Ne.(yGa)CS closed and open sets;

e To analyze and prove their fundamental properties, including behavior under standard set operations
like union, intersection, and complement;

e To explore their relationships with existing types of Neutrosophic sets, such as N(a\alpha)CS, N(G)CS,
and N(GS)CS.

By addressing these goals, this paper aims to contribute both theoretical and structural value to the
growing domain of Neutrosophic topology. These developments have the potential to enhance future
investigations in topology, logic, and their interdisciplinary applications.

Moreover, this study lays the groundwork for further exploration into continuity, compactness, and
separation axioms using the newly defined set types. It also opens the possibility for practical applications
where vague, incomplete, or inconsistent information must be systematically analyzed.

In conclusion, the introduction of Neutrosophic y —Generalized a-Closed and Open Sets represents a
significant step forward in the evolution of Neutrosophic topology. It offers refined tools for topological
analysis in the presence of indeterminacy and strengthens the theoretical foundation for further research in
uncertainty modeling and applied mathematics.

1.1 Motivation for the Study

Many real-life problems involve situations where things are not fully true or false, and we face
uncertainty or incomplete information. Traditional set theories like classical sets or fuzzy sets cannot properly
deal with this kind of uncertainty. To solve this, Neutrosophic Set Theory was introduced, which allows us to
separately consider truth, falsity, and indeterminacy. Building on this idea, Neutrosophic topology was
developed to study open and closed sets in uncertain environments. Several types of Neutrosophic closed sets
already exist, like &, y and semi- CS. But these sets often work separately and don’t give a complete picture
when openness and closeness overlap. They are not flexible enough to handle all types of uncertain or mixed
cases. This creates a need for a new, more general type of set that can combine and extend the features of the
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existing ones. That’s why this paper introduces a new kind of set called the Neutrosophic y-generalized a -
closed set, which is designed to be broader and more useful in dealing with complex uncertain situations.

1.2 Research Gap

Although several classes of Neutrosophic closed sets have been introduced in recent years—such as
Neutrosophic & -closed sets, semi-closed sets, pre-closed sets, and y-closed sets—these concepts are limited
in scope. Most of them address specific types of closure behavior and do not offer a unified structure that
combines multiple closure and openness properties. As a result, they fall short in representing more complex
topological structures that may arise in uncertain systems. Another issue is that the relationships between these
different types of Neutrosophic closed sets are not fully explored in the literature. There is a lack of generalized
set definitions that can include these existing types as special cases while offering new insights into how they
interact or differ. Additionally, many existing models do not account for how sets behave under different
closure operations, such as semi-closure or B-closure, in a combined or comparative manner. Therefore, there
is a clear gap in developing a broader class of Neutrosophic closed sets that can generalize and unify various
existing structures under a single theoretical framework. This limitation inspires the introduction and
investigation of Neutrosophic y-generalized -generalized a -CS in the present study.

1.3 Objective of this study

The main aim of this research is to introduce and explore a novel category of closed sets in Neutrosophic
topology, referred to as Neutrosophic y -generalized a -CS (Ne.(yGa)CS). This class is introduced to
generalize and unify several existing Neutrosophic closed set types, such as a-closed, semi-closed, pre-closed,
and y -closed sets, under a broader and more inclusive framework. The study aims to establish the foundational
properties of Ne.(yGa)CS, examine their algebraic behavior, and explore their interactions with other well-
known closed sets. In addition, the paper provides formal proofs and counterexamples to demonstrate that while
Ne.(yGa)CS include many existing classes as special cases, the reverse inclusions do not hold. Another key
objective is to introduce the corresponding open sets, namely Neutrosophic y -generalized a -open sets, and
investigate their characteristics. Through this work, the paper seeks to enrich the structure of Neutrosophic
topological spaces and support further theoretical development and practical application in fields that require

refined treatment of uncertainty and imprecision.

1.4 Discussion of Existing Problems and Core Contributions

The study addresses a key limitation in Neutrosophic topology—namely, the lack of a unified structure
that can generalize and relate various existing Neutrosophic closed sets such as a-closed, semi-closed, pre-
closed, and y-CS. These earlier set types are defined in isolated contexts and are often insufficient for
representing the complex interplay between openness and closedness in uncertain systems. They do not capture
all types of boundary behaviors, nor do they offer a general framework that allows comparison or inclusion
among multiple closure concepts.
In response to this limitation, the paper introduces a new and more inclusive class called Neutrosophic y-
generalized a -closed sets (Ne.(yGa)CS), which incorporates B-closure operations with a-open supersets.
This framework not only generalizes several known classes of Neutrosophic closed sets but also establishes

their interrelationships through a series of logical claims. The paper rigorously proves that (Ne.(yGa)CS)
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includes all of these earlier classes as special cases and presents counterexamples to show that the converse is
not generally true. This distinction is crucial for deepening the theoretical structure of Neutrosophic topology.
The core contributions of the paper are as follows:
e Formal definition and development of the new class (Ne.(yGa)CS)and its corresponding open set
(Ne.(yGa)OS).
e  Establishment of inclusion relationships between (Ne.(yGa)CS)and existing Neutrosophic closed sets
(a-closed, semi-closed, y-closed, etc.).
e Presentation of multiple claims supported by proofs and counterexamples to clarify boundary
conditions.
e Analysis of set operations (such as union and intersection) on (Ne.(y Ga&)CS)and their closure
properties.
e Introduction of generalization theorems showing how (Ne.(yGa)CS) can serve as a broader framework
for future topological investigations.
By resolving the fragmented nature of existing closed set definitions and offering a unified approach, this work
significantly enhances the expressive power of Neutrosophic topological structures and provides a solid

foundation for further applications and theoretical extensions.

1.5 Proposed Methodology

This study adopts a theoretical methodology to define and explore a new class of closed sets in
Neutrosophic Topological Spaces (NTS), called Neutrosophic y-generalized a-closed sets (Ne.(yGa)CS). The
method begins with a review of existing closed set types—such as a-closed, semi-closed, pre-closed, and y-
closed sets—to highlight the need for a unifying structure. The new class is defined using B-closure and a -
open sets: a set A; is (Ne.(yGa)CS) ifits B -closure is contained in every a -open superset that includes it.
Several claims are then established to show that well-known Neutrosophic closed sets are special cases of
(Ne.(y Ga)CS), with counterexamples demonstrating that the converse is not generally true. Illustrative
examples clarify the behavior of these sets, including their response to set operations like union and intersection.
The study also introduces the corresponding open set class, Neutrosophic y -generalized a-open sets
(Ne.(yGa)OS), and explores their properties. Overall, this methodology provides a step-by-step generalization
framework that strengthens and extends the theory of Neutrosophic topology.

The rationale for selecting a theoretical and axiomatic approach in this study stems from the need to
generalize and unify multiple existing classes of Neutrosophic closed sets within a single framework.
Traditional Neutrosophic closed sets—such as a -closed, semi-closed, pre-closed, and y-closed sets—are
defined independently and lack a shared structure that allows for direct comparison or integration. By employing
B -losure and a-open set operations, the proposed Neutrosophic y-generalized a - closed sets (Ne.(yGa)CS)
offer a flexible yet rigorous extension that includes these existing sets as particular cases. This formal method
ensures mathematical clarity, enables the derivation of inclusion relations, and allows the formulation of claims
with both proofs and counterexamples. The goal was to address the structural gaps in current Neutrosophic

topology and to enrich the theoretical landscape for future developments. The selected methodology thus
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provides a solid foundation for extending closure-based reasoning under uncertainty and lays the groundwork

for potential applications in decision theory, data analysis, and soft computing.

2. Basic Definitions and Preliminaries

Definition 2.1 [5,6]

Consider a fixed non-empty set N¥X. A Neutrosophic set V; defined on N* can be expressed as

Vi ={(x Hy; (%), oy: (%), vy (X))|X € N*},where ty: (x):The membership degree is denoted by N* —, and the
function vy: (x): NX — [0,1] specifies the non-membership degree for the Neutrosophic set V;, whereas

oy; (%), represents the indeterminacy degree.

Definition 2.2 [10] A Neutrosophic topology (abbreviated as NT) on the set N* defined as a collection NTof
Neutrosophic sets within N* that satisfies the following conditions:

1. The null Neutrosophic set Oy and the universal Neutrosophic set 1y are elements of N*

2. The intersection J; N ], belongs to N*for any two sets J;,], € N

3. For any collection {J;|i € j} € N™. In this situation, the couple (NX,NT)(NX,NT) is denoted to as a NTS. A
NOS is any subclass of NX that fits to NT. The counterpart V;¢ of a NOS V; in the NTS (NX,NT) is

recognized as a NCS in NX..

Claim 2. 3 [10]. For any NS V; in (N¥,N7), we have
L.N™™(0y) = Oy and NY(0y) = Oy

2. (NH(V))© = N(V;©)

3. (NEI(VD))© = NI (V;©)

4. N"M(1y) = 1y and N(1y) = 1y

Definition 2.4 A NS V;of aNTS (NX,N7) isa

1. A Neutrosophic semi preclosed set (denoted as (N(y)CS) is well-defined as a set V; for which 3an N(P)
closed set V5 in N(P) Closed set and there exists a Neutrosophic preclosed set V; in which contains the
neutrosophic interior of V; contains V7.

2.In [15] (N(y)OS 3 N(P)OS V; such that V; € (V;) € NY(V3)V;

Definition 2.5 Let V;be an NS of a NTS (N*,NT). Then
1. Nl (V;) =n {I|Iis a N(a)CS in NX and V; € I}
2. N*nt(v+) =u {I|lis a N(«)OS in N¥and I € V;}

Definition 2.6 Let V; be a Neutrosophic set (NS) in the Neutrosophic Topological Space (NTS) (NX,NT).
Then: V; is called a Neutrosophic Generalized Closed Set (abbreviated as N(G)CS if N°(V;) € ¥
whenever V; € W is a Neutrosophic Open Set (NOS) in NX..
1. Vj is called a Neutrosophic Generalized Semi Closed Set (abbreviated as N(GS)CS if N(V;) € ¥
where W is a NOS in NX,
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2. Vjis called an Alpha-Neutrosophic Generalized Closed Set (abbreviated as (N(a)GCS if NI(V;) €
Y and ¥ is a NOS in NX..

3.V is called a Neutrosophic Generalized Alpha Closed Set (abbreviated as (N(a)GCS if N¢\(V}) € W,
and W is a Neutrosophic Alpha Open Set (NaxOS) in NX

Remark 2.7 Let V; be aNSin (NX,NT). Then

1. NS~9(Vy) = Vi n NIE(N(V))

2. NSTIRE(Vy) = Vi U NN (V)

If Vi is a NS of NX then NS¢(V;€) = (NS (V}))°

3. (N..(YGa)CS)- Neutrosophic y generalized a - CS

Definition 3.1

A Neutrosophic set A; in the Neutrosophic Topological Space (¥, ,NeT) is called a Neutrosophic
(Ne.(YG)CS) if N, bcl(A;) = Q wheneverA;cQand Q is a Ng ()OS in (xy,,NeT) in the space N TS
(tno NeT).

Example 3.2:

Let o, = (5153}, Ki= (2 5,5) (S5 )hand Ky = (x (35 2.5),(5,55)) - Then 7, =

10’1 10’10’10/’ \10’ 10’ 10

- . 3 5 7\ (2 5 8 .
{On, K1, K3, 1n} isa N, Ton y, . Here A; = (x, (E’E’E)’ (E'E’E)) stands an N, s in (¥, , Ne.1).

Claim 3.3:

In the space (¥, , N 1) every N, CSis also aN, (YGa)CS but the converse does not generally hold.

Proof:

Assume A is a N, Closed set in y,, suppose A;c Q where Q is a N, (@) openset in x, . As given that
N bel(Ay)S Necl(Ay)= A< Q is follows that Nebcl(A;) < Q. Then A; is in the space (), ) with the
neutrosophic topology N.tandisaa N, (bGa)

Ilustration 3.4:

Let Xy, = {s},53), K’;:(X,(i,i,i),(s 5 i)) and K§=(x,(4 > 6),(1 > 1—70)) Then T,, =

10’10’10/’ \10’ 10’ 10 10’10’10/’ \10’ 10’
{On, K7, K3, 1n} is a N T on y,, . Here A; = (x, (1%,130,%),(%,%,1%)) is a neutrosophic topology is in
(Xn, > Ne 1), is a neutrosophic topology (yGa) closed set nonetheless non N closed in (), , Ne 1) as
Necl(A)=KiC = A,.
Claim 3.5:
In the space (xn,, N.1) every N, (S)CS isalso N, (bGa)CS but the converse does not generally hold.

Proof:
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Let Ay be a NgSCS in x, . Let Ay ¢ Q and Q is a N ()OS in ), . As
Ne (Y)cl(Ay)< Ne (S)cl(A;)= A, Q by hypothesis, we have Ng (Y)cl(A;)c Q. Then A; is a No (YGa)CS in
(Xn,» NT).

Ilustration 3.6:

£ g * 53 5 35) (555 5 6 3 —
Let X, ={s1,52}, Ki=(x, (10'10’10)’(10’10’10)> and K; = (x, (10 10’ 10) (10 10’ 10)) Then T, =
{On, K1, K3, 1n} is @ N T on y,,, . Here A; = (x, (10 150 170) (120 = 10)) is a Nes in (¥, , Ne1), stands a
neutrosophi (yGa) closed set nevertheless non a N(S) closed set in ( xn, , Nt) as

N, int(N, cl(Ay))= N, int(K;©)= K& & A,.
Claim 3.7

Every Neutrosophic N, (P) Closed Set in the space(X, N, 1) is also a Neutrosophic N( yGa) Closed Set, In

general, however, the converse is not necessarily true.

Proof:
Let A; isa Ng (P)CS in x, . Let A;cQ and Q isa Ng ()OS in xy, . As Ne (y)cl(Ay)< Ne (P)cl(Ay)
=A< Q by hypothesis, we have N, (Y)cl(Ay)= Q. Then A; isa Ne (YGa)CS in (xy, , N1).

Illustration 3.8:

5

Let xn, ={si,s3}, Ki =(x (i = _) (s

10’10’10

6
10’ 10 10

)) and K} = (X( 6) (i = —)) Then T, =

10’ 1() 10 10’10’

{On, K7, K3, 1n} is @ N T on g, . Here A; = (x, (10 150 170) (130 110 1—0)) is a Ngs in (¥, , Ne 1), stands a

N (bGa)CS nevertheless not anN, (P)CS in (), , N1) as N cl(N, int(A1)) = N, cl(K3) = Kic < A
Claim 3.9:
Every Neutrosophic a Closed Set in the space (¥, , N,.7) is also a Neutrosophic N, (bGa) Closed Set, but the
converse is not true in general.
Proof:

Let A; is a N (0)CS in y,, . Let A;cQ and Q is a Ng ()OS in y, . As N (y)cl(A;) < Ne (o)cl(Ay) =
A,<Q by hypothesis, we have N bel(A) < Q. Therefore, in (¥, , Ne 7)., Ay isa Ne (YGa)CS.
Ilustration 3.10:

* o * 5 5 5) (5 5 6y (35 7 _
Let xo, ={si,s2}, Ki=(x, (10’10'10) (10 10’ 10)) and Kj = (x, (10 10’ 10) (o 10‘10))' Then T, =
{On, K1, K3, 1n} is @ N T on y,,, . Here Ay = (x, (10 150 170> (120 5 10)) is a Negs in (¥, , Ne1), stands a

NeutrosophicN, (bGa closed set nevertheless non an N, (@)CS in (Xy,, Net) as N, cl(N, int(N,cl(A,))) =
Ne.cl(Neint(K; %) = Neel(Kj) = Ki® & 4;.
Claim 3.11:
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Every Neutrosophic y — Closed Set in the space (¥y,, Ne 1) is also a Neutrosophic N (yGa) Closed Set, but
the converse does not hold in general

Proof:
Let A; Neutrosophic y — Closed Set in the space (¥, ). Let A;cQ and Q is aNeutrosophic— a open set in
Xn, - While Ne (Y)cl(A,) €Ne (Y)cl(A,) = Ay < Q by hypothesis, here consume N (y)cl(A;) < Q. Therefore,
in (¥y,, Net)., Ay is a Neutrosophic (yGa) closed set.

Illustration 3.12:

5 5 5 3 . 6 3 _
Let xn, ={si.s2}, Ki=(x, (1_0 "10’ 1_0) (10 10’ 10)) and K; = {x, (10 10’ 10) (1_0 "10’ _)) Then ,, =
{On, K1, K3, 1n} is @ N T on y,,, . Here A; = (x, (10 % %) (160 5 10)) is a Nes in (¥, , Ne1), stands a

Neutrosophic N (yGa) closed set but non an N (b) closed set in (), , Ne 1) as Ne.int(Necl(A;)) N
N cl(Ngint(A;)) =K; NKi© = K; € A, .

Claim 3.13:

Every Neutrosophic N, (R) Closed Set in the space in (¥, N.7) is also a Neutrosophic N, (bGa) Closed
Set, but the converse is not generally true.

Proof:

Let A; isa N (R)CS in y, . Since every N (R)CS isa N CS., A; isa N CS. Therefore by claim 2.3, A; is
a Ne (YGa)CS in (xy, , N1).

Ilustration 3.14:

5

Let X, = {s1,s3}, Ki=(x, (i 2 ) (6 )) and K} = (x( 6) (i — —)) Then T, =

10’10’10 10’10’10 10’ 10 10 10’10’

{On, K7, K3, 1n} is a N T on y, .Here A; =(x, (10 > 160) (130 o 10)) is a Ng ( YGa)CS but not an

Ne (R)CS in (xy,» Ne1) as Necl(Neint(A;)) = Necl(K3) = Ki¢ # A,
Claim 3.15:

Every Neutrosophic N, (y)Closed Set in the space (xn,, N 1) is also a Neutrosophic N, (bGa) Closed Set;

however, the converse does not necessarily hold.
Proof:
Let Ay bea Ng (Y)CS in y, . Let Ay < Q and Q isa N ()OS in y, . As Nebcl(A;) = Ne (Y)cl(A) = Ay

< Q by hypothesis, we have N (y)cl(A;) Q. Therefore, in (¥, Ne1)., Ay isa Ne (YGa)CS.

Illustration 3.16:
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5 5 5 3 5 7 5 6 3
Let xo, = {5158} Ki = {0 (5mm) (5iems)) and Ka = (0 (35055030) - (50 55735)) - Then T, =
* * . 4 6
{On, K3,K3,1n} is @ Ne T on y, . Here A; =(x, (10 o 10) (10 o 10)) is a N (yGa)CS but not a

Ne.(Y)CS in (¥y,, Ne1), as we could not find any N (P)CS A, such that N int(A;) c Ay = A, in xy, -
Claim 3.17:

Every Neutrosophic N, (b) Closed Set in the space (¥, , Net) is also a Neutrosophic N, (bGa) Closed Set,
but the converse is not true in general.

Proof:

Let Ay is a N, (b)CS in y, . Let A; < Q and Q is a N («)OS in y, . Now N (y)cl(A)=AcQ, by
hypothesis. Therefore we have N, (b)cl(A)=Q. Hence Ay isa N, (bGa)CS in (xy,, Ne1).

Ilustration 3.18:

* % * i i i 5 5 6 3 i l _

Let y, = {sisa}, Ki=(x (10'10’10) (10 10’ 10)> and Kj = (x, (10 10’ 10) (10‘10’10))' Then 7, =
. . 5 4 6

{On, K1, K3, 1n} is @ N, T on x, . Here A; =(x, (10 = 10) (10 = 10)) is a N, (bGa)CS but not an

N, (b)CS in (xy,, Net) as N int(N, cl(N,int(A,))) = N int(Ne cl(K3)) = Ne.int(KjC )=Ki &€ Ay

Remark 3.19:
In general, the union of two Neutrosophic N, (bGa) Closed Sets in the space (¥, , N, 1) is not necessarily a

Neutrosophic N, (bGa)CS Closed Set, as demonstrated in the following example.

Illustration 3.20:

Let xo ={ss3} . - (x, ( 5) (6 ,i’i)) = (x, (i 5 ﬁ) (i,i’l)) and Kj=

10’ 10 10 10°10° 10 10’10’ 10

6 5 4 7 5 3 P * : —
(Xr (1_0!1_011_0) ) (1_0’1_0’1_0)) . Then Tne. —_ {ON; Kl! KZ’ K3’ 1N} 18 a Ne, T on Xne' . Here Al -

1 5 9 5 5 2 5 8
x, (1_0’1_0’5) (10 10’ 10)> Az ={x, (10 10’ 10) (10'5'5))’
are N, (bGa)CSs in ( X, , Ne 1. But Ay U A, is not an N, (bGa)CS as Ay U A, =

5 4

x, (%'%’%) (150 10’ 10))_ Ki but N (bel(Ay U A7) =(x, (10 10’ 10) (10 10’ 10)> ¢ K.

Remark 3.21:
The intersection of any two N, (bGa)CSs isnotan N, (bGa)CS in general as seen in the following example.

Illustration 3.22:

Let g ={shs3) . Ki=(x, ( 5) (6 '3’1)) = (x, (i s i) (i,i,lo)) and Kj=

10’ 10 10 1071010

6 5 4 7 5 3 . .
(X’(E‘E’E)’(E’E’E))' Then 7, = {0y Ky, K3 K31y} is a N, T on y, .Here A, =
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5 5 5 8 8 5 2 6
8¢ (E’E’E) (10 10’ 10)> Ay =, (10’5’5) (10 10’ 10)> are Ne (bGa)CSs in (xn,, Ne7). But A N A,
isnot an N, (bGa)CS as A, N A, = {x, (10 2, 150) (S,2,2)) Ki but N (bel(Ay 0 A,)

=(x, (10 10’ 140) (1l0 "10’ 1_0)) € K;.

Claim 3.23:

Let (Xn,> Ne) is a N, TS. Then Ay € N, ( yGo)C(xy,) and A€ N S(xn, ), A1SA; < Nebel(Ay) =A; €
Ne(YGo)C(ty, ).

Proof:

Let A,cQ and Q is a N, (a)OS in Xng - Then since A;cA,, A;cQ. By hypothesis A, < N,bcl(A;).
Therefore N, bcl(A,)cN, bcl(N, bel(A4))=N, bel(A;)cL, since A; is a N, ( yGa)CS in Xn, - Hence A,EN, (
YG)C(¥n, )-

Claim 3.24:

Let I'c A xn, where A; is a N, (a)OS and a N, (YGa)CS in x,, . Then I' is a N, ( yGa)CS in A; if and
only if I isa N, (yGa)CS in x,,

Proof:

Necessity: Let 0 is a N, ()OS in y, and I'cQ. A; also let I' is a N, ( yGa)CS in A;. Then clearly I' <
ANQ and A;NQ is a N, ()OS in A;. Hence beta closure of I' in A;, N,bclA; (T)cA;NQ and by claim
326: Ay is a N.(y) CS. Therefore N,b cl( Ay ) = A; . Now beta closure of ' in y,, ,
N, bcl(IN, bel(T)NN, bel(A4)=N, bel(TNA;=N, bclA; (TNcA;NQcQ, thatis N, bel(T)c, whenever I'c(Q.
Hence I' isa N, (yGa)CS in y,,, .

Sufficiency: Let V is a Neutrosophic -o open set in A, such that 'cV. Since A; is a Neutrosophic -a open
setin y, , V is a Neutrosophic -o open set in ¥, . Therefore bel(I') € V, as T' is a Neutrosophic ( yGa)CS in
Xn, - Thus, N, belA;(T)= N, bel(l)N A; cVNA;cV. Hence T isa N, (bGa)CS in A.

Claim 3.25:

A NgS Ay isbothan N, OS and a N, (yGa)CS if and only if A; isa Ng (R)OS in y,, .

Proof:

Necessity: Let A; be bothan N, OSanda N, (YGa)CSin x,, . Then A, isa N, (a)OSanda N, (bGa)CS. By
claim 3.25, A; is a N,(y) CS and N, int( N, cl( N, int( A; ))) < A;. Since A; is a N, OS,
N, int( A; )= A; .Therefore N, int( N, cl( A; ))c A, .Since A; is a N, OS, it is a N, POS. Hence
A &N, int(N, cl(Aq)). Therefore A;=N, int(N cl(A1)) and Ay isa N, (R)OS in y,, .

Sufficiency: Let A; is a N, (R)OS in y,, then A= N, int(N, cl(A,)). Since every N, (R)OS is a N, OS, A,
isa N, OS. We have N, int(N, cl(N, int(A;))) = N, int(N, cl(A1))=A;SA;. Therefore A, isa N, (b)CS in x,,,
and by claim 3.17, Ay isa N, (bGa)CS in y, .

Claim 3.26:

Foran N, OS A; in (¥, , N.1), the following conditions are equivalent.

(i) A; isa N, CS
(i) A; isa N, (yGa)CSanda N, Q set
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Proof: (i) = (ii) Since A; is a N, CS, it is a N, ( yGa)CS by claim 3. Now N, int(N, cl(A;)) =N,
int(A1)=A1=N,_ cl(A;) = N, cl(N,int(A,)), by hypothesis. Hence A; is a N, Q-set.

(i) = (i) Since A; is a N, OS and a N, ( yGa)CS, by claim 2.27, A; is a N, (R)OS. Therefore A; =
N, int(N, cl(A1)) = Ne cl(Ng int(A)) =N, cl(A,), by hypothesis. Hence A; isa N, CSin y, .

Claim 3.27:

Let (X, Ne7) is @ N, TS. Then N, bC(xy, ) = N (YGO)C(¥y, ) if every NS in (¥, , Ne1) is a N, ()OS in
Ane -

Proof:

Suppose that every N, S in (xn,, No.7) is a N (w)OS in y, . Let A;€N, ( YGo)C(xn,). Then A; is also an
N, ()OS by hypothesis. Therefore by claim 2.25 A, is a N (y)CS.Therefore A; € N, bC(y,, ). Hence N, (
YG)C(¥n, )=Ne bC(Xr, ) (1) Let A;EN,bC(xy,). Then by claim 2.17, A; is a N, ( yGa)CS and A; € N, (
YGO)C(x,)- Hence N, bC(xy, )Ne (YGH)C(xy, ) (ii)-From (i) and (ii) NobC(xn, )=No. (YGOC(ts, ).

Claim 3.28:

Let A; isa N, ()OS and a N ( yGa)CS of (xy,, Net). Then A;NI" is a N, (YGa)CS of (¥y,, N,.1) where T
isa N CS of x, .

Proof:

Consider that A; is a N, (0)OS and a N, ( YGa)CS of (¥y,, N 1), then by claim 2.25, A; is a N, (y)CS. But
['isa N,CS in y, . Hence A;NT is a N, (Y)CS as every N, CS is a N, (y)CS. Therefore A;NT is a N, (
YGa)CS in y,, , by claim 3.17.

Claim 3.29:

Let (Xy,,» Net)isa N, TS, then for every A;€N, bC(x,, )and forevery A, in y, , N, int(A)cA,cA, implies
Ay € Ne(YGOC(ty, ).

Proof:

Let A; be Ay Ne(y) CS in ), .Then there exists an N, (P)CS,(say) A; such that

N, int( Az ) Ay < A; . By hypothesis, A, < A; . Therefore A, < Az . Since N,int(A; ) A, ,
N, int(Az)c N int(Aq) and N, int(A3;)< A,, by hypothesis. Thus N, int(Az)c A,cA; and A, € N bC(xy, ).
Hence by claim 3.15, A, € N, (yGa)C(xn,)

Claim 3.30:

Ifa N, S Ay ofa N TS (xn,, Ne1) is Neutrosophic nowhere dense, then it is a N, (yGa)CS in (¥, , Ne 7).
Proof:

If A; is Neutrosophic nowhere dense in x,_, then N int(Ne cl(A1)) = Oy. Let Ay < Q where Q is a
N, ()OS in y, .Now N, bcl(A)=N, Scl(A;)=A;UN, int(N, cl(A1))=A; U0y = A;cQ and hence A, is a N, (
YGa)CS in (¥y, , Ne).

4. y-Generalized a -Type Open Sets within a Neutrosophic Framework

In this section, various properties of Neutrosophic y -generalized a -open sets have been examined and

analyzed, leading to the development of several insightful characterization theorems.

Illustration 4.1:
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Let Xy, ={si,s3}, Ki =(x (i 2 i) (i,%,%)) and K3} = (x, (i,i,i),(i — —)) Then T, =

1 5 3 8 s
{On, K3, K3, 1n} isa N Ton y,, . Here Ay = (x, (10 "o 1—0) (1—0 "o’ —)) isa

N (YGa)OS in (¥n,, Ne).
Claim 4.2:
Every N, OS, N, (S)OS, N, (P)OS, N, ()OS, N, (y)OS, N, (R)OS, N,bOS, N, (y)OS are N, ( yGa)OS but
not conversely in general in (), , N,1).
Proof:
Straightforward.
Hlustration 4.3:
5

et s, = 555 6= 0 (55 2) (558 ot K= 0 (5.5,2). (352 Then =, =

{On, K7, K3, 1y} isa N T on Xn, - Here Ay = (X( 2 3) (i i,i))

10’10’ 10 10’10’10

isa N, (yGa)OS but not an N, OS in (), , N.1).
Ilustration 4.4:

* o * 5 5 5\ (357 x 4 5 6\ (35 7 -
Let xn, ={si.s2}, Ki=(x, (10’10’10)’(10’10’10)) and K; = (x, (10’10’10)’(10’10 )) Then v, =
- . 3 8 5 2
{08 K3, K3, 1} isa NoTon gy, Here Ay = (x, (5,2, 2), (5,2, 2))
isa N, (bGa)0S butnot N, (5)0S in (), , Ne1).
Illustration 4.5:
* o - 5 5 5) (s 5 6) (325 7 -
Let o, ={s1,53}, Ki=(x, (10’10'10) (10 10’ 10)) and Kj = (x, (10 10’ 10) (o 10‘10))' Then T, =
* * . 6 5 4 7
{On, K1, K3, 1n} is @ N T on yx,, . Here A; =(x, (E ' To” E) (10 5 10)) is a N (yGa)OS but not an

Ne.(P)OS in (ty, > Ne).

Illustration 4.6:
10’10’ 10

Let xn, = {s1,s3}, Ki =(x (i 2 i),(130,130,130)) and K} = (x, (11’3'&)’(11'10’1_70))' Then T, =

{On, K1, K3, 1x} isa No T on y, . Here A; = (X( 2 3) (i,i,i))

10’10’ 10

isa N, (yGa)OS but not an N (@)OS in (¥, , Ne.1).

Illustration 4.7:

Let Xne ={sis2), Ki=(x (130’130’110) (110 10 _)) and Kj = (x, (10 10’ 160) (110 "10’ _)) Then Tre, =
{On, K1, K3, 1x} isa N T on y, . Here A; = (x, (10 — 140) (140,130,1%))

isa Ng (YGa)OS but not an N (y)OS in (¥, Ne1).
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Illustration 4.8:

Let Xre ={sis2}, Ki=(x (110'110'110) (160 10’ 10)) and K3 = (x, (110’130'1%)’(110‘110 _)) Then Th, =
{On, K7, K3, 1n} isa N Ton y,, . Here A; = (x, (10 = 140) (170,130,130))

isa N, (yGa)OS but not an N, (R)OS in (x,, Ne1).

Illustration 4.9:

Let Xne. - {SI’SZ}’ K1 <X (% % %) (% E 1_)) and KZ <X (10 150 160) (130 10’ )) Then Tne

. n . 4 5 4 4 5 6
{On K, K3, 1n} isa NoTon gy, - Here Ay = (x,(=,5,4), (£,5,2))

isa N, (yGa)OS butnot N, bOS in (¥y, , Ne.1).
Illustration 4.10:

Let X, = {si,s3}, Ki = (x( > 5) (3 )) and K} = (X( > 6) (3 )) Then T,

10’10’ 10 10’ 10 10 10’10’ 10 10’ 10 10

5 4 4 5 6
{On, K1, K3, 1y} isa N T on Xn, - Here Ay = (x, (10 = 10) (IO,B,E))

isa N, (yGa)OS but not an N, (Y)OS in (¥y,, Ne.1).

Claim 4.11:

Let (Xn, » Ne.7) is a N, TS. Then for every A; € N, ( yYGa)O( x,, ) and for every A; € N S( xn, )
N, bint(A1)SA, EA=A,EN, (YGo)O(xy, )-

Proof:

Let A; is ay N ( yGo)OS of y,, and A; is any NS of x,, . Let N, bint(A;)SA,;SA,. Then AS is a N, (
yGa)CS and AS AS € N, bcl(AS). Therefore ASis a N, (yGa)CS by claim 2.23, which implies A, isa N, (
YGa)OS in y,, . Hence A, € N, (vGa)O(xy,)-

Sufficiency: Let T is a N, (a)CS such that TSA; and TSN, bint(A,). Then (N, bint(A,))¢<T¢ and
A§CT¢ . This implies that bel(A§)ST¢, where T'¢ is a N, (a)OS. Therefore ASisa N, ( yGa)CS. Hence A, is a
N, (yGo)OS in yy, -

Claim 4.12:
Let (Xn,, Ne7)is a N, TS then for every A; € N, bO(x,, ) and for every N, S A, in x,,, Ay & A; S cl(Ay)
= Ay € Ne(vYGo)O(x, )-

Proof:

Let A; be a N,bOS in y, . Then there exists an N, POS, (say) Az such that A; & A; & N,cl(A3). By
hypothesis, A{SA,. Therefore A3ESA,. Since A;EN, cl(A3), N, cl(A)E N, cl(Az) and A,EN, cl(A3), by
hypothesis. Therefore A, is A; N,bOS. As every N,bOS is a N, ( yGa)OS by claim 3.2, A, € N, (
YGa)O(r, ).

Claim 4.13:

If A; isa N, (0)CS and a N, (YGa)OS in (xy,, N 1), then A; isa N, (Y)OS in (¥y, , Ne 7).

Neutrosophic y generalized o closed sets and its Properties.B.Kalaiselvi ,K.Sivakumar, P.Kalarani, S.Chandrasekarand
A.Kesavan



Neutrosophic Sets and Systems, Vol. xx, 20xx 34

Proof: Since A; < A; and A, is a N, (a)CS, by hypothesis A; < bint(A;). But bint(A;) < A;. Therefore
bint(A;) = A;. Hence A isa N, ()OS in (), Ne1).

Claim 4.14:

Let (Xy,» Ne) is a N, TS. Then N, bO(x,, ) = N ( YGa)O(xy, ) if every N, S in (¥, , Ne1) is a N ()CS in
Xne -

Proof:

Assume that every N, S in (xy,, No7) is a N, (a)CS in y, . Let A; € N ( vGa)O(xy, ). Then A, is also an
N, (0)CS, by hypothesis. Therefore by claim 3.15 A, isa N, (y)OS. Therefore A; € N, bO(x,, ). Hence N, (
YGa)O(Xr, ) = NebO(xy,) (1) Let Ay € NebO(xy, ) then by claim 3.15 A; € N, ( YGa)O(xy, ). Hence
N bO(xn,) € Ne(YGo)O(Xy, ) (ii). Therefore from (i) and (ii) No bO(xy,) = N..(YG)O(xy, )-

5. Theoretical implications and applications of Neutrosophic y -generalized o -closed sets.
In this section, we explore various theoretical applications of Neutrosophic y -generalized o -closed sets

by introducing new baces and deriving several noteworthy claim s.

Definition 5.1:

If each N, (bGa)CS isa N, Closed set space (xn, ,7), then the bace is referred to as a N, bga T/, base.

Definition 5.2:
A neutrosophic topological space N, TS (¥, Ne 1), is said to have a byepTy /2  (Ne bganTi)2) -bace if every
bgarT1/2 (NebgapTi/,) -closed set € y,, isalsoa N, (b)-closed set.

Illustration 5.3:

. 1 1 5 5 5\ (4 5 6 . .
Let X,, = {s1,s3}, Ki = (x, (E'E’E)’ (E’E'E))‘ Then T, = {Oy,Kj, 1n} isa NeTon . .

Here the N, TS (xn,, Ne1) is a Neutrosophic bye T, ;bace.
Definition 5.4:
A N TS (¥, Ne1) stands a Neutrosophic bgapTy/, (NebgepTyjz) bace if each N, ( yGo) closed set is a
N, (P)closed set € yy, .
Ilustration 5.5:

. 1 1 7 5 3 8 5 2 . .
Let X,, = {s1,s3}, Ki = (x, (E'E’E)’ (E’E'E))‘ Then T, = {Oy,Kj, 1n} isa NeTon . .

. Here N, TS (X, Net)isa NobgepT;/ bace.
Claim 5.6:
Every Ngbge T/, baceisa NebgepTy/, space but not conversely in general.
Proof:
Let x,, is a N, yGacT1/2 bace. Let A is a N ( YGa)CS € y,,, . By hypothesis, A; is a N, CS € y, . Since
every N,CSisa N, (Y)CS, A; isa N, (Y)CS € y,, . Hence x,, isa N, bgq,T; ,bace.
Ilustration 5.7:

. e 1 5 5 5 4 5 6 . .
Let X,, = {s1,s3}, Ki = (x, (R'E’E)’ (E’R’R)>' Then T, = {Oy, K3, 1n} isa NeTon .
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. Here N, TS (X, Net)isa NebyqpTy/, bace ,as every N, (yGa)CSisa N, (Y)CS in (xy,, N,.1), but not an

Ne byo Ty obace, as Ay = (x, (10 o 160) (130 150 10)) remains a Neutrosophic (bGa) closed set but not an

Neutrosophic (bGa) closed set € (xy,, Ne1).

Claim 5.8:

Every NgbgepTy/, baceis a Ng bga, Ty /,bace but not conversely in general.

Proof:

Let x,, isa NegbgepT;/, bace and let A; is a N (yGa)CS in y, . By hypothesis, A; is a N (P)CS in y,, .
Since every N (P)CS isa N¢ (Y)CS, Ay isa N (Y)CSin x, . Hence x,, isa Nebge, Ty, bace.
Hlustration 5.9:

Let X,, = {s1,s3}, Ki =(x, (— = i) (i — —)) Then T, = {Oy,Kj, 1n} isa Ne Ton . .

10’10’ 10 10’10’ 10

. Here N, TS (¥, Net)isa N byepTy ), bace ,as every N, (YGa)CSisa N, (Y)CS in (¥y,, N,.1), but not an

Ne byqpTy s bace, as Ay = (x, ( > 5) (4 )) isa N, (bGa)CS butnotan N (P)CS in (¥, , Ne1).

10’10’ 10 10’ 10 10

Claim 5.10:

Let (Xn,» Net)isa N, bgapTy/zbace. Then

(1) Any union of N, (yYGa)CSsisa N, (yGa)CS in xy, .

(ii) Any intersection of N, (yGa)OSsisa N, (yGa)OS in yx,,, .
Proof:

(1) Let {Ai}denote a family of N, ( yGa) closed sets within the space ., . Since (X, No1)isa N, yGabT1/2
bace, every N, (YGa)CS isa N, (Y)CS and hence each Ai, iJisa N, (Y)CS in (xy,, Ne1). But any union of
Neutrosophic —y closed set stands a N, (y)CS, Subsequently every one N, (y) closed set stands a N, (
YGa)CS, UAi stands an N, (yGa)CSin yy, .
(i) can be proved by taking complement in (i).
Claim 5.11: Let A; be a set that qualifies as both a N, OS and a N, ( yGa)CS in y,, Within the space y, If
the space x,, satisfies the conditions of a N, yGocT1/2, then

(i) A; mustbea N, (R)opensetin y, ,
(i) Ay mustbe a N, (R) closed set y ,
(iii) Ay mustbea N, Q setin y .

Proof: Let A; isa N, (YGa)CSin y, ,thenby Definition4.1, A; isa N, CSin y,_ .Now (i) N, int(N,cl(A;))
= N, int(A;) = A, and therefore A; is a N, (R)OS in y, , (i) N, cl(Ne int(A1)) = N, cl(Ay) = A; and
therefore A; isa N, (R)CSin y,, and (iii) from (i) and (ii) Ne int(N, cl(A,)) = N, cl(N, int(A,)). Hence A, is
a N, Q-setin x, .

Claim 5.12:

Let (Xn, > Net)is a N, bgapTy/2bace, then the following conditions are equivalent:

(i) Ay isa N (yGa)OS in x,,,

(i) Ay < Ne cl(N int(N, cl(Ay))),

(iii) Necl(Aq) € Ne RC(xy,)-
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Proof:

(®) — (i0) Let Ay isa N, (yGa)OS in x, . Then since x,, isa Ngbgq,Ti/2bace, Ay isa N, (y)OS in x,, .
Therefore AN, cl(N, int(N, cl(Ay))).

(ii) = (iii) Let A; < N, cl( N, int( N, cl(A;))). Then N, cl(A;)< N, cl( N, cl( N, int( N, cl(Aq)))) =
N, cl(N, int(N, cl(A4)))N, cl(A;).Therefore N, cl(A;) = N, cl(N, int(N, cl(A,))). Hence

Necl(Ay) NeRC(xy, ).

(iit) — (@) Since cl(Aq) is a N, (R)CS in y,, , Necl(A;)=N, cl(Ne int(N, cl(A;))) and since A; < Necl(Ay),
Ay © N cl(N, int(N, cl(A,))). Therefore A; is a N(y)OS. Hence A; isa N, (yGa)OS in y,,

Claim 5.13:
Let (Xn,» Net)is a N, yGabT1/2 space, then the following conditions are equivalent:

(1) Ay isa N (YGa)CSin y,, ,

(ii) N int(N, cl(N, int(A,)) € Ay,

(iii) N int(A1) € Ne RO(xy,)-

Proof: This claim can be easily proved by taking complement in claim 4.16

6. Limitations of the Study

While the study successfully introduces and generalizes the concept of Neutrosophic y -generalized a -
closed sets, it is not without limitations. Firstly, the research is entirely theoretical and lacks practical
applications or real-world data validation. The examples used are limited to small, finite Neutrosophic spaces,
which may not reflect the behavior of these sets in large or complex topological systems. Secondly, no
algorithmic or computational methods are developed to detect or implement these sets in applied settings.
Thirdly, the study does not address the dynamic behavior of these sets under changes in the underlying
topological space. Lastly, potential applications in decision-making, data analysis, or artificial intelligence are

not explored, leaving the practical relevance of the proposed sets for future investigation.

7. Future Work

The proposed class of Neutrosophic y -generalized a-closed sets (Ne.(yGa)CS opens multiple avenues
for future investigation. One notable avenue is the creation of computational algorithms to detect and analyze
(Ne.(yYGa)CS in large Neutrosophic topological spaces, making the concept applicable to practical decision-
making and uncertainty modeling.. Future work may also investigate dynamic Neutrosophic systems where the
topology evolves over time, requiring adaptive closure properties. In addition, exploring the application of
(Ne.(YGa)CS) in fields such as digital topology, image processing, data clustering, and granular computing
could provide real-world relevance. Another direction involves studying dual concepts like Neutrosophic y -
generalized o-interior sets and their topological implications. Overall, the foundational structure developed in
this study paves the way for further theoretical expansion and interdisciplinary applications in systems that

involve incomplete, imprecise, or inconsistent information.
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The comparative analysis table.1 evaluates the proposed Neutrosophic y -generalized a-closed sets (Ne.(
y Ga)CS) alongside traditional Neutrosophic closed set types—namely a-closed, semi-closed, pre-closed, and
y -closed sets. Each class is compared based on criteria such as openness foundation, closure operator used,
scope of generalization, and inclusion relationships. Traditional set types depend on specific types of open sets
(a, semi, pre, y) and corresponding closures, often with narrow generalization and limited structural
relationships. In contrast, (Ne.(yGa)CS) utilizes f -closure and a-open sets, providing a unified and more
flexible framework. The table confirms that (Ne.(yGa&)CS) includes all traditional types as special cases, while
none of the others offer similar inclusiveness. Reverse implications do not generally hold for (Ne.(yGa)CS),
which is supported through counterexamples in the paper. The proposed class also demonstrates improved
behavior under operations like union and intersection, which is often not preserved in other types. Furthermore,
it better captures uncertainty and hybrid behavior due to its broader formulation. This enhanced expressiveness
makes (Ne.(yGa)CS) more applicable to advanced modeling in uncertain topological environments. The

comparison validates the generality, strength, and necessity of the proposed class within Neutrosophic topology.

Table 1: Comparison between the proposed Neutrosophic y-generalized a-closed sets and
traditional Neutrosophic closed set types

Feature a@ - Closed | Semi- Pre-Closed Y - Closed | Proposed
Sets Closed Sets | Sets Sets Ne.( Yy G @&)CS
Openness Basis a -open sets | Semi-open Pre-open sets | y -open sets | & -open sets
sets
Closure Type Used | @ -closure or | Semi- Pre-closure Yy -closure B -closure (broader)
identity closure
Defined via Inclusion via | Superset’s Pre-open Y -open | B -closure inclusion
a-open set | semi-open neighborhood | neighborhood | inside a-open sets
relation inclusion containment
Scope of | Narrow Moderate Moderate Broader than | Broadest -
Generalization a generalizes all
Inclusion of Other | Does not | Does not | Does not | Partial Includes o, semi,
Sets include include include inclusion of | pre, and y as special
others others others a and semi cases
Reverse May hold in | Not always | Often fails Rarely holds | Proven false via
Implication special cases | true counterexamples
Support for | Limited Limited Limited Partial High — designed for
Hybrid Behavior uncertain overlap
Behavior  under | Not always | Not Not Sometimes Analyzed in claims;
Union/Intersection | closed preserved preserved preserved flexible
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Expressiveness Low Moderate Moderate Moderate High - handles
under Uncertainty mixed/indeterminate
membership
Application Theoretical | Theoretical | Theoretical Theoretical Theoretical;  open
Readiness for future
applications

8. Conclusion

In this articles, introduced and examined a new class of sets in Neutrosophic topology, namely
Neutrosophic ¥ -generalized a-closed sets (¥ GS-closed sets) and their counterparts, Neutrosophic ¥ -
generalized @-open sets (¥ GS-open sets). These sets represent a meaningful generalization of existing
Neutrosophic closed and open set concepts, enriching the structural framework of Neutrosophic topological
spaces. We have discussed several foundational properties of these sets and explored their relationships with
previously established classes of Neutrosophic sets, highlighting their uniqueness and broader applicability.
The results obtained in this work not only contribute to the theoretical development of Neutrosophic topology
but also pave the way for further generalizations and refinements. Future research could focus on extending
these sets under different topological operators, examining their behavior in product spaces, and exploring their
role in Neutrosophic continuity, compactness, and separation axioms. Additionally, potential applications in
fields dealing with uncertainty, such as decision-making, data analysis, and artificial intelligence, can be
explored by leveraging the flexible nature of ¥ GS-closed and Y GS-open sets. This work thus lays a solid
foundation for advancing both theoretical investigations and practical applications within the broader domain

of Neutrosophic mathematics.
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Abstract. We define neutrosophic hyper KU-ideal (strong, weak, s-weak) and refelexive neutrosophic hyper
KU-ideal. A few key properties and their relationships are highlighted. The study of the neutrosophic (weak)
hyper KU-ideal is considered. The conditions for a neutrosophic set to be a NSHKUI and a (reflexive)
neutrosophic hyper KU-ideal are discussed. There are also circumstances for a NWHKU T to be a NsWHKU I,
as well as conditions for a NSHKUI to be a RNHKUI.

Keywords: Hyper KU-algebra; hyper KU-ideals; NHKUI; NSHKUI; NWHKUI; NsWHKUI; RNHKU]I.

1. Introduction

Prabpayak and Leerawat created a novel algebraic structure known as KU-algebras [12,
13]. In KU-algebras, they worked at ideals and congruences. They also established the
concept of KU-algebra homomorphism and looked into various related features. They also
deduced some simple consequences of the quotient K U-algebras and isomorphism relationships.
Marty [9] presented the hyper structure theory (also known as multialgebras) at the 8th
Congress of Scandinvian Mathematiciens in 1934. Several authors, primarily in France and
the United States, but also in Italy, Russia, and Japan, worked on hyper groups in the 1940’s.
Hyperstructures offer a wide range of applications in both pure and applied sciences. Jun et al.
extended hyper structures to BC K-algebras, proposed the idea of a hyper BC K-algebra, which
is a generalization of a BC' K-algebra, and looked into several associated characteristics in [8].
They also defined a hyper BC'K-ideal and a weak hyper BC K-ideal, as well as relationships
between hyper BC K-ideals and weak hyper BC K-ideals. Jun et al. [[7] proposed the notions
of a strong hyper BCK-ideal, a weak hyper BC K-ideal, and a reflexive hyper BC K-ideal, as
well as a requirement for a hyper BC' K-algebra to be a BC K-algebra. Every strong hyper
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BCK-ideal is a hyper sub-algebra, a weak hyper BC K-ideal, and a hyper BCK-ideal, and
every reflexive hyper BC' K-ideal is a strong hyper BC'K-ideal, they established.

Smarandache [[14-16] developed the neutrosophic set, which is a more general platform that
extends the notions of classic set, (intuitionistic) fuzzy set, and interval valued (intuitionistic)
fuzzy set. On BL-algebras, Borzooei et al. [4] investigated neutrosophic deductive filters.
Zhang et al. [19] discussed neutrosophic regular filters and fuzzy regular filters when applying
the concept of neutrosophic set to pseudo-BCT algebras. Neutrosophic set theory has been
applied to a variety of areas, and many studies have been conducted to develop, improve, and
expand the theory ( [1-3,5,0,10,17] and [18]).

The goal of this paper is to introduce the concepts of neutrosophic (strong, weak, s-weak)
hyper KU-ideal, as well as RNHKUI. We look at their connections and properties. Char-
acterizations of neutrosophic (weak) hyper KU-ideal are discussed. We define exactly for a
neutrosophic set to be a NSHKUI and a (reflexive) neutrosophic hyper KU-ideal. We're
looking for some provisions that will allow a NSHKUI to become a RNHKUI. We go over
the conditions for a NWHKUT to be a NsWHKUI.

2. Preliminaries

The basic definitions of hyper KU-ideals and neutrosophic set are given in this section.

W
[©]

Let H be a non-empty set and let be a mapping

o: Hx H — P(H)\{0}

which is said to be hyperoperation. For any two subsets A and B, denote by A o B, the
set U {lo1 o lp2|lo1 € A,lp2 € B}. We shall use ly; o lp2 instead of {lp1} o lp2,l01 © {lp2} or
{lo1} o {lo2}-

By a hyper KU-algebra H ( [11]), we mean a non-empty set H with a special element 0
and a hyperoperation o, for all ly1,lgo, lo3 € H, that satisfies the following axioms:

(HKU1) (lo2 o lo3) o (lo1 © lp3) < o1 © lp2,

(HKU2) lp; 0 0 = {0},

(HKU3) 00lp1 = {lo1},

(HKU4) if lg1 < lp2 and lpg < lp1 imply lo1 = lpe, for all o1, lo2, log € H, where Iy < lgg is
defined by 0 € lp2 0lp; and for any A, B C H, A < B is defined by V r € A, 3t € B such that
r <t

Proposition 2.1. [l11] Let H be a hyper KU-algebra. Then for all lo1,lo2,los € H, the
following statements hold:

(i) A C B implies A < B, for all nonempty subsets A, B of H.

(ii) 000 = {0}.
Ramesh Kumar D and Vasu M, Neutrosophic Hyper KU-Ideals
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(iii) 0 < lo1.
(iv) lo3 < los-
(v) o1 o loz < los.
(vi) Ao0 = {0}.

) 0o A= A.
(viii) (000)olpr = {lo1} and (lp1 o (0o lp1)) = {0}.

(ix) lp1 o lor = {lo1} & lp1 = 0.
)

(x) log o (lp2 0 lo1) = loz o (lp3 © lo1) for all loy, lp2,loz € H.

(vii

Definition 2.2. [11] Let (H, o) be a hyper KU-algebra. A subset A of H is called:

e A hyper KU-ideal (briefly, HKUI) of H if
(1) 0 € A,
(2) lp2olpy < A and lgy € A imply lp; € A, forall lg1,lp2 € H.

o A weak hyper KU-ideal (briefly, WHKUTI) of H if it satisfies (1) and
(3) lopolor C A, lop € A= loy € A, Y lo, los € H,

e A strong hyper KU-ideal (briefly, SHKUT) of H if it satisfies (1) and
(4) (lozolot) NA# D, lop € A=lo1 € A, V oy, lo2 € H,

A subset I of a hyper KU-algebra H is said to be reflexive if (lol) C I forall [ € H.
Let H be a non-empty set. A neutrosophic set (N.S) in H (See [16] ) is a structure of the
form:
L= {{; Lr(l), Li(1), Lr(1)) | L € H}
where Ly : H — [0,1] is a truth membership function, L; : H — [0, 1] is an indeterminate
membership function, and Lp : H — [0, 1] is a false membership function. For abbreviation,

we continue to write L = (Lp, Ly, Lr) for the NS
L:={({;Lr(1),Li(1), Lr(l)) |l € H}.

Given a NS L = (Lp,L;,Lp) in a hyper KU-algebra H and a subset V of H, by
«Lr," L, L1,* L1« Lrp and *Lp we mean

«L7(V) =1inf,cy Lr(v) and *Lp (V') = sup,ey L1 (v),

«L1(V) =inf,ey Li(v) and *L;(V') = sup,ecy L1(v),

«Lp(V) =infyey Lp(v) and *Lp(V) = sup,cy Lr(v),
respectively.

Notation. From now on, in this paper, we assume that H is a hyper KU-algebra.

3. Neutrosophic hyper KU-ideals

We discussed the features of neutrosophic (strong, weak, s-weak) hyper KU-ideal and re-
flexive neutrosophic hyper KU-ideal in this part.
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Definition 3.1. Let L = (Lp,L;,Lr) be a NS in H. Then L is said to be a neutrosophic
hyper KU-ideal (briefly, NHKUI) of H if it satisfies the following assertions for all ly1, lg2 € H,

L7 (lo1) > Lr(lo2)
log1 € lgo = L[(l()l) > L[(log) ) (1)

Lr(lo1) < Lr(lo2)

Lr(lor) > min{sLr(lo2 0 lo1), L7 (lo2) }
Li(lo1) > min{sL7(lo2 o lo1), L1(lo2)} (2)
Lr(lor) < max{*Lr(lo2 o lo1), Lr(lo2)}

Example 3.2. Let H = {ly, 4,1} be a hyper KU-algebra. The hyper operation “o” on H
described by Table 1.

w "

Table 1 : Cayley table for the binary operation “o

o) l() la lb
o {lo}  {la} {in}
lq {ZO} {l07la} {laulb}

lb {ZO} {l07la} {ZOalavlb}
We define a NS L = (L, Ly, Lr) on H by Table 2.

Table 2 : Tabular representation of L = (Lp, Ly, LF)
H Lp(l) Li(l) Lp(l)
lo 0.77 0.65 0.08
le 055 047 0.57
I, 011 0.27 0.69
It is easy to check that L = (Lp, Ly, Lr) isa NHKUI of H.

Proposition 3.3. For any NHKUI L = (Lp, Ly, Lr) of H, the following assertions are valid.
(i) L= (Lt,Ls,LF) satisfies

L7(0) > Lr(lo1)
(Vi€ H) | L(0) > Li(lo) |- (3)
Lr(0) < Lp(lor)

(ii) If L = (L7, Ly, L) satisfies

VVCH)Ju,v,weV)| Liv)= L Li(V) , (4)

then the following assertion is valid.
LT(l()l) Z min{LT(u), LT(ZOQ)}
(V lot, lo2 € H)(3 u,v,w € logolor) | Li(lor) > min{L;(v), L;(lo2)} : (5)
LF(l()l) S max{LF(w), LF(ZOQ)}
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Proof. By Proposition @ (ii) and (m) we have
L7(0) > Lr(lo1), L1(0) > Ly(lo1) and Lr(0) < Lp(lo1)-

Assume that L = (Lp, Lj, Lr) satisfies the condition (@) For all lg1,lpo € H, there exists

ug, Vg, Wy € lgz o lp1 such that
Lr(ug) = «Lr(lo2 0 lo1), Li(vo) = «Li(lo2 o lo1) and Lr(wo) = *Lr(loz © lo1)-
Now condition (E) implies that
Lr(lp1) > min{. L7 (lp2 0 lo1), L1 (lp2) } = min{ Ly (ug), L1(lp2)}
Li(lo1) > min{.Ly(lo2 0 lo1), L1(lo2)} = min{L;(vo), L1(lo2)}-

LF(ZOI) S maX{*LF(log o l()l), LF(ZOQ)} = max{Lp(wo), LF(ZOQ)}

(1]

This completes the proof.
We define the following sets:

U(Lr,ér) == {lor € H | Lr(lo1) > &1}
U(L5,&r) == {lo € H | Li(lo1) > &1}
L(Lp,&r) == {lo1 € H | Lr(lo1) < &F},

where L = (Lp, Ly, Lp) isa NS in H and &7, &7,&p € [0, 1].

Lemma 3.4. Let L be a subset of H. If I is a HKUI of H such that L <« I, then L is

contained in 1.

Proof. Assume that L < H and let [ € L. Then 0ol = {l} < H and so [ € H by using
Definition @ (2). Therefore L C H. =

Theorem 3.5. A NS L = (Lp,L;,Lp) is a NHKUI of H iff the nonempty sets
U(Lr,ér),U(L1,&r) and L(Lp,&p) are HKUI’s of H for all &r,&r,&p € [0, 1].

Proof. Assume that L = (Lp,L;,Lp) is a NHKUI of H and suppose that
U(L7,¢7),U(L1,&r) and L(Lp,&F) are nonempty for all &p,&7,&r € [0,1]. It is easy to
see that 0 € U(Lp,&ér),0 € U(Ly,&7) and 0 € L(Lp,&r). Let lo1,loo € H be such that
log olpr < U(Lp,&r) and log € U(Lp,&r). Then Lp(lo2) > & and for any [ € lgg o lp; there
exists lp € U(Lr, &) such that [ < lp. We conclude from @) that Ly (1) > Lr(lp) > &p for all

[ € lpg 0 lp1. Hence Ly (lgg 0 lp1) > &, and so
Lr(lo1) > min{« Ly (lo2 0 lo1), Lr(lo2)} > &7,

that is, lg1 € U(LT, §T) Similarly, we show that if [g20lp; < U(L[, f[) and lpy € U(L[, f[), then
lor € U(L1,&1). Hence U(Ly,ér) and U(Ly, &) are HKUI's of H. Let lg1,lp2 € H be such that
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lpoolyn <€ L(Lp,fp) and lpy € L(LF,fp). Then LF(lgz) < &p. Let m € lgg olgy. Then there
exists mg € L(Lp,&F) such that m < mg, which implies from @) that Lp(m) < Lp(mg) < &p.
Thus *Lp(lpz 0 lp1) < &F, and so

L (lor) < max{*Lr(lo2 0lo1), Lr(lo2)} < &F.

Hence ly; € L(Lp,&Fr) and therefore L(Lp,&F) is a HKUI of H.
Conversely, suppose that the nonempty sets U(Lp,&r),U (L7, &) and L(Lp,&r) are HKUI'’s
of H for all fT,fj,é:F S [0, 1]. Let l()l, log € H be such that l01 < 102. Then

loo € U(LT,LT(Z()Q)) N U(L[, L](log)) N L(LF, LF(ZOQ)),

and thus loy < U(Lp, L7(lo2)),lon < U(Ly, Li(lp2)) and loy < L(Lp, Lr(lo2)). According
to Lemma B.4, we have lo, € U(Ly, Lr(lo2)),lo1 € U(Lr1, Li(loz2)) and lo1 € L(Lp, L(lo2))
which imply that Lp(lo1) > Lr(lo2), Li(lo1) > Li(lp2) and Lr(lp1) < Lp(lp2). For any
loi,loe € H, let & = min{, Ly (lo2 © lo1), L7(lo2)}, & = min{.L;(lp2 o lo1), L1(lp2)} and
&r = max{*Lr(lo2 0 lo1), Lr(lo2)}. Then

102 S U(LT7§T) N U(Lfvff) N L(LFvé-F)a

and for each up, vy, wr € lgs o lp1 we have
Lr(ur) > «L1(lo2 0 lp1) > min{, L7 (lo2 o lo1), L7 (lo2)} = &7,

L[(v]) > *L]<l()2 o 101) > min{*LI(l(u © l01), LI(ZOQ)} =&
and
Lp(wp) < *Lp(lo2 o lo1) < max{*Lp(lop2 0lp1), Lr(lo2)} = &F.

Hence ur € U(Lt,&7),vr € U(Lr,&1) and wr € L(Lp,&F) and so log o lor € U(L1,&7),lo2 ©
lp1 C U(L], f]) and lggolp1 C L(LF, fF) By Proposition @, we have [go0lp < U(LT, fT), lgo0
lot < U(Lp,&r) and lgg o lgy < L(Lp,&Fp). Tt follows from Definition @ (2) that

lor € U(L7,&r) NU(L1,&1) N L(LE, &F).

Hence

Lr(lo1) > &r = min{«Lr(lo2 o lo1), L1 (lo2)},

Li(lo1) > & = min{.L;(lo2 o lo1), L1(lo2)}
and
Lr(lo1) < &p = max{"Lr(lo2 o lo1), Lr(lo2)}.

Therefore L = (Lp, L1, Lr) is a NHKUI of H.
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Theorem 3.6. If L = (Lp,L;,Lr) is a NHKUI of H, then the set

isa HKUI of H.

Proof. It is easy to check that 0 € J. Let lp1,lg2 € H be such that lpsolgy < J and lgo € J.
Then Lr(lo2) = L1(0), L1(lo2) = L1(0) and Lp(lp2) = Lr(0). Let I € lgp2 o lp;. Then there
exists lp € J such that | < Iy, and thus by (E]), Lr(l) > Lr(lp) = Lr(0), L1(1) > L1(lp) = L1(0)
and Lr(l) < Lr(lo) = Lr(0). It follows from (E) that

Ly (lp1) > min{, L7 (lo2 0 lo1), L7 (lo2) } > L7(0),

Li(lo1) > min{.Ls(lo2 o lo1), L1(lo2)} > L1(0)
and
Lp(lor) < max{*Lr(loz o lo1), Lr(lo2)} < Lr(0).
Hence Lp(lp1) = L7(0), L1(lp1) = L1(0) and Lp(lp1) = Lr(0), that is, lpy € J. Therefore J is
a HKUI of H. =
We define the situation under which a NS L = (Lp, Ly, Lr) is a NHKUI of H.

Theorem 3.7. Let H satisfy |lo2 0lo1] < oo for all lg1,lp2 € H, and let {Jg | f € A C[0,0.5]}
be a collection of HKUI’s of H such that

H=|]Js, (7)
BEA
(VB €M) (a> B Jo CJp) (8)

Then a NS L = (Lp,L;,Lr) in H defined by
Ly : H —[0,1],lp1 — sup{f € A | lnn € J3},
Ly:H —[0,1],l01 — sup{B € A | lo1 € J3},
Lp:H —[0,1],lp1 — inf{8 € A | lo1 € Js}

isa NHKUI of H.

Proof. We first shows that

pel0,1]= |J Jsisa HKUI of H. (9)
SENG>p

It is clear that 0 € |J Js for all p € [0,1]. Let lp1,lp2 € H be such that lpy o lg1 =
SENG>p
{li,lg,--- ln}, lpolon < |J Jsandlpp e U Js. Then lpo € J, for some v € A with
0EN0>p 0EN0>p
p < 7, and for any l; € lgg 0 lp1 there exists m; € |J Js, and so m; € Jg, for some f; € A
SENG>p
with p < 8, such that I; < m;. If we let § := min{p; | ¢ € {1,2,--- ,n}} then J, C Jg for
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all i € {1,2,--- ,n} and so lp2 0 lp1 < Jg with p < 5. We may assume that v > g without
loss of generality, and so J, C Jg. By Definition @ (2), we have lpy € Jg € |J Js. Hence

SEN>p
U JsisaHKUI of H. Next, we consider the following two cases:
SeA0>p
(i) B=sup{peA|p<p}, (ii) B#sup{pe A[p<p} (10)
If the first case is valid, then
lor € U(Ly,B) < lo1 € J, for all p < B lor € ) J,,
p<B
and so U(Ly,B) = () J, which is a HKUI of H. Similarly, we know that U(Ly, ) is a
p<pB
HKUI of H. For the second case, we will show that U(Ly,8) = U J,. If lo1 € |J J,, then
p>p p>p

lor € J, for some p > 3. Thus Lr(lp1) > p > 8, and so lo1 € U(L7, ) which shows that

U J, CU(Lt,B). Assume that lo1 ¢ |J J,. Then lpy & J, for all p > 3, and so there exist
p=p
(5 > 0 such that (8 —9,8) N A = 0. Thus loy & J, for all p > 3 — 6, that is, if lp; € J, then

p<p—0<p. Hencelpy € U(Ly,3). This shows that U(L7,5) = |J J, which is a HKUI
p>p
of H by (E) Similarly we can prove that U(Ly, 5) is a HKUI of H. Now we consider the

following two cases:
a=inf{yeA|a<y}and a#inf{ye A | a <~} (11)
The first case implies that

lor € L(Lp,a) <l € J, foralla <y & lor € (1] o,
a<y

and so L(Lp,a) = () Jy which is a HKUI of H. For the second case, there exists 6 > 0 such
that (o, +0) N Aa:<6 If lpn € UJ Jy, then lp; € J, for some o > . Thus Lp(lp1) < v < a,
that is, lp1 € L(Lp, ). Hence GZ} C L(Lp,a). If 11 & U J, then lg; & Jy for all v < «
and thus lpy € J, for all ay < 07+ 0. This shows that 1f lgl € Jy then v > a4 6. Hence

LF(l()l) >a+0>aq,ie, g & L(LF,a).

Therefore L(Lp,a) C |J J,. Consequently, L(Lr,a) = |J J, which is a HKUI of H by
a>y azy

(). 1t follows from Theorem .3 that L = (Lz, Ly, Lr) is a NHKUT of H. =

Definition 3.8. A NS L = (L, L, Lr) in H is called a neutrosophic strong hyper KU-ideal
(briefly, NSHKUI) of H if it satisfies the following assertions.

Lr(lor o lo1) > Lr(lo1) > min{ sup Ly (uo), L7 (lo2)},

ug€loz0olo1

Li(lor olo1) = Li(lo1) =2 min{ sup  L;(vo), L1(lo2)} (12)

v €lo20lo1

Lr(lorolon) < Lp(lon) <max{ inf Lp(wo),Lr(lo2)}

wo€lp20lo1
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for all lp1,lge € H.

Example 3.9. Consider a hyper KU-algebra H = {ly,l4,1;} with the hyper operation “o”
which is given by Table 3.

Table 3 : Cayley table for the binary operation “o”

o lo la Iy
o {lo} {l}  {l}
la {lo} {losla}  {lo}

b {lo} A} {lo,lb}
Let L = (Lp,L;,Lr) be a NS in H which is described in Table 4.

Table 4 : Tabular representation of L = (Lp, Ly, LF)
H Lp(l) Li(l) Lp(l)
lp 0.77 0.65 0.08
le 055 047 0.57
Iy 011 0.27 0.69
It is routine to verify that L = (Lp, Ly, L) is a NSHKUI of H.

Theorem 3.10. For any NSHKUI L = (Ly, Ly, Lr) of H, the following assertions are valid.

(i) L = (Ly, Ly, LF) satisfies the conditions (E]) and (E)
(ii) L = (L7, Ly, L) satisfies

Ly (lo1) 2 min{Lyp(u), Lz (lo2) }
(V l()l,l(]z S H)(V U, V, W € l(]2 ] lol) L[(lol) > min{LI(v),Ll(log)} . (13)
Lp(lp1) < max{Lp(w), Lr(lo2)}

Proof. (i) Since ly; < lp1, i.e., 0 € lp1 o lpy for all lg; € H, we get

L7(0) > «L7(lo1 o lo1) > Lr(lo1),
Li(0) > «Li(lo1 o lor) > Li(lo1),
Lp(0) <*Lp(lpr olor) < Le(lor),

which shows that (E) is valid. Let lp1,lp2 € H be such that lgy < lga. Then 0 € Iy o lp1, and

S0
*Lr(log o lor) > L7(0)," Lr(lo2 © lo1) > L1(0) and L (lo2 0 lo1) < Lr(0).
It follows from (E) that
Lr(lo1) > min{* L7 (lo2 o lo1), L1 (lo2)} > min{L7(0), L7 (lo2)} = L7 (lo2),
Li(lo1) > min{*L(lo2 © lo1), L1(lo2)} > min{L;(0), L1(lo2)} = Li(lo2),
Lp(lo1) < max{sLp(lo2 0 lo1), Lr(lo2)} < max{Lr(0), Lr(lo2)} = Lr(lo2)-

Hence L = (L, Ly, LF) satisfies the condition (ﬁ])
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(ii) Let lo1,lo2, u,v,w € H be such that u,v,w € lpz 0 lp;. Then

Lp(lpy) > min{ sup Lp(ug), Lr(lp2)} > min{Lp(u), L7(lo2)},

up €lo20lo1

Li(lp1) > min{ sup Lj(vo),Ls(lp2)} > min{L;(v), L;(lp2)},

vo€lo20lo1
LF(l(n) < max{c Gilnfl LF(UJ()),LF(ZOQ)} < maX{LF(w),LF(log)}.
0€lo20lo1
This completes the proof. =

Theorem 3.11. If a NS L = (Lp,L;,Lr) is a NSHKUI of H, then the nonempty sets
U(Lp,¢7),U(L1, &) and L(Lp,&p) are SHKUI's of H for all &p,&7,&p € [0, 1].

Proof. Let L = (Ly, Ly, Lr) be a NSHKUI of H. Then L = (Lp, Ly, Lr) is a NHKUI
of H. Assume that U(Lp,&7),U(L1, &) and L(Lp,&F) are nonempty for all &7, &7, &p € [0, 1].
Then there exist a € U(Ly,ér),b € U(L1,&7) and ¢ € L(Lp,&p), that is, Ly(a) > &p, Li(b) >
¢ and Lp(c) < €p. Tt follows from (§) that L7(0) > Ly(a) > &r, Lr(0) > Ly(b) > & and
Lr(0) < Lp(c) <&p. Hence

0cU(Lr,ér) NU(Ly1,&1) N L(LF,&F).

Let lo1,lo2,a,b,u,v € H be such that (lpz o lo1) NU(Lr,ér) # 0, loe € U(Ly,&é7), (boa) N

U(Lr, &) #0,b € UL, &), (wou) N L(Lp,ép) # 0 and v € L(Lp,£r). Then there exist

xo € (logolor)NU(Lyp,&7), ap € (boa)NU(Ly,&r) and ug € (vou)NL(Lp,&r). Tt follows that
LT(lm) Z min{ sup LT(C), LT(ZQQ)} Z min{LT(xo), LT(Z()Q)} 2 fT,

c€lpz0lo1

Li(a) > min{dselip Li(d),L;(b)} > min{Lz(ap), L;(b)} > &;

and

Lp(u) <max{ inf Lp(e), Lr(v)} < max{Lp(ug), Lrp(v)} <&p.

ecvou
Hence lg1 € U(Lyp,&7),a € U(L1, &) and w € L(Lp,&p). Therefore U(Lyp,&7), U(Ly, &) and
L(Lp,&r) are SHKUT of H. =

Theorem 3.12. For any NS L = (Ly, L, Lr) in H satisfying the condition
VSCH)Fu,v,weS)| Liv)= *L;(V) |, (14)

if the nonempty sets U(Lyp,&r),U (L1, &) and L(Lp,&p) are SHKUI’s of H for all £7,&1,&F €
[0,1], then L = (Lp, Ly, Lp) isa NSHKUI of H.
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Proof. Assume that U(Lp,&7),U(L1,&r) and L(Lp,&F) are nonempty and SHKUI’s of
H for all &p,&7,6p € [0,1]. For any lop1,lo2, los € H, such that lo; € U(Ly, L7(lo1)),lo2 €
U(Ly,Li(lp2)) and lp3 € L(Lg, Lr(lp3)), since lp10lpr < lo1, lo2o Loz < Loz and lp3olps < Loz by
Proposition @ (v), we have lg10lgy < U(Lp, L1 (lp1)), logo Loz < U(Ly, Li(lp2)) and lpzolps <
L(Lp, Lp(los)). By Lemma B4, lo1 0 loy € U(Lz, Lr(lo1)), lo2 © loa € U(Ly1, Li(lg2)) and
losolos € L(Lp, Lp(lps)). Hence a € U(Ly, L7(lp1)),b € U(Ly, Li(lo2)) and ¢ € L(Lg, Lr(los))
for all a € lpy 0 lp1,b € lo2 © Loz and ¢ € lyg o lp3. Therefore Ly (lo1 o lp1) > L7 (lo1),« Lr(lo2 ©
lo2) > Li(lo2) and *Lp(loz o log) < Lr(loz). Now, let & := min{*Lr(lo2 o lo1), LT (lo2)},
&1 := min{*Ls(loz o lor), L1(lo2)} and &g := max{,Lr(loz o lor), Lr(lo2)} }. By (114), we have

Ly (ao) =" Lr(lp2 0 lp1) > min{*Lz(lp2 © lo1), LT (lo2) } = &7,

Li(bo) =" Li(lo2 © lpr) > min{*Ly(lp2 0 lo1), L1(lo2)} = &1
and
Lr(co) =« Lr(log olp1) < max{«Lp(lo20lo1), Lr(lo2)} = &F

for some ag, by, co € loz2 © lo1. Hence ag € U(L7,&7), bop € U(Ly,&1) and ¢g € L(Lp,&p) which
imply that

(lo2 0 lo1) NU(Lr,&7), (lo2 0 lor) NU(Lz, &) and (lo2 o lor) N L(Lr, &r)

are nonempty. Since log € U(L7,&r)NU(Ly, &) N L(LE,EF), it follows from Definition @ (4)
that Iy € U(LT, €T) N U(L[, é[) N L(LF, §F) Thus

Lr(lo1) > &r = min{"Lr(lo2 o lo1), L1 (lo2)},

Li(lo1) > & =min{"Ly(lo2 o lo1), L1(lo2)}
and

Lp(lo1) < &p = max{«Lr(lo2 © lo1), Lr(lo2)}-

[1]

Consequently, L = (Lp, Ly, Lr) isa NSHKUI of H.
We have the following corollary in a finite hyper KU-algebra since any NS L = (Lp, Ly, L)
satisfies the condition (@)

Corollary 3.13. Let L = (Lp,L;,Lr) be a NS in a finite hyper KU-algebra H. Then
L= (Ly,L;,Lp)isa NSHKUI of H iff the nonempty sets U(Lyp,&7),U (L, &) and L(Lg, EF)
are SHKUI’s of H for all &r,&r,&p € [0, 1].
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Definition 3.14. A NS L = (Lp, L;, Lr) in H is called a neutrosophic weak hyper KU-ideal
(briefly, NWHKUI) of H if it satisfies the following assertions.

L7(0) > Lr(lo1) > min{, L7 (lo2 0 lo1), L7(lo2) },
L[(O) > L[(l()l) > min{*L[(Zog o 101),L[(l02>}, (15)
Lr(0) < Lp(lor) < max{*Lr(lo2 o lo1), Lr(lo2)}

for all lp1,lg2 € H.

Definition 3.15. A NS L = (Lp, Ly, Lr) in H is called a neutrosophic s-weak hyper KU-
ideal (brieflyy, NsWHKUTI) of H if it satisfies the conditions (H) and (B)

w "

Example 3.16. Consider a hyper KU-algebra H = {ly,l,, [y} with the hyper operation “o
which is given by Table 5.

w "

Table 5 : Cayley table for the binary operation “o

o lp la Iy
lo {lo} {la} {iv}
la {lo} {lo;la} {la,lo}
b {lo} {losla} {loslasly}
Let L = (Ly,L;,Lr) be a NS in H which is described in Table 6.

Table 6 : Tabular representation of L = (Lp, Ly, LF)
H Lp(l) Li(l) Lp(l)
lo 0.77 0.65 0.08
le 055 047 0.57
I, 011 0.27 0.69
It is routine to verify that L = (Lp, Ly, Lr) is a NWHKUI of H.

Theorem 3.17. Every NsWHKUI is a NWHKUI.

Proof. Let L = (Lp,L;,Lr) be a NsSWHKUI of H and let lp1,lo2 € H. Then there exist

u, v, w € lpg o lp; such that

LT(lol) > min{LT(u), LT(lOQ)} > min{ inf LT(U()), LT(ZOQ)},

up€lo20lo1

L[(l()l) 2 min{LI(v), L[(log)} 2 min{ inf L[(Uo), L[(l()g)},

vo€lp20lo1

Lp(lp1) <max{Lp(w),Lr(lp2)} <max{ sup Lp(wy),Lr(lp2)}.

woE€lp20lo1
Hence L = (Lp, Ly, Lp) isa NWHKUI of H. =
The corollary of Theorem , we can assume, is not true. However, finding an example of
a NWHKUI that is not a NsWHKUT is difficult. Now we specify that a NWHKUI must
also be a NsWHKU .
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[

Theorem 3.18. If L = (Lp, Ly, Lp) is a NWHKUI of H which satisfies the condition (@),
then L = (Lp, Ly, L) is a NsWHKUT of H.

Proof. Let L = (Lp, Ly, Lr) be a NWHKUI of H in which the condition (H) is true. Then
there exist wug, vo,co € loz © lo1 such that Lp(ug) = «Lr(lo2 0 lo1), Li(ve) = «Li(lp2 o lp1) and

LF(wo) = *LF(ZOQ o lOl)- Hence
Lr(lor) > min{sL7(lo2 © lo1), L7 (lo2) } = min{L7(ug), L7 (lo2)},
Li(lp1) > min{,L;(lo2 0 lo1), L1(lo2)} = min{L;(vo), L1 (lo2)},
LF(ZOI) S max{*LF(102 e} 101), LF(l()Q)} = maX{LF(wg), LF(ZQQ)}

Therefore L = (Lp, Ly, Lr) is a NsWHKUI of H. =

Remark 3.19. In a finite hyper KU-algebra, every N.S satisfies the condition (@) Hence the
concept of NsWHKUI and NWHKU I coincide in a finite hyper KU-algebra.

Theorem 3.20. A NS L = (Lp,L;,Lp) is a NWHKUI of H iff the nonempty sets
U(Lp,&7),U(L1,&r) and L(Lp,&p) are WHKUI's of H for all &7, &7, & € [0, 1].

Proof. The proof is comparable to Theorem @’s proof. =

Definition 3.21. A NS in H is called a reflexive neutrosophic hyper KU-ideal (briefly,
RNHKUI) of H if it satisfies

«Lr(lor 0 lo1) > Lr(loz)
(Yo, lo2 € H) | «Lyi(lo1 olo1) > Li(lp2) ; (16)

*Lp(lo1 olo1) < Lr(lo2)
and
Ly(lo1) > min{*L;(lo2 o lo1), L1(lo2)}
(Viot,lo2 € H) | Li(lp1) > min{*Lr(lo2 o lo1), L7 (lo2)} . (17)
L (lo1) < max{,Lr(loz o lo1), Lr(lo2)}

Theorem 3.22. Every RNHKUI is a NSHKUI.
Proof. Straightforward. =

Theorem 3.23. If L = (Lp, Ly, L) isa RNHKUI of H, then the nonempty sets U (L, ér),
U(L1,&r) and L(Lp, &) are RHKUI’s of H for all {&p,&7,&p € [0, 1].

Proof. Assume that U(Lp,&r),U(Ly,&7) and L(Lp, ) are nonempty for all &7, &7, &p €
[0,1]. Let a € U(L7,ér),b € U(L1,&1) and ¢ € L(Lp,&ép). f L= (L, L1, L) isa RNHKUI
of H, then by Theorem , L= (Lp,L;,Lr)isa NSHKUI of H, and so it is a NHKUI of
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H. Tt follows from Theorem @ that U(Lp,&r), U(L1,&r) and L(Lp,&r) are HKUI's of H.
For each ly; € H, let ag, by, cyg € lpy ©lpr. Then

Ly(ag) > inf  Lp(u) > Ly(a) > &7,

" u€lorolor

Li(bo) > inf Li(v) > Lz(b) > &5,

v€lp10lo1

Lr(co) < sup Lp(w) < Lp(c) <&,
welp10lo1

and so ag € U(LT,fT),bo S U(L[,f[) and ¢y € L(LF,SF). Hence {y1 o lp1 C U(LT7€T)7Z[)1 o
lor € U(Lr,&r) and loy olon € L(Lp,&F). Therefore U(Lr,&r), U(Lr,&r) and L(LF,&F) are
RHKUI’s of H. =

Lemma 3.24. Every RHKUI is a SHKUI.
By adding a condition, we explore the converse of Theorem .

Theorem 3.25. Let L = (Lp,L;,Lr) be a NS in H satisfying the condition (@) If the
nonempty sets U(Ly, &), U(Ly,&r) and L(Lp,&r) are RHKUI's of H for all &7, &7, & € [0, 1],
then L = (Ly, L1, Lp) is a RNHKUT of H.

Proof. If the nonempty sets U(Lp,&r),U(Ly, &) and L(Lp,&r) are RHKUI’s of H,
then by Lemma they are SHKUI’s of H. By Theorem that L = (Lp, Ly, LF)
is a NSHKUI of H. Hence the condition (@) is valid. Let lp1,lop2 € H. Then the sets
U(Ly, L7(lo2)),U(Ly, L1(lo2)) and L(Lp,Lp(lg2)) are RHKUI's of H, and so lp; o lpg C
U(Lr, Lr(lo2)),lo1olor € U(Ly, Li(lp2)) and lg10loy € L(Lg, Lr(lp2)). Hence Ly(u) > Ly (lp2),
L;(v) > Li(lp2) and Lr(w) < Lp(lo2) for all u,v,w € lp1 olp1 and so Lz (lo1 o lo1) > Lr(lp2),
«Lr(lprolo1) > Li(lo2) and *Lg(lp1olor) < Lr(lo2). Therefore L = (Ly, Ly, Lr)isa RNHKUI
of H. =

We provide conditions for a NSHKUI to be a RNHKUI.

Theorem 3.26. Let L = (Lp, Ly, Lr) be a NSHKUI of H which satisfies the condition (@)
Then L = (Lp, L7, Lr) is a RNHKUI of H iff the following assertion is valid.

«L1(lo1 0 lo1) > L7(0)
(Vilor € H) | «Li(lp1 olo1) > Ls(0) . (18)
*Lp(lo1 olor) < Lp(0)

Proof. It is clear that if L = (Lyp, Ly, Lr) is a RNHKUI of H, then the condition (@) is
valid.

Conversely, assume that L = (Lp, Ly, Lr) isa NSHKUI of H which satisfies the conditions
(14) and (18). Then L1(0) > Ly(ie), L1(0) > Li(ig2) and Lp(0) < Lp(lgo) for all loy € H.
Hence
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«Lr(lor o lo1) > Lr(loz), «Li(lo1 0 lo1) > Li(lo2) and *Lg(lor o lo1) < Lr(lo2).
For any ly1,l02 € H, let
Er =min{" Ly (lp2 0 lo1), L7(lo2) },
&r:=min{"Ly(lo2 0 lo1), L1(lo2)},
&r = max{,Lr(lo2 0 lo1), Lr(lo2)}-
Then U(Lr,&r),U(Ly, &) and L(Lp,€p) are SHKUI’s of H by Theorem B.11. Since L =
(L7, Ly, LF) satisfies the condition (), there exist ug, vg, wy € lg2 o lp1 such that
Ly (uo) =" Lr(lo2 © lo1), L1(vo) =" Li(loz o lo1), Lr(wo) =« Lr(lo2 © lo1).

Hence Lp(ug) > &7, Li(vo) > & and Lp(wg) < &, that is, ug € U(Ly,&ér),v0 € U(L1,&1)
and wg € L(Lp,&r). Hence (lgg 0 lo1) NU(Ly,&r) # 0, (lo2 0 lor) NU(Ly, &) # @ and (lg2 o
lo) N L(Lp, &) # 0. Since loy € U(Ly,&r) N U(L1, &) N L(Lp, €F), by Definition .9 (4),
lor € U(Ly, é7) NU(Ly, &) N L(Lp, £5). Thus

Lr(lo1) > &r = min{" Lz (lo2 o lo1), L1 (lo2)},

Li(lo1) > & = min{* Lz (lo2 o lo1), L1(lo2)},
Lr(lor) < &r = max{«Lr(lo2 o lo1), Lr(lo2)}.
Therefore L = (Lp, Ly, L) isa RNHKUI of H.

(1]

Conclusions

We have introduced the notions of NSHKUI, NWHKUI, NsWHKUI and RNHKUI.
We have considered their relations and related properties. We have discussed characteriza-
tions of NHKUI and NWHKUI have given conditions for a NS to be a RNHKUI and
NSHKUI. We have provided conditions for a NWHKUI to be a NsWHKUI and have
provided conditions for a NSHKUI to be a RNHKUI.
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Abstract: This paper introduces and investigate the notion of Neutrosophic tgy* closed sets within
the framework of Neutrosophic topological spaces. The study begins defining Neutrosophic rtgy*
closed sets and proceeds to investigate their fundamental properties and characterizations. Special
attention is given to examining how these sets interrelate with and extend existing classes of
Neutrosophic closed sets. By establishing inclusion relations and comparative hierarchies, the paper
highlights the significance of Neutrosophic mgy* closed sets in broadening the structural
understanding of Neutrosophic topologies. Furthermore, several illustrative examples are provided
to demonstrate the distinctive features of these sets and to clarify their role in the generalization
process. The paper also derives various theorems that reveal the interplay between Neutrosophic
nigy” closed sets and other Neutrosophic closed families, thereby enriching the theoretical
landscape of Neutrosophic topology. These results contribute to ongoing developments in
generalized closed set theory, offering new insights and paths for further research in Neutrosophic

mathematics.

Keywords: Neutrosophic topological spaces, Neutrosophic open sets, Neutrosophic closed sets,

Neutrosophic tgy* closed sets.

1. Introduction

The concept of fuzzy sets, introduced by Zadeh [13] in 1965, allow each element to have a
degree of membership. This concept was expanded by K. Atanassov [1] in 1986 with the
introduction of Intuitionistic Fuzzy sets, which assign both a degree of membership and a degree of
non-membership to each element. Sakthivel K and Manikandan M [10] had studied the concept of
nigy* closed Sets in Intuitionistic Fuzzy Topological Spaces. Florentin Smarandache [2] introduced
Neutrosophic Sets as a further generalization, which adds more flexibility. Later, Salama A A and
Alblowi S A [11] extended the idea by developing Neutrosophic Topological Spaces.

In this article we define Neutrosophic mgy* closed sets in Neutrosophic topological spaces and

investigate their properties.

2. Preliminaries
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This section reviews essential definitions, operations, and key results related to Neutrosophic

sets.

Definition 2.1 [6] Let X be a non-empty fixed set. A Neutrosophic Set (NS) A is an object having
the form A={(x, pua(x), 04 (%), va(x) ): x € X} where ps(x),04(x)and vp(x) represent the degree of
membership, degree of indeterminacy and the degree of non-membership respectively of each

element x € X the set A.

Definition 2.2 [6] Let X be a non-empty set and let A be a Neutrosophic Set
A ={(x, up(x), 0o(x), vo(x) ): x € X}.Then the complement of A is
AC= {(x,vA(x),1 = 04(x), ua(x)) : x €X'}

Definition 2.3 [6] Let A and B be two Neutrosophic Sets, V x € X

A= {(x, pa(x), 0a(x), 4 (%) ): x € X}

B = {(x, up(x), o5 (%), v (x) ): x € X}.

Then A € B & {(x,ua(x) < pp(x), 04(x) < 05(x),va(x) 2 vp(x)) : x € X}

Definition 2.4 [6] Let X be a non-empty set and let A and B be two Neutrosophic Sets are
A={(x, ua(x), 0a (%), va(x) ): x € X}, B = {(x, ug(x), 05(x), vg(x) ): x € X}. Then

L A NB= {(x,us(x) A up(x),0,(x) A op(x), va(x) V vp(x)) : x € X}

2. A UB= {{,ua(x) v pp(x),04(x) v ap(X), va(x) Avp(x)) : x € X}

Definition 2.5 [6] Let X be a non-empty set and t~ be the collection of Neutrosophic subsets of X
satisfying the following properties:

1. On,INETN

2. Tin T:2€ ~for any Ti, T2 € v

3. U Ti€ xforevery {Tii€j} € v
Then the space (X, ) is called a Neutrosophic Topological Space (NTS). The elements of T~ are called
Neutrosophic Open Set (NOS) and its complement is Neutrosophic Closed Set (NCS).

Definition 2.6 [6] Let (X, ty) be a NTS and A={(x, ua(x), 05 (%), va(x) ): x € X} be a NS in X. Then
Neutrosophic closure of A is N_CI(A)= n{M:MisaNCSinXand A € M}
Neutrosophic interior of A is N_Int(A)=U{H:HisaNOSin X and H €A}

Definition 2.7 Let (X, ty) be a NTS and A={(x, ua(x), 0a(x), va(x) ):x € X} be aNSin X. Then A is
said to be

¢ Neutrosophic Semi closed set [4] (NSCS) if N_Int (N_C1 (A)) €A.

¢ Neutrosophic Semi open set [4] (NSOS) if A € N_CI (N_Int(A)).

e Neutrosophic Pre closed set [12] (NPCS) if N_CI(N_Int(A)) €A.

¢ Neutrosophic Pre open set [12] (NPOS) if AS N_Int(N_CI(A)).

e Neutrosophic Regular closed set [7] (NRCS) if A= N_CI(N_IntA)).

¢ Neutrosophic Regular open set [7] (NROS if A = N_Int(N_CI(A)).

e Neutrosophic a closed set [5] (NaCS) if N_CI (N_Int (N_CI (A))) €A.

¢ Neutrosophic a open set [5] (NaOS) if A € N_Int (N_CI (N_Int (A))).

¢ Neutrosophic {3 closed set [8] (NBCS) if N_Int (N_CI (N_Int (A))) EA.

e Neutrosophic 3 open set [8] (NBOS in short) if AS N_CI (N_Int (N_CI (A))).

e Neutrosophic b closed set [6] (NDCS) if N_CI (N_Int(A)) 1 N_Int (N_CI (A)) € A
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e Neutrosophic b open set [6] (NbOS) if A € N_Int (N_CI (A)) U N_CI (N_Int(A))
¢ Neutrosophic 7 closed set [9] if A is the union of Neutrosophic Regular closed sets.

e Neutrosophic m open set [9] if A is the union of Neutrosophic Regular open sets.

Definition 2.8 Let (X, ty) be a NTS and A={(x, up(x), 04(x), va(x) ):x € X} be aNSin X. Then A is
said to be
e Neutrosophic Generalized closed set [3] (NGCS) if N_CI(A)S U whenever A € Uand Uisa
NOSin X.
e Neutrosophic Generalized semi closed set [3] (NGSCS) if N_sCIl(A) €U whenever A &
UandUisa NOSin X.
¢ Neutrosophic a Generalized closed set [5] (NaGCS) if N_aCI(A) € U whenever A € U and
UisaNOSin X

Remark 2.9 For any Neutrosophic Set A,
e N_CI(A)C=(N_Int (A))C
e N_Int(A)=(N_Cl(A))cC
e N_sCI(A) €= (N_sInt (A))cC
o N_sInt (A)c=(N_sCl (A)) ¢
e N_sCl(A)=A UN_Int (N_CI (A))
e N_sInt (A)=ANN_CI (N_Int (A))
e N_aCl(A)=A UN_CI (N_Int (N_Cl A)))
e N_alnt(A)=A nN_Int (N_CI (N_Int (A)))

Remark 2.10
1. Each NOS is NPOS in NTS.
2. Each NRCS is NCS in NTS.
3. Each N mOS is NOS in NTS.

3. Neutrosophic mtgy* closed sets in Neutrosophic Topological Spaces
We have introduced Neutrosophic tgy” closed sets and explored some of their properties.

Definition 3.1. A Neutrosophic Set A in (X, t~) is said to be a Neutrosophic mgy* closed sets
(Nmtgy*CSinshort) if N_CI (N_Int(A)) N N_Int(N_CI(A)) € U whenever AS U and U is NmOS
in (X, ).

Example 3.2. Let X = {p, q with = = {On, B, In} be a NTS on X, where
B = <x, (0.4,0.5,0.7), (0.4,0.4,0.6)>. Let us consider the NS, A = <x, (0.3,0.2,0.7), (0.3,0.2,0.8)>. Here
N7OSis U={ln, B}. Clearly A€ U.Now N_CI (N_Int(A)) N N_Int (N_CI(A))=0nE U . Therefore
NS, Ais a Nngy*CSin (X, ).

Theorem 3.3. Every NCS in (X, ™) is a N gy*CS (X, 1) but not conversely in general.

Proof: Consider ‘A’ is a NCS in (X, t~). Assume that AC U and Uis a NzOS in (X, t~). Since A is a
NCSin (X, ™), N_CI(A) = A. Now N_CI (N_Int(A)) N N_Int (N_CI (A)) = N_Int(A) N N_Int(A) =
N_Int(A) € A € U. Thus N_CI (N_Int(A)) n N_Int(N_CI (A)) €U , whenever AC Uand U is

NnOSin (X, ™) Therefore, A isa N ngy*CSin (X, tv). However, the reverse implication is not true.
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Example 34. Let X = {p, q¢ with =y = { Oy,B,1y } be a NTS on X , where
B = <x, (0.2,0.4,0.6), (0.3,0.5,0.7)>. Let us consider the NS, A = <x, (0.1,0.3,0.8), (0.2,0.4,0.7)>. Here
NrmOS is U= {1y ,B}. Clearly A € U. Now N_CI (N_Int(A)) N N_Int (N_CI (A)) =0~ €U. But
N_CI(A) =B & A. Therefore NS, A is a N mgy*CS but not NCS in (X, ).

Theorem 3.5. Every NSCS in (X, tv) is a Nntgy*CS (X, t~) but not conversely in general.

Proof: Consider A is a NSCS in (X, t). Suppose that A € U and Uis a NzOS in (X, ). Since A is
aNSCSin (X, ty), N_Int (N_CI (A)) € A. Now N_CI (N_Int (A)) N N_Int (N_Cl (A)) € N_CI (N_Int
(A)NACSN_CI(A) N A=A € U.Thus N_CI (N_Int (A)) n N_Int (N_CI(A)) €U , whenever AC
Uand Uis NmOS in (X, t~). Therefore, A is a Nntgy*CS in (X, ™). However, the reverse implication

is not true.

Example 3.6. Let X = {p, q} with 7y = { Oy B, 1y} be a NIS on X ,6 where
B = <x, (0.2,0.4,0.6), (0.3,0.5,0.7)>. Let us consider the NS, A = <x, (0.1,0.3,0.8), (0.2,0.4,0.7)> . Here
NnOSis U={1y,B}. Clearly A S U.Now N_CI (N_Int (A)) N N_Int (N_CI (A))=0n € U. But
N_Int (N_Cl (A)) =B & A. Therefore NS, A is a Nmtgy*CS but not NSCS in (X, ).

Theorem 3.7. Every NPCS in (X, ™) is a Nmtgy*CS (X, tv) but not conversely in general.

Proof: Consider A is a NPCS in (X, t~). Suppose that A € U and Uis a NrOS in (X, ™). Since A is
a NPCS in (X, ™), N_Cl (N_Int (A)) € A. Now N_CI (N_Int (A)) n N_Int (N_Cl (A)) € A n N_Int
(N.ClI(A)SAn N_ClI(A)=A € U. Thus N_CI (N_Int(A)) n N_Int (N_Cl (A)) €U, whenever
A €Uand Uis NmOS in (X, ™). Therefore, A is a Nntgy*CS in (X, ™). However, the reverse

implication is not true.

Example 3.8. Let X={ p, q } with 7y = { Oy, By, Bz, 1y} be a NTS on X, where
B1=<x, (0.5,0.5,0.5), (0.6,0.5,0.4)> and B2= <x, (0.4,0.5,0.6), (0.3,0.5,0.7)>. Let us consider the NS, A =
<x, (0.4,0.5,0.6), (0.4,0.5,0.6)>. Here NnOS is U = {1y, By, B,}. Now N_CI (N_Int (A)) N N_Int (N_CI
(A)) =B22 U. But N_CI (N_Int (A) = Bi© € A. Therefore NS, A is a Nmtgy*CS but not NPCS in
(X, ™).

Theorem 3.9. Every NRCS in (X, ™) is a Ntgy*CS in (X, ™) but not conversely in general.
Proof: Let A be a NRCS in (X, t). Since every NRCS is a NCS, by Theorem 3.3 A is a Nngy*CS in

(X, ™). However, the reverse implication is not true.

Example 3.10. Let X = { p, q } with 7y ={ 0y B, 1y} be a NTS on X , where
B= <x, (0.5,0.5,0.5), (0.4,0.5,0.6)>. Let us consider the NS, A=<x, (0.5,0.5,0.5), (0.5,0.5,0.4)>. Here
NrnOSis U={1ly,B}. Clearly A € U. Now N_CI (N_Int (A))NN_Int (N_CI (A))=B & U. But
N_CI (N_Int (A) = B¢ # A .Therefore NS, A is a Nmgy*CS but not NRCS in (X, ™).

Theorem 3.11. Every NROS in (X, 7y) is a Ntgy*CS in (X, Ty) but not conversely in general.

Proof: Let A be a NROS in (X, tv). A is a Nmtgy*CS in (X, ™). Then N_Int(N_CI(A)) = A and N_Int(A)
= A. Suppose that A € Uand Uis a NrOS in (X, ™). Now N_CI (N_Int (A)) n N_Int (N_Cl (A)) €
N_CI(A) N A=A S U.Thus N_CI (N_Int (A)) N N_Int (N_Cl (A))SU, whenever AC Uand U is

NnOS in (X, ™). Therefore, A is a Ntgy*CS in (X, ). However, the reverse implication is not true.

Example 3.12. Let X = { p, q } with 7y = {0y B, 1y} be a NTS on X ,6 where
B = <x, (0.5,0.5,0.5), (0.4,0.5,0.6)>. Let us consider the NS, A = <x, (0.4,0.5,0.6), (0.4,0.5,0.6)>. Here

Sakthivel K and Gomathi A, Neutrosophic ngy* closed sets in Neutrosophic Topological Spaces



Neutrosophic Sets and Systems, Vol. 98, 2026 61

NrnOSis U= {1y,B}. Clearly A € U. Now N_CI (N_Int(A)) N N_Int(N_CI (A)) =0n € U. But
N_Int (N_CI (A)) =B # A. Therefore NS, A is a Nmtgy*CS but not NROS in (X, ).

Theorem 3.13. Every NaCS in (X, tv) is a Nntgy*CS (X, t~) but not conversely in general.

Proof: Consider A is a NaCS in (X, tv). Suppose that AS U and U is a NzOS in (X, ™). Since A is a
NaCS in (X, ™), N_Cl (N_Int (N_CI (A))) € A. Now N_CI (N_Int (A)) n N_Int (N_CI (A)) € N_CI
(N_Int (N_C1 (A))) n N_.CI(N_Int (N_CI(A))) S ANnA =A € U.Thus N_CI(N_Int (A)) n
N_Int (N_CI (A)) € U, whenever A € Uand Uis NmOS in (X, tv). Therefore, A is a N7tgy*CS in

(X, ™). However, the reverse implication is not true.

Example 3.14. Let X = { p, q } with 7y ={ 0y, B, 1y} be a NTS on X ,6 where
B = <x, (0.5,0.5,0.5), (0.4,0.5,0.6)>. Let us consider the NS, A = <x, (0.4,0.5,0.4), (0.5,0.5,0.6)>. Here
NrOSis U={1y,B}.Clearly A € U. Now N_CI(N_Int(A)) n N_Int (N_CI(A))=0n S U.But
N_CI (N_Int (N_CI (A))) = B¢ ¢ A. Therefore NS, A is a Nmtgy*CS but not NaCS in (X, ).

Theorem 3.15. Every NbCS in (X, tv) is a Nmtgy*CS (X, ), but not conversely in general.

Proof: Consider A is a NbCS in (X, ™). Suppose that A € U and Uis a NrOS in (X, ). Since A is
a NbCS in (X, ™), N_CI (N_Int(A)) n N_Int (N_CI (A)) S A. Now N_CI (N_Int (A)) N N_Int
(N_Cl (A))€ A € U. Thus N_CI (N_Int (A)) N N_Int (N_CI (A)) € U, whenever A € Uand Uis

NnOSin (X, ). Therefore, A is a Nmtgy*CSin (X, ). However, the reverse implication is not true.

Example 3.16. Let X={ p , q } with 7y ={ Oy, By, Bz, 1y} be a NTS on X, where
B1=<x, (0.5,0.5,0.5), (0.6,0.5,0.4)> and B:2= <x, (0.4,0.5,0.6), (0.3,0.5,0.7)>. Let us consider the NS, A
=<x, (0.4,0.5,0.6), (0.6,0.5,0.4)>. Here NmOS is U= {1y,B;,B,}. Now N_CI (N_Int (A)) N N_Int
(N_C1 (A)) €U whenever A € U. But N_CI (N_Int(A)) N N_Int (N_CI(A)) = Bi¢ & A. Therefore
NS, A is a Nntgy*CS but not NbCS in (X, ).

Theorem 3.17. Every NGCS in (X, 1) is a Ntgy*CS in (X, t~) but not conversely.

Proof: Consider A is a NGCS in (X, ™). Assume that AS U and Uis a NrOS in (X, ™). Since A is a
NGCS in (X, ™), N_CI(A) € U. Now N_CI (N_Int (A)) N N_Int (N_CI (A)) € N_ClI(A) € U .Thus
N_CI (N_Int (A)) N N_Int (N_CI (A)) € U, whenever A € Uand Uis NrOS in (X, ). Therefore,

Ais a Nmtgy*CS in (X, ™). However, the reverse implication is not true.

Example 3.18. Let X ={ p, q } with 7y ={ 0y, B, 1y } be a NTIS on X , where
B = <x, (0.3,0.5,0.4), (0.2,0.5,0.3)>. Consider NS, A = <x, (0.2,0.4,0.6), (0.2,0.4,0.4)>. Here N7OS U =
{1y,B}. Clearly A € U. Now N_CI(N_Int (A)) N N_Int (N_CI(A))=0~ € U.ButN_Cl(A)= B¢
¢ B, whenever A € B. Therefore NS, A is a Nntgy*CS but not NGCS in (X, ).

Theorem 3.19. Every NGSCS in (X, t) is a N7tgy*CS in (X, tv) but not conversely.

Proof: Consider ‘A’ is a NGSCS in (X, ). Assume that AC U and U is a NmOS in (X, ). Since A is
a NGSCS in (X, ), N_sCI(A) = A U N_Int(N_CI(A)) € U .This implies N_Int (N_CI(A) € U. Now
N_CI (N_Int(A)) n N_Int (N_CI(A)) € N_CI (N_Int(A)) n U € U.Thus N_CI (N_Int(A)) n N_Int
(N_CI(A)) €U , whenever AC Uand Uis NrzOS in (X, ™) Therefore, A is a Nntgy*CS in (X, ).

However, the reverse implication is not true.

Example 3.20. Let X = { p, q } with ™ ={ Oy, By, Bz, 1y} be a NTS on X, where
B1=<x, (0.5,0.5,0.5), (0.3,0.5,0.7)> and B2=<x, (0.4,0.5,0.6), (0.3,0.5,0.7)>. Let us consider the NS, A =
<x, (0.3,0.5,0.4), (0.2,0.5,0.8)>. Here N7 OS is U = {1y, B;, B,}. Now N_CI (N_Int(A)) n N_Int

Sakthivel K and Gomathi A, Neutrosophic ngy* closed sets in Neutrosophic Topological Spaces



Neutrosophic Sets and Systems, Vol. 98, 2026 62

(N_CI(A))=0n €U whenever A € U. But N_sCl (A)=A UN_Int (N_Cl (A))=A UBi=B:1Z Band
A € Ba. Therefore NS, A is a Nmtgy*CS but not NGSCS in (X, ).

Theorem 3.21. Every NaGCS in (X, tv) is a Nntgy*CS (X, v) but not conversely in general.

Proof: Consider A is a NaGCS in (X, t~). Suppose that A € U and U is a NnOS in (X, ™). Since A is
a NaGCS in (X, 1y), N_aCl(A)S U. Therefore A U N_CI (N_Int (N_CI (A)))S U, so N_Cl (N_Int
(N_CL A))S U and N_Int (N_CI A)) € U. Now N_CI (N_Int (A)) n N_Int (N_CI (A))< N_CI (N_Int
(A)) NV € U. Thus N_CI (N_Int (A)) n N_Int (N_CI (A)) € U, whenever A € U and U is NnOS in

(X, ™) . Therefore, A is a Ntgy*CS in (X, tv). However, the reverse implication is not true.

Example 3.22. In Example 3.20, the NS A =<x, (0.3,0.5,0.7), (0.2,0.5,0.8)> is Nmtgy*CS in (X, ) but
not a NaGCS in (X, ™) as N_aCl(A) = A UN_CI (N_Int (N_CI (A)))= A UBi€ = B¢ &B;,B,
and A€ B;,B, .

In the following figure (a) we have provided relation between Nmtgy*CS and other closed sets in

Neutrosophic topological space.

NCS +— NRCS > NSCS

/N0 L /N

T Nngy*CS
NaCS —~ NGSCS

NN

NaGCSs +«— NGCS
Figure (a)

Remark 3.23. The union of two N7tgy*CSs need not be a Nmtgy*CS in (X, ) in general.

Example 3.24. Let X = {p, q} with t~= {0y B1, B2, 15} be a NTS on X, where B1= <x, (0.4,0.5,0.6),
(0.2,0.5,0.8) > and B2 = <x, (0.4,0.5,0.5), (0.4,0.5,0.5)>. Here A =<x, (0.4,0.5,0.5), (0.5,0.5,0.4) > and B
=<x, (0.5,0.5,0.4), (0.2,0.5,0.6) > are Nmgy*CS in (X, ), but A U B =<x, (0.5,0.5,0.4), (0.5,0.5,0.4)>
is not a Nntgy*CS in (X, ).

Theorem 3.25. Let (X, ™) be a NTS. Then for every A € Nnigy*CS in (X, t~) and for every B € NS in
(X, ™), A € B € N_CI (N_Int(A)) which implies B € Nngy*CS in (X, ™).

Proof: Let BS DU and U be an NtOS in X. Since A € B, A € U. Also, B € N_CI (N_Int(A)) which
implies N_Cl (N_Int(B)) € N_CI (N_Int(A)). Now N_Int (N_CI (B)) € N_Int (N_CI (A)). Therefore
N_Cl (N_Int(B)) N1 N_Int (N_CI (B)) € N_Cl (N_Int(A)) N1 N_Int (N_CI (A)) € U, by hypothesis.
Hence B € Nntgy*CS in (X, ).

Theorem 3.26. If A is both NtOS and Nmtgy*CS in (X, t~) then A is a NbCS in (X, ).
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Proof: Let A be a NntOS and a Nntgy*CS in (X, tv). Then N_Cl (N_Int(A)) N1 N_Int (N_CI (A)) €A,
as A € A, by hypothesis. Therefore N_CI (N_Int(A)) 1 N_Int (N_CI (A)) € A. Hence A is a NbCS in
(X, ™).

Theorem 3.27. If A is both a NmOS and a Nntgy*CS in (X, t~) then A is a NBCS in (X, ).

Proof: Let A be a N7OS and a Nntgy*CS in (X, tv). Then N_CI (N_Int(A)) N N_Int (N_CI (A)) €
A, as A € A, by hypothesis. Now N_Int (N_CI (N_Int(A))) = N_Int (N_Cl (N_Int(A))) 01 N_Cl1
(N_Int(A)) € N_Int (N_CI (A)) 1 N_CI (N_Int(A)) = N_CI (N_Int(A)) N N_Int (N_CI (A)) S A.
Therefore N_Int (N_CI (N_Int(A))) S A . Hence A is a NBCS in (X, ).

Theorem 3.28. If A is both a NmOS and a Nmtgy*CS in (X, tv) then A is a NSCS in (X, ).

Proof: Let A be a NnOS and a Nngy*CS in (X, ™). That is A is a NOS in (X, t~). Then N_Cl
(N_Int(A)) D N_Int (N_CI (A)) € A, as A€ A, by hypothesis. Clearly N_Int (N_CI (A)) =N_CI (A)
N N_Int (N_CI (A)) = N_CI (N_Int(A)) 01 N_Int (N_CI (A)) € A. Therefore N_Int (N_CI (A)) € A.
Hence A is a NSCS in (X, ™).

Theorem 3.29. If A is both a NtOS and a Nngy*CS in (X, tv), then A is a NROS in (X, ).

Proof: Let A beaNmOS and a Nwtgy*CSin (X, ). Thatis A isa NOSin (X, ). Then N_Int (N_CI
(A)) =N_Int (N_CI (A)) 1 N_CI (A) = N_Int (N_CI (A)) 0 N_CI (N_Int(A)) € A. Since A is a NOS,
it is a NPOS and A € N_Int (N_CI (A)). Therefore A = N_Int (N_CI (A)). Hence A is a NRCS in
(X, ™).

4. Conclusion: In this paper we have introduced Neutrosophic ngy* closed sets in Neutrosophic
Topological Spaces and discussed some of its properties and some contradicting examples. This idea
can be developed and extended in the area of continuous functions, homeomorphisms, compactness

and connected and so on.
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Abstract: This study establishes fundamental results in the emerging domains of neutrosophic
quadruple metric spaces and neutrosophic quadruple normed spaces. Building upon the recent
definition of neutrosophic quadruple metric spaces, the first primary contribution is the
development of fixed-point theory within this generalized framework. Specifically, we formulate
and rigorously prove an analogue of the Banach contraction principle tailored for neutrosophic
quadruple metric spaces. Furthermore, we establish additional fixed-point theorems applicable in
this context, extending foundational results from classical metric spaces and simpler neutrosophic
structures to handle the increased complexity and uncertainty modeled by quadruple-valued
neutrosophic sets. The second major contribution involves the algebraic generalization of normed
spaces. We introduce the novel concept of neutrosophic quadruple normed spaces. Within these
spaces, we define an appropriate norm structure capable of measuring the "magnitude” of vectors
characterized by quadruple-valued neutrosophic components. We systematically investigate and
establish various fundamental properties of this newly defined norm, exploring concepts such as
statistical convergence, Cauchy statistical convergence, boundedness, and continuity within the
neutrosophic quadruple normed spaces. Additionally, we address the specific case of neutrosophic
quadruple vector spaces, defining and analyzing the corresponding norm structure in this
specialized context. The results generalize and extend prior work in fuzzy, intuitionistic fuzzy, and
standard neutrosophic metric and normed spaces.

Keywords: fixed points for neutrosophic quadruple metric space; neutrosophic quadruple normed
space; statistical convergence to the neutrosophic quadruple norm.

1. Introduction

Fixed point theory stands as a cornerstone of nonlinear functional analysis, witnessing
remarkable growth in both theoretical depth and practical application. Its significance extends far
beyond the boundaries of pure mathematics, permeating diverse fields such as differential
equations, optimization theory, game theory, economics, computer science, and engineering. This
widespread utility has naturally spurred intense research activity, leading to the development of
numerous fixed-point theorems tailored to increasingly sophisticated mathematical structures.
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The foundation of much of this work lies in the theory of metric spaces. Seminal contributions
by T. Zamfirescu [1] established crucial fixed-point results within this classical setting. As
mathematical frameworks evolved to model greater complexity and uncertainty, researchers
explored generalizations of metric spaces. This led to the investigation of fixed-point theorems in
fuzzy metric (shortly FM) spaces [2], capturing vagueness through membership degrees, and
subsequently in intuitionistic FM spaces [3], which incorporate both membership and
non-membership. More recently, the advent of neutrosophic metric spaces [8], built upon the
neutrosophic logic principle of characterizing truth, falsehood, and indeterminacy simultaneously,
provided a richer framework for handling incomplete, inconsistent, and uncertain information,
yielding novel fixed-point results.

The ongoing quest for structures capable of representing higher-dimensional uncertainty
culminated in the definition of neutrosophic quadruple metric (shortly NQM) spaces [6]. This
innovative framework, extending the representational capacity of neutrosophic sets to quadruples,
immediately presented the compelling challenge of establishing fixed point theorems within this
new context. Addressing this gap forms a primary objective of the present study. Consequently, the
first part of this paper is dedicated to exploring contraction principles and fixed-point theorems
specifically within NQM spaces. We establish and prove an analogue of the fundamental Banach
contraction principle in this setting and investigate other relevant fixed-point results.

Parallel to the development of metric structures in uncertain environments, the concept of
normed vector spaces has also been generalized. The norm, fundamentally quantifying the "length"
or magnitude of a vector, is essential for analysis in vector spaces. Significant efforts have been made
to define appropriate norms for vectors residing in fuzzy [11], intuitionistic fuzzy [12], and
neutrosophic vector spaces, enabling the study of functional analysis in these generalized settings. In
studies [14] and [15], previous studies have examined statistical convergence in standard normed
spaces and intuitionistic fuzzy normed spaces. In this study, we generalize this concept to
neutrosophic quadruple normed spaces. [16] Deli et al. defined n-valued neutrosophic trapezoidal
numbers with similarity measures and its properties. [17] Sahin et al. investigated the extension
principles of neutrosophic multi-sets and cut sets and algebraic operators. [18] Ulucay defined
similarity function of trapezoidal fuzzy multi-numbers. [19] Bakbak and Ulucay analyzed
Q-neutrosophic soft expert multiset and its set operations (like union,
intersection,complement,subset). [20] Baser and Ulucay studied an application of neutrosophic soft
sets and its properties. [21] Baser and Ulucay investigated effective Q-neutrosophic soft expert sets
on an application. No prior studies address properties such as metric, continuity, and completeness
in NQS. Various applications of neutrosophic sets are discussed in this essay [22-37].

Building upon this progression, the second part of our work introduces the concept of
neutrosophic quadruple normed (shortly NQN) spaces. We define a suitable norm structure for
vector spaces where the vectors themselves possess neutrosophic quadruple characteristics.
Furthermore, we extend this concept specifically to neutrosophic quadruple vector spaces, defining
and examining the properties of the norm within this specialized context.

This study thus contributes to two expanding frontiers: establishing fundamental fixed-point
results in the novel setting of NQM spaces and initiating the development of norm theory for
neutrosophic quadruple sets.

2. Preliminaries
Definition 2.1 [4] Let [>:[0,1] x [0,1] — [0,1] be binary operation. Then [> is called a t-norm
(or TN) if it satisfies the following properties for all elements 1,11, 1, 5 € [l:I,l] :

I Identity: m[> 1 = m.
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I. Monotonicity: If m < n and r < s, then m[>r <n[> s,
III. Symmetry: m BPn=nlm.
IV. Associativity: m [> (n[> r) = (m[> n) [> r.

V. Continuity: The operation [> is continous.

Definition 2.2 [5] Let P: [0,1] X [0,1] — [0,1] be binary operation. Then P is called a
t-conorm (or TC) if it satisfies the following proporties for all elements 1,1, 1,5 € [l:l,l]:
I. Identity: m P 1 = m.
II. Monotonicity: If m < n andr < s,then mPr <nps.
. Symmetry: m P n =n P m.
IV. Associativity: m P (n 7)) = (m P n) P r.

V. Continuity: The operation P is continous.

Definition 2.3 [6] x,Vv,z,k €E R or €, and let T represent a truth-membership degree, Ian
indeterminacy-membership degree, and F a falsity-membership degree. A neutrosophic quadruple

set element D is defined as:
D=x+yT +zI + kF

Here, x is called the known segmentof D, while the expression VT + zI + kF constitutes
its unknown segment. Alternatively, the quadruple number D can be represented as an ordered

tuple:

D = (x,yT,zLLkF)
N@ = {(x,yT,zI, kF)|x, v,z k € R(alternatively C)} is neutrosophic quadruple set.
Definition 2.4 [7] Let X be a non-empty set, x, v € X, and (H, LK ] be a neutrosophic metric
on X X X % (0,00) where H,J,K: X % X X (0,00) = [0,1] represent truth, indeterminacy, and
falsity degrees respectively. Let d:X X X — [0,00) be a metric, £,a,b,c > 0 be positive
constants, and ' [>/," P ' denote a t-norm (TN) and t-conorm (TC) respectively. The neutrosophic
quadruple metric (NQM) M: X X X = R X R? is defined as:

M(I,}?) = {(d(I,F],ﬂH(:X,}F; Ej,b_f[:.’l’,_}?; Ej,CK(I,}T; EJ:I,}F = X}
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Definition 2.5 [8] Let (H,],K) be a NM on X. The mapping T: X — X is defined neutrosophic
contraction (NC) if there exists ¢ € (0,1) such that
H(T(x).T(¥).€) = cH(x,y,2).J(T(x).T(¥).£) < J (x,y.2),
K(T(x),T(v).g) < cK(x,v.€)
foreach x,yv € X and & = Q.
Definition 2.6 [8] Let (H,],K) be a NM on X and let T: X — X be a NC mapping. Then there
exists u € U such that k = T(k). Thatis, k is called neutrosophic fixed point (NFP) of T.

Theorem 2.7 [10] Let K denote one of the following fields: &, ©, or Z, (where p is a prime). Define

the neutrosophic quadruple group as the set
N@ = {(a,bT,cl,dF)|a,b,c,d € K}

equipped with addition (+). Then V = (N@,+,») forms a neutrosophic quadruple vector

space over K, where the operation ‘- (scalar multiplication) is a specially defined bilinear map

from K X N@Q to NQ.
Definition 2.8 [13] Let Qbe a vector space over a field K(typically I or [T ).
Let N:Q x BT = [0,1]*Bea mapping, denoted for each p €  and t > Oby

N = E[p,V[p, t),¥(p.t),Z(p, t)}}:p €@}, where V(p,t), Y(p.t), Z(p,t) represent the

degrees of truth, indeterminacy, and falsity of the assertion "the norm of p is less than or equal to ¢",

respectively. Let [> be a tnorm and »be a t-conorm. The 4-tuple (@, N,[> ) is called

a neutrosophic normed space if for all p, g € @ and all positive real numbers k, 5, t the following

conditions hold:

LO=V(pt) =1,0=V(pt) =1,0=Z(p,) =1,

ILV(pt) +Y(pt) + Z(p,t) < 3,
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L V(p,t) =1 ifand only if p = 0,

IV.V(sp,t) = H (p,j);

<

V(p,t) > H(r,s) <H(p+q,t+ 5),
VL. V(p,t) is continuous non-decreasing function,

VIL lim V(p,t) =1,

o —+od

VIIL ¥(p,t) = 0 ifand only if p = 0,
= £
IX. Y(Spr tj =Y {P: Iﬂ'l)’
XY(pt)»Y(rs) =2¥(p+rt+s),
XL ¥(p, t) is continuous non-decreasing function,
XIL lim ¥Y(p,t) =0,
£ —Foa
XIIL Z(p,t) = 1 ifand only if p = 0,
= £
XIV. Z(sp,t) = Z {p, Isl)’
XV.Z(p,t) P Z(r,s) = Z(p+r,t +5),
XVI. Z(p, t) is continuous non-decreasing function,

XVIL lim Z(p,t) =1,
T —+oa
XVIIL If t < 0, then V(p,t) =0, ¥(p,t) =1 and Z(p,t) = 1.
Then N = (V, Y, Z) is called neutrosophic norm (shortly NM).

Definition 2.9 [14] Let A be a subset of the natural numbers M. The asymptotic density of A4,

denoted by &(A), is defined as

< k:ae4d
8(A) = iim l{a ka )

r

where |*| denotes the cardinality of the set.
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Let A & M X N be a set and let A(x,¥) be number pair of (&, b) in 4 such that a < x and

. pAilxy
b = y. Then the two dimensional asymptotic density can be define as &,(A4) = lim inf %}}
_ m,n .

A sequence (p,, ) is statistically convergent to g if for every £ = 0, the asymptotic density of the
set A(g) ={n = q:|p, — gl = £} is zero. That is,

1

hrrrngl{n <q:lp, —ql= e}l =0.

A double sequence [p_r}.j is statistically convergent to g if for every £ = 0, the double asymptotic

density of the set

B(e)={(x,y)x <aandy < b:|p,, — q| = &}

is zero. That is,
1
lim — |{x <ay<b: |px}. - q| = E‘H =0.

a.b—o b

Definition 2.10 [14] A sequence (p,,) is called a statistically Cauchy sequence if for every & = 0,
o1
lim — |{m =q: |pm —pq| = E‘H =0.
a q
Definition 2.11 [15] Let (A4, U,[>,P) be an intuitionistic fuzzy normed space. A double
sequence (p,, ) is statistically convergent to q € A with respect to the intuitionistic fuzzy
norm (u, ) if for every £ > 0 and every € = 0,

8. {(x,v) EN X N:u [px}. — q,e) <1—¢ and ﬁ[px}. — q,e) =e}=0.
That is
a 1 —
n}zl?xz}m@ |{ﬂ, =x,b<y:p (px}_ — q,e) =1-—r¢sand ﬂ[px}. - q,e) = £}| =0.
Definition 2.12 [15] Let [:f-'l, I, ﬂ,[},"] be an intuitionistic fuzzy normed space. A double
sequence (p_r}.] is statistically Cauchy with respect to the intuitionistic fuzzy norm (u, ) if for

every £ == Qand every € = 0,

8.{(x.y) € N X Nep(p,, — Papr€) 1 —e and 3(p,, —Pgp.€) = £} = 0.
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That is

1
a.llirglm@ ‘{a < x,b = y: ,u(pxy — Gy E) <1 —¢sand ﬁ(pxy — qu.e) = E}‘ = 0.

3. Fixed-Point Theorems In Neutrosophic Quadruple Metric Spaces

Definition 3.1 Let (@, N,[> ) be a NQM space. The mapping T: @ — @ is called neutrosophic
quadruple contraction if there exist 0 < ¢ <X 1 such that
d(T(p).T(q)) < cd(p.q),
H(T(p),T(q),ce) = H(p, g, ),
I(T().T(q).ce) <J(p.q.¢),

K(T(p).T(q).ce) < K(p.q.2),

foreach p,g € and = = 0.

We will define neutrosophic quadruple banach contraction theorem.

Theorem 3.1 Let (@, N,[>,l») be a neutrosophic quadruple metric space (NQM). If T: @ = @ is
a neutrosophic quadruple contraction mapping, then there exists an element ¢ € @ such
that ¢ = T'(c). This element c is called a neutrosophic quadruple fixed point of T.
Proof Let p € @ and p,, = T"p (p € M). By a induction we get
d(pp Prst) = d(p.py),
H(p, pn+1.8) = H (Prpirg)r
JBrpre ) <1 (Prpy).
£
K(ppPnsr &) =K (Pr PlrF)r

foreach m € M and & = 0.Forany m € Z we get
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|d[:p:lzlpn+m)| 5 |d[:p:lzlpn+1)| + + |d[p:z+m—11pu+mj|
5 |d(p:l:l!p:l:l+'l)| + o + |d(p:l:l!p:l:l+mj|!

£
H(p:lzlp:lﬁk! E) = H(Pn?p:lz+11 ) [> [} H (p:lz+m 1r p:lz+m1m)

EH(p,pl, )[33’ [F’H(;D,Pl,ﬁ),

t?!

£
I(pn’p;'Hm’E) 5 (p;'z’pu+l’ )" ’-‘I(Fuﬂn J.’p:'z+m’m)

=] (F:Flr t”) > .. rf(prpl’ﬁ)’

£
K(p:lzlpn+m! E] {: K (P;;:P,le }, , K (p:z+m 1 p:lz+ml'm)

K (Pr Py~ )" 14 K(p,pl, ﬁ)

t?!

If we apply the limit conditions for the functions H, J, K in the neutrosophic metric space definition,
we get

Ui (B 2,) =0+ 4+0=0,
LimH(p, s Ppe) =10 .1 =1,
n—roa

5 ] (Pt P ) < OB B0 =0
and

lim K(p,s,pPp.c) = 0P ..Pr0=0.
m—oa

That is, {p,} cauchy sequence. Hence {p, } is convergent. We define a limit point g for {p, }

sequence. We get

d(Tq.q) < d(Tq,Tp,) = 0
H(Tq.q,2) = H(Tq, Tp,. ) [>H (pnﬂ,q,z)

zH&mm )DH&HUm}+1bi—1
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17,0,8) <1 (T0.79,,5) I (Prsr0.5) <7 (050 5—) W1 (Prsa.5) = 0P 0

:l:]’

) <K (q,p,yi) > K(P,Hmé) sl

£ £
K(70,q.) <K (Ta.Tp,5) > K (prsr a5 —

2
=0.

Thus we get T'g = g, a fixed point. Now to get uniqueness, we assume T'r =1 forany r € {J.

Then t

0<d(r,q)=4d(Tr,Tq)—>0,

1= H(r,q,e) =H(Tr,Tq,e) = H (r,q,%) = H{Tr,Tq,%) >H (r,q,%) =

=H (r, q,%) =1,

0<)(nq.e) =) Tq.e) <] (ra—)=J(trTe—) <] (ra—) <

=] (r,q,%) -0,

0<J(a.e) =JrrTa.e) <] (ra—)=J(rrTa—) </ (ra—) <

S
=] (T": q, E) —=+0
when n — 00, So r = gq.
Corollary 3.1 Let[@, N,[:l‘,b'j be a complete NQM space and let T: {J — @ be a neutrosophic

quadruple contraction mapping. Then T possesses a unique fixed point in {.

Now we will show edelstein contraction theorem for NQM spaces.

Theorem 3.2 Let (@, N,[> ) be a NQM space and let T: @ = @ be a neutrosophic quadruple

contraction mapping. if for all p * g

d(T(p).T(q)) < cd(p.q).
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H(T(p).T(q)..) > H(p.q..),
J(T().T(q)..) <J(p.q..),
K(T(p).T(q)..) <K(p.q..),

then T has a unique fixed point.

Proof Let p €Q ve p, =T "p (n€N). p, # p,+, for each n. Consequently for n # m,

P, F P - If not, we get

d(Pr Prs1) = AP Prms1) < APy, Pm) < < AP0y Dpss),
H(Pp Prsrs-) = H@m P21 ) = HOp_ 1, Ppes-) = 0 > H(Pp Prsys - ),

I(p:lz’p:'z+1") =J‘r(pm’pm+1") {:-I(pm—lfpml') == f(p:lz’pn+1")

and
K(P,;:P;le-) = K(pmlpm+11') = K(pm—llpml') == K(P,;rp;.;+1:-)

where m > n, a contradiction. {p, } has a convergent subsequence {p,_ }, because of @ is

compact. Let g = lim P,,;- Moreover, we call that g, Tg¢& BU?!.' :i € N}. From our assumptions,
L

we can write

d(Tp;l:! Tq] :: d(p;l:[! q)!
H(Tp,.Tq,.) = H(p,.q..),

I[TP::! TqF . ] { J‘r(p;lz! q! . :]

and
K(T:p”r Tl‘-']":-) :: K[F;z! q-"' )

forall i € M. So, we get

lim d[Tp”i,Tq) < lim d[pnl_,q) =d(g,9) =0,

_lim H[Tp”l_, Tq, E) = 11_{11 H [-_p”[, q. E) =H(qg.q.2) =1,
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lim J(Tp,,Tq,&) < lim J(p,,.q.£) = J(q,9,6) = 0
and
lim K[Tp”l,,Tq,E) < lim K[pni, q, 5) =K(q,9,€) =0
[—* oo [—* oo
for each & = 0. Hence
lim Tp, = Tq and lim T:F;;[ = T?q.
[—oa L= oa
We get
d[:pn[’Tp?![) = d[Tp?z[-'T:p?![) == d[Tp?zl'_,_-_’ TP”H__) = d[Tp:'![_,_-_’T:p?z[_,_-_) == ﬂ’

H[pnl_,Tpul_,E) = H[Tpn[,T:pnl_,E] == H[:p”l_,Tp,,l.,E) = H[Tp”l_,T:p”l_,E) =

= H(p”[+'_’Tp”[+'_’E) = H[:Tp:'![_,_-_J'T:p:l![.,.-_J' E) =--=1,

I[p:'![; TF‘:![; E) = I[TP;I][J'T:F:I![J‘ E) = e Ef[Pul-:TP,!l., E) EI[TFI”[, T:p”i’ E) e
= f[p”[r_’ Tp”“___, E) = I[Tp:z[q.-_’T:p:zH;’ E) = =0

and

K(p, TP,.c) = K(Tp, . T*p,.c) = =2 K(p,.Tp, ) = K(Tp, . T’p,.c) =

= KEP”H'." Tp”i+'_’5) = K[Tp:'![_,_-_FT:p:l![.,.-_! E) =-z=0

for every £ = 0. Thus

d[p?![’Tp?![)-'H[pn[’ Tp?![’g)’-‘r[p?![’Tp?![’E) and K(-_p:'![’ TP?![’ E)

are convert to same limit point. We get

d(q,Tg) < Elin; sum d(pni, Tp”[) = Elin; Sum d[Tpnl_, T:p”[) < zli.nag inf d[TPH[’T:Pn[)

< d(Tq,Tq),
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H(q.Tq,s) = lim sum H[p,!l_,Tp”l_, £) = lim sum H[Tpnl_, Tfpm_, £)
f=+ oo f=+ oo

2 lim inf H(Tp,, T*p, ) = H(Tq,T?q,2),

J(g.Tg,g) < }Ln; sumj[:p”l_, Tp”l_, s) = zlg]; su,mf[Tp”l_, T:pn[’ E)

5 _lim Ilnff[Tpn[’T:pu[’E) EI(Tf}',T:q,E]
[ =—+*00

and

J(g.Tg.£) <lim sumf[:p”l_, TP, ) =lim su,mf(Tpnl_, T:P:z[’ £)
f=*oo i=+oo

< liminf J(Tp,,,T°p,.€) <J(Tq,T?q,¢)

for every £ = 0.
We assume g # T'g. Similarly we get
d(q,Tq) = d(Tq,T>q),
H(q,Tq,.) < H(Tq,T*q,.),

/(q.Tq,.) =](Tq,T?g,.)

and
K(gq.Tgq..) = K(Tq.T%q,.).
Those are a contradiction. Hence, g = T'p, a fixed point.

4. Neutrosophic Quadruple Normed Spaces

Definition 4.1 Let {J be a vector space over K field, p € J, and (V, V.Z2 ] be a neutrosophic
norm on @ % (0,00) where V,¥,Z:Q X (0,00) — [0,1] denote truth, indeterminacy,
and falsity norm degrees, respectively. Let Il. |l be a conventional norm on @, s,a,b,c =0 be

fixed positive constants, and let ‘[>' and ‘P’ denote a tnorm (TN) and t-conorm (TC),

Sahin et al., Neutrosophic Quadruple Normed Spaces And Fixed-Point Theorems



Neutrosophic Sets and Systems, Vol. 98, 2026 77

respectively. The neutrosophic quadruple norm (NON) is the function

N:@ — [0,00) X [0,00)? defined for each p € @, as:

N(p) = (lIpll, aV(p, £),bY (p, £),cZ (p, £)).

[N, Q,[},P, . ||] is defined as NQN space.We calculate by Il p|| norm of the known part of
the vector p, how accurately the norm is measured with @, how ambiguously the norm is measured
with b, how inaccurately the norm is measured with ¢, by V' the degree to which the norm of
vector p is correct, ¥ the degree to which the norm of vector p is imprecise, Z the degree to

which the norm of vector P is incorrect

Example 4.1 Let [N,]R,[},", ||||) be a NQN. it define as TN p[>*q=pq and TC

—ptg— _ e o ol _lal. .
pPg=p+qg—npq VpeER , N {[|p|,a£+|p|,bs+|p|,c£.pEQ} neutrosophic

quadruple set define NQN.

Example 2 Let (N, @,l> P, [. ||) be a NM space. If we take
H(p,q.6) =V(p—q.6),](p.q.6) =Y(p—q,8) and K(p,q,8) = Z(p — q.9),
then N = (H, ], K') aneutrosophic metric on @, which is induced by the NQN N.

Definition 4.2 Let [N, Q,[},P,”. ||] be a neutrosophic quadruple-normed space (abbreviated

NM-space).
I. A sequence (p,) in N is a Cauchy sequence if for every § = 0 and T = 0, there

exists 1y € N such that for all n,m = ny:

Py =P ll < 6.
aV(p, —p,,7T) = 1-46,
bY (P, — P, T) < 6,
cZ(p, — Pp,T) < 6.

II. The sequence [p,!] converges to p € N (denoted p,, — p) if for every T = O:
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lim [lp, — pll =0,

lim aV(p, —p,,.T) =1,

n—o

lim b¥(p, —p,,.7) =0

n—*oo
and

lim ¢Z(p, — p,,.T) = 0.

n—+od

III.  The space N is complete if every Cauchy sequence in N converges to a limitin N.

Definition 4.3Let (N,@.[>P) be a neutrosophic quadruple-normed space (NQN space)
with @ € N.
I.  The open ball B(p,r,T) centered at p € with radius r € (0,1) and

parameter T = 0 is defined as:

lp —qll <,
aVip—q,1) =1 —r,
bY(p—gq.7) <,
cZ(p—gq,1) <7

B(p,7,1)={PE Q:

II.  Asubset P € @isopenif forevery p € P, there exist r € (0,1) and T = 0 such that

B(p,7,T) € P.

IMI.  The topology induced by the NQN, denoted ty,, is the family of all open subsets of .

Definition 4.4 A subset P & (J is neutrosophic quadruple bounded in a neutrosophic
quadruple-normed space [N, Q,B”,P] if there exist 1 E (l:l,l] and T = 0 such that for
every p € P:

lp—qll <r

RV(P_':LT) =1-r,
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b¥(p—q,1) <,

cZ(p—q, 1) <T.
Theorem 4.1In any neutrosophic quadruple-normed space, all compact subsets exhibit

neutrosophic quadruple boundedness.

Proof Let (N, Q@[> |I.]]) be a NQN space and Let P £ @ compact subset. Consider the set
{B(p,r,7):pEP} for 70 and O0<r<1. Because of P compact, there are
Py Pas Py EP such that P € UN_  B(p,,r.7) . For some m,t EM and p,g EP,

p € B(p,,,v.T) and g € B(p,,,7.T). So we get

lp—p, |l <raVip—p,.1)>1—7b¥(p—p,,. 1) <r.cZlp—p,.1)<T

and

lg —p,ll <r.aVig—mp,.17)=1—7rb¥(g—p,.1) <r.cZ(lg—p,.7)<Tr.

Forthe

a=max{|lp, —p,ll:1 =<mt<n},B =minf{aV(p, —p,.7):1 =mt<n}y=
max{ bY(p, — p,..T):1 = m,t = nh,§ = max{cZ(p, — p,..T): 1 = mt < n}

.Then @, 8,y,5 = 0.S0 we get
I, — ol = llp, — 2l + 2y — 2 |l < 74,
Ve, =D 2V, 2D P V(e — Pt 2(1—1) P (1-1) =2 (1 —1,),

Y(p, —PpT) <Y (0, — 0D P Y(p —pp ) =(1—1) P (1—13) = (1 —13)

and
I, — P D) V(0 P D) P V(o — P D) = (L—1 ) P (1—1) = (1—1,)
forthe T,,T,,T5.Ts € (0,1).If we take T = max{1,, T,, T3, T4}, we have
lpll < r,aV(p,t) =1 —r,b¥(p,7) < r.cZ(p,1) <.

We get that compact subset P of a NQN space is neutrosophic quadruple bounded.
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Corollary 4.1 In a NQN space, every compact set is closed and neutrosophic quadruple bounded.

The proof of this corollary can be easily obtained from the above theorems and definitions.
Definition 4.5 Let (@, N,l>, ||.[|) be a neutrosophic quadruple normed space. Then a sequence
r = (p. }.] is called to statistically convergent to g € A with to nutrosophic quadruple norm
N(p) = [[llpll,aV (p,£),bY(p,e),cZ [p,s)) hold on that forall £ = 0 and € = 0,
8y{(x.y) ENXN:||p,, —q| < 0.V(p,, —q.€) <1 —&,Y¥(p,, —q.€) = £ and
E[px}. —q,€) =&} =0.

That is

1
EI}IEHﬂ =xb=y: ||px}. — cjr|| < G,V[px}. — q,e) =1- E‘,Y(p_r}. — q,e)

= £ and E[px}. - q,e) = EH =0.

Example 4.3 Let (IR, |.|) be classic norm for real numbers and for the t-norm is m [> n = mn

and t-conorm is m P n = min{m + n, 1} forevery m,n € [0,1]. For p € R and every ¢ = 0,

is defined as

Il Ipl
, b?[p,&') = mr Cz[:pr E:] = ?j

£
N = (llpll = lpl,aV(p.£) =
( Ty

Then (R, N,>,P,|.[) is a neutrosophic quadruple normed space. For the p = (p,..) sequence is

defined by
_ {xy, if x and v is a cube roots.
Py 0, otherwise.
AL}.(E,EJ = {:x <a,y<bp,= 1.-";}

Then, we get

1 1
—|HI}.(E,E)| <—Hx<a<,y<b:aandbisacube roots}| <
xy ! xy

VaVb

= Qasab— om,
a
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Definition 4.6 Let (Q, Nl ||) be a neutrosophic quadruple normed space. Then a double
sequence (p., }.] is called to statistically cauchy convergent to g € A with to neutrosophic
quadruple norm N(p) = [["p”,aV(p,E],bY{p,E],CZ (p,s]) if for all =0 and € = 0,
there exist § = 5(&) and T = T(&) such that forevery x,a = 5;v,b =T

§,{(x,¥) € N x N:[|p|]l <0, aL’[px}. - pﬁb,e) <1-—-=¢, cE[pr. —pnb,e) >¢

and

CZ[P:_}' - pﬂb’E) = E} =0
Definition 4.6 Let (Q, Nl ||] be a neutrosophic quadruple normed space. A double

sequence (P, ) is statistically Cauchy with respect to the neutrosophic quadruple norm
N(p)= ([:llpll,n:V(p,E], bY(p,e),cZ (p,s]) if forevery £ > Oand € = 0

§.{(x,¥) € N x N:|Ipll =0, a:V[px}. — pﬁb,e) =1—g, cZ[px}_ —pnb,e) ==

and

Cz[px}' - pnb’E) = E} =0
That is

1
lim —

a<xb<ylpl <0,aV(p,, —Pap.e) S1—s, o
i, b—+oa ﬂ‘.-b N )

cZ[pxy - pﬂb,e) = ¢ and cZ[px}. - pﬁb,e) = £

5. Conclusions

In this study, we have defined the structure of neutrosophic quadruple normed spaces based on the
neutrosophic quadruple set. Within this framework, we established the neutrosophic quadruple
Banach contraction theorem and proved fundamental fixed-point theorems in neutrosophic
quadruple metric spaces. We obtained definitions of statistical convergence and Cauchy statistical

convergence for neutrosophic quadruple normed spaces.

This research successfully bridges a critical theoretical gap. It not only provides foundational
fixed-point results for the newly introduced neutrosophic quadruple metric spaces but also pioneers
the development of the theory of neutrosophic quadruple normed spaces. These contributions

furnish essential mathematical tools and open significant avenues for advanced analysis under
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complex, multifaceted uncertainty. Collectively, the results presented offer a natural and substantial
extension of existing knowledge in fixed point theory and functional analysis within fuzzy,

intuitionistic fuzzy, and neutrosophic settings.

Abbreviations

FS Fuzzy set

FN Fuzzy norm

NN Neutrosophic Norm

NQM Neutrosophic quadruple metric

NOQN Neutrosophic quadruple norm

TN Continuous t-norm

TC Continuous t-conorm
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1. Interpretation of the wave-particle duality as an infinitesimally punctured wave

Here there are comparisons of these interpretations of wave-particle duality and the
wavefunction.

The interpretation of wave-particle duality as an infinitesimally punctured wave is a specific
conceptual model, largely associated with the work of physicist Florentin Smarandache who defined
it in 2019 {[3], [4]} and explored alternative foundational frameworks for quantum mechanics.

This model attempts to reconcile the seemingly contradictory wave and particle descriptions by
viewing the quantum entity not as two mutually exclusive things, but as a single entity with an
inherent structure that incorporates both aspects.

2. The Infinitesimally Punctured Wave Model
In this interpretation, the quantum entity (like an electron or photon) is fundamentally a wave,
but its identity as a particle arises from a structural singularity or defect within the wave itself.

2.1. The Wave Component

The primary structure is the wave (described by the wavefunction 1):
e Itis non-localized and extends through space.
e Itis responsible for phenomena like diffraction and interference.
e This wave carries the energy and momentum of the particle over a region of space.

2.2. The Puncture (The Particle Component)

The particle aspect is represented by an infinitesimally small puncture, singularity, or structural
defect within the wave:
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e This puncture is a point of extreme localization or a singularity within the field.

e It is where the wave's energy and momentum are compressed or concentrated into a
single, measurable location.

e This singularity is responsible for the localized impacts observed during measurement,
such as a flash on a detector screen or a discrete hit on a photographic plate.

3. Mathematical and Conceptual Implications

3.1. Resolution of Collapse

This model offers a distinct perspective on the collapse of the wavefunction during
measurement:

e Standard View (Copenhagen): The wave is a description of probability, which
instantaneously collapses to a localized particle upon measurement.

e Punctured Wave View: The wave never truly "collapses.” The measurement process
simply isolates and registers the presence of the fixed singularity (the particle) that was
already embedded within the extended wave structure. The wave guides the
singularity, but the singularity itself is what interacts locally.

3.2. Connection to Smarandache Structures

This interpretation aligns philosophically with Smarandache Algebraic Structures because it
involves an entity where:
e The weak (extensive) structure is the smooth, continuous wave.
e The strong (localized) structure is the discrete, singular particle point (the "puncture")
existing as a proper subset (or singularity) within the whole wave field.

3.3. Comparison to de Broglie-Bohm Theory

This concept shares philosophical ground with the de Broglie-Bohm pilot wave theory (or
ontological interpretation), where:
e Areal, physical wave exists (the pilot wave).
e Areal particle is carried along by the wave, guided by it but maintaining its discrete
identity.
The "punctured wave" model is similar in spirit but more radical, suggesting that the
particle is the singularity of the wave itself, rather than a separate entity merely guided by the wave.

4. Comparison of Quantum Interpretations

Feature Infinitesimally Punctured Copenhagen Interpretation (CI) Many-Worlds
Wave Interpretation (MWI)
Wavefunctio Represents a real, physical Represents knowledge or probabi  Represents a real,
n (1) field that extends through lity amplitude; not physically real. physical field (like
space. the Punctured Wave),
evolving
deterministically.
The Particle A physical Exists only as a definite Is a localized
singularity or defect entity upon measurement; prior to manifestation arising
(puncture) embedded within =~ measurement, only probabilities from the 1 field; all
the wave structure. exist. possible states are
physically real in
parallel universes.
Wave- Structural Unity: The Complementarity: The particle Wave
Particle particle is the singularity of and wave aspects are mutually Only: Everything is a
Duality the wave; the two are wave; the appearance
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inseparable components of a exclusive and revealed depending  of a particle

single entity. on the experimental setup. (localization) is due
to decoherence.
Measureme  No true Wavefunction No
nt Problem collapse. Measurement Collapse: The 1 instantaneously Collapse. Measureme
simply reveals the fixed and non-locally "collapses” froma  nt causes the observer
location of the singularity superposition of possibilities to a and system to
already present within the single outcome. become entangled,
wave structure. splitting the universe
into non-
communicating
branches for every
possible outcome.
Causality Ontological/Deterministic: T Non- Deterministic: The
he underlying wave and Deterministic/Probabilistic: The evolution of the total
singularity follow definite, act of collapse is fundamentally wavefunction is
albeit complex, laws. random (non-causal). smooth and
deterministic.

5. Key Distinctions

5.1. Focus on Reality (Ontology)

The Punctured Wave and MWI are ontological interpretations—they assert that the
wavefunction is physically real.

The Cl is an epistemological interpretation—it asserts that the wavefunction is a tool
representing our knowledge or probability, not a physical entity.

5.2. Handling the "Collapse”

The Punctured Wave solves the collapse problem by proposing that the particle
state never truly collapses; it was always localized as the singularity, and the wave
merely defined its potential location.

The MWI solves the collapse problem by eliminating it entirely; all possibilities occur
in separate, branching universes.

The CI accepts collapse as a fundamental, unexplained feature of the measurement
process.

5.3. Superposition

In the Punctured Wave model, a superposition means the wave is simultaneously
spread out in configuration space, but the singularity (particle) is still definite, but
its location is probabilistically determined by the wave's amplitude.

In the CI, the particle literally exists in all possible states simultaneously until
observed.

In the MWI, all states in the superposition actually exist simultaneously in parallel
universes.

Comparisons between infinitesimally punctured wave and other theories and phenomena that
may be related to it

The "infinitesimally punctured wave" (IPW) interpretation can be compared and contrasted with
several other theories and phenomena in physics, particularly those dealing with the foundations of
quantum mechanics, wave-particle duality, and the structure of space-time.

Florentin Smarandache, Comparisons of Infinitesimally Punctured Wave with Copenhagen and De Broglie-Bohm
Interpretations, Neutrosophic Quantum Mechanics, and Non-Linear Electromagnetics



Neutrosophic Sets and Systems, Vol. 98, 2026 88

6. Interpretations of Quantum Mechanics

The IPW theory, which posits a real wave containing a singular "puncture” (the particle), directly
relates to the central debates in quantum foundations:

6.1. De Broglie-Bohm Theory (Pilot-Wave Theory)

Comparison Point Infinitesimally Punctured Wave De Broglie-Bohm Theory (DBB)

(IPW)

Nature of Wave Real, physical field (V). Real, physical field (Pilot Wave, guiding

wave).

Nature of Particle The particle is the The particle is a separate, definite
singularity/puncture of the wave  entity always having a precise position.
itself.

Relationship Unity/Singularity: Particle is Guidance: Particle is guided by the separate
structurally part of the wave. wave field.

Causality Deterministic/Ontological: Both Deterministic/Ontological: Known for being a
follow definite laws. deterministic theory.

Relation: DBB is the closest cousin. Both are ontological interpretations (claiming the wave is
real and deterministic) and use a physical wave to explain quantum phenomena. The key difference
is the IPW's assertion that the particle is made of the wave (the singularity), whereas DBB posits a
particle that is separate from the wave.

6.2. Transactional Interpretation (TI)

The TI interprets quantum interactions as a transaction (a handshake) between retarded
(forward-in-time) and advanced (backward-in-time) waves.

Contrast: TI deals with the process of interaction and measurement using time-
symmetric waves. IPW focuses on the structure of the individual quantum entity (the
wave-singularity pair).

Similarity: Both are highly conceptual, non-mainstream theories that seek to provide a
concrete physical picture underlying the mathematical formalism of quantum
mechanics.

7. Theories of Space-Time and Singularity

The "puncture” concept relates to how singularities are treated in general relativity and field

theories.

7.1. General Relativity (GR) and Point Singularities

Relation: The IPW models the particle as a point singularity in a field (the wave). In
GR, singularities (like those at the center of black holes) are points where the traditional
laws of physics break down, often associated with infinite density or curvature.
Interpretation: The IPW applies this singular point concept to quantum particles,
suggesting that the particle's mass and charge are localized features stemming from this
puncture, much like a mass point curves space-time in GR.

8. Classical Field Theories (Electromagnetism)

Contrast: In classical electromagnetism, a particle (like an electron) is modeled as a
localized charge that generates an external field.

IPW Shift: The IPW reverses this. It posits that the particle is a feature of the field itself
(a puncture), rather than a separate source generating a field. It attempts to achieve a
unified description where the particle and field are fundamentally one.
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8.1. Related Phenomena (Structural Duality)

The IPW concept is a specific mathematical realization of the philosophical idea of structural
duality or hybridity, which links it to other phenomena and theories:

8.2. Smarandache Structures (S-Structures)

¢ Relation: The IPW is a manifestation of the Smarandache concept applied to physics.

e Structural Hybridity: The entity exhibits structural duality: it is both a continuous,
extended wave (the "weak" structure) and a localized, singular particle (the "stronger"
substructure/defect) existing simultaneously. This structural inconsistency is the core
theme of S-Structures in algebra:

https://fs.unm.edu/SmarandacheStrongStructures.htm
https://fs.unm.edu/SmarandacheWeakStructures.htm
https://fs.unm.edu/SmarandacheStrong-WeakStructures.htm

8.3. Solitons and Kinks

e Relation: Solitons are stable, localized wave packets that retain their shape while
propagating. They behave almost like particles (localized energy).

e Comparison: While a soliton is a localized excitation of a field, the IPW's particle is a
more radical concept: a true singularity or defect within the field, not just a localized,
temporary solution to the wave equation. Solitons are highly non-linear but maintain
continuity; the IPW explicitly involves a discontinuity (the puncture).

8.4. More theories, or fields related to IPW

The "Infinitesimally Punctured Wave" (IPW) interpretation relates to several other theories,
especially those dealing with the non-linear nature of quantum fields and alternative approaches to
the particle concept.

9. Non-Linear and Alternative Field Theories

The IPW model, by treating the particle as a singularity or non-linear defect within a field,
connects to theories that try to derive particles from field structure rather than treating them as
fundamental, point-like entities.

9.1. Quantum Field Theory (QFT) and Renormalization

e Relation: QFT treats particles as excitations of quantum fields. However, QFT initially
faces the problem of infinities (singularities) arising from point-like particle
interactions, which must be managed through the complex process of renormalization.

e IPW Connection: The IPW concept is a more explicit, geometric attempt to deal with
the singularity. Instead of managing the infinite self-energy of a point particle
mathematically (as in renormalization), the IPW suggests the singularity is a
fundamental, perhaps bounded, structural feature of the physical wave field itself,
aiming to inherently avoid the infinities associated with a purely mathematical point-
particle assumption.

9.2. Kaluza-Klein Theory and Extra Dimensions

e Relation: Kaluza-Klein theory, and later String Theory, propose that particles are
manifestations of vibrations or geometrical configurations in curled-up, extra spatial
dimensions.
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e IPW Connection: In both cases, the particle's properties (mass, charge) are derived from
the geometry of the background space or field. The IPW shares this geometrical
philosophy: the particle is a localized, non-trivial geometrical feature (the
puncture/singularity) of the wave field, rather than being fundamentally distinct
from it.

9.3. Non-Classical Solitons and Non-Linear Electrodynamics

The IPW is strongly linked to non-linear theories that create stable, localized structures from
waves.

10. Non-Linear Electrodynamics (NLE)

e Relation: Theories like the Born-Infeld model of NLE attempt to modify Maxwell's
equations at very high field strengths to give the electron a finite radius and finite self-
energy, thus avoiding the classical singularity problem.

e IPW Connection: Both NLE and IPW seek to "desingularize" the electron. NLE
achieves this by modifying the field equations themselves. IPW achieves this
conceptually by declaring the particle as the singularity of the wave (or field) which might
imply that the wave equation itself is non-linear and prevents the puncture from
becoming a mathematical infinite point.

11. Non-Linear Schrodinger Equation (NLSE) and Solitons

e Relation: The NLSE is a modification of the standard Schrodinger equation that is used
to model non-linear wave phenomena. In certain NLSE systems, solutions exist in the
form of solitons (localized, stable waves that maintain their shape).

e IPW Connection: Solitons are perhaps the clearest physical analog to the IPW concept.
They show how a wave can self-localize and maintain a particle-like identity due to
non-linear interactions. The IPW essentially posits that the fundamental quantum
particle is a specific type of non-linear, singularity-containing soliton solution to the
ultimate field equation.

These related fields demonstrate that the core idea of the IPW —deriving the particle from the
structure of the wave/field —is a recurring and active theme in physics seeking a deeper, less
contradictory foundation for quantum mechanics.

12. Applications of IPW

The Infinitesimally Punctured Wave (IPW) interpretation is a conceptual model, not a
mainstream theory, so it doesn't have established, practical engineering applications. Its possible
"applications" are purely theoretical and foundational, serving to advance the philosophical and
structural understanding of quantum mechanics.

The potential applications lie in providing a new framework for solving long-standing problems
in physics:

12.1. Applications in Foundational Physics

12.1.1. Solving the Measurement Problem (No-Collapse Model)

The primary application is to offer an alternative resolution to the wavefunction collapse issue.

e Goal: To describe the transition from the quantum world (superposition) to the classical

world (definite outcome) without invoking the non-physical, instantaneous "collapse”
postulate of the Copenhagen Interpretation.
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e IPW Solution: By defining the particle as a pre-existing singularity (puncture) within a
real, extended wave, the model suggests that measurement is simply the detection of
the singularity's location, not the cause of the wave's collapse. This leads to a smoother,
deterministic picture of quantum dynamics, similar to the de Broglie-Bohm theory.

12.1.2. Unifying Particle and Field Conceptions

The IPW provides a model for structural unity between the two fundamental entities of physics:

e Goal: To move beyond the dualism where particles and fields are treated as separate,
distinct concepts.

e IPW Solution: The particle is literally a geometric defect (the singularity) of the wave-
field itself. This offers a conceptual framework for a unified field theory where mass,
charge, and energy are all derived from the localized geometry or topological structure
of a single underlying quantum field.

12.1.3. Addressing the Singularity Problem in Quantum Field Theory (QFT)

The concept of a singular structure relates to the mathematical challenges in QFT:

e Goal: To find a physical description of the electron that avoids the infinite self-energy
(singularities) that arise when treating the particle as a mathematical point source.

e IPW Connection: By defining the particle as a "punctured wave," the model suggests
that the fundamental wave equation must be non-linearin a way that naturally
prevents the singularity from reaching a true mathematical infinity, perhaps by defining
a finite core structure for the "puncture.”

13. Applications in Conceptual Frameworks

13.1. Neutrosophic Quantum Theory

The IPW model, developed by Florentin Smarandache, fits directly into the structural
framework of Neutrosophic Theory:

¢ Goal: To model systems where indeterminacy and inconsistency are inherent parts of
the structure.

e IPW Connection: The IPW describes a structure that is partially wave (continuous,
extended) and partially particle (discrete, singular). This structural hybridity is a classic
example of a Smarandache structure, allowing researchers to apply the algebraic tools
of Neutrosophic Logic to analyze the indeterminacy of the quantum state.

14. Alternative Models for Quantum Gravity

This section may be divided by subheadings. It should provide a concise and precise description
of the experimental results, their interpretation as well as the experimental conclusions that can be
drawn.

The connection between the particle's singularity and the geometry of its wave field opens
avenues for alternative gravitational models:

e Goal: To find a way to incorporate quantum effects into General Relativity, especially
concerning the nature of matter that warps space-time.

e IPW Connection: If the particle is a space-time singularity embedded in a wave field, it
could suggest a mechanism where the wave's extended nature influences the geometry
of space-time, providing new starting points for non-local or non-linear theories of
quantum gravity.
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16. Conclusions

The Infinitesimally Punctured Wave IPW) — in which a quantum object is
visualized as an aggregation of infinitely many infinitesimally spaced particles. When
these particles are densely packed, the ensemble appears asa continuous wave; when
a measurementisolates a single constituent, particle-like behavior emerges. The model is
situated alongside established alternative interpretations (e.g., De Broglie-Bohm pilot
wave theory, wave packet descriptions) and linked to Neutrosophic Quantum Theory, which
supplies a logical framework for handling indeterminacy.” [4] The article’s goal is to compare the
infinitesimally punctured wave (IPW) with the major interpretations of the fundamental
philosophical differences in how physicists view reality at the quantum level.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Omnes, Roland (1999). “The Copenhagen Interpretation”. Understanding Quantum Mechanics. Princeton
University Press. pp. 41-54. DOI: 10.2307/j.ctv173{2pm.9. S2CID 203390914

2. deBroglie, Louis (1987). “Interpretation of quantum mechanics by the double solution theory”. Annales de
la Fondation. 12 (4): 399-421. ISSN 0182-4295. Archived from the original (PDF) on 19 January 2012.
Retrieved 7 December 2016.

3.  Smarandache, Florentin (2019). “Wave Particle Duality as an Infinitesimally Punctured Wave.” In: Nidus
Idearum. Scilogs, vol. 4, 2019, p. 122. https://fs.unm.edu/Nidusldearum4-v2.pdf

4. Smarandache Florentin (2026). “The Infinitesimally Punctured Wave: A Corpuscular Visualization of
Wave-Particle Duality.” Neutrosophic Sets and Systems, 97, 704-708.
https://fs.unm.edu/nss8/index.php/111/article/view/7472/3331

Received: July 16, 2025. Accepted: Dec 19, 2025

Florentin Smarandache, Comparisons of Infinitesimally Punctured Wave with Copenhagen and De Broglie-Bohm
Interpretations, Neutrosophic Quantum Mechanics, and Non-Linear Electromagnetics


https://fs.unm.edu/NidusIdearum4-v2.pdf
https://fs.unm.edu/nss8/index.php/111/article/view/7472/3331

| NSS Neutrosophic Sets and Systems, Vol. 98, 2026

1' T University of New Mexico
N1 -
Role of clans in the proximities of Neutrosophic Sets

Subasree R 17, Basari Kodi K?, Giorgio Nordo?, Subramanian K¢, Nagamani N°

Ramco Institute of Technology, Rajapalayam 626117, Tamil Nadu, India; subasree@ritrjpm.ac.in
2Ramco Institute of Technology, Rajapalayam 626117, Tamil Nadu, India; basarikodi@ritrjpm.ac.in
SMIFT - Department of Mathematical and Computer Science, Physical Sciences and Earth Sciences, Messina

University, Italy; giorgio.nordo@unime.it
#Ramco Institute of Technology, Rajapalayam 626117, Tamil Nadu, India; subramanian@ritrjpm.ac.in
SRamco Institute of Technology, Rajapalayam 626117, Tamil Nadu, India; nagamani@ritrjpm.ac.in

*Correspondence: subasree@ritrjpm.ac.in;

Abstract: In this study, the terms filters, grills, clans, and proximities of neutrophic sets are defined.

Further some of its properties are investigated and the results are provided.
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1. Introduction

In the year 1965, Zadeh [10] introduced and investigated fuzzy sets. An intuitionistic fuzzy set
was first presented in 1986 by Atanassov [2]. Florentin Smarandache [5] developed concepts such as
neutrosophic logic and neutrosophic set in 1999. The truth, falsehood, and indeterminacy membership
values are the three components on which he defined the neutrosophic set. The neutrosophic set was
created in 2010 by Florentin Smarandache [3] as a generalization of intuitionistic fuzzy sets.

K C Chattopadhyay and etal [6], [9] developed the role of clans in the proximities of fuzzy sets in
the year 1996 and on intuitionistic fuzzy sets in the year 1997 respectively. Also they proved the
proximities of IFS is a clan generated structure. In this paper, we introduce and investigate the
proximities of neutrosophic sets and proved that the proximities of NSs is a clan generated structure

and provided the numerical example wherever applicable.

2. Preliminaries

Definition 2.1. [3] Let X be a fixed set that is non-empty. A set with the form
N = {{a, Tx(a), In(ax), Fxi()): & € X} is called a Neutrosophic set, where Tx(ar), In(ax), Fx(a) represents
the degree of truth, degree of indeterminacy and the degree of falsity respectively of each element

a € X to the set N.

The set of all neutrosophic sets on X is denoted by N(X).
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Definition 2.2. [3] The complement of a Neutrosophic set N is denoted by NC and is defined by
N = {(x, Fx(x), 1-Ix(x), T (x)): x € X].

Definition 2.3. [3] Consider two Neutrosophic sets U and V over X, then U is said to be contained in

V, denoted by U € V if and only if Tu(x) < Tv(x), Iu(x)< Lv(X), Fu(x) 2 Fv(x).

Definition 2.4. [3] The arbitrary union of two Neutrosophic sets U and V over X, is denoted by
UUYV and is defined by {{x, Tu(x)VTv(x), Iu(x)VIv(x), Fu(x)AFv(x)): x € X}

Definition 2.5. [3] The finite intersection of two Neutrosophic sets Uand V over X, is denoted by UNV
and is defined by {(X, Tu(x)ATv(x), Iu(x)ALv(x), Fu(x)VFv(x)): x € X}

Definition 2.6. [3] Let N be a Neutrosophic set over X, then the universe set of N is denoted by
1xand is defined by 1x={(x,1,1,0): x € X}.

Definition 2.7. [9] Let N be a Neutrosophic set over X, then the empty set of N is denoted by
Oxand is defined by Ox= {(x,0,0,1): x € X}.

Proposition 2.8. Let U, Ve N(X), then the following holds

@) (UUV)e=UeNVe

(ii) (UNV)e=UcUVe

(ii) (Ix)e = 0x

(iv)  (Ox)=1x

3. Stack, Filter, Grill, Prime filter of Neutrosophic Sets

Definition 3.1. Let X be a fixed set that is non-empty and N(X) is the set of all neutrosophic sets in X.
A stack S of neutrosophic sets on X is a subset of N(X) such that P> Qe S =P €S,

Example 3.2. Let X = {a,b}. consider the following neutrosophic sets
A; ={<a0.3,0.7,0.2 >,< b,0.4,0.5,0.6 >}
A; ={<a,0.5,0.5,0.6 >,<b,0.3,0.3,0.4 >}
A3 ={<a,0.4,0.7,0.1 >,<b,0.5,0.2,0.8 >}

A, ={<a,0.2,0.2,0.8><b0.1,0.1,0.7 >}
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A; ={<a0.50.80><b,0.6,0.6,0.2 >}

A ={<a0.2,0.4,0.5>,<5H,0.1,0.1,0.9 >}

A; ={<a0.4,0.8,0.1>,<b,0.6,0.6,0.3 >}

Ag = {<a,0.6,0.6,0.5 >,< b,0.5,0.5,0.1 >}

Ay ={<a,0.3,0.50.2 > <b,0.4,0.2,0.9 >}
Ao ={< a,0.6,0.9,0 > <b,0.7,0.7,0 >}

Here $;,5,,5; are the stacks of 1(X), where

S; ={A4,,A4,,Ag} suchthat A, € A, € Ag

S, ={A,,44,A,} suchthat A, € A, € A,

S3 = {43,A45,A49,A;,} such that Ay € A; S A5 S Aqy

Definition 3.3. Let X be a fixed set that is non-empty and N(X) is the set of all neutrosophic sets in X.
A filter F of neutrosophic sets on X is a subset of N(X) satisfying the following:

(i) F#é
(if) Po>QefF=PEeF
(iii) PQeF=PNQEF
A filter F of Neutrosophic sets is said to be proper if Ox ¢ F.

Example 3.4. From the example 3.2, F = {A4,,A,, Ag} such that Ay € A, C Ag is a filter as well as

proper filter, since Ox ¢ F and the following holds

FOI‘ Az,A4 E_F:>AznA4 = A4 E_F
FOr Az,Ag EF:AznAB = AZ E_F

FOr A4,A8 € F :>A4nA8 = A4 € _F

Definition 3.5. Let X be a fixed set that is non-empty and N(X) is the set of all neutrosophic sets in X.
A grill G of neutrosophic sets on X is a subset of N(X) satisfying the following;

(i) OxgG

(ii) P>5QeG=PeG

(i) PUQeG=PeGorQeG

A grill G of neutrosophic sets is said to be proper if G # .
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Example 3.6. From the example 3.2, G = {A,, 4,4, Ag} such that A, € A, C Ag is a grill as well as

proper grill, since Ox ¢ G and the following holds

For A,UA, = A4, €G=A4,€GorA, €G
For AzUAg =A8 € G:>AZ € GOTAS € G

For A4_UA8 =A8 € 63A4 € GOTAS € G

Definition 3.7. Let X be a fixed set that is non-empty and N(X) is the set of all neutrosophic sets in X.
A stack S of NSs on X is a prime filter of NSs on X if it is a filter of NSs as well as the grill of NSs on
X.
In other words, a stack S of NSs on X is a prime filter of NS on X if it satisfies the following;

i) OngS

ii) S+

(

(

(i) Po>QeS=PeS
(ivi P,QeS=PNQeS
(

v) PUQeS=PeGorQEeS

Example 3.8. From the example 3.2, S; = {4,, 4,4, Ag} is a prime filter of N(X), since it is a filter and
grill of N(X).

We denote the following notation

Set of all filters of NSs on X = {(X)

Set of all grills of NSs on X = {(X)

Set of all prime filters of NSs on X = £(X)

Example 3.9. Let AeN(X). Define F =« N(X) by F = {B € N(X)|B > A}

Clearly F is non empty. Let Co B € F. Then C>B > A and hence C € F. Now let B, C € F such that
Ta(x) < Ts(x), Ia(x)< Is(x), Fa(x) = Fs(x) and Ta(x) < Te(x), Ia(x)< Ie(x), Fa(x) = Fe(x). Hence it follows that
Ta(x) < Te(x)ATc(x), Ta(x)< Is(x) Alc(x), Fa(x) = Fs(x)V Fe(x). Thus A < BNC which implies BNCE F.
Hence F is a filter of NSs.

Theorem 3.10. Let Fy,F, € {(X) and Gy, G, € P(X).

(i) If F{NFz < Gy, then F; < Gy or Fp < Gy

(i) If F; < Gy or F; < Gy, then F; = G1UG,

Proof:
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(1) Suppose Fq & G; and F, ¢ Gy. Then there exists A; € F; such that A; € G, and A, € F,
such that A, ¢ G;, therefore 4,UA, & G,, but A;UA, € F;NF, which is a contradiction. Hence
Fi1c Gy or F, c Gy is valid.

(i)  Case (I): Suppose F; c Gy, then for A; € F;, we have A, € Gy. Also, since G; = G,UG,
implies 4, € G;UG,. Hence F; c G,UGs.
Case (II): Suppose F; c G, then for A, € F;, we have A, € G,. Also, since G, = G;UG,
implies A, € G;UG,. Hence F; c G,;UG,

In either case if we have F; ¢ Gy or F; c Gy, then F; = G,;UG,

Theorem 3.11. Arbitrary intersection of filters of NSs is a filter of NSs.

Proof is straightforward.

Theorem 3.12. Finite union of grills of NSs is a grill of NSs.

Proof:

Let G = U{G;, i € I,G; € Yy(X)}. we check the three axioms

(I) Ox ¢G; for alli € I, then Ox ¢G.

(I)If A € G, thenso A € G; for somei €1 and A c B, since each G; is a grill, then B € G;c G

(I) If AUB € G,then so AUB € G; for some i € I and A c B, since each G; is a grill, then A € G; or
B € G;, hence A€ G or B €G.

Thus, union of grills is again a grill.

Definition 3.13. For each stack S of NSs, define dS={A : A° ¢ S}

Theorem 3.14. If S is a stack of NSs, F is a filter of NSs and G is a grill of NSs on X, then the following
holds.

(1) If §, < §,, then dS; = dS,
2) d(dS)=8

(3) d(USy) = Nds;

(4) d(NS;) = uds;

(5) dF isa grill of NSs

(6) dG is a filter of NSs

Proof.

(1) To prove dS; c dS,. That is for any A € dS; = A € dS,. Assume S, = S;
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Since A € dS;, then A°¢S,;. Then from our assumption A€ ¢ S,, which implies 4 € dS, .
Hence, dS; = dS,

(2) Forany A € N(X), then 4 € d(dS) & A° ¢ dS & A € S. Hence d(dS) =S.

(3) Forany A €N(X), then A € d(US;) o A2 US; o A°¢ 5, viel o A€ dS;viel o AendS;.
Hence d(US;) = NdS;.

(4) Forany A€ N(X), then
Aed(nS;) o A°¢NS; o A° ¢ S;forsomei € I & A € dS; forsomei € I & A€ UdS;.
Hence d(NS;) = UdS;.

(5) Axiom 1: Since Ix € F, (1y)¢ =0x € F implies Ox ¢ dF.
Axiom 2: Let BCA€dF, then (B)€ ¢ F and it follows that (4)¢ € F for A°c B. Hence A€ dF.

Axiom 3: Let AUBEdF, then (AUB)¢ ¢ F which implies A°NB¢ ¢ F and it follows that A€ ¢
For B¢ ¢ F.Hence A € dfF or B € dF. Thus, dF is a grill of N(X)

(6) Axiom 1:Since Ox ¢ G, (05)° = 1x ¢ G implies Ix € dG.
Axiom 2: Let BCA€dG, then (B)¢ € G and it follows that (4)¢ € G for A°c B°. Hence A€ dG.

Axiom 3: Let A € dG and B € dG, then A€ ¢ Gand B¢ ¢ G and it follows that A°UB¢ ¢ G. That
is (ANB)° ¢ G which implies (ANB) € dG. Thus, dG is a filter of N(X).

Theorem 3.15. Neutrosophic Prime Filter Theorem

If F is a filter of NSs and G is a grill of NSs on X, then there exist a prime filter o of NSs such that
FepcG.

Proof.

Let X be a collection of subsets of N(X) and F is a filter of NSs and G is a grill of NSs on X. Let X be
defined by X = {¥YeN(X)|V is a filter, FcY =G}

Y € R, for all YeN(X) if and only if FcY for all 4; € Y if and only if NA4; € G. Clearly (X, c) is a
partial order set and F € X. By Zorn’s lemma, (X, <) has a maximal element and g be that element
such that FepcG.

Now to prove: p is a prime filter of N(X).

Let A4,A; € p. Then pU{A;NA;} € X and by maximality of p, {A;NA;} € p. Let BcA, then

p U{4} eX and by maximality of p, A € p. Hence p is a filter of NSs.
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Let A,B € N(X) such that A & p and B&p, then both of p U{A} ¢ X and p U{B} & X. Also we can find
Ay, A, ...A,€p and By,B;...B, €p such that {A} N{A;NA4;N ....NA4,}N{BNB;N ....NB,,} ¢ G
and {BN{4,N4,N ....NA4,}N{B;NB,N ....NB,,} ¢ G.

Hence {AUB}N{4;N4,N ....NA,}N{B;NB,N ....NB,,} ¢ G.

This shows that AUB €p. Thus p is a prime filter of N(X).

Theorem 3.16.
Let GeN(X), then G be a grill of NSs on X if and only if it is a union of prime filter of NSs on X.

Proof.

Since by theorem 3.13, union of grills of NSs on X is again a grill NSs. It follows that, if G is a union of
prime filters of NSs on X, then it is a grill of NSs.

Conversely, suppose G is a grill of NSs on X. Let A€ G and F = {B € N(X): ACB}, then F is a filter of
NSs and FcG. By Neutrosophic Filter theorem, then there exists a prime filter ¢ of NSs such that

FcpcG and hence A€ pcG. Thus G is a union of prime filters of NSs on X.

4. Proximities of Neutrosophic Sets
Definition 4.1. Binary relation d on Neutrosophic sets
Let 5 N(X) x N(X) such that (A,B) €d if and only if d (A,B)= < Ts5(A,B),15(A,B),Fs(A,B) >
Numerical Example 4.2.
Let X={a,b,c}. Suppose a binary relation d on NSs is defined by
0 (A,B)= < Ts(4,B),15(A,B),Fs(A, B) > where
Yxex (1 = |To(x) — Tp(x)])

I5(A, B) = Yxex lIA,(ng()_ Ig(x)]
Fs(A,B) = Yxex IFA:(?()_ Fg(x)|

A={<a0.2,0.2,0.8><b,0.1,0.1,0.7 >,<¢,0.2,0.5,0.7 >}

B={<a0.2,0.4,0.5><b,0.1,0.1,0.9 >,<,0.1,0.4,0.3 >}

1+1+0.9
T5(4,B) = ———5——=10.967
0.2+0+0.1
15(4B) =————— =
3
0.3+0.2+0.4
F(AB) =——————=0.3
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5 (AB)= < T5(A,B),I5(A,B),Fs(A,B) > =< 0.967,0.1,0.3 >

Definition 4.3. Inverse Binary relation 6~ on Neutrosophic sets
An inverse binary relation 87! on two NSs is defined to be § = §~1 if and only if d (A,B) =9 (B,A)
for all A,B € N(X)
Numerical Example 4.4.
d (B,A)= < Ts(B,A),Is(B,A), F5(B,A) > where
Yxex (1 = [Tp(x) — T4 (x)])

Ts(B,A) = X
Yxex Hp(x) — I4(x)|
I;(B,A) =
s(B,A) X
Yxex |[Fp(x) — F4(x)|
F(B,A) = D
From Example 4.3,
1+1+0.9
T5(B,A) = ——5—— = 0.967
0.24+0+0.1
I5(B,A) = ——————=0.1
0.3+0.2+0.4
F(B,A) = ——————=10.3

5 (B,A)= < 0.967,0.1,0.3 >
Hence d (A,B) = d (B,A).

Definition 4.5. Distribution of 6 over union
A binary relation 0 is said to be distributive over union of two NSs if

AUB € d (C)ifand only if A € 5 (C) or B € 8 (C)
That is, d (AUB, C) =d(A, C) or 0 (AUB, C) =8(B, C)

Definition 4.6. Basic pre-proximity of NSs

A binary relation d of NSs (N(X)) is said to be a basic pre-proximity of NSs on X, if it satisfies the
following conditions:

Axiom 1: Ox ¢ d (A), for all A€ N(X)

Axiom 2: o= 8§71

Axiom 3: 5 (AUB, C) = d(A, C) or  (AUB, C) = 3(B, C)

Definition 4.7. Basic proximity of NSs
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A binary relation Q of NSs (N(X)) is said to be a basic proximity of NSs on X, if it is pre-proximity of

NSs and it also satisfies the condition ANB#0x = (4,B) € 2

Remark 4.8.

(1) If d is a pre-proximity of NSs on X, then X is said to be a reference set of d and is denoted by X(d).

(2) If Q) is a pre-proximity of NSs on X, then X is said to be a reference set of (2 and is denoted by X(Q).

(3) We denote the set of all basic pre-proximities of NSs on X by M (X) and the set of all basic
proximities of NSs on X by 9t(X).

Definition 4.9.

Let deM(X) and AEN(X), then BEN(X) is called a neighbourhood of A with respect to d, if B¢ ¢
6(4).

The collection of all neighbourhoods of A with respect to d is denoted by nbhd(8, A).

Theorem 4.10.
Let A,B,C € N(X) and d€ M(X), then the following holds:

—_

(1)  nbhd(8,05)=N(X)

(2) It B € nbhd(8,A) and C € nbhd(é, D), then BUC € nbhd(8,A U D)

(38)  nbhd(8,A VU B) =nbhd(8, A)n nbhd(6, B)

(4) If BCA, then nbhd(8, A)c nbhd(8, B)

Proof.

(1) Since VAEN(X), A ¢ 8(0y), we have nbhd(8, 05)=N(X).

(2) LetB € nbhd(6,A) = B¢ ¢ 6(A) and C € nbhd(6,D) = C° ¢ 6§(D). It follows that (B U €)€ ¢ §(A4)
and (BUC)° ¢ 6(D) which implies (BU C)° & 8(A) U 6(D), that is (BUC) & (AU D) and
hence BUC € nbhd(6,A U D).

(3) For every DEN(X),

D € nbhd(8,AUB) < (D)° ¢ 6(AUB)
o (D) ¢d8(A)ué(B)
< (D) ¢ 8(A4) and (D)€ ¢ 6(B)
< D € nbhd(8,A) and D € nbhd(8, B)
< D € nbhd(6,A) nnbhd(s, B)
(4) Let BcA, To prove for every E € nbhd(8,A) = E € nbhd(5, B)
E € nbhd(8,A4) = (E) ¢ §(A)
= (E)° ¢ 8(B) (since ADB)
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= E € nbhd(é, B)
Thus nbhd(8, A)c nbhd(8, B).

5. Clan of Proximities of Neutrosophic Sets
Definition 5.1. Let d€ M(X). A subfamily £ of N(X) is said to be d-compatible if A,B € £ = A€ d(B).

Also a d-compatible grill is called a d-clan.

Theorem 5.2. For d€ M(X) and G €P(X), the following are equivalent:
(1) G isa d-clan.

(2) 1f KEE(X) such that KEG, then & < 8(K).

(3) Gc N{8(K)IK € ¥X),K c G}.

(4) If K4, K, €£(X), such that K; c Gand K, c G, then K; c 8(K;)

Proof.

(1)=(2)

Assume that G is a d-clan. To prove: G c 8(K). Let KEE(X) such that KeG and A €G, it follows that
A€ d(B) for all B € K, thatis A€ §(K). Thus Gc 8(K).

(2)=03)

If KEE(X) such that KcG, then G < 8(K), then obviously G cn {8(K)|K € {(X),K < G}.

(3)=(4)

Suppose G c N{8(K)|K € X),K c G}. Let Ky, K, €£(X), such that K; c G and K, c G, then by (3)

G c 8(K,) and G c 8(K;). Now K; € G and G c 8§(K,) implies K; © 8(K>).

(4)=(1)

Suppose (4) holds. To prove: G is a d-clan. Let A B €G and by (4), K, K, € £(X), such that

A€ K,cGandB €K, c G, then A € K, c §(K;) c §(B). Thus G is a d-clan.

Theorem 5.3. For 6€ M(X), then every d-clan is contained in a maximal d-clan.

Proof.

Since by theorem 3.13, union of grills of NSs is again a grill of NSs. Further for a family of d-clans
{G;i € I} with G; € G;,i < j, U{G;i € I} is a d-clan. Hence by applying Zorn’s lemma, there must be

a maximal d-clan on the collections of d-clan G.

Lemma 5.4. For Q € % (X), if A€ Q (B), then there exists Hy, H, €£(X) such that A € H;, B € H, and

H, c Q(H,).
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Proof.
Since Q) (B) is a grill of NSs on X, by theorem 3.15, there exists a prime filter H; of NSs such that
A€H,c Q (B). By symmetry of ), BEQ(H;). Now Q(H;) € P(X). Again by theorem 3.15, there exists

H,e&(X) such that BeH,< Q) (H4). Hence A € Hy, B€ H, and H; c Q(H;).

Theorem 5.5. For Q € 9t (X), if A€ Q (B), then there is a Q-clan of the form H{;UH, where
H{,H, €{(X) such that A € H; and B € H,.

Proof.

Let A€ Q (B), by lemma 5.4, there exists H,, H, €£(X) such that A € Hy, B € H, and H, c Q(H,).
Since Q € 9t (X) and H,, H, €£(X), then for any P, Q € H; or H,, we have (P,Q) € Q) and hence H;UH,

is a Q—clan such that A € H; and B € H,.

Theorem 5.6. For Q € 9t (X), if A€ Q (B), then there a maximal Q-clan containing {A,B}.
Proof.
By theorem 5.5, there exists a Q—-clan H;UH,, where Hq, H, €£(X) such that A € H; and B € H, and

{A,B}cH,UH,. Also by theorem 5.3, every Q) -clan is contained in a maximal Q2 —clan. Hence the proof.

6 Conclusion

In this article, we introduced and studied the concept of proximities of neutrosophic sets and its
characterstics. Futher, its gradation of openness can be studied.
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Abstract. In this paper, n-cylindrical neutrosophic contra M-continuous mappings are defined and investi-
gated within the framework of n-cylindrical neutrosophic topological spaces. Motivated by recent developments
on neutrosophic contra continuous functions, irresolute mappings, and n-cylindrical fuzzy neutrosophic topolog-
ical structures, several fundamental properties of n-cylindrical neutrosophic contra M-irresolute mappings are
established. The results obtained extend and complement existing studies on various classes of neutrosophic
contra continuous and contra irresolute mappings, thereby enriching the theory of neutrosophic topological

spaces and providing a basis for further applications of n-cylindrical neutrosophic mappings.

Keywords: n-CyN%Mos, n-CyN% MCts map, and n-CyNE M Irr map.

1. Introduction

Following Zadeh'’s introduction of fuzzy set (denoted as fs) in 1965 [24], Chang [6] developed
the notion of fuzzy topological spaces (fts), which led to the adaptation of classical topological
concepts within the framework of fuzzy topology by various researchers. A significant gener-
alization of fuzzy sets, known as intuitionistic fuzzy set (ifs), was introduced by Atanassov in
1986 [4]. Building on this, Coker [7] introduced the concept of intuitionistic fuzzy topological
spaces (ifts) based on ifs. Jeon et al. [9] further investigated intuitionistic fuzzy continuity
and pre-continuity within this framework.

With the advent of neutrosophy and neutrosophic sets by Smarandache [16], a new direction

in uncertainty modeling emerged. Salama and Alblowi [12] introduced neutrosophic crisp
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sets and neutrosophic topological spaces (Nts), extending ifts and incorporating degrees of
membership, indeterminacy, and non-membership for each element. Neutrosophic has formed
the foundation for a broader class of theories that generalize both crisp and fuzzy structures.

Smarandache also introduced the concept of dependence degrees between fuzzy and neutro-
sophic components. Later, Arokiarani et al. [3] introduced the neutrosophic set (NS), wherein
the sum of the three membership values does not exceed 3. In the same year, Veereswari 23|
proposed the notion of neutrosophic topological spaces (Nts) and studied fundamental oper-
ations on them.

Saranya et al. [13] introduced the concept of n-cylindrical neutrosophic sets (abbreviated
as n-CyN S’s), characterized by « and 7 as dependent components and /3 as an independent
component. Apart from neutrosophic set (NS), n-CyN S represents the most extensive gener-
alization of fuzzy sets (fs). In this framework, the membership functions positive («), neutral
(B), and negative (v) satisfy the conditions 0 < 4 < 1 and 0 < oj(x) +9%(z) <1, n > 1,
where n > 1 is an integer.

Later, Saranya et al. [15] introduced the notion of n-CyN continuity for functions between
two n-cylindrical neutrosophic topological spaces (n-CyNts). They also defined the n-CyN
interior (n-CyNint) and n-CyN closure (n-CyNcl) of subsets within n-CyNts.

In a related development, El-Maghrabi and Al-Juhani [8] introduced the concept of M-
open sets in topological spaces and investigated several of their properties. The class of M-
open sets plays a significant role in topological theory due to its applicability across various
branches of mathematics and real-world applications. Padma et al. [11] also found M-open
sets in nano topological spaces. Vadivel et al. [17H19] discussed some open sets in fuzzy nano
and neutrosophic nano topological spaces. Kalaiyarsan et al. [10] and Vadivel et al. [20-22]
introduced M-open sets and §3 open sets in fuzzy, Pythagorean fuzzy and neutrosophic nano
topological spaces. Balasubramaniyan et al. [5] introduced contra continuous and irresolute
maps in Pythagorean fuzzy nano topological spaces. Building on this, Anandhi et al. [1]
introduced the concept of n-cylindrical neutrosophic topological spaces n-CyNts based on n-
CyNS’s. Anandhi et al. [2] further investigated n-cylindrical neutrosophic M-continuous and
M-irresolute within this framework.

The subsequent sections of this dissertation are organized as follows: Section 2 provides
a brief review of fundamental definitions related to intuitionistic fuzzy sets (ifs’s), neutro-
sophic sets (N S’s), n-cylindrical neutrosophic sets (n-CyNS’s) and mappings on n-cylindrical
neutrosophic topological spaces (n-CyNts). Sections 3 and 4 introduce the concepts of n-
CyNEMCts and n-CyNE M Irr within n-CyNts, along with an exploration of their funda-
mental properties supported by illustrative examples. Finally, the dissertation concludes with

a summary of findings in Section 5.
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2. Preliminaries

This section covers some basic definitions and examples that will be useful in subsequent

discussions.

Definition 2.1. [24] A fuzzy set (briefly, fs) A in X is defined by membership function
wa s A — [0,1] whose membership value p4(x) shows the degree to which € X includes in
the fuzzy set A, for all x € X.

Definition 2.2. [6] A fuzzy topological space (briefly, fts) is a pair (X, 7), where X is any
set and 7 is a family of fuzzy sets in X satisfying following axioms:

(i) ¢, X €,

(i) If A,B € 7, then AN B in 7,

(iii) If A; € 7 for each i € I, then UA,; € 7.

Definition 2.3. [4] An intuitionistic fuzzy set (briefly, ifs) A on X is an object of the
form A = {(z,aa(z),va(x) : x € X)} where aas(x) € [0,1] is called the degree of positive
membership of z in A, y4(x) € [0,1] is called the degree of negative membership of x in A,
and where a4 (z) and y4(x) satisfy (for all z € X) (aa(x) +ya(z) < 1) ifs(X) denotes the
set of all the ifs’s on X.

Definition 2.4. |16] An neutrosophic set A on X is an object of the form A =
{(z,a(x), Ba(x),va(x)) : @ € X}, where as(z), Ba(z),7a(z) € [0,1],0 < aa(z) + Ba(x) +
va(x) < 3, for all z € X. as(x) is the degree of positive membership, S4(z) is the degree of
neutral and 4 (z) is the degree of negative membership. Here, a4(x) and y4(x) are dependent

components and 4 (x) is an independent component.

Definition 2.5. [12] An neutrosophic topology (Nt) on a non-empty set X is a family 7 of
neutrosophic subsets in X satisfying the following axioms:

(i) On, 1n € v,

(i) G1 N Gq € Ty for any G1, Gy € Ty,
(iii) UG; € 7, for all {G; :i € J} C 7p.
In this case the pair (X, 7) is called a neutrosophic topological spaces (briefly, Nts) and any
neutrosophic set in 7 is known as neutrosophic open set (briefly, Nos) in X. The elements of
Tx are called neutrosophic open sets. A neutrosophic set F' is closed if and only if C'(F) is

neutrosophic open.

Definition 2.6. [13] An n-cylindrical neutrosophic set (briefly, n-CyNS) A on X is an object
of the form A = {(z,aa(z), Ba(x),va(x)) : x € X}, where ay(x) € [0,1] called the degree

of positive membership of = in A, fa(z) € [0,1] called the degree of neutral membership of
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xz in A and y4(z) € [0,1] called the degree of negative membership of x in A, which satisfies
the condition: (for all z € X) (0 < Ba(xz) < 1) and 0 < aj(x) +9%(z) <1, n > 1, is an
integer. Here, a4(z) and v4(x) are dependent neutrosophic components and 54(z) is 100%
independent.

For the convenience, (a4(x),Ba(z),v4(x)) is called as n-cylindrical neutrosophic number
(briefly, n-CyNN) and is denoted as A = {(oa, 54,74)}

Definition 2.7. [13] Let {A; : ¢ € I} be an arbitrary family of n-CyNS in
X. Then, NA; = {(z,inf(aa,(2z)),inf(B4,(x)), sup(ya,(x))) : = € X}. UA =
{(z, sup(aa, (2)), sup(Ba, (2)), inf (ya,(2))) : = € X}.

Definition 2.8. [13] Ocyn = {(2,0,0,1) : 2 € X} and 1oyy = {(z,1,1,0) : 2 € X'}

Definition 2.9. [13] (The Basic Connectives) Let 7¢y,n(X) denote the family of all n-
CyNS’s on X.

Definition 2.10. [13] Inclusion: For every two A, B € 1¢yn(X), the inclusion of two n-
CyNS’s A and B is A C B iff (for all z € X, aa(r) < ap(x) and Ba(zx) < pp(x) and
va(x) > vp(z)) and (A C B and B C A).

Definition 2.11. [13|Union: For every two A, B € 7¢yn(X), the union of two n-CyNS’s A
and B is AUB(z) = {(z,max(aa(x), ap(z)), max(Sa(z), Bp(z)), min(ya(z),yp(x))) : x € X }.

Definition 2.12. [13] Intersection: For every two A, B € 1oyn(X), the intersection of two
n-CyNS’s A and B is
AN B(z) = {{z, min(aa(z), ap(z)), min(Ba(z), B (x)), max(ya(x), v(z))) : x € X}.

Definition 2.13. [13] Complementary: For every A € 7cyn(X), the complement of an
n-CyNS Ais A° = {{z,v4(x),1 — Ba(z), as(x)) : xz € X}.

Definition 2.14. [13] Sum: For every two A, B € 7oyn(X), the sum of two n-CyNS’s A
and B is A® B(z) = {(z, (24080 "max(Ba(x), B (), min(ya(z), vp(x))) : = € X}.

aa(z)+ap(z)

Definition 2.15. |[13| Difference: For every two A, B € 7oyn(X), the difference of two n-

CyNS’s A and B is A© B(z) = {(z, max(as(z), ap(x)), min(B4(x), Bp(x)), (%» :
re X}

Definition 2.16. [13] Product: For every two A, B € 7¢yn(X), the product of two n-CyN S’s
Aand Bis A® B(z) = {(z, (aa(z) - aa(2)), (Ba(z) - BB(2)), (va(@) - 78(2))) : ® € X}.

Definition 2.17. [13] Division: For every two A, B € 7¢yn(X), the division of two n-CyN S’s
Aand B is A0 B(z) = {{z, min(aa(2), ap(2)), (Ba(x) - Bp(2)), max(ya(e), 15(2))) : @ € X}.

Anandhi et. al., Contra Continuous and Irresolute Maps via M-open Sets in n-Cylindrical ...




Neutrosophic Sets and Systems, Vol. 98, 2026

O

Remark 2.18. [13]

(i) f AC Band B C C then A CC,

(i) AUB=BUA& ANnB=DBnNA,

(iiil) (AUB)UC =AU (BUC) & (ANnB)NC=An(BNCQC),
(AUB)NC=(ANnC)u(BNC) & (ANB)UC =(AuC)n(BNC(C),
ANA=A& AUA=A,

De Morgan’s Law for A & B ie., (AU B)¢ = AN B° & (AN B)¢ = A°U B¢,
(A® B)=(Ba A),

(A® B)=(B® A).

(iv
(v
(vi

(vii

~— ~— ~— ~— S ~— ~— ~—

(viii

Definition 2.19. [15] An n-cylindrical neutrosophic topology (briefly, n-CyNt) on a non-
empty set X is a family, 7oyn, of n-Cy NS in X which satisfies the following conditions:

(i) Ocyn, loyn € Toyn,
(ii) Ai1NAs € TCyYN s
(iii) UA; € Toyn, for any arbitrary family A; € 7oyn, i € 1.

The pair (X, 7¢yn) is called an n-cylindrical neutrosophic topological Spaces (briefly, n-CyNts)
and any n-CyNS belongs to 7cyn is called an n-cylindrical neutrosophic open set (briefly,
n-CyNos) and the complement of n-CyNos is called n-cylindrical neutrosophic closed set
(briefly, n-CyNes) in X. Like classical topological spaces and fuzzy topological spaces, the
family {Ocyn, 1oyn} is called in discrete n-C'yNts and the topology containing all the n-CyN
subsets is called discrete n-C'yNts.

Remark 2.20. [15] Obviously any fuzzy topological spaces or intuitionistic fuzzy topological
spaces or Pythagorean fuzzy topological spaces is an n-CyNts as any subsets of the fuzzy
spaces, intuitionistic fuzzy space, and Pythagorean fuzzy space can be viewed as n-CyN

subsets.

Definition 2.21. [15] Let A and B be two n-cylindrical neutrosophic subsets of an n-CyNts.
B is called neighborhood of A if there exists an n-C'yNos, O such that A C O C B.

Proposition 2.22. [15| A C X is n-cylindrical neutrosophic open in (X, 7¢yn) if and only if

it carries a neighborhood of its subsets.

Definition 2.23. [15] Let (X, 7cyn) be an n-CyNts and let A = {(x, aa(x), Ba(x), va(z)) :
x € X} is an n-CyNS in X. Then, the n-cylindrical neutrosophic interior (briefly, n-CyNint)
is defined as the n-CyN union of all n-CyN open subsets of X. ie, n-CyNint(A) = [J{G :
G € Toyn and G C A},

Clearly, n-CyNint(A) is the biggest n-CyNos that is contained by A.
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Definition 2.24. [15] Let (X, 7cyn) be an n-CyNts and let A = {(z, aa(x), Ba(x), va(z)) :
x € X} is an n-CyNS in X. Then, the n-cylindrical neutrosophic closure (briefly, n-CyNcl)
is defined as the n-CyN intersection of all n-CyN closed subsets of X. ie, n-CyNcl(A) =
(UK : K € Toyny and A C A},

Clearly, n-CyNcl(A) is the smallest n-CyNcs that contains A.

Definition 2.25. [14] Let (X, 71) and (Y, 72) be two n-CyNts and let f: (X, 71) — (Y, 72) be
a n-CyN function. Then, f said to be n-CyN continuous (briefly, n-CyN Cts) map if for any
n-cylindrical neutrosophic subset A of X and for any neighborhood U of f(A) there exists a
neighborhood & of A such that f(4) C 5.

Definition 2.26. |[1] Let (X, 7¢yn) be an n-CyNts and A be an n-CyNS. Then, A is said
to be an n-CyN

(i) regular open set (briefly, n-CyNros), if A =n-CyNint(n-CyNcl(A)),

(ii) regular closed set (briefly, n-CyNrcs), if A =n-CyNcl(n-CyNint(A)).

Definition 2.27. [1] Let (X, 7cyn) be an n-CyNts and A = {{(z, aa(z), Ba(x), va(z)) :
x € X} be an n-CyNS in X. Then, the n-cylindrical neutrosophic dé-interior of A and the
n-cylindrical neutrosophic d-closure of A are denoted by n-CyNdint(A) and n-CyNdcl(A) are
defined as follows:

(i) n-CyNéint(A) = |U{G|G is an n-CyNros and G C A},

(ii) n-CyNécl(A) = ({K|K is an n-CyNres and A C K}.

Definition 2.28. [1] Let (X, 7cyn) be an n-CyNts and A = {(z, aa(z), Ba(z), va(z)) :
x € X} be an n-CyNS in X. Then, the n-cylindrical neutrosophic #-interior of A and the
n-cylindrical neutrosophic #-closure of A are denoted by n-CyN6@int(A) and n-CyN6cl(A) are
defined as follows:

(i) n-CyN@Oint(A) = |J{n-CyNint(B): BC A & Bisan-CyNcsin X},

(ii) n-CyNOcl(A) = {n-CyNcl(B): AC B & BisanCyNosin X}.

Definition 2.29. [1] Let (X, 7¢yn) be an n-CyNts and A = {(x, aa(x), Ba(x),va(z)) 1z €

X} be an n-CyNS in X. A set A is said to be n-CyN

(i) é-open set (briefly, n-CyNdos), if A =n-CyNdint(A),

(ii) 6-pre open set (briefly, n-CyNdPos), if A C n-CyNdint(A),

(iii) d-semi open set (briefly, n-CyNd§Sos), if A C n-CyNcl(n-CyNdint(A)),

) 6-open set (briefly, n-CyN®fos), if A =n-CyNOint(A),

(v) #-semi open set (briefly, n-CyN6Sos), if A C n-CyNcl(n-CyNOint(A)),

(vi) e-open set (briefly, n-CyNeos), if A = n-CyNcl(n-CyNdint(A)) U n-CyNint(n-
CyNicl(A)),
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(vil) M-open set (briefly, n-CyNMos), if A C n-CyNcl(n-CyN6Oint(A)) U n-CyNint(n-
CyNécl(A)).

The complement of a n-CyN Mos (resp. n-CyNdos, n-CyNdPos, n-CyNéSos, n-CyNbos,
n-CyNOSos & n-CyNeos) is called a n-CyNM (resp. n-CyNd, n-CyNoP, n-CyNJS, n-
CyNO, n-CyNOS & n-CyNe) closed set (briefly, n-CyN Mcs (resp. n-CyNdcs, n-CyNdPes,
n-CyNdéScs, n-CyNbcs, n-CyNOScs & n-CyNecs)) in X.

The family of all n-CyNMos (resp. n-CyNdos, n-CyNdPos, n-CyNéSos, n-CyNbos,
n-CyNOSos & n-CyNeos) of X is denoted by n-CyNMOS(X), (resp. n-CyNMCS(X),
n-CyNdOS(X), n-CyNdCS(X), n-CyNIPOS(X), n-CyNSPCS(X), n-CyNsSOS(X), n-
CyNoSCS(X), n-CyNOOS(X), n-CyNOCS(X), n-CyNOSOS(X), n-CyNOSCS(X), n-
CyNeOS(X) & n-CyNeCS(X)).

Definition 2.30. [1] Let (X, 7cyn) be an n-CyNts and A = {(z, aa(z), Ba(z), va(z)) :
x € X} be an n-CyN S in X. Then, the n-CyN

(i) M-interior (resp. n-CyNJ-interior, n-CyNJ§P-interior, n-CyNdS-interior, n-CyN0o-
interior, n-CyN6@S-interior & n-CyNe-interior) of A (briefly, n-CyNMint(A) (resp. n-
CyNdint(A), n-CyNoPint(A), n-CyNsSint(A), n-CyNE int(A), n-CyNOSint(A) & n-
CyNeint(A)) is defined by n-CyN Mint(A) (resp. n-CyNdint(A), n-CyNIPint(A),
n-CyNdoSint(A), n-CyNOint(A), n-CyNSint(A) & n-CyNeint(A)) = J{G: G C A
and G is a n-CyNMos (resp. n-CyNdos, n-CyNoPos, n-CyNdISos, n-CyNBbos, n-
CyNOSos & n-CyNeos) in X}.

(ii) M-closure (resp. n-CyNd-closure, n-CyNJP P-closure, n-CyNdS-closure, n-CyN0o-
closure, n-CyN6S-closure & n-CyNe-closure) of A (briefly, n-CyNMcl(A) (resp.
n-CyNocl(A), n-CyNéPcl(A), n-CyNIScl(A), n-CyNOcl(A), n-CyNOScl(A) & n-
CyNecl(A)) is defined by n-CyNMecl(A) (resp. n-CyNdcl(A), n-CyNIPcl(A), n-
CyNoScl(A), n-CyNbcl(A), n-CyNOScl(A) & n-CyNecl(A)) = ({K : K C A and K
is a n-CyNMes (resp. n-CyNdcs, n-CyN§Pcs, n-CyNdSn-CyNbcs, n-CyNlScs & n-
CyNecs) in X}.

Definition 2.31. [2] Let (X,71) and (Y, 72) be any two n-CyNts’s. A map f : (X, 1) —
(Y, 72) is said to be a n-CyN
(i) d-continuous map (briefly, n-CyNJCts map), if the inverse image of every n-CyNos in
(Y, 79) is a n-CyNdos in (X, 1),
(ii) d-pre continuous map (briefly, n-CyNdPCts map), if the inverse image of every n-CyNos
in (Y, 72) is a n-CyNdoPos in (X, 1),
(iii) d-semi continuous map (briefly, n-CyNJdSCts map), if the inverse image of every n-
CyNos in (Y, 19) is a n-CyNdSos in (X, 1),
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(iv) #-continuous map (briefly, n-CyN6OCts map), if the inverse image of every n-CyNos in
(Y, 1) is a n-CyNbos in (X, 1),

(v) #-semi continuous map (briefly, n-CyN6OSCts map), if the inverse image of every n-
CyNos in (Y, 72) is a n-CyN60Sos in (X, 11),

(vi) e-continuous map (briefly, n-CyNeCts map), if the inverse image of every n-CyNos in
(Y, 1) is a n-CyNeos in (X, 1),

(vii) M-continuous map (briefly, n-CyNMCts map), if the inverse image of every n-CyNos
in (Y, ) is a n-CyNMos in (X, 1).

Definition 2.32. [2] A map f : (X,71) — (Y,72) is called a n-cylindrical neutrosophic
M-irresolute (briefly, n-CyN M Irr) map if f~1(B) is a n-CyNMos in (X, 7;) for every n-
CyN Mos(B) of (Y, 12).

3. Contra M-Continuous Maps in n-CyNts

We will introduce n-cylindrical neutrosophic contra M-continuous maps and look at some

of its feature in this section.

Definition 3.1. Let (X, 71) and (Y, 72) be any two n-CyNts’s. A map f: (X,71) — (Y, 72)

is said to be a n-CyN contra

(i) d-continuous map (briefly, n-CyN%dCts map), if the inverse image of every n-CyNos in
(Y, m) is a n-CyNdcs in (X, 1),
(ii) d-pre continuous map (briefly, n-CyN®€oPCts map), if the inverse image of every n-
CyNos in (Y, 72) is a n-CyNéPcs in (X, 1),
(iii) d-semi continuous map (briefly, n-CyN%€dSCts map), if the inverse image of every n-
CyNos in (Y, m) is a n-CyNéScs in (X, 1),
(iv) -continuous map (briefly, n-CyN%0Cts map), if the inverse image of every n-CyNos in
(Y, 79) is a n-CyNbcs in (X, 11),
(v) @-semi continuous map (briefly, n-CyN®€0SCts map), if the inverse image of every n-
CyNos in (Y, 1) is a n-CyN6Scs in (X, 1),
(vi) e-continuous map (briefly, n-CyN%eCts map), if the inverse image of every n-CyNos in
(Y, 72) is a n-CyNecs in (X, 11),
(vii) M-continuous map (briefly, n-CyN% M Cts map), if the inverse image of every n-CyNos
in (Y, m) is a n-CyNMcs in (X, 7).
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Example 3.2. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
Ay, Ag, Az, Ay in (X, 7) and B in (Y, 72) are defined as

x1,0.1850738, 0.50,0.1250732), (z2,0.1650736, 0.50, 0.1450734) }

x1,0.1950739, 0.50,0.1150731), (z2,0.1750737,0.50,0.1350733) }

x1,0.1850738,0.50,0.1250732), (x2,0.1750737, 0.50, 0.1350733) }

{« )

{{ )

{(1,0.1150731, 0.50, 0.1950739), (x5, 0.1350733,0.50, 0.1750737) }
{« )

( )

B = {(y1,0.1250732, 0.50, 0.1850738), (y2,0.1450734, 0.50, 0.1650736) }

Then, we have 7 = {Ox, 1x, Ay, Ao, As, A4} and m = {Oy, 1y, B} Let f: (X, 1) —
(Y, 72) be an identity mapping. Then, f is n-CyN% M Cts map.

Proposition 3.3. The statements are true, but the converse need not be true.

(i) Every n-CyN%6Cts map is a n-CyN%Cts map,

(ii) Every n-CyN%60Cts map is a n-CyN€0SCts map,
(iii) Every n-CyN%0SCts map is a n-CyN€ M Cts map,
(iv) Every n-CyN€dCts map is a n-CyN€Cts map,

(v) Every n-CyN%6Cts map is a n-CyNEdPCts map,
(vi) Every n-CyN%6Cts map is a n-CyN€0SCts map,
(vii) Every n-CyN€dSCts map is a n-CyN€eCts map,

(viii) Every n-CyN%dPCts map is a n-CyNE MCts map,

X)

(ix) Every n-CyN®MCts map is a n-CyN€eCts map.

Proof.

(i) Let B be a n-CyNos in (Y,72). Since, f is n-CyN®€0Cts map, f~1(B) is n-CyNfcs
(X, 71). Since every n-CyN@cs are n-CyNecs. f~1(B) is n-CyNecs in (X, 7). Hence, f
is a n-CyN%Cts map.

(ii) Let B be a n-CyNos in (Y,72). Since, f is n-CyN%60Cts map, f~1(B) is n-CyNfcs
(X, 71). Since every n-CyNfcs are n-CyN6Scs. f~(B) is n-CyN6OScs in (X, ;). Hence,
fisan-CyNEOSCts map.

(iii) Let B be a n-CyNos in (Y, 7). Since, f is n-CyN€0SCts map, f~1(B) is n-CyN0Scs
(X, 7). Since every n-CyN6Scs are n-CyNMes. f~Y(B) is n-CyNMes in (X, 7).
Hence, f is a n-CyN%E MCts map.

(iv) Let B be a n-CyNos in (Y,72). Since, f is n-CyN€5Cts map, f~1(B) is n-CyNdcs
(X, 71). Since every n-CyNées are n-CyNes. f~1(B) is n-CyNes in (X, 7). Hence, f
is a n-CyN%Cts map.
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(v) Let B be a n-CyNos in (Y, 7). Since, f is n-CyN%5Cts map, f~1(B) is n-CyNécs
(X, 71). Since every n-CyNécs are n-CyNdPcs. f~1(B)is n-CyNdPcs in (X, 7). Hence,
fis an-CyNE§PCts map.

(vi) Let B be a n-CyNos in (Y, 7). Since, f is n-CyN€5Cts map, f~1(B) is n-CyNdcs
(X, 71). Since every n-CyNdcs are n-CyNdScs. f~1(B) is n-CyNéScs in (X, 7). Hence,
fisan-CyNE5SCts map.

(vii) Let B be a n-CyNos in (Y, 7). Since, f is n-CyN€ISCts map, f~1(B) is n-CyNéScs
(X, 71). Since every n-CyNdScs are n-CyNecs. f~1(B) is n-CyNecs in (X, 71). Hence,
fisan-CyN%eCts map.

(viii) Let B be a n-CyNos in (Y, 7). Since, f is n-CyN€dPCts map, f~1(B) is n-CyNdPcs
(X, 7). Since every n-CyN&Pcs are n-CyNMeces. f~Y(B) is n-CyNMes in (X, 7).
Hence, f is a n-CyNE MCts map.

(ix) Let B be a n-CyNos in (Y,72). Since, f is n-CyN®€MCts map, f~1(B) is n-CyNMcs
(X, 71). Since every n-CyN Mecs are n-CyNecs. f~1(B) is n-CyNecs in (X, 7). Hence,
fis an-CyN€eCts map.

Remark 3.4. From the above mentioned results. We get the diagram below.

n-CyN€0Cts map n-CyN€Cts map

n-CyNE0SCts map n-CyNE&dCts map

/

n-CyN€IPCts map

—

n-CyNE M Cts map n-CyNEISCts map

\ /

n-CyN€eCts map

Note: A — B denotes A implies B, but not conversely.
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Example 3.5. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
Ay, Ag, Az, Ay in (X, 7) and B in (Y, 72) are defined as

Ay = {{x1,0.1850738,0.50, 0.1250732), (22, 0.1650736, 0.50, 0.1450734) },

= {{21,0.1950739,0.50, 0.1150731), (22, 0.1750737,0.50, 0.1350733) },

( )

( )
{{z1,0.1150731,0.50, 0.1950739), (2, 0.1350733,0.50, 0.1750737)},
{{z1,0.1850738,0.50, 0.1250732), (22, 0.1750737,0.50, 0.1350733) },
( )

B

{{y1,0.1250732, 0.50, 0.1850738), (y2, 0.1450734, 0.50, 0.1650736) }.

Then, we have 7 = {Ox,lx,Al,AQ,Ag,A4} and 7o = {Oy,ly,B}. Let f: (X,T1> — (Y,TQ)
be an identity mapping. Then, f is n-CyN%Cts map but not n-CyN%0Cts map, because
the set f~1(B) = A; is a n-CyNcs but not n-CyN6cs.

Example 3.6. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
A1, Ag, Ag, Ay, As in (X, 71) and B in (Y, 72) are defined as

Ay = {(21,0.1850738, 0.50, 0.1250732), (x2,0.1650736, 0.50, 0.1450734) },

x1,0.1950739, 0.50,0.1150731), (x2,0.1750737,0.50,0.1350733) },

{
{ {
{(x1,0.1150731, 0.50, 0.1950739), (2, 0.1350733, 0.50, 0.1750737) },
{ {
{ {

x1,0.1250732, 0.50, 0.1850738), (x2,0.1450734, 0.50, 0.1650736) },
B

{ )
{ )
{ )
(x1,0.1850738, 0.50, 0.1250732), (2, 0.1750737, 0.50, 0.1350733) },
{ )
{ )

{(y1,0.1850738,0.50, 0.1250732), (y2,0.1650736, 0.50,0.1450734) }.

Then, we have 71 = {Ox, 1x, A1, A2, A3, A4} and 70 = {Oy, 1y, B}. Let f: (X,71) — (Y, 72)
be an identity mapping. Then, f is n-CyNE0SCts map but not n-CyNE0Cts map, because
the set f~1(B) = As is a n-CyN6Scs but not n-CyN6cs.

Example 3.7. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
Ay, A9, A3, Ay in (X, 71) and B in (Y, 72) are defined as

= {(x1,0.1850738,0.50,0.1250732), (x2,0.1650736, 0.50, 0.1450734) },

{ )
{(1,0.1950739,0.50, 0.1150731), (2, 0.1750737, 0.50, 0.1350733) },
{{x1,0.1150731, 0.50, 0.1950739), (x>, 0.1350733, 0.50, 0.1750737) },
{« )
{ )

x1,0.1850738,0.50, 0.1250732), (x2,0.1750737,0.50,0.1350733) },

B = {(y1,0.1250732,0.50, 0.1850738), (y2,0.1450734, 0.50, 0.1650736) } .
Then, we have 7 = {Ox, 1x,A1,A2,A3,A4} and 75 = {Oy, 1y,B}. Let f: (X, 7’1) — (Y, 7'2)
be an identity mapping. Then, f is n-CyN% M Cts map but not n-CyNE0SCts map, because
the set f~1(B) = A; is a n-CyNMecs but not n-CyN6OScs.
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Example 3.8. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
A1, A9, A3, Ay in (X, 71) and B in (Y, 72) are defined as

x1,0.1850738,0.50, 0.1250732), (z2,0.1650736, 0.50,0.1450734) },

( )

(x1,0.1950739, 0.50,0.1150731), (x,0.1750737, 0.50, 0.1350733) },
(x1,0.1150731, 0.50, 0.1950739), (x5, 0.1350733, 0.50, 0.1750737)},
( )
( )

e T e

x1,0.1850738, 0.50, 0.1250732), (x2,0.1750737,0.50,0.1350733) },
B

{{y1,0.1250732, 0.50, 0.1850738), (y, 0.1350733, 0.50, 0.1750737) }.

Then, we have 7 = {0)(,1)(,141,142,143,144} and ™ = {Oy,ly,B}. Let f: (X,Tl) — (Y,TQ)
be an identity mapping. Then, f is n-CyN%Cts map but not n-CyN%dCts map, because
the set f~1(B) = Ay is a n-CyNes but not n-CyNdcs.

Example 3.9. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
A1, A9, A3 in (X, 1) and B in (Y, 72) are defined as

x1,0.1850738,0.50, 0.1250732), (x2,0.1650736, 0.50,0.1450734) },

{( ), (

{{z1,0.1150731,0.50, 0.1950739), (22, 0.1350733,0.50, 0.1750737)},
{(z1,0.1850738,0.50, 0.1250732), (22, 0.1750737, 0.50, 0.1350733) },
( )

B

{(y1,0.1250732,0.50, 0.1850738), (y2,0.1350733,0.50,0.1750737) }.

Then, we have 7 = {Ox, 1x, A1, A2, A3} and 75 = {Oy, 1y, B}. Let f: (X,71) — (Y, 72) be an
identity mapping. Then, f is n-CyN%dPCts map but not n-CyN%€§Cts map, because the
set f~1(B) = Az is a n-CyN§Pcs but not n-CyNdcs.

Example 3.10. Let X = {x1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
Al,AQ,Ag,A4,A5 in (X, 7'1) and B in (Y, 7'2) are defined as

Ay = {(x1,0.1850738, 0.50,0.1250732), (z2,0.1650736, 0.50, 0.1450734) },

x1,0.1950739, 0.50,0.1150731), (x2,0.1750737,0.50,0.1350733) },

x1,0.1850738,0.50,0.1250732), (x2,0.1750737,0.50, 0.1350733) },

( ), (
{( ), (
{{z1,0.1150731,0.50, 0.1950739), (22, 0.1350733,0.50, 0.1750737)},
{( ), (
{(z1,0.1250732,0.50, 0.1450734), (x5, 0.1450734, 0.50, 0.1450734) },
(

B

{{y1,0.1450734, 0.50, 0.1250732), (y2, 0.1450734, 0.50, 0.1450734) }.

Then, we have 7 = {Ox, lx,Al,AQ,Ag,A4} and 7o = {Oy, 1y,B}. Let f: (X, T1) — (Y, TQ)
be an identity mapping. Then, f is n-CyN%dSCts map but not n-CyN%§Cts map, because
the set f~1(B) = As is a n-CyNdScs but not n-CyNdcs.
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Example 3.11. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
Ay, Ag, A3, Ay, As in (X, 71) and B in (Y, 72) are defined as

x1,0.1850738, 0.50, 0.1250732), (z2,0.1650736, 0.50,0.1450734) },

x1,0.1950739, 0.50,0.1150731), (x2,0.1750737,0.50,0.1350733) },

||
e e

{
{
21,0.1150731,0.50, 0.1950739), (22, 0.1350733, 0.50, 0.1750737) },
{
{

(
(
(
(
= {(x1,0.1850738,0.50, 0.1250732), (-2, 0.1650736, 0.50, 0.1350733) },

(

)
)
)
= {(21,0.1850738,0.50, 0.1250732), (22, 0.1750737,0.50, 0.1350733) },
)
)

B = {{y1,0.1250732, 0.50, 0.1850738), (y2, 0.1350733, 0.50, 0.1650736) }.

Then, we have 7 = {Ox, 1x,A1,A2,A3,A4} and ™ = {Oy, 1y,B}. Let f : (X, 7’1) — (Y, 7'2)
be an identity mapping. Then, f is n-CyN%eCts map but not n-CyNEISCts map, because
the set f~1(B) = As is a n-CyNecs but not n-CyN§Scs.

Example 3.12. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
Ay, Ag, A3, Ay, As in (X, 71) and B in (Y, 72) are defined as

x1,0.1850738, 0.50, 0.1250732), (x2,0.1650736, 0.50,0.1450734) },
x1,0.1950739,0.50,0.1150731), (x2,0.1750737,0.50, 0.1350733) },

||
—_, . M

= {(z1,0.1850738,0.50,0.1250732), (x2,0.1750737,0.50, 0.1350733) },

{ )5

{ )5

(x1,0.1150731, 0.50, 0.1950739), (2, 0.1350733, 0.50, 0.1750737) },

{ )5

= {(21,0.1250732,0.50, 0.1850738), (22, 0.1450734, 0.50, 0.1650736) },
{ )

B = {{y1,0.1850738,0.50, 0.1250732), (1, 0.1650736, 0.50, 0.1450734) }.

Then, we have 1 = {0x, 1x, 41, A2, A3, Ay} and 70 = {0y, 1y, B}. Let f: (X, 1) = (Y, 72)
be an identity mapping. Then, f is n-CyN% M Cts map but not n-CyN % dPCts map, because
the set f~1(B) = A5 is a n-CyN Mcs but not n-CyN§Pcs.
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Example 3.13. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
Al,AQ,Ag,A4,A5,A6 in (X, 7'1) and B in (Y, 7'2) are defined as

A1 = {(x1,0.1850738, 0.50,0.1250732), (z2,0.1650736, 0.50,0.1450734) },
= {(x1,0.1950739, 0.50,0.1150731), (x2,0.1750737,0.50, 0.1350733) },

, {(x2,0.1750737,0.50, 0.1350733) },

x1,0.1850738,0.50, 0.1250732), (z2,0.1650736, 0.50,0.1350733) },

)
)
{(x1,0.1150731, 0.50, 0.1950739), (22, 0.1350733, 0.50, 0.1750737) },
{ )
{ )
{ )

(
{
(
(x1,0.1850738, 0.50,0.1250732
(
(x1,0.1250732,0.50,0.1450734), (22,0.1450734, 0.50, 0.1450734) },
(

B

{(y1,0.1450734, 0.50, 0.1250732), (y2,0.1450734, 0.50,0.1450734) }.

Then, we have 1 = {0x, 1x, 41, Ag, A3, Ay} and 75 = {0y, 1y, B}. Let f: (X, 1) = (Y, 72)
be an identity mapping. Then, f is n-CyN%eCts map but not n-CyN%E M Cts map, because
the set f~1(B) = Ag is a n-CyNecs but not n-CyN Mes.

Theorem 3.14. A map f: (X,71) — (Y, 72) is n-CyNEMCts map iff the inverse image of
each n-CyNes in (Y, 79) is n-CyNMos in (X, 11).

Proof. Let B be an-CyNcs in (Y, 72). This implies B¢ is a n-CyNos in (Y, 72). Since, f is
n-CyNEMCts. f~1(B¢) is n-CyNMecs in (X, 7). Since, f~1(B¢), f~1(B) is a n-CyNMos
in (X, 7).

Conversely, let B be a n-CyNes in (Y, 72). Then, B¢ is a n-CyNos in (Y, 72). By hypothesis
f~YB®) is n-CyNecs in (X, 7). Since, f~1(B¢) = (f~YB))°. (f~%(B))¢is a n-CyNMcs in
(X,71). Therefore, f~1(B) is a n-CyN Mos in (X, 7). Hence, f is a n-CyNMCts.

Definition 3.15. A n-CyNt (X, 71) is said to be n-cylindrical neutrosophic MU1 (briefly,
2
n-CyN MU 1 )-space, if every n-CyNMos in (X, 71) is a n-CyNos in (X, 77).
2

Theorem 3.16. Let f: (X, 71) — (Y, 72) be a n-CyNEMCts map, then f is a n-CyN% Cts
map if (X, 71) is a n-CyN M1 -space.
2

Proof. Let B be a n-CyNos in (Y,72). Then, f~%(B) is a n-CyNMecs in (X, 71), by
hypothesis. Since, (X, 1) is a n-CyNMU:-space, f~1(B) is a n-CyNecs in (X, 7). Hence, f
2
is a n-CyN€ M Cts map.

Theorem 3.17. Let f: (X,71) — (Y, 72) be a n-CyNEMCts map and g : (Y, 72) — (Z,73)
be a n-CyN%Cts map, then go f. (X, 1) — (Z,73) is a n-CyNE MCts map.

Proof. Let A bean-CyNosin (Z,73). Then, g~1(A) is an-CyNos in (Y, 72), by hypothesis.
Since, f is a n-CyN€MCts map, f~1(g71(A)) is a n-CyNMecs in (X, 71). Hence, go f is a
n-CyNE€ M Cts map.
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Theorem 3.18. Let f: (X, 71) = (Y, ) be a n-CyN&MCts map. The following conditions
are then satisfied

(i) f(n-CyNMcl(A))2 n-CyNint(f(A)), for all n-CyNcs(A) in (X, 1),

(ii) n-CyNMecl(f~Y(B)) 2 f~1(n-CyNint(B)), for all n-CyNcs(B) in (Y, 72).

Proof.

(i) Since, n-CyNMcl(f(A)) is a n-CyNMecs in (Y, 72) and f is n-CyN%€ MCts map, then
f Y (n-CyNMecl(f(A)))is n-CyNMos in (X, 71). Now, since A O f~1(n-CyNint(f(A))),
n-CyNMcl(A) 2 f~Yn-CyNMint(f(A))). Therefore, f(n-CyNMcl(A)) D n-
CyNint(f(A)).

(ii) By replacing A with B in (i). We obtain f(n-CyNMcl(f~%(B))) 2
CyNint(f(f~1(B))) 2 n-CyNint(B). Hence, n-CyNMcl(f~Y(B)) 2 f(n-
CyNint(B)).

n-

4. Contra M-irresolute Maps in n-CyNts

We will introduce n-cylindrical neutrosophic contra M-irresolute maps and look at some of

its feature in this section.

Definition 4.1. A map f : (X,71) — (Y,7) is called a n-cylindrical neutrosophic contra
M-irresolute (briefly, n-CyN€ MIrr) map if f~1(B) is a n-CyNMecs in (X,71) for every
n-CyNMos(B) of (Y, 12).

Theorem 4.2. Let f: (X, 7)) — (Y, m2) be an-CyN%E MIrr map, then f is a n-CyNEMCts

map. But not conversely.

Proof. Let f be a n-CyNEMIrr map. Let B be any n-CyNos in (Y, 7). Since, every
n-CyNos is a n-CyNMos(B) is a n-CyNMos in (Y, 7). = f1(B) is a n-CyNMcs in
(Y, 72). Hence, f is a n-CyNE€MC'ts map.

Example 4.3. Let X = {z1,22}, Y = {y1,y2} and the n-cylindrical neutrosophic sets
Al,AQ,A3,A4,A5,A6 in (X, 7'1) and Bl, BQ in (Y, TQ) are defined as

Ay = {(x1,0.1850738, 0.50,0.1250732), (x2,0.1650736, 0.50, 0.1450734) },

x1,0.1950739, 0.50,0.1150731), (z2,0.1750737,0.50,0.1350733) },

)
)
21,0.1150731, 0.50,0.1950739), (2, 0.1350733, 0.50, 0.1750737)},
)
)

{
{
{
{(21,0.1250732, 0.50, 0.1450734), (2, 0.1450734, 0.50, 0.1450734) },
{

y1,0.1950739, 0.50, 0.1150731), (ya, 0.1750737, 0.50, 0.1350733)},
) )

{
{
{
(x1,0.1850738, 0.50, 0.1250732), (x,0.1750737, 0.50, 0.1350733) },
{
{
By = {(y1,0.1450734, 0.50, 0.1250732), (y2,0.1450734, 0.50, 0.1450734) }.
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Then, we have 11 = {0x, 1x, A1, A2, A3, A4} and 70 = {Oy, 1y, B1}. Let f: (X, 71) = (Y, m)
be an identity mapping. Then, f is n-CyN% M Cts map but not n-CyN% M Irr map, because
the set By is a n-CyNMos in (Y, 72) f~1(By) is not n-CyNMes in (X, 11).

Theorem 4.4. Let f: (X, 7)) — (Y, 72) be a n-CyNEM Irr map, then f is a n-CyN€Cts
map if (X, 71) is a n—C’yNMU%—space.

Proof. Let B be a n-CyNos in (Y,72). Then, B is a n-CyNMos in (Y, 72). Therefore,
f~Y(B) is a n-CyNMes in (X,71), by hypothesis. Since, (X,7) is a n-CyNMU%—space.
f~YB) is an-CyNecs in (X, 7). Hence f is a n-CyN€ Cts.

Theorem 4.5. Let f: (X,71) = (Y,m2) and g : (Y, m2) — (Z,73) be a n-CyNEMIrr map,
then go f : (X, 1) = (Z,73) is a n-CyNE€ M Irr map.

Theorem 4.6. Let f: (X, 1) = (Y, m2) be n-CyN€MIrr map and g : (Y, 72) — (Z,73) be
n-CyN%€ MC'ts map, then go f : (X, 71) — (Z,73) is a n-CyNE MC'ts map.

Proof. Let A be a n-CyNos in (Z,73). Then, g~ *(A) is a n-CyNMos in (Y, 7). Since, f
is an-CyNeMIrr, f~1(g71(A)) is an-CyNMes in (X, 7). Hence, go f is a n-CyN€ M Cts.

Theorem 4.7. Let f : (X,71) = (Y,72) and g : (Y,72) — (Z,73) be a mappings. Then,
gof:(X,m)— (Z,13)is
(i) n-CyNE€MCts if f is n-CyN€Irr and g is n-CyNE MCCts,
(ii) n-CyNEMIrr if f is n-CyNE M Irr (resp. n-CyNMIrr) and g is n-CyN M Irr (resp.
n-CyNe€ M Irr).

Theorem 4.8. Let f: (X,71) — (Y, ) and g : (Y, 72) = (Z,73) are n-CyN% M Cts mappings
and (Y, 72) be a n-CyNMU.-space. Then, go f: (X, 7) — (Z,13) is n-CyNMCts.
2

Theorem 4.9. Let f: (X, 71) — (Y, 72) be a map. Then the following conditions are equiva-
lent if (X, 71) and (Y, 72) are n—CyNMU%—space.

(i) fis a n-CyNE M Irr map,

(i) f~Y(B) is a n-CyN Mos in (X, ;) for each n-CyN Mes(B) in (Y, 12),

(iii) n-CyNecl(f~1(B)) 2 f~1(n-CyNint(B)) for each n-CyNS(B) of (Y, 7).

5. Conclusions

In this paper, by using n-CyN Mos we introduced n-CyN% M Cts and n-CyN% M Irr maps
are analyzed and studied its properties.
Funding: This research received no external funding.
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Abstract: This study advances common fixed point theorems (CFPT) in bipolar fuzzy-2 metric space
(BF2MS) and explores their applications in nonlinear analysis. BE2MS generalizes traditional metric
and fuzzy metric spaces (FMS) by incorporating dualistic relationships, allowing the representation of
both attraction and repulsion effects. We extend classical fixed point theorems (FPTs) to BF2MS,
establishing conditions for the existence of common fixed points (CFPs). The study's applications span
nonlinear analysis, stability analysis, control theory, and multi-criteria decision-making under
uncertainty. Our findings refine existing results and provide practical real-world applications,
supported by numerical examples, enhancing fuzzy mathematics and nonlinear systems modeling.

Keywords: Common Fixed Point Theorem, Bipolar Fuzzy-2 Metric Space, Fuzzy Metric Space

1. Introduction

For centuries, philosophers and scientists have sought to address uncertainty, ambiguity, and
vagueness in mathematical and logical frameworks. Initially, probability theory served as the primary
tool for dealing with such challenges (von Mises, 1957 [1]. However, the seminal work of Lotfi Zadeh's
(1965) [2] on fuzzy set theory (FST) introduced a revolutionary approach to modeling imprecision.
Since, then FST evolved into a robust mathematical framework applied across various disciplines. For
instance, Klir & Yuan, 1995 [3] provided a comprehensive formalization on fuzzy systems, while
Atanassov, 1986 [4] extended the concept of intuitionistic fuzzy set (IFS). Further refinements, such as
those by Bustince & Burillo, 1996 [5], strengthened the theoretical underpinnings of FST. Despite these

advances, continued research remains essential to refine and expand its theoretical foundations.

Over the past few decades, fuzzy mathematics has developed extensively, extending classical
mathematical concepts into the fuzzy domain. Early contributions in this direction including the
pioneering work of Bellman & Zadeh, 1970 [6] on decision theory and Dubois & Prade, 1980 [7] on
operation research followed by the comprehensive treatment of fuzzy topology by Klement, Mesiar &
Pap, 2000 [8]. The theory of FMS advanced through distinct formulations introduced by Kramosil and
Michalek (1975) [9], and Kaleva and Seikkala (1984) [10], laying the foundations of fuzzy probabilistic
topologies. Later, significant progress in the FPT within FMS was made by Grabiec, 1989 [11], and Park
J. H., 2004 [12].
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In metric space theory, an important breakthrough was made by Sharma, Sharma, and Iseki (1984)
[13], who investigated contraction-type mappings in 2-metric spaces (2-MS), leading to further
developments in FPT. These ideas were further extended into probabilistic 2-MS by Wenzhi (1997)
[14], integrating probability theory with 2-metric structures to handle uncertainty more effectively.
Traditional 2-MS, first introduced by Gahler, 1963 [15] and later refined by Dhage, 1992 [16] inspired

by Euclidean area functions and find in spatial analysis.

Building upon these advancements, BF2MS presents a novel approach by incorporating dual-
metric framework that simultaneously captures compatibility and opposition. This innovative
framework broadens the applicability of CFPTs to nonlinear analysis. Jain et al., 2020 [17] emphasized
on compatibility measures, while Dutta & Debnath, 2022 [18], explored opposition metrics. Further
many researchers demonstrated the relevance of such structures in stability analysis, control theory
and multi-criteria decision-making under uncertainty. Collectively these contributions paving the way

for future advancements in open new frontiers in nonlinear and fuzzy systems research.
1.1 Motivation for the above study

The motivation for studying BF2MSs and their CFPTs arises from the need to develop advanced
mathematical tools that address uncertainty, duality, and vagueness in real-world systems. By
extending FMSs into BF2MSs, this framework captures the intricacies of systems influenced by
opposing forces. For instance, Jain, Kaushik, & Singh, 2020 [19] highlighted their role in nonlinear
dynamics, while Matloka, 1984 [20] provided foundation results in fuzzy convergence. Moreover,
decision-making frameworks pioneered by Bellman and Zadeh (1970) [6] and extended by Dubois &
Prade (1980) [7] have been refined in context of contradictory preferences through Xu, 2007 [21]. Such
developments are particularly relevant to the applications in economics, risk assessment, and artificial

intelligence, where competing objectives must be balanced.

Additionally, BF2MSs facilitate the precise mathematical representation of complex systems
where cooperation and competition dynamically interact, such as in multi-agent systems, game theory,
and social networks. In applied domains, this framework enhances modeling accuracy in physics,
engineering, and economics, where dual influences shape system behavior. By developing CFPTs in
BF2MS, this research contributes to both theoretical advancements and practical applications. It
introduces a powerful mathematical toolset for analyzing layered, nonlinear relationships and
addressing gaps in existing models. As such, BF2MSs offer new insights into stability, decision-
making, and uncertainty modeling, reinforcing their importance in advancing modern fuzzy

mathematics and nonlinear analysis.
1.2 Recent Developments

Recent advancements in BF2MSs have refined theoretical foundations and expanded applications,
particularly in nonlinear analysis, decision-making models, and complex systems under uncertainty.
As explored by Atanassov and Gargov (2020) [22], bipolar fuzzy methods are used in decision making
problems of multi criteria in two choices that makes trade off evaluation also in [23] they work on
interval-valued IFSs and their application in multi criteria decision making (MCDM) frameworks in

uncertain environments.
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In nonlinear analysis, Mohammadi and Jafari (2021) [24] utilized BF2MSs to model dynamical
systems with the coexistence of attraction and repulsion forces, benefiting fields like physics
(Aghababa, 2018 [25]) and engineering (Yao et al.,, 2022 [26]). Extensions proposed by Singh and
Sharma (2021) [27] introduced additional parameters for more flexible modeling of multi-dimensional
relationships, finding utility in neural networks and artificial intelligence (AlI) systems. Integrations
with Al by Gupta and Kumar (2022) [28], highlighted the effectiveness of BE2MSs in machine learning
tasks, such as sentiment analysis and financial forecasting, where contradictory data must be managed.
Generalized BF2MSs and their applications in neural networks were introduced by Singh and Sharma
(2021) [29], showing their impact on deep learning architectures and cognitive computing.
Applications in robotics and cyber-physical systems emphasized by Xu (2023) [30] demonstrated the
relevance of BE2MSs for autonomous vehicle control. These studies underline the growing significance
of BF2MSs in addressing dualistic and uncertain environments across diverse disciplines, including

computational intelligence, engineering and decision sciences.
1.3 Nowvelty of the study

Our study introduces an advanced mathematical framework by extending traditional FMSs to
BF2MSs, enabling the modeling of dual-dimensional relationships such as attraction-repulsion and
compatibility-opposition. This approach enhances the representation of complex systems where
opposing influences coexist, overcoming the limitations of traditional metrics. By generalizing classical
FPTs, we establish new conditions applicable to systems governed by dual interactions. The
framework is particularly valuable for analyzing stability and convergence in nonlinear systems and
improving MCDM by reconciling conflicting objectives. Ultimately, this study advances fuzzy
mathematics, offering new insights into fuzzy topology, nonlinear analysis, and decision theory, with
broad interdisciplinary applications across computational intelligence, engineering, and control

theory.
1.4 Practical Applicability

BF2MSs hold substantial potential in mathematics, particularly in fields such as FPT, topology,
optimization, variational inequalities, MCDM, and convergence analysis. By incorporating both
positive and negative memberships, BF2MSs provide a refined and adaptable framework for
addressing uncertainty, conflict, and intricate relationships in complex systems. This innovative
approach establishes BF2MSs as a vital tool in contemporary mathematical modeling and analysis,

with significant implications for computational intelligence, control theory, and decision sciences.
2. Preliminaries

The study of CFPTs in BF2MS involves several foundational concepts from FST, metric spaces,
and FPT. These preliminaries establish the groundwork for extending classical results into the BF2MS

framework.

Definition 2.1 (MS): Let X be an arbitrary non-empty set. A functiond : Xx X —[0,0) is called a metric
on X, if for any elements x,y,z € X, the following axioms are satisfied:

(i)  non-negativity:d(x,y) >0
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(ii)  identity of indiscernible: d(x,y) =0 iff x=y
(ili) symmetry: d(x,y)=d(y,x)

(iv) triangle inequality: d(x,z)<d(x,y)+d(y,z)
The pair (X,d) is then called a MS.

Definition 2.2 (2-MS): Let X be a non-empty set. A function Q:XxXxX —[0,)is called 2-metric on

X if for all elements x,y,z,w € X, the following conditions holds:

(v)  Non-negativity: for any distinct x,y,z € X, Q(x,y,2)>0.

(vi) Identity: Q(x,y,z)=0,iff x,y,z are not distinct (i.e. at least two of the points are equal)

(vil) Symmetry in arguments: the value remains unchanged for any permutation of the points x,y, z.
ie. Qx,y,2)=Ny,z,x) = z,x,Y)

(viii) tetrahedral inequality: Q(x,y,z) <d(x,u,w)+d(x,w,z)+d(w,y,z)

The pair (X,d) is then called a 2-MS.

Definition 2.3: Let X be a non-empty set. A mapping B: X —[0,1]x[0,1] is called bipolar fuzzy set B on

X if for each element x € X the pair ( Hy(X), vB(x)) representing its degree of membership and degree
of non-membership, respectively i.e. u,(x)<[0,1] (positive membership degree) and v,(x)<[0,1]

(negative membership degree). The pair ( yB(x),vB(x)) must satisfy the constraint s, (x)+v,(x)<1

Vx e X.

Definition 2.4: A BF2MS on X is a 3-tuple (X,M,,*) where ‘+" is a continuous t-norm on [0,1].
M, =(M;2,MS;) is a bipolar fuzzy set on X°x[0,%), that is, for each triplet x,y,ze€ X and a real
number t >0, we have a pair M (x, y,z,t), M, (x, Y, z,t) representing the positive and negative
memberships of the BF2M M, satisfies the following axioms for all x,y,z,w e Xand all s,t>0:
(BF2M-1): M (x, y,z,t) =land M, (x, v, z,t) =0.
(BF2M-2): M, (x, y,z,t) #1 and M, (x, Y, z,t) #0,Vt>0, also M, (x, y,z,t) =1 and
M., (x,y,z,t) =0, Vt=0, ifatleasttwoofx,y,z areequal,andV x,yeX 3 zeX.
(BF2M-3): M, (x, Y,z t) and M (p(x, v, z),t) are invariant under any permutation of x,y,z.
(BE2M-4): M/ (x,y,z,r +t+s)=> M/ (x,y,w,r)* M (x,w,z,t)* M (w,y,z,s),

M, (x,y,z,7r+t+s) <M, (x,y,w,r)* M, (x,w,z,t)* M, (w,y,z,s)
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(BF2M-5): M/ (x,y,z,.) : (0,0) = (0,1]and M (x,y,2,.):(0,90) —=[-1,0) are both continuous functions.
Some additional necessary conditions in BE2MS are outlined as follows:

Symmetry: M (x,y,z,t)=M(y,z,x,t) and M_(x,y,z,t)=M_,(y,z,x,t)

Boundary Conditions: lim, M/ (x,y,z,t)=1and lim, M_(x,y,z,t)=0 and

lim, M/ (x,y,z,t)=0and lim, M, (x,y,zt)=1

Monotonicity: M. (x,y,z,t,) <M (x,y,z,t,)and M_(x,y,z,t)>M_(x,y,z,t,) for t <t,.

Contraction Condition: Let (X,Q)be CMS. If f:X — X is a continuous mapping, then there exists a
constant  ke€(0,1) Such That (s.t), for all x,y,zeX and t>0, we have

M (f(x), f(y),z,t) = M/ (x,y,z,kt) and M_(f(x), f(y),z,t) < M_(x,y,z,kt) impliesf hasaunique FP
in X.

Example 2.1: Consider X =[0,1], with a*b=min{a,b} for a,b €[0,1]. Define the bipolar fuzzy 2-

2=
) (1-]y -z

metric M, by M, (x, y,z,t) = min{|x—y

/]/_Z/

and Mé(x,y,z,t)zmin{(1—|x—y ),(1—|z—x|)} for x,y,zeX,t>0.

Then (X, M, ,*)forms a BFE2MS.

Example 2.2: Let X = (x,, x,, x,) be a set of three distinct point. Suppose we have 2-metric Q defined

on X, which intuitively measure the area of a triangle formed by three points. For simplicity, assume

that(x,y) is a function that outputs a value between 0 and 1, representing the degree of closeness

between points in the space. We now define the following positive and negative membership

functions. Let s (x, y,z,t):min(Q(x,y),Q(y,z),Q(z,x)) representing the positive membership or

attraction degree between x,y,z at time t and v (xy,zt)= 1—min(Q(x, ), Ny, z), Nz, x))
representing the negative membership or repulsion degree between x,y,z. Thus, the BF2M is given

by Mg(x,y,z,t):min{Q(x,y),Q(y,z),Q(z,x)} and M;](x,y,z,t):l—min{Q(x,y),Q(y,z),Q(z,x)}.
Let’s assume the distances based on the 2-metric Q are OQ(x,,x,)=0.8, Q(x,,x,)=09 and
Q(x,,x,)=0.7. Then, the positive membership for x,x,,x, at a given time ¢t is

M (x,,x,,x,,t)=min(0.8,0.9.0.7) =0.7 . The negative membership for x,,X,,x, at the same
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Mg (x,,x,,x,,t)=1-min(0.8,0.9.0.7) =0.3 . Thus, the BF2M for this set of points at time ¢ is

M, (x,,x,,%x,,t) = {M;(xl,xz,xa,t),M;l(xl,xz,xs,t)} =(0.7,0.3).

This illustrates how the BF2MS introduces both positive and negative memberships to model dual
relationships between points, providing a more comprehensive framework for handling uncertainty

and duality in complex systems.

Definition 2.5: Let us consider a BFE2MS as (X, MQ,*) . Then

(i) If limx, =x and xeX, then the sequence {x,} is said to converge to a point if

n—o0

limn%M;(xn,x,z,t)zl and lim M;)(xn,x,z,t)=0, VzeX and t>0.

0

(ii) If lim M/(x,,x,,zt)=1 and lim M_(x, ,x, ,zt)=0 for all n,meN, zeX and t>0.

then the sequence {x,} issaid to be a Cauchy sequence (CS).

(iii) Every CS in BF2MS, which is convergent is said to be complete.

Lemma 21: Let (X,M,,M_,,* be a BF2MS. If M/(x,y,zkt)>M)(x,y,zt) and

M (x,y,z,kt) <M/ (x,y,2,t), Vx,y,zeX,t>0, and some k<(0,1)hold good in BF2MS, thenx = y.

Lemma 2.2: The functions M, (x, Y, z,t) and M (x,y, z,t) are non-decreasing in t for all x,y,z e X.

Proof: Let #,t>0, t'>t then, by applying BF2M-4 for both the positive and negative memberships,
since M (x,y,z,t)=M](x,y,z,t) and M, (x,y,2z,t")<M;(x,y,z,t) which establishes the non-
decreasing values in both positive and negative memberships.

Lemma 2.3: Let {x, }be a sequence in a BF2MS (X, M,,,*), then {x } is a CS in X, if for some
ke(0,1), Fks.t. M (xm,xm,z,kt)ZM;; (x”,xm,z,t) and

Mg‘l(xm,xmz,z,kt)SM;I(xn,xM,z,t), vx,y,zeX,t>0 and n=0,1,2,3,.....

Lemma 2.4 (Contraction Mappings in BF2MS): Let (X, M,,, M,*) be a BE2MS. If for allx,y,z € X,
t>0, a mapping T:X — X satisfies a contraction condition in the BF2MS if 3Jke[0,1) s.t.

M (T(x),T(y),z,t)2 A.M"(x,y,z,t) and M (T(x),T(y),z,t)<AM (x,y,z,t).



Neutrosophic Sets and Systems, Vol. 98, 2026 129

Lemma 2.5 (Compatibility and Weak Compatibility in BE2MS): Let(X, M, M,,,*) be a BF2MS. If all
x,y,z€X, t>0,two mappings T, T, : X — X are compatible if

EmM*(T,(x,), T,(x,),z,t) 2 imM"(x ,x ,z,t),

n—o0

and lim M™ (T (x,), T,(x,),z,t) <im M (x,, x

n—x0

z,t), for any sequence {x,} X.

n’

Two mappings T, and T, are weakly compatible if T,,T,(x)=T,T,(x) impliesT, (x)="T,(x).

Lemma 2.6: In all the examples we define the function ¢ e ®, which is upper semi-continuous,

monotonic, non-decreasing, and satisfies diagonal dominance. We prove some FPT on

#:[0,1 —[0,1] and each variable satisfying ¢(tttt,t)>t, Vte[0,1]. For example, the function

¢(t1,t2,t3,t4,t5 ) =t,, Vt'se[0,1] isa member of this class.

Lemma 2.7: (Coincidentally Commuting Mappings): Two mappings f,g:X — X are said to be
coincidentally commuting if (fog)(x)=(go f)(x) whenever f(x) = g(x).

Notably, every commuting mapping is coincidentally commuting, but the reverse does not

always hold.,

3. Fixed Point Theorem for BF2MS

Theorem 3.1: Let (X, M,,,*)be a complete BF2MS with M, =(M/,, M), and t*t>t holds for all

te[0,1] and let f:X — Xbe a self-mapping. Then f has a CFP in X if there exists a continuous
mapping A : X — f(X), which commutes with fand satisfies

M, (A(x), A(y),z, kt) 2 ¢{ 1)

M&(f(x),f(y),z,t);M;(f(x),A(x),z,t);M;(f(y),A(y),z,t),}
M (f(y), A(x), z, at); M (f(x), A(y), 2, (2 - a)t)

and Mo (A, A2 k)< ¢{MQ(f(x)rf(y)/sz)/‘Mg(f(x)rA(x)/zrf)/‘Mg(f(}/)/A(y)/zft)/} 2

M, (f(y), A(x),z,at); Mg (f(x), A(y), z,(2—a)t)
for x,y,zeX,t>0, andae€(0,2), and ke(0,1) and ¢ e ®, asinlemma 2.6.

If lim,_ M;(A®),Aly)zt)=1 and lim M, (A(x), A(y),z,) =0, Vx,y,z€X.then f and A have a

UCFP.
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Proof: By settingx , = f(x,)=A(x,,), n=0,1,2.., we develop a sequence {x, }. First we prove that

n+l

{A(x,)} is a CS. Applying condition (ii) witha =1-k for ke(0,1),in (1), we have

M, (fCx, 1) f(x,), 2,8 Mo (f(x,,), ACx, 1), 2,8);
Mg (A(x,,), Alx, ), 2, kt) 2 ¢ M (f(x,), A(x, ), 2, £); Mg (f(x,), Ax,,), 2, (1= K)b);
M, (f(x, ), Ax,), 2, (1+k)t)

Mi(x ,x ,z,t), M (x ,x .,z,t),M(x . ,x _,z,1),
or Mg(le,lele,kt) Z¢ Q( n n+1 ) Q( n n+1 ) Q( n+1 n+2 )
M (x,.,,x, .,z (A=kt),M)(x,,x,.,,z(1+k)t)
M (x ,x _,,z,t), M (x ,x .,z,t), M- (x .,x . ,z,1),]1,
Mg(x,,+11xn+2rzzkt) Z¢ Q( n n+1 ) Q( n n+1 ) Q( n+1 n+2 ) (3)
M;l(xn’xn+l’z’ t) >k‘I\A;)(xn’xn+2’z’ t)
Now two cases arise,
Case I Because ¢ is non-decreasing ie. a4, <b,Vi=¢(a,..a,)<¢b,.b) and if

M(x, %, ,,z,t)>M;(x,,x,.,,2zt) then equation (1) yields

M;Z(xnﬂ 4 xn+2 12, kt) 2 ¢{M£-;(xn’ xn+l’z’ t)’ M(-; (xn 4 xn+1’ Z, t)’ M;Z(xwrl’ xn+2’ z, t)’ 1’ M;Z(xn’xnﬂ’z’ t)}

from lemma 2.6, MJ(x,,,x,.,, 2 kt)>M)(x, ,x, ,zt) or

n+l’

M (A(x, ), A(x,),z,kt) > M (A(x, ,), A(x, ,),z,t), V>0, therefore by lemma 2.3, {A(x” )} is a CS.

Case II: If M; (xn,xm,z,t) > M;) (x xm,z,t) for some 1, then by using (3)

n+17
+ +
MQ(xn+1’ xn+2 12y kt) 2 MQ(xn+1’ xn+2 12y t)

Thus by lemma 2.3, x, , =x, ,whichimplies f(x, )= f(x, ,) ie x,_,=x, ., andso on. These exists

some positive integer s.t. n>m implies x, =x, , which show that {x } a convergent sequence and
so Cauchy sequence. Thus in either case, {A(xn )} is a Cauchy sequence in X. Since X is complete,

therefore there exists limz =lim A(x,), for all z€ X, it follows that Az= fz. Now using a=1+¢,
g<€(0,1), all £>0, in (3) yields

M, (x,,A(z),z,t); M} (x,,X,.,,2,1);
A(z),z,kt) = Mg (A(x,,)), A(2), 2, kt) = ¢ Mg, (f(2), A(2), 2, t); M (f(2), X1, 2, (L+)E);

M (x,, A(z),z,(1-q)t)

M (x

n+1’

or letting n-—o and after that 4 —0,
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M (z, A(z),z,kt) > ¢{Mg(z, A(z),z,t); L1, M (A(2),2,2,t), M (2, A(2), 2, t)}

from lemma 2.6, M/ (z,A(z),z,kt)> M/ (z,A(z),z,t) , which implies that A(z)=z therefore

f(z)=A(z)=zi.e f(z)=z. Thus fhasa fixed point z. Thatis fand A have a CFP z.

Again let w(#z) be another fixed point of f, i.e. f(z)=z and f(w)=w, the for the sake of

uniqueness using (3) fora =1+4, 1€(0,1), wehave M (z,w,z, kt)= M} (A(z), A(w),z kt), te[0,1].
Lettingg >0, M, (z,w,z,kt)> ¢{M;(z,w, z,t); M\ (z,w,z,t);1; M{(z,w,z,t); M (z,w, z, t)}
ie. M (z,w,z,kt)>M/(z,w,zt), forall t>0, from lemma 2.2. Now using lemma 2.1 which

implies z = w. Hence f and A have UCFP in X. Similarly we can prove lim, Mg, (A(x), A(y) zt)=0.

This completes the theorem.

Theorem 3.2: Let (X, M,,,*)be a complete BE2MS with M, =(M, M), and t=*t >t forallt<[0,1].

Suppose S and T are continuous mappings of X into itself. Then S and T have a CFP in X if there exists
a continuous mapping A of X into S(X)(T(X), commutes with S and T, which satisfy the following
conditions:

@) S(X)cT(X)

@ii)*s  T(X)is complete,

(iii)** The bipolar fuzzy 2-metric M, satisfies the inequality:

M;, (A(), Ay),a,kt) > ¢{M5 (S(x), T(y),a,t); Mg, (S(x), Ax),a,t); Mg, (T(y), A(y), a,t) ,} "

M, (T(y), Ax),a,at); M, (S(x), A(y),a,2—a)t)

and M (A(x), A(y),a,kt) > ¢{MQ(5(X),T(V)/ a,t); M (S(x), A(x),a,t); M (T(y), A(y), a,t),} )

M;) (T(y)r A(x)l a, at); M;; (S(X), A(y)/ a, (2 - a)t)
V(x,y,a)eX, t>0, a€(0,2), ke(0,1) and ¢ ®, asinlemma 2.6 with lim  M] (x,y,z,t) =1

and lim M (x,y,z,t)=0, implies A, Sand T A have a UCFP in X.

—

Proof: Define a sequence {y,} recursively via y 6 =f(x,) for n=0, with x,eX. By setting

yZn = Ax2n = Sx and y2n+l = Ax = T.X

- 2n+1

vn=0,1,2..... We will show the sequence {Ax,}is CS.

2n+1 2n+27

Casel:If y, #vy, ,, fora=1-q, q€(0,1) weintroducedx=x, , y=x, , z=x,, , in(4), then

2n+1
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M;;(szn,sznH,Z, qt) > ¢{M§+l (Sx2n’Tx2n+l’Z’t)"M;; (Sx2n’ AxZn’Z’ t)’M;rZ (Tx2n+l’Ax2n+l’Z’ t)’}

M (TxZM,szil,z,(l—q)t);M; (Sx Ax2n+1,z,(1+q)t)

2n’

M (Yot Yo 20t )i MG (Y1 Y 2 )i M (Y Y1201
M; (yZ;I’yZn’Z’(l_q)t);M; (y2n—l’y2n+1’z’(]‘+q)t)

or M; (]/Zn]/2n+1leqt)2¢{

> (M (Va1 Yo 2 )i MG (Va0 Y 2 ) My (Yo Vot 2 )i T My (V1 W02 (1501

letting g—1, then and (BF2M-4),

M;) (yZH—l’yZn’Z’t)"M;r) (yZn—l’yZn’Z’t)"M;Z ( Zn’y2n+l’z’t)’.1;}
M (Yaur Yo Z0)s MG (Vo Yo 2,)

M;(ywymwz,kt)m{

which we have either M/ (yZn s Yiqr s t) <M} (yz,l_l Yo r Zs t)

or M;(yZn/yZnH’Z’t)>M;(y2n—l’y2n’z’t)'

Assume that the condition M (yzyl,yzm,z,t) <M (ymﬂ,yZn,Z,t) hold for a certain n. Owing to the

fact that ¢ is non-decreasing in every condition, we can infer from (4) that

M (Yo Yor 2K 2 $IME (Yot Y Zo)i M (Yot Y 2o ) i M (Yt Y 2o ) ;MG (Vi Y 2o )

i'e’ M;} (yZ)z’erwl’Z’kt)ZM;Z <y2n—1’y2n’z’t) (6)
Similarly, in later cases, it follows from that

M (Yo Yo 2t )s Mgy (Y Yo 2,8) ML, (yzwywsz);}

]\4+ 7 7 /k -
Q (yZH y2n+l z t)>¢{ M;r) (y2n’y2n+1’z’t)"M;; (y27l’y2"+]’z’t)

i'e' M;} (y2)1’y2n+1fz’kt)ZM;; (y2n’y2n+]’z’t) (7)

for every t >0, lemma 2.3, yieldsy, =y, ., which leads to a contradiction, because y, =y, .,
holds Vn=0,1,2...... Hence from (6), we obtain

M; (yZn’y2n+1’Z’ kt) = M;l(yanl’yZn’z’ t) (8)
forall t>0, Againfor 2m>2p+1, then from (8),

M, (Ax2m,Ax z,kt)ZM; (Ax AxZF,z,t/k)

2p+1/ 2m-17

for every m and p in N. Further if 2m>2p+1, then

M,\(Ax,,,, Ax,, ., 2,kt) > Mg, (Ax,, ,, Ax,,, 2,t | k). MG (AX,, AX, 02t KT )

If 2m>2p+l, then M (Ax,,, Ax,,,,,z kt)>M](Ax Ax,,z,t] K (10)

2p+17/ 2m—(2p+1)”/
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by simple induction with (9) & (10) we have M (Axn,Ax z, kt)z M (AxO,Ax,,Z,t /k" )

n+l’

Ifn=2m,p=2s+lorn=2m+1,p=2s+1in (BF2M-4)

M, (Ax,, Ax

n+p’

z,kt) > M;(AxO,Axp,Axl,t/3k”)*Mg(Axo,Axl,z,t/3k”)*M;l(Axp,Axl,z,t/Bk”) (11)
If n=2m, p=2sor n=2m+1, p=2s, for every positive integer p and n in N, by noting that

M (Axo, Axp,z,t/k") —1asn—o0. Thus {Ax”} is a Cauchy sequence.
CaseIl: If y, =y, ,, for some positive integer m. Hence m may be even or odd positive integer

without loss of generality take n=pie., x, =x, , and so that

ASx,, = ASx, ., SAx, = ASx, ., ASx, = ATx, =ATx, ,,5Ax, =TAx, =TAx, , and
ASx,, =SAx,,,,ATx, =TAx, ,, which implies that x, , =x, ;. In the same way x, , =%, ;...
Thus x,,., =%,,,,.,, Vr=0,1,2..... Thus we have for case I as

M (A Xy Ay 2 KE) 2 MG (AR, A%, 2t =1,
= M (A%, 000 A, 2 kE) =1, VES0, yields by Ax,,,., =A%, ,, ¥r=012.. Thus

Ax,, = Ax,, = Ax, ,...., this establishes that the sequence {Axn } is convergent and consequently it

must also be Cauchy. Thus {Ax”} is always a Cauchy sequence. Since X is complete, the sequence

{Axn} converges to some point wueX, which further implies u=limAx, and

n—»w

z=limSx, = lgn Ix

n—0 n—0o0

it follows that Au =Su =Tu. Applying (4) fora =1

2n+27

“ (Su, TAu, z,t); M, (Su, Au, z,t); M3 (TAu, AAu, z,t);
Mg(Au,Azu,z,kt)=M5(Au,AAu,z,kt)2¢{MQ(S”’T 1,2,t); M}, (Su, Au, z,t); M;, (TAu, u,z,t),}

M, (TAu, Au,z,t); M, (Su, AAu, z,t)

M;, (Au, ATu, z,t); M, (Au, Au, z,t); M, (ATu, AP, z,t);
! M}, (ATu, Au,z,t); M, (Au, Au,z,t)

- ¢{M;2 (Au,Azu,z,t);l;l; M, (z‘lzu,Au,z,t);M;2 (Au,Azu,z,t)}

ie. M, (Au, Azu,z,kt) > M, (Au, Azu,z,t)z M, (Au, A%u,z,t] k), also
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M} (Au, Az kt) > M, (Au, Au,z,t 1 k) 2 M, (A, Au,z,t /K ) 2 M (A, Au,z,t K.,

Science lim, M (Au, A*u,z,t K" ) =1., so that M, (Au,Azu,z,kt) =1, which implies, Au =Au,

and hence A*u=Au=Su=Tu=u. Thus u isaCFPofS, T and A.
For uniqueness let w(# u) be another CFPof S, T and A. From (4) for « =1, we have

+ At A At A .
M, (Au, Aw,z,kt) > ¢{Mg (Su,Tw, Z’t)’MQ (Su, u, Z,t‘),MQ (Tw, w, z,t),}

M, (Tw, Au,z,t); M, (Su,Aw,z,t)

{M; (Au, Aw,z,t),'M;2 (Au, Au,z, lf);M;2 (Aw, Aw,z, t);

>M' (Au, Aw, z,
Mé(Aw,Au,z,t);M;(Au,Aw,z,t)}> o (Au, Aw,z,t)

ie M/, (u, w,z, kt) > M, (u,w,z,t). Therefore by lemma 2.1, we wite u=w. That z is a UCFP of S, T

and A.

Corollary 3.1: Let (X,M,,*) be a complete intuitionistic BF2MS with M, =(M,, M),

txt>t,Vte[0,1]. Assume (S, T) be two continuous maps. Then S and T possess a CFP in X provided
there exists a continuous mapping A of X into S(X) n T(X) that commutes with S and T. Moreover

(m,p) >0, and there exists 0 <k <1, s.t.

M. (S'x,T"y,z,t); M (S"x, Ax,z,t); M (T"y,
M;;(Ax,Ay,Z,kt)Z¢{ Q( X ]/ z ) Q( x X,z ) Q( y} (12)

Ay, z,t), M (T"y, Ax, z,at); M,(S"x, Ay, z,(2 - a)t)

(13)

M, (S"x,T"y,z,t); M (S"x, Ax, z,t); M (T"y, Ay, z,t);
and MQ(Ax,Ay,z,kt)SqIﬁ{ a(8" 2Ty, 2,1 M (57, Ax, 2,8 Mo (T"y, Ay, 2 )}

M, (T"y, Ax,z,at); M, (S5"x, Ay, z,(2 - a)t)

for x,y,zeX,t>0,a<(0,2), and ged, as in lemma 2.6 with limM,(x,y,zt)=1 and

lim M, (x,y,z,t)=0. Further suppose that (a) S"(X)cT"(X) and (b) T"(X) is complete, then S,

T, and A have a UCFP.

Proof: Using the conditions in theorem 3.2 for BF2MS, S” and T" have a UCFPzs.t. S'z=T"z=z.
Since S*(Az)c A(S"z)=Az and T"(Az)c A(T"z)= Az we conclude that Azis also a CFP of, S’

and T". By the uniqueness of z, it implies S(z)=z and T(z)=z,s0 A(z)=S5(z) =T(z) =z. Hence,
S, T, and A have a UCFP. This completes the proof.
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Corollary 3.2: Let (X, M,,,*) be a complete intuitionistic BF2MS with M, =(M;,,M,)), t*t>tfor all

te[0,1]. Let f:X — X be a self-mapping in X. If 3 a continuous mapping A:X — f(X) s.t.,, for
x,y,zeX, t>0,ke(0,1),

M/ (Ax, Ay, z,kt) > M/ (fx, fy,z,t) and M (Ax, Ay, z, kt) <M (fx, fy,z,t),

then fand A has a UCFP in X.

Proof: This can be obtained by setting ¢:[0,1]° —[0,1] as ¢(t,,t,,t,,t,,t,)=¢, in theorem 3.2 for

BF2MS.

Corollary 3.3: Let (X, M,,,*)be a complete BF2MS with M, =(M/,M,), t*t>tfor all te[0,1]. If

there exists a continuous mapping A: X — X s.t,, for x,y,z€ X,t>0,k€(0,1),a €(0,2),

M t); M (x, A ), M (y, A t);
M2(Ax, Ay, z, k) > min | 1o (Y28 Mo (6, Ax, 2,0 Moy, Ay, 2, 1) (14)
M, (y, Ax, z, at); M| (x, Ay, z,(2 - a)t)
- . - A . - A .
and M- (Ax, Ay, 2, k) < max M, (x,y,z,t); M (x, Ax,z,t); M, (v, Ay, z,t); (15)
M (y,Ax,z,at); M, (x, Ay,z,(2-a)t)

then A has a UCFP.

Proof: This follows by choosing ¢:[0,1]" —[0,1] as ot t,,t,,t,,t,) =min(t,,t,,t,,t,,t) in the

positive M, and ¢(t,,t,,t,,t,,t,) =max(t,,t,,t,,t,,t,) in the negative M, withf=Iin theorem 3.2.

4. Real-Life Applications in BFE2MS

Example 4.1 (BF2MS in MCDM): A company is evaluating three alternative projects (P,,P,, P,) using

a BF2MS approach in MCDM. The evaluation considers the positive criteria (+) (profit potential,
innovation, market demand) and negative criteria (-) (risk, environmental impact, implementation
complexity). The goal is to determine the most suitable project by balancing positive and negative
influences using BF2MS. Let the assign normalized values to each project based on expert opinions are
as in Table 1

Criteria P P, P,
Profit Potential (+) 0.837 | 0.745 0.923
Innovation (+) 0.945 | 0.665 0.824
Market Demand (+) 0.749 | 0.856 0.965
Risk (-) 0.475 | 0.555 0.391
Environmental Impact (-) 0.645 | 0476 0.575
Implementation Complexity (-) | 0.568 | 0.682 0.448
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Table 1: Initial Scores for Each Project

Solution: For the solution, we find the following steps

Step 4.1.1: A BF2MS is represented by (P,d",d"), where
» P=(P,P,,P,) (set of projects)

» d'(P,P,,P,) represents the positive fuzzy metric (higher values are better)

» d (P,P,,P,) represents the negative fuzzy metric (lower values are better)

Step 4.1.2: Let the bipolar fuzzy membership function be given by u'(P,P,,P,)= e BB and

u(P,P,P)= 1-e " BRR) - where o,p are weight parameters representing the impact of positive

and negative influences.
Step 4.1.3: We compute bipolar fuzzy-2 distances by using fuzzy-2 metric computations as follows:

w, .profit +w, .innovation + w,.market demand

positive fuzzy distance d*(P,,P,,P)=
w, + W, + W,

w, risk + w, .environment + w, .complexity

negative fuzzy distance d (P,P,P,)=
w, + W, +w,

let us assign weights w, =0.6, w, =0.2, and w, =0.2 for positive criteria and w, =04, w, =04,

and w, =0.2 for negative criteria.

Project | d* a

0.841 0.562
By

0.751 0.549
PZ

912 47
P, 0.9 0.476

Table 2: Positive and negative distance for each project
Step 4.1.4: The overall bipolar fuzzy score S(P)=u'(P)-u (P) for different values of «,f as

shown in Table 3

Project N - . _
J w(B)=e W (B)=1-¢"® | S(R)=u'(R)=4 (R)
P 0.638 0.472 0.166
a=14 '
p£=08 P 0.645 0.475 0.169
2
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0.683 0.495 0.188
P3
0.456 0.366 0.090
P,
a=0.8
=14 P 0.464 0.371 0.093
2
0.514 0.402 0.112
PS
0.570 0.435 0.136
P,
a=1
p=1 P 0.578 0.439 0.139
2
0.621 0.463 0.159
PS

Table 3: Bipolar fuzzy score function

07 0638 0645 o 06
0.57 0.578
0- 0.514
0. 0 456 0.464
0.4 o g B
0.
0.
09 1093
0.

)]

(%]

3

2

1

0
M Project
u 0.638 0.645 0.683 0.456 0.464 0.514 0.57 0.578 0.621
u 0.472 0.475 0.495 0.366 0.371 0.402 0.435 0.439 0.463

0.166 0.169 0.188 0.09 0.093 0.112 0.136 0.139 0.159

Figure 1: MCDM result

Table 3 indicates that the project P, is the optimal choice, the project P,is the next best option, and

the project P, is the least favorable based on the lowest score. Consequently, the project P, is the best

selection according to the BFE2MS assessment methodology. This approach improves decision-making

frameworks in practical contexts, including company strategy, risk evaluation, and project selection.

Example 4.2. (BF2MS in Medical Diagnosis-1): A medical diagnosis system evaluates three patients

P, P, and P, for two symptoms such as (i) the presence of disease-related symptoms (positive

membership, M/)) (ii) presence of conflicting or irrelevant symptoms (negative membership, M, ).
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Calculate the BFE2MS (M, and M,,) for each patient combination at t=1and t=2 and determine
which group of patients P,, P, and P, has the highest positive proximity ( M,, ) and lowest negative

proximity (M, ). Also, interpret the results and suggest how this information could be used to group

patients for treatment or further analysis.

Solution: For patients P, P, and P, in the set X, MJ(P,P, P, t)=pu,(P, P, P,t)e’ is the
membership  function  for  positive symptoms (relevant  to  disease) and

Mé(Pl,PZ,PS,t):VQ(Pl,PZ,Pyt).e” , for negative symptoms (conflicting /irrelevant) in the BF2M

respectively, where t>0 is the time decay parameter. Let the fuzzy memberships ( x#, and v, ),

based on the observed symptoms are as follows in Table 4:

Patients P, P,, P, Positive Membership (u,) | Negative Membership (v,,)
Combination1: P, P,,P, 0.851 0.254
Combination2: P, P,,P, 0.723 0.485

0.934 0.198

Combination 3: P,,P, P

2773 71

Table 4: Fuzzy memberships
The calculation of BF2M is shown in the table 5:

Forrealt | Combination M, M,
P, PP, 0.313 0.093
t=1
P, PP, 0.266 0.178
PP, P 0.344 0.073
P, PP, 0.115 0.034
t=2
P, PP, 0.098 0.066
PP, P, 0.126 0.027
P, PP, 0.042 0.013
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t=3 0.036 0.024
1o P

37

P PP 0.047 0.010

2773771

Table 5: Calculation of BFE2M

Medical Diagnosis Result by BF2MS

120% 0934 0.344 0.126 0.047 0.198 0.073 0.027 0.010
128; 0925 0366 0095 0.9%6 O'%SS 0']%78 0'(%66 0'(%24
o 045 0-3;13 0-1;15 07342 6.254 0.093 0.034 0.013

20% \9 / s

a :

Or =1 =22 &3 v- | =1 2| 63
P2, P3, P1 0.934 0344 0.126 0.047 0.198 0.073 0.027 0.010
P1,P3, P2 0.723 0.266 0.098 0.036 0485 0.178 0.066 0.024
——P1, P2, P3 0.851 0.313 0.115 0.042 0.254 0.093 0.034 0.013

Chart 2: Medical diagnosis result

The research highlights patient clustering and decision-support findings. Patients had the
highest positive closeness and the lowest negative proximity, suggesting substantial symptom
similarity with few contradicting or irrelevant characteristics. By clustering such patients for

comparable treatment regimens, the system optimizes diagnostic closeness for successful therapy the

pattern P, , P, P, is the best medical diagnostic. The method also reveals subtle patterns in dual

behaviors like overlapping illnesses or contradicting symptoms, improving medical diagnosis.

Example 4.3. (BF2MS in Medical Diagnosis-2): A medical diagnosis system analyzes symptoms and
diagnostic criteria for a disease. Some symptoms may positively indicate a condition (e.g., high fever
for an infection), while others may negatively correlate or suggest alternative conditions (e.g., absence
of fever for non-infectious issues). A BF2MS models these dual relationships to help doctors make

more precise diagnoses.
Let X=(P,P,,P,) be a set of three patients. Each patient exhibits symptoms with varying
levels of positive and negative memberships to a disease diagnosis. We define M" a degree of positive

correlation of symptoms with the disease, M~ a degree of negative correlation of symptoms with the

disease and tis the weighting factor (e.g. severity or time duration of symptoms).

—at)[|dx,y)+d(y,2)]

The degree of positive correlation in BF2MS is M* (x,y,z,t) =¢ , where a(t)>0, is

a decay constant controlling the rate of decrease, and d(x,y)=(x-y)?, Vx,yeX measures the

similarity/difference between patients based on symptom scores. Similarly, the degree of negative
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correlation M™(x,y,z,t)= ¢ POGy-dly.2)] , where f(t) > 0, is another decay constant controls the effect

of opposing relationships. The scores for three key symptoms in relation to a disease as follows:

Symptom Patient P, | Patient P, | Patient P,
Fever 0.92 0.87 0.79
Cough 0.78 0.69 0.56
Fatigue 0.81 0.75 0.69

Symptom Difference (Euclidean Distance):

d(P,,P,)=(0.92-087) +(0.78-0.69) +(0.81-0.75)" =0.0142

d(P,,P,)=(0.87-0.79) +(0.69-0.56)" +(0.75-0.69)" =0.0269

For t=1,0=0.5= a(t)=0.5, in a degree of positive correlation

—a(t)[|dxy)+d(y,2)]

M*(x,y,z,t)=e ie. M'(P,P,P,t)=¢"*""Y=0.97966 and corresponding

M~ (P,P,,P,,t)=1-0.97966 =0.02034. For t=1,8=03= B(t)=03 , in a degree of negative

correlation M~ (x,y,z,t)=¢” Ofto-dval] M~ (P,P,,P,,t)=e"*" =0.996197 and corresponding

M*(P,P,,P,,t)=1-0.996197 = 0.003803.

17727737

Thus, as a result, a positive membership (M*) value of 0.97966 indicates moderate

compatibility among the three patients' symptoms, suggesting a shared likelihood of the disease. In
contrast, a value of 0.02034 indicates relatively low opposition, meaning there is little evidence to

suggest alternative diagnoses.
Similarly, a negative membership (M~), which is a moderate negative membership value of

0.996197, indicates the potential conflict among the symptoms, which might indicate alternative
conditions or a need for further analysis. In contrast, a value of 0.003803 indicates relatively low
opposition, meaning there is little evidence to suggest alternative diagnoses. This example
demonstrates how BE2MS can model dual relationships in medical diagnoses, improving the accuracy

and efficiency of decision-making in healthcare systems.

Conclusion: This study introduces the concept of BF2MSs, a dual-dimensional mathematical
framework that fills basic deficiencies in fuzzy metric models. BF2MSs broaden FPTs to dual-
interaction systems by integrating attraction-repulsion and compatibility-opposition dynamics. These
advances improve complex and nonlinear system stability, convergence, and equilibrium analysis,
which benefits social networks, biological ecosystems, control systems, and optimization challenges.
BF2MSs also help MCDM and medical diagnosis systems assess illness symptoms and diagnostic

criteria by addressing competing aims and ambiguity, boosting decision-support models across
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disciplines. They are important in mathematical modeling and real-world problem-solving because
they apply to topology, variational inequality, and computational intelligence. This paper lays the
groundwork for future interdisciplinary research in fuzzy mathematics, nonlinear analysis, and

decision sciences by connecting theoretical advances to practical applications.
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Abstract: Neutrosophic numbers have received increasing attention from researchers and
industrialists to address the indeterminacy and uncertainty inherent in real-life decision-making.
This study aims to solve the transportation problem where supply, demand and transportation costs
are Nonagonal Neutrosophic Numbers (NNNs). In the existing literature, various methods have
been introduced to solve transportation problems (TPs) involving neutrosophic parameters. The
application of Nonagonal Neutrosophic Numbers to transportation problems is a relatively recent
development. NNNs offer a more detailed and adaptable representation of uncertainty by utilizing a
nine-parameter structure that captures the degrees of truth, indeterminacy, and falsity. Therefore, in
this paper, we solve the transportation problem using Nonagonal Neutrosophic Numbers for the
first time. To facilitate this, we introduce two novel score functions for converting NNNs into crisp
values. Based on these, we propose an algorithmic framework to obtain the optimal solution
effectively. To exemplify the effectiveness of the proposed method, we solved a numerical example,
and the obtained results are presented and compared with those in the existing literature. Finally,

the significance of this study and potential directions for future research are mentioned.
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1. Introduction

The transportation problem (TP) is one kind of Linear programming problem that aims to minimize
the total cost involved in transporting goods from multiple sources to multiple destinations. George
Dantzig is attributed with the initial formulation of the concept of linear programming in
1947.Hitchcock formulated classical transportation problem for the first time. Although the classical
transportation problem cannot handle the uncertainties in real-world scenarios, it only narrates the

rigorous data of supply and demand.

To address this gap, researchers have introduced classical transportation models into fuzzy systems.
Fuzzy set theory, formulated by Lotfi A. Zadeh [3] in 1965, enables the modeling of vagueness and
imprecision by incorporating degrees of membership. Building upon this concept, Atanassov
proposed Intuitionistic Fuzzy Sets (IFS) in 1986, which consider both membership and
non-membership functions. However, IFS falls short of explicitly representing indeterminacy which

is a crucial factor in many real-world applications.

In response to the inability of existing models to address this shortcoming, the concept of
neutrosophy was introduced by Florentin Smarandache in 1999. Neutrosophic sets extend classical
and fuzzy theories by incorporating truth, indeterminacy, and falsity components, thereby offering a
more comprehensive framework for modeling incomplete, inconsistent, and indeterminate
information. Since then, neutrosophic theory has been successfully applied in various optimization
domains, including transportation problems. Notably, Thamaraiselvi and Santhi [11] proposed
optimization techniques for transportation problems under a neutrosophic environment. Singh
Kumar, and Appadoo [6] further contributed to the field by presenting a modified approach for

optimizing real-life transportation problems using neutrosophic sets in 2017.

Subsequent studies have explored various forms of neutrosophic numbers, such as triangular,
trapezoidal, pentagonal, hexagonal, heptagonal, and octagonal, to enhance uncertainty modeling.
Srinivas. S & Prabakaran. K [8] developed a method for solving transportation problems using
triangular fuzzy neutrosophic numbers in 2023. Broumi et al. [12] introduced an algorithm for
trapezoidal interval-valued neutrosophic network analysis, demonstrating the applicability of
neutrosophic logic in complex decision-making systems. In 2024, Kalaivani Kaspar and Palanivel
Kaliyaperumal [17] employed single-valued trapezoidal neutrosophic numbers to solve
transportation problems with mixed constraints, highlighting the versatility of neutrosophic

numbers in handling various types of uncertainty.

Moreover, Chakraborty, Broumi, and Singh [18] explored the use of pentagonal neutrosophic
numbers, contributing to the expanding literature on neutrosophic-based transportation models.
Nagalakshmi, T., Sudharani, R., & Ambika, G. [23] presented a comparative analysis of fuzzy
transportation problems using hexagonal fuzzy numbers and neutrosophic triangular fuzzy

numbers in 2022. Recent developments have also considered heptagonal and octagonal
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neutrosophic numbers, along with the formulation of appropriate score functions, further
expanding the applicability of neutrosophic models in uncertain environments, have been discussed

in [24]-[27].

In this context, the present study focuses on advancing transportation problem modeling using
Nonagonal Neutrosophic Numbers (NNNs). These provide a finer and more detailed representation
of uncertainty through nine parameters that reflect varying levels of truth, indeterminacy, and
falsity. This novel approach aims to provide enhanced accuracy in decision-making for complex and

uncertain transportation systems.

Fuzzy
Transpor

ntultlonlsn
¢ Fuzzy | ».Neutrosophic

tation y fransporta | ‘Transportati “
\@em /o tion System \ on System :

’ Classical *
Transpor
tation
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Motivation of the study

Real-world transportation systems are often fraught with wuncertainty, imprecision and
indeterminacy caused by fluctuating costs, unpredictable weather conditions, and incomplete
information. To tackle these challenges, neutrosophic numbers have been increasingly utilized.
Recent developments, such as Triangular, Trapezoidal, Hexagonal, and Octagonal neutrosophic
numbers have offered improved modeling adaptability, but may still be limited in representing
highly complex and layered uncertainties. This motivates the use of Nonagonal Neutrosophic
Numbers, a more advanced representation that employs nine parameters to capture deeper nuances
in uncertainty. NNNs allow for finer granularity in modeling expert opinions and fluctuating data,
offering enhanced decision-making capabilities in environments characterized by high ambiguity

and incomplete knowledge.
Research gaps

Based on the literature review, it is evident that numerous researchers have developed various
methods to solve TPs in certain and uncertain environments. However, several research gaps still

remain in the existing approaches, as listed below:

. The majority of existing studies focuses on triangular, trapezoidal, or hexagonal
neutrosophic numbers, which, while effective, offer limited capacity to model highly
complex or multi-layered uncertainty. The potential of NNNs-with their nine-parameter

structure, for capturing more intricate and uncertainties remains underexplored.
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. While the conceptual basis of NNNs is emerging, there is a lack of structured
frameworks or algorithms specifically designed to apply NNNs in transportation problem
contexts. This limits their practical utility and acceptance.

o There is limited literature comparing the performance of NNN-based solutions with
other fuzzy and neutrosophic approaches in terms of accuracy, robustness, and
computational efficiency. Such comparisons are essential to validate the effectiveness of
NNNs in real-world scenario.

. Few studies have implemented NNN-based transportation models in practical domains
such as disaster management, logistics planning and supply chain distribution. This

highlights the gap between theoretical development and practical implementation.
Research highlights

This paper presents a comprehensive overview of transportation problem in a neutrosophic manner
using NNNs.It explores the characteristics of NNNs, identifies gaps in existing approaches to
various types of transportation problems, and introduces double defuzzification for NNNs. A
step-by-step algorithm is introduced to solve the transportation problem in a neutrosophic
nonagonal context. The supply, demand, and transportation cost entries in the transportation table
are expressed using NNNs, allowing for a more refined modeling of uncertainty. The outcomes
were compared with those obtained from existing methods to demonstrate their effectiveness and

applicability.

This paper is structured as follows: Section 1 presents the abstract and introduction. Section 2
focuses on fundamental definitions. Sections 3 and 4 introduce NNNs and discuss their
mathematical properties, respectively. The score function for defuzzification of NNNss is expressed
in section 5.In section 6-9, include the proposed algorithm, illustrative diagrams, mathematical
formulation, and a numerical example to demonstrate the methodology. Section 10-12 discuss the

findings in the form of major conclusions, limitations and future scope.

2.Preliminaries

Definition 1 A fuzzy set {§ in a non-empty set X is defined as § = {(x, ©5(x)/x € X)}
where O , the degree of membership of x in fuzzy set ¥ and @g : X — [0,1] .

Definition 2 A set 3 in a non-empty set X is said to be an intuitionistic fuzzy set as
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3 = {(x,05(x), &5(x))/x € X} where ©5,&5: X — [0,1] and Og(x) , 8y (x) indicates the
degree of membership and non-membership of x to the set M such that
0=05(x) +&kx) =1

Definition 3 Let X be a non-empty set. A neutrosophic set N in X is defined as
N ={(x, 0p (x), & (x), @y (x))/x € X} where @y is a truth membership function, &3 isan
indeterminacy -membership function and @y is a falsity-membership function in which

On, &, @y 1 X = —]0,1[F and —0 < Oy + &) += 3%

Definition 4 A Neutrosophic set N in a set of real numbers R, called the neutrosophic number then
it meets:

1) If there exist xo € R, such that @y (x5) = 1,&5 (x5) = 0 and @y (xp) =0

2) Oy (pxy+ (1 —p)xy) = min( Oy (x1),05 (x2)),V x1,x; €ER &p € [0,1],

3) &y (uxy + (1 —pxz) = max (§ (x1),&x (x2)),V x1,x; ER & u € [0,1].

4) @y (pxy+ (11— pwxy) = max (wyy (x1), @y (x2)),V x5, ER & pu € [0,1].

Definition 5: Classification of Neutrosophic numbers

NEUTROSOPHIC Heptagonal Octagonal
NUMBERS Number Number

Triangular Hexaagonal Nonagonal

Number Number Number

Trapezoidal Pentagonal
Number Number
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3. Nonagonal Neutrosophic Number
A single valued Nonagonal neutrosophic number is represented as
[ (}711 E{ll Fl1 z11 :fll {111 511 1 311): GN ]

KX = | [(2'3 612, 12,812 112 {112 $12 1pl2 312). &, where @j is a truth

[ ('#?13' ﬁlSF 'I'._13' "313' :£13' ii13' 513']:1']13'313): Wy ]

membership function, &3 is an indeterminacy -membership function and @j is a

falsity-membership function is defined as

By (%) plr=x=gh Ex () plr=x< g
On2(x)  Gl=x<it G () §P=x< 2
B2 (X) Py < gt! Eava () <y < gl
B4 (X) gy < it Epeq (X) g2 <y < 112
oy ()={ © TP am=] ¢ LA
@y (%) sy <it! Epea (X) <y <it?
O3 (%) i<y = pit Exez (%) i< x = pt?
B (%) ot < x < !t Eprz () Bl < x = bt
B (x) <y < gt Eyp () w!? < x < 32
0 otherwise 1 otherwise

@y () pr<x <"

W2 () gP=x<§?

Wz (X)) il

Wpeg (X)) el <y < 113

oy =1 ° LT

@yrg () ¥ < x < @l?

@z () i< x < 5l

W2 () ¥ x < wtd

Wy (%) mhP <y < §3

1 otherwise

4. Some operational laws of NNN5s

If NNN; and NNN, are two nonagonal neutrosophic numbers having truth membership

O L(x) and Oy 2(x), indeterminancy membership & 1(x ), éx 2(x) and falsity

membership @y 1(x), @y 2(x) respectively.
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R,

[(5}711 11 rll =11 :Ell iill 511 ﬁjll '8;11): @N 1]
[(plz q12 r "31 :£12 iilZ 512, ]:1']12, 512): 'SN 1]
[(3"?13 13 r13 '13 {13 ii13

) 513.1:1.313.313): Wy 1 ]

[('?21, i'l]zj", I: 21 .t21 21 I"Z ,fiJ21, -321): BJ\" 2],
&&&2 — |: (Pzzj i.'122, ¥ ,522, tZZ} it 2, HZZ, I'..'JZZ, '322): ‘i?\'“ 2],
|: (:F,ZBJ E[ZBJ 'I':ZBJ '5'23, t23’ 1'123, 523, szg,?;zg): [ 2]

° Addition

mlﬂamz — ({[}}11 + ?21_ ;Jll é‘.ﬁl’ E.'I11+ ﬁzl

;1:';21_-5:’11-5'.’21’ tll + 121 _ tll 121

_ E{ll EIIZ:L, 'I':ll + ':[':21_']:':11']:':21’ 'E';ll +
'1'11.1'. + 1121_ i'lll 1'121’ ;.511 + i'121 _ 1:1111121
i ilp21, 14521 iy 21] ) {[ﬁ?ll—i- p2t
qll q21 11_|_ 2

, il 4 w2t —

5’;?11 5&21} i'l]11+ i'l]21
211 21

PR, gl g2l glig2l gy 20 UL gl g2t gl 2t Bl 4
;.521_ ﬁllﬁZl’ fiJ11+11321— I.iJj‘llel '3'11 +'3'21_
=lde2] 12 22 212 222 11 - 22 (127 22 12 22 212, 222, . 12
7 [P 7 P12 122,81l €22 127

it it {522 gl 1-022 12 '322]’

[p13 23’ q13 q23 2213 s 23 513 :23 113 t23 13 1123 rl13 523,]:1-)13]:1-)23’-313-323] }}

o Multiplication

m].@mz] z{[?ll f" : qll q21 w11 s 21 511 21 tll 121 1111121’
11111121, I-.I-J':'le21 11 21] [(}?12_'_ P , q12 + q -12_|_ -]:-:22, -5-11 _l_,-5-22, '1':12_|_ '1':22’ i-l1z_|_

LR 4 123, 810 4 223 3y

122, B

12,+ ijZZ’ file + ﬁJZZ,’ '3'12 + '3'22] , [p13+3:;'.23’ E.'I13+ E{ZE
'I'ZB’ i'113+ 1'123’ i'113+ ;.523’ .1'11134-1.1'323, '3'13_'_'3'23]}

5. Accuracy Function

The defuzzification process converts nonagonal neutrosophic numbers (NNNs) into crisp values

using the accuracy function. The procedure is outlined as follows:

Defuzzification of the trueness component:

The defuzzified value for the truth membership of an NNN is given by:

= 11 =11 =11 =11 Y11 11 =11 w11 511
P+ g+ s+ B+ B+
DN(Oy )Im = 9
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. Defuzzification of the indeterminacy component:
The defuzzified value for the indeterminacy membership of an NNN is computed as:

ﬁ?lz_l_ ﬁlz + 'I'le—l— §12+:£12_l_ iilZ_I_ ]-512_'_ ﬁ]12_|_ 312
9

Qm(fj‘f )im =

. Defuzzification of falsity component

The defuzzified value for the falsity membership is given by:
?13 + i:{13 + 'I'._13_|_ §13+:£13_l_ ii13 + ]':"13 + ]:1']13 + 313

TBW(WN )fm = 9

Combined Representation of the Defuzzified Neutrosophic Number:

The defuzzified neutrosophic number in terms of trueness, indeterminacy, and falsity components is

represented as:

(T.LF)

AL

;;.11 + e"ll + :'f’11+ §11+ 't'11+ ﬁll + ﬁll + ﬁ:lll + 511
9 ]
5912 + E‘IZ + :'f’12+ §12+'t'12+ ﬁlZ + .612 + ﬁ’lz + 512
9 ]
13 .
;? + E‘13 + :'f’13+ §13+t13+ﬁ13 + .513 + ﬁ;|13 + 513
9

Graded Mean Defuzzification to a Crisp Number:

Finally, the graded mean formula is used to convert the defuzzified neutrosophic values into a single

crisp value:

GRS, = DRON )L, + 4DNR(EN ) + DR(wn )i
FLAL T 4

6. Nonagonal Neutrosophic Transportation Problem (NNTP)

In many practical scenarios, transportation-related data such as costs, supply, and demand are often
uncertain, imprecise, and influenced by indeterminate factors. Classical models fail to address this
level of complexity effectively. To overcome these limitations, the present work employs NNNs,

which extend the neutrosophic set theory by incorporating nine parameters to better characterize
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uncertainty through truth, indeterminacy, and falsity components. By embedding NNNs into the
classical transportation model, we develop a more flexible and expressive approach.

Here we consider two types in which the decision-maker is uncertain about the exact values of key
parameters —specifically, the transportation cost from the it source to the j* destination, as well as
the certainty or uncertainty associated with the supply and demand of goods. To handle such
indeterminacy and vagueness, we introduce a new class of transportation problem, referred to as the
NNTP, where the cost, supply, and demand parameters are all represented using NNNs.

This paper focuses on solving an NNTP characterized by m supply centers and n demand centers.
Let c;5 = €3 XXX denote the nonagonal neutosophic number corresponding to the transportation

. . . . I Sy KRK
cost of sending one unit of goods from it source to ji destination. Let a; = a; "~ and bj- = b;

represent supplies and demands, respectively. The mathematical formulation of the NNTP is then

presented as follows.

Minimize Z** = }1%, Z CU xI-J,- =

Subject to
m
Z X = a;™ i =12, m
i=1
n
NRN
x{jaﬂ — 'bj' 'j' = 1'2 v 1
j=1
x;; =20

x;;"" denotes the number of units transported from the source i to the destination j.

Table 1: Uncertain transportation table

> D: Ds Supply
S1 £ N ooy N o5 N a,
Sz cr N £y N —_— o, ¥
> c5p ™ gz o c55 N 1,
Demand b, NRN b, NEN by NRR
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6.1 Nonagonal Neutrosophic Transportation Problem of type 1

A transportation problem where costs between the origins and destinations are represented using
NNNSs, while the supply at each source and demand at each destination are considered as
deterministic values is called NNTP of type 1. This model helps capture uncertainty in
transportation expenses due to fluctuating market conditions, fuel prices, or other unpredictable

factors. Mathematically, an NNTP of Type 1 is formulated as follows:

Minimize Z** = 12 CU xI-J,-“”"
Subject to
1
£ — .
Z}:U =a;i=12-,m
i=1
n

X =b,j =12 ,n

6.2 Nonagonal Neutrosophic Transportation Problem of type 2

A transportation problem is that in which the supply at origins and demand at destinations are
expressed as NNNs, while the transportation costs remain crisp. This model is suitable for scenarios
where the quantity of goods available or required is uncertain due to variability in production,

consumption, or forecasting errors.

Minimize Z** = ;le?zl Cij xl-j-**
Subject to

m
Z X" = @i = 1,2, ,m
i=1

n

NEN .
xIJ'l“H :b} 'j::l_z e 1

j=1
xIJHH: :_} G

7. Computational method

7.1 The steps of the proposed algorithms are given below:

7.1.1  Defuzzify each nonagonal neutrosophic cost Cj; REX nonagonal neutrosophic
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RN . KRR . .
supply @; X, and nonagonal neutrosophic demand b; ™" of NTP in cost matrix to

their corresponding crisp data using the accuracy functions to enable further
computational analysis.

7.1.2  Verify the given NNT table is balanced or not.

If E?;l a; = Z?: 1 bj- , then TP is balanced

If Xi2ya; # Xj=1 by , then TP is unbalanced

7.1.3  If the given TP is balanced then go to step 7.1.4, Otherwise, it should be balanced by
adding a dummy row or a dummy column with zero entries in cost matrix as required.
7.14  Inthis step, we search the initial basic feasible solutions of the crisp transportation
problem by using by VAM method ensuring efficient cost approximation in the starting
solution.
7.1.5 Locate all unallocated (idle) cells in the transportation table whose transportation
costs are less than the highest cost among the currently allocated cells
7.1.6 For each identified idle cells, construct a closed loop that begins and ends at the same
cell, following only horizontal and vertical movements with all corners are passing
through the allocated cells.
717 Assign alternating ‘+ and ‘-" signs to the allocated values at each corner cell of the
loop, starting with a ‘+' sign at the idle cell being evaluated.
7.1.8  Calculate the trade-off cost for each loop by summing the allocated values of its corner
cells taking into account their respective signs.
7.1.9 Identify the loop associated with the maximum trade-off cost and perform reallocation as
follows:
a) Within this loop, identify the adjacent cell to the idle cell that has the
highest transportation cost.
b) Adjust the allocation in the loop by alternately adding and subtracting
the allocated value of this highest- cost cell along the loop, starting with the idle cell
7.1.10 Continue the process iteratively until no further improvements can be made, and the
transportation cost is minimized. The resulting allocation constitutes the optimal solution to the
transportation problem under the nonagonal neutrosophic framework.

7.1.11 The optimal solution of the objective function is calculated by

*

- o ..H:
IRy = O X Xy -
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7.2 Nonagonal Neutrosophic Vogel’s approximation method

Among the various methods available, Vogel’s Approximation Method (VAM) is widely used to
determine the initial basic feasible solution of a transportation problem. The computational steps of

VAM are as follows:

7.2.1 For each row and column in the NNTP, identify the smallest and the next smallest

cost values. Then, compute the penalty pi and pj for each row, i = 1,2+, m and

each column j = 1,2,:++ 1 defined as the difference between these two values.
7.2.2  Identify the largest penalty among all rows and columns. If a tie occurs, select any

one arbitrarily. Suppose the greatest penalty corresponding to the m*™ row and €z;

be the smallest cost in that row. Then, allocate X,,;** = min (a;, b;) in the (m, j) *

cell.

7.2.3  Update the corresponding supply and demand, adjust the transportation table
accordingly, and recalculate the row and column penalties. Repeat this process
iteratively (i.e., return to Step 7.2.1) until all supply and demand constraints are

fully satisfied.

8. Diagram Representation of NNTP

Defuzzification
of Nonagonal
Perform Reallocation Neutrosop hic
/ Based on Maximum Data
Trade Off and
Determine Optimal
Solution

Balance the
Transportation
Problem

Construct Closed Loops
for Idle Cells and Assign
Alternating Signs and
Compute Trade-Off Costs

Determine
Initial Basic
4 Feasible
Identify Idle Cells with F Solution /
Lower Costs
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9. Case Study
9.1 Type 1

A food bank distributes surplus food from various donation centers to community kitchens, where
the donation centers serve as the sources and the local shelters act as the destinations. In this
scenario, the transportation cost associated with each cell is represented using nonagonal
neutrosophic numbers, capturing the inherent uncertainty and indeterminacy in real-world logistics.
Notably, the transportation cost obtained through the proposed approach is found to be lower than
that achieved by existing methods.The supply values are 15,25 and 30.The demand values are 24, 19
and 27. The input values for the NNTP are organized in Table 2 below:

Table 2 Nonagonal Neutrosophic Transportation Table

D1 D2 Ds
S1 (1,6,7,2,3,5,2.5,6,8.3), (1,4,7,1,3,5,3.5,6,7.5) (1,3,5,0.5,15,3.5,2,4,6),
(1.2,2.4,9,7,4.4,6,7.8,8,9) (0.5,2.5,4.5,1,2,3,1.5,3.5,5.5), (1,2,3,0.5,15,2.5,1.5,2.5,3.5)
(3,5,8,1,5,3.6,5,3,2) (3,5,8,1,5,3.6,5,3,5.7) (1,1.54,05,1,25,1.25,3,4.25)
Sz (1.5,2.5,3.5,1,1.5,3,2,3,4), (1,6.5,7.2,2,4,5,3.5,6,9.3), (1,6,7,2,3,5,2.5,6,8.3)
(2,4,6,1.5,2.5,4.5,3,5,7) (2.2,24,8,6,4.49,7.8,8,7), (1,1.5,4,05,1,2.5, 1.25,3,4.25)
(1,5,8,1.5,4.5,7.5,4,6.5,9) (6,5,9,3,5,3.6,5,8,9) (1.5,2.5,3.5,1,1.5,3,2,3,4)
Ss3 (2,4,6,1.5,2.54.5,3,5,3), (1.1,58,15,3,6.5,4,7,9), (1.6,9,8,2.6,3,5,5.5,6,8.7)
(1.2,2.4,9,7,4.4,6,7.8,8,9), (1.5,2,7,7,4.4,9,6.8,89), (5.2,2.79,7,8.4,6,7.6,8,9)
(1,5,8,1.54.5,7.5,4,6.5,9) (4,6,9,2,5,4.6,5,6.3,5.7) (7,5.5,8.7,1.7,5,3.6,5,3,5.7)

9.1.1 Conversion of NNNss to crisp values using score function

Step 7.1.1 The score function can be employed to convert the nonagonal neutrosophic (NN) cost
values into crisp values. The resulting crisp cost values corresponding to Table 2 are presented as
follows:

(T.LF)
gm(@ﬁr{w‘ » Wy )414:.

;;.'1'1 + &ll + :'IE'11+ §11—|— 'f'l'l_l_ ﬁll + ﬁ'l'l 1T ﬁJll + 511
9 :
PR G2 El2 2 12y 312 g 512y pl2 g 312
- h |
13 .
P+ @B+ BBty 1 4 313 4 13 4 319
9
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X _
(©M)},, = .
Here,
(1+6+7+2+3+5+25+6+8.3)
NRX (T.LF) (1’6’7’2’3’5’25’6’83)’ t'l.2+2.4+9+'}‘f4.4+6+?.8+8+;‘| 4.53
DR(cz ™), " = (| (122.497,44,67889) |) = . - |- [ 6.09
(3,5,8,15,3.6532) (3+5+8+1+5+3.645+3+2) 3.96

9

453

. 4.53 +4 % 6.09 +3.96

(591((6.09))3‘,,,,, = ” =821
3.96

Following the conversion of NNTP cost values into crisp form using the score function, the

corresponding cost matrix is shown in Table 3.

Table 3 Crisp transportation table

D1 D2 Ds SUPPLY
S1 8.21 5.09 3.27 15
S2 5.86 8.81 3.78 25
Ss 8.26 8.64 9.61 30
DEMAND 24 19 27

Step 7.1.2 - 7.1.3 The given transportation problem is balanced since the total supply equals the total

demand, i.e, Xit,a@; = E}Ll b, = 70

Step 7.1.4: Applying the VAM Method to find the initial basic feasible solution. To begin, identify

the smallest and the next smallest elements in each row and each column of Table 3.

For rows:

Ci13 < €12 < €11 = least and second least cost are : Cqy3, €12

Cy3 < €321 < Cz2 = least and second least cost are : C33,C21

C31 < C332 < C33 = least and second least cost are : €31, C32
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For columns:

Cy1 < €11 < €31 = least and second least cost are : €3q,Cqq
Ci2 < €332 < €33 = least and second least cost are : €42, €33

Ci13 < €23 < €33 = least and second least cost are : €q3,C23

Next, select the row or column with the highest penalty. Since the second column has the highest

penalty, it is chosen for allocation. Proceeding in the same manner, the initial basic feasible solution

is obtained, as shown in Table 4.

Table 4: Initial basic feasible solution by VAM method

D1 D: Ds SUPPLY
S1 8.21 509 15 3.27 15
S2 5.86 8.81 3.78 25 25
Ss 8.26 24 8.64 4 9.61 2 30
DEMAND 24 19 27

The selected entries are represented by bold

xlz** = 15, ng** = 25, }531** = 24, X32** = 4, }533** = 2

Step 7.1.5 -7.1.6 Identify all unallocated (idle) cells in the transportation table whose transportation
costs are lower than the highest cost among the currently allocated cells. In this case, cells SiD1, S1Ds,
S:Diand S:2D: have transportation costs lower than that of the allocated cell SsDs. For each of the
identified idle cells, construct a closed loop starting and ending at the same cell. The loop must
consist of horizontal and vertical movements only, and every corner of the loop must pass through

an allocated cell. The corresponding loops and allocations are illustrated in Table 5 and Table 6.
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Table 5 Loop Allocation in the first stage

Table 6 Second stage loop allocation

Step 7.1.7 -7.1.8 Assign alternating '+' and '-

signs to the allocated cells at each corner of the

constructed loop, beginning with a '+' at the idle cell under evaluation. This sign pattern must
alternate as you traverse the loop. Next, compute the trade-off cost for each loop by summing the
transportation costs of the allocated corner cells, applying the assigned signs appropriately.

The calculated trade-off costs for the identified idle cells are as follows:

Trade-off cost for SiD1 = -24+4-15 = -35

Trade-off cost for S1Ds =-13

Trade-off cost for S:D1 = -47

Trade-off cost for S:D2 = -27

Step 7.1.9 Identify the loop corresponding to the maximum trade-off cost and proceed with the
reallocation as follows:

a) Within this loop, determine the allocated cell adjacent to the idle cell that has the highest
transportation cost.

b) Adjust the allocations along the loop by alternately adding and subtracting the allocated value of
this highest-cost cell, starting from the idle cell.

In this case, the cell S1Ds has the maximum trade-off cost. To initiate optimal reallocation, identify

the adjacent allocated cell within the loop that has the highest transportation cost, which also
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corresponds to the cell SiDs (idle cell). The loop is then updated by adding and subtracting the

allocated value (= 2) alternately at the corner cells of the loop (Table 7).

Table 7 Loop allocation

5.09 (15-2)
5.86 8.81 378 25 25
8.26 8.64 (4+2) 9-61-{2-2) 30
24
24 19 27

Step 7.1.10 In the current iteration, the idle cell with the highest trade-off cost is S1D1. Among its
adjacent allocated cells, SsD1 possesses the highest cost value. However, upon attempting
reallocation using this cell as part of the closed loop, the resulting adjustment yields a negative
allocation, which is not permissible. As a result, no further feasible improvements can be made
through reallocation. This indicates that the solution has reached its optimal state, and the iteration

process can be concluded. The optimal crisp solution of TP is shown in table 8 as follows:

Table 8 Optimal transportation table

The corresponding optimal solution of the Nonagonal Neutrosophic Transportation Problem, along

with the allocation of NNN, is presented in Table 9.
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Table 9 Optimal solution of the Nonagonal Neutrosophic Transportation Problem

D1 D2 Ds
S (1,4,7,1,3,5,3.5,6,7.5) (1,3,5,0.5,1.5,3.5,2,4,6),
(05,2.545,1,2,3,1.53.555), |13| | (1,2,3,05,1.5,2.5,1.5,2.5,3.5)
1 (3,5,81,536,53,5.7) (1,1.5,4,05,1,2.5,1.25,3,4.25)
2
S (1,6,7,2,3,5,2.5,6,8.3)
(1,1.5,4,0.5,1,2.5, 1.25,3,4.25)
2 (15,2.5,3.5,1,1.5,3,2,3,4)
25
S (2,4,6, 1.5,2.5,4.5,3,5,3), (1.1,5,8,1.5,3,6.5,4,7,9),
(1.2,2.4,9,7,4.4,6,7.88,9), |24| | (1.52,7,74.496.889), | 6
3 (1,5,8,1.54.5,7.5,4,6.5,9) (4,6,9,2,5,4.6,5,6.3,5.7)

Optimal Solution,
Z{xm&} =

(14,7,1,353.567.5) (1,3,5,05,1.5,3.5,2,4,06),
{052.545,12,3,1.53.555), | x 13+ (1,2,3,05,1.5,2.5,1.5,2.5,3.5) | x 2

(3,5,81,53.6,535.7) (1,1.54,05,1,2.5,1.25,3,4.25)

(1,6,7,2,35,2.5,6,83)
+11(1,1.54,0.5,1,2.5,1.25,34.25) | x 25
(1.5,2.53.5,1,1.5,3,2,3,4)

(24,6, 1.5,2.5,4.5,3,53), (1.15,8,1.5,3,6.5,4,7,9),
+ | (1.2,24,97,4.46,7.889), | x24+| (152,77,4.49,6.889), | x6
(1,58, 1.5,4.57.5, 4,6.5,9) (4,6,9,2,5,4.6,5,6.3,5.7)

=(5.09%13)+ (3.27 X 2) + (3.78 X 25) + (8.26 X 24) + (8. 64 X 6)

=417.29

9.2 Type 2
In this case, the supply and demand values for each cell are represented using Nonagonal
Neutrosophic Numbers to effectively model uncertainty. The corresponding input values for the

NNTP are:
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Sy =
(10,15,20,24,16,22,12,15,19), (20,25,30,24,26,32,22,25,29), (15,20,25,19,21,27,17,20,24)

Sy =
(13,18,23,17,19,25,15,18,22), (15,20,25,19,21,27,17,20,24), (17,22,27,21,23,29,19,22,26)

sy =
(10,15,20,14,16,22,12,15,19)), (17,22,27,21,23,29,19,22,26), (15,20,25,19,21,27,17,20,24)

Dy =
(10,15,20,14,16,22,12,15,19)), (20,25,30,24,26,32,22,25,29), (15,20,25,19,21,27,17,20,24)

DY =
(15,25,30,34,26,22,32,15,29), (10,15,20,14,36,22,12,35,29), (25,10,15,29,11,27,27,20,34)

Df =
(20,15,30,24,26,22,22,15,29), (30,25,20,14,16,22,32,25,39), (25,20,25,39,21,27,27,20,24)

After applying the score function to convert the nonagonal neutrosophic supply and demand values

into crisp numbers, the corresponding cost matrix is displayed in Table 10.

Table 10 Crisp transportation table of type 2 problem

D1 D: Ds SUPPLY
S1 13 22 34 35.36
S2 20 19 23 31.33
Ss 24 24 12 32.09
DEMAND 35.09 33.27 36.75

The initial basic feasible solution for the Type-2 NNTP, obtained using the Vogel's Approximation

Method, is presented in Table 11.
Table11 IBFSby VAM
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The Optimal allocation for the Type-2 Crisp NNTP is shown in Table 12.
Table 12 Optimal solution of the Type-2 Crisp NNTP

The Optimal Solution is given by

Z) = (13 X 35.09) + (22 X 0.27) + (19 X 31.33) + (12 x 32.09) + (0 X 1.67)
+ (0 X 4.66) = 1442.46

10. Comparative Study

Real-life applications of Nonagonal Neutrosophic Numbers in transportation problems have
been addressed using various existing methods. To assess the effectiveness of the proposed solution
technique, a comparative study was conducted across the methods: the Neutrosophic North-West
Corner Rule (NNWCR), Neutrosophic Vogel’s Approximation Method (NVAM), Method discussed
in [23] and the Proposed Method. This comparison is performed on two types of NNTPs. The
evaluation is based on total transportation cost, where all neutrosophic cost values were first
converted into crisp values using score functions, ensuring a consistent and fair comparison across
all methods.

In order to solve these problems, we identified limitations in the existing approaches and
introduced a simplified ranking technique for Nonagonal Neutrosophic Numbers. Our proposed
method demonstrates improved performance by effectively converting neutrosophic transportation
problems into their crisp equivalents and achieving lower total transportation costs.

All computations were carried out under the same input data and after defuzzification, allowing a
uniform basis for comparison. Table 13 highlights the results of the comparative analysis,

demonstrating the superior efficiency of the proposed method in terms of cost minimization.
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Table 13 Comparison table

Type Nonagonal Nonagonal Method proposed by | Proposed Method
Neutrosophic Neutrosophic [23]
North-West Corner
VAM
NTP
Type | solutions | Minimu | solutions | Minimu | solutions | Minimu | solutions | Minimu
1 m Cost m Cost m Cost m Cost
602.24 422.87 422.87 417.29
x1; =15 x5 =15 x5 =15 x5 =13
x5 =9 x5t =25 x5 =25 x5 =2
x5 =16 x5 = 24 x3 = 24 x35 =125
x35=3 x5 =4 Xz =4 x3 = 24
x35 =27 x5y =2 x35=2 X3 =6
Type 1462.5 1461.1 1462.5 144246
YPE | v = 3509 X} =35.09 X} =35.09 x{i = 35.09
2
x}5 = 0.27 x}5 = 0.27 x}5 = 0.27 x5 =0.27
x5 = 3133 x5, = 26.67 x5, = 31.33 x5 = 3133
x5 = 1.67 x5y = 4.66 x5 = 1.67 x5 = 32.09
X%, = 3042 x5, = 32.09 x5, = 30.42 X3 = 1.67
X3, = 6.33 x} = 6.33 x} = 6.33 x5 = 4.66
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Figure 1: Comparison of results with proposed method and existing methods
This comparison clearly indicates that the Proposed Optimal Method is not only well-suited for
handling complex neutrosophic data but also consistently delivers more cost-effective solutions.
Therefore, it can be regarded as a superior alternative to the methods as North-West Corner Rule,
Vogel’s Approximation Method, and the approach discussed in [23] for solving transportation
problems under uncertainty.
11. Results and Limitations
11.1 Results
The proposed method, developed for solving transportation problems under uncertainty using
Nonagonal Neutrosophic Numbers, was tested across two distinct models and compared with
established approaches including the North-West Corner Rule, Vogel’'s Approximation Method, and
the method proposed by Pachamuthu and Rabinson (2021). All cost parameters represented in
NNNs were converted to crisp values using the newly introduced score functions.
The results demonstrate that the proposed method consistently yields the lowest transportation
cost across both types:
e Type 1: Achieved a minimum cost of 417.29, outperforming other methods (NWCR: 602.24,
VAM: 422.87).

e Type 2: Achieved a minimum cost of 1442.46, lower than all compared methods (NWCR:
1462.5, VAM: 1461.1).

These results validate the efficiency of the proposed score functions and optimization

framework in handling imprecise, indeterminate, and inconsistent data through the NNN structure.
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11.1 Advantages and Limitations
No study is without constraints, and this research, despite its strengths, includes some limitations as
well. The major advantages of the proposed method and their corresponding limitations are
summarized in Table 14.
Table 14

Advantages Limitations

Provides a more detailed representation of
Increased computational complexity due to the
uncertainty using Nonagonal Neutrosophic |
nine-parameter structure
Numbers.

Yields lower transportation cost compared to | Requires domain expertise to properly interpret

classical methods and implement NNNs

12. Conclusion and Future Work

In recent times, the concept of neutrosophy has been effectively established as a robust
approach for handling uncertainties and indeterminacies in real-life applications. This study
investigates both balanced and unbalanced transportation problems using nonagonal neutrosophic
numbers by introducing a novel method for determining the optimal solution. All relevant
parameters in the problem are expressed in nonagonal neutrosophic terms, allowing for a more
comprehensive and realistic representation of uncertainty. The proposed ranking function provides
a more practical and structured approach to decision-making under uncertainty. The effectiveness of
the method has been demonstrated through comparisons with existing approaches, showing

improvements in flexibility and solution quality.

While the current research marks a significant advancement in transportation modeling
under uncertainty using Nonagonal Neutrosophic Numbers, there are several promising directions
for future exploration. One potential extension involves addressing time-minimizing or
multi-objective transportation problems, where both cost and time parameters are considered
simultaneously within the neutrosophic framework. Additionally, the methodology can be adapted
for other domains such as supply chain optimization, disaster relief logistics, and energy
distribution networks, where uncertainty plays a critical role. Lastly, the development of dedicated
software tools for modeling and solving Nonagonal Neutrosophic Transportation Problems

(NNTPs) would support broader adoption and practical implementation of the proposed approach.
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Abstract: Two-Fold Algebra (TFA) was recently developed to bridge classical algebraic operations
with fuzzy and fuzzy-extension (especially neutrosophic) components, allowing for the
simultaneous modeling of objects and their associated uncertainty descriptors. However, as real-
world systems increasingly demand the integration of multiple, independent qualification
dimensions—such as risk, sustainability, and reliability, the binary nature of TFA becomes a limiting
factor. This paper introduces two generalized frameworks: the Horizontal and respectively Vertical
Generalization n-Fold Algebra (n-FA), and from 2-valued to m-values operations, m=2.We
formally define the n-FA structure as a coupling of a classical backbone (1) with (n-1) independent
or interdependent component sub-laws. We provide rigorous systematic construction, explore
various specializations (including fuzzy and intuitionistic-fuzzy cases), and derive the essential
algebraic properties—such as closure, associativity, and monotonicity —required for coherent multi-
component operations. Finally, we demonstrate the versatility of #n-FA through numerical examples
in supply-chain risk and multi-criteria decision-making, establishing it as a robust mathematical
language for complex, high-dimensional uncertainty modeling.

Keywords: n-Fold Algebra, Horizontal n-Fold Algebra, Vertical n-Fold Algebra, Fuzzy, Fuzzy-
Extensions, Neutrosophic Logic, Algebraic Structures, Uncertainty Modeling, Multi-Criteria
Decision Making (MCDM), Fuzzy Sets, Hybrid Algebraic Laws, Information Fusion, Neutrosophic
Two-Fold Algebra, Decision Support Systems.

1. Introduction

The evolution of uncertainty-aware modeling has seen a steady progression from Zadeh's fuzzy
sets [1] to Atanassov’s intuitionistic fuzzy sets [6], and finally to neutrosophic logic [3]. While these
frameworks excel at qualifying a single algebraic operation with degrees of truth, indeterminacy, or
falsehood, they often treat these descriptors as a monolithic “label” attached to an element. In early
year 2024, Smarandache introduced the Two-Fold Algebra (TFA) [4, 5]. Unlike previous iterations,
TFA treats the classical element and its uncertainty descriptor as a coupled pair that evolves through
a dual-component law. This allows the structural transformation of the base object to occur in tandem
with the evolution of its qualitative attributes.

However, complex real-world systems—particularly in the domains of global supply chains and
multi-criteria decision-making—frequently involve more than two layers of qualification. A project
manager must simultaneously track performance, financial risk, environmental sustainability, and
regulatory compliance. These dimensions are often governed by distinct algebraic properties; for
instance, “Risk” may aggregate via a probabilistic sum [2], while “Sustainability” might be governed
by a bottleneck (minimum) principle.
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To address this need for high-dimensional qualitative modeling, this paper extends the two-fold
construction to a generalized n-Fold Algebra (n-FA). We define a structure where n independent
component algebras coexist with a classical backbone, allowing for a modular and extensible
algebraic framework.

2. Two-Fold Algebra (TFA)

2.1 Formal Definition

Let A be a non-empty set of classical elements. Define a binary operation
#:AXA— A
Let each element x € A be equipped with a neutrosophic triple
x (T,1,F),T,I,F € [0,1],

representing truth-membership, indeterminacy-membership, and falsity-membership, respectively.

Define a second binary operation

*:[0,1]® x [0,1]* — [0,1]3,

acting component-wise (or via a prescribed aggregation rule).

The Two-Fold Law A on the enriched set

A={x(T,I,F)|x €A T,IF€[01]}
is given by
x1 (T, I, Fr) A x3(Ty, I, Fp) = (ea#g) [(Ta, 1, o) * (T, 1y, F2)) ]
Thus, the classical outcome x;#x;, is qualified by the aggregated neutrosophic component.

2.2 Specializations

Table 1. Comparison of Component Sets and Operations in Two-Fold Algebra Variants.

Variant Component set Typical component operation *
Fuzzy Two-Fold Single membership degree Minimum, product, or any t-norm
t €[0,1]
Intuitionistic-Fuzzy Pair (i) with t+i<1 Minimum for t, maximum for i
Two-Fold
Neutrosophic Two-Fold Triple (T’ I' F) with no sum Component-wise t-norm/t-conorm,
constraint probabilistic sum, etc.

2.3 Illustrative Numerical Example

Consider two projects P; and P, with neutrosophic evaluations

Project T I F

Py 08 01 01

P, 07 02 01

Choose # as “project merger” (producing a combined project P). Select * as:
Tnew = min (Tlﬂ TZ)
Inew = max (11, 12)
Fnew = max (Fli FZ)
Then
P, AP, = P(0.7,0.2,0.1).

The resulting project inherits the merged base object and the aggregated uncertainty profile.
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3. Horizontal Generalization to n-Fold Algebra (n-FA)

3.1 Motivation

When a system requires more than two independent qualification dimensions—e.g.,
performance, risk, sustainability, and regulatory compliance —a higher-order folding is necessary.
The n-Fold Algebra provides a systematic way to attach k =n — 1 component algebras to a classical
backbone.

3.2 Structure

Let

e Abe a set of classical elements with binary operation #:4 X A — A.

e Foreach j €{1,..,k} (where k =n— 1), let C; denote a component space

(e.g., [001], [001]% [0 1]3, ...).

e Define binary component operations *;: C; X C; — C;.

An element of the n-Fold algebra is a tuple
x(cy, €z, e, k), X € A, ¢j € (.
The n-Fold Law Ais
xl(cl(l), ...,c,El)) A xz(cl(z), ...,C,EZ)) = (x,#x;) (cl(l) sy sz)’ ...,c,El) ), C,EZ)).
Thus, each component algebra evolves independently (or with prescribed dependence) while
the classical part evolves under #.

3.3 Notational Compactness

Denote the vector of component operations as
5= (4, ), €@ = (€, o, ),
Then
x1(€M) A x,(cP) = (#x) (c® * ¢@).

4. Concrete Instances

4.1 Horizontal Three-Fold Algebra

Components:

1. Classical element x.

2. First component c; (e.g., truth-membership T).

3. Second component c, (e.g., liquidity or risk profile).
Operations: #, *;, *,.

Example (Financial Portfolio)

e C(Classical: Asset class (Stocks, Bonds).
e c;: Expected return profile (T).
e c,: Liquidity profile (L).

Applying A yields a new portfolio with combined assets, aggregated expected return (via a
t-norm) and aggregated liquidity (via a t-conorm).

4.2 Horizontal Four-Fold Algebra

Components: Classical, Performance, Risk, Sustainability.

Example (Supply-Chain Risk)

e #: Concatenation of two logistics nodes.
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e x;: Performance (speed, cost) combined by weighted average.

e  x,: Risk (security, disruption probability) combined by probabilistic sum.

e  x3: Sustainability (carbon footprint) combined by minimum (most stringent standard
dominates).

Resulting node reflects the merged route together with three orthogonal qualification profiles.

4.3 Generic Horizontal n-Fold Example

Consider a multi-attribute vendor selection problem with five criteria: cost, quality, delivery
reliability, environmental impact, and social responsibility.
e (lassical element: Vendor identifier.
¢ Component spaces:
C, — Cost score [0/1].
C, — Quality score [0-1].
C; — Reliability score [0 1].
C, — Environmental impact score [0 1].

O O O O O

Cs — Social responsibility score [0-1].

Choosing appropriate *; (e.g., product for cost, minimum for quality, probabilistic sum for
reliability) yields a Five-Fold Algebra that aggregates vendors pairwise, preserving all five
assessment dimensions.

5. Algebraic Properties of Horizontal n-Fold Algebra
To ensure the n-Fold structure behaves coherently, each sub-law should satisfy a set of desirable

properties. The Table below summarizes typical requirements.

Table 2. Necessary Properties for Coherent Multi-Component Operations.

Sub-law Property Rationale

Classical # Closure, Associativity, Identity, Guarantees that repeated combinations stay
(optional) Commutativity within A and are order-independent when

needed.

Component *; Closure, Associativity, Commutativity, = Enables  consistent  aggregation  of
Monotonicity, Boundary conditions uncertainty measures; monotonicity ensures
(e.g., 0 and 1 act as neutral/extremal that improving a component never degrades
elements) the result.

Inter-dependence  Optional distributivity of # over *; or In some applications the classical operation
vice-versa may affect component aggregation (e.g.,

mixing liquids changes purity calculation).

When sub-laws are independent, the n-Fold Law reduces to a simple Cartesian product of the
individual algebras. When dependent, additional constraints (e.g., # distributing over *;) must be
imposed to preserve algebraic coherence.
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6. Applications of Horizontal n-Fold Algebra

Table 3. Cross-Disciplinary Applications and Structural Configurations of n-Fold Algebra.

Domain Why n-Fold Algebra fits Sample configuration
Chemistry Simultaneous tracking of base substance 3-Fold (classical substance,
(Mixture Modelling) and multiple quality attributes (purity, purity, uncertainty)

concentration uncertainty, impurity)

Decision-Making
(MADM)

Multiple criteria (performance, risk,
sustainability) require separate aggregation

rules

4-Fold (asset, performance,

risk, sustainability)

Supply-Chain

Management

Physical routing combined with cost, security,

and environmental profiles

4-Fold (node, cost, risk,

sustainability)

Financial Engineering

Portfolio construction with return, volatility,

liquidity, regulatory compliance

5-Fold (asset, return,
volatility, liquidity,

compliance)

Artificial Intelligence
(Hybrid Reasoning)

Fusion of symbolic reasoning (classical) with
probabilistic, fuzzy, and neutrosophic belief

layers

n-Fold with arbitrary

component algebras

In each case, the Horizontal n-Fold formalism provides a clear mathematical skeleton that

separates the structural combination from the qualitative combination, facilitating modular design

and analysis.

7. Vertical Generalization to n-Fold Algebra (Vertical n-FA)

With similar and extended notations as before, one has:

Cil) 61(2) C1(1)

Xy i = (x,#x;) P ®

e e

X1 ¢
®

7.1. Example of Vertical 3-fold Algebra

a (o) Bk (1) = 6o x2) (0'0) @ (o]

@

e

where x; (gg) means that the membership degree of x; is 0.6, obtained with a confidence of 0.5;

similarly for x, (81), whence x; (gg) = X960 = ¥los and x, (

Let, x; = 20; x, = 30; then (20 -30).
Let's take the multiplication of x; with x, as operation; and optimistic view (max) of the

membership:

X103  X2007 — (20 - 30)(max{0.3,0.07}) =600 3.

0=

x20.7(o.1) = X207

7.2. Extension to m-valued operations of Vertical Generalization of n-fold Algebra

C1(1) Cim)
A IO SR = (o #t ... #xy) ®np
C}g) C}gm)

C1(1) Cfm)

HE TN

@ m

Cx Cx
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8. Conclusion and Future Work

The transition from Two-Fold to n-Fold Algebra offers a principled pathway to model systems
where several independent qualification dimensions coexist with a classical backbone. By defining a
family of component algebras {(C;, 1)}f-, and coupling them through a shared classical operation #,
the n-Fold framework preserves algebraic rigor while remaining flexible enough for diverse
applications.

Future research directions include:

e Category-theoretic characterization of n-Fold Algebras, exploring functorial
relationships between component algebras.

e Automated synthesis of suitable component operations from empirical data (e.g.,
learning optimal t-norms for a given domain).

e Software libraries implementing generic n-Fold operations, enabling rapid prototyping
in decision-support systems.

e Investigation of dependence patterns (partial, total) among sub-laws and their impact
on overall system behavior.

By extending the algebraic toolbox in this manner, researchers and practitioners gain a powerful,
extensible language for handling multi-dimensional uncertainty across mathematics, engineering,
and the social sciences.

References

1. Atanassov, Krassimir T. (1986). “Intuitionistic fuzzy sets,” Fuzzy Sets and Systems, 20(1), 87-96.
https://doi.org/10.1016/50165-0114(86)80034-3

2. Junaid, Muhammad, Ye Xue, Muzzammil Wasim Syed, Ji Zu Li, and Muhammad Ziaullah (2020). “A
Neutrosophic AHP and TOPSIS Framework for Supply Chain Risk Assessment in Automotive Industry of
Pakistan,” Sustainability, 12(1): 154. https://doi.org/10.3390/sul12010154

3.  Smarandache, F. (2007). A Unifying Field in Logics: Neutrosophic Logic, Neutrosophic Set, Neutrosophic
Probability and Statistics (6th ed.), InfoLearnQuest, https://digitalrepository.unm.edu/math fsp/163/

4. Smarandache, F. (2024). “Neutrosophic TwoFold Algebra,” Plithogenic Logic and Computation, 11-15.
https://doi.org/10.61356/].plc.2024.18660

5. Smarandache, F. (2024). “Fuzzy and Fuzzy-Extensions TwoFold Algebra: A Mini-review and Discussion
Paper,” Neutrosophic Optimization and Intelligent Systems, 4, 79-81. https://doi.org/10.61356/j.n0is.2024.4413

6. Zadeh, L.A. (1965). “Fuzzy sets,” Information and Control, 8(3), 338-353. https://doi.org/10.1016/S0019-
9958(65)90241-X

Received: July 30, 2025. Accepted: Jan 2, 2026

Florentin Smarandache, Horizontal and Vertical Generalized n-Fold Algebra: Formal Construction and Applications
in Multi-Dimensional Modeling


https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.3390/su12010154
https://digitalrepository.unm.edu/math_fsp/163/
https://doi.org/10.61356/j.plc.2024.18660
https://doi.org/10.61356/j.nois.2024.4413
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X

TR
HINSS Neutrosophic Sets and Systems, Vol. 98, 2026

m University of New Mexico
Q..“

Complex Neutrosophic Aczel-Alsina
Aggregation-Based Hybrid Decision Framework for

Machine Learning Encryption in Banking

Muhammad Kamran®, Muhammad Shazib Hameed?, * Muhammad Tahir® and Nurullayev

Mirolim Nosirovich®

'Research Institute of Business Analytics and SCM, College of Management, Shenzhen University, China.
Email: kamrankfueit@gmail.com

2Institute of Mathematics, Khwaja Fareed University of Engineering and Information Technology, Rahim Yar
Khan 64200, Punjab, Pakistan. Email: shazib.hameed@kfueit.edu.pk

3Department of Mathematics, Institute of Numerical Sciences, Gomal University, Dera Ismail Khan, 29050,
KPK, Pakistan. Email: tahirkhanbaloch30@gmail.com

5Center for Research and Innovation, Asia International University, Yangibod MFY, G’ijduvon street, House
74, Bukhara, Uzbekistan. Email: m.nurullayev@oxu.uz

* Correspondence: Muhammad Shazib Hameed, shazib.hameed@kfueit.edu.pk

Abstract. Advanced uncertainty modeling tools have emerged due to the growing complexity of real-world
decision environments. Complex Single-Valued Neutrosophic Sets (CSV-NSs) use special functions to represent
truth, uncertainty, and falsehood, making it easier to show unclear, conflicting, and vague information. CSV-
NSs, which consider both size and direction of uncertainty, let one more precisely combine and make decisions
by using complex numbers. This work presents robust approaches for combining information, which rely on
the Aczel-Alsina (A-A) operator and power-weighted strategies specifically designed for CSV-NS. These are
included in a used to design hybrid decision-making framework and in the context of a real-world situation: a
banking machine learning-based encryption and decryption system. The proposed approach not only addresses
uncertainty and contradicting viewpoints from experts but also strengthens knowledge and capability in security
applications employing machine learning. In terms of flexibility, computational efficiency, and decision quality,

experimental validation attests to the superiority of the suggested approach over conventional techniques.
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1. Introduction

Machine learning (ML) has become a transformative instrument in banking security, improv-
ing encryption and decryption systems while facilitating dynamic adaptation to operational
conditions and real-time threats [1]. Despite its effectiveness in controlled circumstances,
traditional encryption technology such as the Advanced Encryption Standard (AES) [2] and
Rivest-Shamir-Adleman (RSA) [3] is facing increasing difficulties due to the emergence of
quantum computing and modern Al-based cyberattacks. The proposed machine learning-
based encryption system employs anomaly detection with over 99% accuracy, neural networks
for dynamic key generation, and reinforcement learning for adaptive key rotation [4]. More-
over, in dynamic financial settings, explainable Al technologies monitor decryption processes
in real-time, ensuring transparency and traceability. This sophisticated solution amalgamates
real-time threat intelligence with strong encryption to meet the ever-changing demands of
digital banking.

However, traditional systems face significant risks due to the growing sophistication of cyber
threats. While quantum computing advancements are predicted to compromise RSA-2048
within five years [5], recent advances in adversarial ML have demonstrated the ability to break
128-bit AES keys in less than twenty-four hours [6]. The gap between existing, inflexible
security methods and new intelligent solutions is bridged by using fuzzy logic to assess po-
tential dangers amid uncertainty. Unlike binary systems, fuzzy logic handles the ambiguity
and varying degrees of risk in payment matters. By assigning trapezoidal values to threat
levels, the system enables the identification of minor threats without requiring complete inci-
dent labeling. However, fuzzy systems can sometimes create conflicts when defining rules for
multi-factor authentication and in situations near decision boundaries. We have enhanced our
system to use both context-driven rule reduction and quantum-safe fuzzing, combined with
ML encryption within our framework, enabling effective real-time threat classification.

We also describe a type of hybrid architecture called CSV-NS, which captures the different
aspects of truth, uncertainty, and falsehood in transactional behavior. This approach enables
accurate fraud assessment from multiple perspectives, yielding a 38% reduction in false pos-
itives and identifying 92% of fraud instances [7]. Evidence shows the framework successfully
detects 93% of deep fake technology attempts and halves the response time to new attack
methods. This allows decision-makers to effectively resolve ambiguous cases that are difficult

for traditional and fuzzy models to address.
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The new CSV-NS-enhanced framework significantly strengthens electronic payment security,
as illustrated in Figure [I| Unlike conventional systems, our method employs three protective
strategies: (i) keystrokes are changed regularly based on risk scores (we achieved a 45% de-
crease in exposure time), (i7) encryption is performed using quantum resistant methods, and
(747) all decryption tasks undergo artificial intelligence (AI) auditing. CSV-NS evaluation is
performed prior to encryption, as shown in the workflow diagram, enabling the system to iden-
tify 92% of attacks and distinguish them from genuine transactions. These innovations validate
that our encryption and decryption system outperforms others, making it better prepared to

counter threats present in modern banking cybersecurity.

1.1. Literature Review

Managers often confront ambiguous, imperfect, or incomplete information, which compli-
cates a decision-making process that relies on well-founded knowledge. Fuzzy sets (FSs) [§],
established by Zadeh, permit items to have partial membership in a group and facilitate
decision-making under conditions of uncertainty. To enhance intuitionistic fuzzy sets (IFSs) [9],
Atanassov introduced non-membership degrees (n-MD), ensuring their sum with membership
degrees remains less than one. This development was necessary because IFSs originally relied
on a single method to assess belonging. Due to their structure, IFSs had difficulties managing

inconsistent data. To address these limitations, Smarandache proposed neutrosophic sets
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(NSs), in which truth, indeterminacy, and falsity are independent functions within the interval
]70,17[. To promote practical use, Wang et al. [11] introduced single-valued neutrosophic sets
(SVNSs), where the values of the membership functions are constrained to [0, 1]. As a result,
scholars have focused more on SVNS models for decision-making [12].

Several researchers have played a part in improving how SVNS operates and aggregates data.
Ye [13] began by setting out algebraic rules for SVNSs and included the use of weighted aver-
aging and geometric operators. Still, Peng et al. [14] found flaws in Ye [13] formulations and
recommended improved ones, with new aggregation operators (AOs). Mauri et al. |[15] sug-
gested a new, improved method for ranking systems that notify about software vulnerabilities.
Garg et al. [16] used probabilities within SVNSs, while Mondal et al. [17] created a mixture of
score and accuracy for making educational recruitment decisions. Decision-making in practi-
cal situations frequently entails ambiguous, imprecise, or inadequate information, complicating
the process of reaching scientifically valid and sensible conclusions.

Using the technique for order preference by similarity to ideal (TOPSIS), Kahraman et al. [18]
established type-2 SVNSs for making group judgements with numerous criteria; Karaaslan [19]
refined similarity measurements for some circumstances. Kamran et al. |20] provide the sup-
ply chain decision making algorithm for sustainability. For internet of things (IoT) project
evaluation, Nafei et al. [21] coupled analytic hierarchy process (AHP) with neutrosophic tech-
niques. Using bipolar neutrosophic numbers with TOPSIS, Basset et al. [22] helped groups
make judgements and subsequently proposed a type-2 neural network (T2NN)-TOPSIS tech-
nique for selecting stores. The idea of t-norms, known as triangular norms, was first suggested
by Klement et al. [23] in studies of stochastic spaces, and later, formalised both its theory and
use in various applications. Aczel and Alsina [24] made an important breakthrough, designing
the Aczl-Alsina t-norm (A-A t-NM) and the Aczel-Alsina t-conorm (A-A t-CNM). Since then,
these methods have been significant in tackling decisions when dealing with less than precise
information. With this basic framework, Senapati et al. [25] applied A-A operations to differ-
ent advanced types of fuzzy set theories. They applied these operations to different kinds of
advanced fuzzy sets [26], like IFSs [9], interval-valued intuitionistic fuzzy sets (IVIFSs) [27],
hesitant FSs (HFSs) [28], and pythagorean FSs (PFSs) [29], to make it easier to use A-A
operators in decision-making.

Though there are many uses for FSs and their extensions, there are some natural limita-
tions they display. Remarkably, despite many efforts in research, current SVNS methods have
problems dealing effectively with uncertainties in cybersecurity and ML contexts where com-
plexity is involved. To improve the understanding, we suggest CSV-NSs based framework
and built four new A-A power-weighted aggregation operators: CSV-NS A-A power averag-
ing (CPF-AAP-A), CSV-NS A-A weighted power averaging (CPF-AAWP-A), CSV-NS A-A
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power geometric (CPF-AAP-G) and CSV-NS A-A weighted power geometric (CPF-AAWP-G)
AOs. These AOs strengthen decision-making related to ML-driven banking security blending
through properly managing different types of neutrosophic information under different uncer-
tainty conditions. We demonstrate that our method works well by testing an actual case,
achieving higher performance in reviewing encryption and decryption model than any other
studied technique. It enhances SVNS theory and at the same time delivers a practical and
computationally powerful structure for solving recent cybersecurity and Al-guided problems.
The distribution of study is as below:

Section [2] explains several important and recent changes to CSV-NSs, mainly covering the
development of the Power-Average (P-A) aggregation operators. We discuss A-A-based power
aggregation operators in Section [3| to supervise and handle CSV-NSs accurately. In Section
the authors examine how CSV-NSs can be used strategically in a MADM framework. In Sec-
tion [5] we present our model being used in an ML framework for encryption and decryption
aimed at banking security systems. Finally, Section [6] offers closing remarks and explains

possible directions for further work.

2. Preliminary

In this section, we talk about some important recent updates related to CSV-NS, such as
the creation of P-A aggregation operators and the building of the g; universal set based on

the operational law 3(\; in the CSV-NS framework.

Definition 2.1. Let 3(\2 be a space of points with generic element u,. A complex single-valued

neutrosophic set [30] C:M in X is characterized by:

where:

e Truth membership: a=—(u,) = ps(uy)e™s (@)

&
e Abstinence membership: BC:({[;) = qs(uy)e™s(ta)
}J‘ . —
e Falsehood membership: ?C:(E;) = rg(Uy)ei®s ()
n
with ¢ = +/—1 and:

b pS(%)7QS(%)7r5(E”;) € [07 1]
o ws(ug), Ys(ug), ¢s(ug) € R
o 0 < ps(ug) + gs(ug) +rs(ug) <3

A single-valued complex neutrosophic number can be denoted as:

C, = (pse™s, qse™s rge'®s)
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Example 2.2. Cyber security professionals analyze network packets X using complex single-
valued neutrosophic sets (CSV-NS). For a suspicious packet z € X, the system assigns mem-
bership values: S(z) = (Ts(z), Is(x), Fs(x)) = (0.8e™1470.3¢047  0.4e102™) where:

e Truth membership: Ts(z) = pge™s = 0.8¢*14™ (high confidence in threat)

e Indeterminacy membership: Is(z) = gge™s = 0.3¢/%4™ (moderate uncertainty)

e Falsehood membership: Fg(z) = r5e!®s = 0.4¢'%2™ (some chance of false positive)
The system evaluates these components where:

e Magnitudes satisfy 0 < 0.84+0.3+04=15<3

e Phases represent temporal patterns in network behavior

e The phase differences reveal:
Ap_; =147 — 047 =7 (opposite cycles)
Ap_p =147 —0.2r = 1.2 (asynchronous detection)

This CSV-NS representation provides below and its graphical visualization is shown in Figure

e Magnitude analysis: pg = 0.8 indicates strong threat evidence
e Phase analysis: wg = 1.47 shows late-cycle detection

e Comprehensive threat score: 0.8 — 0.4 = 0.4 net confidence

CSV-NS Threat Assessment
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FIGURE 2. Cybersecurity Threat Analysis Visualization

Definition 2.3. Let {C,,, }}_, be a collection of CSV-NS, where each C,,, = (T, I1, Fr) with
Tr = pre™r, It = qre’¥1, and F; = re'®. The power average (P-A) operator for this collection

is defined as:
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where:

_ l _ _
o V(Cyu) = > Sup(Cy,,C,,) represents the total support for C,, from other sets
_ L
e Sup(C\,;,C,,) showing the support function between C',, and C),,

Below axioms satisfied the support function:

(1) Boundedness: Sup(C,,,,C,.) € [0,1]

(2) Symmetry: Sup(C,,;,C,,) = Sup(C,

(3) Proximity Monotonicity: If d(C),
Sup(éuk,ém)

pr)
. < d(C uk,ém), then Sup(éw,éus) >

.C
.Cl

Here, d(C},,C}.,) is a distance measure between CSV-NSs, which defined as:

_ 1
d(Cr, Cp,) = (!pz = sl Flar = gl +lrr = sl) + o (lwor = wsl + vor = ¥s| + [ér — ¢s])

Remark 2.4. The P-A operator definition has a few important features:

e Weighted aggregation: The operator A(Cul, e ,CTZ) uses a weighted average with
weights (1 4+ V(C’M[)) change dynamically depending on inter-set support.
e Support dependence: The strength measure V(C:M]) =D szl Sup(C:u[, C':#s) guar-
antees that sets with higher consensus have more influence in aggregation.
e Metric properties: The support function’s three conditions ensure:
(1) Boundedness (Sup € [0,1])
(2) Symmetry in set interactions

(3) Monotonicity with respect to set differences

This framework helps us blend complex neutrosophic data without losing the relationships

between their phases and magnitudes.
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Definition 2.5. The operational laws currently used for any two CSV-NSs are defined as

follows:

z Z
___\“? Nz 1/z 27 1_67<<7105(17%)> +<710g<17%>> )
(SRR
1—e !

_ _ /2
<( log(B >)Z (10063 >)Z zZ\ i {(<7l°g(gf)>z+<”°g‘%)>z>
= —{ | —log o +| —log = )

e e ,
A zZ\ 1/Z
*<<7log(§1:)> +<710g(51:)> )
B z B z\ /2 27| e 1 2
(( log(wR:1)> +(* log(szz)) )
(& e
,2 (<<log<a11>>z+<log<al2>>z>1/z>
5—\\Z _ =—\\Z\1/Z 27| €e
<e<(log(a31>> +(~ log (@) %) )e ’
) (1 —((—log(l—ﬁRl))ZH—1og(1—l3RQ))Z)1/Z>
.s Z Wz Z \W\Z\1/Z tam) 1—e
(ii) Cp, ®C), = 1_ e—((—log(ﬁR—l)) +(=log B7=))7) / .

—((= log(l—ﬁR:l))Z+(— 1og(1_7R2))Z)1/Z)

=. = 2| 1—e
(1 _ e—((—log(’YRl))Z—&-(—logfyRQ))Z)l/z> . (
—(O5(—log(1—a=))%)1/2
(0 (— log(1—a=))Z)1/Z i27r<1e (Os(=losli=azED™) )
(1 —e 2 > e |

<os<10g<ll>>z)1/2>

)

eseN A A = a 2| e
(111) OsGwl = <e(os(log(ﬁR1))Z)1/2) . <

—(Os(~log==) )/ ?
27| e Iy

<e‘<05<—1"g%>)2>1/z> .

—(Os(~ log(a))Z)l/Z>
Iy
)

(Os(log(lﬁ))z)l/z>

<6_(Os(— log(aRl))Z)l/Z) ei271- <e

(iV) Cﬂl = 1— (e(os(log(lﬁRl))Z)l/z) ei27r<1—e

Iy

)

p— ) —(O:s(—log(l—é))z)l/z
—(Os(~ log(1-7=))%)1/% 2| 1—e 1
1—ce¢ R e
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Definition 2.6. The currently used score and accuracy functions for any two CSV-NSs are

listed below. The score function is Ygy (C1) is calculated as:

Yov(Cu) =1/3(0= + 0% — f=— B=— 17 —77)> Yov(Cu) € [-11]

Combining the degrees of truth, indeterminacy, and falsity in both real and imaginary sections
of the CSV-NS helps this function to reflect the net confidence. Analogously, the accuracy

function Y4y (i7) is defined as

Yav(Cu,) = 1/3(a:R:1+a:f+BR:1+Bf+§R:1+§R:2)’ Yav(Cp,) € [0,1]

This function calculates the overall information or completeness of a CSV-NS by combining

all the related real and imaginary parts of truth, uncertainty, and falsehood.

Remark 2.7. The CSV-NSs exhibit several notable comparative features based on the score

and accuracy functions, which are outlined as follows:

(1) It YSV(C:M) > Y5y (C),), then Cim is considered superior to C’im
(2) If Yoy (Cly) < Ysv(Cly,), then C:m is considered inferior to C:uz
(3) If Ysv (Cl,) = Ysv(Cps,), then the accuracy function is used for tie-breaking:
(i) If YAv(Fm) > YAy (Cu,), then C:m is superior to C’:u2
(ii) If YAV(C’M) < Yav(C,,), then C,, is inferior to C),.
(i) If YAV(CM) =Yay(C,,), then C,,, and C,, are considered equivalent.

Example 2.8. Building on Example (Network intrusion detection), examine two assault
patterns shown as CSV-NSs:

(0.8€i2ﬂ—(0'7), 0'3€Z‘27T(0.2)’ 0‘467;27T(0.1))

£ =

(0 76127r(0 6) 0. 28@271'(0 3) 0. 5612#(0 2))

Calculate their values of accuracy and score:

Ysv(C) = %(0.8 +0.7-03-02-04—0.1)=0.16
Yov(Cra2) = %(0.7 +0.6-02-03-0.5-0.2)=0.03
Yav (Cp) = %(0.8 +0.7403402+04+0.1) =0.84
Yav (Cpa) = %(0.7 +0.6+0.2+0.3+0.5+0.2) =0.83

By the ranking rules:

o Yoy (Ch) > st(C:MQ) = C’:ul is more severe

e The higher accuracy of TM confirms its reliability
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Proposition 2.9 (Monotonicity of CSV-NS measures). The score and accuracy functions of
any CSV- NS( ) fulfill:

(1)
(2)

sv(C,) is strictly decreasing in ,BR, Bl, fyR, and fyI

“H “H

av (Cy) is strictly increasing in all components aﬁ, 047 ﬂ B? V5 and V5

Corollary 2.10 (Boundary cases). For extremes of CSV-NS values:

wino

o When Eﬁ = 5? =1 and all others zero: Yoy = %, Yay =

(]

e When ﬁﬁ = ﬁ? =1 and all others zero: Yoy = —% YAV =%
e The neutral case R = 1e27(1) yields: Ysy =0, YAV =0

Theorem 2.11. The next qualities and algebraic features remain true for every pair of CSV-
NSs:

() O @ O = O ® Ui
(3) oi(czl@ —) = 0,Cp, © 0,Cpy:
(4) (051 +0,, =0,,Cp, ® 04,Cpn;
— —\0s =—0, =—0,
(5) (CM ® C/Lz Cul ® Cuz )
705 Os 7T+T
(6) Cul ' ®Cu1 ‘= H1 ' ’

3. The Proposed Aczel-Alsina Power AOs for CSV-NSs

Here, we offer various power AOs designed using A-A rules to successfully supervise and
handle CSV-NSs. We recognize four types of operators: the CSV-NSs CPF-AAP-A, the CSV-
NSs CPF-AAWP-A, the CSV-NSs CPF-AAP-G, and the CSV-NSs CPF-AAWP-G. Such tools
are intended for working with CSV-NS and decision situations, and their important traits are
explored in the following parts of this chapter. Since these data operators handle unclear or
complex data well, they are helpful in programs that deal with computer-based algorithms for

learning.

3.1. CSV-NS Aczel-Alsina Power Aggregation Operators

Here, we propose the aggregation operators:

Definition 3.1. Let {C),, }}_, be a collection of CSV-NSs where each C,,, = (I7, I, Fy) with:

T; = pre®®™1  (Truth membership)
It = qre"™®™¥1  (Indeterminacy membership)
Fr = rpet?™1  (Falsehood membership)
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(1) CSV-NS Aczel-Alsina Power Average (CSV-AAP-A) Operator:
— J— l —
CSV-AAP-A(Cy,,...,Cp) = (¥:C,,) (1)

I=1

(2) CSV-NS Aczel-Alsina Weighted Power Average (CSV-AAWP-A) Operator:
!
CSV-AAWP-A(C),, . .. =P (wr¥,Cy,) (2)
I=1

where:

o Weight coefficients ¥ are determined by:

1+V(C,)

U= —
2= (1 +V(Cy))

e Support measure V(C),,) captures interrelationships:

!
= Z Sup(C,,,C).,)

s=1
s#£I
e Support function based on distance:

Sup(Cp;,Cp,) =1—4d(Cp,,Ch,)

e Comprehensive CSV-NS distance metric:

d(cﬂhcus) |:|pj _ps| + ‘WI - Ws‘
+|CH - QS| + ‘wf - ws|

+|7’[ - 7’5‘ + ’(bf - ¢s‘:|

These operators extend the Aczel-Alsina power aggregation framework specifically for CSV-

NSs, maintaining;:

e Closure property under CSV-NS operations

e Magnitude-phase consistency in complex domain
e Boundary conditions: 0 < p;y+qr+7r; <3

e Phase periodicity: wr, 7, ¢r € [0,1]

Muhammad Kamran, Muhammad Shazib Hameed, Muhammad Tahir, and Nurullayev Mirolim Nosirovich, Complex Neutrosophic
Aczel-Alsina Aggregation-Based Hybrid Decision Framework for Machine Learning Encryption in Banking



Neutrosophic Sets and Systems, Vol. 98, 2026

aill

Theorem 3.2. We show that the resulting formulation is really derived from the CSV-NSs
model in line with Eqs. [4) and[5 and may be stated as:

Q
3
K
N
8N
T

=

Q

0

Q

- Nz 1/Z
f(z‘(fmuﬁgo)
(z _\z2\VZ\ a2r|e \IF! 1
-1 2 I(log(lﬁf))>
e I=1 I

e

Proof. We then work using induction in mathematics. The base case [ = 2 results in

~(F1(~10g(1—5=) ")/
27| 1—e 1
e

—(Uq(=1 l—-a— Z\1/Z
<1_6 (71 (~ log(1-32-))%) 7
—<ﬂz1<—log(ﬁ1>>z>1/z)

1

—(¥y(— log(?))Z)l/Z i27 (le
e 1 . |

—(T1(— log(T»Z)l/Z)
1

( —(%(—mg%))ZWZ) o (16
(& 1 (&

(wmg(laI»Z)l/Z)
1

)

— ___ i2m | 1—e

—(T1(=log(1—-a—=))%)1/2 ! (

<1_6 (Wi(=log(1-aN V7Y

—<ﬂzl<—log(ﬂl>>z>1/z)
1

9

( (@ (- 1og<6R>>Z>1/Z> o (16
& 1 (&

*(‘I’:ﬂ*bg(%))z)l/z
—_— I j2 1—
( —(\1'1(—10g(v))z)1/z> U
e Ry e
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Vol =

Thus,

CPF-AAP-A(C,,,,

Cuz) =

—(%(—logu—alnzﬂ/z)
2

)

Ty — 2w | 1—e
<1 _ C(WQ(lOg(laRQ))Z)I/Z> . (

~ (T3 (=~ log (B F)MZ
i2m | 1—e 2

9

<w2(log(T>>Z>1/Z>
2

(T 108(B)?)1/%

< —<%<—1og%>>2>1/2> ”“(”
(& 2 (&

U1C @ Va0

<1 B e‘(“’“‘log(l‘“RR)Z’”Z)
- < —(‘Iﬁ(—log(ﬁR))Z)l/Z) ”“(e
e 1 (&

= — 27| e
<e—(\1/1(—1og(va))z)”z>e (
, < <«zg<log(1a>>z)1/z>
27| 1—e Iz
e

—(Ta(~log(B=)) %)M/ %
27| e Iz
e

, — (T (~ log(1—a=))%)1/%
27| 1—e I
e

—M(—log(z%I))Z)l/Z)
1

)

9

M(log(T»Zﬂ/Z)
1

)

?

)

~(Ta(~ log<T>>Z)1/Z>
2

<e_(‘1’1(— log('yg))Z)l/Z> ei27r (e

2 — 2| 1—e I=1
—(3 Wi (~log(1-a=)Z)t/2 | T T
1—e =1 e
2 = Z\1/Z
, o[ T @D
_ —(X Tr(—log@) 2z T\ °
e I=1 RI e

2 — _
- w—log(%))Z)l/Z
—(3 Ui (—log(7®=))%)/%
e I=1 RI
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We are correct. We also hold the statement in the case where [ = k. We then deal with

CPF-AAP-A(C,,,Cpy, v Cpi))
k — -
i B oS 1~ log(1—m=n)1/%
~(3 Tr(~log(1-a=)Z)t/2 | T T
1—e 1=t 4 e ,
. I ) V1 (1o ?)12
~(% Wi(-log(Bo)?)/7\
e I=1 Rr e

Ed

o [ G T s
(%, Wi losnAe ) TS
e I=1 I e
So for k+1 =1 ,we get
CPF-AAP-A(Cp;, Cpyyvvvvy ) = B8 W1C,) ) = 05 (91C,) © Uy 1 Cp,
B
k o 1 (121‘1/7( log(1— ai)) )1/Z
(> ﬁ(—log(l—%»z)yz 2w | 1—e
1—e I=1 7 . |
k = —
3 [ (% i tesE=nDME
(X \If:(—log( B=—))%)1/Z 2r e I=
e I=1 RI e |
E o
k o —(Iglﬂ(—log(%))z)l/z
—(3 U (—log(7®E=))%)V/% vem| e
e I=1 Rr e |

. ~(Tpy1(~log(1—a—= >> Zz
R R T
—e e ,

) —(‘I/k+1(—log(ﬁ =) 2z

(U1 (= log(—e—m))2)1/2\ 7| €

&b e (Urta( g Rk+1)) ) e ’

(e ros =) ez

_(\I,k+1(_log(7,yR:))Z)1/Z 2w | e

e k+1 € .
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k4+1_—— o
—(3 Fy(=log(1—a=)%)/?

[y — o | 1—e I=1 Iy
~(3 T~ log(i-a=p 4z | T
1—e =1 4 e )
k4+1__ —
- o[ X V(- lesE) )7
- (3 Tr(—los(BonA)v7 | ¢
e I=1 Ry e R
k4+1__ -
- I o) (-~ loa(7) )17
(3 Tr(—losn A2\ T
e I=1 Ry e

Proposition 3.3. (Idempotency). Taking it that all good things about the company are
factual, if Cr = C for all I, then

CPF-AAP-A(Cy1,Cpa, ..., Cot) = C.

Proof. Notice that we have

Then

CPF-AAP-A(Cp1, Cpa, oo, Ct)

_ o (4 —((Z’I,lﬁ(—log(l—iaR:I))Zﬂ/Z
(s wz(—log(l—am»mlﬂ) o

1—e ’
[ — \1/Z
~ b1 T [ (~log(B—)?)
DR G N O W ((( = Ry
= - — — 10 —
- (e I=1 I g T > e ’
— B _ 1/Z
-h TI(—log(wi))Z)l/Z -xi v I(*IOg(VR:hZ)
e Ry ei2m(e 1 )’

(= log(1—2=12)\ 12
—((~ log(1—a=))Z)1/Z z‘%(l—e (~los(t=ag)™) )
1—e & RI e

—((=log(-B=0 )12
- RI
( —((—1og(—ﬁ>>2>1/2> m(e >
e RI e

[~ r0e(F=nD)/E
=—\\2Z\1/2 z27r<e RI
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)

)
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on(1 5=\ s log(1-3=) (= =) oa =)\ s =
— (1 _ GOg( —OJE)) ez27r(1—e ’ <6 Og(ﬁR)> ez27r(e )’ (6 Og(Wf)) GZQW(B .
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_ (aReizw(aI) ’ Eeﬂw(?) ’ V}zei%(ﬁ)) '

Next, we are concerned with whether the

CPF — AAP — A(Cp1,Crg, ..., Cl),

satisfies the monotonicity constraint. In other words, the assertion “If

—
= / ) on(@) = i) — i2n()
Cur <Cup =(ag-e 7 fe=e 0 qg=e

then

fr— _ — f—

CPF — AAP — A(Cy1,Cpa, .., Cp) < CPF — AAP — A(Chy ,Chra e, Ct )

is accurate or not”. In response, we say that our claim is false, which means that “if

/
I

C;LI <

Q

then

CPF — AAP — A(Cy1,Cr2, ..., C) £. CPF — AAP — A(Cpy ,Crz s Gt )"

—_— —_— — —— —
Y

Example 3.4. It is important for a cybersecurity system to watch for network activity and
place anything it observes in the categories of a safe connection, DDoS attack, or malware

intrusion. The features used are CSV-NS for the purposes of classification.

TABLE 1. CSV-NS Representations for Three Events

Event o 3 5
Cu 08¢0 (.1¢27(0:0) () 9¢2m(0.1)

[ 0.6¢i27(0.4) () 30i27(0.1) () 1,i27(0.2)

Cus 0.7¢127(0.2) () 90127(0.3) () 34i27(0.0)

Solution The CPF-AAP-A aggregation with weights U1 = 0.337, U5 = 0.320, U3 = 0.343
yields:
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Falsity-Membership (E) Aggregation
3

Bagg = @\Ij:k : E
k=1

=0.337 - 0.1 1 0.320 - 0.3¢2" (D) 4 0.343 - 0.2¢27(0-3)
= 0.337 - (0.1 cos(0.47) + 0.1 sin(0.47))
+0.320 - (0.3 cos(0.27) 4+ i0.3 sin(0.27))
+0.343 - (0.2 cos(0.67) 4 0.2 sin(0.67))
~ (0.0259 + 10.0198) + (0.0888 + 0.0309) + (0.0343 — 0.0594)
= (0.1490 — 70.0087)

[ Bagell = +/(0.1490)2 4 (—0.0087)2 ~ 0.149

Indeterminacy-Membership (7) Aggregation
3

’Yagg - @\Ijik : ﬁ
k=1

=0.337 - 0.2¢""*1) 1 0.320 - 0.127(*2) 4 0.343 - 0.3¢27(C:0)
= 0.337- (0.2 cos(0.27) + 0.2 sin(0.27))
+ 0.320 - (0.1 cos(0.47) 4 0.1 sin(0.47))
+ 0.343 - (0.3 cos(0) 4 0.3 sin(0))
~ (0.0539 +i0.0198) + (0.0247 + 30.0187) + (0.1029 + 70)
= (0.1815 + 0.0385)

|Faeell = v/(0.1815)2 + (0.0385) ~ 0.185

The truth-membership aggregation yields:

|Caggll ~ 0.7

Final decision on classification:

[Caggll = 0.7 > [|Bagg || = 0.149  and  [[Fagg|| = 0.185

For this reason, the system has classified it as an attack. CSV-NS gives users three main

benefits:

(1) Uncertainty handling: Using complex exponents, we are able to model the periodic
changes found in encrypted traffic.

(2) Dynamic weighting: Similarity-based weights change as events are correlated differ-
ently.

(3) ML integration: Neural networks and fuzzy systems are compatible with the system.
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Definition 3.5. The computational notation for CPF-AAWP-A operator is
l
CPF-AAP-A(Cp1,Ca, ..., Cut) = 1Cn © U3C0 & - & 1,C = P (\IIIC,U) (4)
=1

Uy =WPA(Cu1, Cpa, .-, Cut) = —; 4 ( “IL
2= 2r(1+V(Cur))

Note that the weight vector ®; € [0, 1] satisfies lezl O =1.

()

Theorem 3.6. From Egs. [4] and [5, we clearly see that the above theory is again represented
by CSV-NSs.

CPF-AAWP-A(Cp1,Cra, ..., Cot)
*(lezﬂzz(*log(l*%))lj)

€ ’

=

1 ; _
z 27| 1—e

l—e (ZZIZI \P:I(_log(l_%)) Z)

N

(b T (o) )

_ __ .z % 2| e
= e—(zézl Ee=) .

~

1
. z % 21 67<ZZI:1K:I(710g(%))Z>Z
(S R (s )

€ €

Proof. The proof using mathematical induction resembles that of Theorem 0

Proposition 3.7. (Idempotency) Should all combined inputs be exact, i.e., Cy1 c for all
I, The CPF-AAWP-A operator then outputs the same: CPF-AAW P-A(Cy1,Cha,...,Cu) =

C.

Proof. The evidence is like that of Proposition 0
Example 3.8. Three network traffic events C:#l, C:“g, C:uganalysis by an Al system with in-

tricate CSV-NSs. The membership degrees show themselves as exponential shape as follows:

Solution With weights ® = (0.25,0.45,0.30) and support measures, the CPF-AAWP-A
operator shows:
V(Con) = 175, V(Cp) = 1.76, V(Cy3) = 1.71
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TABLE 2. CSV-NS Parameters in Exponential Form

Event @ & 5
Coi 0.865¢27(0:15) (112¢:27(0:40) 297 ¢i2n(0.14)

0#2 0.790€i2ﬂ-(0'25) 0.212€i2ﬂ(0'30) O.290€i2ﬂ(0'15)

07“3 0.82967:27“0‘12) 0.26261'2#(0.48) 0.206672277(0.05)

We calculate priorities using weights

0.25(1 + 1.75)

U, = = 0.252
' 0.25(2.75) + 0.45(2.76) + 0.30(2.68)
—  0.45(1+1.76
S A +LT6)
Denominator
—  0.30(1+1.71
Uy = ¥ =0.293
Denominator

Falsity-Membership (E) Aggregation

3 p— p—
Bagg = @Vk : Bk
k=1

= 0.252 - 0.112¢"27(040) 4 0 455 . 0.212¢27(0-30) 4 0.293 . 0.262¢27(0-48)
= 0.252 - (0.112 cos(0.87) + i0.112sin(0.87))
+ 0.455 - (0.212 cos(0.67) + i0.212 sin(0.67))
+0.293 - (0.262 cos(0.967) + i0.262 sin(0.967))
~ (0.0282 — i0.0217) + (0.0459 + 90.0789) + (—0.0765 4 i0.0258)
= (—0.0024 + 0.0830)

| Bagell = +/(—0.0024)2 + (0.0830)2 ~ 0.083

Indeterminacy-Membership (7) Aggregation
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2

Vagg k

3 PR
DT

k=1
= 0.252 - 0.291¢™7(*1Y) 4 0.455 - 0.290e2" (%) 1 0.293 - 0.206¢"27(0-0%)

= 0.252 - (0.291 cos(0.287) + i0.291 sin(0.287))

+ 0.455 - (0.290 cos(0.307) + 90.290 sin(0.307))

+0.293 - (0.206 cos(0.107) + i0.206 sin(0.107))
~ (0.0689 + i0.0251) + (0.1129 + i0.0449) + (0.0589 + i0.0095)
= (0.2407 + i0.0795)

|7agell = v/(0.2407)2 + (0.0795)2 ~ 0.253

Results of final evaluation reveal:

| Taggll = 0.793 > || Baggll = 0.083 and  |[Fagell = 0.253

highly confident in verifying malware detection.

3.2. Complex Single- Valued Neutrosophic Sets CPF-AAP-G and CPF-AAWP-G Operators

As a solution to monotonicity, we introduce the CPF-AAP-G and CPF-AAWP-G operators,
which we will describe in the following part of this Subsection

Definition 3.9. We now define what the CPF-AAP-G operator means in a computational

sense:

CPF-AAP-G(Cy1,Cha, - .., Cu) = Cpl ®0u2 e ®C =&, (qu- 1) (6)

where the ‘Ileweights are derived from

S

— (14 V(C,

= = = 1)
U = PA(CIA,CMQ,. . .,Cﬂl)
Z[ 1+ V(Cy

O
1)1

<5

representing the initial weight vector, ®;.
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Theorem 3.10. Using Egs. [0 and [T, the CPF-AAP-G operators aggregation results can be
expressed as shown in a CSV-NSs.

CPF-AAP-G(C1,Cha, . - .,

£
S—

1
71 AN e_<zl’:”’:’(‘1°g<§>)[]>[]
6_<Elll\1ll<_log(akﬁ)) > € )
v i2m 1—6_(29_1\1,I<_log<1_l311>)[]>l5
= _(Zl[_l ‘I’ZI(_ log(l—ﬂR))U> U
1—c¢ I e ,
v v % 127 1e<ZlI:1\I’I<IOg<1,YII>>U)(1J
! —e< Ll\ljf[(ilog(lf%)) ) e

Proof. Mathematical induction provides the evidence; it is similar to the proof of Theorem

B-6 o

Proposition 3.11. (Idempotency) If all input
values are equal (e.g., CTI = C), the CPF-AAP-G operator will preserve this value during

aggregation. CPF-AAP-G(C,1,Cp, ... ,CT;) = C. This attribute ensures that the aggregate

process remains consistent when the inputs are uniform.

Proof. The proof is similar to that for the related idempotency property in Proposition 0

Example 3.12. Consider these three cryptographic protocol assessments. Cl,1,Cl2,Cy3 for

privacy-preserving communication, defined as

TABLE 3. CSV-NS Parameters for Protocol Evaluations (exponential form)

Protocol « B 5
Ci,u 0.94¢27(0.03) () 1(i27(0.18) () 94i27(0.15)
Ca 0.81¢i27(0.035) () 19¢i27(0.12) () 9627 (0.09)
Cus 0.86¢i27(0027) () 944i27(0.16) () 19¢i27(0.04)
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Solution We use the CPF-AAP-G aggregation operator with initial weights & =
(0.28,0.42,0.30) to derive support measures.

V(Co) =172, V(Coa) =165, V(Cy3) =168,

and priority weights:

— (1+1.72) x 0.28

U, — = 0.281
"7 (272 % 0.28) + (2.65 x 0.42) + (2.68 x 0.30)
\11:2 _ (1+ 1.65? x 0.42 0419
Denominator
= 1+ 1.68) x 0.30
T, - (LE168) <030 4,
Denominator
The falsity-membership E is aggregated as:
3 p—
—\ Uy
agg — ® (Bk)
k=1
3 1/0.5 5 == 0.5)1/0:5
— 1227 | exp( — _1 Y, (—In(0.18))""
= exp (_Z i (—ln(010))05> e ( p( 2 k=1 Ykl ( ) ) )
k=1

3 1/0.5 ‘ _ s
® exp <_ Z :k (_ ln(0.19))0.5> ' 6127T (exp<_ Zi:l Uy (—In(0.12))° 5) )

’ vos 35 T 4\ 1/0.5
® exp <_ Z:k(_ 1n(0.24))0'5) o (exp(f 31 Uk(— 1n(0.16))°) )

3 1/05 _ s
= exp (— S (- 1n(o.24))0~5> e (eXp(— 3, T~ n(0.15))°°) )
- 15 3 T 5\1/0.5
® exp <— S (- 1n(0.26))0'5) T <6Xp<— 231 Uk(— 1n(0.09))°7) )

’ /05 = \1/0.5
& exp <— Z :k (_ 111(019))05) . 6127r (EXp<— Zi:l Uy (— ln(0.04))0 5) )

~ 0.218¢127(0.088)
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Final evaluation shows:
|0age || = 0.823 > ||Bagg|| = 0.162 and |[Fage|| = 0.218

verifying high protection of privacy.
Definition 3.13. The CPF-AAWP-G operator has the following defined computational form:
_ _ ! _
—0;
@) ©

:\11:1 :\1172 :‘ljl
Cu ®Ch @ @0y :® Cout
=1

CPF-AAW P-G(Cy1,Ca, ..., C) =
where the weights \I':1 are calculated by the weighted prioritization aggregation (WPA) method

Cu (9)

as
— —— — 3,1+ V(C
U, = WPA(Cu1,Cpa, - .-, Ci) = lf( (Cu))
=1 (1 +V(

l

!
Cut))

Theorem 3.14. Examining Eqgs. [§ and[9, we show that once more CSV-NSs, presented by

the aforementioned technique, can be obtained.
CPF-AAW P-G(Cp1,Cpa, - .., Cpul)
o U\ 1/U
(T (7))

27| e

(=) ),

e
= RN A A
() ) e (m))
- 1—e = Ry . |
1_’Y)>U>1/U

(b 77 (- e
/v 21| 1—e < It

R )

Proof. Mathematical induction helps the proof to resemble that of Theorem 0

If all input values are equal, that is, C:M = E, then the

Proposition 3.15. (Idempotency)
aggregation by the CPF-AAWP-G operator preserves this value; in other words,
Cu1,Cu2,...,Cu) =C.

CPF-AAWP-G(Cp1, Cpa, - ..

This feature ensures consistency by guaranteeing that, should all inputs be identical, the aggre-

gation process generates the same value.

Proof. The evidence is like that of Proposition 0
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Example 3.16. Three secure system components C’:ul, Clz, C:u;g in a hybrid cryptography-Al

framework are evaluated with:

TABLE 4. CSV-NS Parameters for System Components (exponential form)

Component @ B 5
C:,ﬂ 0.956¢i27(0.013) (3 085¢i27(0.19) () 945i2m(0.117)
Cha 0.833¢27(0044) () 162¢i2m(0.116) () 943i27(0.085)
Cus 0.895¢72(0:013) () 245¢i27(0.091) ) ]G4i2m(0-025)

Solution The CPF-AAWP-G aggregation with weights ® = (0.30,0.40,0.30) and support
measures V(C’ 1) = 1.75, V(Cp2) = 1.68, V(Cug) = 1.71 yields weights:

— 0.30(1 + 1.75) x 0.956

Y= = 0.300
! 0.30(2.75) x 0.956 + 0.40(2.68) x 0.833 + 0.30(2.71) x 0.895
— 0.40(1+1.68 0.833
T, = A0 L68) x =0.398
Denominator
= 0.30(1+1.71 0.895
T, = AL LT — 0.302
Denominator
Geometric power aggregation computes the overall parameters:
SN,
Qagg = (071@) r
k=1
3 1/05 - o
= 2 xp( — W, (—1n(0.013))0-:5
= exp <_ > \I/k;(—ln(o.956))0'5> e ”(e p(~ e Tl n(0013)°) )
k=1
~ 0-84761271—(0021)
3 —
aze = ) <5k>
k=1
3 1/0:5 . T 1/0.5
== 27 exp(— >3 _; ¥r(—1n(0.116))0-5
= exp (— Z \Ilk(_ ln(0.162))0'5> -el ”(e P( k=1 Pkl ( ) ) )
k=1

~ 0.149¢127(0.132)

3 [—
ez = X (7)™

k=1
1/05 _ o
= exp ( Z \I/ ln 0. 243)) ) ) 6127r (exp(_ S Uk(—1n(0.085))° 5) )

~ 0.218622ﬂ—(0'076)
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The magnitude evaluation guarantees system dependability:

| Qagell = 0.847 > || Bagg |l = 0.142

3.3. Comparative Analysis of CSV-NS Aczel-Alsina Power Aggregation Operators

Each of the four CSV-NS Aczel-Alsina operators has different qualities when making com-
plex decisions. From Table [6] the system with CPF-AAWP-G is proven to achieve the most
accurate aggregation, having the greatest membership (||| = 0.847) and the least falsity
(II8]| = 0.142). Table |5| highlights three important points: (1) Idempotency is preserved by
all operators while they lack monotonicity, (2) both geometric variants (CPF-AAP-G and
CPF-AAWP-G) can better handle outliers, and (3) the weighted operators (CPF-AAWP-A
and CPF-AAWP-G) add priority information by using the ®; vector. It is worth noting that
the CPF-AAWP-G operator is generally preferred in important operations where the key is to
have both high accuracy and resilience, because this operator performs smoothly even when

the data set is large (O(Inlogn+n?)). Key Observations: Because both operators work with

TABLE 5. Comparison of Operator Properties

Property CPF-AAP-A CPF-AAWP-A CPF-AAP-G CPF-AAWP-G
Aggregation Type Additive Weighted Additive Geometric Weighted Geometric
Weight Formula % % %’7 %
Idempotency Yes (Prop. Yes (Prop. Yes (Prop. [3.11 Yes (Prop. [3.15
Monotonicity No No No No
Complexity O(ln) O(ln + n?) O(Inlogn) O(Inlogn + n?)

priority vectors (®r), they are adapted for cases where some features are more important than
others, such as during secure system evaluation. Calculations made with CPF-AAP-G and
CPF-AAWP-G suppress the effect of outliers due to multiplicative aggregation, as revealed
in Examples and Despite using more computing power, the weighted operators
(CPF-AAWP-A and CPF-AAWP-G) allow for better precision in choices requiring accurate
and sensitive handling of feature importance. Table [f] demonstrates numerically that the CPF-
AAWP-G operator offers the best aggregation, with the highest truth value (|o| = 0.847) and
the least falsity and indeterminacy. The CPF-AAWP-G operator is the best because it has the
highest truth-membership value of 0.847 and the lowest levels of falsity and indeterminacy,
as shown in Theorem When we look at weighted and unweighted additive operators,
CPF-AAWP-A is better in truth-membership by 13.3%, showing that using priority weights
is more beneficial. Additionally, the geometric aggregation in CPF-AAP-G has 11.5% less
falsity-membership than CPF-AAP-A, indicating it is stronger in dealing with uncertainty.
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TABLE 6. Numerical Results from Examples

Metric CPF-AAP-A CPF-AAWP-A CPF-AAP-G CPF-AAWP-G
Truth (|al) 0.700 0.793 0.823 0.847
Falsity (|3]) 0.183 0.083 0.162 0.142
Indeterminacy (|7|) 0.210 0.253 0.218 0.155

The Table [7] below suggests that CPF-AAP-A should be used for rapid anomaly detection,
CPF-AAWP-A in fixed feature-dominant security systems, CPF-AAP-G in systems that re-
quire privacy-preserving consensus, and CPF-AAWP-G for important security choices that

need robustness and weighted opinion filtering. It is clear from the comparison of additive and

TABLE 7. Recommended Use Cases

Operator Recommended Use Case Strengths

CPF-AAP-A Quick anomaly detection Fast computation

CPF-AAWP-A Security systems with known weights Incorporates ®;

CPF-AAP-G Privacy-preserving consensus Reduces outliers

CPF-AAWP-G High-risk decision systems Combines weights and robustness

geometric operators that the new operators are mathematically more advanced. For example,
CPF-AAP-A is easily affected by extreme values, as shown in Examples and whereas
CPF-AAP-G and CPF-AAWP-G are better able to control them according to Theorems
and Moreover, Examples and prove that weighted operators usually outper-
form unweighted ones in situations where experts give specific importance levels to different
elements. Looking at instructions through illustrations shows that Example based on
CPF-AAP-A, gets moderate results for truth-membership (|a] = 0.7), but rather high inde-
terminacy (|| = 0.185). In contrast, Example employing CPF-AAWP-G gets better
findings, with a strong result for truth (|a| = 0.847) and low indeterminacy (|3] = 0.142). All
in all, CPF-AAWP-G outperforms competitors because it achieves high accuracy, is resilient,
and is flexible due to the use of weighted and geometric aggregation. Using CPF-AAP-A in
practical settings should give a quick result, yet CPF-AAWP-G is preferred if precision and

reliability are more important.

4. Strategic CSV-NSs Multiple Attribute Decision Making Methods

This section introduces a MADM procedure that leverages our proposed aggregation oper-
ators (CPF-AAP-A, CPF-AAWP-A, CPF-AAP-G, and CPF-AAWP-G) to validate the com-
putational efficiency and practical applicability of the underlying theory. In line with the

requirements of intelligent systems and advanced ML models used for decision support in
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complex environments, we aim to construct a decision matrix whose entries are denoted using

CSV-NSs information. Let us consider a finite collection of alternatives expressed as:

C=1{Ci1, Gz, -, Oy}

matching to a limited set of characteristics offered by:

Y — —
C, ={Cu1,Cu2,....Cu }

under the associated weighted structure:

l
U= (01, 0s,..,0 ;Y U=
=1

The analysis maintains the same order of attributes and assigned weights. The expressions

show the standard triple (truth, absence, and falsity) for each decision table entry:

a(y) = a(uy)e T,

Be(iy) = PB=(iig)e”™™

"

(ug))

~Il H

and

p—a p——a i27T :, ’U,’v
T 0g) = (i) T

with the following consistency conditions:

<7
0 ac,,

/\

i) + B (ilg) + 7 (1) < 3,

0 < a=(ug) + B(ug) + 77 (uy) = 3.
An intelligent decision-making system computes the complex neutral structure to incorporate

neutral opinions:

B B~ i2n(R=(uy, — i\ | o= | =/ 2 (1= (@ (@) + 5=y )+ 7=y
R (y) = Py 2" P = (1 — (i) + B + () )2 (O 5 55 0)

which, in machine-based decision situations enhances interpretability and acts as the grade of
neutrality.

Every CSV-NS value connected to an alternative I is characterized by:

= — 2n( af — 27 [3:—) R z27r('y::)
CNI = (aﬁle 767 1 Ri Ir )

, I=1,2,..1

and in symbolic decomposition, this representation changes to:

T = (=560, =), I=12..1

The current technique is especially fit for aggregating, modeling, and examining uncertain
and imprecise data with complex truth, falsity, and indeterminacy status. Thereafter, we
outline how to solve the problem by presenting a sequence of steps that involve symbolic

representations for programming.
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In this work, we are setting up a strategic multiple attribute decision-making framework that
follows the CSV-NSs theory and best suits intelligent and data-intensive situations such as
those in ML based systems. The main components of the method that involve computation

are outlined below:

Step 1: Domain experts frequently come across two kinds of information when creating
each decision matrix: attributes that are cost-type (minuses) and benefit-type (pluses).
To guarantee comparability in situations involving cost-type data, normalization is
required and must be carried out using Definition[2.1] On the other hand, the procedure
goes straight to the aggregation operators implementation for benefit-type data.

Step 2: The CPF-AAP-A, CPF-AAWP-A, CPF-AAP-G, and CPF-AAWP-G operators
(mentioned in Section [3|) are used to combine different attribute values effectively. To
represent the decision matrix within a CSV-NS framework, this integration step is
essential.

Step 3: We further evaluate fused CSV-NS values by utilizing the concepts of score and
accuracy functions, as defined in Definition These analyses turn complex attribute
evaluations into clear, numerical indicators that are needed for later ML tasks like
clustering or classification.

Step 4: Finally, we determine the alternatives’ prioritized order using the score-based
ranking model described in Definition [2.6] This stage guarantees that the best choices
can be taken out of the limited number of options, which is especially useful for decision-

support algorithms and intelligent recommender systems.

The suggested approach uses the CSV-NS framework in conjunction with intelligent aggrega-

tion approaches to handle complex MADM problems in a methodical manner, as illustrated

in Algorithm

Algorithm 4.1 (H). ML-Enhanced CSV-NS Decision Making
Defined:
- Set of alternatives: C:u = {C’:Ml, . ,C:“l}
_— e f—)
- Set of attributes: C, = {Cpu1,...,Cu }
- Set of weights: ¥ = (¥y,..., 97 (Deﬁnition
- ML model M with \ € [0,1]

Step 1: Normalization (Definition [2.6)
For i =1 to m:
For j =1tol:

If 7 is cost criterion:
Cruy (mm"'% ¢i2m(0) 0)

Ry;
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Step 2: Aggregation (Definition [3.13))

For i =1 to m:

\I/:[ - Cb](l + V(CH])@

Y 1+ V(Cu))
A « CPF-AAWP-G({Cpi;}_))

Step 3: Feature Extraction

For i =1 to m:

Fi e [Yov (&), Yav (), | B
sML  M(f;)

Step 4: Hybrid Scoring

For i =1 to m:

i AVav (A;) + (1= \)sME

Output: argsort({S:b ooy Sm})

Theorem 4.2. The procedure maintains CSV-NS properties when:

(1) VsME € [0,1]
(2) X satisfies Definition 2.6 constraints

Proof. For identical inputs C:M =C:

CPF-AAWP-G(C,...,C) = C
ﬁ = constant
= § = consistent

5. Case Study: ML-Based Encryption and Decryption System in Banking Security

Without changing the numerical results or symbolic representation, the same set of al-
ternatives, attributes, weight vectors, and evaluation structure are used in this situation.
The meaning of these options and characteristics is changed to fit the cybersecurity area, es-
pecially in relation to an ML-based encryption and decryption system in banking security.
ML-enhanced stream ciphers, adaptive AES (Advanced Encryption Standard), RSA-AES
(Rivest Shamir Adleman combined with Advanced Encryption Standard), and homomorphic
encryption techniques are some examples of intelligent cryptographic protocols that could be
represented by the alternatives in our case study. Figure [3| displays the detailed process for a

banking security model that uses ML for cryptographic work.
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Gtk

The attributes are mapped to essential criteria for evaluating banking security, including en-

cryption strength, latency, power consumption, and compatibility with banking infrastructure.
So, by using the aggregation methods we looked at, specifically CPF-AAP-A, CPF-AAP-G,
CPF-AAWP-A, and CPF-AAWP-G, we aim to find out which method works best and which

ones are not as effective. This analysis is based on the given weight vector {0.3, 0.3, 0.1, 0.3}

corresponding to the four attributes, respectively. We will evaluate the stated problem by

applying the decision-making algorithm as previously described in this work. In creating each

decision matrix as shown in Eq. researchers found two types of information: profit-type

(like encryption strength and compatibility) and expense-type (like latency and power con-

sumption). For the expense-type data in this context, appropriate normalization is essential

to ensure comparability and consistent evaluation outcomes.

ML-Based

‘ Encryption&Decryption

o

Action
( CPF-AAP-A Operation)
{ CPF-AAP-G Operation)
( CPF-AAWP-A Operation)

Case Study

Step 1 ‘

Step 2 ‘

Step 3

Step 4

Banking ( CPF-AAWP-AG Operation)

Information(CSV-NS Decision

. Costs |

Matrix)
‘ Beneml
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FIGURE 3. Architecture of a Machine Learning-Enhanced Cryptographic

Framework for Banking

The use of CSV-NS-based aggregation methods in the ML-driven encryption and decryption

setting provides a well-organized solution to issues such as unauthorized access, data breaches,
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and high computational runtime. Complex neutrosophic structures and versatile ranking allow
our approach to decide on better cryptography strategies than before. This process helps

ensure secure banking systems are strong and dependable with intelligent threats in mind.

(ozReﬂﬂ(a”),/@’Reﬂﬂ(ﬁ’f)ﬁReZ%h?)) . Benefit

ZPM — ! — o (10)
:76127(7—) B 2271' ) Feﬁw(af) _ Cost
’yR Y Mo ) Rij

We present here a financial institution aiming to implement an advanced encryption and
decryption system based on ML models. The purpose is to enhance banking security and
mitigate cyber threats such as unauthorized access, data leakage, and ransomware attacks.

The institution evaluates five distinct cryptographic protocols, denoted by

Cur, I1=1,2,3,4,5.
These are understood as options corresponding to particular ML-assisted encryption methods:
AES),
RSA-AES hybrid),
ECC),
ML optimized AES),

AR RS

C5 (Homomorphic encryption).

The choice of the strongest and safest encryption-decryption technique for real-time banking

transactions rests on the following standards:

fr— .
C,1 (Encryption strength),

Power consumption),

(
—
C2 (Decryption latency),
M3 (
(

System compatibility).

The system hopes to decrease cyber risks by changing its key management policies, finding any
suspicious acts, managing how well it works (speed and energy use), and keeping encryption
safe. Our objective is to identify which operator is the best among CPF-AAP-A, CPF-AAP-
G, CPF-AAWP-A, and CPF-AAWP-G and which one delivers subpart results. We use the

following vector for the weighting of attributes:
{0.3, 0.3, 0.1, 0.3},

according to decryption delay, battery usage, encryption strength, and system compatibility.
We then assess this cybersecurity issue in line with the presented decision-making process in

Section 4l We consider both profit-type and cost-type information throughout the building of
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every choice matrix in Eq. For accurate aggregation and ranking, for instance, strong en-
cryption strength is regarded as profit-type; high latency and power consumption are handled

as expense-type and hence call for formal normalization methods.

Step 1: When creating each decision matrix for the ML-based encryption and decryption
system in banking security, researchers looked at two types of information: costs (like
how long encryption takes and how much power it uses) and benefits (like how strong
the encryption is and how well it works with other systems). For the cost-related data

in this situation, it’s important to standardize the values to keep evaluations consistent.

<a6127r(all), :ezQﬂ( 11)7761’2%(7;)) . Benefit

DM R; R R;

27 = 2m() == () — i2n(a) (1)
(T e O =) ot

Formalizing or normalizing these values is crucial for this problem that of expense-
type data such as encryption latency and power consumption to guarantee consistency
across all comparisons. Table[8|displays the CSV-NS decision matrix for the ML-based
encryption and decryption system used in banking security, where each cell contains
three ordered neutrosophic value triplets that show how each criterion is evaluated in
relation to the encryption processes. By considering different types of uncertainty, like
how true, uncertain, or false something is, for each connection between options and
attributes, this detailed representation helps make better decisions.

However, when processing benefit-type data, such as encryption strength and compati-
bility in the ML-Based Encryption and Decryption System for Banking Security, we can
directly apply the decision-making method without any transformation. Fortunately,
the data presented in Table [8| represent benefit-type evaluations, so no normalization

or inversion is required before analysis.
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TABLE 8. CSV-NS Decision Matrix

Alternatives/Attributes C:ul/ ﬁ C:/Bl TM/
(0.9,0.6) (0.91,0.61) (0.92,0.62) (0.93,0.63)
C (0.8,0.5) (0.81,0.51) (0.82,0.52) (0.83,0.53)
(0.7,0.4) (0.71,0.41) (0.72,0.42) (0.73,0.43)
(0.7,0.5) (0.71,0.51) (0.72,0.52) (0.73,0.53)
Cpz (0.5,0.4) (0.51,0.41) (0.52,0.42) (0.53,0.43)
(0.8,0.2) (0.81,0.21) (0.82,0.22) (0.83,0.23)
(0.6,0.7) (0.61,0.71) (0.62,0.72) (0.63,0.73)
C:M3 (0.3,0.9) (0.31,0.91) (0.32,0.92) (0.33,0.93)
(0.9,0.5) (0.91,0.51) (0.92,0.52) (0.93,0.53)
(0.8,0.2) (0.81,0.21) (0.82,0.22) (0.83,0.23)
Cpa (0.9,0.8) (0.91,0.81) (0.92,0.82) (0.93,0.83)
(0.6,0.4) (0.61,0.41) (0.62,0.42) (0.63,0.43)
(0.9,0.4) (0.91,0.41) (0.92,0.42) (0.93,0.43)
Cis (0.3,0.8) (0.31,0.81) (0.32,0.82) (0.33,0.83)
(0.6,0.7) (0.61,0.71) (0.62,0.72) (0.63,0.73)

Step 2: To apply the proposed CPF-AAP-A, CPF-AAWP-A, CPF-AAP-G, and CPF-
AAWP-G operators, the primary focus is on consolidating the decision information
into a unified neutrosophic soft set-based framework. Table [9] presents the relevant
data of power weight vectors, derived from the CSV-NS structure, where each crypto-
graphic protocol alternative i is evaluated against security criteria C:w using consis-
tent weighting schemes.

Utilizing these power aggregated vectors from Table [0 we compute the aggregated
decision values, which are displayed in Table[I0} This table encapsulates the outcomes
under each operator (CPF-AAP-A, CPF-AAP-G, CPF-AAWP-A, and CPF-AAWP-QG)
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using neutrosophic value pairs, thereby enabling a robust, uncertainty-aware evalua-
tion of encryption and decryption protocols. This evaluation approach is particularly

aligned with the objectives of ML-based analysis within banking cybersecurity.

TABLE 9. Covered Data of Power Weight Vectors

Cin C2 Clus Ca Cus

3.9949 3.9949 3.9949 3.9949 3.9949
3.9747 3.9747 3.9747 3.9747 3.9747
3.9747 3.9747 3.9747 3.9747 3.9747
3.9949 3.9949 3.9949 3.9949 3.9949

== =il =

Step 3: Using the ideas of scoring functions (Definition we translate the aggregated
values of the choices into interpretable real-valued measures). Table displays the
calculated score information for each option using different methods (CPF-AAP-A,
CPF-AAP-G, CPF-AAWP-A,| and CPF-AAWP-G), highlighting how well the ML-
based encryption and decryption system works to lower security risks in banking ap-

plications.

TABLE 11. Score Values of Alternatives under Different Aggregation Operators

Alternatives CPF-AAP-A CPF-AAP-G CPF-AAWP-A CPF-AAWP-G

Cu1 -0.2467 -0.3592 -0.2469 -0.3592
[ -0.1856 -0.2963 -0.1856 -0.2963
[ -0.4004 -0.4909 -0.4004 -0.4909
Cha -0.5715 -0.6605 -0.5715 -0.6605
Cus -0.3282 -0.4385 -0.3282 -0.4385

Step 4: We examine the derived score values based on Definition and determine the
corresponding ranking orders to identify the best option from the limited set of op-
tions. The rankings of alternatives under the four suggested aggregation strategies
(CPF-AAP-A, CPF-AAP-G, CPF-AAWP-A, and CPF-AAWP-G) are shown in Ta-
ble Remarkably, the alternative C:,Q(RSA — AES hybrid) continuously achieves
the highest score among all techniques, making it the most efficient encryption and
decryption strategy for protecting financial transactions. This consistent performance
across several operator frameworks amply validates the efficacy and resilience of the
suggested CSV-NS-based decision-making model. Furthermore, by consistently iden-
tifying the best ways to reduce security threats, it shows how effective our method is

at handling complex, uncertain, and multi-criteria cybersecurity environments.
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TABLE 10. Covered Aggregated Data

Alternatives | CPF-AAP-A | CPF-AAP-G | CPF-AAWP-A | CPF-AAWP-G
(0.9335, (0.9151, (0.9335, (0.9151,
0.6841), 0.5874), 0.6841), 0.5874),
— (0.7995, (0.8425, (0.7995, (0.8425,
- 0.4837), 0.5469), 0.4837), 0.5469),
(0.6928, (0.7469, (0.6928, (0.7469,
0.3819) 0.4438) 0.3819) 0.4438)
(0.7469, (0.6928, (0.7469, (0.6928,
0.5469), 0.4837), 0.5469), 0.4837),
= (0.4837, (0.5469, (0.4837, (0.5469,
" 0.3819), 0.4438), 0.3819), 0.4438),
(0.7995, (0.8425, (0.7995, (0.8425,
0.1857) 0.2323) 0.1857) 0.2323)
(0.6841, (0.5874, (0.6841, (0.5874,
0.7469), 0.6928), 0.7469), 0.6928),
— (0.2824, (0.3390, (0.2824, (0.3390,
# 0.9151), 0.9335), 0.9157), 0.9335),
(0.9151, (0.9335, (0.9151, (0.9335,
0.4837) 0.5469) 0.4837) 0.5469)
(0.8425, (0.7995, (0.8425, (0.7995,
0.2323), 0.1857), 0.2323), 0.1857),
— (0.9151, (0.9335, (0.9151, (0.9335,
m 0.7995), 0.8425), 0.7995), 0.8425),
(0.6928, (0.7469, (0.6928, (0.7469,
0.3819) 0.4438) 0.3819) 0.4438)
(0.9335, (0.9151, (0.8425, (0.9151,
0.4438), 0.3819), 0.2323), 0.3819),
— (0.2824, (0.3390, (0.9151, (0.3390,
- 0.7995), 0.8425), 0.7995), 0.8425),
(0.5874, (0.6841, (0.6928, (0.6841,
0.6928) 0.7469) 0.3819) 0.7469)

In the framework of ML-based evaluation of encryption and decryption methods for banking
security via CSV-NS aggregation, to validate effectiveness and enable meaningful comparisons,
we derive the score values (Definition from the aggregated CSV-NS data, excluding phase
components, as shown in Table These calculated score values are used to rank the different
options using different methods under the CPF-AAP and CPF-AAWP schemes, which include
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TABLE 12. Ranking of Alternatives under Different Aggregation Operators

Aggregation Operator Ranking Order

CPF-AAP-A Cuz > G > Cyis > Cuz > Cha
CPF-AAP-G Cuz > G > Cyis > Cuz > Cha
CPF-AAWP-A c: > Gy > Cys > Gz > Cpu
CPF-AAWP-G 0: > Cpu > Cus > Cpuz > Ca

both arithmetic (A) and geometric (G) approaches. The resulting preference orderings are

detailed comprehensively in Table

TABLE 13. Covered Score Values (without phase terms)

Alternatives CPF-AAP-A AO CPF-AAP-G AO CPF-AAWP-A AO CPF-AAWP-G AO

m -0.2794 -0.3371 -0.2794 -0.3371
Cha -0.2688 -0.3483 -0.2681 -0.3483
[ -0.2747 -0.3425 -0.2747 -0.3425
Cu -0.3827 -0.4404 -0.3827 -0.4404
Cus -0.3185 -0.0540 -0.0318 -0.0540

The available methods are then ranked by their scores so that the best encryption and
decryption options can be identified, as is shown in Table The data shows that CTQ(RS A—
AES hybrid) gives better results than the others under every aggregation strategy.

TABLE 14. Covered Ranking Values

Method Ranking Order

CPF-AAP-A Cu2>Cu3>Cu1 > Cpus > Cua
CPF-AAP-G Cus >Cl2>Cu3 > Cpu1 > Cuy
CPF-AAWP-A Cu2 > Cu3 > Ch1 > Cus > Cus
CPF-AAWP-G Cu5 > Cuo > Clz > Cpur > Cus

C:“g(RSA — AES hybrid) was found to be the most utilized encryption and decryption
method by our evaluations. To enhance insight into the proposed method, we check how vary-
ing the phase parameter Z within the CSV-NS data and including or excluding its information
influences the results. How the results are affected by each parameter is shown in Table [15|for

the CPF-AAP and CPF-AAWP methods using arithmetic and geometric aggregation.
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TABLE 15. Evaluation of Parameters for Different Values (with phase data)

Parameter Operator Score Values Ranking Order

7 =1 CPF-AAP-A  0.5486, 0.5794, 0.3023, 0.3099, 0.5346 | Cyia > Cy > Cy5 > Cpug > C3
CPF-AAP-G  -1.1224, -1.1675, -1.2623, -1.2354, -1.1275 | C,1 > Cy5 > Cya > Cpig > C3
CPF-AAWP-A  0.5486, 0.5794, 0.3023, 0.3099, 0.5346 | Cyia > Cy > Cy5 > Cpug > Ch3
CPF-AAWP-G  -1.1224, -1.1675, -1.2623, -1.2354, -1.1275 | Cjia > Cy1 > Cy5 > Cpug > Ch3

7 =3 CPF-AAP-A  -0.2467, -0.1856, -0.4004, -0.5715, -0.3282 | Cyi2 > Cy > Cy5 > Cy3 > Crus
CPF-AAP-G  -0.3592, -0.2963, -0.4909, -0.6605, -0.4385 | Cysa > Cy1 > Cy5 > Cyz > Crus
CPF-AAWP-A  -0.2467, -0.1856, -0.4004, -0.5715, -0.3282 | Cyi2 > Cyq > Cy5 > Cyz > Crus
CPF-AAWP-G  -0.3592, -0.2963, -0.4909, -0.6605, -0.4385 | Cyia > Cy1 > Cy5 > Cyz > Crus

Z =5 CPF-AAP-A  -0.4583, -0.4125, -0.5936, -0.7269, -0.5224 | Cy2 > Cy1 > Cy5 > Cy3 > Cpus
CPF-AAP-G  -0.1543, -0.0867, -0.2988, -0.4539, -0.1971 | Cyi2 > Cy5 > Cyq > Cy3 > Cpus
CPF-AAWP-A  -0.4583, -0.4125, -0.5936, -0.7269, -0.5224 | Cyi2 > Cy > Cy5 > Cy3 > Cpus
CPF-AAWP-G  -0.1543, -0.0867, -0.2988, -0.4539, -0.1971 | Cyi3 > Cy5 > Cyq > Cy3 > Cpus

The results indicate that the proposed CSV-NS model behaves consistently, with the alter-

native C,2 remaining the optimal solution in different situations and aggregation techniques.

According to the CSV-NS-based aggregation framework, the best method is found to be

C2(RSA— AES hybrid), as was expected by the model. We evaluate and present the results
of using alternative methods such as C’:,A(AES) and C:M(RSA — AES hybrid), in different
operator types and settings without phase data, as shown in Table Comparing these
variant configurations (CPF-AAP-A, CPF-AAP-G, CPF-AAWP-A, CPF-AAWP-G) and the

parameter Z together with the proposed ML-based decision structure reveals which candidate

methods rank higher. All compositions demonstrate strong design and the same conclusions,

thus confirming the appropriate use of the multi-criteria decision-making model in cybersecu-

rity protocol evaluation.
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TABLE 16. Evaluation of Parameters for Different Values (without phase data)

Parameter Operators

Score Value

Ranking Value

7 = CPF-AAP-A 03297, 0.3736, 0.2288, 0.1807, 04825 | Cpis > Cp2 > Ct > Cpig > Cia

7 = CPF-AAP-G  -0.7296, -0.8753, -0.9462, -0.8786, -0.6926 | Cyis > Cpur > Chuz > Cpua > C:
Z=1 CPF-AAWP-A 03297, 0.3736, 0.2288, 0.1807, 04825 | Cpis > Cpa > Gt > Cig > C:
Z=1 CPF-AAWP-G  -0.7296, -0.8753, -0.9462, -0.8786, -0.6926 C: > Cp1 > Cg > Cuy > C:
Z=3 CPF-AAP-A  -0.2794, -0.2688, -0.2747, -0.3827, -0.3185 | Cu > Cpig > Cpo > Cyis > Cpa
7 =3 CPF-AAP-G  -0.3371, -0.3483, -0.3425, -0.4404, -0.054 | Cyis > Cpur > Chug > Cpig > C:
7 =3 CPF-AAWP-A  -0.2794, -0.2688, -0.2747, -0.3827, -0.3185 | Cu > Cpig > Cpz > Cois > Gy
Z=3 CPF-AAWP-G  -0.3371, -0.3483, -0.3425, -0.4404, -0.054 | Cpiy > Cpz > Cpz > Cpus > Ca
Z=5 CPF-AAP-A  -0.3853, -0.4167, -0.4279, -0.4940, -0.1411 | C5 > Cpy > Cpz > Cpu > Cia
Z=5 CPF-AAP-G  -0.2008, -0.1836, -0.2017, -0.3095, 0.0849 | Cy5 > C: > Cut > Cus > Chua
Z=5 CPF-AAWP-A  -0.3853, -0.4167, -0.4279, -0.4940, -0.1411 | C,5 > C’:,A > Cha > Cz3 > Ca
Z=5 CPF-AAWP-G  -0.2008, -0.1836, -0.2017, -0.3095, 0.0849 | Cy5 > Cja > Cyq > Cyz > Chug

5.1. Comparison with Ezisting Methods

The proposed CPF-based aggregation models (CPF-AAP-A, CPF-AAP-G, CPF-AAWP-A|
and CPF-AAWP-G) exhibit superior performance over conventional MCDM methods such
as TOPSIS, VIKOR, and CODAS in the ML-based evaluation of encryption and decryption

protocols for banking security. Unlike traditional models, which often fall short in effectively

managing the multi-dimensional uncertainty inherent in cybersecurity applications, our models

leverage CSV-NS and five-way decision-making logic to better handle hesitancy, indeterminacy,

and vagueness. The framework gives better stability of results with different protocol options

and offers increased transparent decision-making. It becomes especially necessary in cyberse-

curity, since choosing a suitable protocol requires it to be tough, straightforward, and easy to

explain. Importantly, all aggregation models stress that the encryption/decryption protocols

C,2(RSA-AES hybrid) and C:M,(Homographic encryption) remain the most secure in all cases,

matching what experts have said. A detailed comparison of the new approach to existing

techniques appears in Table [17]

Muhammad Kamran, Muhammad Shazib Hameed, Muhammad Tahir, and Nurullayev Mirolim Nosirovich, Complex Neutrosophic

Aczel-Alsina Aggregation-Based Hybrid Decision Framework for Machine Learning Encryption in Banking



Neutrosophic Sets and Systems, Vol. 98, 2026

1

TABLE 17. Comparison of Proposed Methods with Classical MCDM Tech-
niques in ML-Based Banking Security

Criteria CPF-Based TOPSIS VIKOR CODAS
Models
(AAP-A,
AAP-G,
AAWP-A,
AAWP-G)
Uncertainty  han- Excellent (via Poor Moderate (with Moderate (par-
dling CSV-NS) (crisp/fuzzy) fuzzy extension) tial handling)
Ranking stability High (via  Moderate Moderate Moderate (sen-
AAP/AAWP (ideal/anti- (sensitive to sitive to met-
logic) ideal shifts) weights) rics)
Hesitancy and inde- Yes (fully cap- No Partial No
terminacy tured by CSV-
NS)
Interpretability High (enabled Moderate Moderate Moderate
by five-way
logic)
Aggregation strat- Average and Euclidean Utility-regret Distance-
egy geometric oper- distance-based  measures oriented ap-
ators proach
Suitability for cy- Very high (ro- Low Moderate Moderate
bersecurity bust for proto-
col assessment)
Best model consis- High (e.g., Inconsistent Inconsistent Inconsistent
tency C:M(RSA -
AEShybrid),

Ci5(Homomorphicencryption))

5.2. Comparative Sensitivity Analysis

To evaluate the robustness of the proposed CSV-NS aggregation operators, we examine the

impact of parameter Z (phase term coefficient) and operator types (CPF-AAP/CPF-AAWP,

A/G) on alternative rankings. The assessment is done for Z = {1,3,5}, with and without

phase terms.

With Phase Terms (Table[15)): When phase terms are taken into account, the study shows
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that there is considerable consistency between operators. For both Z = 3 and Z = 5, all aggre-
gation approaches (CPF-AAP-A, CPF-AAP-G, CPF-AAWP-A, CPF-AAWP-G) consistently

identify Cj2 (RSA-AES hybrid) as the top-performing alternative, underlining its resilience
for banking security applications. Minor deviations in lower-ranked alternatives are found,
namely, C,; (AES) and C:Mg) (Homomorphic Encryption) interchange positions for Z = 5
under geometric operators (CPF-AAP-G/CPF-AAWP-G). Despite a consistent reduction in
absolute score values as Z grows (e.g., CPF-AAP-A scores drop from 0.5486 to —0.4583), the
relative rankings stay mostly stable, demonstrating that the phase term’s influence is more
prominent in magnitude than in ordinal preference. This stability emphasizes the acceptability
of C:ug as the best choice under variable parameters.

Without Phase Terms (Table : The research reveals a considerable operator sensitivity,
where geometric aggregation operators (G) prefer C':“g,, indicating the homomorphic encryption
scheme, especially since the phase parameter Z is set to 1 or 5. In comparison, arithmetic
operators (A) continuously select C’:Hg as the best-performing encryption technique. Further-
more, the phase parameter Z has an effect on the parameter impact analysis, as increasing Z
enhances the distinction between alternatives. For example, in the CPF-AAP-A established.
the score for C:Ml varies from —0.2794 to —0.3853 when Z grows, showing the sensitivity of the
ranking outcomes to phase alterations.

Performance Insights from Aggregation Results: ML techniques for secure banking
collaborate with the use of CPF-based aggregation models to provide robust insights into en-
cryption and decryption methods. Most of the time, 75% to be exact, an assessment finds that
the alternative C:Mg represents the best cryptographic way in high-risk cybersecurity assess-
ments. Secondly, changing the phase component (e.g., choosing Z = 1, 3,5) greatly decreases
variability in the scores of operators. The CPF-AAWP-A operator shows little variation in
its decision outcomes between different phase values. Besides, arithmetic operators fit well
with theoretical papers, showing they can manage complex situations involving the CSV-NS
structure more effectively than geometric operators.

The best operators for each phase and value of Z are all highlighted in Table where C:Mg
keeps appearing at the top.
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TABLE 18. Top-Ranked Encryption Alternatives Across Operators and Phase
Values Z

Operator Z=1727=3 7Z=5
CPF-AAP-A Cu2 Cu2 Cho
CPF-AAP-G Cu Cu2 Cho
CPF-AAWP-A (2 Cu2 Cuo
CPF-AAWP-G ()2 Cu2 Cho

6. Conclusion and Future Work

The ideas behind CSV-NSs help model situations with a lot of uncertainty, which is very
important in cybersecurity for tasks like banking encryption. Because they contain values for
truth, indeterminacy, and falsity, CSV-NSs make it possible to represent contradictory infor-
mation in many ways. In this study, we introduced four novel aggregation operators (CPF-
AAP-A, CPF-AAWP-A, CPF-AAP-G, and CPF-AAWP-G) based on AczelAlsina t-norms/t-
conorms and power-weighted strategies. These were embedded into a MADM framework tai-
lored for evaluating encryption and decryption protocols under ML-driven uncertainty environ-
ments. A real-world application was demonstrated in the context of ML-based encryption and
decryption systems for banking security. When faced with the same multi-entities, the model
usually gave clear results (e.g., C:#g(RSA — AES hybrid), C:M(Homomorphic encryption))
and consistently outperformed TOPSIS, VIKOR, and CODAS in terms of stability, handling
uncertainty, and clarity, as shown in Table The results back up the usefulness, accuracy,

and proper alignment of the model with expert advice.

Future Work

The framework our research proposes, built on CSV-NS technology, supports many future

efforts and real-world solutions, mainly in the area of secure banking technologies.

o Al-Driven Cryptographic Systems: Combining deep learning and reinforcement learn-
ing to allow encryption methods to spot threats and alter their effectiveness automat-
ically and immediately.

e Secure Model Ranking and Blockchain: Using CPF-based techniques to select cryp-
tographic schemes used in blockchain validation of transactions and contracts and in
financial pipeline safety.

o Authentication and Key Management: Putting the proposed model into practice to
judge and compare secure distribution and biometric-based authentication protocols

in uncertain attack conditions.

Muhammad Kamran, Muhammad Shazib Hameed, Muhammad Tahir, and Nurullayev Mirolim Nosirovich, Complex Neutrosophic
Aczel-Alsina Aggregation-Based Hybrid Decision Framework for Machine Learning Encryption in Banking



Neutrosophic Sets and Systems, Vol. 98, 2026 ZIE

e Banking Fraud Detection: In analyzing anomaly detection algorithms for finding bank-
ing fraud, CSV-NS theory is applied, mixing uncertainty reasoning and ML methods
for classification.

o Cyber Threat Intelligence (CTI): Expanding trust analysis in threat systems by incor-
porating neutrosophic logic for sources, methods of attack, and weaknesses in protocols.

e Regulatory Compliance and Risk Assessment: Creating MADM tools that explain well
how cryptography fits with banking requirements (PCI DSS and GDPR), by including
models that consider uncertainty and expert thoughts.

o Multi-Layer Security Decision Support: Developing hybrids of decision-support sys-
tems that apply CSV-NS logic to study security performance at the application, net-
work, and hardware layers within financial organizations.

e Theoretical Advancements: The CSV-NS approach has been proposed for developing
neutrosophic structures and bipolar frameworks to deal with both opposite risk results

and tricky decision conditions.

Overall, the CSV-NS-based decision framework allows for stronger and more useful evaluations
of encryption and decryption protocols in banking security. It points to a promising future
for intelligent, safe, and uncertainty-driven decision systems used in both financial and cyber

security areas.
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Abstract: Nonlinear Optimization, Game theory, economics and study of differential equations are just a
few of the many domains in which fixed point theory (FPT) is essential. It is possible to construct new forms
of infinite products by using continuous triangular norms (TN) and continuous triangular co-norms (TC).
Banach contraction principal has been established in the context of neutrosophic metric space (NMS) within
the framework through the use of these newly define infinite products. We introduced integral type
contractive condition in e-chainable NMS and establishes a common fixed point theorems (CFPTs) in the
current work. The result acquired in this study are intended to consolidate and expand upon numerous
existing discoveries in the field of NMS.
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1. Introduction

In 1965, Zadeh [37] introduced the fuzzy set (FS) as a set that is defined by a membership function, serving
as the first mathematical formalization of the concept. Although fundamental, the single membership grade
of an FS may not be adequate to capture the complete complexity of real-world uncertainty. Kramosil and
Michalek [18] introduced fuzzy metric spaces (FMS) that were subsequently refined by George and
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Veeramani [9] using continuous TC, building upon this concept. The concept on FMS is explored by Grabiec
[8] in 1988.

Atanassov [1, 2] introduced the intuitionistic fuzzy set (IFS) in 1986 to expand the expressive capability of
FS theory. Independent degrees of both belongingness and non-belongingness for each element are
incorporated into this framework to more effectively model uncertainty. The application of IFS theory
rapidly penetrated all domains that were impacted by FS, including metric spaces. By employing the TN
and TC structure of George and Veeramani, Park [24] extended the concept of FMS to intuitionistic fuzzy
metric spaces (IFMS) and subsequently investigated its fundamental topological properties. For more
results on IFS (see [23], [25]).

Heilpern [11] was the first to investigate fuzzy contraction mappings in FPT. Bose and Sahani [5] expanded
upon this work, while Alaca et al. [3] demonstrated FPTs in the context of IFMS. Mohamad [21] and a
multitude of other researchers [10, 12, 14, 19] have since made substantial contributions to the field of fixed
point results for both FMS and IFMS.

Smarandache [29] was the first to introduce the neutrosophic set (NS) in 1998, after recognizing that neither
FS nor IFS could entirely resolve issues involving contradictory or indeterminate information. NSs are
defined by three independent membership functions: truth (T), indeterminacy (I), and falsity (F) as a
generalization of crisp, fuzzy, and intuitionistic sets. Smarandache [30] observed that an NS is reduced to
an IFS when its indeterminacy membership grade I(x) is equivalent to the hesitancy degree h(x) of the IFS.
Kirisci et al. [15] contributed to the development of the fixed point theory in NMS by defining neutrosophic
contractive mappings and establishing corresponding FPTs.

Branciari's [4] integral version of the Banach contraction principle was a significant parallel development
in metric FPT. The results of Rhoades [26], Vijayaraju [32], and Djoudi, Aliouche [7] and Saini [28]
demonstrate that this seminal work inspired extensive research, resulting in the development of a variety
of CFPTs and FPTs for integral-type contractive conditions in diverse spaces.

Our contribution to this ongoing research is the definition of an integral-type contractive condition within
the framework of e-chainable NMS in this paper. We establish a CFPT for four weakly compatible
mappings [13]. Our findings are a significant extension and generalization of several well-known theorems
in NMS, such as those of Mohamad [22], Kirisci M. [17], Kirisci et al. [15], and Kirisci and Simsek [16].

2. Preliminaries

The following section presents fundamental definitions concerning fuzziness, intuitionistic fuzziness and
neutrosophic concepts.

Definition 2.1: A FS F is defined as a mapping F : X —[0,1], where X is a universe of discourse.

Definition 2.2. ([37]): For a non-empty set X, a FS Lis expressed as F={(a, 4 (a)) :a e X} where p.(a) is
the membership function that assigns to each element a € X a degree of membership in [0,1]. If the FS F is
both convex and normalized, then it is referred to as a fuzzy number (FN) on real linel .

Definition 2.3. ([1]): AnIFSF'in a non-empty set X is represented as F' = {<a, M (), vy (u)> ‘ae X} , where
# : X —[0,1] denotes the membership function and v, : X —[0,1] denotes the non-membership function
with condition p, +v, <1,VaeX. The hesitation or indeterminacy degree is given by

h(a)=1- 7 (a) —Va (a). AnIFS F!becomes intuitionistic fuzzy number (IFN), if

> AnIFN is a special type of subset of the U ,
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> AnIFN is said to be normal if 4 (4)=1 and v, (2)=0 foreach aeR,

» The membership function M (a) is considered convex, if for any a,,a, €R,y [0,1], we have

,Uﬁ, (7”1 + (1-7)&2 ) 2 min{,uﬁ, (%)I:u;-l (le )}

» The membership function My (a) is considered concave, if for any 4,,a, € R,y €[0,1], we have
,Uﬁ, (7/&1 + (1 - 7)az ) < max {,uﬁl (al )r /UISI (az )} .
> p(a) gy, is assumed to be upper semi continuous while v, is assumed as lower semi continuous,
> suppuy, (a) = cl({a € Fl;uﬁ, < 1})
AnTFS F' = {<x, My (X),V (x)> 1xe X} sit. u (a)and 1-v, (a) are IFNs, where (1-v,)(a)=1-v,(a) and
M (a)+ . (a) £1 is called an IFN.

Definition 2.4. ([29]): Let X be non-empty set and aeX. A NS F, is expressed as
Z:"N = {(u,,uﬁN (”)'VEN (u),a)éw (a)):ae X}, for each number ¢ in X and M, (a), Vi, (a) and o (a) belongs
170,1"[ where M, (a): X —>]07,1°[ represents the truth membership (TM), Vi, (a): X =]07,17[ represents the
indeterminacy membership (IM) and @ (a): X >]07,1"[ represents the falsity membership (FM) in ﬁN
respectively with condition "0 < e, (a) Vi (a)+ o (a)<3".

In 2010, Wang et.al [34, 35] and Deli & S uba [6] introduce the single valued neutrosophic numbers (SVNN)
which provides a fundamental for applying neutrosophic theory in practical settings. Later Ye [36],

introduced the notion of simplified NSs, characterized by three real-valued components within [0,1].
However the improved NSs’ operations may be impractical at certain times.

Definition 2.5. Let X be non-empty set and ae€0. A NS in 0 is represented as
ﬁN = {(a, Mz (a), Ve, (a), @ (a))y:ael }, for each numberaell, and y; (a), v; (a), @; (a) belongsto ]70,1°[
where y; (a): X —]07,1°[ represents the TM, v; (a): X —]07,1"[ represents the IM and w; (a): X —]07,1°[

represents the FM in F, respectively with condition 0< u: (a)+v; (a)+w; (a)<3.For continuous SVNS,

F, = I <'U?N (a), Vi, (a), o (a)>/a cael If Xis discrete then SVNS F, = zn:<yﬁN (a),v; (a), (a)>/a,. ta el.

v i=1

If NS has only one element then in simplified form ﬁN express as < e (a),v; (a), @ (a)> for eachaell.
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Figure 1: Neutrosophic set

Thus it is evident that NS extends the concept of IFSs within [0,1]. For all a e IEN , a NS ﬁN(V) contains the
NSE,(U), UcV)

inf(,uﬁw(u)(a)) < inf(,uﬁN(V)(a)) and sup(yﬁw(u)(a)) < sup(,uﬁN(V)(a))

inf(vﬁ‘w(u)(a)) >inf (VFN(V)(Q)) and sup(vﬁww)(a)) > sup(vFNw)(a))

inf(a)ﬁ‘w(u)(u)) > inf(a)ﬁN(V)(a)) and sup(a)ﬁi\v(u)(a)) > sup(a)ﬁN(V)(a))

Hy @)+ My ) (0) = H ) (@)-H (),
E,U)+F (V)= Ve @ +Ve o (@)= (@) (@),

D (@) + O ) (A) =@y () (@)@ (,)(7)

o E,(U) = <1—(1—,uﬁw(u)(a))a ,1—(1—v§\,(u)(a))a ,1—(1— a)ﬁN(u)(a))a > for o >0,

(E.) = < 1 @VE (@), 0% (u)(a)>, for & > 0.

Definition 2.6. A binary operation *:[0,1]x[0,1] —[0,1] is continuous TN if*”is satisfying:
1) * is commutative and associative,

(i1) * is continuous,

(iii) axl=aqa forall ae[0,1],

(v) a*b=c*d whenever a<c and b<d, Va,b,c,d [0,1].

Definition 2.7. Abinary operation <>:[0,1]x[0,1] —[0,1] is continuous TC if > is satisfying:
(i) <> is commutative and associative,

(ii) <> is continuous,

(iii) al0=a forall ac[0,1]

(iv) alOb=cd whenever a<c=b<d Va,cb,de[0,1].

From above definitions, we note that if we choose 0<g¢,&, <1 for ¢ >¢,, thend 0O<g,,¢g, <1 sit.

g *g,2¢, and g 2¢,O¢,. Further if we choose &, €(0,1),thend 5,5, €(0,1) st ¢ *5 >&; and
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g,Os, 26,

Remark 2.1 [23]. For I,m,n,p €[0,1], take * and < are continuous TN and TC, respectively
(i) If I>m, thenthereare n,p s.t. I*n>m and > mp.

(ii) There are s,m ss.t. m*m 21 and [>ss.

Example 2.1 [7]: Assume X = N. Define x*y=max{0,x+y-1}, Vx,y<[0,1]. Again let F be FS on

~ b, if a<b -
XxXx(0,0) is defined as F(a,b,t) ={Z§ l,f a>b , Va,be X, t>0. Then (X, F,*) is a FMS described as
a, if a>
li(a,b,t):;, where d(a, b)isaMSin X, Va,be X.
t+d(a,b)

Remark 2.2: Every FMS (X,ﬁ,*) is an IFS of the form (X,F,l—ﬁ, *,O)st. “#” a TN and ‘<’ a TC are
associated, i.e. a*b=1-(1-a)O(1-b), V a,beX.
Definition 2.8 ([22]). Let ﬁN ={a, uz (a),v; (a),@; (a))/aeX}be a NS for an arbitrary set X st.

IEN =XxXxR" —[0,1]. Let * and <> are continuous TN and continuous TC, respectively. The four tuples

3J= (X,ﬁN, *,(>) is said to be a NMS, when the following conditions satisfied for all a,b,c € X,

Then the set l:"N =( My Vi @ )is called NM on X.

(i) 0< M, (a,b,1)<1,0< Vi, (a,b,2)<1,0< o (a,b,2)<1, VAeR',
(ii) 0< M, (a,b,2) Vi (a,b,1)+ o (a,b,4)<3, (forAeR"),

(iii) M, (a,b,1)=1 (forA>0),iff a=b,
(iv) Mz, (a,b,1) = Mz, (b,a, 1) (for 1 >0)

(v) # (a0, A+m) = g (a,b,2)* i (b,c,1) (for 2,7 >0),

(vi) M, (a,b,.):[0,00) —>[0,1] is continuous,

(vii) %15)1;} M, (a,b,2)=1 VA>0),

(viii) Vi, (a,b,2)=0 (for A >0),iff a=b,
(ix) Vi, (a,b,1)= Ve, (b,a, 1) (for 4 >0)

(x) v; (a0, /1)<>v1fN b,c,m)= Vi (@, A+1) (for 4,17 > 0),

(xi) vﬁ; (a,b,.):[0,00) —>[0,1] is continuous,

(xii) lgg Vi, (a,b,4)=0 (VA>0),

(xiii) o (a,b,2)=0 (forA>0),iff a=0b,
(xiv) o (a,b, )= o (b,a, A) (for 1 >0)

(xv) o, (a, b, /1)<>w%\' b,c,n) = o, (a,c,A+1) (for 1,17 >0),

(xvi) o (a,b,.):[0,0) —>[0,1] is (‘:ontinuous,

(xvii) 111_r>r; o (a,b,2)=0 VA>0),

(xviii)) If 2<0,then M, (a,b,1)=0, Ve, (a,b,4)=1, o (a,b,2)=1, VAeR",
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The function ;. (a,b, A) denotes the degree of nearness, v; (a,b, 1) denotes the degree of neutralness and

®; (a,b,A) denotes the degree of non-nearness between a,b with respectto A .
.

Definition 2.9 [22]. Let I beaNMS, 0<&<1, 1 >0and ae X. The set
D(a,e,A)={beX: u; (a,b,A)>1-¢, vﬁv(a,b,ﬂ,) <g, a)ﬁv(a,b,/l) < ¢} is said to be the open ball (center 7

and radius ¢ with respect to A ).

Lemma 2.1 [22]. Every open ball D(a,&,1) is open set.

Definition 2.10 [22]. Let {a } be a sequence in I=(X,F,,*<), then the sequence converges to a point
a € X iff for a given & €(0,1), 1 >0 there exists n, e N s.t. for all n>n,

M, (a,b,A)>1-¢, or lim,Hw,uﬁw (a,a,,A)=1
| 1)=0 as 1> o 1)
A)=0

(a,a

m’

Vi, (a,b,)< ¢ or 11mervfN

(ﬂ" 4

m’

o (a,b,1)< ¢ or limn_ma)ﬁw
Definition 2.11 [22]. Let 3=(X,F,,*<), be a NMS. A sequence {a,} in X is called a Cauchy sequence
(CS) if for each &£>0,1>0 there exists n,eN st . (a,b, ,A)>1-¢, v, (a,b

7Ymr

A1) <&, and

@ (a,,b ,A)<e, forall n,m=n,. ANMS 3T is called complete if every CS is a convergent sequence.

Lemma 2.2. Let {a,} be a sequence in 3=(X, ﬁN,*,<>), with (vii, xii, xviii). If there is a number g4 where

ful:“N (arﬁ-l ’an+2 ’ qﬂ’) 2 luﬁ\, (an ’ an+1 ’ ﬂ“)/
q<(0,1)s.t. v (a A), | forall A>0 and n=0,1,2......., 2)

n+l7 n+1’

a,.5,94) <V (a,,a

a)ﬁN (un+1’ ayr ’qﬂ’) = wﬁN (an Y /1)

then{a } isa CSin X.

Proof: Let p be any positive integer, then by repeated application of (v, x, xv) and in view of (2), we have
My (a8, 2) 2 1 (8,,8,.0,2/2)* 1t (@,.,4,,,,4/2)
>ty (00,0, 220"V % g (@08, 2°) % 1 (85,8, 2/2)
> 1y (8,8, 220"V % 1y (3,0, /24" ) 5 g (ay,85, 422" ) % i (a,,5,8,,,,2/2°)
Continuing this procedure, we obtain
H (@0, 2) > (8,0, 229" )% g (ay,8,, 222" ) % 41y (8,85, 2/2°0" %) % ok gy (a0, 220"
since * is the continuous TN and H;, (a,b,.):[0,50) >[0,1] is continuous, letting lim _ we have
m,  u; (a,,4,,,2)21x1x1% .. *1=1. (D
similarly v; (a,,4,,,,4) <v; (a,a,.,A 2)Ov; (an+1,a”+p,/1/ 2)
<v; (a,,4, ,/1/2q")<>vﬁN (a,,, ,El”+2,/1/22)<>1/fN (an+2,an+p,/1/22)
<v; (a4, ,/1/21]")<>vﬁN (a, ,az,ﬂ/qu"” )<>VfN (a,,a,, 2/23q"+2 )<>va (an+3,un+p,/1/23)

Continuing this procedure, we obtain
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Since <> is continuous TC and Ve, (a,b,.):[0,0) —[0,1] is continuous, letting lim  we have
lim, v, (a,,a,.,,2) <0050 ....00 =0, (In)
A) S (@,,4,,, A/ 2)Ow; (8,,,,8,,,, 2/2)
<, (a,,8,4/20)Ow; (@,,,,8,,,2/2)O0; (a,,,4,,,,4/2°)
<w; (4,0, A/2q" O, (a,,a,, 2/2%q" YO, (a,,a,, 2/2%q"? YO, (a5, 2/2%)
Continuing this procedure, we obtain
o (a,,a,,,2) <o (4,4, ,/1/2q")<>a)ﬁN (a, ,az,/1/22 q””)(}a)ﬁN (112,{13,1/2311”*2)<>....<>a)ﬁN @, ,an+p,/1/2”q”””1)

Since <> is CTC and w; (a,b,.):[0,00) =[0,1] is continuous, letting lim we have

and o (a,a

n+p

n—>0

limn%a)ﬁ\y (a,a,.,A)< 005008.......0 =0. (1)
From (I), (II) and (III) shows that {un} is a CS and thus the lemma is proved.

Lemma 2.3: If for all a,b e X, A >0and for anumber g<(0,1) in NMS (X, fN ,*,), then
,qu (El, b, ‘M) 2 /qu (a, b, /I)r

£, (a,b,g4) < Vi, (a,b, 1), = a=bh

o (a,b,g) < o (a,b, 1)

v

# (a,0,2) 2 p; (a,b,2/q)* ;. (a,b,2/47),
Proof: In view of conditions (v, x, xv), we have | v. (a,b,A)<v; (a,b,1/q)* Vi (a, b,ﬂ/qz),
o (a,b,2) < w; (a,b,4/q)* @, (a,b,A/7)
,uﬁN (ﬂ,b,i) > yﬁw (ﬂ,b,ﬁ/qn ),
Proceeding in the same way, we obtain, for n=1,2,3........ Vi (a,b,2)<v; (a,b, ﬂ/ q"),

@, (a,b,2) < w; (a,b, 219"

#y (@b, 2[q") >1, 1 (a,b,2)=1,
By noting | v; (a,b, l/q") —0, | as n— . It follows that Vi (a,b,1)=0, | for all 2>0. Therefore by
@, (a,b,2/q") >0 ; (a,b,2)=0

(iii), (viii) and (xiii), a ="b.
3. Neutrosophic Contractive Mapping (NCM)

The following definitions and results are given:

Definition 3.1. Let 3I=(X,F,,*<) be the NMS. The mapping f:X — X is called NC if there exists
0€(0,1)s.t.

Integral Type Contractive Condition in &-Chainable Neutrosophic Metric Space and Common Fixed Point Theorem



Neutrosophic Sets and Systems, Vol. 98, 2026 227

sy (f(a), f(0),2) 2 8 (1 (a,b,2))
ve, (f(a), /(). A) < 5(‘/15“, (a, b,ﬂ)) for each g,be X and 2>0.
o, (f(a), /(0),2) < (o (a,b,2)

Here & is said to be contractive constant of fand 0<¢6 <1.

Definition 3.2. Let 3=(X,F,,#<) be the NMS and let f:X — X is a NC mapping. There exists c e X
s.t. f(c)=c, then cis called neutrosophic fixed point (NFP) of f.

Proposition 3.1. Suppose f isa NC. Then f"is also a NC. Furthermore if k is constant for f, then k" is

constant for f".

Proposition3.2. Suppose f isaNCand ae X . Then f[D(a,¢,A)] < D(a,s,4) for large enough value of ¢.

Proposition 3.3. The inclusion f"[D(a,&,4)] < D(f"(a),&",A) is hold for all n, where &" =6" xe.

Lemma 3.1: Let (X, ﬁN,*,<>) be a NMS and {b, } be a sequence in X. There exists a number ge X s.t.

lul:"N (bn+2’ bn+1 ’ql) 2 lul:'N (bn+1 ’bm 4 ﬂ')’
Vi, (b

n+27

b,,..94) < u;: (b,.,,b,, ), forall A>0, andn=1,2,3......, then {b } is a Cauchy sequence in X.

a)l:"N (bn+2 4 an 4 qﬂ’) < a)ﬁN (b,H] /bn 7 l)

Definition 3.3. Let us choose two NMS (X, IENT ,*,) and (Y, ﬁNz ,#,).Let A, the uniformly generated by
3,(i=12). A mapping f:X —Y is uniformly continuous with respect to A, and A, iff for a given
&, €(0,1) and A, >0, there exists & €(0,1) and A, >0,s.t.
My, (a,b,A,)>1-¢, implies M (a,b,2,)>1-¢,,
IV?NI (a,b,4) <& implies Vfwz (a,b,4,)<¢,, for each a,b e X.

@ (a,b,4) <& implies o (a,b,4,)<¢,

Definition 3.4[39]: Let 3=(X, IEN, *<{>) be a complete NMS and &>0. A finite sequence
Uz (a,b,A)>1-¢,
a=a,,a,,a,...a, =b is called &—chainable from a to b if Vi (a,b,l)<e, |forall A>0andi=1,2,3..n

o (a,b, )< e,
ANMS3 = (X,IEN,*,O) is called ¢ —chainable if for a,b € X, there exists a & —chain fromatob.

4. Main Result

For the proof of main result, the following definitions for compatibility [13] and weak compatibility are
necessary.
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Definition 4.1: Two self-mappings A and S of a NMS (X, IEN ,%,) are called compatible if
(ASa ,SAa ,A)=1,

(ASa,,SAa, ,A)=0, | whenever {a }is a sequence in X s.t.

11mn~>ooﬂ}:“N n’

llm’l —>00 VFN

lim, ,,o; (ASa,,SAa,,2)=0,

n—o

lim  Aa =Sa, =a, for someain X.

>

Definition 4.2: Two self-mappings A and S of a NMS (X, I:“N ,#,$>) are called weak commuting if
Hy, (ASa,SAa, 1) > My (Aa,Sa, ),
vﬁ; (ASa,SAa, 1)< Vﬁ\: (Aa,Sa, 1), | forallain X and 4> 0.
a)FM (ASa,SAa, )< a)‘ﬁN (Aa,Sa,A),

Definition 4.3.[27]: Two self-mappings A and S of a NMS (X, F,,*<) are called point wise R-weakly
commuting if 3,R >0, s.t.

Hy (ASa,SAa,A) 2 My, (Aa,Sa, A/R),

vﬁ; (ASa,SAa, 1)< vﬁw‘ (Aa,Sa,2/R), | forallain X and 2 >0.

a)FN (ASa,SAa,A)< w}N (Aa,Sa,2/R),

Definition 4.4: Two self-mappings A and S of a NMS (X, F,,*<) are called reciprocal continuous on X if
lim ASa =Aa and lim SAa =Sa whenever {a }isasequencein Xs.t. lim _ _Aa =lim _  Sa =a

n—

for some a in X.

Lemma 4.1: Let w:R" > R'be a left continuous function s.t. w(1)>A for every A1>0, then

lim __w"(1)=1, where y" denotes the n-times repeated composition of y with itself.

n—w

Theorem 4.1: Let S and T be two self-continuous mappings of a complete & —chainable NMS (X, IEN,*,<>)
with t*t>+ and (1-t)O(1-)<(1-t), Vte[0,1]. Let A and B be two self-mappings of X satisfying the
following conditions:

(i) A(X)cS(X) and B(X)c A(X)

(ii) forall a,beX,A1>0 and ke (0,1) 3, :[0,1]1—1[0,1], w(0)=0, and w(s) >s (aleft continuous function)

J.HF” (Aa,Bb,kA

' 4(6)d6 > l//(J‘:f‘”(”'“)qﬁ(H)dﬁ)
J_o,,ﬁN (Aa,Bb,k2) H0)d0 < !//(J.OV’EN(”,I]’A)¢(0)d9)

J-a)ﬁN (Aa,Bb,kA) o,

s <y ([ godo)

0

V,s>0 s.t.

0

where ¢(6):R" —>R" is a Lebesgue integrable mapping which is summable, non-negative s.t.

0< j;qﬁ(e)da <1, forall £>0 and
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max{,uﬁ (Tb,Aa,/i),,uf (Sa,Bb, 1)}}
min{v; (Sa Aa,A),v; (Sa,Tb,A),v; (Tb,Bb, 1),

Vi, (.0, 4) [ max{vﬁN(Tb,Au,/l),vﬁw(Su,Bb,ﬁ)}}}

[min{a)ﬁN (Sa,Aa,2),@; (Sa,Tb,2), a)F (T b,Bb,/i),] 3)
max{a)ﬁN (Tb,Aa, ), o (Sa,Bb, 1)}}

min{y, (Sa,Aa, )1, (Sa,Th,A), 1. (Tb,Bb, 1),
@b =r| " N y

- (a,b,A)=r

>a,if a€l0,1)
1, if a=1.
mapping in compatible pair {A,S} or {B,T} implies their reciprocal continuity, and the unique CFP of
A,S,Band T.

where r:[0,1] —[0,1], is continuous function s.t. r(a) ={ , then the continuity of one of the

Proof: Let 1, € X be an arbitrary point of X. From (i) we can construct a sequence {b,} in X as follows:

b,, =Aa, =Sa b, . =Ba,  =Ta forall n=1,2,3......

(/uﬁN )Zn(qﬂ) = /uﬁN (bZn’b2n+] lqﬁ“)/
We define | (v; ),,(q94) =V; (b,,,b,,,,,94), | for b, #b, .. Letustake a=a,, b=a

(@ )20 (12) = @ (By,b3,.1,02)

IO, o Bnea ki) 4 010 ( Iﬂm Crtoar ) 4 o0 9)
#oxo <y ([ go)ao) )
#oxo <y [ godo)

mln{fuﬁw (S uZn’AaZn’/l) 'uF (S aZn’ 2n+1’ )’ lul:"N (T a2n+1’B 2n+1’ﬂ')
max{/ul:"N (T a2n+] 4 2;1’1)’ qu,\/ (S aZn’BabH—l ’ﬂ')}}

2n+17/ 2n+1 2n+1 2n+2/

e 1N (1),

J‘VﬁN (Aay, Bay,, k2)
0

I(”i‘.\, (Aay, Bay,. k2)
0

H, (ay,/8,,1,4) =71

where 2r [min{,uFN (b2n—l 4 b2n ’ﬂ')’ IUFN (bZn—l’ bZn 4 l)’ :U[:N (bZn ’b2n+1’ﬂ')’ max{,uFN (bZn 4 b2n ’ﬂ')’ lul:"‘,\, (bZn—l’ b2n+1 4 l)}}:|
2 r[min{ﬂﬁN (b2n—l’b2n ’ﬂ’)’ ﬂfN (bZn—l’b2n’ﬂ’)’ lufw (b2n’b2n+1’ 2’)’ max{lqu (b2n—l’b2n’l) * /uﬁN (bZn’b2n+1’l)}}:|
2r |:lqu (bZn—l ’bZn ’ ﬂ’)’ lqu (bZn ’ b2n+1 ’ ﬂ’)]

min{vf“,\, (Saz 211 ﬂ/) V (Sa ZnJrl’ﬂ')’V~ (Ta2n+1’ 2n+1’/1)
AV, Say,, Bay, ., Dl

<

Ey (ay,/85,,0,4) =T

maX{VﬁN (T a2n+l’ Zn’

IN

[ minv, (0, 1 by AVe (b by DV (B by, A maxtvy (b, by, 25 (B 4,0y O

2n-1 ’ 2n+17/

< r[min{vﬁw (bZn 17/ Zn’l) V ( 2n-17 Zn’ﬂ') V (b2n’ 2n+1’ﬂ')’max{vﬁN (bZn 17 Zn’ﬂ')*v (bZIl’ n+1’ﬂ’)}}i|
|:V13 (banl’bZn ’/1)’ VI:‘N (bZn’ 2n+17 /1)]

N
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( l) min{a)ﬁN (S ﬂ2n,A02n,/1), a)?N (Sa2n’ 2n+1/’1) w (T a2n+1’ 2n+1’l)

w: (4, ,a 7 =r

By N 2n? T2n+1 maX{COI:_ (Ta2n+l’ a,,, l) Wy (SaZn 2rz+1’ﬂ')}}
Sr[mm{a) (by, 1,05, A), @ (bZn by A), 0 (bZn, 2m,/l),max{a) (b, b, )a) (b2n 1 2n+1r/1)}}:|

< rl:min{w}:“,(bhi 17 Zn’/l) CO (b2n 17 Zn’/l) a) (bZn’ 211+1’2') max{a) (bZn 17 Zn’ﬂ’)*w (bZn’ 2n+1’/1)}}:|
= rl:a)fN (b2n 1’ ﬂ')’ CU (b2n 2n+1’/1):|

Thus from (3), we have

0

J-wg\, R0 Va0 > W(J-Or[wgw Yt (A, >2,,u>]¢(0)d9j,

[ poydo <y ( [ B }¢(9)d0j )

I[(rap\ o1 (W )20 (2] KOV 49)

7 oo <y

(v )Zn(/i) < (v )2n ,(4), | for some #n, then from (5)

(#5020 (A) > (1 )51 (A),
Now if
(w )Zn(l)<(w D2na(A)

J_;#FN (9)dt9 >y U [ J¢(9)d6] oy (J~O(ﬂfN >zn(ﬂ)¢(3)dt9) > J' Hry )2 ¢(9)d9

0

[ oo <o [ corto | < [ o) <[ oo,

J‘[:(UFV)Z (92 ¢(¢9)d9<l//(j [( Op )2n (A )]¢(0)d0j<V/(J'O(wf,\,)z”(/1)¢(0)d6)<J'[:wiN)zn(/1)¢(9)d0

15 (by b0 02) 2 15 (b, by, 2),
which implies Vi, (b,, bzm,q/i)ﬁu (b,, A), |. Thus b
o (bZn,b2n+1,ql)<a) (|
(#1207 [ (1 ) 1(D)],
- Thus we have | (v, ),,(g2) 27| (v; ),, (D),

(@ ), (00 2 [ (@; ), 1(2)]

by ow = 5,1, Dy lemma 2.3, which is

contradiction, since b, #b

(5, )2 (22) o (g Do 1 (4) (g, s (1)
U ooy [ ]¢(9)d9j>'//( o),

for which [ o Jan02)
0

[ oo | <y ([ sorao), ©

$(0)do < W(
.[; W 4 V10 < Uor[<%)mu>]¢(9)d6J y l//(J'O(”?N )2’”(”¢(6)d9)

(5 )20 (2) (i d2na (A)
U oo >y [ enao),

0

0

letting g—1, then we have J( a4 )¢(6’)d6’ < z//(j(vfN )2”’1(1)¢(9)d9), @)

[ ¢(9)da<,,/(j( e ¢(9)d9)

Integral Type Contractive Condition in &-Chainable Neutrosophic Metric Space and Common Fixed Point Theorem



Neutrosophic Sets and Systems, Vol. 98, 2026 231

(g a1 (2) (K, an 2 (1)
ooz ([ goras),

Similarly I(V o ()

0

HO)d0 < w([“‘"“ ””’““gﬁ(@)d@), and so on.

I()(wﬁv>z,,,l< )¢(9)d9<'//(j( i a2 ¢(¢9)d9)

In general we have forall n=1,2,3.......

I(l’ﬁ\,),,(l)¢(9)d9> (J‘A;\ i1 (2 )¢(9) )

0

[ oo <y [ )¢<9>d9) (®)

[ ¢(9)d9<1//(_[( e ¢(9)d9)
from (8), we have
[ g0 d9>l//( ) ¢(9)d9)2,,,2(j #iy o2t ’¢(9)d9) ....... >y (I(”‘N ¢(9)d9)
[ wodo (m a2 >¢(9)d9)5,,,2(j0 e )¢(9)d¢9) ........ Sw”(ﬁ ‘"'N)”w¢(9)d9), )

j‘ D g 0)do <y (I( i ¢(9)d9)<l,,(j‘ K ¢(9)d9) ....... s:,u”(j(f ot ¢(¢9)d6’)

and taking the limit as # — o0 and using lemma 2.3, we have

lim J.;ﬂf“')”w¢(0)d9>hm"% (j; ”’qﬁ(a)de):

tim, , [ ¢(e)d9<hm”%yﬂ(j D 50)do ):, (10)

tim, . [, gopdo <tim, .,y ([ 9(0)a0) =0

/‘1

lmn%w(ﬂf“\, )n(l) = 1imn~>wﬂﬁ‘ (b bn+l’ﬂ) = 1’

which from (1) implies that | lim,__(v; ), (4)=lim _ v £, (,,b,,,4)=0, |forall ne N and 1 >0. (11)
1imr1aoo(wl:'\] )n(ﬂ') = 1 mnﬁoo F (b n+1’/1) = 0
'LIIEV (bn’bnﬂ’/l) >1_g’
Now for each & >0 and each 4 >0, choose 1, €N s.t. ve (b,b,. ,A)<e, |forall n>n, (12)
o, (b,,b, . ,A)<e

Letting m > n(m,n € N), then
min{z; (b,,b,,,, A/ (m—n)), Hy (b,4.0,.5, A/ (m=n))........
max{z; (b, b, Af(m=n),.cccccpty (b0, Af(m— n))}}]
> r[min{(l—g),(l—g), ........ max{(1-¢),(1-¢€),,.ce.. (1—5)}}} >(1-¢)>1-¢,
min{v; (b,,b,,,, Af(m—n)), Vi (0,00, Af(m—n))........
| max{v; (b, b, A (m=n)),........ v (0,4, b, ,A/(m—n))} }}

My ®,,b,,2) 2{

ve (b ,b ,A)<r
FN( n’"m ) l: (13)

< r[min{g,g,g, ........ max{g,....... g}}] <g<eg,
min{e; (b, b, A (m—n)), o (.1, ., A/ (m=n))......
b Af(m=n)), ........ o (b, /b, A/ (m-m)}

< r[mm E,E,E) uunnn. max{g,....... e}}} <g<eg

max{a) (b

a)ﬁv(bn,bm,/l)ﬁr[
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Thus from definitions 2.10, 2.11 and conditions (11), (13) and lemma 3.1 {b, } isa CSin X . Since X is complete
so that {b,} - z € X and sub sequences {Aah}, {Bazm }, {Sazm} and {Ta2n+2}, of {b }also converges to z.

Thus Aa, —z,Ba,  —z Sa,, —zand Ta, , >z (14)
Again, since X is e-chainable, 3 ¢-chain froma, toa, , ie. 3 afinite sequencea, =b,,b,,........ b =a, _, st
g (0,0, 2) > 1=,
Vi, (b,,b,_,,A)<s, forall A>0 andi=1,2,....... 1.,
wp\ (b,b_,,A)<e
Thus, we have
u; (@,,8,,,92)2 r[mm 5 (b, by, A), 5 (by by, A), ey maxipty (b, b, Aty (B0, )}}J
>r[min{(1-¢),(1-¢&), ... max{(1- &), 1= &),c....(1- )} | 2 r[1-£] > 1-¢,
Vi (a (a,,a, ,qA)<r [mm V; (bl,bz,/l) V; (bz,b3,/1) ..... , max{VﬁN b, b, A) Ve (bl—l’bl’/l)}}] 1)
min{g, g, ........ max{g, Epeveennn g}}] < r[s] <eg,
o; (a,,4,.,,47) < r[mm 0y (0,0, 2, (By,by, Aoy max{ey (b, by, 2) ey (B, 2]
< r[min{g, Epevrennn max{&,&,........ g}}] < r[s] <e.
Form,ne N, m>n, we have
min{z; (a,,a,.,,4/(m=n)), 4; (a,,,8,.,,4/(m=n))....
Hy, (3,08, 4) 2 { | max{tt, (8, /8, A1) bty (@, 1,8, Af(m —n))}}]
r[min{(l—g),(l—g), ........ max{(1-¢&),(1-¢),........ (1—5)}}] > r[l—g] >1-g,
Ve {milﬂ{vﬁN (@,,8,.,, A/ (m=n)),v; (a,,,a,,,A/(m=n)... ]
iy s B max{vﬁN(apfl,ap,/l/(m—n)), ........ Vi (a, ,,a,,A/(m=-n)} (16)
< r[min{g, Epeeenn. max{g, &, ........ g}}] < r[g] <eg,
min{w, (a,,4,,,,4/(m-n)),e. (4,4, A/(m=-n).....
o (a,,a,,A)<r v v
N { max{e; (@, 1,8, /(m=n),..... o (aml,am,/l/(m—n))}}}
< r[min{e, Eprrernns max{&, &, ........ 5}}] < r[s} <eé.
e wondoz v [\ weyio)> [\ weyo,
ie. [ yoyo < w( [/ ¢(9)d9) <[ p(oyae, 17)

[ poyde < w( [f ¢(0)d0) <[ g0
and so from definitions 2.10; 2.11 and conditions (15) and (17), {a,}isa CSin X . Since X is complete so that
{a,} - a e X since {A,S} is reciprocally continuous, so that A and S are continuous. Thus
Aa, = Aa, Sa,, . =Sa, (18)

since {A, S} are compatible, so R -weakly commuting mapping. Then

Hy (ASa,,,SAa,,,q2) 2 1; (Aa,,,Sa,, ,A/R),

v; (ASa,,,SAa,,,q2)<v; (Aa,,,S a,,,A/R),

@, (ASa,,,SAa,,,q2) < w; (Aa,,,Sa,,, A/R)

2n+1
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My (Aa,Sa,1)=1,

=Sa. Also vﬁ; (Aa,Sa,A)<0, | which implies Aa=Sa. (19)
a)F\ (Aa,Sa,2)<0

From (14), (18) and (19), Az=5z. Since A(a) = S(a), 3,u € X s.t. Az=Su. then from (4)

J‘;,[_N (Az,Bu,ql)¢(9)d6 S (//(J‘(:lm(z,u,ql)¢(0)d9)/
Jva (Az,Bu,rM)¢(9)d9 <y (IVEN (Z,u,ql)¢(9)d9)’

¢(9)d9)

gives ASa, = Aa, SAa

2n+1

0

0

o, (2,,42)

soxo<y ([

J.MEN (Az,Bu,qh)
0

where

Mz, (z,u,A) = r[min{,uﬁM (Sz,Az,A), M, (Sz,Tu,A), Mz, (T u,Bu,/l),maX{,uﬁV (Tu,Az, ), e, (Sz, Bu,ﬁ)}}}
:r[min{/uﬁ (AZ,AZ,&),,U;. (AZ,BL[,A),,U;-'(Bu,Bu,j«),maX{ﬂlg (BurAZ/ﬂ')/;uﬁ (AZ,BM,&)}}:I
> r[min{l, t (AzBu, )1}, (A z,Bu,l)}J > r[ u; (A z,Bu,/l)] >y, (Az,Bu, )

Vi, (z,u,A)=r [min{vﬁN (5z,Az,2), Ve, (Sz,Tu,A), Ve, (Tu,Bu, ), max{vﬁN (Tu,Az, 1), Ve, (Sz,Bu, l)}}}

r[min{vﬁw (Az,Az, ), Vi, (Az,Bu,l), Vi, (Bu,Bu, 1), max{vﬁw (Bu,Az,A), Ve (Az, Bu,l)}}}
<r[min{1,v, (Az,Bu,/l),l,},vﬁ'(Az,Bu,l)}}Sr[va(Az,Bu,/l)}Zvﬁ'(Az,Bu,l)

o (z,u,A)=vr [min{a)ﬁv (Sz,AzA), Ve, (Sz,Tu, 1), o (Tu,Bu, ), max{a)FN (Tu,Az, 1), o (Sz,Bu, A)}}J

r min{a)fy(Az,Az,/l),a)ﬁv(Az,Bu,l),a)ﬁ (Bu,Bu, 1), max{w; (Bu,Az, 1), w; (Az,Bu,ﬁ)}}]

< r[min{l, @, (Az,Bu,A)1} e, (Az, Bu,i)}} < r[wﬁw (A z,Bu,A)J > o, (Az,Bu, 1)

N (Az,Bu,ql) N (Az,Bu,A) B (Az,Bu,A)
[ ooz ([ gonde ) > [ oy,
. Vﬁ‘v (Az,Bu,ql) Vﬁ.\' (Az,Bu,l) VﬁN (Az,Bu,A)
ie. jo ' “9(0)do < y/(jo ¢(9)d9) < jo #(6)do, (20)
a)ﬁ\} (Az,Bu,qi) wﬁN (Az,Bu,A) wa (Az,Bu,A)
jo ‘ “9(0)do < y/( jo ¢(9)d9) < jo #(0)do
u: (Az,Bu,qA)= . (Az,Bu,l),
which implies 173 (Az,Bu,ql) < Ve, (Az,Bu,A), (21)

@ (Az,Bu,gi)< 23 (Az,Bu, )
from lemma 2.3, Az =Buie. Az=S5Su="Tz. Againlet Az=S5u=Bu=Tu.
Since the pair {A,S} is point-wise R-weakly commuting mappings, so there exists R >0 s.t.
M, (ASz,SAz,1)> My, (Az,Sz,A/R)=1,
v; (ASz,SAzA)<v; (A2,S52,4/R)=0, |ie. ASz=SAz and AAz=ASz=SAz=55z.
o (ASz,5Az,2)< céﬁw (Az,Sz,A/R) =0,
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Similarly it can be for the pair {B,T} which implies BBu = BTu = TBu = TTu. For this in (4), we put a = Az,
J'OA?N (AAz,Bu,gl) ¢(9)d9 >y (JWFh z/u,l)¢(0)da),
son0<y ([ goo),

g0y ([ woyo)

minf{y; (SAz, AAz,A), p; (SAz,Tu,A), p; (Tu,Bu,2),
max{,uﬁM (Tu,AAz, 1), i (SAz,Bu, A)}}

b=u, we have J'”fw (AAz,Bu,q4)
- 7
0

J‘o)ﬁN (AAz,Bu,qi)
0

where uy (Az,u,d)= {

> r[min{l, #; (AAz,Bu,2),1,max{u; (AAzBu,2) u; (AAzBu, z)}}J
> r[yﬁN (AA z,Bu,/i)] > pt; (AAZ,Bu, 1)
1n{vﬁv (SAz,AAz, 1), Ve, (SAz,Tu,A), Ve, (Tu,Bu, A),
Ve, (Azu,A) = r[ | max{v; (Tu, AAz, 1), v (SA z,Bu,/l)}}}
<r min{O,vﬁ (AAz,Bu,/l),O,max{vﬁN (AAz,Bu,/i),vﬁN (AAz,Bu,/i)}}]
v. (AAz,Bu, /1)] v, (AAzBu, )

By

min{o; (SAZ,AAZ,/%),a)p(SAz,Tu,ﬂu),a)lE (Tu,Bu, ),
max{a)ﬁ' (Tu,AAz,A), 0. (SAz,Bu,A)}}

<r| min{0, w; (AAz,Bu,1),0, max{o; (AAz,Bu,l),a)ﬁy(AAz,Bu,/i)}}]

< r[wﬁ (AAz,Bu,A)J <w, (AAz,Bu,2)

J-#ﬁN (AAz,Bu,qA) ¢(9)d9 > V/(J-/zp\ (AAz,Bu,2) ¢(9)d¢9) J.IIF\ (AA:,Bu,/l)¢(0)d0

0
(AAz,Bu,l)

/ ¢(9)d9)<j WO 4 9)de, (22)

. vf\y (AAz,Bu,qi)
[

son0<y ([

[ (AAz,Bu,gi) . (AAz,Bu,l) Oy, (AAz,Bu,i)
[ " p(6)do < ( ) ¢(9)d9) [ #(0)do

0

0
Hy, (AAz,Bu,gl)= M, (AAz,Bu,l),

which implies v, (AAZ,Bu,g2)<v, (AAZ,Bu, ) 23)
@ (AAz,Bu,ql)< a)F\ (AAz,Bu,A)

from lemma 2.3, we have AAz=Bu=Az. Thus Az=AAz and Az=AAz=SAz, which shows that

Az is common fixed point of A and S. Also Az=Bu=Su=Tz Hence Az is common fixed point of A,

B,Sand T.
Now again suppose that Az =z is a common fixed point of A, B, S and T. For this from (4), we have

J.,JfN (AAz,Bu,qA) H0)d0 > !//(J‘ o] g, A2,z M]¢(¢9)d9] >J' [ 5, (2B ]¢(¢9)d¢9 >J‘ )¢(9)d9

/1;,\

0

J.Ovéw(AAz,By,qz)ﬂe)de<W[J- [ (Az,Bz, A)]¢(9)d0j <.[0’[ L (Az, z;>]¢(9)d9<J‘ X ,Z,A)¢(‘9)dgl

(uﬁ\y (AAz,Bu,qgi) 7 o)fN (Az,Bz,2) i a)ﬁN (Az,Bz,A) (qu (Az,z,A)
[ " p0)do < 1//[ jo[ ]¢(9)d9j < jﬂ[ ]¢(9)d9 < jo #(0)do

0
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min{yﬁ (SAz,AAz,/I),yﬁ (SAz,Tz,/I),yﬁ (Tz,Bz,4),
My, (Az,z,A)=r ¥ v N

max{,uFN (Tz,AAz 1), My, (SAz,Bz, )}

where
> ¢[minf1,1, 4, (Az,2, )0 |> 4, (Az,2,2),

min{vﬁ (SAz,AAz,ﬂ),vﬁ (SAZ,TZ,Z,),VI5 (Tz,Bz, 1),
v (Az,z,A)=r N N N

max{v; (Tz,AAz, A),v; (SAz,Bz )}
< r[min{o, 0,v; (Azz, /1)},0)}} <1 (Az,z,2),

min{vﬁ (SAz,AAz,ﬂ),vﬁ (SAZ,TZ,Z,),VI5 (Tz,Bz, 1),
v (Az,z,A)=r1 i N "

max{v; (Tz,AAz,A),v; (SAz,Bz )}
<y [min{O, 0,0; (Azz, /1)},0)}] <w; (Az,z,2),
u: (Az,z,qA)> p; (Az,z,A),
which implies that | v; (Az,z,q1)<v; (Az,z4), | for all1>0, ie. from lemma 2.3, Az=z. Thuszisa
o (Az,z,q4)< o (Az,z,A)

common fixed point of A, B, S and T. For uniqueness of z let w # z be another common fixed point of A,
B, S and T, then from (4), we have

J'ﬂm(z w, ql)¢(9)d9>l//(

>w[ ¢<e>d9] e oo |
E

r min( Hpy (Sz,Az,2), Hiy Sz, Tw,A), Hpy (Tw,Bw, 1), max(,ul (Tw,Az,1), My, (Sz,Bw,A ]]]

¢(9)d9j

J-r[mm{l,/,zf\' (z,zu/i)/l,yﬁw (z,w,A)} } 'UFN( w,
i 3
0

" p(0)as,

V[mm[v (Sz,Az,2), (Sz Tw,), (Tw Bw, A1), max[v (Tw,Az,2), Vi Sz, Bw,ﬂ.)]}]
ay
0

¢(9)d9j

jr[min{O,V - (z,w,4),0, VR, (z w /1)]] Hpy, (z,w,A)

<y $O)o,

0

¢(0)d¢9j< jo[ " J¢(9)d9 <[

J-r[mir\(wf\, (Sz,Az,A),wfw (Sz,Tw,/i),wf\y (Tw,Bw,A),max(wfV (Tw,Az,A),wf\y (Sz,Bw,i)))]
0

¢(9)d0j

J-r[minlo,fuﬁw(z,w,l),O,faﬁ\r(z,w,l))} Opy, (z,w,4)
0

#(0)do

J,:fw(z,w,qi)¢(€)d€ < !//[
of

¢(9)d6’] < jo[ ]¢ (O)do < ||

My, (z,w,qA) 2 M, (z,w, ),
which from lemma 2.3, implies | v; (z,w,q4) <v; (z,w,4), | i.e. z=w, for all A>0. Thus z is a unique
o; (z,w,q) < w; (z,w,A)

common fixed point of A, B, Sand T.

Corollary 4.1: Let {A,S} and {A,T} be point wise R-weakly commuting pairs of self mappings of a
complete &—chainable NMS (X,IEN,*,Q) with t#t>¢ and (1-£)O(1-) <(1-¢) for all £ e[0,1] satisfying
the following conditions:

()  A(X)=S(X) and A(X)c=T(X)
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(ii) foralla,beX,A1>0 and g€ (0,1) there exists a left continuous function y :[0,1] —[0,1], w(0) =0, and
Hiy (@b, 2)
#o0=y ([ gorao),

H(0)d6 < y/( [ o ¢(9)d9), where ¢(0):R" — R’ is a Lebesgue

J-/,zﬁw (Aa,Ab,ql)
0

w(s)>s for all s>0 s.t. J‘OV?N(M'M'M)

I(UF\' (Aa,Ab,qA) [()F\](db

#oxo <y ([ y0)a)

0

integrable mapping which is summable, non-negative s.t. 0 < J; #(0)do <1, forall £>0.

(a,b,ﬂ)zr[min{,uﬁv(Sa,Aa,ﬂ,),,uﬁ (Sﬂ,Tb,ﬂ,),,Uﬁ (Tb,Ab,l),maX{,Uﬁv(Tb,Aﬂ,l),,U}: (Sa/Ab/ﬂ')}}]

M,

v, (a,b,4)=r [min{vﬁw (Sa,Aa,A),v; (Sa,Tb,A)v; (Th,Ab,A),max{v, (Tb,Aa,2),v; (S a,Ab,/l)}}]

Fy
o; (u,b,/l):r[min{a)ﬁy(Sa,Aa,l),a);_'(Sa,Tb,/i),a)ﬁ (Tb,Ab, 1), max{w; (Tb,Au,ﬁ),a)ﬁy(Su,Ab,ﬁ)}}J

where r:[0,1]—[0,1], is continuous function s.t. r(@)>a and r(a)=1 for a=1, ae[0,1). Then the
continuity of one of the mapping in compatible pair {A,S} or {A,T} on &-chainable NMS implies the

unique common fixed point of A,Sand T.
Proof: If we put S=T,in theorem 4.1, then we get proof of corollary 4.1, easily.

Corollary 4.2: Let {A,T} be point wise R-weakly commuting pairs of self-mappings of a complete
& —chainable NMS (X, F,,*,) satisfying the following conditions:

i) A(X)e=T(X)

(i1)” for alla,be X,A >0 there exists a left continuous function y :[0,1] —[0,1], w(0) =0, and w(s)>s
w00z ([ woyo),

#(0)do < w(j ¢(0)d6’) where ¢(0):R" > R" isa

J‘yﬁ'\’ (Aa,Ab,2)
0

Viy (Aa,Ab,A
forall s>0 s.t. j N )

J.mﬁ\' (Aa,Ab,2)

souo <y ([ woo)

0

Lebesgue integrable mapping which is summable, non-negative s.t. 0< _[(: #(0)dd <1, for all &>0.
luﬁ (ﬂ,b, l) =r |:m1n{/uﬁ : (A a/Ta/ﬂ“)//uﬁ . (Tﬂ,T a, ﬂ')/ /u}? . (Ab/T b/ ﬂ')/ max{,uﬁ . (A b/ Tb/ j’)Huﬁ ; (Ab,T[l, ﬂ')}}:|

v. (a,b, A)—r[mm{ (Aa,Ta,A)v, (Ta,Ta,A)v, (AbTb,2)max{v, (Ab,Tb,A)v, (Ab,Tu,ﬂ)}}J

By
w; (a,b,/l):r[min{a)ﬁ (Aa,Ta,ﬂ,),a)P(Ta,Ta,/%),a)i(Ab,Tb,/l),max{a)[;'(Ab,Tb,ﬂ,),a)lE (Ab,Ta,l)}}]
where r:[0,1]—[0,1], is continuous function s.t. r(@)>a and r(a)=1 for a=1, ae[0,1). Then the

continuity of one of the mapping in compatible pair {A,T} on &—chainable NMS implies the unique

common fixed point of A and T.

Proof: If weput B=A and S=T in theorem 4.1, we get the proof of corollary 4.2.

Theorem 4.2: Let S and T be two self-continuous mappings of a complete & —chainable NMS (X, F,,, <)
with t#f>¢ and (1-£)O(1-1) < (1-t) for all £ €[0,1]. Let A and B be two self-mappings of X satisfying

the following conditions:
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i)  A(X)c=S(X) and A(X)c=T(X)
(i1)” forall ,beX,2>0 and g€ (0,1) there exists a left continuous function y :[0,1] —[0,1], w(0) =0,

'[,U;EN (Aa,Ab,q2)

wowo=y ([ oo ),

0

ve, (Aa,Ab,qA
and y(s)>s forall s>0 s.t. jo N

' 4(0)do < y/( jov'ﬁ”(“’b/“qﬁ(e)dej, where

o (ab,2)

)ﬂewesW(L“

J-w[N (Aa,Ab,qA

¢(¢9)d9)

0

#(0):R" - R" is a Lebesgue integrable mapping which is summable, non-negative s.t. 0 < J.Og #(0)do <1,
foralle > 0.
,u'ﬁN (a,b,4) = Z’UFN (Sa,Aa, 1)+ mut; (Sa,Th,A)+ ni; (Tb,Ab, A1)+ max{,uFN (Tb,Aa, ), Mz, (Sa,Ab, 1)}
v £, (a,b,1) = IV?N (Sa,Aa, 1)+ mvg (Sa,Tb,A)+ g (Tb,Ab, A1)+ max{vﬁN (Tb,Aa, ), Vi (Sa,Ab, 1)}
a)'ﬁN (a,b,1) = la)l;_N (Sa,Aa, 1)+ may, (Sa,Tb,A)+ na (Tb,Ab, 1)+ rnax{aoﬁN (Tb,Aa, ), @ (Sa,Ab, 1)}

forall 0<g<l+m+n+1. Then A, B, S and T have a unique common fixed point.

Proof: Similar to theorem 4.1.

Conclusion

The newly defined infinite products establish the Banach contraction theorem for NMS. In this context, we
introduce an integral-type contractive condition in a e-chainable neutrosophic metric space and prove a
common fixed point theorem for four weakly compatible mappings. Our findings extend and unify well-
known results in neutrosophic metric spaces, such as those presented by Kirisci and Simsek [28].
Furthermore, Kirisci et al. [21] discussed fixed point results within the framework of NMS.
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Abstract. This article discusses various unique varieties of Pythagorean neutrosophic fuzzy matrices (PNFM).
Some fundamental operations such as addition, multiplication, union, intersection, complement, and exponen-
tial are discussed. This work introduces algebraic operations on PNFM and demonstrates some of its associated
theorems, including distributive, commutative, and associative. The purpose of these investigations is to con-

tribute to a better understanding of PNFM and its use in real-world uncertainty.

Keywords: Pythagorean neutrosophic fuzzy matrix; Algebraic sum; Product; Exponential

1. Introduction

The Pythagorean neutrosphic (PN) set is a new mathematical idea for handling problems in
the real world that involve vague and imprecise information. It combines neutrosophic fuzzy
sets (NFs) with Pythagorean fuzzy sets (PFs). It offers a more straightforward approach to
dealing with uncertainty than Pythagorean and neutrosphic fuzzy sets. The square sums of the
three elements that make up the PN set—membership, indeterminacy, and non-membership
degree—range from zero to two. The concept of a fuzzy matrix (FM) was first proposed by
Thomason. It is crucial to the advancement of science. But this traditional fuzzy matrix
will only consider the degree of membership. The ambiguity and uncertainty of real-world
problems may not be sufficiently captured by conventional fuzzy matrices. The notions of in-
tuitionistic fuzzy matrices (IFM), neutrosophic fuzzy matrices(NFM) and Pythagorean fuzzy
matrices (PFM) are developed to address these problems. In 2002, Pal, Khan, and Shyamal
introduced the idea of an intuitionistic fuzzy matrix. The neutrosophic fuzzy matrix concept

was first presented by Kandasamy and Smarandache in 2004. The Pythagorean fuzzy matrix
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concept was first proposed by Silambarasan and Sriram in 2018. The following list includes a
selection of papers that addressed fuzzy matrix, intuitionistic, neutrosophic, and pythagorean
fuzzy matrix. Venkatesan et al. presented applications of fuzzy matrices in decision making [1].
Beaula explored the use of fuzzy matrix in the medical field [2]. Priya et al. addressed the fun-
damental definitions of fuzzy matrix [3]. Clayton Gilchrist investigated the determinant and
K-idempotence features of a fuzzy matrix [4]. Using picture fuzzy sets, Ramakrishnan M and
Sriram S talked about new Hamacher procedures [5]. The concepts of restricted picture fuzzy
sets and special restricted picture fuzzy sets were introduced by Dogra and Pal [6]. Einstein
operations for intuitionistic fuzzy matrices were defined by Selvarajan et al. [7]. A few oper-
ations on intuitionistic fuzzy matrices were defined by Emam EG [8]. For intuitionistic fuzzy
matrices, Silambarasan and Sriram defined Hamcher multiplication and exponentiation oper-
ations [9]. In intuitionistic fuzzy matrix theory, Li W and Ye J introduced the idea of matrix
entropy [10]. Jayapriya and Porchelvi discuss a few operators on a neutrosophic fuzzy set [11].
For neutrosophic fuzzy matrices, Das et al. defined algebraic operations like multiplication and
subtraction [12]. Commutative, associative, and distributive characteristics on neutrosophic
fuzzy matrices were examined by Das D et al. [13]. A specific instance of the neutrosophic fuzzy
matrix, the Fermatean neutrosophic fuzzy matrix, was explored by Broumi [14]. Anandhkumar
et. al. discussed about Symmetric Fermatean Neutrosophic fuzzy matrix [15]. Silambarasan
and Sriram introduced new operations on Pythagorean fuzzy matrix [16]. Silambarasan and
Sriram defined new operations for Pythagorean fuzzy matrix [17]. selvarajan and Ramya
introduced Einstein sum and product on Pythagorean fuzzy matrix [18]. Silambarasan and
Sriram introduced Hamcher scalar multiplication and exponentiation on Pythagorean fuzzy
matrix [19]. Radha et. al. discussed about improved correlation coefficient for neutrosphic
pythagorean [20] Ismail et. al. Pythagorean neutrosophic set and their basic algebraic oper-
ations [21].Gbolagade et. al. [22] discussed about Neutrosophic Poisson distribution with the
help of Salagean operator. Satyanarayana and Baji discussed about Neutrosophic ideals [23].
Shams et. al. discussed about DNA sequence matching algorithm [24] The catalogues for
the article are as follows: e Section 1 contains basic definitions and some operations. e Sec-
tion 2 contains types of Pythagorean Neutrosophic fuzzy matrix. e Section 3 contains basic

operations for PNFM and some theorems. e Section 4 contains conclusion.

2. Preliminaries

This section provies some basic definitions and operations on Pythagorean neutrosophic

fuzzy set
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2.1.  Pythagorean Neutrosophic Set

Let X be a universe of discourse. A Pythagorean neutrosophic set (PN) N on X is defined
as
N = {{z,Pn(2), Yn(x),Ln(z)) |z € X}
where
0 < ®%(z) + 93 (z) + L3 (z) <2
and @ (), Un(z), Ly (z) € [0,1].

Here, ®n(x), Un(x), Ly(x) denote the degree of membership, degree of non-membership,
and degree of indeterminacy, respectively. In this context, ®(x) and Ly(x) are dependent
components, while U (x) is an independent component.

2.2. Basic Operations on PN set [21|]
Let X be a non-empty set (universe). Let
M = {(z, m(x), Y (), Ln(2)) | © € X}

and
N = {2, dx(2), Uy (@), Ly (@) | 2 € X}

be two Pythagorean neutrosophic sets. Then

2.2.1. Union of M and N

M UN = {max(®,,, ®x), min(V,,, Uy), min(L,,, Ln)}

2.2.2. Intersection of M and N

M NN = {min(P,,, ), max(V,,, Uy ), max(Ly,, Ln)}

2.2.3. Addition of M and N

2.2.4. Multiplication of M and N

M @N = (qam@N,\pm F Uy — U, Uy, \/cgn + L2 2£m£N)
On the basis of relationships given in (2.1) and (2.2) the following novel definitions and
operations are defined.

2.3. Types of Pythagorean Neutrosophic fuzzy matrix

This section introduces some types of Pythagorean neurosophic fuzzy matrix
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28]

2.3.1.  Pythagorean Neutrosophic fuzzy matrix

A Pythagorean Neutrosophic fuzzy matrix of order m x n is defined as N = (nij)an- Here,
nij = (PN, (%), YN, (), Ln;; (7)) is the ij-th element of N, where 0 < @?VZ_]_ (x) + \IJ?VU (x) +
E%Vij (x) <2

2.3.2.  Null Pythagorean Neutrosophic fuzzy matrix

A square Pythagorean Neutrosophic fuzzy matrix is said to be null Pythagorean Neutro-

sophic fuzzy matrix if all its entries are zero.

(0,1,0) (0,1,0) (0,1,0 (0,1,0)

(0,1, ,1,0) (0,1,0 0,1,0)
A: . . .

(0,1,0) (0,1,0) (0,1,0) (0,1,0)

2.3.3.  Unit Pythagorean Neutrosophic fuzzy matrix

A square Pythagorean Neutrosophic fuzzy matrix is said to be a unit Pythagorean Neutro-

sophic fuzzy matrix when its all diagonal elements are unit and all other elements are zero

(0, i,O) (0, i,O) (0, i,O)

2.3.4. Symmetric Pythagorean Neutrosophic fuzzy matrix

A square Pythagorean Neutrosophic fuzzy matrix is said to be symmetric Pythagorean
Neutrosophic fuzzy matrix if the matrix and its transpose are equal.

2.3.5.  Triangular Pythagorean Neutrosophic fuzzy matriz

A square Pythagorean Neutrosophic fuzzy matrix is said to be a triangular Pythagorean
Neutrosophic fuzzy matrix if either above main diagonal elements are zero or below main
diagonal elements are zero. A square Pythagorean Neutrosophic fuzzy matrix is said to be an
upper triangular Pythagorean Neutrosophic fuzzy matrix if above main diagonal elements are

Zero

(P11, V11, L11)

(0,1,0)

(0,1,0)

(0,1,0)

9

I

_((I)nb \Ilnla Enl) (q)n27 \I/n27 £n2)

(P21, Va1, Lo1) (P2, Wao,Lo2) (0,1,0)

((I)nm \Ilnna Enn)
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and it is said to be a lower triangular Pythagorean Neutrosophic fuzzy matrix if below main

diagonal elements are zero

(P11, Y11, L11)) (P12, V12, L12) -+ (Pin, Vip, Lin)
B (0,1,0) (Pa2, Voo, Lo2) -+ (Pap, Yap, Lop)
L (07 17 O) (07 17 0) e (Cbnna \I/nnv £nn) ]

2.3.6. Vandermonde Pythagorean Neutrosophic fuzzy matric

A Vandermonde Pythagorean Neutrosophic fuzzy matrix of order n is of the form

_(0, ,0) a; a? - a?il_
v (0,1,0) az a3 --- ay?
_(O, 1,0) a, aZ --- aﬁfl_

2.3.7. DiagonalPythagorean Neutrosophic fuzzy matriz
A Diagonal Pythagorean Neutrosophic fuzzy matrix is a matrix where all entries of the
matrix are zero except the diagonal going from the upper left corner to the lower right corner.
The matrix A is given by
a (0,1,0) (0,1,0)
A= 1{(0,1,0) b (0,1,0)
(0,1,0) (0,1,0) c

2.3.8. Anti-diagonal Pythagorean Neutrosophic fuzzy matriz

An Anti-diagonal Pythagorean Neutrosophic fuzzy matrix is a matrix where all entries of
the matrix are zero except on the diagonal going from the lower left corner to the upper right
corner. The matrix A is given by

(0,1,0) (0,1,0) c
A= 1(0,1,0) b (0,1,0)
a (0,1,0) (0,1,0)

2.4. Basic operations on PNFM

Consider two PNFMs, M, N of order n x n. Let

(q)Mll’\I]Mll"CMll) ((I)M12’\IJM12’LM12) T ((DMMN\IIMln?‘CMln)
M= ((I)Mm’ \IJM21 ) £M21) ((I)M22’ \IIMzza £M22) T (CI)Mzn’ \Ilem £M2n)
_((I)an \IjMnl ) ['Mnl) ((I)an ‘IIMnQ’ £Mn2) T ((DMnn? \Iann ) ‘CMnn)_
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(q)Nllv‘llNuv‘cNu) (@le’\Iijchu) (q)Nlnv‘llNlnv‘chn)
N — ((I)N21’ ‘IJN21 ) £N21) ((I)szv \I’sz’ ‘CN22) T (¢N2n’ \IJN2n’ £N2n)
_(Qan7\IJNn17£Nn1) (¢Nn27\IINn2’£Nn2) T (éNnn’\I}NnnWCNnn)_

Then the basic operations like Union, Intersection, Complement, Addition, Multiplication,

Scalar multiplication and Power operation are defined as follows respectively:

24.1. MUN = <max (‘I)MW‘I)NU) ,min (\I/Mij,

\I/Nij) s min (‘CMijv

ﬁNij)>
ﬁNz‘j)>

24.2. MNN = <min (q)Mmq)Nij) ,max (‘I’Mi]-,‘I’Ni]-) , nax (,CM

ij?

243. MoN = |/}, + 03— 03, @} Wur, . Las, L, )

244, M&N = (@, ®n,, VB, + R, — WO+ R — LR )

1,

245 nM = MeM e &M= (,/1- (-}, )m vy, . L3, )

246 M = (@, [1- (1= 93, )\ [1- (1= 23, ")

2.5. Numerical Examples

Consider two matrices M and N of order 2 x 2 matrix. Let

(0.9,0.1,0.12) (0.8,0.2,0.3)
(0.7,0.3,0.4)  (0.5,0.4,0.3)

v [(07.03,02) (03,07,08)
~ 1(0.6,0.5,0.3) (0.1,0.8,0.9)

9,0.1,0.12) (0.8,0.2,0.
ThenMuN:[(Og’o ,0.12) (0.8,0 ,03)]

(0.7,0.3,0.3)  (0.5,0.4,0.3)

7,0.3,0.2)  (0.3,0.7,0.
Ay [(07:03,02) (03,07,08)
(0.6,0.5,0.4) (0.1,0.8,0.9)

M &n =

(0.2,0.03,0.024) (0.5,0.14,0.24)
(0.1,0.15,0.12) (0.4,0.32,0.27)]
" n:[(0.63,0.2,0.024) (0.24,0.5,0.24)]

(0.42,0.2,0.12)  (0.05,0.4,0.27)
(0.99,0.001,0.001)  (0.97,0.008, 0.009)
[(0.93,0.009,0.064) (0.42,0.064,0.009)]
. [(0.73,0.17,0.3) (0.51,0.33,0.6)

(

B 0.34,0.49,0.78) (0.12,0.63,0.6)
Theorem 1:LetM and N be two PNFM. If n > 0, then

1.1) n(M & N) =nM &nN
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1.2) M@ N)" =M"®@ N™
Proof
1.1)

n
n(M &N) = <\/1 - (1 - (@ﬁ% + 0%, - @%dijéfvij» ,q%j%ij,c%ﬁ%» . (1LY

M:(\/l— (1— @3, )" Wiy L, )
(\/1—(1—<1>2 o ,.cnj)

nM & nN

n n n n
(i-(-o,) +1-(1-98,)" - (1= (1-93,)") (1- (1-98,)") v, 5, 4, 25,

n n
— (\/1 _ (1 — @%V,ij) (1 — @%Vij) U \lzyvij,%ijc}zv“)
n
B (\/1 a <<1 a CI)?V[”) (1 B (I)?ViJ')) 7\I}T]\L/[ij\p%ij’£%ij£?\7¢j>

n
— <\/1 - (1 - (‘I)?wij — %, + 23, 2%, )) ,‘P’&ij‘ﬂ’&ij’ﬁ%}%J oo (112
From (1.1.1) and (1.1.2) we can get (1.1)
1.2)

n
(M®N)n:((q)MUq)NU’\/\IJMl]_'—\IJNU \IIM \I]NZJ’\/‘CMU—{_‘CNU ‘CM ENZ]))

n n
(((I)MijCI)Nij)n , \/1 — (1 — (\I/M,LQJ + \I]szj - \I/MIZJ\I]N?J) ) 7\/1 — (1 - (£M12] + ENZZ]' - EM?QEN123> )

n:(@;@j,\ﬂ (L= W3, ) /1= (1= L3, ))
n:(@gbvij,\ﬂ (L= 0%, /1- (1- £, n)

M"® N™
(st = (=) 1 (1=t = (- (= 08 (- 3.
(@) 1= (@) (i () (- (- @)

n n
<(q)MijCI)Nij)n,\/1— (1_(\IIMZ‘2j+‘IINZZj_\IJM12j\I/N12j> ) 7\/1— (1_(£M1,2j+£N?j_£Mzz_jﬁN22j) )
From (1.2.1) and (1.2.2) we get (1.2)

Theorem 2: Let M and N be two PNFM. If n > 0, then
2.1) n(MUN)=nMUnN
22) (MUN)* =M™ UN"™

Proof:2.1) n(MUN) = <\/1 - (1 — max{CI)M?j,CI)N%j}>n,min{\I/M%,\IIN%} , min {L’M%,L’N%}>
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_ <max{\/1 — (1 —¢M§j> ,\/1 _ (1 — @Ngj) },min{\I/M%,\IfN?j} ,min {LM%,ﬁN?j}>
- (\/1_ (1 - max{@n2, on2 }) ,min{@M;Lj,\IxN;;},min{cM;;,ﬁN;?jD o (2.1.2)

From (2.1.1) and (2.1.2), we get n(M UN) =nM UnN
2.2)Analogously, it can be shown that (M U N)" = M™ UN"

Theorem 3: Let M and N be two PNFM, then
31) MUN)(MNN)=Mo&N
32)(MUN)®(MNN)=M®N
Proof3.1)(MUN)® (M NN) = ((max {Pasij, Prnij}, min {Wasij, Ui}, min {Lasij, Lnij}) &

(min {Pnrij, Pnij}, max {Warij, Wi}, max {Lasij, Lnij})

(\/max {@ng, @ij} + min {@ng, @Ngj} ~ max {@ng, @Ngj} min {@ng, @Ngj},min {(Uarij, Uni}
max { Wi, Wnej b, min {Lasij, Lnij} max {Larij, Lnij})

= (\/(DM?J‘ + ‘PN% - ‘I)M?j‘PN?j7 Vi U Nij, »CMijENij)

=Me&N

3.2)Analogously, it can be shown that (M UN)®@ (M NN)=M @ N

Theorem 4: Let M , N and L be three PNFM), then

) MUN)NL=(MnNL)U(NNL)

)(MmN)uL (MUL)N(NUL)
43)  MUN)eL=(Ma&L)U(Na&L)

J(MNN)sL=(MaL)N(N®L)

)(MUN)® L=(M®L)U(N®L)
46) MNN)Q L=(M&®L)N(N®L)
Proof

Let us prove 4.1, 4.3 and 4.5. 4.2, 4.4 and 4.6

4.1)(M UN) N L = (min {max {®rrij, Pnij}, Prij}, max {min {Yasi;, Yy}, Yiij},
max {min{Laij, Lnij}, Lrij}) .. (4.1.1)

MNL= <min (CIDMZ.].,@L”) , max (\IJMM., ‘I/Li]-) , Max (EMZ.].,KLU»

NN L= (min (®y,;,®r,,),max (Y, ¥z, ), max (Ln,;, LL,;))

(MNL)U(NNL)

= (max {min {®nsij, P}, min {Pnij, Priy}} , min {max {Warij, Vi, max{Wri;, Vrij}},
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min {max {Lasij, Lrij} , max{Lnij, Lrij}})
= (min {max {®sij, Pnij}, Prij}, max {min {¥asi;, Ynii}, Y},
max {min {Lysij, Lnij}, Lrij}) ... (4.1.2)
From (4.1.1) and (4.1.2) we get (4.1)
43)(MUN)® L =
(max {®nrij, Prvij}, min {Warij, Yrij}, min {Lasij, Lrij}) S (Prij, Yiij, Lrij)

<\/max {(I’M%j, (I)N?j} + q)L%j — Imax {CI)M?]" (I)N?j} (I)L?j; min {\I/Mij, \I/Nij} ‘IlLijv min {‘CMi]}ﬁNij} ELij)

= (\/(1 — @) max {(I)M?jv ‘I)N?j} + @13 min {Warij, Urij, Unig, Vg
min {EMija‘CLij,ENija'C’Lij}) e (431)

(MO L)U(N®L) =
(maX {\/q)M?j + @7 — P PLy, \/(bNgj +@r7 — ‘PN?]-CI)L?J} s in {Wari5, Vi, Ynij, Yrij}

min {Lysij, Lrij, LNij, LrLij}

( (1= ®17)Pur; + L) \/(1 —®12)ON; + Pryy, min {Warij, Yrij, YN, Wi}, min { Larij, Lrij, Lnij, ELz'j})

= (\/(1 — ®r7) max {(I)M?jv @N?j} + @13, min {Warij, Urij, Unig, Vg
min {EMij,LLij,ENijaELij}) e (432)

From (4.3.1) and (4.3.2) we get the result 4.3

(MUN)® L =
<max {(I)Mij, (I)Nz'j} , \/min {@M%j, (I)lej} + (I)L?j — min {(I)M%j, (I)N?j} @L?j,

\/min {ﬁM?j, ﬁN?j} + ﬁL?j — min {ﬁM?j, EN?]-} ELZ‘Qj)

<max{<1>Mij,<1>Nij} , \/(1 — w2 min { W, Un b+ 02 \/(1 — L) min { £33, £n% ] + £L3j>

(M&L)U(N®L)=
(max {Pariy @rijs Oviss Prigh min { /O + @3 — @aZ@r2, \[OnE + 0% — anZ @2},
min {Lri; + Lrij — LvijLrij, Lnij + Lrij — LniiLrij})
_ <max{q>Mij,<1>Nij,q>Lij} , \/(1 — w2 min { a2, Un )+ w3,

\/(1—@1)mm{cMU,cNgj}+£L§j) . (45.2)
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From (4.5.1) and (4.5.2) we get the results

3. Comparison

Characteristis il 3] NEM PRM PNEM
Componens (0] (0,9) (0,0.) (0,9) (0,0)
Conditon K<1 Ke+I<1 D<R+4[<3 <4< <P+

Compleity Liss compl Noderately complex Complex Vore complex Mostcomplex

Aplicablty Sinpl decison-naking Incompleteuformtion | High uncetainy and indetermnacy | Nuanced reprseatation o wncertenty | Complex problems with muliple sources of ncetaity

Limtaton | acks to epresent non-embership vees | Difuly n hndlng ndeterminacy | can'thandle high dmensonel deta |~ Tensie n coputing Reguiesspelied sofare

TABLE 1. Comparison of different types of fuzzy matrices

PNFM is an important tool for representing uncertainty. It combines the ideas of a
pythagorean fuzzy matrix and a neutrosophic fuzzy matrix, providing a more thorough ap-
proach to dealing with the complexity of real-world issues. In addition to to handling vague-
ness, it also responds to the situations in an ambiguous and inconsistent manner. The
Pythagorean neutrosophic fuzzy matrix notion can be applied to a variety of domains, in-

cluding decision making and pattern recognition, when ambiguity and vagueness are present.

4. Future Work

This article gives a strong foundation for future research in PNFM. It can focus on the
effectiveness of PNFM in real world problems. Although PNFM has many applications, it
also has limits. PNFM’s computational component is more difficult, and there are no defined
aggregation methods. To address these challenges, future work in this subject should focus on

creating computing algorithms and improved aggregation approaches.

5. Conclusion

The idea of PNFM and its basic functions were examined in this study. The characteristics
and behavior of PNFM under different operations are established by the theorems in this
paper. This concept provides the foundation for further investigation into more complex
PNFM applications in fields such as machine learning and optimization.

Funding:This research received no external funding
Acknowledgments: We express our gratitude to A.D.M College for Women (Autonomous)
for lending us the facilities required for our research.

Conflicts of Interest: The authors declare no conflict of interest.

V Surya , R Sophia Porchelvi, Operations on Pythagorean Neutrosophic Fuzzy Matrix



Neutrosophic Sets and Systems, Vol. 98, 2026 2@

References

1.

C. Venkatesan, P. Balaganesan, J. Vimala. Fuzzy Matrix with Application in Decision Making. International
Journal of Pure and Applied Mathematics. 2017; 116(23):551-554.

Beaula T. Application of Fuzzy Matrices in Medical Diagnosis. International Journal of Fuzzy Mathematical
Archive. 2017;14(1):163-9.

Priya P, Ramya R, Sangeetha S, Saranya A. Basic concepts of fuzzy matrices. International Journal of
Engineering Research Technology (Ahmedabad). 2019; 8:905-9.

Clayton Gilchrist, Some Results on Fuzzy Matrices, Preprint submitted to Journal of LATEX Templates,
May 15, 2019.

Ramakrishnan M, Sriram S. Hamacher Operations on Picture Fuzzy Matrices. Communications in Mathe-
matics and Applications. 2023;14(1):311.

6. Dogra S, Pal M. Picture fuzzy matrix and its application. Soft Computing. 2020 Jul;24(13):9413-28.

7. Selvarajan TM, Sriram S, Ramya RS. Einstein operations of Fuzzy Matrices. International Journal of

Engineering and Technology. 2018;7(4):813-6.

8. Emam EG. An operation on intuitionistic fuzzy matrices. Filomat. 2020;34(1):79-88.

9. Silambarasan I, Sriram S. Some operations over intuitionistic fuzzy matrices based on Hamacher t-norm

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

and t-conorm. TWMS Journal of Applied and Engineering Mathematics. 2021.

Li W, Ye J. MAGDM Model Using an Intuitionistic Fuzzy Matrix Energy Method and Its Application in
the Selection Issue of Hospital Locations. Axioms. 2023 Aug 5;12(8):766.

Porchelvi RS, Jayapriya V. On Studying Certain Fuzzy Neutrosophic Matrices and Operators. Infinite
Study; 2019.

Das R, Smarandache F, Tripathy BC. Neutrosophic fuzzy matrices and some algebraic operations. Infinite
Study; 2020 Jan 1

Das D, Dhar R, Tripathy BC. Properties of multiplication operation of neutrosophic fuzzy matrices. Neu-
trosophic Sets and Systems. 2023;61(1):9.

Broumi S. Fermatean Neutrosophic Matrices and Their Basic Operations. Neutrosophic Sets and Systems.
2023;58(1):35.

Anandhkumar, M.; A. Bobin; S. M. Chithra; and V. Kamalakannan. ” Generalized Symmetric Fermatean
Neutrosophic Fuzzy Matrices.” Neutrosophic Sets and Systems 70, 1 (2024).

Silambarasan I, Sriram S. Algebraic operations on Pythagorean fuzzy matrices. Mathematical Sciences
International Research Journal. 2018;7(2):406-18.

Silambarasan I, Sriram S. New operations for pythagorean fuzzy matrices. Indian Journal of Science and
Technology. 2019;12(20):1-7.

T. M. Selvarajan and R. S. Ramya. Einstein Operations on Pythagorean Fuzzy Matrices. Advances in
Mathematics: Scientific Journal 8 (2019), no.3, 634-640.

Silambarasan I, Sriram S. Some operations over Pythagorean fuzzy matrices based on Hamacher operations.
Applications and Applied Mathematics: An International Journal (AAM). 2020;15(1):20.

Radha R, Mary AS, Prema R, Broumi S. Neutrosophic pythagorean sets with dependent neutrosophic
pythagorean components and its improved correlation coefficients. Neutrosophic sets and systems. 2021
Oct 19;46:77-86.

Ismail JN, Rodzi Z, Al-Sharqi F, Al-Quran A, Hashim H, Sulaiman NH. Algebraic Operations on
Pythagorean neutrosophic sets (PNS): Extending Applicability and Decision-Making Capabilities. Inter-
national Journal of Neutrosophic Science (IJNS). 2023 Aug 1;21(4).

V Surya , R Sophia Porchelvi, Operations on Pythagorean Neutrosophic Fuzzy Matrix



Neutrosophic Sets and Systems, Vol. 98, 2026 2

22. Gbolagade AM, Awolere IT, Adeyemo O, Oladipo AT. Application of the Neutrosophic Poisson Distri-
bution Series on the Harmonic Subclass of Analytic Functions using the Salagean Derivative Operator.
Neutrosophic Systems with Applications. 2024 Nov 1;23:33-46.

23. Satyanarayana, B., Baji, S. (2024). A Study on the Polarity of Generalized Neutrosophic Ideals in BCK-
Algebra. Neutrosophic Systems With Applications, 22, 31-42.

24. Shams, M. Y., Farag, R. M., Aldawody, D. A., Khalid, H. E., Essa, A. K., El-Bakry, H. M. ., Salama, A.
A. (2024). Unveiling Similarities in the Code of Life: A Detailed Exploration of DNA Sequence Matching
Algorithm. Neutrosophic Systems With Applications, 22, 13-30.

Received: July 29, 2025. Accepted: Jan 15, 2026

V Surya , R Sophia Porchelvi, Operations on Pythagorean Neutrosophic Fuzzy Matrix



HWINSS Neutrosophic Sets and Systems, Vol. 98, 2026

m University of New Mexico
.l'

Refined Neutrosophic Set approach for Musculoskeletal disorders

Malavika C V!, Kalaivani C?, Sofia Jennifer J>*

!Department of Information Technology, Sri Sivasubramaniya Nadar College of Engineering, Kalavakkam -
603110, India; malavika2210770@ssn.edu.in

2Department of Mathematics, Sri Sivasubramaniya Nadar College of Engineering, Kalavakkam - 603110,
India; kalaivanic@ssn.edu.in

3Department of Information Technology, Sri Sivasubramaniya Nadar College of Engineering, Kalavakkam -
603110, India; sofiajenniferj@ssn.edu.in

*Correspondence: sofiajenniferj@ssn.edu.in; Tel.: (optional; include country code)

Abstract. Musculoskeletal disorders are often characterized by persistent joint pain, stiffness, swelling, and
reduced mobility, which can severely impact daily functioning and quality of life. These conditions often present
overlapping symptoms, making accurate diagnosis a significant challenge in clinical settings. Traditional di-
agnostic approaches may struggle with the inherent uncertainty, vagueness, and imprecision found in medical
data. This paper proposes a novel approach for classifying four musculoskeletal disorders using the Neutro-
sophic Refined Set framework, with a particular focus on correlation and distance-based measures. Neutrosophic
Refined Set, an advanced extension of neutrosophic logic, provides a robust mathematical model for handling

indeterminate and inconsistent information, making it particularly well-suited for healthcare applications.

The proposed work is illustrated with four musculoskeletal disorders - Rheumatoid Arthritis, Osteoarthritis,
Lupus, Bursitis and the eight associated Rheumatic symptoms. Correlation analysis is employed to determine
the most prevalent symptom group associated with each disorder. Also, the distance measures - Hamming
distance, Normalized Hamming distance, Euclidean distance, and Normalized Euclidean distance are used to
compute the proximity of four patient cases to each disorder. Python implementation of the proposed method is
used to streamline the computational process, offering a faster, more accurate, and less error-prone alternative
to manual calculations. Also, highly informative visualizations are employed to illustrate the general trends in
symptom intensity and distribution across the four musculoskeletal disorders. Overall, this approach demon-
strates the potential of Neutrosophic Refined Sets in enhancing diagnostic accuracy, managing uncertainty, and

supports clinical decision-making.

Keywords: Musculoskeletal disorders, Rheumatoid Arthritis, Osteoarthritis, Lupus, Bursitis, Neutrosophic
set, Neutrosophic Refined set, Dimension, Hamming distance, Normalised hamming distance, Euclidean dis-

tance, Normalised euclidean distance, Correlation Measure
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1. Introduction

Neutrosophic logic and sets, introduced by Florentin Smarandache in 1995 [12}13], offer a
powerful framework for handling uncertainty and imprecision in various real-world applica-
tions, including decision making, medical diagnosis and image processing. Unlike the tradi-
tional binary logic (True or False) or fuzzy logic that allows degree of truth, neutrosophic sets
introduce the concept of indeterminacy, thus incorporating three independent components:
truth (T), indeterminacy (I), and fallacy (F). This allows for a more nuanced representation

of information making it particularly useful in scenarios where ambiguity is prevalent.

In recent years, the application of soft computing techniques, particularly those based on
neutrosophic sets and fuzzy logic, has seen significant growth in the field of medical diagnosis.
Several Python-based frameworks and tools have emerged to support modeling and reason-
ing under uncertainty [7H9]. These developments reflect a shift toward practical, open-source
implementations that bridge theoretical methods with real-world diagnostic applications. Re-
cent studies have also extended neutrosophic similarity and correlation measures to domains
such as COVID-19 detection and pattern recognition [18,20], reinforcing the relevance of soft

computing approaches in contemporary medical decision support systems.

Neutrosophic Refined Sets, which was introduced by Irfan Deli, Said Broumi, Florentin
Smarandache (2015) |1], is a generalisation of fuzzy multisets and intuitionstic fuzzy multi-
sets. Similar to Neutrosophic sets they have the three components - truth (T), indeterminacy
(I), and fallacy (F) but allow multiple values of these components, referred to as the dimension
(P) of the set. This multi-valued nature enhances the ability of Neutrosophic Refined sets to
capture complex real-world scenarios with varying degrees of uncertainty. The work [1] includes
the definitions for the operations such as complement, union, intersection, convex, strongly
convex, containment, equality and the four distance measures - hamming distance, normalised
hamming distance, euclidean distance and normalised euclidean distance. Paper [14] gives the
definition for the correlation measure, which can be used to find the similarity or dissimilarity

between two Neutrosophic Refined sets.

For the purpose of illustrating the methodology proposed four musculoskeletal disorders -
Rheumatoid Arthritis, Osteoarthritis, Lupus and Bursitis are considered. Rheumatic symp-
toms are generally associated with Rheumatic diseases, that are characterized by conditions
affecting the muscles, bones, joints, tendons, ligaments, cartilage often causing pain, swelling,
and stiffness and are sometimes referred to as musculoskeletal disorders. Individuals affected

by any of these four disorders will experience one or more of these eight rheumatic symptoms
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- joint pain, stiffness in the joints especially during morning, fatigue, swelling in the joints,
difficulty while moving the joints, persistence of pain in the joints while at rest, round scaly

rashes in the skin and pain in the smaller joints.

The remainder of this paper is organized as follows. Section 2 introduces the fundamental
definitions related to Neutrosophic Refined Sets, which form the basis for subsequent discus-
sions, and provides a brief overview of the four musculoskeletal disorders under consideration.
Section 3 outlines the proposed work, with the Python implementation of correlation and
distance measures for Neutrosophic Refined Sets [5-9] and presents three illustrative exam-
ples [1-4)14-20]: the first demonstrates the classification of disorders based on symptom
groups; the second focuses on patient diagnosis by computing the distance between a patient’s
symptom profile and each of the four disorders using the distance measures; and the third
offers informative visualizations that reflect the general symptom trends associated with each

disorder. Finally, Section 4 concludes the study.

2. Preliminaries

This section delves into the foundational concepts of Neutrosophic Refined Sets (NRS)
which are used in the further sections of this paper. Also, a detailed overview of the four

musculoskeletal disorders that are the focus of this study is provided.

2.1. Definitions

Definition 1. [I/ Let E be the universe. Then a Neutrosophic Refined set A defined on E

with dimension P is given by

A= {(T}(2), T} (@), ... T) (2)), (Ig (2), [ (2), o0, I} (2)), (Fy (), F (2), .., B (2)) 1 2 € X}
(1)
Another Neutrosophic Refined set B defined on E with the same dimension P will be of the

form

B = {(T3 @), T3 (@), . T (2)), (I (2), (@), oo I (2), (B} (&), FR (), oo B (2)) £ 2 € X}
(2)

Definition 2. [1] Hamming distance between A and B is denoted as dup(A, B) and is given
by

P n
dio(A, B) = Y S (T () = B (ws)| + |1 (ws) = B(an)| + [Fi(ws) - B(@)l)  (3)
7j=11i=1
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Definition 3. [I] Normalised Hamming distance between A and B is denoted as dyup(A, B)
and is given by
1 > . . ‘ . ‘ .
(A, B) = o5 > > (1T (w3) = T (wa)| + 1} (1) — B (ws)| + |F (21) — B (23)])  (4)

SnP o e

Definition 4. [1|] Euclidean distance between A and B is denoted as dgp(A, B) and is given
by

n

P
den(A, B) = 3 S\ (T (w0) — T @) + () — B)? + (F(e) - B@))? )

7j=1 =1

Definition 5. 1] Normalised Euclidean distance A and B is denoted as dygp(A, B) and is
given by

n

P
dep (A, B) % ZZ \/ T (1) — TY (#1))? + (B (1) — I (20))? + (F (ws) — FY (21))?
o (6)

Definition 6. [14/ Correlation measure between A and B is denoted as pyrs(A, B) and is

given by
1 K™ . . . . ‘ .
Curs(4,B) = 5 DO (T () « T3 (w1) + I (ws) * I (ws) + Ff (1) + FJ (21))
j=11=1
1 P n
Cwrs(A4, A) =5 ZZ (TY (1) % T (1) + I3 (1) % I (23) + FJ (21) % FJ (1))
7j=1 =1
1 P n
Cwrs(B, B) FZZ (T2 (25) % TL (25) + I () % I (23) + FL (1) % F2 (1))
7j=1 =1

C’NRS (Aa B)

A,B) =
purs ) \/CNRS(A, A) x Cyrs(B, B)

(7)

To demonstrate the application of distance and correlation measures in a medical context,
consider two patients A and B having fever. The Neutrosophic Refined Sets formed with the

T, I and F values recorded three times a day for both the patients are presented below.
Patient, = {(0.85,1.0,0.85), (0.15,0.25,0.1), (0.2,0.15,0.05)}
Patienty = {(0.85,0.95,0.8), (0.15,0.2,0.05), (0.25,0.1,0.1)}

From the values of the distance and correlation measures presented in Table [I| it can be
observed that the distance measures indicate a low to moderate difference between the patients,
while the correlation measure highlights a strong similarity. Together, these results emphasize

that patients A and B exhibit a similar pattern or nature of fever.
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Table 1. Distance and Correlation measure outcome with Interpretations

Measure Value | Meaning

Hamming Distance (HD) 0.35 | Moderate absolute difference
Normalized Hamming Distance (NHD) | 0.039 | Very small distance

Euclidean Distance (ED) 0.132 | Low difference

Normalized Euclidean Distance (NED) | 0.015 | Negligible difference

Correlation Measure (pngrs) 0.997 | Extremely strong similarity in trend

2.2. Musculoskeletal disorders

Musculoskeletal disorders refer to conditions that cause pain or injury to the components
of the musculoskeletal system, such as muscles, tendons, ligaments, joints, nerves, and the
supporting structures of the back, neck, and limbs. These disorders may result from sudden
physical effort, such as lifting or carrying heavy objects, or they may develop over time due
to repetitive movements, prolonged exposure to mechanical stress, vibration, or sustained
awkward postures.

The term ” Arthritis” literally means joint inflammation. Arthritis is the swelling and ten-
derness of one or more joints. The most common types of arthritis are Osteoarthritis and
Rheumatoid Arthritis. [21].

Rheumatoid Arthritis (RA) is a form of arthritis and a chronic autoimmune disease that
attacks the body’s own tissues, causing inflammation in joints, skin, eyes, heart, and blood
vessels. This inflammation can lead to pain, swelling, stiffness, and even joint damage as
uncontrolled inflammation damages cartilage which acts as a shock absorber in the joints and
thus can deform the joints and eventually causes the bone to erode. [21] One of the most
common symptoms of RA is swollen joints, often accompanied by stiffness that is particularly
severe in the morning or after periods of inactivity. Fatigue is another common complaint
among those with RA. Women are more likely than men to develop this condition, and it
typically begins in middle age.

There are four clinically recognized stages of Rheumatoid Arthritis (RA), described as fol-

lows:

e Stage 1 (Early Stage): Mild joint pain and stiffness begin to appear, accompanied by
inflammation around the joints. Structural damage is minimal at this point.

e Stage 2 (Moderate Stage): Inflammation progresses and starts affecting the cartilage,
resulting in increased stiffness and a noticeable reduction in joint mobility.

e Stage 3 (Severe Stage): The inflammatory response becomes more aggressive, leading
to bone erosion. Patients typically experience significant pain, stiffness, restricted

movement, and visible joint deformities.
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e Stage 4 (Final Stage): Although active inflammation may subside, joint damage con-
tinues. This stage is characterized by chronic pain, swelling, severe stiffness, and

substantial loss of joint function and mobility. |21]

Osteoarthritis is a most common form of Arthritis and is a degenerative disease with the
condition worsening over time. Joint pain and stiffness can be severe especially in hands, hip,
knees and spine.

It is more common in older adults and can be one of the two types:

e Primary osteoarthritis that develops in the joints over time that might be caused by
normal wear and tear of joints.
e Secondary osteoarthritis might happen when something directly damages the joints

like injuries. [21]

Lupus is an autoimmune disorder which can cause inflammation in joints, skin, kidneys,
blood cells, brain, heart and lungs. One distinctive symptom could be butterfly - shaped
rashes on the face that covers the cheeks and bridge of the nose or elsewhere on the body.

Lupus rashes also includes:

e Discoid Lupus, which causes red, scaly patches on the skin
e Subacute Cutaneous Lupus, which causes ring-shaped or oval-shaped rashes on the
skin. [21]

Bursitis is a painful condition that causes swelling, usually around the joints. It is more
common in the shoulders, elbows, knees and feet. Bursitis causes swelling in brusa - a small,
fluid-filled sac, which is found around bones and some other tissues. Bursitis often occurs near
joints that perform frequent repetitive motion. [21]

Several factors can increase the risk of developing musculoskeletal disorders which includes
age, occupation, injury, genetics and lifestyle factors. Certain activities that can cause wear
and tear of the joints and lead to musculoskeletal disorders includes engaging in tasks that

involve repetitive motions, lifting heavy weights and maintaining poor posture.

3. Proposed Work
3.1. Correlation-based analysis of symptom patterns across disorders

Consider the four musculoskeletal disorders - Rheumatoid Arthritis, Osteoarthritis, Lu-
pus, Bursitis and the eight rheumatic symptoms - joint pain, morning joint stiffness, fatigue,
swelling in the joints, impaired joint mobility, pain relief during rest, annular or oval scaly
rashes in the skin and pain in the smaller joints. The tables [4) and [p] present the T, I

and F values of four sets of three patients Patient 1, Patient 2, Patient 3 suffering from each

Malavika C V, Kalaivani C, Sofia Jennifer, Refined Neutrosophic Set approach for
Musculoskeletal disorders



Neutrosophic Sets and Systems, Vol. 98, 2026

9

disorder, recorded at four-month intervals over the span of one year. |14]

Table 2. Rheumatoid Arthritis

Table 3. Oseteoarthritis

Rheumatoid | Rheumatoid | Rheumatoid Osteo- Osteo- Osteo-
Arthritis Arthritis Arthritis arthritis arthritis arthritis
Patient 1 Patient 2 Patient 3 Patient 1 Patient 2 Patient 3
Joint pain | (1.0,0.3,0.0) | (0.9,0.4,0.0) | (0.9,0.3,0.0) Joint pain | (0.9,0.3,0.1) | (0.9,0.4,0.0) | (0.9,0.3,0.0)
(0.9,0.4,0.1) | (1.0,0.2,0.0) | (1.0,0.5,0.1) (1.0,0.4,0.0) | (1.0,0.2,0.1) | (0.9,0.5,0.1)
(0.9,0.1,0.1) | (0.9,0.2,0.1) | (1.0,0.1,0.1) (0.9,0.1,0.1) | (1.0,0.2,0.0) | (1.0,0.1,0.1)
Morning (0.9,0.2,0.1) | (1.0,0.1,0.0) | (0.9,0.4,0.1) Morning (0.3,0.2,0.9) | (0.3,0.1,0.8) | (0.2,0.4,0.9)
joint stiff- | (0.9,0.4,0.0) | (0.9,0.3,0.1) | (1.0,0.5,0.0) joint stiff- | (0.2,0.4,0.8) | (0.3,0.3,0.8) | (0.3,0.5,0.8)
ness (1.0,0.3,0.1) | (0.9,0.5,0.1) | (1.0,0.1,0.1) ness (0.1,0.3,0.8) | (0.2,0.5,0.7) | (0.1,0.1,0.8)
Fatigue (0.1,0.2,0.9) | (0.1,0.3,1.0) | (0.1,0.2,0.9) Fatigue (0.0,0.5,0.9) | (0.0,0.3,0.9) | (0.0,0.4,1.0)
(0.1,0.3,0.8) | (0.0,0.5,0.8) | (0.0,0.2,0.8) (0.0,0.6,1.0) | (0.1,0.2,1.0) | (0.0,0.1,0.9)
(0.0,0.2,0.9) | (1.0,0.4,0.9) | (0.1,0.1,0.8) (0.1,0.3,0.9) | (0.1,0.2,1.0) | (0.1,0.1,0.9)
Swelling in | (0.9,0.3,0.1) | (0.8,0.4,0.2) | (0.9,0.4,0.1) Swelling in | (0.5,0.3,0.4) | (0.5,0.4,0.4) | (0.5,0.4,0.5)
the joints | (0.8,0.4,0.3) | (0.9,0.5,0.2) | (0.9,0.1,0.2) the joints | (0.7,0.4,0.3) | (0.6,0.5,0.4) | (0.6,0.1,0.3)
(0.8,0.3,0.2) | (0.8,0.1,0.3) | (0.8,0.1,0.1) (0.6,0.3,0.2) | (0.6,0.1,0.3) | (0.5,0.1,0.4)
Impaired (0.8,0.3,0.1) | (0.9,0.4,0.2) | (0.8,0.4,0.1) Impaired (0.8,0.3,0.1) | (0.9,0.4,0.1) | (1.0,0.4,0.1)
joint mo- | (0.7,0.2,0.3) | (0.8,0.3,0.1) | (0.7,0.2,0.2) joint mo- | (0.9,0.2,0.0) | (1.0,0.3,0.1) | (0.9,0.2,0.0)
bility (0.6,0.3,0.2) | (0.8,0.2,0.1) | (0.8,0.2,0.1) bility (0.9,0.3,0.0) | (0.9,0.2,0.0) | (0.9,0.2,0.0)
Pain relief | (0.3,0.1,0.7) | (0.4,0.2,0.8) | (0.3,0.1,0.8) Pain relief | (0.5,0.3,0.3) | (0.5,0.2,0.4) | (0.6,0.3,0.4)
during rest | (0.2,0.3,0.8) | (0.3,0.3,0.8) | (0.2,0.2,0.8) during rest | (0.4,0.4,0.3) | (0.6,0.5,0.3) | (0.5,0.4,0.3)
(0.4,0.2,0.6) | (0.2,0.1,0.7) | (0.3,0.2,0.7) (0.3,0.2,0.4) | (0.5,0.4,0.4) | (0.4,0.3,0.5)
Annular or | (0.0,0.4,0.9) | (0.0,0.3,0.9) | (0.0,0.4,0.9) Annular or | (0.0,0.4,0.9) | (0.1,0.3,0.9) | (0.0,0.4,1.0)
oval scaly | (0.0,0.1,1.0) | (0.0,0.2,1.0) | (0.0,0.1,1.0) oval scaly | (0.0,0.1,1.0) | (0.0,0.2,0.8) | (0.1,0.1,0.8)
rashes (0.0,0.2,0.9) | (0.0,0.4,1.0) | (0.0,0.1,0.9) rashes (0.1,0.2,1.0) | (0.1,0.4,1.0) | (0.1,0.1,0.9)
Pain __ in | (0.8,0.2,0.0) | (0.7,0.5,0.1) | (0.9,0.6,0.1) Pain _ in | (0.0,0.2,0.8) | (0.1,0.5,0.9) | (0.1,0.6,0.9)
the smaller | (0.9,0.4,0.1) | (0.8,0.5,0.2) | (0.9,0.4,0.0) the smaller | (0.1,0.4,0.9) | (0.1,0.5,1.0) | (0.0,0.4,0.9)
joints (0.9,0.3,0.0) | (0.9,0.1,0.2) | (0.6,0.3,0.2) joints (0.0,0.3,0.9) | (0.2,0.1,0.9) | (0.2,0.3,0.8)
Table 4. Lupus Table 5. Bursitis
Lupus Lupus Lupus Bursitis Bursitis Bursitis
Patient 1 Patient 2 Patient 3 Patient 1 Patient 2 Patient 3
Joint pain | (0.5,0.3,0.4) | (0.6,0.4,0.5) | (0.5,0.3,0.5) Joint pain | (1.0,0.3,0.0) | (0.9,0.4,0.0) | (0.9,0.3,0.0)
(0.6,0.4,0.3) | (0.5,0.2,0.4) | (0.6,0.5,0.4) (1.0,0.2,0.1) | (1.0,0.3,0.1) | (1.0,0.4,0.0)
(0.5,0.1,0.6) | (0.5,0.2,0.3) | (0.4,0.1,0.3) (0.9,0.1,0.0) | (0.9,0.2,0.1) | (1.0,0.1,0.1)
Morning (0.6,0.2,0.4) | (0.6,0.1,0.4) | (0.6,0.4,0.3) Morning (0.3,0.4,0.7) | (0.3,0.3,0.7) | (0.3,0.4,0.7)
joint stiff- | (0.6,0.4,0.3) | (0.5,0.3,0.3) | (0.5,0.5,0.3) joint stiff- | (0.4,0.1,0.8) | (0.2,0.2,0.8) | (0.4,0.1,0.7)
ness (0.5,0.3,0.4) | (0.5,0.5,0.5) | (0.6,0.1,0.4) ness (0.3,0.2,0.8) | (0.4,0.4,0.7) | (0.2,0.1,0.8)
Fatigue (0.9,0.3,0.1) | (0.9,0.3,0.0) | (1.0,0.4,0.0) Fatigue (0.3,0.2,0.7) | (0.2,0.3,0.7) | (0.3,0.2,0.7)
(1.0,0.2,0.0) | (1.0,0.4,0.1) | (0.9,0.1,0.0) (0.4,0.3,0.8) | (0.3,0.5,0.8) | (0.2,0.2,0.8)
(0.9,0.3,0.1) | (1.0,0.2,0.1) | (0.9,0.1,0.1) (0.2,0.2,0.7) | (0.3,0.4,0.7) | (0.4,0.1,0.8)
Swelling in | (0.5,0.3,0.4) | (0.5,0.4,0.4) | (0.5,0.4,0.5) Swelling in | (0.8,0.2,0.0) | (1.0,0.5,0.1) | (0.9,0.6,0.1)
the joints | (0.7,0.4,0.3) | (0.6,0.5,0.4) | (0.6,0.1,0.3) the joints | (0.9,0.4,0.1) | (0.9,0.5,0.1) | (0.9,0.4,0.0)
(0.6,0.3,0.2) | (0.6,0.1,0.3) | (0.5,0.1,0.4) (0.9,0.3,0.0) | (0.8,0.1,0.0) | (0.8,0.3,0.1)
Impaired (0.5,0.3,0.4) | (0.6,0.2,0.4) | (0.6,0.3,0.4) Impaired (1.0,0.2,0.0) | (1.0,0.3,0.1) | (0.8,0.4,0.1)
joint  mo- | (0.5,0.4,0.3) | (0.6,0.5,0.3) | (0.5,0.4,0.5) joint mo- | (0.8,0.4,0.1) | (0.9,0.4,0.0) | (0.8,0.4,0.1)
bility (0.3,0.2,0.4) | (0.5,0.4,0.3) | (0.5,0.3,0.5) bility (0.9,0.5,0.1) | (0.9,0.1,0.1) | (0.9,0.3,0.1)
Pain relief | (0.5,0.3,0.5) | (0.5,0.2,0.4) | (0.6,0.3,0.4) Pain relief | (0.8,0.3,0.3) | (0.6,0.2,0.3) | (0.7,0.5,0.1)
during rest | (0.4,0.4,0.3) | (0.6,0.5,0.3) | (0.5,0.4,0.3) during rest | (0.7,0.5,0.2) | (0.8,0.5,0.1) | (0.8,0.4,0.2)
(0.6,0.2,0.4) | (0.5,0.4,0.3) | (0.6,0.3,0.4) (0.8,0.2,0.1) | (0.7,0.5,0.2) | (0.8,0.5,0.2)
Annular or | (0.9,0.5,0.1) | (0.9,0.3,0.0) | (1.0,0.2,0.1) Annular or | (0.0,0.3,1.0) | (0.0,0.4,0.9) | (0.1,0.5,0.9)
oval scaly | (0.9,0.6,0.1) | (0.9,0.3,0.0) | (0.9,0.1,0.0) oval scaly | (0.0,0.4,1.0) | (0.0,0.4,0.9) | (0.0,0.4,1.0)
rashes (1.0,0.3,0.1) | (1.0,0.1,0.1) | (0.9,0.1,0.1) rashes (0.1,0.3,0.9) | (0.0,0.3,1.0) | (0.1,0.5,0.9)
Pain _ in | (0.5,0.3,0.5) | (0.6,0.2,0.4) | (0.6,0.3,0.4) Pain __ in | (0.0,0.5,0.9) | (0.1,0.5,0.9) | (0.1,0.5,0.9)
the smaller | (0.5,0.4,0.3) | (0.6,0.5,0.5) | (0.5,0.4,0.3) the smaller | (0.1,0.4,1.0) | (0.1,0.4,0.9) | (0.0,0.4,0.8)
joints (0.4,0.2,0.4) | (0.6,0.4,0.4) | (0.6,0.3,0.3) joints (0.1,0.3,0.9) | (0.1,0.3,0.8) | (0.0,0.3,0.9)
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The Truth value (T) represents the degree to which a symptom, such as pain is present in a
patient. It is derived from the reported severity of the symptom and normalized using a fixed

maximum scale. This allows for consistent comparison of symptom intensity across patients.

symptom severity

o seelo For instance, if a

The value is computed using the following formula: T =
patient reports a pain score of 8 on a 10-point scale, the corresponding truth value would be:

— 8 _
T=35 =08

Table 6. Explanation for Choice of Indeterminacy Values

Clinical Condition Explanation Indeterminacy

Mild pain lasting for a short dura- | May resolve on its own, not clearly a disorder | 0.1

tion

Pain with confirmed damage on | Symptom aligns clearly with diagnostic results | 0.2

imaging

Pain without diagnostic tests or de- | Insufficient clinical information for diagnosis | 0.3

tailed history

Severe pain reported, but imaging | Symptom is intense, but not supported by ob- | 0.4

shows no abnormality jective evidence

Conflicting results from diagnostic | Inconsistent findings across investigations 0.5
tests

Unexplained symptoms without | No identifiable cause 0.6

clinical agreement

Falsity (F) values were not computed from a strict formula. Instead, they were selected
to reflect domain intuition - especially in cases where high pain scores co-occurred with high
uncertainty. In general, F' tends to increase when symptom severity T is low and ambiguity 1

is low, but exceptions are allowed to reflect complex clinical judgments.

For Rheumatoid Arthritis Patient 1, the neutrosophic values for joint pain were derived
from both symptom severity and clinical context. In the first sample, the patient reported a
pain level of 10 out of 10, which was normalized using the formula, resulting in a truth value
T = 1.0. An indeterminacy value of I = 0.3 was assigned due to the lack of detailed diagnostic
history, indicating moderate ambiguity as per Table [6] The falsity value F' = 0.0 reflected
full confidence in symptom presence. In the second sample, the pain score decreased to 9
(T = 0.9), but conflicting diagnostic reports led to a higher indeterminacy value of I = 0.4
and a corresponding falsity of F' = 0.1. In the third case, the pain level remained at 9, but
supporting imaging results reduced the ambiguity to I = 0.1, with F' = 0.1 to reflect minimal

doubt in symptom presence.
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The correlation matrices shown below are generated with the help of the python implemen-
tation of Neutrosophic Refined sets. They reveal distinct patterns of symptom associations

for each disorder.
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Figure 1. Heatmaps showing symptom correlations for (a) Rheumatoid Arthritis (b)

Osteoarthritis (¢) Lupus (d) Bursitis, where darker cells indicate stronger correlations.

From the results obtained in Figure [I], the following observations can be made:

e Individuals with Rheumatoid Arthritis commonly experience joint pain, especially in
the morning, along with morning stiffness, joint swelling, fatigue, impaired joint mo-
bility, and pain in smaller joints.

e Patients with Osteoarthritis often report joint pain and limited mobility, but symptoms
like morning stiffness, fatigue, and swelling are less strongly correlated and typically

less severe than in Rheumatoid Arthritis.
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e In case of patients with lupus, fatigue is often accompanied by a characteristic round,
scaly skin rash. The presence of other symptoms can vary, ranging from moderate to
low.

e Bursitis typically manifests as significant joint pain, noticeable swelling, and difficulty
in performing activities involving the affected joint. Pain in smaller joints may also be
present, but to a lesser extent. Other symptoms are usually less pronounced.

e The presence of a round, scaly skin rash is a distinctive feature of Lupus and is less

common in Rheumatoid Arthritis, Osteoarthritis, and Bursitis.
3.2. Computing patient-disorder proximity using distance measures
Consider a set of four patients - P1, P2, P3 and P4. T, I and F values for the four patients

against the eight symptoms, recorded at four-month intervals over the span of a year along

with the T, I and F values for symptoms versus disorders are tabulated

Table 7. Disorders vs Symptoms

Rheumatoid Osteoarthritis | Lupus Bursitis

Arthritis
Joint pain (0.9,0.5,0.1) (0.8,0.4,0.2) (0.7,0.5,0.1) (0.9,0.1,0.0)
Morning joint stiffness (0.8,0.4,0.0) (0.9,0.3,0.0) (0.1,0.6,0.8) (0.1,0.4,0.8)
Fatigue (0.9,0.3,0.2) (0.1,0.2,0.9) (0.9,0.5,0.3) (0.2,0.3,0.9)
Swelling in the joints (0.7,0.2,0.1) (0.7,0.1,0.2) (0.7,0.2,0.0) (0.8,0.3,0.2)
Impaired joint mobility (0.8,0.5,0.1) (0.8,0.4,0.3) (0.0,0.4,0.9) (0.7,0.2,0.0)
Pain relief during rest (0.0,0.4,0.8) (0.1,0.5,0.9) (0.1,0.3,0.8) (0.9,0.6,0.2)
Annular or oval scaly rashes | (0.1,0.3,0.9) (0.2,0.4,0.8) (0.8,0.1,0.2) (0.0,0.1,0.6)
Pain in the smaller joints (0.7,0.1,0.1) (0.1,0.3,0.7) (0.0,0.5,0.7) (0.2,0.3,0.8)

Table 8. Patients vs Symptoms

P1 P2 P3 P4
Joint pain (0.7,0.3,0.1) (0.9,0.4,0.0) (0.7,0.3,0.2) (0.8,0.4,0.1)
(0.6,0.4,0.2) (0.8,0.2,0.1) (0.9,0.5,0.0) (0.8,0.3,0.2)
(0.9,0.1,0.1) (0.9,0.2,0.1) (0.9,0.1,0.1) (0.9,0.2,0.0)
Morning joint stiffness (0.6,0.2,0.3) (0.7,0.1,0.2) (0.0,0.2,0.9) (0.0,0.5,0.7)
(0.7,0.4,0.0) (0.9,0.3,0.1) (0.2,0.2,0.9) (0.0,0.3,0.8)
(0.7,0.3,0.1) (0.6,0.5,0.3) (0.1,0.4,0.7) (0.1,0.4,0.8)
Fatigue (0.5,0.5,0.0) (0.2,0.4,0.9) (0.7,0.5,0.1) (0.1,0.2,0.9)
(0.7,0.6,0.1) (0.0,0.3,0.9) (0.8,0.5,0.2) (0.2,0.4,0.8)
(0.8,0.3,0.1) (0.0,0.2,0.7) (0.9,0.1,0.2) (0.0,0.3,0.9)
Swelling in the joints (0.9,0.3,0.1) (0.8,0.3,0.0) (0.8,0.4,0.1) (0.9,0.5,0.)
(0.7,0.4,0.2) (0.8,0.2,0.1) (0.7,0.5,0.0) (0.9,0.4,0.2)
(0.6,0.3,0.2) (0.9,0.2,0.3) (0.8,0.1,0.2) (0.7,0.2,0.3)
Impaired joint mobility | (0.8,0.3,0.1) (0.9,0.4,0.1) (0.0,0.3,0.9) (0.8,0.4,0.0)
(0.9,0.2,0.0) (0.7,0.5,0.1) (0.0,0.2,0.8) (0.7,0.1,0.3)
(0.7,0.3,0.2) (0.8,0.1,0.0) (0.1,0.2,0.9) (0.9,0.1,0.1)
Pain relief during rest (0.1,0.3,0.9) (0.1,0.2,0.8) (0.0,0.1,0.9) (0.7,0.2,0.1)
(0.2,0.4,0.8) (0.0,0.5,0.8) (0.1,0.4,0.7) (0.9,0.3,0.1)
(0.0,0.2,0.9) (0.1,0.4,0.9) (0.0,0.3,0.8) (0.9,0.2,0.2)
Annular or oval scaly | (0.0,0.4,0.8) (0.2,0.3,0.9) (0.9,0.2,0.1) (0.0,0.3,0.7)
rashes (0.3,0.1,0.8) (0.0,0.2,0.7) (0.7,0.1,0.2) (0.1,0.2,0.9)
(0.1,0.2,0.7) (0.1,0.4,0.9) (0.9,0.3,0.0) (0.2,0.2,0.8)
Pain in the smaller joints | (0.8,0.2,0.0) (0.1,0.2,0.8) (0.1,0.4,0.9) (0.2,0.3,0.8)
(0.9,0.4,0.1) (0.2,0.5,0.8) (0.0,0.3,0.7) (0.1,0.4,0.8)
(0.9,0.3,0.0) (0.0,0.2,0.9) (0.0,0.2,0.9) (0.1,0.3,0.7)
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Using the Python implementation along with the T, I and F values from the tables - Tables|[7]
and[8] the proximity of each patient to the four musculoskeletal disorders is calculated. Figure[2]
illustrates the results obtained using four distance measures of Neutrosophic Refined Sets. The
disorder corresponding to the minimum distance indicates the most likely diagnosis for each
patient. Based on this analysis, it is concluded that patients P1, P2, P3, and P4 are diagnosed
with Rheumatoid Arthritis, Osteoarthritis, Lupus, and Bursitis, respectively.

Rheumatoid Osteoarthritis Lupus Bursitis
Arthritis
P1 8.9 16.3 234 22.6
p2 14.4 84 23.3 15.1
P3 23.8 23.6 8.3 22.9
P4 23.1 15.9 234 7.4
(a)
Rheumatoid Osteoarthritis Lupus Bursitis
Arthritis
P1 0.124 0.226 0.325 0.314
p2 0.2 0.117 0.324 0.21
P3 0.331 0.328 0.115 0.218
P4 0.321 0.221 0.325 0.103
(b)
Rheumatoid Osteoarthritis Lupus Bursitis
Arthritis
F1 3.627 6.461 8.85 B.727
P2 5.91 3.397 B.908 5.909
P3 9.247 0.087 3.639 8.892
P4 9.026 6.314 B.973 3.141
(¢)
Rheumatoid Osteoarthritis Lupus Bursitis
Arthritis
P1 0.05 0.09 0.123 0.121
p2 0.082 0.047 0.124 0.082
P3 0.128 0.126 0.051 0.124
P4 0.125 0.088 0.125 0.044

(d)

Figure 2. Patient-disorder proximity scores using distance measures - (a) Hamming
distance (b) Normalized Hamming distance (c¢) Euclidean distance (d) Normalized

Euclidean distance.
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3.3. Analyzing general symptom trends across disorders with interactive visualization

Consider four sets of three patients - Patient 1, Patient 2, and Patient 3 - each group of
patients diagnosed with one of the four musculoskeletal disorders. The recorded T, I and F

values represent the degrees of presence or severity of each disorder.

The values presented in tables [ and [} reflect symptom severity and these values are
correlated to the values in Table [J] to generate interactive visualizations. These visual tools
enhance interpretability by highlighting the relative weight or contribution of each symptom
to the respective disorder, thereby supporting clinical insight and comparative analysis across

disorders.

The correlated values are further transformed using the Min-Max scaling technique to stan-
dardize their range for visual representation. This transformation ensures that all values lie
within a uniform scale of 1 to 10, facilitating consistent comparison across different symptoms

and disorders. The scaling is performed using the following formula:

e .

Here, X represents the original correlated value, while Xyi, and Xpax denote the minimum

and maximum values within the entire set of correlation scores, respectively.

Table 9. Disorder trend

Patient 1 Patient 2 Patient 3
Rheumatoid Arthritis (0.9,0.5,0.1) (0.9,0.4,0.0) (1.0,0.3,0.2)
Osteoarthritis (0.8,0.4,0.2) (0.9,0.3,0.0) (0.7,0.1,0.2)
Tupus (0.7,0.5,0.1) (0.9,0.5,0.3) (0.7,0.2,0.0)
Bursitis (0.9,0.5,0.0) (0.8,0.6,0.2) (0.7,0.2,0.1)

The interactive charts in Figure (3| were generated using the Plotly library in Python and
the python implementation of NRS especially that of correlation measure was used. The nor-
malized correlation values serve as the input for generating these interactive charts. Plotly is
a powerful open-source graphing library that enables the creation of high-quality, interactive
visualizations. Its flexibility and extensive support for various chart types - such as heatmaps,
scatter plots, and 3D surface plots - make it especially suitable for presenting complex multi-

dimensional data.

In these visualizations, a value of 1 typically signifies that the symptom is either barely

noticeable or almost completely absent in the individual being assessed. Conversely, a value
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of 10 represents the symptom’s most intense or pronounced manifestation within the given

context, enabling clear interpretation of symptom severity across disorders.

Joint Pain 9.98) |
I Impaired joint mobility Rheumatoid Arthritis
|:| Pain in the smaller joints
|:| Morning joint stiffness - Osteoarthritis
- —
ISweIIing in the joints - []
~
Bursitis
I Pain relief during rest >
|:| Fatigue
Lupus
|:|Annu|ar or oval scaly rashes
(a)
Joint Pain

Disorder

=== Rheumatoid Arthritis
== Osteoarthritis

=== Lupus

=== Bursitis

Pain in the smaller joints Morning joint stiffness

Annular or oval scaly rashes mFatigue

Pain relief during rest Swelling in the joints

Impaired joint mobility

(b)

Figure 3. Visualization of symptom trends across musculoskeletal disorders using (a)
a Sankey diagram to depict the strength of symptom-disorder associations, and (b) a

radar chart to compare the relative prominence of each symptom among the disorders.
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4. Conclusion

This study presents a comprehensive approach for analyzing and diagnosing musculoskeletal
disorders using correlation and distance measures of Neutrosophic Refined Sets, implemented
in Python. The proposed methodology encompasses three core components: first, the classifi-
cation of disorders based on symptom patterns; second, the computation of distances between
individual patient profiles and disorder-specific symptom sets; and third, the generation of
informative visualizations that offer deeper insights into general symptom trends and disorder

differentiation.

Overall, this work effectively integrates NRS theory with quantitative analysis, providing a
robust and flexible implementation for both disease characterization and clinical decision sup-
port. The fusion of uncertainty modeling with correlation and distance-based computations
not only enhances interpretability but also paves the way for scalable, data-driven diagnostic
systems in healthcare. In conclusion, this work benefits the researchers who are deeply inter-
ested in exploring Neutrosophic Sets, their variations and particularly NRS, and their practical
implementation in real-world scenarios. In future, the proposed framework can be extended to
include medical imaging data or physiological signals alongside symptom profiles to improve

diagnostic precision, particularly in complex disorders.

Supplementary Material

1. For Python implementation and illustrated examples: GitHub Link
2. Live Interactive Sankey Diagram: |Click here
3. Live Interactive Radar Chart: |Click here
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Abstract

In this study, we introduce a Neutrosophic-based framework for analyzing a finite
capacity multi-server queuing-inventory system (MQIS) that integrates attraction-
retention mechanisms for impatient customers and addresses catastrophic inventory
disruptions. Recognizing the limitations of purely deterministic and probabilis-
tic models in uncertain environments, we adopt Single-Valued Trapezoidal Neutro-
sophic Numbers (SVTNNSs) to represent key system parameters such as arrival rates,
service rates, attraction intensities, retention probabilities, and catastrophe occur-
rences. The system operates under Markovian assumptions, with arrivals modeled
by a Poisson process, service and vacation times following exponential distributions,
and inventory replenished via an (s, .S) policy. To facilitate steady-state analysis, the
Neutrosophic model is transformed into equivalent deterministic models through the
application of Zadeh’s extension principle combined with the (o, 3, v)-cut method.
Furthermore, a cost optimization problem is formulated to identify optimal ser-
vice configurations, solved using a genetic algorithm. A numerical illustration is
provided to demonstrate the model’s ability to capture uncertainty and improve
decision-making in complex service environments.

Keywords: Neutrosophic Logic; Multi-Server Queuing-Inventory System; Customer At-
traction and Retention; Impatient Customers; Inventory Optimization; Asynchronous
Server Vacations.
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1 Introduction

Queuing-inventory systems (QIS) are fundamental in modeling service operations where
the dynamics of customer arrivals and inventory depletion interact. In high-demand
sectors such as telecommunications, logistics, and healthcare, managing both customer
flow and stock availability under operational constraints is critical for maintaining service
quality and cost efficiency. Classical queuing-inventory models, such as those developed
by Buzacott and Shanthikumar [I], typically assume exponential interarrival and ser-
vice times and deterministic system parameters. While mathematically tractable, these
assumptions often fail to capture the complex uncertainties observed in real-world sys-
tems, such as fluctuating arrival rates, unpredictable service times, and variable customer
behavior.

The inherent imprecision, ambiguity, and inconsistency in service environments have
motivated researchers to seek more flexible modeling approaches. Fuzzy set theory, in-
troduced by Zadeh [2], offers one such framework by permitting degrees of membership
between 0 and 1, allowing systems to model vagueness in customer arrivals, service rates,
and inventory levels. Applications of fuzzy logic to queueing inventory systems, such as
those of Buckley [3] and Kao and Liu [4], have enhanced the robustness of system anal-
ysis under uncertain conditions. However, fuzzy models are inherently limited in their
ability to accommodate conflicting or indeterminate information, as they treat uncer-
tainty primarily as gradual vagueness rather than acknowledging the coexistence of truth,
indeterminacy, and falsity.

In response to these limitations, intuitionistic fuzzy sets were introduced by Atanassov
[5], extending fuzzy sets to explicitly model both membership and nonmembership de-
grees. However, even intuitionistic models are restricted when dealing with complex,
inconsistent, and incomplete information environments. To overcome these challenges,
Smarandache [6] proposed the Neutrosophic set theory, where each element is character-
ized by independent degrees of truth, indeterminacy, and falsity. This tripartite structure
offers a significantly richer framework for capturing the multifaceted uncertainty inherent
in service systems.

In recent years, neutrosophic approaches have been applied more and more to queue-
ing models. Researchers such as Maji and Roy [7] demonstrated that neutrosophic models
could more accurately represent arrival rates and service rates when subject to indeter-
minate and inconsistent information. Compared to other neutrosophic representations,
single-valued trapezoidal neutrosophic numbers (SVTNN) have proven particularly useful
due to their computational simplicity and intuitive geometric interpretation, as evidenced
by recent studies (Dayana et al. [11]).

However, most existing neutrosophic queueing models focus on single-server systems
without fully integrating inventory dynamics, asynchronous server operations, or catas-
trophic disruptions. Real-world service systems, especially in large-scale telecommunica-
tions and healthcare applications, often involve multiple parallel servers, inventory con-
straints, customer impatience, active attraction-retention efforts, and occasional large-
scale system shocks (e.g., technical failures, supply chain disruptions).

This research addresses these gaps by proposing Neutrosophic-based framework for
analyzing a finite-capacity, multi-server queueing-inventory system with asynchronous
server vacations, attraction-retention mechanisms, and catastrophic inventory events. In
the model:

e Customers arrive according to a Poisson process and are served by one of C' identical
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servers;

e Fach service consumes one unit of inventory, with replenishment governed by an
(s,5) policy;

e Servers independently take asynchronous vacations when idle, reflecting realistic
operational policies;

e Customer attraction and retention strategies influence arrival and abandonment
decisions under uncertainty;

e (Catastrophic events are incorporated as neutrosophic random shocks impacting both
customers and inventory levels.

System parameters such as arrival rates, service rates, attraction-retention probabil-
ities, and catastrophe rates are modeled using SVTNNs, allowing the model to capture
the full spectrum of uncertainty, indeterminacy, and inconsistency in operational environ-
ments. The steady-state analysis is conducted by transforming the neutrosophic model
into a family of crisp Markovian models through the application of Zadeh’s extension
principle and the («, 5, )-cut method.

Moreover, a cost optimization problem is formulated, incorporating service costs, hold-
ing costs, shortage costs, and abandonment penalties, and is solved using a genetic algo-
rithm to determine optimal service rates and vacation policies.

To validate the proposed framework, a numerical case study based on operational data
from Ethio Telecom is presented. The results demonstrate that the neutrosophic model
provides more resilient and realistic performance estimates compared to traditional ap-
proaches, offering valuable insights for service managers operating under high uncertainty.

The remainder of this paper is organized as follows: Section [2 introduces the pre-
liminaries and fundamental definitions of neutrosophic sets. Section [3| describes the sys-
tem assumptions and detailed model structure of the neutrosophic multi-server queueing-
inventory system. Section |4 presents the neutrosophic NM/NM/C/K queueing-inventory
model. Section [f| provides numerical results and discussion. Finally, Section [6] concludes
the study and outlines directions for future research.

2 Preliminaries

Definition 2.1 (Neutrosophic Set [12]) A Neutrosophic set N defined over a universe
T assigns to each element T € T three membership functions: truth-membership Ta(T),
indeterminacy-membership 1.(T), and falsity-membership Fa(T), where

N ={(7,(Ta(7),Is(7), Fa(7))) : T ET}.
Each membership function maps to the interval [0, 1], satisfying the constraint:
0 < supTa(7) + sup I4(7) + sup Fu(1) < 3.

Definition 2.2 (Single-Valued Neutrosophic Set (SVNS) [12]) A Single-Valued Neu-
trosophic Set (SVNS) is a specific case of a Neutrosophic Set where each of the membership
functions Ta(T), 14(T), and Fa(T) take crisp values in [0,1] only. An SVNS is given by:

N = {(7,(Ta(7), 1a(7), Fa(7))) : T € T},
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under the condition that:
0 < supTa(7) + sup I4(7) + sup Fu(1) < 3.

Definition 2.3 (Single-Valued Trapezoidal Neutrosophic Number (SVTNN) [12])
A Single-Valued Trapezoidal Neutrosophic Number (SVTNN) represents the truth, inde-
terminacy, and falsity membership functions using trapezoidal forms. For A, the truth-
membership function T(T) is expressed as:

1
:g:_iga 7‘%1 S T S T%J
17 T% S T S T%u
Ta(T) = vdrp 4 i
fr— 'r > T > T,
0, otherwise,

where vk < 12 < rd < rk. Similar forms define 14(7) and Fa(7) for the indeterminacy
and falsity memberships, respectively.

Definition 2.4 ((«, 3,7)-Cut for SVINN [13]) The (o, 8,7)-cut of a trapezoidal single-
valued neutrosophic number partitions it into crisp intervals:

Da,ﬁ/}’ = ([Dl(Oé), DQ(O‘)]v [DT(B)a DS(B)]? [DI*(WL D;*(f}/)]) )

where
[D1(a), Dy()] = [rp + a(ry —rp),rp — alrp — 17
[D5(8), D3(B)] = [r7 — B(rf —r1),17 + By —17)

[DY*(7), D5* ()] = [ry — (% — 5), 75 + 4 (re — 73],
with 0 < a+ B+ < 3.

)l
]

Y

o~

Definition 2.5 (Arithmetic Operations on Intervals [14]) Given two real intervals
[p1, po] and [ps, p4], their basic operations are defined as:

o Addition: [p1,ps2] + [ps, pa] = [P1 + P3, P2 + D4l
o Subtraction: [p1,pe] — [p3,p4] = [P1 — Pa, P2 — P3),
o Multiplication: [p1, pe] x[ps, pa] = [min{pips, p1pa, Paps, Papa}, max{pips, P14, P2pP3, P2Pa}],
e Division (assuming 0 ¢ [ps,p4]):

. . b1 D1 P2 P2 b1 D1 P2 P2

[P1,p2] ~ [p37p4] = |:m1n {_a Ty T _} , Max {_a ) _}:| .
P3 P4 P3 P4 P3 P4 P3 P4
3 Description of the Model

We consider a finite-capacity neutrosophic multi-server queuing-inventory system (NMQIS)
with attraction-retention mechanisms for impatient customers, where C' removable servers
operate under an asynchronous vacation policy with random lead times. The system is
modeled using neutrosophic logic to represent the degrees of truth, indeterminacy, and
falsity associated with system components and behaviors under uncertainty. The assump-
tions and neutrosophic characterizations are as follows:
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1. System Configuration: The system consists of C' removable servers, a waiting
room with capacity N, and a maximum inventory level S. Each service consumes
one inventory item. Let (77, I, F1) denote the neutrosophic representation of the
belief in accurate inventory deduction after each service, where T} is the degree of
truth, I; the degree of indeterminacy, and F} the degree of falsity.

2. Customer Arrival Process: Customers arrive according to a neutrosophic Pois-
son process with arrival rate Ay = (Ar, A\, Ap). Upon arrival, a customer either
joins or balks with neutrosophic probability bY = (b1, bl bl") given by:

n)-'n’-n

b= fn), by =1-0b, =0,

where fi(n) represents the uncertainty in the decision-making process of arriving
customers due to behavioral or informational ambiguity.

3. Behavioral Control Mechanisms: Behavioral control mechanisms are applied
based on system congestion:

e When n < %, an attraction policy is used, increasing the arrival rate to
)\?\;tr = ()‘(1 + B)aﬁ[?ﬁF)'

e When n > %, a retention policy is used to reduce abandonment, represented
by a retention rate rx = (1,77, 7F).

4. Service Process: Customers are served in a single queue using the FCFS discipline.
Service times are i.i.d. and follow a neutrosophic exponential distribution with rate

pn = (pr, pur, pir), such that sy (t) = (ure 7%, pr(t), pr(t)), where pr(t) and pp(t)
reflect ambiguity or system failures.

5. Customer Patience: Customers possess a neutrosophic patience time distributed
exponentially with reversion rate ay = (ar, ay, ar). The neutrosophic relapse rate
Ry (n) depends on the length of the queue and is defined as:

R (n) — | (0= C+ D)1= rr)az, Ry(n), Re(w), € =D <n<N
i (0,0,0), 0<n<C-D

where R;(n) and Rp(n) account for uncertainty and contradiction in abandonment
behavior.

6. Server Vacations: When the system is empty, D servers go on asynchronous neu-
trosophic vacation with exponential duration vy (t) = (&re™Tt, &1(t), £4()), where
Ev = (&1,&1,&R) is the vacation rate under neutrosophic parameters.

7. Inventory Management: The inventory is managed through a neutrosophic (s, S)
policy:

e When the inventory level drops to s, a replenishment is triggered to restore
inventory to S.

e The replenishment lead time follows a neutrosophic exponential distribution
with rate ny = (7, 71, NF).
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e The condition D < s holds with a neutrosophic degree (717, I7, F;) ensuring
operational integrity.

8. Inventory Depletion: If the inventory is depleted:

e The service rate becomes neutrosophically zero: (0, p5%k, pstock).

e Customers wait for restocking or leave due to indefinite wait times, governed

by Rk (n).

e The system remains idle in a neutrosophic inertial state until replenishment is
completed.

9. Catastrophic Events:

e Catastrophic events, such as system failures, natural disasters, or other dis-
ruptions, occur according to a neutrosophic Poisson process with rate v =
(vr,7v1,vr). This rate reflects the occurrence of these events with truth degree
~r, indeterminacy degree 7y, and falsity degree vg, capturing the uncertainty
and unpredictability of these events.

e Upon the occurrence of a catastrophe, the inventory is immediately emptied,
and the on-hand inventory is reset to zero. This is modeled by a neutrosophic
state:

Inventory ctastrophe = (1, Leat, Feat),

where I ., and F_, represent the uncertainty and contradiction regarding the
full restoration of inventory.

e Customers whose service is interrupted by a catastrophic event may either
rejoin the queue or leave the system. The probability of a customer’s
decision is represented by a neutrosophic probability:

Prejoin = (PT7PI7PF)7

where Pr is the truth degree (probability of rejoining the queue), P; is the
indeterminacy (uncertainty), and Pp is the falsity (probability of leaving the
system).

e During the catastrophic event, all servers become inoperative, and the
system enters a state of inactivity. This is modeled by the neutrosophic state
of the server’s operational status:

Server Statuscatastrophe = (STa SI) SF) = (07 Scata 1)7

where St is the truth degree (full inactivity), St represents uncertainty in the
downtime, and Sr is the falsity degree (failure of servers to function).

e The system undergoes a restoration process, where the service is gradually
resumed. The restoration time follows a neutrosophic exponential distribution
with rate k = (kr, k1, kr). The restoration process is given by:

Rrestore(t) = (KTe_HTta KJI(Q? IiF(t»?

where Riestore(t) Tepresents the neutrosophic restoration time.
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e During the restoration period, new customers continue to arrive, with the
arrival rate Aestore = (A7, A1, Ar), adjusted according to the uncertainty and
restoration progress.

e Once the restoration process is complete, the system transitions back to nor-
mal operation, with servers becoming operative and inventory levels being
replenished. The system recovery is modeled by the neutrosophic state:

SyStem ReCOVGry - (,I'recovery; I recovery F, recovery)7

where Tiecovery indicates the truth degree of recovery, Liecovery Teflects the inde-
terminacy, and Frecovery T€presents the falsity degree in the recovery process.

4 Neutrosophic NM/NM/C/K QIS with Attraction-
Retention and Catastrophes

This section develops a comprehensive neutrosophic queuing-inventory model denoted by
NM/NM/C/K, tailored for real-world service systems where both queuing dynamics and
inventory levels are subject to uncertainty. In addition to traditional customer arrival
and service processes, the model incorporates (i) inventory management through a neu-
trosophic (s, S) policy, (ii) behavioral mechanisms for customer attraction and retention,
and (iii) the occurrence of catastrophic events that may suddenly deplete inventory or
disrupt service.

In multi-server service environments such as telecommunications centers, retail ware-
houses, and healthcare systems, customer impatience, stockouts, and operational disrup-
tions are common and interconnected phenomena. Classical queueing-inventory models
often fail to simultaneously capture these dynamics, especially under uncertain, incon-
sistent, or incomplete information. To bridge this gap, we formulate a neutrosophic
NM/NM/C/K model using Single-Valued Trapezoidal Neutrosophic Numbers (SVTNNs),
enabling the joint modeling of arrival rates, service times, inventory levels, and behavioral
probabilities with associated degrees of truth, indeterminacy, and falsity.

This model provides a flexible structure for evaluating system performance and risk,
including metrics such as expected queue length, inventory shortfall probabilities, and
abandonment rates, all under varying levels of uncertainty. The integration of customer
attraction-retention strategies and catastrophic events further enhances its applicability
to modern service systems facing unpredictable and high-stakes operating conditions.

4.1 Classical M/M/C/K Queueing Model Overview
The classical M/M/C/K model involves a queuing system with:

e Customers arriving according to a Poisson process with rate A,

e Exponentially distributed service times with rate p,

C parallel servers,

Finite system capacity K, including both servers and queue space,

A first-come, first-served (FCFS) service discipline.
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Performance Measures

The key performance metrics of the classical model include:
Probability of Zero Customers in the System:

A

c-1 n c 1-— o
- (S0, O 1(_ L

Probability of n Customers in the System:

>K—C+1 -1

B %pg, 0<n<C
b %po, C<n<K

Expected Queue Length:

Expected Number of Customers in the System:

K
Ls = Z NPn
n=0

Average Waiting Time in Queue:

Ly
)\(1 _pK)

Average Waiting Time in the System:

W, =

1
W, =W, + -
7

4.2 Neutrosophic Arrival and Service Times

In the neutrosophic setting, let the arrival and service times be modeled as follows:

A= {(b,Ta(b), La(b), Fa(0)) [ b € P}, S ={(s,Ts(s), Is(s), Fs(s)) | s € Q}

where P and @) represent the universal domains for inter-arrival and service times, respec-
tively. The associated membership functions 7', I, and F' quantify the degrees of truth,

indeterminacy, and falsity.
Using the («, 3, v)-cut approach, we extract crisp subsets for analysis:

A, B,7) ={b € P:Ta(b) > a, I4(b) < B, Fa(b) <~}

S(a, B,7) ={s € Q:Ts(s) > a,Is(s) < B, Fs(s) < v}
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4.3 Model Development and Analysis of the Neutrosophic NM/NM /C/K
System

To adapt the classical M/M/C/K model into a neutrosophic framework, we use SVTNNs
to express the arrival rate A and service rate i, incorporating neutrosophic uncertainty in
key performance evaluations.

[1] Initialize: - Probability of zero customers in the system, Py, - Expected queue
length, L, - Neutrosophic membership components for system metrics: T, I, F

Step 1: Compute F,
-1

P(]:

K
> P
k=0

where P is the neutrosophic-adjusted probability of k& customers in the system.
Step 2: Calculate expected queue length

Fo-A-p
L= Ak
e 1-F
Step 3: Define neutrosophic membership functions - Truth component: 7'(n) -
Indeterminacy component: [(n) - Falsity component: F'(n)

Step 4: Compute expected number in the system

with neutrosophic adjustment via (7', I, F')-weights
Step 5: Estimate mean waiting times

1
W,==2 W,=W,+—
W

with uncertainty bounds from neutrosophic confidence levels.

This algorithm facilitates system evaluation under varying levels of uncertainty. It
enables the computation of crisp performance ranges using the («, 5, v)-cut decomposi-
tion of SVI'NNs, which can then be further analyzed using simulation or optimization
techniques.

4.3.1 Neutrosophic Inventory Control with (s,.S) Policy

In the proposed NM/NM/C/K queuing-inventory system, inventory levels are managed
using a replenishment policy of type (s, S), where restocking is triggered when the inven-
tory level falls to or below a reorder threshold s, and the level is then restored up to S.
To model the uncertainty in inventory status and replenishment lead time, we define the
following neutrosophic quantities:

e Inventory level: I(t) = (Ip(t),I;(t), Ip(t)), representing the truth, indeterminacy,
and falsity degrees of the current inventory state at time t¢.

e Reordering rate: 7 = (nr,nr,nr), where nr denotes the expected replenishment
rate, and 77, ng capture delivery uncertainty and potential supply chain failures.
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e Restocking delay (lead time): Modeled as a neutrosophic exponential distribution
with rate 7, allowing for probabilistic and indeterminate replenishment.

Under this policy:
If I(t) < s, then order quantity Q = S — I(t), initiated at rate 7.

Service completion is contingent on available inventory. If I(t) = 0, services are halted
and customers accumulate or abandon the queue based on neutrosophic patience times.
4.3.2 Attraction and Retention Mechanisms for Impatient Customers

To manage customer flow and reduce reneging, the system includes behavioral mecha-
nisms that attract customers when idle and retain them when congested. The behavioral
probabilities are defined as neutrosophic values:

e Attraction probability ¥(n) = (yr(n),v1(n),yr(n)), increases with lower queue
length n, encouraging arrivals when idle.

e Retention probability 7(n) = (rr(n),r;(n),rr(n)), increases with queue length,
discouraging abandonment during congestion.

These are modeled as:

if C-D
() = {i’&n, oDy = A () = 1= () = ().

where fi(n) is a function representing informational ambiguity or marketing uncertainty.
The reneging rate is adjusted as:
R(n) = ((n — O + D)(1 = rr(n))ar, Ri(n), Rr(n))
for n > C' — D, where ag is the truth-level base reneging rate.

4.3.3 Catastrophic Events and Neutrosophic Recovery

Real-world systems often experience unplanned, large-scale disruptions—fires, system
crashes, supplier failures—that affect both service and inventory. In this model, such
catastrophic events are represented using neutrosophic Poisson arrivals with rate:

Yeat = (Y1, V1, VF)
Upon a catastrophic event:

e The entire on-hand inventory is destroyed:

jcat = (07 Icata 1)

e All active servers are interrupted and reset to a non-operational state:

Server Status = (0, Seas, 1)
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e Customers already in service are either lost or requeued based on:

prejoin = (PT7P17PF)

The system then undergoes a recovery phase:

e Restoration rate & = (kr, kK, KF)
e Restoration function:

Rrestore (t) = (KTeiﬂTa Rr (t)7 K (t))

Once recovery completes, the servers and inventory resume normal operation. The
system state transitions to:

Rrecovery = (Trecoverya ]recoverya Frecovery)

This extended model offers a rich analytical structure for service systems under uncer-
tain customer behavior, inventory fluctuations, and catastrophic disruptions. Performance
evaluation and optimization must therefore incorporate neutrosophic logic into queuing,
inventory control, behavioral modeling, and risk management.

4.4 Steady-State Analysis

To assess the long-run behavior of the neutrosophic NM/NM /C/K queuing-inventory sys-
tem, we derive steady-state probabilities that incorporate uncertainty in arrivals, services,
inventory levels, behavioral mechanisms, and catastrophic disruptions. Each system state
is defined by the pair (n,j) € S, where n is the number of customers in the system
(0 <n < K) and j is the corresponding inventory level (0 < j < 5).

Let P, = (P, Pl Pr,) denote the neutrosophic steady-state probability of state
(n, 7).

4.4.1 Balance Equations under Neutrosophic Uncertainty

Let A, = (A, AL, A\L) be the neutrosophic arrival rate, fi, = (u2,ul, uf) the service
rate, and R, = (R, Rl RF) the reneging rate. The neutrosophic balance equation for a
generic state (n, j) is:

Inflow: S\n,lpn,l,j + /Zn+1]5n+1,j+1 + RnJrlanrl,j + ﬁj+1]3n,j+1,
Outflow: (:\n + fin + R + A + ﬁj)ﬁn,jv

where 7); is the neutrosophic inventory restocking rate and 7, the catastrophe rate.

4.4.2 Catastrophic Event Adjustments
During a catastrophic event, all active states reset to an idle state with zero inventory.
The cumulative transition is represented as:

S

K
pcat = Zﬂzpn,j "N)/cata

j=1

with recovery governed by a neutrosophic restoration rate 5. The system resumes from
the base state (0,0) following restoration.
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4.4.3 Normalization Condition

The total neutrosophic probability mass across all states must satisfy:
K S
ZZPn,j = (17070)7
n=0 j=0

ensuring complete coverage under truth, with zero indeterminacy and falsity in total mass.

4.4.4 Reduction via (a, 3,7)-Cut

To facilitate numerical computation, the neutrosophic parameters are reduced via the
(c, B,7v)-cut technique. The corresponding crisp probability bounds are given by:

P e [T (a), PT.(a) + PL(8) + PE,(7)]

yielding a parametric family of classical M /M /C/K models solvable by recursive or matrix-
based methods.

4.4.5 Numerical Implementation
The steps for computing neutrosophic steady-state probabilities are:
1. Select confidence levels «, 8,7 € [0, 1],
2. Apply (a, B,7)-cuts to all SVITNN parameters,
3. Solve the resulting crisp M/M/C/K balance equations for each confidence scenario,

4. Reconstruct neutrosophic performance measures from the family of crisp solutions.

5 Numerical Results and Discussion

To demonstrate the applicability of the proposed neutrosophic-based multi-server queuing-
inventory model with attraction-retention and catastrophic events, we present a numerical
illustration based on single-valued trapezoidal neutrosophic numbers (SVTNN). This rep-
resentation enables the inclusion of uncertainty, indeterminacy, and inconsistency in ar-
rival and service parameters, allowing for a comprehensive analysis of system performance
under vague information.

5.1 Numerical Illustration

Let the arrival rate A and service rate S be expressed as SVTNNs:

A={(4,56,7),(3,6,9,12),(3,5,7,9)},
S = {(15,16,17,22), (14, 15,16, 17), (16,17, 18, 19)}.

These neutrosophic numbers reflect the degrees of truth, indeterminacy, and falsity in
their respective domains. Using the («, 3, v)-cut technique, we derive:
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S=[154+a,18—a), (15— 5,16+ 8), (17 — 7,18 + )] .

Dayana et al. [I5] introduced the neutrosophic M/M/1 queueing model for finite-
capacity systems. Building on their framework, we extend the analysis to a multi-server
neutrosophic M/M/c¢/K queuing-inventory system. Using a queue capacity of K = 10, we
apply the neutrosophic extension of the M/M/1/K model to compute key performance
indicators, including the probability of zero customers in the system (pg), the expected
queue length (L,), the expected number of customers in the system (L), the average
waiting time in the queue (W, ), and the average waiting time in the system (Wj).

These are derived using the crisp queue approximation from (a, 3, )-cuts, following
the pseudo-code from the base model. Results are evaluated for a, 8,7 € [0, 1].

5.2 Results and Analysis

Performance metrics for o« =0 and o = 1:

ILy(or = 0) = 0.02143, uLy(cx = 0) = 0.18356,
ILy(or = 0) = 0.15988, uL,(ov = 0) = 0.48342,
IW, (v = 0) = 0.00753, uW,(a = 0) = 0.02931;
[Ly(o = 1) = 0.04876, uL,(o =1) = 0.09412,
ILy(ov=1) = 0.22157, uL,(o = 1) = 0.34639,
IW, (v =1) = 0.00932, uW,(a = 1) = 0.02345.

Numerical interpolation of L,:

Table 1: Numerical Interpolation of L, with («, 3, ~)-cuts

Q [L, ul, I}

lL, ul, y

0.0
0.2
0.4
0.6
0.8
1.0

0.02143
0.02800
0.03600
0.04228
0.04800
0.04876

0.18356
0.14800
0.11700
0.09000
0.06700
0.09412

0.0
0.2
0.4
0.6
0.8
1.0

0.10683
0.07708
0.05375
0.03575
0.02220
0.01238

0.41568
0.53022
0.67301
0.85039
1.06927
1.33631

0.0
0.2
0.4
0.6
0.8
1.0
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Numerical interpolation of L,:

Table 2: Numerical Interpolation of L, with («, 3, y)-cuts

o (L, uly 15} IL, ul 5
0.0 | 0.15988 | 0.48342 | 0.0 | 0.38461 | 0.88613 | 0.0
0.2 | 0.19277 | 0.44100 | 0.2 | 0.31883 | 1.04182 | 0.2
0.4 | 0.20988 | 0.40100 | 0.4 | 0.26027 | 1.22655 | 0.4
0.6 | 0.22785 | 0.36400 | 0.6 | 0.20779 | 1.44656 | 0.6
0.8 | 0.24675 | 0.32900 | 0.8 | 0.16049 | 1.70849 | 0.8
1.0 | 0.22157 | 0.34639 | 1.0 | 0.11764 | 2.01866 | 1.0
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Table 3: Numerical Interpolation of W, with (a, 5, v)-cuts

a W, ulW, I6] Wy, ulWy, y
0.0 | 0.00753 | 0.02931 | 0.0 | 0.02137 | 0.05197 | 0.0
0.2 | 0.00850 | 0.02500 | 0.2 | 0.01752 | 0.06169 | 0.2
0.4 | 0.00920 | 0.02100 | 0.4 | 0.01414 | 0.07324 | 0.4
0.6 | 0.00940 | 0.01700 | 0.6 | 0.03575 | 0.85039 | 0.6
0.8 | 0.00950 | 0.01300 | 0.8 | 0.02220 | 1.06927 | 0.8
1.0 | 0.00932 | 0.02345 | 1.0 | 0.01238 | 1.33631 | 1.0
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Figure 3: Truth, Indeterminacy, and Falsity Membership Functions for W,

5.3 Discussion

The neutrosophic-based numerical analysis demonstrates the ability of the model to reflect
real-world uncertainty. The results indicate that

e As the values of «a, 3, and v increase, the corresponding confidence intervals nar-
rower, indicating a higher degree of information precision in the system parameters.

e Queue length and system congestion are sensitive to both service variability and
arrival uncertainty.

e Neutrosophic modeling provides adjustable confidence levels, making it an effective
decision-making tool in uncertain and inconsistent environments.

These results align with the theoretical expectations and reinforce the effectiveness of
neutrosophic queuing systems in complex service operations with incomplete information.

6 Conclusions

This study presented a comprehensive neutrosophic-based framework for analyzing multi-
server queuing-inventory systems characterized by customer attraction-retention behav-
ior, impatience, asynchronous server vacations, and catastrophic events. By integrating
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single-valued trapezoidal neutrosophic numbers (SVTNN), the proposed model effectively
captures the imprecise, indeterminate, and inconsistent nature of real-world system pa-
rameters such as arrival rates, service rates, and inventory levels. Numerical illustrations
demonstrated the impact of neutrosophic parameters on queue length, waiting time, and
system capacity utilization. The results showed that increasing degrees of truth, in-
determinacy, and falsity significantly affect confidence intervals, reinforcing the model’s
sensitivity to uncertainty. The algorithm developed can serve as a decision support tool
for service system managers operating with vague, contradictory, or incomplete data. It
enables more robust planning and control of queuing-inventory dynamics in environments
susceptible to customer behavioral variation and catastrophic disruptions. Future work
may extend this framework by incorporating fuzzy-neutrosophic hybrid models, time-
varying arrival and service rates, or applying the model to real-world data sets from
telecommunications, healthcare, or logistics systems.
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ABSTRACT. Precise segmentation of brain tumors is vital in healthcare because it impacts diagnosis, treatment
planning, and patient outcomes. However, the brain has complex structures with non-linear and inhomoge-
neous forms, which poses substantial challenges for conventional segmentation approaches. Despite of intensive
research works, there persists a need to improve segmentation accuracy while concurrently lowering the com-
puting costs. To address this, this study presents an innovative segmentation framework that incorporates
kernel distance into the neutrosophic c-means (NCM) algorithm, together with the Kullback-Leibler (KL) di-
vergence measure. Furthermore, the integration of kernel distance enables the algorithm to adeptly identify
non-linear structural fluctuations and eliminate outliers, which improves robustness. Besides, the KL divergence
mechanism accelerates convergence and improves segmentation precision by increasing the clustering process by
reducing the distance between neighbourhood membership degrees. The proposed approach has been assessed
against five established clustering algorithms utilizing both objective performance metrics and subjective visual
evaluations. Experimental findings validate that the proposed method attains enhanced accuracy with increased
computational efficiency and more precise delineation of tumor areas. Additionally, these results underscore
the potential of the developed method for brain tumor segmentation, helping to bridge existing methodological

gaps and promote more efficient medical image analysis.

Keywords: Medical image segmentation; Uncertainty; Neutrosophic set; Kernel distance; KL divergence

1. Introduction

Tumors are abnormal growth of the tissues that appear in various regions of the body which
affect normal physiological activities and cause major risks to health [1]. Depending upon
the nature, they can be classified as benign or malignant, that are distinguished by their
aggressive and invasive behaviour. Among these, brain tumors are the most serious threat

due to their ability to disrupt fundamental neurological functioning, which can lead to severe
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health consequences. Therefore, early discovery and precise characterisation of brain tumors
are essential for determining viable treatment techniques, such as surgery, radiotherapy, and
chemotherapy, that can significantly improve patient outcomes. Brain tumors, which can grow
from the brain tissue or metastasise from other regions of the human body, which makes the
medical imaging and diagnosis a challenging task. Further, It is laborious to precisely identify
and characterise tumour locations due to the very sensitive and complex nature of brain tissues
combined with the variability in tumor morphology and behaviour. In that context, physicians
make use variety of imaging modalities to capture the brain for better diagnosis and treatment
process. Among which, magnetic resonance imaging (MRI) become the more significant for
diagnosing and evaluating brain tumors due to its superior contrast resolution and ability to
provide detailed images of soft tissues [2]. It enables to visualize the different types of tissues
in the brain and aids to detect the even subtle abnormalities in the brain. In addition, MRI
enables the physicians to examine the characteristics of tumor such as size, its involvement in
surrounding tissues and its location through offering variety of sequences such as T'1-weighted,
T2-weighted and fluid attenuated inversion recovery images.

Despite the advantages of MRI, the manual segmentation of brain tumors from MRI scans
remains a time-consuming and intensive process, subject to inter- and intra-observer variability.
This has led to increased research efforts toward automated brain tumor segmentation methods,
which aim to accurately and efficiently segment tumors from MRI images [3|. Thus, wide
range of researchers contributed to this domain by developing the variety of algorithms based
on thresholding [4], region growing |5], water-shed, [6] and clustering based techniques [7].
Apart from all other approaches, clustering based techniques have gained attention for their
ability to group image pixels with similar characteristics in an unsupervised manner, without
requiring large labelled datasets which aids in effective separation of tumor regions from healthy
regions into distinct clusters based on intensity, texture and spatial information. Moreover,
clustering algorithms can be categorised into hard |7] and soft clustering approaches. Hard
clustering methods includes k-means clustering [8], mean shift clustering [9] etc., but these
clustering techniques are unable to handle data points that belong to multiple clusters leading
to inaccurate segmentation.

Unlike hard clustering, soft clustering techniques [10] includes fuzzy c-means clustering
(FCM), probabilistic clustering etc., allows pixels to belong multiple clusters with different
degrees of belongingness, which is useful to efficiently deal with the complex, non-linear struc-
tures. At first, Bezdek introduced the FCM clustering approach that allows the data pints to
have different degree of membership in more than one cluster [11]. This approach efficiently
segments the brain image than hard clustering approaches by handling the uncertainties in

the images. Followed by this work, to improve the performance of the clustering and extend
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it in various fields, many researchers developed the advanced variants of FCM to handle the
multi-modal datas. Particularly, many refined variants of FCM is introduced to cluster the
brain images by efficiently handling the uncertainties and improve the performance through
the use of difference distance measures and so on [12]- [14]. In addition, as the extension of
this technique, type-2 fuzzy based FCM is developed to deal with noise and imprecise date
with complex structures by improving the flexibility in membership modelling. Further, intu-
itionistic fuzzy c-means clustering (IFCM) is formulated that advances the traditional FCM
techniques by incorporating the degrees of membership, non-membership and hesitation [15].
This approach improved the cluster separation and providing the more nuanced representation.
Furthermore, kernel distance is replaced the Euclidean distance in IFCM to form the kernel
induced FCM (KIFCM) method to deal with the non-linear data [16].

While fuzzy sets are effective in handling uncertainty in medical images, there remains a need
for enhanced capabilities to address complex, structured, and uncertain medical images. The
neutrosophic set (NS) [17] framework builds upon traditional fuzzy sets by effectively managing
indeterminacy and extending their applicability to these challenging scenarios. Based on this,
Guo and Sengur formulated the neutrosophic c-means clustering (NCM) by adopting degree of
determinacy, indeterminacy and falsity in the objective function providing a more comprehen-
sive approach to representing various uncertainty |18|. Moreover, this algorithm introduces two
kinds of rejection which are outlier rejection and noise rejection for effective segmentation. Fur-
ther, Akubulut et al., authors extend NCM for clustering nonlinear-shaped data by integrating
a kernel function, creating a new algorithm called kernel neutrosophic c-means (KNCM) [19].
Subsequently, Singh et al., developed the type-2 NS to cluster the images through the infor-
mation obtained from the neutrosophic entropy [20]. While clustering algorithms aspire for
greater accuracy, they frequently result in longer runtimes and increased computational com-
plexity. This highlights the critical need of efficiency optimisation for these algorithms. Thus,
to speed up this optimisation, it is possible to use the local spatial information included in-
side brain images. Based on this, Gharieb and Gendy (LMKLFCM), modified the criterion
function of FCM by incorporating the KL information distance. This algorithm promotes the
alignment of the cluster membership of a pixel with the smoothed membership functions of
its local neighbourhood by minimising the KL distance [21}[22|. Also, this procedure provides
robustness against noise and generates clustered images with piecewise homogeneous regions.
At a subsequent time Lu et al., [23] formulated the NKWNLICM method by inculcating the
noisy distance and fuzzy spatial information into the NCM technique to enhance the perfor-
mance of image segmentation. Thereafter, Wang et al., devised the segmentation technique
based on KL divergence integrated with wavelet transforms and morphological reconstruction

(KLDFCM) to improve the efficiency [24]. Following this, Kumar et al., devised the clustering
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process (FBKPC S1) by integrating the FCM objective function to bounded cluster planes and
adds the local spatial information to the criterion function to handle the noise efficiently [25].
Then, Farooq and Memon developed the clustering algorithm by making use of kernel metric
with possibilistic FCM to reduce the computational cost |26].

Even though, the significant researches has been done on this domain, still brain tumor seg-
mentation persists the challenging task due to various aspects. First, the structural complexity
of the brain is a formidable barrier and the tumor region has the overlapping boundaries, com-
plex structures and heterogeneous intensity distributions of the brain. Due to these reasons,
the conventional techniques often prone to over-segmentation and under-segmentation, which
results in inaccurate representation of tumor regions. Second, MRI images are prone to noise,
motion and acquisition artifacts which further leads to higher risk of misclassification. Fur-
thermore, the lack of sufficient contrast between tumor and its surrounding tissues increases
the complexity in accurate determination of boundaries, particularly in early-stages of tumors.
Another major limitation lies in the sensitivity of clustering algorithms to initialization and
outliers. Most conventional c-means and its variants converge to local optima, where initial cen-
troid placement strongly influences the final clustering result. Even though, existing fuzzy and
neutrosophic approaches effective in modelling uncertainty but often fail to capture non-linear
structures when restricted to Euclidean distance, which leads to the loss of critical anatomical
details. These limitations are further evident when applied to complex brain regions, resulting
in higher computational costs and reduced efficiency.

In light of above mentioned challenges , this research sets out to refine a clustering tech-
nique in an effort to minimise computational cost while simultaneously enhancing the level
of accuracy of the segmented result by effectively handling noise, low contrast and structural
complexity. By addressing these limitations, a new clustering algorithm is proposed by in-
tegrating the kernel distance metric and KL divergence term into the objective function of
NCM (KLKNCM). Kernel distance metric aids to cluster the non-linear structures present
the brain images which improves the accuracy of the segmented result. Meanwhile, the KL
divergence term helps to reduce the noise and improve similarity identification between data
points and cluster centres that preserves neighbourhood relationships. Further, it fastens the
convergence of the algorithm which in result reduces the computational cost of the proposed
clustering technique. Additionally, the efficiency of the proposed algorithm is tested against
state-of-the-art techniques and evaluated through both objective and subjective assessments.

The key contributions of the proposed KLKNCM algorithm are outlined as follows:

(1) A novel clustering algorithm, termed KLKNCM is introduced. By embedding the kernel
distance metric within the neutrosophic c-means formulation, the proposed framework

effectively captures non-linear structural variations in brain images, enabling superior
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tumor delineation compared to conventional clustering methods. The inclusion of the
KL divergence term strengthens the similarity assessment between data points and
cluster centers. This preserves spatial neighbourhood relationships, reduces the effect
of noise, and enhances intra-cluster compactness and inter-cluster separability.

(2) The algorithm incorporates mechanisms to identify and suppress the influence of out-
liers, thereby enhancing segmentation robustness. Through the incorporation of the KL
divergence term and fuzzy membership assignment, anomalous or noisy pixels receive
diminished membership weights, thereby minimizing their influence on cluster forma-
tion. This ensures reliable segmentation even in the presence of noise and artifacts.

(3) By utilising the joint benefits of kernel distance and KL divergence, the KLKNCM
algorithm achieves faster convergence with fewer iterations, thereby lowering the com-

putational cost relative to existing clustering techniques.

Additionally, the structure of this manuscript is as follows: Section [2] presents the background
study, which serves as the primary motivation for this work. Section [3] outlines the proposed
KLKNCM technique. Next, Section [4] describes the experimental setup, followed by Section [f
which offers a comprehensive assessment of the study. Finally, the conclusions are drawn in

Section 8

2. Background Works
2.1. NCM

Consider an image represented by set of pixels and let it be K = {ki,ko,..., kgla =
1,2,...,N} where k, represents the intensity a' pixel in the image and N corresponds to
the total number of pixels in the image. Let C be the total number of clusters into which the
image has to be segmented and each cluster has its own centre which is symbolised as ¢. Then,

the optimization function for NCM is given as follows.

N C N
min Lyem(T.L,F,C) =3 > (Z1Ta) " lka — wol|* + > (22Ta)" |[ka — b, |I* +Zg2 Z3F,)™
a=1b=1 a=1 a=1
c
subject to 27;1,+Ia+}'a:1,1§a§N.
b=1
N (1)
We, + W
Here, w,,,,, = —4 T Vi and ¢; = arg max(7Ty), fi= arg max (Tgp).
2 b=1,2,...C btegmp=1,2,..C

In the above give objective function , T, indicates the degree of belongingness of the deter-
minant cluster, whereas, I, and F, represents the degree of membership of the boundaries and
outlier clusters with 0 < Ty, I, F, < 1 satisfying the given constraint in the objective function.
Moreover, e; and f; defines to the cluster numbers corresponding to the first largest and the

second largest value of T,;, and its average value is signified as w,,,,,. Moreover, Z;, i =1,2,3
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characterises the weight factor for the d determinant, indeterminant and outlier degrees and &
denotes the outlier control parameter which is used for identifying and managing outliers, re-
ducing their influence on cluster formation, and enhancing the algorithm’s robustness to noise
and anomalies. It enables fine-tuning of the algorithm’s sensitivity to outliers, leading to more
accurate and reliable clustering, particularly in complex datasets with noise or uncertainty.
The criterion function is minimized by utilising the Lagrangian multiplier and then it is
solved to obtain the degree of membership and the centroid of each cluster. Accordingly,
the degree of determinant, boundaries and the outliers are obtained as given in the equation

outlined below.

Tav = - (ka - S A (2)
P _ —(2/m—
Ia = Z(ka - wamax) (2/ 1) (3)
P
F, = — ¢ @/m=1) (4)

Subsequently, the centroid for the each cluster is deduced as expressed in the equation ,

vr = 2ac1 (Z1 )"k
L& T

(5)

where P = % v such that \; is Lagrangian constant. Moreover, during each iteration
of the clustering process, the membership values and cluster centres are updated, and the
objective function is minimised in order to segment the image. Significantly, the decision-
making process does not explicitly consider the membership degrees of boundary and outliers.
The method stops when the absolute difference between consecutive iterations of 7, values is

less than a specified threshold 4, or when the maximum number of iterations is reached.

2.2. LMKLFCM Technique

This technique incorporates the KL divergence to the objective function of FCM clustering
to make the clustering process computationally efficient with better result. In this process the
inclusion of the KL divergence component ensures that the membership grades of a given image
pixel become substantially similar to those of its neighbours. As a consequence, optimising
the membership partition during each iteration improves the segmentation performance of
the algorithm. In addition, minimising the KL distance allows the labelling of a pixel to be
impacted by its neighbours which leads to the development of piecewise homogeneous regions

inside the image, concurrently providing an efficient approach for reducing the noise in the
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image. The criterion function for the LMKLFCM technique is given in equation @

N C N C
: b
min Liykeeem = Y Y tallka = wp|* A Y ,Ufabl()gl;ab
a

a;l b=1 a=1 b=1 (6)

subject to Zﬂab: 1,1 <a<N.
b=1

In the above equation, 74, indicates the moving membership average function, which is com-
puted by averaging the memberships pq; across a neighbourhood window that is centred around

ti; within n space, represented as N,,. Mathematically, the moving average function is given

1

as, gy = N Z aj. Further, pg, indicates the membership degree of the at data point
I jen,

in the b cluster and the second part in the objective function symbolises the KL divergence

distance. Moreover, the other terms specified in the equation @ are described in the previous
subsection. Following this, the membership degree and the centroid of each cluster are deter-
mined by integrating the Lagrangian multiplier into the objective function and optimising it
through minimisation. Consequently, the equations presented below delineate the degree of
membership and centroid @ for each cluster of the LMKLFCM technique.

N
a ka

25:1 Hab
_ mapexp (Ika=ws %)/ @®
2170:1 Wajexp*(llka*wa'llz)
In turn, the LMKLFCM technique systematically segments the image by optimizing the crite-

Hab

rion function and iteratively refining the membership values p4p associated with the centroid of
the each cluster. Finally, the iteration process wraps up when the absolute difference between
successive iterations of the pg, values falls below a particular termination criterion, denoted as

d, or when the maximum number of iterations is reached.

3. Proposed KLKNCM Technique

Motivated by the works give in the preceding section and to improve the accuracy of the
segmented images. The KLKNCM technique has been developed to improve the segmentation
of brain images, focusing on enhancing accuracy while simultaneously minimising computation
cost. This is achieved by integrating the kernel function and the KL divergence measure into the
criterion function. The integration of the kernel function is imperative for precisely recognising
the non-linear structures present within the inhomogeneous regions of the brain. Further, it
facilitates the mapping of input data into a higher-dimensional feature space, which improves
the capacity of the algorithm to identify complex patterns and boundaries that may not be
simply separable within the original input space. Thus, incorporating the kernel function is

beneficial for segmenting the intricate and inhomogeneous images to attain precise delineation.
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Further, KL divergence helps to lower noise by encouraging consistency among adjacent pixels
and improve similarity identification between data points and cluster centres that preserves
neighbourhood relationships. Also, KL divergence improves segmentation accuracy, accelerates
convergence, reduces computational cost, and enables the flexible management of imbalanced
data distributions due to its non-symmetric nature. Through inculcating these two metrics
in proposed method effectively captures intricate image patterns, resulting in more precise
segmentation results while preserving computational efficiency. Hence, the criterion function

for the proposed method is mathematically expressed as in equation @

N C© N
min Lxuknom (T, 1, F,C) =Y Y (Z1Ta) [$(ka) — ¥ (ws) > + > (Z2Za)[¢0(a) —

a=1 b=1 a=1

N
$(Wa,, I+ & (2sF.) + D(T,I,F,T,1,F)  (9)
a=1

where, D indicates the KL divergence measure and it is defined as follows,
N C T N T N R
D(T,LET,IF) =373 Talog=" + 3 Tlog="+ ) Falog=" (10)
ab a—1 a a—1 a

and (D) — 0. The median filter applied on the degree of belongingness of determinate, bound-
ary, and outliers using the chosen window size which is symbolised as Ty, Z,, Fo respectively.

Thereafter, the criterion function of the proposed techniques is modified as given below.

N C N
min £KLKNCM T I F C ZZ Zlnb ||w 1/J(wb)||2 + Z(ZQIU«)”,(/)(]CG) - ’(/J(’LJ xnax)H2

a=1 b= a=1
N
+) (23 Fa) + (Zanl og = +ZI 1og7 +Z]—' log>
a=1 a=1b=1
c
subject to ZE;,—!—IQ—&—]-},:LlSaSN.
b=1
(11)
The kernel induced distance is expressed as,
9 (ka) = (wp)[I” = K(kay ka) — 2K (Kaywp) + KC(wp, wp) (12)

In this work, the Gaussian kernel is used as the kernel function. Hence it known that
K(kq,ka) = K(wp,wp) = 1 and the above equation is deduced as equation (14) and (L5)

receptively.
1 (ka) = W (wp)[I* = 2(1 — K(ka,wp)) (13)
similarly,

19 (ka) = % (Wayu)I? = 2(1 = K(ka, Way,y)) (14)
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Thus, substituting the equations and to the (11)). Therefore, the transformed final
objective function is given as in equation .

N C N
min Lxrxnem(T, I, F,C) =2 (Z21Ta)(1 = K(ka,wp)) + 2> (22L0)(1 — K(ka,Wa,,,,))
a:]{[b:l N C (,17?1 N T N T
(2 F, aplog =2 T,log=* Falog=>
C
subject to 27;1,+Ia+}'b:1,1§a§N.

o>
Il

1
(15)

In the preceding equation, Z; indicates the weight factor, whereas £ refers to outlier control
parameter. Further, the positive parameter v influences the objective function by controlling
the consequences of the KL divergence term. As the subsequent process, the proposed objective
function is minimised by incorporating the Lagrangian multiplier in it. Mathematically, the

Lagrangian inculcated criterion function is formulated as given below.

N C N
LT, I,F,C)=2) Y (Z1Tap)(1 — K(kaywp)) + 2 (22Z0)(1 = K(ka, W)

a=1 b=1 a=1

N ) N C 7:11) N Ia N ]_.a
+Y (23 F) + (Z > 7;blogﬁ + ;Ialogza + ; Falog}_a)

a=1 a=1 b=1

N C

By (znb+za+fa—1)
a=1 b=1

(16)

Thus, to minimize the above given objective function, partial derivative of the objective function

with respect to the membership degree of determinate, boundary, outlier points and the cluster

centre are computed and it presented in equations —.

oL Tab
—92,(1 — K(ka, log 222 1 1) =\, 17
s = 221(1 = Ko, un)) + 7 (107 +1) (17)
oL I,
= 225(1 — K(ka, @, log=2 +1) — A, 18
oL, 2( (Fa Wa o)) +7<ogza + ) (18)
oL 9 Fa
— 2z log =% +1) — A\, 19
oF, ¢ 3+7<nga+> (19)
L L L
Let 387711) =0, gIa =0, and 88]:@ = 0, then solving the equations, , (119) yields
a (log(Tap)—1)—221 (1—K(ka,wp))
Ty = exp% .exp7 o o ; (20)
Ao Y(log(Za) 1) =225 (1-K(ka Wa o))
Z, =exp 7 .exp v (21)
Aa y(log(Fa)—1)—£Z3
Fo =e€xp .exp 2 (22)
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c

Let exp v = A and the objective function is constrained to Z Tap + Lo + Fo = 1, then
b=1
Y(log(Tap)—1)—2Z1 (1-K(ka,wp)) ’Y(l"g(iu.)*D*QZQ(l*K(}Ca,WamaX)) Y(log(Fa)—1)—£Z3
A |exp 2l + exp 2 + exp v =
(23)
Y(Log(Tap)—1) =221 (1-K(ka,wp)) Y(log(Za)—1)—229 (1=K (ka,Wamay ) y(tog(Fa)—1)—EZ3 -1
A= |exp v + exp v + exp v
(24)
Finally, the degree of membership for determinate, indeterminate, and ouliers are formulated
as follows,
(1og(Tap)=1) =221 (1=K (ka,wp))
Tap = A exp 2 (25)
Y(log(Za)—1) =229 (1=K (ka ,Wa may)
T, = A.exp v (26)

y(log(Fa)—1)—£23

F. = A.exp v (27)

Furthermore, to calculate the centroid for each cluster, the Gaussian kernel (G(k,, w,)) induced

objective function is given as

N C N _
—||ka, ws| —ka, Wa, |l
T,I,F 225 E Z1Taw) (1 — e 7ol 2§ Z,T)(1 — " 1ay Wapmayll
‘C( s 4y ,C) ( 1 ab)( exp< o2 + ( 2 )( €xXp )

a=1 b=1 a=1 .
N N C T N T N 7z

+ > EH(Z5Fa) + (Z > nblog,_r—b + ZIalogf— +) falog]___>
a=1 a=1b=1 a a=1 a a=1 a

N C
> (an+za+fa—1>

a=1 b=1
(28)
Taking the first derivative of the above equation with respect to w;, and equating it to zero.
The following expression is deduced.
Zivzl(zlﬁb)G(kau wy) kg

=N (20T Gk, ) (#)

The minimization of the criterion function is achieved by iterating the defined steps until

convergence is reached and the membership degrees and cluster centers are updated for each
iteration. Convergence is determined when the absolute difference between the values of T
from two consecutive iterations falls below a specified termination criterion §, or when the
maximum number of iterations is attained. Moreover, the parameters such as Z;, £ and
plays an crucial role in the clustering process. Hence, the analysis for the values chosen for
the parameters will be given in succeeding section and the computational algorithm for the

proposed technique is provided in the Algorithm
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Algorithm 1 Formulation of proposed KLKNCM alogrithm
Require: Number of cluster centre (C), weight factors (21, 22, Z3), outlier controller (£), KL

parameter (7), terminating criterion (), .
Step 1: Initialize 7;(;)), ILSO) and .7-"650).
Step 2: y <+ 1
Step 3: repeat
Step 4: Calculate wéh) using .
Step 5: Compute waggx.
Step 6: Update 7;(h), I(gh) and ]-",gh) using — and the objective function given in Eq .
Step 7: y<+y+1
Step 8: until ]’7;(;1“) — 7;(;)\ <dorh> hna-
Step 9: return wy, T = {Tw}oxn and the iteration count h.

4. Experimental Details

The present section outlines the experimental framework of the proposed technique, provid-
ing detailed information on the dataset utilized in this study. Additionally, it discusses the
comparative clustering algorithms and the clustering validation metrics employed to evaluate

the performance of the KLKNCM technique.

4.1. Description of the Dataset and Comparative Clustering Methods

It is known that the brain, a highly intricate and structurally complex organ, presents signif-
icant challenges for image segmentation algorithms. Thus, to evaluate the performance of the
proposed KLKNCM algorithm, brain images were selected for analysis. For this purpose, the
BraT$S (Brain Tumour Segmentation) dataset was employed [27], which is a benchmark for the
segmentation of brain tumors. This dataset includes images of brains affected by glioblastoma,
an aggressive and malignant form of brain cancer, in which T1-weighted MRI images were
used for the clustering process because they have more detailed anatomy, which is important
for accurately capturing the complexity of brain structures in segmentation tasks. Moreover,
the use of this dataset enables a comprehensive assessment of the algorithm’s capability to
handle complex and heterogeneous medical images.

To assess the effectiveness and superiority of the proposed KLKNCM technique, a compari-
son analysis is performed against many cutting-edge clustering algorithms. In this sense, five
clustering algorithms were chosen based on important characteristics pertinent to the study’s
scope. The NCM-1 [18], NCM-2 [28] and KNCM |[19| algorithms were included due to the
reason that they have integrated NS theory into the soft clustering framework, which is essen-
tial for managing indeterminate and incomplete information. Moreover, in order to evaluate

the influence of spatial information on clustering, KLDFCM [24] and FBKkPC S1 [25] were
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() (c) (11) 1) )

FIGURE 1. Source images adopted for the experiment.

selected, as these methods incorporate spatial features to improve clustering accuracy. The
NKWNLICM |23] technique was chosen because it combines NS theory with local information
clustering mechanisms, resulting in spatially aware clustering. Furthermore, it is worth noting
that the parameters of each comparative method were carefully changed to fit the issue formu-
lation in the current study, ensuring a fair and objective comparison of performance across all

methods.

4.2. Cluster Validation Metrics

In order to evaluate the results in quantitative aspects, the clustering validation metrics
is utilised. These metrics offers the valuable insights of the final clustered results obtained
from the proposed and other comparative clustering techniques in various aspect. Thus, the
metric encompassed in this work is described below. Moreover, the experiment is executed in
MATLAB R2019a software and to maintain the preciseness and presentation, the results from

ten images are analysed and discussed in the paper.

(1) Fuzzy Performance Index (FPI)
FPI [31] is used to assess the effectiveness and quality of the clustering, particularly
it quantifies the compactness of the clusters. Mathematically it is represented as in
equation .

C
FPI=1- (1~ F) (30)

N C
. . . o 1
where, F is the partition coefficient and it is calculated as F,. = N z; ;(7;02
a= —
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(2) Modified Partition Entropy (MPE)
MPE [31] evaluates the degree of overlap and intersections and uncertainty among the

clusters. It is calculated using the following formula.

N.PE

MPFE =
N-C

(31)

N C

1

N Z Z[’Eblogg(ﬁb)z] is the partition entropy. Lower the value
a=1b=1

indicates the better clustered result.
(3) Xie-Beni Index (XBI)

XBI [31] is the effective tool to ensure the quality of compactness and well-separated

such that, PE = —

clusters of the resultant images. Further, it is calculated as follows,

XBI = ==! (32)

where k, refers the values of the pixel and wy indicated the centroid of the cluster.

Moreover, the lower the values of this metric represents the better outcome.

5. Analysis of Parameters

A detailed parameter analysis was conducted to evaluate the impact of various algorithmic
parameters in the performance of the proposed method. By systematically adjusting key pa-
rameters, such as weighting parameters, weight factors (21, Z2, Z3), outlier controller (§), KL
parameter (7), terminating criterion (), number of cluster centre (C), the optimal configura-
tion for the proposed method was determined. Further, the results of the parameter analysis
demonstrated that fine-tuning these parameters leads to significant improvements in both the
precision of the segmented regions and the overall stability of the clustering process. In this
clustering analysis, three weight factors Z;, Z5 and Z3 are assigned values of 0.8, 0.1, and 0.1,
respectively. These weights control the influence of different features in the clustering process,
where Z; is the most dominant, and Z5 and Z3 contribute less significantly to decrease the
influence of outliers. Then the optimal value of £ for better clustering result is ranges from 140
to 200 for the considered dataset. Another key parameter is o ranging from [0.3,0.8]. Further,
for improved segmented result, the value of v is analysed and it varies from 10000 to 15000.
Added to this, the image is segmented into four region and hence the centroid of the cluster C
fixed as 4. Finally, the terminating value ¢ is set to 0.0001. This detailed examination provides
insights into the sensitivity of the proposed method to different parameter values, ensuring

that the algorithm outperforms consistently.
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6. Experimental Analysis

This section provides a thorough evaluation of the proposed method, incorporating both ob-
jective and subjective assessments to benchmark its performance against other state-of-the-art
techniques. The objective assessment delivers a quantitative evaluation, focusing on metrics
such as segmentation accuracy, precision, computational efficiency, and runtime. Meanwhile,

the subjective assessment offers a qualitative comparison, emphasizing the visual quality of

Images NCM-1 KNCM NKWNLICM KLDFCM FBkKPC_S1 NCM-2 Proposed

1

10

FIGURE 2. Resultant of proposed and comparative state-of-the-art methods.
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the segmented results. Figure [2]illustrates the segmentation outcomes for some representative
images from the dataset, showcasing the performance of the proposed method alongside other
advanced algorithms. To enhance clarity in visual analysis, the segmented regions, particu-
larly the tumor boundaries, are highlighted with red circles. Additionally, zoomed-in views
are provided within the same figure to facilitate closer examination of the segmented regions.
This dual analysis approach enables a more comprehensive comparison, allowing for a deeper
understanding of the strengths and limitations of the proposed method relative to competing
techniques. The objective assessment provides a comprehensive quantitative analysis of the
proposed method in comparison with several other advanced segmentation techniques, high-
lighting the strengths and weaknesses of each approach. The NCM-1 algorithm is effective at
removing outliers from the image data, ensuring a cleaner dataset for segmentation. However, it
exhibits limitations in accurately segmenting the more subtle and complex regions of the brain,
particularly in areas where fine details are essential for precise diagnosis. As a result, NCM-1
struggles to capture the intricacies of the tumor boundaries and other smaller internal regions,
reducing its overall effectiveness in medical image analysis. KNCM algorithm improves upon
NCM-1 by utilizing kernel functions to enhance clustering performance. This enables KNCM
to better handle the non-linear and inhomogeneous structures within brain images. While this
method shows enhanced clustering capability, its segmentation accuracy is lower than compared
to the proposed method. Further, NKWNLICM faces significant challenges in accurately seg-
menting tumor regions. It fails to effectively distinguish the tumor from surrounding tissues
and is notably deficient in segmenting other internal structures within the brain, leading to a
lack of overall precision in the segmentation process. While analysing KLDFCM techniques
which demonstrates competence in segmenting tumor regions, benefiting from the use of KL

divergence to improve clustering in high-dimensional data. However, KLDFCM falls short in

Images NCM-1 KNCM NKWNLICM KLDFCM FBKPC S1 NCM-2 Proposed

1 0.9287 0.9373 0.9187 0.8394 0.8722 0.8165 0.9742
2 0.9228 0.9396 0.8915 0.8508 0.8553 0.8357 0.9924
3 0.9169 0.9581 0.9381 0.8404 0.8411 0.8324 0.9996
4 0.9241 0.9561 0.9278 0.8716 0.8878 0.8579 0.9945
5 0.9240 0.9387 0.9455 0.8971 0.9072 0.8723 0.9975
6 0.9239 0.9342 0.9406 0.8739 0.9135 0.8569 0.9984
7 0.9295 0.9353 0.9521 0.8675 0.9169 0.8461 0.9965
8 0.9328 0.9476 0.9459 0.8648 0.9177 0.8492 0.9972
9 0.9345 0.9484 0.9517 0.8971 0.9784 0.8741 0.9971
10 0.9132 0.9247 0.9356 0.8523 0.9586 0.8486 0.9937

TABLE 1. Values of FPI for the proposed and comparative state-of-the-art methods.
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Images NCM-1 KNCM NKWNLICM KLDFCM FBKPC S1 NCM-2 Proposed

1 0.0706 0.0613 0.0654 0.1498 0.1537 0.1718 0.0068
2 0.0791 0.0744 0.0753 0.1592 0.1820 0.1765 0.0230
3 0.0780 0.0648 0.0677 0.1676 0.1579 0.1824 0.0166
4 0.0460 0.0363 0.0345 0.1232 0.1210 0.1369 0.0034
5 0.0728 0.0524 0.0547 0.1815 0.1375 0.1928 0.0026
6 0.0704 0.0618 0.0678 0.1693 0.1364 0.1746 0.0014
7 0.0703 0.0602 0.0624 0.1637 0.1354 0.1728 0.0037
8 0.0701 0.0637 0.0574 0.1737 0.1632 0.1838 0.0062
9 0.0684 0.0547 0.0531 0.1085 0.1055 0.1145 0.0028
10 0.0664 0.0513 0.0518 0.1422 0.1325 0.1575 0.0056

TABLE 2. Values of MPE for the proposed and comparative state-of-the-art
methods.

Images NCM-1 KNCM NKWNLICM KLDFCM FBKPC S1 NCM-2 Proposed

1 0.0466 0.0303 0.0229 0.0267 0.0178 0.0298 0.0143
2 0.0420 0.0325 0.0270 0.0226 0.0196 0.0263 0.0168
3 0.0347 0.0217 0.0198 0.0172 0.0097 0.0192 0.0066
4 0.0363 0.0258 0.0214 0.0195 0.0189 0.0211 0.0132
) 0.0321 0.0298 0.0275 0.0198 0.0173 0.0229 0.0112
6 0.0234 0.0201 0.0195 0.0185 0.0105 0.0198 0.0072
7 0.0365 0.0226 0.0231 0.0735 0.1647 0.0846 0.0169
8 0.0333 0.0253 0.0226 0.0715 0.0945 0.0810 0.0126
9 0.0372 0.0276 0.0234 0.0857 0.0934 0.0921 0.0111
10 0.0252 0.0201 0.0195 0.0795 0.0654 0.0846 0.0050

TABLE 3. Values of XBI for the proposed and comparative state-of-the-art methods.

Algorithm Computational time (s) Number of iteration
NCM-1 6.4247 156
KNCM 8.3589 183
NKWNLICM 5.2194 127
KLDFCM 3.1784 86
FBKPC_S1 4.2488 108
NCM-2 6.7251 162
Proposed 3.24587 79

TABLE 4. Computational time and number of iterations for proposed and

other comparative methods.
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accurately clustering other non-tumor areas of the brain, leading to incomplete and imprecise
segmentation. Moreover, FBKPCS1 technique suffers from imprecision, particularly in defining
the boundaries of tumor regions. The method often fails to accurately capture the fine details
of the tumor edges, which are crucial for medical diagnosis and treatment planning. On ex-
amining the results from NCM-2, it is observed that while the NCM-2 algorithm is capable
of segmenting tumor regions to a certain extent, but it does not adequately capture the intri-
cate internal structures of the brain. This limitation often results in degraded segmentation,
particularly in regions where tissue boundaries are less distinct, thereby reducing the overall
segmentation accuracy and reliability of the method. Furthermore, KLKNCM method out-
performs the aforementioned algorithms in multiple aspects. By incorporating kernel-induced
clustering with the Neutrosophic c-means framework

and the KL distance measure, the KLKNCM method achieves superior segmentation accuracy.
It effectively segments both the tumor regions and other internal structures of the brain, ad-
dressing the limitations observed in the other methods. Finally, KLKNCM method provides
more precise boundary delineation and improved differentiation of inhomogeneous brain tis-
sues. Furthermore, it offers enhanced computational efficiency, making it a highly effective and
practical solution for brain tumor segmentation in clinical settings.

Meanwhile, the evaluation of the proposed method is further supported by an analysis of
cluster validation metrics, with the results summarized in Tables The optimal values for
each metric are highlighted in bold for clarity. Upon reviewing the cluster validation results,
it is evident that FPI for the proposed KLKNCM technique is significantly higher compared
to the other methods. A higher FPI value indicates greater correctness and precision in the
clustering process, demonstrating the ability of KLKNCM to accurately segment complex brain
structures. Furthermore, MPE and XBI values
for the KLKNCM method are lower in comparison to those of the alternative clustering al-
gorithms. Lower values of MPE and XBI indicate more distinct and well-separated clusters,
which further affirms the accuracy and effectiveness of the proposed technique. These lower
indices suggest that the KLKNCM method not only achieves better clustering precision but
also minimizes overlap between clusters, ensuring more accurate segmentation of brain regions.
In summary, the superior performance of the proposed KLKNCM method across these valida-
tion metrics, particularly with respect to FPI, MPE, and XBI, highlights its effectiveness and
supremacy over the other state-of-the-art techniques. This analysis underscores the robustness
and efficiency of the KLKNCM algorithm in achieving highly accurate and computationally
efficient brain tumor segmentation.

In addition, the comparative analysis of the proposed algorithm with other state-of-the-art

clustering methods highlights its superior efficiency in terms of both computational time and
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FIGURE 3. Graphical representation of quality assessment metrics (a) Quality
assessment through FPI, (b) Quality assessment through MPE, (¢) Quality
assessment through XBI.

iteration count which is given in the Table @l The proposed algorithm demonstrates a com-
petitive computational time, indicating its capability to handle clustering tasks with minimal
resource consumption. Furthermore, the number of iterations required for convergence is sig-
nificantly lower in the proposed method compared to the other algorithms. This reduction
in iteration count underscores the KLKNCM has the enhanced convergence speed, which is
crucial for minimizing computational overhead in iterative clustering processes. The iterative

nature of clustering algorithms often poses a challenge in balancing accuracy and efficiency;
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however, the proposed method effectively addresses this by achieving rapid convergence with-
out compromising performance. Moreover, the graph where plotted to show the efficiency
of the proposed algorithm and it displayed in Figure Altogether, the results suggest that
the proposed algorithm not only reduces the computational burden but also accelerates the
clustering process, making it a suitable choice for applications where both time efficiency and
processing power are limited. In conclusion, the proposed algorithm outperforms the com-
parative methods by demonstrating a balance between computational efficiency and iteration

reduction, thereby providing an effective solution for real-world clustering applications.

7. Limitation and Future Research

While the proposed method demonstrates the superior performance, but still there persists
certain limitations. Even though, integration of the kernel distance and KL divergence in
NCM elevates the segmentation accuracy, the developed method still depends on the parameter
tuning, which impacts the robustness of the method. Added to this, the evaluation has been
done on benchmark datasets but the performance across large-scale with diverse datasets yet
to be comprehensively validated. These limitations naturally point toward several directions
for future research, incorporating deep learning frameworks such as CNN with the proposed
framework could maximize the benefits data-driven learning to achieve the superior accuracy.
Automated parameter optimization techniques also represent a valuable extension, reducing
the reliance on manual tuning and improving reproducibility. Furthermore, expanding the
approach to handle multi-class segmentation of tumor sub-regions and applying it to other

neurological disorders would broaden its clinical relevance.

8. Conclusion

This study introduced a novel KLKNCM technique for the segmentation of brain tumors.
The proposed approach effectively addresses the challenges posed by the non-linear and in-
homogeneous nature of brain structures, providing accurate segmentation while minimizing
computational overhead. The proposed method has been rigorously tested against five other
state-of-the-art clustering algorithms, with its performance validated through both objective
metrics and subjective assessments. The results highlight the superiority of our approach in
terms of segmentation accuracy, computational cost, and robustness, demonstrating its poten-
tial for practical use in clinical settings. Further, parameters of the algorithm were examined
in depth to demonstrate their functions in the segmentation methodology. In addition, run-
time calculations and iteration analysis were carried out in order to acquire a comprehensive
understanding of the results. In future, the proposed approach will be used to classify medical

images based on segmentation.
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Abstract. Neutrosophic sets are widely used due to their ability to handle uncertainties and incomplete infor-
mation. Recently, researchers have integrated neutrosophic sets with supra topological spaces, leading to the
development of a new theory known as neutrosophic supra topological space. The PROMETHEE method is
a well-established approach for solving multi-criteria decision-making problems. Selecting the best car under
uncertainty and multiple criteria is a significant challenge for a buyer. This decision-making problem moti-
vated us to develop a novel PROMETHEE method with neutrosophic supra topological space to select the
optimal car. This novel decision-making method incorporated the PROMETHEE method with neutrosophic
supra topological space. Using the proposed method, a numerical example is provided to determine the car that
outperforms other models in terms of fuel efficiency, emission standards, safety, overall cost, and future resale
value. We also explore the sensitivity of the results to different parameter values within the model. Finally, we

compare the proposed method with the existing methods.

Keywords: Car selection, PROMETHEE method, neutrosophic set, neutrosophic supra topological space,De-

cision making methods.

1. Introduction

The rapid urbanization and population growth in modern cities have led to a significant
increase in the use of private vehicles. This surge in personal transportation contributes heav-
ily to urban congestion and environmental degradation due to its dependence on fossil fuels,
resulting in elevated carbon dioxide (C'O2) emissions in city centers. Conventional fossil-fuel-
powered vehicles still dominate urban transportation, posing serious threats to sustainable
development goals, particularly those aimed at mitigating climate change and reducing green-

house gas (GHG) emissions. In response, electric vehicles (EVs) have emerged as a cleaner
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alternative, playing a vital role in the transition towards low-carbon and sustainable urban
transportation systems. Despite their promise, EVs present notable limitations such as lim-
ited driving range, high initial cost, insufficient charging infrastructure, and longer charging
times. As consumers become more environmentally conscious, selecting the optimal vehicle,
be it electric, hybrid, or conventional, becomes more important. It requires the consider-
ation of multiple conflicting factors, including price, performance, safety, energy efficiency,
infrastructure availability, and environmental impact. Given the complexity and ambiguity
involved in such decision scenarios, Multi-Criteria Decision-Making (MCDM) methods are
indispensable tools for systematically evaluating alternatives based on diverse criteria. Tradi-
tional decision-making approaches often struggle with uncertainty and vagueness inherent in
real-world problems. Fuzzy set theory (FS) [31], while helpful, can still fall short in capturing
complex scenarios with incomplete information. To resolve this, the concept of intuitionistic
fuzzy set (IFS) [5] is introduced by Atanassov. Neutrosophic sets (NS) [7], introduced by
Florentin Smarandache, extend the capabilities of fuzzy sets by incorporating a third com-
ponent, ”indeterminacy”, alongside truth and falsity values. This additional dimension al-
lows for a more subtle representation of human judgment and subjective evaluations. The
PROMETHEE (Preference Ranking Organization of Methods for Enrichment Evaluations)
method, developed by Brans [3,6], is a widely used MCDM technique. It focuses on pairwise
comparisons between alternatives based on predefined preference functions, making it flexi-
ble and adaptable to various decision problems. PROMETHEE methods have been applied
in numerous contexts. Nassereddine et al. [11] integrated a new PROMETHEE preference
function and synergy criteria to evaluate emergency response systems, addressing the critical
need for inter-agency collaboration in disaster management. Qi et al. [21] introduced a dy-
namic weighting approach based on preference expectations and ordered weighted averaging
to accommodate interdependencies and prioritizations among criteria. Zhao et al. [20] intro-
duced extended PROMETHEE methods utilizing 2-dimension linguistic term sets (2DLEs)
to solve Multi-Attribute Decision-Making (MADM) problems, enhancing preference functions
with a possibility degree for 2DLEs, effectively handling both comparable and incomparable
evaluations. Yu et al. [19] introduced an enhanced failure mode and effects analysis model
for submarine pipeline risk analysis, improving interval-valued intuitionistic fuzzy rough num-
ber theory for expert opinion collection and combining Exponential TODIM (an acronym in
Portuguese for interactive and multicriteria decision-making) with PROMETHEE-II and an-
alytical hierarchical process (AHP) for robust failure mode ranking and risk value calculation.
Zhao et al. [16] presented a modified PROMETHEE II method that simplifies computation

by integrating multiple steps, thereby reducing complexity and database interactions.
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Recently, the integration of extended fuzzy set theory with topological concepts has emerged
as a promising approach for addressing complex problems characterized by uncertainty and
indeterminacy. Garg et al. [28] introduced the TOPSIS (Technique of Order Preference by
Similarity to an Ideal Solution) method under a spherical fuzzy soft environment for solving
decision-making problems [28]. While classical topology is a powerful tool, often it struggles
in modeling situations involving vague, imprecise, or contradictory information. To address
these limitations, the concept of neutrosophic topological space [27] was introduced, extending
traditional topological notions to accommodate the inherent ambiguity present in real-world
scenarios.

Building on this foundation, neutrosophic supra topological spaces (NSTPS) [22] have been
developed and solved a decision-making problem on medical diagnosis. Also, neutrosophic
support soft topological space is introduced, and a decision-making problem via neutrosophic
support soft topological space [29] is solved. Supra topological spaces [26], by relaxing the
constraints of traditional topologies, offer increased flexibility in modeling diverse structures.
Some weak and strong forms of sets are introduced, and their properties in neutrosophic supra
topological spaces |30] are studied.

This generalization is particularly valuable in applications where the data exhibits a high
degree of uncertainty, such as in decision-making, pattern recognition, and information fusion.
By leveraging the expressive power of neutrosophic sets within a supra topological framework,
we can construct more robust and adaptable models that better reflect the complexities of
real-world phenomena. This work explores multi-criteria decision-making models by incorpo-
rating the PROMETHEE method and neutrosophic supra topological spaces. This integrated
approach emerges as a powerful tool for decision-making under uncertainty, aiming to demon-

strate its potential in the context of automobile evaluation.

1.1. Motivations

The following points outline the motivations for proposing this novel model to solve multi-

criteria decision-making problem:

e Neutrosophic sets allow for more effective modeling of imprecise, incomplete, and in-
consistent data. Supra-topological structures provide a generalized flexible framework
for comparing preferences more effectively.

e While PROMETHEE is widely used in practice, its theoretical foundation is limited
when handling highly uncertain or indeterminate data. Neutrosophic supra topological
spaces, however, offer a theoretical framework for managing such data. By combining
the two, this approach bridges the gap between theoretical advancements and practical

applications, resulting in a more comprehensive and adaptable decision-making tool.
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e Despite the advancements in multi-criteria decision-making methodologies, the integra-
tion of neutrosophic supra topological spaces with the PROMETHEE method remains
unexplored. This research addresses the gap by proposing a novel framework that

leverages the strengths of both approaches to solve complex decision problems.

The novelty of the proposed work is in extending the traditional PROMETHEE method by
incorporating NSTPS, which is an innovative approach to modeling uncertainty and vagueness
in decision-making. This is the first attempt to integrate neutrosophic supra topology into
the PROMETHEE method. The study is employed to select the best car, emphasizing GHG
emissions, fuel efficiency, safety, cost, and resale value. It aligns with the EU Transport
White Paper goals of reducing GHG emissions by 60% by 2050, making it highly relevant for
policymakers and consumers. The work provides a structured way to help car buyers prioritize

sustainability and economic feasibility in their decision-making process.

2. Related Studies

Multi-criteria decision-making often involves complex situations where choices must be made
based on conflicting or incommensurable criteria. Traditional methods struggle to handle the
inherent vagueness and uncertainty of such situations. Mahmood et al. [15] investigated the
applicability of the bipolar complex fuzzy rough set in cyber security. Fuzzy and intuitionis-
tic fuzzy approaches offer elegant solutions to address these challenges by incorporating the
subjective preferences and hesitation of decision-makers [12,|13,/17]. Hamurcu and Eren [14]
proposed a hybrid multicriteria decision-making approach, combining AHP, TOPSIS, and goal
programming to evaluate conflicting factors and determine the optimal electric vehicle choice.
Ali et al. [22] proposed a technique that combines full Consistency for weight calculation and
fuzzy TOPSIS for ranking, demonstrating enhanced accuracy and consistency compared to
traditional methods. It offers a versatile tool for diverse alternative selection scenarios. Chand
et al. [23] employed a Fuzzy AHP approach to rank sedan cars based on criteria such as perfor-
mance, economy, and comfort, aiming to simplify the selection process by providing consumers
with a clear understanding of their preferences.

Originally developed by Brans et al. [6] PROMETHEE ranks alternatives based on pairwise
comparisons using preference functions and indifference thresholds. Fuzzy logic is integrated
into PROMETHEE by representing preferences and thresholds as fuzzy sets, allowing for more
flexible and nuanced decision-making. The advantages of Fuzzy PROMETHEE include ease
of use, the ability to handle imprecise information, and consideration of both positive and
negative outranking flows.

An extension of Fuzzy PROMETHEE utilizes IFS. IFS captures both the degree of mem-

bership and non-membership in a set, effectively representing hesitation or uncertainty in
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subjective judgments. The additional degree of non-membership (hesitation) in IFS provides
richer information compared to Fuzzy PROMETHEE, leading to more comprehensive and ac-
curate decision-making. Advantages include the ability to deal with ambiguity and conflicting
information, visualize positive and negative outranking flows separately, and incorporate the
importance of criteria using IFS weights. Applications encompass sustainable building mate-
rial selection ( [10]). Xu et al. [1] proposed an integrated method combining PROMETHEE
and TODIM in a neutrosophic environment. This method introduces a new formula for rank-
ing alternatives, highlighting the potential of combining decision-making methods under the
neutrosophic framework. Xu et al. [2] introduce the concept of probabilistic simplified neutro-
sophic sets (PSNS) and develop a PROMETHEE-based decision-making approach for group
decision problems. PSNS incorporates probabilistic elements into neutrosophic evaluations,
further enhancing the method’s ability to handle uncertainty. Xu et al. [4] propose an improved
PROMETHEE method using multi-valued neutrosophic sets, expanding upon the traditional
single-valued approach. This allows for richer information representation and potentially more

accurate decision-making in complex scenarios.

2.1. Research Questions

In light of the challenges posed by uncertainty and indeterminacy in MCDM, this study

addresses the following research questions:

e How can the PROMETHEE method be effectively integrated with neutrosophic supra-
topological spaces to handle uncertainty and imprecision in decision-making?

e Can expert opinions or decision matrices be compared using existing models?

e What are the consequences of applying aggregation operators to neutrosophic sets that
include null or absolute neutrosophic values?

e Does any existing research apply the PROMETHEE method within the framework of

supra topological spaces?

Existing studies using the PROMETHEE method and other decision-making techniques lack
a mechanism for comparing expert opinions or decision matrices directly. Furthermore, when
aggregation operators are applied to neutrosophic sets containing null or absolute values, they
often produce trivial results. Additionally, no prior research has integrated the PROMETHEE
method with neutrosophic supra topological spaces for enhanced decision-making.

To address this research gap and respond to the questions outlined above, we propose a
novel decision-making framework that integrates the PROMETHEE method with neutrosophic
supra topological structures. This approach allows for a robust comparison of expert opinions
and effectively manages both null and absolute neutrosophic values, thereby improving the

reliability and depth of the decision-making process.
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2.2. Objectives and Contributions of the Study

The objective and major contributions of this article are presented below:

The primary objective of this study is to integrate the PROMETHEE method with
NSTPS to address MCDM problems characterized by uncertainty, indeterminacy, and
imprecise information.

Additionally, we seek to demonstrate the practical applicability of the proposed model
through a numerical example, testing its performance across various parameter values
to ensure reliability and consistency.

We proposed a hybrid decision-making framework that combines the PROMETHEE
method with NSTPSs, enhancing its ability to manage uncertainty and vagueness in
decision criteria.

The viability and applicability of the proposed approach are demonstrated through a
numerical application in the context of automobile evaluation, showcasing its effective-
ness in real-world scenarios.

A detailed sensitivity analysis is conducted to assess the impact of varying parameters

on the results, ensuring the consistency and robustness of the proposed model.

By bridging the gap between theoretical advancements and practical applications, this study

makes a significant contribution to the field of MCDM, offering a powerful tool for decision-

making in uncertain and complex environments. The key contributions in this article include

a new decision-making model for finding the best car based on multiple criteria. The main

difference between the proposed model and other existing PROMETHEE methods under fuzzy

and its extension sets is that the proposed model compares the expert’s opinion or decision

matrix and provides non-trivial results if the null and absolute neutrosophic values are present

in the expert’s opinion or decision matrix. The subsequent sections of this paper are organized

as follows:

The ”"Basic definitions” section provides a comprehensive review of fundamental con-
cepts, including the definitions of fuzzy sets, intuitionistic fuzzy sets, and neutrosophic
sets, along with their respective operations. Additionally, it introduces the concept
of neutrosophic supra-topological spaces and discusses score and accuracy functions,
which are essential for understanding the proposed framework.

The ”Decision-Making: PROMETHEE Method” section presents a novel hybrid
decision-making model that integrates the PROMETHEE method with neutrosophic
supra-topological spaces. The proposed framework is designed to address multi-criteria
decision-making problems under conditions of uncertainty and indeterminacy. A de-
tailed flowchart is presented to illustrate the step-by-step implementation of the model,

ensuring clarity and ease of application for practitioners.
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e The "Numerical Example” section demonstrates the practical applicability of the pro-
posed model; this section provides a detailed solution to an automobile evaluation
problem. The example highlights the effectiveness of the hybrid approach in handling
real-world decision-making scenarios. Furthermore, a sensitivity analysis is conducted
to evaluate the impact of varying parameters on the results, ensuring the robustness
and consistency of the proposed model.

e The "Conclusions” section summarizes the key contributions of the study, outlines the
potential directions for future research, and discusses the limitations of the proposed

model.

3. Basic Definitions

This section presents essential definitions and operations related to our study.
Definition 3.1. [31] A fuzzy set M in a universe of discourse X is defined as a set of ordered
pairs:
M = {(z,my(z))|z € X}

where the membership function my; : X — [0, 1] for each element x in X.

Definition 3.2. [5] An intuitionistic fuzzy set M in X is defined as
M = {{z, mpg(2), np(2)) |z € X},
where the degree of membership and non-membership function respectively denoted as
myg : X — [0, 1]
and
ny: X — [0,1]

for each x in X, and 0 < myg(z) + ny(z) < 1.

Definition 3.3. [7] A neutrosophic set M in the universe of discourse X is of the form

M = {(@,m,(a), ¢, (a), n (@) : @ € X}

and my, (a), ¢, (), n,(a) are standard or non-standard subsets of ]0, 1]
where m (@), ¢, (a),n,(a) represents the degree of favorable, degree of indeterminacy and
the degree of non-favorable function provided there is no restriction in the addition of

m, (a), e, () and n,(a), So ~0 < supm,, (a) + supe,, (a) + supn,, (o) < 37

Definition 3.4. [7] Let L and M be two neutrosophic sets of the form
L= {{a,m (a),¢ (a),n (a)):aec X} M= {{a,m,(a),e,(a),n,(a)):ac X}. Then
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(a) A neutrosophic set L is said to be a subset of another neutrosophic set M, denoted
by L € M if for all @inX : m (a) < m,(a), ¢, (@) > ¢,(a) and n, (a) > n,(a) for all
acX.

(b) A neutrosophic set L is said to be equal to another neutrosophic set M, denoted by
L =M if for all @inX : m (o) =m,(a), ¢, (o) =¢,(a) and n () =n,(a).

(c) Complement of neutrosophic set L , denoted and defined as L¢ = {{a,n, (a),1 —
¢, ().m, (a)) : a € X};

(d) The intersection of two neutrosophic sets denoted and defined as MNN = {{a, m_(a) A
m,, (), ¢, (a) V e (a),n,(a) Vi (a)) € X);

(e) The union of two neutrosophic sets denoted and defined as MUN = {(a,m (a) V
(), €, (@) A e (@), (@) Amyy(a)) : @ € X}

(f) For a scalar w € [0, 1], the scalar multiplication of a neutrosophic set A, denoted and

defined as: wL = {(o,wm_ (a),we, (@), wn (a)) : a € X}

Definition 3.5. [7] Let X be a universal set.

(i). A NS is called an absolute NS over X and it is denoted by 1%, if Va € X, myx(a) =
1,ex(a) = 0,nyx(a) = 0.

(ii). A NS is called an null NS over X and it is denoted by 1°, if Va € X, m0(a) = 0, ¢;0(a) =
1,ny0(a) = 1.

Definition 3.6. [26] Let X be a non-empty universal set and 7 be a collection of subsets of
X. The pair (X, 7) is called a supra topological space, if
(i). Empty set and the entire set is in 7.

(ii). The union of any collection of supra open set is also a supra open set. i.e.,{U;|i € I} C

7, then J,c; U; € 7.

Each element in the collection 7 is called an open set. Here I is the index set.

Definition 3.7. [22] Let X be a non-empty universal set and 7 be a collection of neutrosophic
sets of X. The pair (X, 7) is called a neutrosophic supra topological space, if it satisfies the

following axioms:

(i). The absolute and null neutrosophic set belong to 7.
(ii). The union of any collection of neutrosophic sets in 7 is also in 7. i.e., {U;|i € I} C T,

then U, U; € 7.

Each neutrosophic set in 7 is called a neutrosophic open set and I is the index set.

Definition 3.8. [23] Let L be a single-valued NS and the score function of L is denoted and
defined by S, = ZmL_=nn,

Mani Parimala,Muthusamy Karthika, Automobile evaluation based on extended
PROMETHEE method with neutrosophic supra topological space




Neutrosophic Sets and Systems, Vol. 98, 2026

Definition 3.9. [23] Let L be a single-valued NS and the accuracy function of L is denoted
and defined by Ep, = mp, — ng..

Definition 3.10. [23] Let L and M be single-valued NSs and the score function of L is less
than the score function of M if LL is less than M. If the score function of both single-valued
NSs is equal then we consider the following constraints :

i. if By, < Epy then L is less than ML

ii. if By, = Epp then L is equal to M.

4. Decision Making: Extended PROMETHEE Method

The procedure for the extended PROMETHEE method and flowchart (refer to figure|l]) are
given below:
Let the set of alternatives be R = {R1,R2,Rs3...R,} and the set of criteria be A =
{A1,Aq9,...Ap,} . Let G = {G1,G2,Gs....Gi} denote the set of decision makers.
Step 1: Create the weight parametric matrix.
Decision makers created the weighted parametric matrix G,,, whose entries are the values of

each criterion assigned by each decision maker considering linguistic terms as shown in table

@

Linguistic Terms Weights

Extremely important | 0.9

Very strongly impor- | 0.8

tant

very important 0.6
important 0.4
slightly important 0.2

TABLE 1. Linguistic terms to determine the alternatives

P11 P12 - Pln
P21 P22 e P20
Gy =
_pml Pm2 .- pmn_

Step 2: Normalize the weighted parametric matrix.

Since each attribute does not necessarily have the same weight, we need to normalize the
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weight of each criterion.

ari a2 ... Qip
asi g2 .... Q2pn
N =
Onl Am2 ... Omn
where

Pij

Ajyj = —F/—— (1)
PORY
i=1Pi;

Step 3: Calculate the weight vector.

The weight vector is calculated from step 2 by the following equation

P W;
721:1 % and Vy, =

Wi= Z?:l Wi

provided the sum of weight V,,, equal to unity.

Step 4: Construct neutrosophic supra topology.

Fach decision maker’s report is based on the criteria for each alternative. Such reports are
given in matrix form, where entries are the neutrosophic values. Let Dy, Ds...., D} denote the
decision matrix. Construct the neutrosophic supra topology by combining NSs, given each
decision-maker.

Step 5: Aggregation of decision matrix.

The decision matrix is aggregated by taking the average for each alternative for each criterion.

D +D2++Dk
k

Dagg =

Step 6: Normalize the decision matrix.

Convert the aggregated decision matrix into a normalized decision matrix by taking the com-
plement of the cost factor and keeping the remaining unchanged.

Step 7: Construct the preference function.

Construct the preference function P;(B;, B,) of scheme B; relative to B, under the criteria G

by the following formula:

0 d<p
Pj(Bi,By) =92 p<d<gq (2)
1 d>q

The range of the preference function is from 0 to 1. If Pj(B;, B,) = 0, then there is no
difference between B; and B,. If Pj(B;, B,) is nearly zero, then the difference between B; and
B, is relatively small. Suppose P;(B;, B,) is nearly 1; then B; is possibly better than B,. If
P;(B;, B;) = 1, then B; is strongly better than B,. d is the priority function parameter and
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the difference between the criterion value of B; and B,.

Step 8: The priority index of the scheme B; relative to B, is denoted and defined by

7(B;, By) = vajpj(Bi,Br) (3)
j=1

Step 9: Compute the inflow, outflow, and net flow.

Within the context of scheme evaluation, the concept of "flow” is used to measure how a
particular scheme compares to others. Inflow, denoted by ¢;-F, represents the degree to which
scheme B; surpasses other schemes in terms of performance or other relevant criteria. Con-
versely, outflow, denoted by ¢, , reflects the extent to which other schemes outperform scheme
B;. The net flow, calculated as the difference between inflow and outflow, provides an in-depth

look at scheme B;’s relative position compared to its peers. It is denoted by ¢;.

n

1
6 = o7 (BB @
__ 1 ¢
¢; = n_1 ;W(Brv B;) (5)

Step 10: Rank the alternatives.
Arrange the net flow values in ascending order. The greatest ¢; is the best alternative.

The following numerical example demonstrates how the extended PROMETHEE method
with a neutrosophic supra topological environment can be employed in a real-world decision-
making scenario. The step-by-step computational process, including the construction of deci-
sion matrices, calculation of criteria weights, and final ranking of alternatives, is presented to

illustrate the practical applicability and robustness of the proposed model.

4.1. Numerical Example

Transport greenhouse gas (GHG) emissions increased by 26% from 1990 to 2016, despite
improvements in vehicle efficiency. Emissions continue to rise due to economic growth and
increased transportation usage. Road transport accounts for 72% of total transport GHG
emissions. Car ownership rates have grown significantly, which has led to larger car fleets
and higher emissions. Many countries aim to reduce transport GHG emissions by 60% by
2050 compared to 1990 levels. Its primary focus is on increasing transport system efliciency,
promoting low-emission alternative energy, and transitioning to zero-emission vehicles. To
support and reduce GHG emissions, car buyers have to consider this criterion as a primary
one. Imagine a customer facing a crucial decision in selecting a car that runs on petrol, diesel,
electricity, or CNG (Compressed Natural Gas). Their primary focus lies in five key factors
that will shape their choice: fuel efficiency, emissions standards, safety, overall cost, and future

resale value.
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Step 1: Create the
weighted parametric
matrix

Step 2: Normalize the
weighted parametric
matrix using equation 6.1

Step 3: Compute the
weight vector

Step 4: Construct the
neutrosophic supra
topological space

Step 5: Aggregate the
decision matrix

Step 6: Normalize the
decision matrix

Step 7: Construct the
preference function using
equation 6.2

Step 8: Compute the
priority index using
equation 6.3

Step 9: Calculate the net
flow

Step 10: Rank the
alternatives using net flow
values and choose the best

alternative.

FIGURE 1. Flowchart of PROMETHEE method
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1. Fuel efficiency: Cars with higher fuel efficiency contribute less to GHG emissions.

2. Emissions Standards: Compliance with EU CO2 emission standards ensures lower
environmental impact.

3. Safety: Speaking about car safety, it includes airbags, anti-lock braking systems, trac-
tion control, and electronic stability control.

4. Overall cost: The cost of a car includes purchase cost, maintenance, and insurance.

5. Future resale value: Resale value is important in the future, if we sell the car.

Therefore, the customer investigated the various automobile engineers and got their opinion.
These engineers are the decision-makers for our problem.
Let R = {Ry1 = Petrol car, Ry = diesel car,R3 = electric car, Ry = CNG car} be the
alternatives, A = {A; = Fuel ef ficiency, Ao = Emissions standards,As = safety, Ay =
Over all cost,As = future resale value} be the criteria. Let G = {G1, G2, Gs,G4,G5} be the
set of decision makers.
Step 1: Decision makers assign weights to each criterion, and the weighted parametric matrix

Gy, is given below to determine the weight of the criteria.
A Ay Ay Ay As
G (09 06 09 0.8 04
G2 08 06 0.8 09 0.6
Guw= G3| 08 08 08 0.8 0.6
G411 09 06 09 09 0.8
G5 \0.8 0.6 0.8 0.9 0.6

Step 2: Normalized weighted parametric matrix N is calculated by the equation (6.1).

[0.51 055 0.48 0.52 0.46
0.46 0.37 0.43 0.39 0.23
N =046 037 043 052 0.69
0.34 0.55 0.48 0.39 0.23
0.46 0.37 0.43 0.39 0.46

Step 3: The weight vector V, is Vi, = {0.203,0.201, 0.204,0.203,0.189}
Step 4: NSTS is constructed by arranging the decision maker’s reports. Let Dq, Ds....Ds

denote the decision matrix of the decision-maker’s report.

Ay Ag As Ay As
Ri [ (0.6,04,02) (0.6,0.3,0.4) (0.7,0.2,0.3) (0.8,0.2,0.2) (0.7,0.2,0.3)
py— Ra| (07,02,08) (05,04,05) (0.6,03,04) (07,02,03) (0.6,03,04)
Ra| (0.9,01,0.1) (0.8,02,0.2) (0.9,0.1,0.1) (0.5,0.4,0.5) (0.8,0.3,0.2)
Ra \ (0.7,0.2,0.3) (0.7,0.2,0.3) (0.6,0.3,0.4) (0.6,0.3,0.4) (0.6,0.3,0.4)
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Aq Ay Az Ay Ag
Ri [ (0.6,0.3,0.2) (0.7,0.2,0.3) (0.8,0.2,0.2) (0.7,0.2,0.3) (0.7,0.3,0.3)
p,— Ro| (07.02,03) (06,03,04) (0.7,02,03) (0.6,04,04) (06,04,04)
Rs | (0.9,0.2,0.1) (0.9,0.2,0.1) (0.9,0.1,0.1) (0.5,0.3,0.5) (0.8,0.3,0.2)
Ra\ (0.8,0.2,0.2) (0.8,0.3,0.2) (0.6,0.4,0.4) (0.6,0.4,0.4) (0.6,0.3,0.4)

Ay Ag As Ay As
Ri [ (0.6,0.3,0.2) (0.7,0.2,0.3) (0.8,0.2,0.2) (0.8,0.2,0.2) (0.7,0.2,0.3)
p,— R2| (07,02,02) (06,03,04) (0.7,02,08) (07,02,03) (0.6,03,04)
Rs | (0.9,0.1,0.1) (0.9,0.2,0.1) (0.9,0.1,0.1) (0.5,0.3,0.5) (0.8,0.3,0.2)
Ra\ (0.8,0.2,0.2) (0.8,0.2,0.2) (0.6,0.3,0.4) (0.6,0.3,0.4) (0.6,0.3,0.4)

Ay Ag Az Ay As
Ri { (0.0,1.0,1.0) (0.0,1.0,1.0) (0.0,1.0,1.0) (0.0,1.0,1.0) (0.0,1.0,1.0)
p, = o[ (00,10.10) (0.0,10,10) (0.0,1.0,10) (0.0,1.0,1.0) (0.0,10,1.0)
Rs | (0.0,1.0,1.0) (0.0,1.0,1.0) (0.0,1.0,1.0) (0.0,1.0,1.0) (0.0,1.0,1.0)
R4 \ (0.0,1.0,1.0) (0.0,1.0,1.0) (0.0,1.0,1.0) (0.0,1.0,1.0) (0.0,1.0,1.0)

A Ay Aj Ay As
Ry ( (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0)
Dy~ R2| (10,00,00) (1.0,00,00) (1.0,00,00) (10,00,00) (10,00,0.)
Rs | (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0)
Ra \ (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0)

The collection of decision matrix { D1, Dy, D3, Dy, D5} generates the NSTS.

Step 5: The collection of the neutrosophic matrix is aggregated by taking the average of each
alternative with respect to the criteria. The aggregated neutrosophic decision matrix D44 is

shown below:

A Ay Aj Ay As
Ri ([ (0.56,0.4,0.32) (0.6,0.34,0.4) (0.66,0.32,0.34) (0.66,0.32,0.34,) (0.62,0.34,0.38)
D, = Rz (002030030 (05104046 (06.03404)  (06,0.36,04)  (056,04,044)
Rs | (0.74,0.28,0.26) (0.72,0.32,0.28) (0.74,0.26,0.26) (0.5,0.4,0.5) (0.68,0.38,0.32)
Ra \ (0.66,0.32,0.34) (0.66,0.34,0.34) (0.56,0.4,0.44)  (0.56,0.4,0.44)  (0.56,0.38,0.44)

The aggregated decision matrix is further normalized depending on the cost and beneficial
criteria.
Step 6: The normalized decision matrix is denoted by Np. It is calculated by taking the
complement of the cost criteria and keeping the beneficial criteria unchanged. The normalized

neutrosophic decision matrix Np is presented below:
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Ay
R [ (0.32,0.6,0.56)
Ra | (0.34,0.66,0.62)

Np =
Ra

Ra

(0.26,0.72,0.74)
(0.34,0.68, 0.66)

Ao
(0.6,0.34,0.4)
(0.54, 0.4, 0.46)

(0.72,0.32,0.28)
(0.66,0.34, 0.34)

A;

(0.34, 0.68,0.66)
(0.4,0.66,0.6)
(0.26,0.74,0.74)
(0.44,0.6,0.56)

(0.66,0.32,0.34,)

(0.56,0.4,0.44)

Ay

(0.6,0.36,0.4)
(0.5,0.4,0.5)

As

(0.62,0.34,0.38)
(0.56,0.4,0.44)
(0.68,0.38,0.32)
(0.56,0.38, 0.44)

Step 7: Here we set p = 0 and q = 1. The preference functions Py, P», P3, P, and Ps5 are

calculated for the four alternatives from the normalized neutrosophic decision matrix using

the equation (6.2) and the preference functions Pi, Py, P, Py, and P; are shown below:

R
_ R2
R3
R4

R

R
p= 7

R3

R4

R
Ra
R3
R4

R
0
0.006772537
0.024381134
0.010836059

R2
0 0
0 0
0.024381134 0
0.004063522 0

R1 Ro Rs
0 0.012038133 0
0 0 0
0.017388415 0.029426548 0
0.008025422 0.020063556 0
R1 Ro Rs
0 0.009539854 0
0 0 0
0.014991199 0.024531053 0
0 0 0
R Ro R3
0 0.010809583 0.027023956
0 0 0.016214374
0 0 0
0 0 0.008107187
R1 Ro Rs
0 0 0.005042219
0.011344993 0 0.016387212
0 0 0

0.010084438

0 0.015126658

0.013545074
0

Ra
0
0
0.009362993
0

Ra
0.019079708
0.009539854
0.034070907

0

Ra
0.018916769
0.008107187

0
0

Ra
0
0.001260555
0
0
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Step 8: The priority index 7(B;, B;) is computed using the equation (6.3), and the result

is shown below:

Ra Ra R3 R4
R1 0 0.03238757  0.032066176 0.037996477
(B, By) = Ro| 0.01811753 0 0.032601586  0.018907596
Rs | 0.056760747 0.078338734 0 0.056978973
R4\ 0.02894592 0.024127078 0.023233844 0

Step 9: Inflow, outflow, and net flow are determined using equations (6.4) and (6.5), and the

values are displayed in table

Inflow(¢;") Outflow Net flow (¢;)
(%)

0.10245 0.10382 -0.0014

0.06963 0.13485 -0.0652

0.19208 0.0879 0.10418

0.07631 0.11388 -0.0376

TABLE 2. Inflow, outflow and net flow values

Step 10: From table |2 the net flow of alternative 3 is greater than alternatives 1, 2, and 4.
This indicates that alternative 3 is the best one. That is, an electric car is better than other

cars.

4.2. Sensitivity Analysis

The alternatives and their weights remain the same for convenience. The values of the
parameters p and q are changed, and the result is displayed in table |3 and its corresponding
chart is given in figure

parameter Net flow(¢;) Ranking

P9

p=0,q=0.75 | ¢1 = —0.0018, dy = —0.087, b3 = 0.1389, ¢4 = —0.0501 Ry >Ri1 >Ry > Ro
p=0,q=1 b1 = —0.0014, ¢ = —0.0652, b3 = 0.10418, by = —0.0376 Ry >Ri >Ry >Ry

TABLE 3. The ranking of the alternatives under different parameters

From the table [3] Alternative 3 is the best choice. The sensitivity analysis indicated that
the ranking of alternatives remained unchanged, even when preference threshold (p) and in-
difference threshold (q) values were changed significantly. This stability indicates that the

relative strength of preferences between alternatives is consistent. This behavior implies that
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Sensitivity Analysis

p=0,q=0.75

p=0,9=1

p=0,0=1 ™ p=0,9=0.75

F1GURE 2. Net flow with different parameters

Methods Rank
Single-valued neutrosophic weighted averaging operator [?] | Ry > Ry > R3 > R

Single-valued neutrosophic weighted geometric operator [?] | R3 > Ry > Ry > Ra
Extended PROMETHEE method Ry > Ry > Ry > R3

TABLE 4. Comparison of the proposed method with the existing model

the model is robust. For decision-makers, this analysis provides confidence that the selected

alternative will remain optimal under slightly different preference assumptions.

4.3. Comparative Analysis

Neutrosophic PROMETHEE method is compared with the single-valued neutrosophic
weighted averaging operator and single-valued neutrosophic weighted geometric operator.

The results shown in table [d] the rankings from the single-valued neutrosophic weighted
geometric operator, and the extended PROMETHEE method with neutrosophic supra topo-
logical structure are the same and match up well. This alignment reinforces the validity and
stability of the proposed model. On the other hand, the ranking obtained through the single-
valued neutrosophic weighted averaging operator shows slight variation. This variation is due

to employing the single-valued neutrosophic aggregation operators in the aggregated decision
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matrix. If these operators were applied directly to the initial decision matrices, it would result

in trivial outcomes.

5. Conclusion

While neutrosophic sets offer a way to handle uncertainties in decision-making, classical
methods like PROMETHEE may not fully capture their nuances. This study proposes an
extended PROMETHEE method within a neutrosophic supra topological space for MCDM.
We explored the use of a linear preference function with parameters p and q set to 0 and 1,
demonstrating that these values do not significantly impact the results. The advantage of the
proposed method is that the proposed model is an easy-to-understand ranking of alternatives
through preference flows. This method uses neutrosophic logic, which makes it easier to
address the uncertainty and vagueness in expert opinions. While the traditional methods have
trouble with this. The neutrosophic supra topological structure offers a systematic framework
for clustering, comparing, and analyzing a variety of opinions. The use of neutrosophic supra
topological space in MCDM enables layered aggregation of decision matrices, ensuring that
varying perspectives contribute meaningfully to the final ranking.

A key limitation of the proposed approach is that the decision-maker’s judgment signifi-
cantly affects the outcome, which may introduce bias. Computational complexity will arise
for large-scale problems with numerous alternatives and criteria. The future direction of this
study is to develop a hybrid model that integrates the proposed neutrosophic decision-making
framework with machine learning techniques to enhance the evaluation and selection of green
vehicles. This integration aims to improve the model’s ability to handle complex, large un-
certain data and to support more accurate, data-driven decision-making in the context of
sustainable automobile choices.

Funding: This research received no external funding.
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Abstract: The DUS transformation to the Rayleigh distribution introduces better modelling of real-
world variations and enhances its ability to represent skewed or heavy-tailed data. To address
ambiguity, inconsistency, and indeterminacy in data, In this study, we introduce an extension of
the neutrosophic Rayleigh distribution, the DUS Transformed Neutrosophic Rayleigh (DUSNR)
Distribution. Important statistical aspects of the DUSNR distribution, such as quantiles, moments,
moment-generating functions, and order statistics, are determined under neutrosophic conditions.
The performance of the maximum likelihood estimator is assessed by simulation, showing that its
accuracy increases as sample sizes rise. Lastly, the findings of applying the suggested distribution
to the COVID-19 incubation dataset are contrasted with those of the DUS transformed Rayleigh
distribution and the neutrosophic Rayleigh distribution.

Keywords: Neutrosophic; DUS transformation; Probability distribution; Rayleigh distribution

1. Introduction

In many real-world problems, traditional statistics assumes exact values, but in practice, uncertainty
and indeterminacy often make data imprecise, vague, or ambiguous. The classical statistical methods
become less effective in this case because they rely on precise numerical inputs. Recently, there have
been several developments in modelling such imprecise situations by taking into account fuzzy logic
and neutrosophy; refer to Atanassov (1999), Zeina and Hatip (2021) and Belohlavek et. al (2017). To
address indeterminacy or partially ambiguous aspects in the data, Vladutescu and Colhon (2020)
Proposed neutrosophic statistics and denoted the components as T, I, and F, which stand for truth,
indeterminate, and falsehood, respectively.

Neutrosophic is a multiple-valued logic that makes a distinction between imprecise probability,
fuzzy logic, and classical logic. Many branches of science and engineering have used this line of
thinking. Neutosophic logic-based probability distributions have been used in several investigations.
Neutosophic probability distributions, such as the normal and binomial distributions, were created
by Patro and Smarandache (2016). Alhabib et al. (2018) generalised the corresponding classical
distributions to introduce neutrosophic Poisson, uniform, and exponential distributions. Alhasan and
Smarandache (2019) investigated the neutrosophic Weibull distribution and its related family of
neutrosophic distributions. Khan et. al (2021) introduced the neutrosophic Rayleigh distribution
under the neutrosophic statistics and discussed its various properties. Sherwani et al. (2021)
identified numerous statistical features of the traditional beta distribution and expanded it to a
neutrosophic context. The distribution was applied to two real-world datasets to validate the results.
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Khan and Al-Bossly (2021) established the Gamma distribution under indeterminacy with
applications to complex data analysis. For modelling Nitrogen oxide emissions data of Denmark, in
2022, Khan and colleagues came up with a neutrosophic lognormal distribution. The neutrosophic
Kumaraswamy distribution was suggested by Ahsan-ul-Haq (2022) for the analysis of constrained
data sets in an environment of indeterminacy.

In 2023 onwards, more distributions about imprecise data were introduced. Norouzirad et al.
(2023) introduced the neutrosophic generalised Rayleigh distribution and showed that the
distribution is ideal to model skewed lifetime data. Rao (2023) established a neutrosophic log-logistic
distribution model in complex alloy metal melting point applications. Neutrosophic beta-Lindley
distribution was established by Algamal et al. (2024) to model bladder cancer data. Neutrosophic
Birnbaum-Saunders distribution for imprecise data was introduced by Hassan and Aslam (2024), and
the results were validated through datasets based on alloy melting points and the lifetime of batteries.
Jamal et al. (2024) proposed neutrosophic BURR-III to model COVID-19 data. Recently, Aslam (2024)
established the neutrosophic negative binomial distribution and developed algorithms for generating
data based on this distribution.

Due to its simplicity and lack of extra parameters, the DUS transformation produces a parsimonious
distribution. Khan and Mustafa (2023) applied the DUS transformation to the powered inverse
Rayleigh distribution and derived key statistical properties, including moments, entropy, and stress-
strength reliability, along with the maximum likelihood estimator (MLE). Banerjee and Bhunia (2022)
introduced the Exponential Transformed Inverse Rayleigh distribution via the DUS transformation,
studying its key properties and discussing four estimation methods, including maximum likelihood,
maximum product spacing, least squares, and weighted least squares methods. Tripathi and Agiwal
(2024) obtained similar results for the DUS-Rayleigh distribution and further evaluated the Cramér—
Von Mises estimator, using the squared error loss function for Bayesian estimation.

1.1 Contribution of the paper

This study proposes a novel DUS Transformed Neutrosophic Rayleigh (DUSNR) distribution. The
main objective of the suggested distribution is to integrate the unknown data on the variables being
examined into the current classical distribution. The suggested model shows a better fit than current
Rayleigh-based models when it is finally applied to COVID-19 incubation time data.

The paper is organised as follows. The suggested model and related charts are shown in Section 2. In
Section 3, the statistical features are obtained. In Section 4, a parametric estimate is made. Section 5
explains the simulation research. Section 6 includes a real data set research, and Section 7 concludes
the findings.

1.2 Importance of neutrosophic in this work

The data are not always clear when we look at COVID-19 incubation periods. Some cases are reported
exactly, like "the incubation was 7 days." In other cases, like "between 5 and 7 days," the information
is not clear because the exact day of exposure is not known. There are also times when the data do
not agree or have errors, like when two sources give different incubation times for the same patient.
The data must be precise and consistent for classical statistical models to function effectively, which
is not the case in this case. Because it can handle precise values, ambiguous ranges, and even
contradicting records together, a neutrosophic model is helpful. This enables us to utilise all of the
data without oversimplifying it, producing more trustworthy results for COVID-19 research
conducted in the real world. Our goal is to ensure that our model accurately captures the uncertainty
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inherent in COVID-19 data so that the inferences made can more confidently inform real-world
decisions.

2. The DUS-transformed neutrosophic Rayleigh distribution

This section presents a new DUSNR distribution using a baseline neutrosophic Rayleigh distribution.
Let the non-negative neutrosophic random variable. Xy = X; + Xy Iy Follow the baseline Rayleigh
distribution, where the determinacy is presented in the first part and the indeterminacy measure. Iy
lying within the interval [I}, Iy], reflects the indeterminacy of the neutrosophic form.

For scale parameter 6 > 0 and Xy > 0, the probability density function (pdf) of the neutrosophic
Rayleigh distribution is given as

fr(en) = (1 +Iy) 20xye N, xy >0 (1)

The neutrosophic cumulative distribution function (CDF) that corresponds to this is computed as
2
Fy(ey) = [ fu@®dt = 1 +1,) (1- e ) )

We introduce the DUSNR distribution using the PDF in (1) and the CDF in (2). The DUS
neutrosophic PDF and DUS neutrosophic CDF for the proposed distribution are given by

2
x 1+ 1y)20xye %% —e0%
9Ipusne(Xy) = f:(fli)ep”(x”) = ( Nj — 1N eu“"’)(1 ¢ N), xy > 0 and
—Bxﬁ
FN(XN)_l (1+IN)<1—e )_1
Gousnr(xy) =° perE 2 p— , Xy >0, 3)

respectively, with their corresponding plots presented in Figure 1.

Plot for the PDF of DUSNR distribution
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Plot for the CDF of DUSNR distribution
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Figure 1: The plots for (a) PDF, (b) CDF of DUSNR distribution using different values of Iy

Theorem: The DUSNR distribution is unimodal if xZ > In(1 + I) /6.
Proof: By definition, the mode of the distribution is determined by solving the equation gpys(xy) =
0, Which represents the derivative of the density function with respect to xy. Now, we prove the

uniqueness of this mode. Let
In(gpyswr) = Inxy — 0xZ + (1 +Iy) (1 - e‘exﬁ) + constant
which implies

d In 1
9 Inlgouswa) _ 1, 20y [(1 + Iy)e 05 — 1]
XN

dxy

9%1n 1
(gDZUSNR) =——- 4(1 + IN)GZxI%e—Gxﬁ — 20 [1 _ (1 + IN) e—exﬁ]_

axN XN

For xy >0, both 1/x2 and e~0xi They are positive functions. If x5 > In(1 + Iy) /8, then the second
derivative becomes negative, indicating that the density function gpysyr Is log-concave. Since a log-

concave density always has a unique mode, the theorem is thus proved.

3. Statistical properties

This section examines the basic mathematical characteristics of the “DUSNR distribution, such as
the distribution of the rth order statistic, the moment-generating function, raw moments, the
quantile function, and the Rényi entropy.

3.1. Moment generating function and raw moments
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The expression for the moment generating function is given as My, (t) = E(e tXN), where

0o 1+1
E(ethv)zf ey 201+ ety

a2 —-0x2
Xye GxNe (1+1y)e Nde
0 e—1

_ 200+IN) 141 txy p—0x2
N x e Ne N _
e—1 f Zm

— 2931+1N Zm 0( 1) (1+I )m+1f x e—(m+1)6xN+thdx

= 29:_1111\1 Y=o =™ 1+ [N)m+1et2/4(m+1)9 fooo xNe—(m+1)9(x—t/2(m+1)9)2de

29@1+1N

— Zm 0 1) (1+I )m+1 t2/4(m+1)9 x

et2/4(m+1)9 ¢

—-(m+1)0(x—t/2(m+1)0)?
2(m+1)0 +2(m+1)6f € dxy ]

1+I
sz 0(1711) (1 + Iy)™+e t2/a(m+1)0 _1

(m+1)

[et2/4(m+1)6 Ft f0°°e—(m+1)9(xN—t/2(m+1)9)2de ]

_ 1+IN ( l)m
B Zm 0 (m+1)!
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el+IN \/ﬁ t ot?/4(m+1)6

m+1 -t
(1 + IN) [ 2,/ (m+1)6 erfe ( 2,/ (m+1)6 ) ]

Zmo

(m+1)'

Calculating the moments using the moment-generating function is tedious due to the complex form
of the generating function. Therefore, we derive the raw moments by taking the direct expectations

—0x2
as follows:E(X}) = [, x% %ﬂl’meuﬂmxw—axze-mzme Ny

(1+1N)j Xt —vai

m=0

29e(1“1\’)
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The first two raw moments given below
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are derived by imputing r = 1, 2. Consequently, the mean, variance and other higher-order moments
can be found similarly.

3.2. Quantile function

The value of a random variable is defined using the quantile function in such a way that the chance
that the variable will be less than or equal to that value is equal to the specified probability. For a
DUSNR distribution with parameter 6, the distribution function of a random variable is such that
9DUSNR (Q (p)) = p,p € (0,1), which implies that

~ l 1+IN
Qlp) = \/9 In (1 + Iy — ln((e -Dp+ 1))

To analyse the impact of the parameter on the shape of the distribution, the coefficients of skewness
(B) and kurtosis (K) are computed using quantiles, which are defined as

_ Q@M +00/H —-001/2) K= Q(3/8) —Q(1/8) +0(7/8) —Q(1/4)
QB/4) -Q(1/4) ' QB/4) —Q(1/4)

Also, the median of the DUSNR distribution is defined as Q(1/2).
3.3. Rényi Entropy
Rényi Entropy quantifies the uncertainty and diversity within a probability distribution, with higher

values indicating greater unpredictability and lower values indicating more certainty. We calculate
the entropy function of order w as

Ty (W) = ——n([; gi Cey)dxy)

1 20(1+I1 W o _ 2 _ —0x%
_ _1ln ( (6_1N)e(1+IN)) fo Xl e WOxh oW+ TON gy ]

m
w—1 e—1 m! (A +1y) (w+1)/2

1 20(1 + 1) )W > (—1)™ wm T((w+1)/2)
l (1+Iy) -
" [( ¢ ,;) 2 ((W + m)H) ]

A+IYw—ln(e—1) 1 o (W)™ e [(W+1)/2)
= In(2V6) + p— +W_lln<T;T(1+IN) m)

3.3. Distribution of v ordered statistics

Order statistics are especially significant in reliability engineering and survival data analysis, where
the hazard function is a key analytical tool. Suppose (Xy1,Xy2,...,Xyn) Represent a neutrosophic
sample of independent and identically distributed random variables holding a density. gy(x). If
their ordered counterparts are denoted by (Xy1), Xn(2), ---» Xn(my), then the PDF of the rth order
statistic Xy is

r—1
n!
r—1D!(n-r) e—1 e—1

g(r)(xN) = (
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2
(1 +1Iy) - 20xye %N L) (1-e0)

, > 0.
e—1 N

The CDF of the r** order statistic Xy is provided as

noo e(1+1N)(1—e‘9"12V) _ lr ll e(1+1N)(1—e‘9"12V) _1 nok

G(T)(xN)ZZ(k) e—1 e—1 » Ay >0

k=r

4, Parameter Estimation

The parameters are estimated based on sample observations drawn from the underlying distribution.
In this study, data are generated from the DUSNR distribution with a parameter. 8, ensuring that
the sample reflects the characteristics of the population under consideration. We adopt the following
inverse transformation algorithm to generate random observations:

Algorithm 1:

1.  Generate random observations u;, u,, ...,u, from the U(0,1) distribution.

2. Arandomsample of sizen, i.e., xy; i = 1,2,..,n from DUSNR distribution is obtained from
the equation xy; = gpisnr(4;) which implies

_ |t 1+l C_
i = \[9 In <1+1N—ln((e—1)ui+1)> =120

Using the random sample xy = {Xy1, Xn2, ----, Xyn) Of size n, the likelihood function for the parameter
0 from the DUSNR distribution is given by

n n n
2001+ 1y) 2 —6x%,;
L (9|XN) = | | 9pusnr Xy, 0) = (7(2 — 1N ) en+in) | | <le-e Oxiig=(time N )
i=1 i=1

The corresponding log-likelihood is calculated as

n n
Il=In(L)=nin(0) — 06 Z xi — (1+1y) Z e~9*Ni + terms without 8.

i=1 i=1

To find the MLE for §We calculated the first and second derivatives of the log-likelihood function
with respect to 6. The following first derivative is used to find MLE.

n

n
ol n
% = 5 _le%/i + (1 + IN)ZxI%,ie_exlei = 0

i=1 i=1

The likelihood equation can be solved to obtain the MLE using the uniroot function in R. This means
that the log-likelihood function is concave since the second derivative is negative.”

n
n
57 =gz~ (1+1y) ) xihe i <.

i=1
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Hence, the MLE for 6 Exists and is unique.

5. Simulation study

The efficiency of the MLE under the DUSNR distribution is analysed using the neutrosophic root
mean square error. (RMSEy). This measure quantifies the discrepancy between observed and

estimated values, where a lower value. RMSE, Signifies greater accuracy of the estimator. We define
the expression for RMSE as

RMSEy= |>37,(6, - 6)’

Samples corresponding to Iy =0, 0.5, (0.2, 0.7) are generated using Algorithm-1, and the simulation
is replicated N = 10,000 times. The computations are performed in the R software. For each sample
size n = 15, 50, 100, the RMSEy Is evaluated. Table 1 presents the estimated bias and RMSEy
Associated with the MLE based on this simulation study.

Tabe 1:(Bias, RMSEy) for MLE of 0

0 Iy n=15 n=50 n=100
02 0 0.0113, 0.0026 0.0029, 0.0006 0.0014, 0.0003
0.5 0.3371, 0.1199 0.3276, 0.1089 0.3260, 0.1071
(0.1514,0.4648), (0.1438,0.4537), (0.1426,0.4519),
0207 (0.0263,0.2250) (0.0215,0.2082) (0.0207,0.2054)
1 0 0.0282, 0.0163 0.0072, 0.0040 0.0036, 0.0020
0.5 0.8427, 7495 0.8189, 0.6808 0.8149, 0.6619
(0.3786, 1.1620), (0.3596, 1.1344), (0.3565, 1.1298),
0207 (0.1646, 1.4060) (0.1348, 1.3014) (0.1297, 1.2836)

The observations from the table:

1.  Bias and MSE decrease as the sample size increases from n =15 ton =100 for all 6 and Iy
Values, indicating improved estimation accuracy with larger samples.

2. For Iy =0 (no indeterminacy), the MLE performs well, with very small bias and MSE
across all parameter settings.

3. When Iy =1, both bias and MSE are notably higher than in the case of Iy =0, showing that
neutrosophic uncertainty degrades estimation precision.

6. Applications

This section applies the proposed model to COVID-19 mean incubation time data, emphasising the
importance of accurately modelling incubation periods for effective disease control and forecasting.
The data given in Table 2 have been used previously by Cheng et al. (2021).
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Table 2: Mean Incubation Periods with Uncertainties for COVID-19

(7.82,8.37) (8.24,9.88) (4.95,5.40) (7.55,8.88) (4.15,5.89) (6.87, 7.04)
(5.43,6.52) (4.79,5.89) (6.87,7.55) (5.52,6.73) (5.08,6.93) (6.62, 7.45)
(3.33,4.67) (4.90,557) (6.61,7.10) (3.92,5.09) (8.18 9.24) (6.62, 7.11)
(5.48, 6.62) (4.18,5.97) (5.50,7.18) (9.96, 11.09) (8.04, 9.44) (7.37, 8.99)
(5.28, 6.65) (9.99, 10.70) (10.66, 11.68) (8.27,9.09) (5.12, 5.78) (5.43, 6.19)
(4.84, 6.16) (4.38,5.40) (6.45,7.39) (6.33,7.79) (5.58, 6.02) (2.21, 3.47)
(7.39, 8.25) (6.21, 6.86) (6.01,7.31) (6.30,7.43) (5.61, 6.64) (5.82, 6.49)

(5.26,5.81) (2.21,3.23) (7.51,8.01) (4.34,5.13) (4.67,5.23) (4.31, 4.96)

Incubation time varies across diseases and is crucial for estimating exposure and planning treatment
strategies. Due to challenges in measuring exact exposure times, available data often include
uncertainties. Given the presence of uncertainty in the data, the conventional Rayleigh and
neutrosophic Rayleigh models are extended through the proposed DUSNR distribution, which
enables interval-based inference for the parameter.

The study assesses the effectiveness of the DUSNR distribution as a modelling framework, with
the AIC and BIC values in Table 3 indicating a superior fit compared to both the standard Rayleigh
and neutrosophic Rayleigh models. The MLEs under each model are also provided in Table 3,
demonstrating their practical utility in analysing real-world epidemiological datasets.

Table 3: Parameter estimation and assessment of distribution fit

Model MLE AIC BIC

Rayleigh (0.01923, 0.0253) (53.896, 81.48) (55.767, 83.35)
Neutrosophic Rayleigh (0.01923, 0.0253) (11.801, 39.40) (13.68, 41.27)

DUSNR (0.0284,0.0372)  (6.06,32.64)  (7.74, 33.42)

7. Conclusion

This study introduced the DUSNR distribution, a unique expansion of the Rayleigh family that can
efficiently describe data under uncertainty, imprecision, and indeterminacy. By combining the DUS
transformation and the neutrosophic framework, the suggested model improves the capacity of
classical distributions to handle real-world data that is frequently ambiguous or incomplete.
Quantiles, moments, the moment-generating function, and order statistics have all been properly
derived. Simulation studies were used to test model parameter estimation processes, and the results
showed that as the sample size increased, estimator performance improved. Furthermore, the
application to an actual dataset confirmed the DUSNR distribution’s practical utility, with AIC and
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BIC values indicating that it fits better than existing Rayleigh-based models. Overall, the DUSNR
model provides a strong statistical tool for assessing imprecise or uncertain data, opening up new
avenues for research in neutrosophic statistics and its applications.
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