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—————————————————————————————————————————-

1. Introduction

As it lays the groundwork for modern mathematics, classical set theory progresses through

numerous extensions. Zadeh [32] first suggested the idea of Fuzzy Sets (FS) in 1965. Fuzzy

set theory was crucially applied in all branches of science and engineering. The idea of Fuzzy

Meric Space (FMS) was first put forth in 1975 by Kramosil and Michalek[14]. This important

characteristic of assigning graded membership polarised the academics, prompting them to de-

velop different analyses and applications for various types of fuzzy metric spaces. George and

Veeramani [4] reconstructed FMS using triangular criteria. Following then, other researchers

explored the properties of FMS and produced numerous fixed point results.

Intuitionistic Fuzzy Sets, which expanded fuzzy set theory to include the idea of non-

membership grade, were introduced by Atanassov [1] in 1983. Since then, a lot of work

has been put into coming to new findings and extending existing ideas to the intuitionistic
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fuzzy environment. Park [17] developed intuitionistic fuzzy metric space (IFMS), and several

fixed point findings based on the concept of IFS were published. Alaca et al. [2] and other

researchers have developed several fixed point theorems in FMS and IFMS. Tarkan Oner et

al. [16] developed the idea of fuzzy cone metric space. By Priyobartal et al. [18], several fixed

point outcomes in fuzzy cone metric space were studied. Neutrosophy is an extension of the

intuitionistic fuzzy set presented by Florentin Smarandache [20] in 1998. It holds that there

exists a continuum-power spectrum of neutralities between a notion and its opponent.

According to this theory, there is a continuum-power spectrum of neutralities that might

exist between a concept and its adversary. Neutralities were added to the Intuitionistic Fuzzy

Set by neutrosophy, which energised the scientific community, and the field is now thriving

with countless investigations, analyses, computing techniques, and applications. Neutrosophic

metric space was established by Kirisci et al. [15] in 2019 as an expansion of intuitionistic

fuzzy metric space that produces fixed point theorms in complete neutrosophic metric space.

In Neutrosophic Metric Spaces(NMS), Sowndrarajan, Jeyaraman, and Florentin Smarandache

demonstrated fixed point findings for contraction theorems.

This paper introduces the idea of Neutrosophic Cone Metric Space (NCMS) and explains

its key components.. On Neutrosophic Cone Metric Space, the Banach contraction theorem

and a few fixed point results are presented and demonstrated. Furthermore, by utilising the

idea of occasionally weakly compatible on two self mappings, fixed point results on NCMS

have been demonstrated.

2. Preliminaries

Definition 2.1. Think about a non-empty set that presummably serves as a common fixed

point of mappings G : ℸ× ℸ → ℸ and F : ℸ → ℸ if ϱ = F(ϱ) = G(ϱ, ϱ).

Definition 2.2. If the mappings G : ℸ × ℸ → ℸ and F : ℸ → ℸ in a nonempty set are

considered to be commutative, then F(G(ϱ, ς)) = G(F(ϱ),F(ς)) for all ϱ, ς ∈ ℸ.

Definition 2.3. Consider a non-empty set ℸ and G, F self-maps of ℸ. ϱ serves as a coincidence

point of G and F if and only if G(ϱ) = F(ϱ) where ϱ ∈ ℸ. Then w = G(ϱ) = F(ϱ) is referred

to as a point of coincidence of G and F.

Definition 2.4. Let G and F represents two set’s self- maps of a set ℸ. G and F are referred

to be occasionally weakly compatible if and only if a point is made ϱ ∈ ℸ which is an instance

of coincidence point of G and F, where G and F commute.
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Definition 2.5. Consider a cone metric space (ℸ, d) Next, for each n1 ≫ 0 and n2 ≫ 0,

n1, n2 ∈ E, a thing exists n ≫ 0, n ∈ E like that n ≪ n1 and n ≪ n2 .

Lemma 2.6. Assume that ℸ is a collection of G,F’s occasionally weakly compatible self maps.

If G and F share a unique fixed point w, then G and F share a special coincidence w = G(ϱ) =

F(ϱ).

Definition 2.7. Let ∗ : [0, 1] × [0, 1] → [0, 1] where it meets the following requirements be a

continuous t-norm [CTN]:

(i) ∗ is commutative and associative,

(ii) ∗ is continuous,

(iii) ε1 ∗ 1 = ε1 for all ε1 ∈ [0, 1],

(iv) ε1 ∗ ε2 ≤ ε3 ∗ ε4 whenever ε1 ≤ ε3 and ε2 ≤ ε4, for every ε1, ε2, ε3, ε4 ∈ [0, 1].

Definition 2.8. Let ⋄ : [0, 1] × [0, 1] → [0, 1] where it meets the following requirements be a

continuous t-conorm [CTC]:

(i) ⋄ is commutative and associative,

(ii) ⋄ is continuous,

(iii) ε1 ⋄ 0 = ε1 for all ε1 ∈ [0, 1],

(iv) ε1 ⋄ ε2 ≤ ε3 ⋄ ε4 whenever ε1 ≤ ε3 and ε2 ≤ ε4, for each ε1, ε2, ε3, ε4 ∈ [0, 1].

3. Neutrosophic Cone Metric Spaces

Definition 3.1. It is claimed that a 6-tuple (ℸ,Ξ,Θ,Υ, ∗, ⋄) is a Neutrosophic Cone Metric

Space, a cone of E is P, ℸ can be any non empty set, ∗ be a neutrosophic CTN, ⋄ be a

neutrosophic CTC and Ξ,Θ and Υ are neutrosophic sets on ℸ2 × int(P) where it meets the

criteria listed below:

for every ϱ, ς, δ, ω ∈ ℸ, α, µ ∈ int(P).

(i) 0 ≤ Ξ(ϱ, ς, α) ≤ 1; 0 ≤ Θ(ϱ, ς, α) ≤ 1; 0 ≤ Υ(ϱ, ς, α) ≤ 1;

(ii) Ξ(ϱ, ς, α) + Θ(ϱ, ς, α) + Υ(ϱ, ς, α) ≤ 3;

(iii) Ξ(ϱ, ς, α) > 0;

(iv) Ξ(ϱ, ς, α) = 1 if and only if ϱ = ς;

(v) Ξ(ϱ, ς, α) = Ξ(ς, ϱ, α);

(vi) Ξ(ϱ, ς, α) ∗ Ξ(ς, δ, µ) ≤ Ξ(ϱ, δ, α+ µ), for all α, µ > 0;

(vii) Ξ(ϱ, ς, ·) : int(P) → (0, 1] is neutrosophic continuous;

(viii) lim
α→∞

Ξ(ϱ, ς, α) = 1 for all α > 0;

(ix) Θ(ϱ, ς, α) < 1;

(x) Θ(ϱ, ς, α) = 0 if and only if ϱ = ς;

(xi) Θ(ϱ, ς, α) = Θ(ς, ϱ, α);
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(xii) Θ(ϱ, ς, α) ⋄Θ(ς, δ, µ) ≥ Θ(ϱ, δ, α+ µ), for all α, µ > 0;

(xiii) Θ(ϱ, ς, ·) : int(P) → (0, 1] is neutrosophic continuous;

(xiv) lim
α→∞

Θ(ϱ, ς, α) = 0 for all α > 0;

(xv) Υ(ϱ, ς, α) < 1;

(xvi) Υ(ϱ, ς, α) = 0 if and only if ϱ = ς;

(xvii) Υ(ϱ, ς, α) = Υ(ς, ϱ, α);

(xviii) Υ(ϱ, ς, α) ⋄Υ(ς, δ, µ) ≥ Υ(ϱ, δ, α+ µ), for all α, µ > 0;

(xix) Υ(ϱ, ς, ·) : int(P) → (0, 1] is neutrosophic continuous;

(xx) lim
α→∞

Υ(ϱ, ς, α) = 0 for all α > 0;

(xxi) If α ≤ 0 then Ξ(ϱ, ς, α) = 0;Θ(ϱ, ς, α) = 1;Υ(ϱ, ς, α) = 1.

Then, (Ξ,Θ,Υ) is referred to as a NCMS on ℸ. The mappings Ξ,Θ and Υ represents degree

of closedness, neturalness and non-closedness between ϱ and ς in relation to α respectively.

Example 3.2. Consider a metric space (ℸ, d). Let E = R and P = [0,∞). Define ω ∗ σ =

min{ω, σ} and ω ⋄ σ = max{ω, σ}, then every neutrosophic metric spaces became an NCMS.

Example 3.3. P could be an any cone, ℸ = N . Define ω ∗ σ = min{ω, σ} and ω ⋄ σ =

max{ω, σ}, Ξ,Θ,Υ : ℸ2 × int(P) → [0, 1] defined by

Ξ(ϱ, ς, α) =


ϱ

ς
, if ϱ ≤ ς

ς

ϱ
, if ς ≤ ϱ

Θ(ϱ, ς, α) =


ς − ϱ

ς
, if ϱ ≤ ς

ϱ− ς

ϱ
, if ς ≤ ϱ

Υ(ϱ, ς, α) =


ς−ϱ
ϱ , if ϱ ≤ ς

ϱ−ς
ς , if ς ≤ ϱ

for all ϱ, ς ∈ ℸ and α≫ 0. Then (ℸ,Ξ,Θ,Υ, ∗, ⋄) be a NCMS.

Example 3.4. Assume E = R2. Then P = {(ρ1, ρ2) : ρ1, ρ2 ≥ 0} ⊂ E with normal constant

P = 1, let P be a normal cone assume ℸ = R, ω ∗ σ = min{ω, σ}, ω ⋄ σ = max{ω, σ}

and Ξ,Θ,Υ : ℸ2 × int(P) → [0, 1] defined by Ξ(ϱ, ς, α) =
1

e
|ϱ−ς|
∥α∥

,Θ(ϱ, ς, α) =
e

|ϱ−ς|
∥α∥ − 1

e
|ϱ−ς|
∥α∥

and

Υ(ϱ, ς, α) = e
|ϱ−ς|
∥α∥ − 1, for each ϱ, ς ∈ ℸ and α≫ 0. Then (ℸ,Ξ,Θ,Υ, ∗, ⋄) is a NCMS.

Definition 3.5. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄). For α≫ 0, the open ball O(ϱ, r, α) where

ϱ is its center and r ∈ (0, 1) is its radius as O(ϱ, r, α) = {ς ∈ ℸ : Ξ(ϱ, ς, α) > 1−r,Θ(ϱ, ς, α) < r

and Υ(ϱ, ς, α) < r}.

Definition 3.6. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄). Let ϱ ∈ ℸ and {ϱn} be a sequence in ℸ.
Then {ϱn} suppose converges to ϱ if for any α≫ 0 and r ∈ (0, 1) are present, a natural integer

n0 exists such that Ξ(ϱn, ϱ, α) > 1− r,Θ(ϱn, ϱ, α) < r and Υ(ϱn, ϱ, α) < r for all n > n0. Then

lim
n→∞

ϱn = ϱ or ϱn → ϱ as n→ ∞.

Definition 3.7. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄). Let ϱ ∈ ℸ and {ϱn} be a sequence in ℸ.
If for any 0 < ε < 1 and any α ≫ 0 a natural number n0 like that exists and Ξ(ϱn, ϱm, α) >
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1 − ε,Θ(ϱn, ϱm, α) < ε and Υ(ϱn, ϱm, α) < ε for each n,m > n0 then {ϱn} referred to as a

Cauchy sequence.

Definition 3.8. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄). One calls ℸ complete if each and every

Cauchy sequence converges.

Definition 3.9. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄). We refer to a subset Φ of ℸ as FC -

bounded assuming if α≫ 0 and r ∈ (0, 1) are present like that Ξ(ϱ, ς, α) > 1− r,Θ(ϱ, ς, α) < r

and Υ(ϱ, ς, α) < r for each ϱ, ς ∈ Φ.

Definition 3.10. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄) and h : ℸ → ℸ be a self mapping. Then

neutrosophic cone contractive is the name given to h and assuming there is ρ ∈ (0, 1) like that
1

Ξ(h(ϱ), h(ς), α)
− 1 ≤ ρ

(
1

Ξ(ϱ, ς, α)
− 1

)
,Θ(h(ϱ), h(ς), α) ≤ ρΘ(ϱ, ς, α) and Υ(h(ϱ), h(ς), α) ≤

ρΥ(ϱ, ς, α) for each ϱ, ς ∈ ℸ and α≫ 0. ρ is referred to as the h contractive constant.

Lemma 3.11. Consider any two points ϱ, ς ∈ ℸ and ρ ∈ (0, 1) such that Ξ(ϱ, ς, ρα) ≥
Ξ(ϱ, ς, α),Θ(ϱ, ς, ρα) ≤ Θ(ϱ, ς, α) and Υ(ϱ, ς, ρα) ≤ Υ(ϱ, ς, α). Then ϱ = ς.

Theorem 3.12. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄). Define τ = {Φ ⊆ ℸ : ϱ ∈ Φ iff a thing

exists r ∈ (0, 1) and α≫ 0 like that O(ϱ, r, α) ⊂ Φ}, which is a topology on ℸ.

Proof. Let ϱ ∈ ϕ. Hence ϕ = O(ϱ, r, α) ⊂ ϕ and ϕ ∈ τ .

Since for any ϱ ∈ ℸ, and r ∈ (0, 1), α ≫ 0 are present then O(ϱ, r, α) ⊂ ℸ, then ℸ ∈ τ . Let

Φ,O ∈ τ and ϱ ∈ Φ ∩ O, then ϱ ∈ Φ and ϱ ∈ O so a thing exists α1 ≫ 0, α2 ≫ 0 and

r1, r2 ∈ (0, 1) such that O(ϱ, r1, α1) ⊂ Φ and O(ϱ, r2, α2) ⊂ O.

From Definition (2.5), for α1 ≫ 0, α2 ≫ 0, a thing exists α≫ 0 such that α≫ α1, α≫ α2 and

take r = min{r1, r2}. ThenO(ϱ, r, α) ⊂ O(ϱ, r1, α1)∩O(ϱ, r2, α2) ⊂ Φ∩O. Hence Φ∩O ∈ τ . Let

Φj ∈ r for every j ∈ I and ϱ ∈ ∪j∈IΦj . Afterwards, there is i0 ∈ I similar to ϱ ∈ Φj0 . So, there

is α ≫ 0 and r ∈ (0, 1) like that O(ϱ, r, α) ⊂ Φj0 . Since Φj0 ⊂ ∪j∈IΦj ,O(ϱ, r, α) ⊂ ∪j∈IΦj .

Thus ∪j∈IΦj ∈ τ . Hence, τ is therefore a topology on ℸ.

Theorem 3.13. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄). Then (ℸ, τ) is Hausdorff.

Proof. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄). Let ϱ, ς be the two separate points of ℸ. Then

0 < Ξ(ϱ, ς, α) < 1, 0 < Θ(ϱ, ς, α) < 1 and 0 < Υ(ϱ, ς, α) < 1. Assume Ξ(ϱ, ς, α) = r1,

Θ(ϱ, ς, α) = r2 and Υ(ϱ, ς, α) = r3 and r = max{r1, r2, r3}. Then for each r0 ∈ (r, 1), there is

r4, r5 and r6 such that r4 ∗ r4 ≥ r0, (1− r5)⋄ (1− r5) ≤ (1− r0) and (1− r6)⋄ (1− r6) ≤ (1− r0).

Assume r7 = max{r4, r5, r6}. Think about open balls O(ϱ, 1− r7,
α
2 ) and O(ς, 1− r7,

α
2 ). Then

obviously O(ϱ, 1− r7,
α
2 )∩O(ς, 1− r7,

α
2 ) = ∅. Assume that O(ϱ, 1− r7,

α
2 )∩O(ς, 1− r7,

α
2 ) ̸= ∅.
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Then there is ν ∈ O(ϱ, 1− r7,
α
2 ) ∩ O(ς, 1− r7,

α
2 ).

r1 = Ξ(ϱ, ς, α)

≥ Ξ(ϱ, ν,
α

2
) ∗ Ξ(ν, ς, α

2
) ≥ r7 ∗ r7 ≥ r4 ∗ r4 ≥ r0 > r1,

r2 = Θ(ϱ, ς, α)

≤ Θ(ϱ, ν,
α

2
) ⋄Θ(ν, ς,

α

2
) ≤ (1− r7) ⋄ (1− r7) ≤ (1− r5) ⋄ (1− r5) ≤ (1− r0) < r2 and

r3 = Υ(ϱ, ς, α)

≤ Υ(ϱ, ν,
α

2
) ⋄Υ(ν, ς,

α

2
) ≤ (1− r7) ⋄ (1− r7) ≤ (1− r6) ⋄ (1− r6) ≤ (1− r0) < r3,

which contradicts itself. Hence, (ℸ,Ξ,Θ,Υ, ∗, ⋄) is Hausdorff.

Theorem 3.14. Consider a NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄), ϱ ∈ ℸ and (ϱn) be an ℸ sequence. Then

(ϱn) converges to ϱ if, then, just Ξ(ϱn, ϱ, α) → 1,Θ(ϱn, ϱ, α) → 0 and Υ(ϱn, ϱ, α) → 0 as

n→ ∞, for every α≫ 0.

Proof. Assume that (ϱn) → ϱ. Then, for each α≫ 0 and r ∈ (0, 1), there is a natural number

n0 such that Ξ(ϱn, ϱ, α) > 1 − r,Θ(ϱn, ϱ, α) < r and Υ(ϱn, ϱ, α) < r, for all n ≫ n0. We have

1− Ξ(ϱn, ϱ, α) < r,Θ(ϱn, ϱ, α) < r and Υ(ϱn, ϱ, α) < r. Hence Ξ(ϱn, ϱ, α) → 1,Θ(ϱn, ϱ, α) → 0

and Υ(ϱn, ϱ, α) → 0 as n→ ∞.

However, suppose that Ξ(ϱn, ϱ, α) → 1 as n → ∞. Then, there exists a natural integer n0

such that for each α≫ 0 and r ∈ (0, 1), 1−Ξ(ϱn, ϱ, α) < r,Θ(ϱn, ϱ, α) < r and Υ(ϱn, ϱ, α) < r

for each n ≥ n0. Hence, Ξ(ϱn, ϱ, α) > 1−r,Θ(ϱn, ϱ, α) < r and Υ(ϱn, ϱ, α) < r for each n ≥ n0.

Hence ϱn → ϱ as n→ ∞.

4. Main Results

Theorem 4.1. Consider a complete NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄) in which neutrosophic cone con-

tractive sequences are Cauchy. Let F : ℸ → ℸ be a neutrosophic cone contractive mapping, the

contractice constant is ρ. Then F has a distinct fixed point.

Proof. Consider ϱ ∈ ℸ and let ϱn = Fn(ϱ), n ∈ N. For α≫ 0, we have

1

Ξ(F(ϱ),F2(ϱ), α)
− 1 ≤ ρ

(
1

Ξ(ϱ, ϱ1, α)
− 1

)
,

Θ(F(ϱ),F2(ϱ), α) ≤ ρΘ(ϱ, ϱ1, α)

Υ(F(ϱ),F2(ϱ), α) ≤ ρΥ(ϱ, ϱ1, α)
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and by induction

1

Ξ(ϱn+1, ϱn+2, α)
− 1 ≤ ρ

(
1

Ξ(ϱn, ϱn+1, α)
− 1

)
,

Θ(ϱn+1, ϱn+2, α) ≤ ρΘ(ϱn, ϱn+1, α)

Υ(ϱn+1, ϱn+2, α) ≤ ρΥ(ϱn, ϱn+1, α), for all n ∈ N

Then (ϱn) is a neutrosophic contractive Cauchy sequence which converges to ς where ς ∈ ℸ.
Theorem (3.14), gives us

1

Ξ(F(ς),F(ϱn), α)
− 1 ≤ ρ

(
1

Ξ(ς, ϱn, α)
− 1

)
→ 1,

Θ(F(ς),F(ϱn), α) ≤ ρΘ(ς, ϱn, α) → 0 and

Υ(F(ς),F(ϱn), α) ≤ ρΥ(ς, ϱn, α) → 0 as n→ ∞.

Then for every α≫ 0,

lim
n→∞

Ξ(F(ς),F(ϱn), α) = 1, lim
n→∞

Θ(F(ς),F(ϱn), α) = 0 and lim
n→∞

Υ(F(ς),F(ϱn), α) = 0 and

hence lim
n→∞

F(ϱn) = F(ς).

Now, we prove uniqueness. Assume F(ν) = ν for some ν ∈ V. For α≫ 0, we have

1

Ξ(ς, ν, α)
− 1 =

1

Ξ(F(ς),F(ν), α)
− 1 ≤ ρ

(
1

Ξ(ς, ν, α)
− 1

)
= ρ

(
1

Ξ(F(ς),F(ν), α)
− 1

)
≤ ρ2

(
1

Ξ(ς, ν, α)
− 1

)
≤ · · · ≤ ρn

(
1

Ξ(ς, ν, α)
− 1

)
→ 1 as n→ ∞,

Θ(ς, ν, α) = Θ(F(ς),F(ν), α) ≤ ρΘ(ς, ν, α)

= ρΘ(F(ς),F(ν), α) ≤ ρ2Θ(ς, ν, α)

≤ · · · ≤ ρnΘ(ς, ν, α) → 0 as n→ ∞,

Υ(ς, ν, α) = Υ(F(ς),F(ν), α) ≤ ρΥ(ς, ν, α)

= ρΥ(F(ς),F(ν), α) ≤ ρ2Υ(ς, ν, α)

≤ · · · ≤ ρnΥ(ς, ν, α) → 0 as n→ ∞,

Hence Ξ(ς, ν, α) = 1,Θ(ς, ν, α) = 0 and Υ(ς, ν, α) = 0 and ς = ν.

Theorem 4.2. Consider a complete NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄), and let P,R,Q and S be self-

mappings of ℸ. Let {P,Q} and {R,S} be Occasionally Weakly Compatible (OWC) pairings.
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Assuming there is a ρ ∈ (0, 1) such that

Ξ(P(ϱ),R(ς), ρ(α)) ≥ min


Ξ(Q(ϱ),S(ς), α), Ξ(Q(ϱ),P(ϱ), α),

Ξ(R(ς),S(ς), α), Ξ(P(ϱ),S(ς), α),
Ξ(R(ς),Q(ϱ), α)

 ,

Θ(P(ϱ),R(ς), ρ(α)) ≤ max


Θ(Q(ϱ),S(ς), α), Θ(Q(ϱ),P(ϱ), α),

Θ(R(ς),S(ς), α), Θ(P(ϱ),S(ς), α),
Θ(R(ς),Q(ϱ), α)

 ,

Υ(P(ϱ),R(ς), ρ(α)) ≤ max


Υ(Q(ϱ),S(ς), α), Υ(Q(ϱ),P(ϱ), α),

Υ(R(ς),S(ς), α), Υ(P(ϱ),S(ς), α),
Υ(R(ς),Q(ϱ), α)

 (4.2.1)

for each ϱ, ς ∈ ℸ and for each α ≫ 0, afterward there is a special point ω ∈ ℸ like that

P(ω) = Q(ω) = ω and a unique point ν ∈ ℸ such that R(ν) = S(ν) = ν. Moreover ν = ω,

hence P,R,Q and S have a singular shared fixed point.

Proof. Consider {P,Q} and {R,S} which are OWC pairings, consequently points ϱ, ς ∈ ℸ is

such that P(ϱ) = Q(ϱ) and R(ς) = S(ς). We claim that P(ϱ) = R(ς).

By inequality (4.2.1),

Ξ(P(ϱ),R(ς), ρ(α)) ≥ min


Ξ(Q(ϱ),S(ς), α), Ξ(Q(ϱ),P(ϱ), α),

Ξ(R(ς),S(ς), α), Ξ(P(ϱ),S(ς), α),
Ξ(R(ς),Q(ϱ), α)


= min


Ξ(P(ϱ),R(ς), α), Ξ(P(ϱ),P(ϱ), α),

Ξ(R(ς),R(ς), α), Ξ(P(ϱ),R(ς), α),

Ξ(R(ς),P(ϱ), α)


= Ξ(P(ϱ),R(ς), α),

Θ(P(ϱ),R(ς), ρ(α)) ≤ max


Θ(Q(ϱ),S(ς), α), Θ(Q(ϱ),P(ϱ), α),

Θ(R(ς),S(ς), α), Θ(P(ϱ),S(ς), α),
Θ(R(ς),Q(ϱ), α)


= max


Θ(P(ϱ),R(ς), α), Θ(P(ϱ),P(ϱ), α),

Θ(R(ς),R(ς), α), Θ(P(ϱ),R(ς), α),

Θ(R(ς),P(ϱ), α)


= Θ(P(ϱ),R(ς), α)

Υ(P(ϱ),R(ς), ρ(α)) ≤ max


Υ(Q(ϱ),S(ς), α), Υ(Q(ϱ),P(ϱ), α),

Υ(R(ς),S(ς), α), Υ(P(ϱ),S(ς), α),
Υ(R(ς),Q(ϱ), α)


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= max


Υ(P(ϱ),R(ς), α), Υ(P(ϱ),P(ϱ), α),

Υ(R(ς),R(ς), α), Υ(P(ϱ),R(ς), α),

Υ(R(ς),P(ϱ), α)


= Υ(P(ϱ),R(ς), α)

By Lemma (3.11), P(ϱ) = R(ς), i.e., P(ϱ) = Q(ϱ) = R(ς) = S(ς).
Supposing there is a point ν that is different P(ν) = Q(ν) then by (4.2.1), we have P(ν) =

Q(ν) = R(ς) = S(ς), so P(ϱ) = P(ν) and ω = P(ϱ) = Q(ϱ) is the special place where P and

Q coincide.

By Lemma (3.11), the only fixed point between P and Q is ω. Likewise, there is a special

point ν ∈ ℸ like that ν = R(ν) = S(ν). Assume that ω ̸= ν, we have

Ξ(ω, ν, ρ(α)) = Ξ(P(ω),R(ν), ρ(α))

≥ min


Ξ(Q(ω),S(ν), α), Ξ(Q(ω),P(ν), α),

Ξ(R(ν),S(ν), α), Ξ(P(ω),S(ν), α),
Ξ(R(ν),Q(ω), α)


= min

{
Ξ(ω, ν, α),Ξ(ω, ν, α),Ξ(ν, ν, α),Ξ(ω, ν, α),Ξ(ν, ω, α)

}
= Ξ(ω, ν, α),

Θ(ω, ν, ρ(α)) = Θ(P(ω),R(ν), ρ(α))

≤ max


Θ(Q(ω),S(ν), α), Θ(Q(ω),P(ν), α),

Θ(R(ν),S(ν), α), Θ(P(ω),S(ν), α),
Θ(R(ν),Q(ω), α)


= max

{
Θ(ω, ν, α),Θ(ω, ν, α),Θ(ν, ν, α),Θ(ω, ν, α),Θ(ν, ω, α)

}
= Θ(ω, ν, α),

Υ(ω, ν, ρ(α)) = Υ(P(ω),R(ν), ρ(α))

≤ max


Υ(Q(ω),S(ν), α), Υ(Q(ω),P(ν), α),

Υ(R(ν),S(ν), α), Υ(P(ω),S(ν), α),
Υ(R(ν),Q(ω), α)


= max

{
Υ(ω, ν, α),Υ(ω, ν, α),Υ(ν, ν, α),Υ(ω, ν, α),Υ(ν, ω, α)

}
= Υ(ω, ν, α).

Hence, we have ν = ω by Lemma (3.11), a common fixed point of P,R,Q and S is ν. (4.2.1)

states that the fixed point’s uniqueness is true.
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Theorem 4.3. Consider a complete NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄) and let P,R,Q and S be self-

mappings of ℸ. Let {P,Q} and {R,S} be OWC pairings. If ρ ∈ (0, 1) exists in a way that

Ξ(P(ϱ),R(ς), ρ(α)) ≥ χ

[
min


Ξ(Q(ϱ),S(ς), α), Ξ(Q(ϱ),P(ϱ), α),

Ξ(R(ς),S(ς), α), Ξ(P(ϱ),S(ς), α),
Ξ(R(ς),Q(ϱ), α)


]
,

Θ(P(ϱ),R(ς), ρ(α)) ≤ ψ

[
max


Θ(Q(ϱ),S(ς), α), Θ(Q(ϱ),P(ϱ), α),

Θ(R(ς),S(ς), α), Θ(P(ϱ),S(ς), α),
Θ(R(ς),Q(ϱ), α)


]
,

Υ(P(ϱ),R(ς), ρ(α)) ≤ ϕ

[
max


Υ(Q(ϱ),S(ς), α), Υ(Q(ϱ),P(ϱ), α),

Υ(R(ς),S(ς), α), Υ(P(ϱ),S(ς), α),
Υ(R(ς),Q(ϱ), α)


]
,

for each ϱ, ς ∈ ℸ and χ, ψ, ϕ : [0, 1] → [0, 1], such that χ(α) > α,ψ(α) < α, ϕ(α) < α for all

0 ≪ α < 1, thereforeP,R,Q and S have a special shared fixed point.

Proof. Theorem (4.2) leads to the theorem’s proof.

Theorem 4.4. Consider a complete NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄) and let P,R,Q and S be self-

mappings of ℸ. Let {P,Q} and {R,S} be OWC pairings. If there is a ρ ∈ (0, 1) such that

Ξ(P(ϱ),R(ς), ρ(α)) ≥ χ


Ξ(Q(ϱ),S(ς), α), Ξ(Q(ϱ),P(ϱ), α),

Ξ(R(ς),S(ς), α), Ξ(P(ϱ),S(ς), α),
Ξ(R(ς),Q(ϱ), α)

 ,

Θ(P(ϱ),R(ς), ρ(α)) ≤ ψ


Θ(Q(ϱ),S(ς), α), Θ(Q(ϱ),P(ϱ), α),

Θ(R(ς),S(ς), α), Θ(P(ϱ),S(ς), α),
Θ(R(ς),Q(ϱ), α)

 ,

Υ(P(ϱ),R(ς), ρ(α)) ≤ ϕ


Υ(Q(ϱ),S(ς), α), Υ(Q(ϱ),P(ϱ), α),

Υ(R(ς),S(ς), α), Υ(P(ϱ),S(ς), α),
Υ(R(ς),Q(ϱ), α)

 (4.4.1)

for each ϱ, ς ∈ ℸ and χ, ψ, ϕ : [0, 1]5 → [0, 1], such that χ(α, 1, 1, α, α) > α,ψ(α, 0, 0, α, α) <

α, ϕ(α, 0, 0, α, α) < α for all 0 ≪ α < 1, then P,R,Q and S have a special shared fixed point.

Proof. Consider {P,Q} and {R,S} which are OWC pairings, there are points ϱ, ς ∈ ℸ such

that P(ϱ) = Q(ϱ) and R(ς) = S(ς).
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We show that P(ϱ) = R(ς). By inequality (4.4.1), we have

Ξ(P(ϱ),R(ς), ρ(α)) ≥ χ


Ξ(Q(ϱ),S(ς), α), Ξ(Q(ϱ),P(ϱ), α),

Ξ(R(ς),S(ς), α), Ξ(P(ϱ),S(ς), α),
Ξ(R(ς),Q(ϱ), α)


= χ


Ξ(P(ϱ),R(ς), α), Ξ(P(ϱ),P(ϱ), α),

Ξ(R(ς),R(ς), α), Ξ(P(ϱ),R(ς), α),

Ξ(R(ς),P(ϱ), α)


= χ

{
Ξ(P(ϱ),R(ς), α), 1, 1,Ξ(P(ϱ),R(ς), α),Ξ(R(ς),P(ϱ), α)

}
≥ Ξ(P(ϱ),R(ς), α),

Θ(P(ϱ),R(ς), ρ(α)) ≤ ψ


Θ(Q(ϱ),S(ς), α), Θ(Q(ϱ),P(ϱ), α),

Θ(R(ς),S(ς), α), Θ(P(ϱ),S(ς), α),
Θ(R(ς),Q(ϱ), α)


= ψ


Θ(P(ϱ),R(ς), α), Θ(P(ϱ),P(ϱ), α),

Θ(R(ς),R(ς), α), Θ(P(ϱ),R(ς), α),

Θ(R(ς),P(ϱ), α)


= ψ

{
Θ(P(ϱ),R(ς), α), 0, 0,Θ(P(ϱ),R(ς), α),Θ(R(ς),P(ϱ), α)

}
≤ Θ(P(ϱ),R(ς), α),

Υ(P(ϱ),R(ς), ρ(α)) ≤ ϕ


Υ(Q(ϱ),S(ς), α), Υ(Q(ϱ),P(ϱ), α),

Υ(R(ς),S(ς), α), Υ(P(ϱ),S(ς), α),
Υ(R(ς),Q(ϱ), α)


= ϕ


Υ(P(ϱ),R(ς), α), Υ(P(ϱ),P(ϱ), α),

Υ(R(ς),R(ς), α), Υ(P(ϱ),R(ς), α),

Υ(R(ς),P(ϱ), α)


= ϕ

{
Υ(P(ϱ),R(ς), α), 0, 0,Υ(P(ϱ),R(ς), α),Υ(R(ς),P(ϱ), α)

}
≤ Υ(P(ϱ),R(ς), α),

which is a contradiction, hence P(ϱ) = R(ς). That is P(ϱ) = Q(ϱ) = R(ς) = S(ς).
Assume that there is a point ν such that P(ν) = Q(ν), then by (4.4.1) P(ν) = Q(ν) = R(ς) =

S(ς), so P(ϱ) = P(ν) and ω = P(ϱ) = S(ϱ) is the special place where P and Q coincide.

From Lemma (2.6), ω is the sole fixed point that connects P and Q. Likewise, there is a

speical point ν ∈ ℸ like that ν = R(ν) = S(ν). Thus a common fixed point between P,R,Q
and S is ν. (4.4.1) states that the fixed point’s uniqueness holds.

Theorem 4.5. Consider a complete NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄) and let P,R,Q and S be self -

mappings of ℸ. Consider {P,Q} and {R,S} which are OWC pairings. If point ρ ∈ (0, 1)
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exists, then for every ϱ, ς ∈ ℸ and α≫ 0 satisfying

Ξ
(
P(ϱ),R(ς), ρ(α)

)
≥ Ξ(Q(ϱ),S(ς), α) ∗ Ξ(P(ϱ),Q(ϱ), α) ∗ Ξ(R(ς),S(ς), α) ∗ Ξ(P(ϱ),S(ς), α)

Θ
(
P(ϱ),R(ς), ρ(α)

)
≤ Θ(Q(ϱ),S(ς), α) ⋄Θ(P(ϱ),Q(ϱ), α) ⋄Θ(R(ς),S(ς), α) ⋄Θ(P(ϱ),S(ς), α)

Υ
(
P(ϱ),R(ς), ρ(α)

)
≤ Υ(Q(ϱ),S(ς), α) ⋄Υ(P(ϱ),Q(ϱ), α) ⋄Υ(R(ς),S(ς), α) ⋄Υ(P(ϱ),S(ς), α)

(4.5.1)

then P,R,Q and S have a special shared fixed point.

Proof. Consider {P,Q} and {R,S} which are OWC pairings. There are points ϱ, ς ∈ ℸ such

that P(ϱ) = Q(ϱ) and R(ς) = S(ς). We claim that P(ϱ) = R(ς).

By inequality (4.5.1), we have

Ξ
(
P(ϱ),R(ς), ρ(α)

)
≥ Ξ(Q(ϱ),R(ς), α) ∗ Ξ(P(ϱ),Q(ϱ), α) ∗ Ξ(R(ς),S(ς), α) ∗ Ξ(P(ϱ),S(ς), α)

= Ξ(P(ϱ),R(ς), α) ∗ Ξ(P(ϱ),P(ϱ), α) ∗ Ξ(R(ς),R(ς), α) ∗ Ξ(P(ϱ),R(ς), α)

≥ Ξ(P(ϱ),R(ς), α) ∗ 1 ∗ 1 ∗ Ξ(P(ϱ),R(ς), α)

= Ξ(P(ϱ),R(ς), α)

Θ
(
P(ϱ),R(ς), ρ(α)

)
≤ Θ(Q(ϱ),R(ς), α) ⋄Θ(P(ϱ),Q(ϱ), α) ⋄Θ(R(ς),S(ς), α) ⋄Θ(P(ϱ),S(ς), α)

= Θ(P(ϱ),R(ς), α) ⋄Θ(P(ϱ),P(ϱ), α) ⋄Θ(R(ς),R(ς), α) ⋄Θ(P(ϱ),R(ς), α)

≤ Θ(P(ϱ),R(ς), α) ⋄ 0 ⋄ 0 ⋄Θ(P(ϱ),R(ς), α)

≤ Θ(P(ϱ),R(ς), α)

Υ
(
P(ϱ),R(ς), ρ(α)

)
≤ Υ(Q(ϱ),R(ς), α) ⋄Υ(P(ϱ),Q(ϱ), α) ⋄Υ(R(ς),S(ς), α) ⋄Υ(P(ϱ),S(ς), α)

= Υ(P(ϱ),R(ς), α) ⋄Υ(P(ϱ),P(ϱ), α) ⋄Υ(R(ς),R(ς), α) ⋄Υ(P(ϱ),R(ς), α)

≤ Υ(P(ϱ),R(ς), α) ⋄ 0 ⋄ 0 ⋄Υ(P(ϱ),R(ς), α)

≤ Υ(P(ϱ),R(ς), α)

By Lemma (3.11), we have P(ϱ) = R(ς) i.e., P(ϱ) = Q(ϱ) = R(ς) = S(ς). Assume that there is

a another point ν such that P(ν) = R(ν) then by (4.5.1), we have P(ν) = Q(ν) = R(ς) = S(ς),
so P(ϱ) = P(ν) and ω = P(ϱ) = Q(ϱ) is the one and only place where P and Q coincide.

Similarly, there is a special aspect ω ∈ ℸ like that ω = R(ω) = S(ω).
The common fixed point between P,R,Q and S is ω.

Theorem 4.6. Consider a complete NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄) and let P,R,Q and S be self-

mappings of ℸ. Let {P,Q} and {R,S} be OWC pairings. If there is a ρ ∈ (0, 1) for each
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ϱ, ς ∈ ℸ and α≫ 0 satisfying

Ξ
(
P(ϱ),R(ς), ρ(α)

)
≥ Ξ(Q(ϱ),S(ς), α) ∗ Ξ(P(ϱ),Q(ϱ), α) ∗ Ξ(R(ς),S(ς), α) ∗ Ξ(R(ς),Q(ϱ), 2α)∗

Ξ(P(ϱ),S(ς), α)

Θ
(
P(ϱ),R(ς), ρ(α)

)
≤ Θ(Q(ϱ),S(ς), α) ⋄Θ(P(ϱ),Q(ϱ), α) ⋄Θ(R(ς),S(ς), α) ⋄Θ(R(ς),Q(ϱ), 2α)⋄

Θ(P(ϱ),S(ς), α)

Υ
(
P(ϱ),R(ς), ρ(α)

)
≤ Υ(Q(ϱ),S(ς), α) ⋄Υ(P(ϱ),Q(ϱ), α) ⋄Υ(R(ς),S(ς), α) ⋄Υ(R(ς),Q(ϱ), 2α)⋄

Υ(P(ϱ),S(ς), α)

then there is a singular common fixed point between P,R,Q and S.

Proof. We have

Ξ
(
P(ϱ),R(ς), ρ(α)

)
≥ Ξ(Q(ϱ),S(ς), α) ∗ Ξ(P(ϱ),Q(ϱ), α) ∗ Ξ(R(ς),S(ς), α) ∗ Ξ(R(ς),Q(ϱ), 2α)∗

Ξ(P(ϱ),S(ς), α)

≥ Ξ(Q(ϱ),S(ς), α) ∗ Ξ(P(ϱ),Q(ϱ), α) ∗ Ξ(R(ς),S(ς), α) ∗ Ξ(Q(ϱ),S(ς), α)∗

Ξ(S(ς),R(ς), α) ∗ Ξ(P(ϱ),S(ς), α)

≥ Ξ(Q(ϱ),S(ς), α) ∗ Ξ(P(ϱ),Q(ϱ), α) ∗ Ξ(R(ς),S(ς), α) ∗ Ξ(P(ϱ),S(ς), α)

Θ
(
P(ϱ),R(ς), ρ(α)

)
≤ Θ(Q(ϱ),S(ς), α) ⋄Θ(P(ϱ),Q(ϱ), α) ⋄Θ(R(ς),S(ς), α) ⋄Θ(R(ς),Q(ϱ), 2α)⋄

Θ(P(ϱ),S(ς), α)

≤ Θ(Q(ϱ),S(ς), α) ⋄Θ(P(ϱ),Q(ϱ), α) ⋄Θ(R(ς),S(ς), α) ⋄Θ(Q(ϱ),S(ς), α)⋄

Θ(S(ς),R(ς), α) ⋄Θ(P(ϱ),S(ς), α)

≤ Θ(Q(ϱ),S(ς), α) ⋄Θ(P(ϱ),Q(ϱ), α) ⋄Θ(R(ς),S(ς), α) ⋄Θ(P(ϱ),S(ς), α)

Υ
(
P(ϱ),R(ς), ρ(α)

)
≤ Υ(Q(ϱ),S(ς), α) ⋄Υ(P(ϱ),Q(ϱ), α) ⋄Υ(R(ς),S(ς), α) ⋄Υ(R(ς),Q(ϱ), 2α)⋄

Υ(P(ϱ),S(ς), α)

≤ Υ(Q(ϱ),S(ς), α) ⋄Υ(P(ϱ),Q(ϱ), α) ⋄Υ(R(ς),S(ς), α) ⋄Υ(Q(ϱ),S(ς), α)⋄

Υ(S(ς),R(ς), α) ⋄Υ(P(ϱ),S(ς), α)

≤ Υ(Q(ϱ),S(ς), α) ⋄Υ(P(ϱ),Q(ϱ), α) ⋄Υ(R(ς),S(ς), α) ⋄Υ(P(ϱ),S(ς), α)

and hence from Theorem (4.5) there is a shared fixed point for P,R,Q and S.

Corollary 4.7. Consider a complete NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄). Then continuous self-mappings

Q and S of ℸ possess a shared fixed point in ℸ if and only if a self - mapping P of ℸ exists so

that that the aforementioned requirements are met.

(1) Pℸ ⊂ Sℸ ∩Qℸ
(2) the pairs {P,Q} and {P,S} are weakly compatible,
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(3) a point has been made ρ ∈ (0, 1) such that for every ϱ, ς ∈ ℸ and α≫ 0,

Ξ
(
P(ϱ),P(ς), ρ(α)

)
≥ Ξ(Q(ϱ),S(ς), α) ∗ Ξ(P(ϱ),Q(ϱ), α) ∗ Ξ(P(ς),S(ς), α) ∗ Ξ(P(ϱ),S(ς), α),

Θ
(
P(ϱ),P(ς), ρ(α)

)
≤ Θ(Q(ϱ),S(ς), α) ⋄Θ(P(ϱ),Q(ϱ), α) ⋄Θ(P(ς),S(ς), α) ⋄Θ(P(ϱ),S(ς), α),

Υ
(
P(ϱ),P(ς), ρ(α)

)
≤ Υ(Q(ϱ),S(ς), α) ⋄Υ(P(ϱ),Q(ϱ), α) ⋄Υ(P(ς),S(ς), α) ⋄Υ(P(ϱ),S(ς), α)

Fixed point in common between P,Q and S is distinct.

Proof. Since compatibility also implies OWC , Theorem (4.6) leads to the conclusion.

Theorem 4.8. Consider a complete NCMS (ℸ,Ξ,Θ,Υ, ∗, ⋄) and let P and Q be self -mappings

of ℸ. Let the P and Q are OWC . If there is a point ρ ∈ (0, 1) for every ϱ, ς ∈ ℸ and α≫ 0

Ξ
(
Q(ϱ),Q(ς), ρ(α)

)
≥ αΞ(P(ϱ),P(ς), α) + βmin

{
Ξ(P(ϱ),P(ς), α),Ξ(Q(ϱ),P(ϱ), α),Ξ(Q(ς),P(ς), α)

}
,

Θ
(
Q(ϱ),Q(ς), ρ(α)

)
≤ αΘ(P(ϱ),P(ς), α) + βmax

{
Θ(P(ϱ),P(ς), α),Θ(Q(ϱ),P(ϱ), α),Θ(Q(ς),P(ς), α)

}
,

Υ
(
Q(ϱ),Q(ς), ρ(α)

)
≤ αΥ(P(ϱ),P(ς), α) + βmax

{
Υ(P(ϱ),P(ς), α),Υ(Q(ϱ),P(ϱ), α),Υ(Q(ς),P(ς), α)

}
(4.8.1)

for all ϱ, ς ∈ ℸ, where α, β > 0, α+ β > 1. P and Q share a distinct common fixed point.

Proof. Consider {P,Q} which are OWC pair, so that there is a point ϱ ∈ ℸ such that

P(ϱ) = Q(ϱ). Consider the possibiity of another point ς ∈ ℸ for which P(ς) = Q(ς). We claim

that Q(ϱ) = Q(ς). By inequality (4.8.1), we have

Ξ
(
Q(ϱ),Q(ς), ρ(α)

)
≥ αΞ(P(ϱ),P(ς), α) + βmin

{
Ξ(P(ϱ),P(ς), α),Ξ(Q(ϱ),P(ϱ), α),Ξ(Q(ς),P(ς), α)

}
= αΞ(Q(ϱ),Q(ς), α) + βmin

{
Ξ(Q(ϱ),Q(ς), α),Ξ(Q(ϱ),Q(ϱ), α),Ξ(Q(ς),Q(ς), α)

}
= (α+ β)Ξ(Q(ϱ),Q(ς), α),

Θ
(
Q(ϱ),Q(ς), ρ(α)

)
≤ αΘ(P(ϱ),P(ς), α) + βmax

{
Θ(P(ϱ),P(ς), α),Θ(Q(ϱ),P(ϱ), α),Θ(Q(ς),P(ς), α)

}
= αΘ(Q(ϱ),Q(ς), α) + βmax

{
Θ(Q(ϱ),Q(ς), α),Θ(Q(ϱ),Q(ϱ), α),Θ(Q(ς),Q(ς), α)

}
= (α+ β)Θ(Q(ϱ),Q(ς), α),

Υ
(
Q(ϱ),Q(ς), ρ(α)

)
≤ αΥ(P(ϱ),P(ς), α) + βmax

{
Υ(P(ϱ),P(ς), α),Υ(Q(ϱ),P(ϱ), α),Υ(Q(ς),P(ς), α)

}
= αΥ(Q(ϱ),Q(ς), α) + βmax

{
Υ(Q(ϱ),Q(ς), α),Υ(Q(ϱ),Q(ϱ), α),Υ(Q(ς),Q(ς), α)

}
= (α+ β)Υ(Q(ϱ),Q(ς), α)

a contradiction, since (α + β) > 1. Therefore Q(ϱ) = Q(ς). Therefore P(ϱ) = P(ς) and P(ϱ)

is unique. P and Q have a distinct fixed point from lemma (2.6).

Example 4.9. Let Σ = [0, 1] and let Ξ(ϱ, ς, α) = α
α+|ϱ−ς| , Θ(ϱ, ς, α) = |ϱ−ς|

α+|ϱ−ς| and

Υ(ϱ, ς, α) = |ϱ−ς|
α are neutrosophic metric on Σ. Define self mappings P and Q on Σ as
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follows P(ϱ) = 1−ϱ
3 and Q(ϱ) =

√
5−4(1−2ϱ)2−1

4 . Clearly P and Q are OWC maps. Also, P
and Q are satisfy all the conditions of Theorem 4.8. The self maps P and Q have coincidence

points ϱ = 1, 14 and the common fixed point ϱ = 1
4 .

5. Conclusion

Using the idea of contractive conditions and OWC , we have demonstrated that there is a

common fixed point for four self mappings, three self mappings and two self mappings in a

complete NCMS.
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