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1 Introduction

The neutrosophic set was introduced in the 1990s by Florentin Smarandache as an extension of fuzzy sets and
intuitionistic fuzzy sets. This set is a useful device for handling uncertainty, ambiguity and incomplete infor-
mation as a mathematical framework that extends the concept of classical sets. There is no room for uncertainty
in classical set theory. This is because elements only belong to or do not belong to a set in classical set the-
ory. However, in many real-world situations, we encounter imprecise or uncertain information. Neutrosophic
sets provide a way to represent and reason with such information. One can use neutrosophic sets in various
fields and applications, for example, decision-making, image processing, pattern recognition, expert systems,
artificial intelligence, etc. Neutrosophic sets can be applied to algebraic structures to handle uncertainty and
indeterminacy in mathematical operations, for example, neutrosophic field, neutrosophic ring, neutrosophic
linear algebra, neutrosophic group, etc. The neutrosophic set is also applied to logical algebras (see [1], [2],
[51, (61, [7], [BLIO], [101,[1 1], [12]). These applications show how neutrosophic sets can be incorporated into
algebraic structures to accommodate uncertainty and indeterminacy in mathematical operations. By extending
classical algebraic structures to neutrosophic sets, it becomes possible to perform algebraic calculations and
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analyses in scenarios lacking accurate or complete information. K. Iséki [3] first introduced the BCI-algebra.
This algebra is a generalized version of the BCK-algebra introduced by K. Iséki and S. Tanaka [4] so as to
generalize the set difference in set theory. Recently, Yang et al. [13] attempted to generalize BCI-algebra, and
introduced the ordered BCI-algebra.

To apply neutrosophic set theory to the ordered BCI-algebra is the aim of this paper. The notion of single
valued neutrosophic ordered subalgebras in ordered BCI-algebras is introduced, and several properties are
investigated. We explore The conditions under which single valued neutrosophic level subsets become ordered
subalgebras are explored. When the T-neutrosophic ¢-set, I-neutrosophic g-set and F-neutrosophic ¢-set can
be ordered subalgebras is looked at. A special set Q} is made and the conditions that it becomes an ordered
subalgebra are found.

2 Preliminaries

[43 77

Definition 2 1 ([ 1). Suppose that () is a set with a constant “¢”, a binary operation “ — ” and a binary

relation 7. Q= (Q, —, ¢, <) is said to be an ordered BCI algebra (for simplicity, OBCI-algebra) if

Q satlsﬁes
(Vro,3,u € Q)(e <q (v —3) = ((3 = u) = (v —u))), (2.1)
(Vo,3 € Q)(e <g w0 — ((0 —3) = 3)), (2.2)
(Vv € Q)(e <g w0 — 1v), (2.3)
(Vio,3€ Q)(e<qgmw =3 e<g3— 1 = v =3), (2.4)
(M,3€Q)(w <g3 & e<gw —3), (2.5)
(V3 €Q)(e<qm,w<gj = €<g3) (2.6)

Obviously Q := (@, —, €, <g) with Q = {¢} is an OBCl-algebra, which is said to be the trivial OBCI-
algebra.

Proposition 2.2 ([13]). Let Q := (Q, —, €, <) be an OBClI-algebra. The following hold in Q:

(Vo € Q)(e — o = 1). (2.7)
(Vio,3,ueQ)(u— (3 >w)=3— (u—w)). (2.8)
(M, 3,ueQ)(e<gmw —3 = €<g (3 > u) — (v —>u). (2.9)
(Vo 3,ueQ)(e<gmw —=3€e<p3—>u = €<gt —u). (2.10)
(V,3,ueQ)(e<g(u— (3 —>mw)) = (3 = (u—1))). (2.11)
(M, 3,ueQ)(e<gu—(3>w) = €<gj— (u—1)). (2.12)
(Vw,3 € Q)(((0 —3) = 3) > 5=1w —3) (2.13)
(Vo € Q)((to — tv) — o = ). (2.14)
(V. 3,ueQ)(e<g (3 > u) — ((v = 3) = (v = u))). (2.15)
(Vo3 ueQ)(e<gw =3 = e<g (u—=w) = (u—3)). (2.16)

Definition 2.3 ([13]). Let A be a subset of (). A is said to be
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e asubalgebra of Q := (Q, —, €, <g) if it satisfies:

(V,3€Q)(w,3€ A = v —3¢€A). (2.17)

e an ordered subalgebra of Q := (Q), —, €, <) if it satisfies:
(V3 € Q)(mw,3€ A, e<gmw, e<g3 = w—3¢€A). (2.18)

We recall that all subalgebras are ordered subalgebras, whereas the converse is not necessarily true (see

[13D).

Let () be a non-empty set. A single valued neutrosophic set in () is a structure of the form:

C = {{1;Cr(n).Cr(v),Cr(n)) | n € Q}

where Cp : Q — [0,1] is a false membership function, C; : Q — [0,1] is an indeterminate membership
function, and Cr : @ — [0, 1] is a truth membership function. For brevity, the symbol C.. := (Cr, C;, Cr) is
used for the single valued neutrosophic set

C:={(v:Cr(v),C1(v).Cr(v)) [ v € Q}.
Given a single valued neutrosophic set C.. := (CNT, CNI, C, r) in ), we consider the following sets.

Q(Cr;0) == {v € Q| Cr(n) > o},
Q(Cr;0) :={n € Q| Ci(n) > o},
Q(Cr;6) == {n € Q| Cr(y) < 4},

which are called single valued neutrosophic level subsets of () where o, 0,9 € [0, 1].

3 Single valued neutrosophic ordered subalgebras

Here the notion of single valued neutrosophic (ordered) subalgebras is introduced and several properties are
investigated. Unless otherwise specified, we henceforth denote an OBClI-algebra by Q := (Q, —, €, <g).

Definition 3.1. Let C. := (5T, 5]7 5F) be a single valued neutrosophic set in ). C. is said to be a single
valued neutrosophic subalgebra of Q := (Q, —, €, <) if C. satisfies:

Cr(y — € > min{Cr(y), Cr(£)}
(W, £€ Q) [ Cr(y — £) > min{Ci(y),Cr(6)} |- 3.1)

Cr(y — ) < max{Cr(y),Cr(t)}

Definition 3.2. Let C.. := (5T7 517 5F) be a single valued neutrosophic set in ). C. is said to be a single
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valued neutrosophic ordered subalgebra of Q := (Q, —, €, <) if C.. satisfies:

Cr(y — € > min{Cr(v),Cr(¥)}
(Ve Q)| e<qy, e<ot =< Cr(y— € >min{C;(n),Cr(¥)} . (3.2)

Cr(y =€) < max{Cr(y),Cr(¥)}

Example 3.3. Let Q = {0, ¢, j, 1} be a set, where 0 and 1 are the least element and the greatest element of (),
respectively. A binary operation “ — ” on () is provided by the table below:

N
1
€
J
0

e el e
—_s. Ol o
— o S O,
_ O O OO

Let <g:= {(1,1),(j, 1)}, (e,1),(4,7),(0,7), (€,€),(0,€),(0,0)}. Then Q := (Q, —, €, <p) is an OBCI-
algebra (see [13]). o
(i) Let C. := (C, Cy, Cr) be a single valued neutrosophic set in () provided by the table below:

Q Cr(v) Ci(v) Cr(n)
1 0.68 0.73 0.31
¢ 0.68 0.73 0.31
j 0.24 0.49 0.59
0 0.68 0.73 0.31

Clearly C. := (CNT, C1, C, ) is a single valued neutrosophic subalgebra of Q := (Q, —, €, <g).

(ii) Let C. := (Cr, C;, Cr) be a single valued neutrosophic set in () provided by the table below:

Q Cr(y) Ci(n) Cr(v)
1 0.38 0.25 0.63
€ 0.64 0.76 0.29
j 0.38 0.25 0.63
0 0.64 0.76 0.29

Clearly C.. := (Cr, C;, Cp) is a single valued neutrosophic ordered subalgebra of Q := (Q, —, €, <0).

It is certain that every single valued neutrosophic subalgebra is a single valued neutrosophic ordered sub-
algebra. However, as the following example shows, the converse is not necessarily true. From this point of
view, we can say that the single valued neutrosophic ordered subalgebra is a generalization of the single valued

neutrosophic subalgebra.
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Example 3.4. Suppose that @ = {0, 1,%,3,1} is a set with a binary operation “ — ” provided by the table:

and that <Q is the natural order in (). Certainly Q := (Q, —, 4, <) is an OBCl-algebra (see [ 3]). Suppose
that C.. (CT, C, 7, C F) is a single valued neutrosophic set in () provided by the table:

Q Cr(v) Ci(y) Cr(y)
1 0.37 0.25 0.63
3 0.68 0.76 0.29
: 0.37 0.25 0.63
: 0.37 0.25 0.63
0 0.68 0.76 0.29

It is routine to check that C.. := (5T, 51, C, ) is a single valued neutrosophic ordered subalgebra of Q := (@,

—, %, <g). However, C.., is not a single valued neutrosophic subalgebra of Q := (@), —, 4, <g) since
Cr(0 — 2) = Cr(1) = 0.37 # 0.68 = min{Cr(0),Cr(2)}
and/or B _ _ _
Cr(0— 3) =Cp(1) = 0.63 £ 0.29 = max{Cr(0),Cr(2)}.
Theorem 3.5. A single valued neutrosophic set C.. := (5T, (:’VI7 51:) in Q) is a single valued neutrosophic

ordered subalgebra of Q := (Q, —, €, <g) if and only if C.. satisfies:

€<qn, e<qt. n€QCrig) tc QCr;o)
v, € € © e : (3.3)
T Q) ( =y — t € Q(Cr;min{oy, 0r})
e<om, e<g3 e QCrow),3€ QCr;0,)
Viv,3 € @ @ . i 3.4
(V.5 € Q) ( =1 — 3 € Q(Cr;min{oy, 05 }) (4)
€<qv € <3 0 € QCr;dy). 5 € QCridy)
Vb, 3 € @ 5% 3. 3.5
703 € @) ( 9 3 € OCrimax{5y.4,}) G
Proof. Assume that C. (CT, C I CF) is a single valued neutrosophlc ordered subalgebra of Q = (Q,

—, €, <g). Letn,t € Q be such thate <g n, e <g &y € Q(CT,QU) and £ € Q(Cr: o¢). Then Cr(y) >
0, and Cr(€) > g, which imply that Cr(y — € > min{Cr(y),Cr(¥)} > min{p,, o¢}. Hence n — ¢ €
Q(Cr; min{p,, 0¢}). Similarly, one is capable of verifying that v — 3 € Q(C;;min{oy,0;}) for all v €
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Q(Cf,am) and 3 € Q(Cl,aa) with € <@ W and € < 3. Now, let n,3 € @ be such that € < v, € <q 3,
y € Q(Cr;dy) and 3 € Q(Cr;d,). Then Cr(y) < &, and Cp(3) < 4,. Thus

Cr(y — 3) < max{Cr(y),Cr(3)} < max{d,, o},

andsoy — 3 € Q(gp;max{ég,é })

Conversely, suppose that C. (CT, C, I CF) is a single valued neutrosophic set in () that satisfies the
conditions (3.3), (3.4) and (3.5). If Cr(w — 3) < min{Cr(w),Cr(3)} for some w,3 € Q with ¢ <o w and
e <q 3, then

Cr(v — 3) < 0o < min{Cr(1),Cr(3)}

for some g, € (0, 1]. Hence v, 3 € Q(Cr; 0,) and o — 3 ¢ Q(Cr; 0,), a contradiction, and thus
Cr(y = &) > min{Cr(y), Cr(¥)}

forall n, ¢ € Q withe <g yand e < €. Similarly, we can obtain Ci(y — ) > min{C(y),C; (¢ )} forally, ¢ e
Q withe <g pande <g & Lettherebe 3, u € @ sothate <g 3,€ <g uand CF(3 — u) > max{Cp(3),Cr(u)}.
If we take 0 := max{CF( ), Cr(u)}, then 3,u € Q(Cr;6) and 3 — u ¢ Q(Cr;0), a contradiction. Hence
Cr(t — 0) < max{Cr(¢),Cr(0)} forall £ 0 € Q with € <, £ and e <, 0. Consequently, C.. := (Cr, Cr, Cr)
is a single valued neutrosophic ordered subalgebra of Q := (Q, —, €, <g). [

Theorem 3.6. Given a single valued neutrosophlc set C.. (5T, 51, C, r) in Q, its nonempty single valued
neutrosophic level subsets Q(Cr; 0), Q(Cr; o) and Q(Cp: ) are ordered subalgebras of Q = (Q, —, €, <g)
forall p,0 € (0.5,1] and 6 € [0,0.5) if and only if the following fact is established.

max{Cr(y — €),0.5} > min{Cr(n),Cr(t)}
(V6 € Q)| €<y, e<ot =< max{C;(y — €),0.5} > min{C,(y),C,(¥)} . (3.6)
min{Cr(y — €),0.5} < max{Cr(y),Cp(t)}

Proof. Assume that the nonempty single valued neutrosophic level subsets Q(Cr; 0), Q(Cr: o) and Q(Cr: )
are ordered subalgebras of Q := (Q, —, ¢, <g) for all 9,0 € (0.5,1] and § € [0,0.5). Let there be tv, 5 € Q
that satisfies e <g 1, ¢ <q ; and max{CI(m —3),0.5} < min{C;(w),C;(3)} := 0. We get o € (0.5, 1]
and 10,3 € Q(CI, o). Since Q(CI, o) is an ordered subalgebra of Q : = (@, —, €, <g), it follows that
v — 3 € Q(Cr;0). Hence C;(tv — 3) > o = min{C;(1v),C;(3)}, a contradiction. Thus

max{C;(y — £),0.5} > min{C;(y),C;(t)}
forall v, € @ with e <g v and € < £. In a similar way, we have

max{Cr(y — €),0.5} > min{Cr(n),Cr(t)}
forall v, € @ withe <g nand e < £ If we say

min{Cr (10 — 3),0.5} > max{Cp(tv),Cr(3)} := 6
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for some tv,5 € @ satisfying € <qg tw and € <q 3, then § € [0,0.5) and v, 5 € Q(Cr;6). Butto — 3 ¢
Q(Cr; 6), a contradiction. Thus min{Cr(y — £),0.5} < max{Cr(v),Cr(¢)} for all v, € Q with € <, vy and
€ SQ L

Conversely, a single valued neutrosophic set C.. (@}, 51, C, F) in () satisfies the condition (3.6). Assume
that v, € € @ are such that e <o pand e <g & If b, € Q(Cr;0) N Q(Cr;0) for all p,o € (0.5,1], then
max{CT(lj — £),0.5} > mln{CT( ),Cr(€)} > 0> 0.5 and

max{C;(y — €),0.5} > min{C;(v),C;(£)} > o > 0.5.

Hence Cr(y — ) > p and CI(U — £) > o, thatis,n — £ € Q(CT, 0) N Q(Cr: o). Now, if y, ¢ € Q(Cr; )
for all 6 € [0,0.5), then mm{CF(t) — £),0.5} < max{CF( ),Cr(8)} <6 <0.5andsoCr(n — ¢) < 4, ie.,

n — & € Q(Cr;9). Therefore Q(Cr;0), Q(Cr; o) and Q(Cr;d) are ordered subalgebras of Q := (Q, —, ¢,
<g) forall p,o € (0.5,1] and § € [0,0.5). O

Given a single valued neutrosophic set C.. := (CNT, CNI, C, r)in @ and p, 0,9 € [0, 1], we consider the sets:

T,(Cey0) = {n € Q| Cr(n) + 0> 1},
L(Ce0) ={y€Q|Ci(n) + 0 >1},
Fy(Cy8) :={n € Q| Cp(n) +6 <1},

which are called the T'-neutrosophic q-set, I-neutrosophic q-set and F'-neutrosophic q-set, respectively, of
C. (CT, C 1, C F) Also, we consider the sets:

TE\/q <C~7 Q) = Q(évTu Q) U TQ(CN7 Q)u
Teyg (Cey0) = Q(Crio) U Iy(Ce, 0),
Feuq(Ce,0) = Q(Cr3 8) U Fy(Cv., ),

which are called the T-neutrosophic € Vq -set, I-neutrosophic € Vq -set and F-neutrosophic €\ q -set, respec-
tively, of C., := (CT, C[, CF)

Theorem 3.7. IfC.. := (5T, Cr, 5F) is a single valued neutrosophic ordered subalgebra of Q = (Q, —, €,
<g), then its nonempty T- (resp., I- and F'-) neutrosophic q-set T,(C., o) (resp., 1,(C.., o) and F,(C.,9)) is
an ordered subalgebra of Q = (Q, —, €, <) forall ¢ € (0, 1] (resp., 0 € (0,1] and § € [0, 1)).

Proof. Suppose that C.. := (5T, 51, C, ) is a single valued neutrosophic ordered subalgebra of Q := (Q, —, €,
<g),and thaty, ¢ € Q are so thate <g 9, e <g tandn,t € T,(C., o) for o € (0, 1]. Then Cr(y) + ¢ > 1 and
Cr(€) + o > 1. It follows that

Cr(y — € + 0 > min{Cr(n),Cr(£)} + 0 = min{Cr(y) + 0,Cr(¥) + o} > L.

Hence y — ¢ € T,(C., p), and therefore T},(C., o) is an ordered subalgebra of Q := (Q, —, €, <) for all
€ (0,1]. Similarly, we can verify that I,(C., o) is an ordered subalgebra of Q := (Q, —, ¢, <g) for all

o € (0,1]. Now, lety, £ € F,(C.,d)foralld € [0,1)and y, ¢ € Q withe <g yande <g & ThenCr(y)+0 < 1
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and Cr(€) + 6 < 1, which imply that
Cr(n — &) + 6 < max{Cr(y),Cr(9)} + 6 = max{Cr(y) + 6,Cr(y) + 0} < 1.

Hencey — £ € F,(C.,d) forall 6 € [0,1) and v, £ € Q) with € < y and € <, &, and therefore F,,(C., ) is an
ordered subalgebra of Q := (Q), —, €, <g) forall § € [0,1). O

Theorem 3.8. Suppose that a single valued neutrosophic set C.. = (5T, 51, C, F) in Q) satisfies:

€ SQ 07 € SQ 'Ev 0 € Tq(CNﬂ Q\j)7 te Tq(c~7 QP)

(.t € Q) < =1y =t € Toy(Co,min{oy, 0¢}) ’ (3.7)
e<gm,e<gpj wel(C. o), tel,(C.,o0;)

(V0,5 € Q) ( =10 — 3 € I (Co,min{oy, 0;}) ’ (3.8)
<@g, €<gQ3 MHE Fq(C~a5n>a 3 € Fq(cwadg)

(V9.5 € Q) < )3 € Fay (Conmax{6,0,}) ) (39)

The nonempty T-neutrosophic q-set T,(C.., 0), I-neutrosophic q-set 1,(C., o) and F-neutrosophic q-set F;(C.., )
are ordered subalgebras of Q = (Q, —, €, <) forall p,o € (0.5,1] and § € [0,0.5)).

Proof. Suppose that a single valued neutrosophic set C.. := (5T, 517 5F) satisfies (3.7), (3.8) and (3.9). Let
n,t € @ besuchthate <g pande <g & If n,¢t € T,(Co,0) NI,(Ce,0) for all p,c € (0.5,1], then
p = €€ Tay(Co,o) NIay(Co,o) by (3.7) and (3.8). Hence ) — £ € Q(gT; o)ory — ¢ e T,(C.,p); and
p—ee Q(é};a) ory —»tel(Co,0)Ify—>te Q(gT;Q) N Q(gl;a),thené}(lj — €t >p>1—pand
Ci(y =€) >0 >1—o0since p,0 € (0.5,1]. Hence ) — £ € T,(C, 0) N I,(C~,0), and so T,(C., o) and
I,(C., o) are ordered subalgebras of Q := (Q, —, €, <g). If y, & € F, (C..d),theny — ¢ € F,,(C.,I) by
(3.9). Hence y — & € Q(Cp;6) ory — € € F,(C.,0)Ify — t e Q(Cr;6), then Cp(y »> 8) <5 <1—146
since 6 < 0.5. Thus y — ¢ € F,(C.,0), and therefore F,(C., ) is an ordered subalgebra of Q := (Q, —, e,
<0). O

Proposition 3.9. Given a single valued neutrosophic set C.. = (CNT7 51, CNF) in Q, if the nonempty T-
neutrosophic q-set T,(C., o), I-neutrosophic q-set 1,(C., o) and F-neutrosophic q-set F,(C.,0) are ordered
subalgebras of Q := (Q, —, €, <g) for all p,0 € (0,0.5] and 6 € [0.5,1), then the following assertion is
valid.

€ SQ N, € SQ Eu RS Tq<c~7 QU)? te Tq(c~7 QE) )
Vi, & € Q)(Voy, o € (0,0.5 e , 3.10
(o e @)V ar € (0.05) ((©ZOP S B RS0 € B 3.10)
€< W, <3 € (C.,0n) 5 € 1(Ce,03)
(Vo 3 € Q)(Vow, 05 € (0,0.5]) ( ~ 1 — 3 € O(Cr; max{ow, 0,}) , (3.11)

€<Qh, €5qQ3 Ve Fq<c~75‘))> 3 € Fq<c~7(53)
VY, 3 € Vo, 0, € [0.5,1 ~ , 3.12
( 0’5 Q)( vy Y3 [ )) ( = U _>3 c Q(Cp;mln{(sn,(%}) ( )
Proof. Suppose that C.. := (5T, 51, 5F) is a single valued neutrosophic set in () and that the nonempty
T-neutrosophic ¢-set T,(C., o), I-neutrosophic ¢-set I,(C.,o) and F-neutrosophic g-set F,(C.,¢) are or-
dered subalgebras of Q = (Q, —, ¢, <g) for all p,c € (0,0.5] and 6 € [0.5,1). For every y,t € @
with € <p pand e <g ¢ let gy, 00 € (0,0.5] be such that y € T,(C.,0,) and € € T,(C., 0¢). Then
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p,t € T,(C.,max{py,, 0 }) and max{g,, o} € (0,0.5], and so y — £ € T,(C., max{oy, 0¢}). It follows
that Cr(y — €) > 1 — max{ oy, ¢} > max{p,, 0¢}. Hencey — ¢ Q(Cr; max{ gy, o }), i.e., (3.10) is valid.
By the similar way, we can get the result (3.11). Forevery vy, 3 € Q withe <g yand e <g 3,lety € F,(C.,d,)
and 3 € F,(C.,0d,) for all §,,0, € [0.5,1). Then v,3 € F,(C.,min{dy,,0o,}) and min{é,,d,} € [0.5,1).
Hence y — 3 € F,(C.,min{é,,d,}), which implies that Cr(n = 3) + min{dy, 6;} < 1. It follows that
Cr(y —3) < 1— min{dy, 6;} < min{dy, J;}. Thereforey — 3 Q(Cp,mm{én,é }), which proves (3.12). [

Proposition 3.10. Given a single valued neutrosophic set C.. = (CT, CI, CF) in Q, if the nonempty T'-
neutrosophic q-set T,(C, ), I-neutrosophic q-set 1,(C.., o) and F-neutrosophic q-set F,;(C.,d) are ordered
subalgebras of Q := (Q, —, €, <g) forall p,0 € (0.5,1] and 6 € [0,0.5), then the following hold true.

e<gn, esgtpe Q(Cr; 0y), € Q(Cr; 0v)
(Vn, €€ Q)(Voy, o € (0.5,1]) ( Syt e T,(Comax{oy, oo]) : (3.13)

<ow, e<g3 e QCrom), 3 € QCr0,)
51 =9 Q3 I Ow : 14
(V.3 € Q)(Vow, 0; € (0.5, ])( R 5 3 € (Co max] o, o3} , (3.14)

c<on <03 n€ QCrd), ;€ QCr;d,)
(Vn,g € Q)(Vé‘,,éé € [0,0.5)) ( L hse Fq(CN,min{cSn,(Sﬁ}) , (3.15)

Proof. Suppose that C.. := (5T, 51, C, F) is a single valued neutrosophic set in () and that the nonempty 7'-
neutrosophic ¢-set T, (C~, o), I-neutrosophic ¢-set I,(C.., o) and F-neutrosophic g-set F,(C..,J) are ordered
subalgebras of Q := (Q, =, €, <g) forall o, € (0.5,1] and 0 € [0, 0.5). For every p,t € Q with € <o y and
€ <q ¢ let o, 05 € (0.5,1] be such that w € Q(Cr;00) and 3 € Q(C[,UZ,) Then C;(10) > 0y > 1 — 0y >
1 — max{oy,0;} and Ci(3) > o; > 1—0; > 1 —max{oy,o;}, which induce 1,3 € I,(C., max{oy,0;})
and max{oy,0;} € (0.5,1]. Since /,(C., max{oy,o;}) is an ordered subalgebra of Q := (Q, —, €, <g),
we have v — 3 € [,(C., max{oy,0;}). In a similar way, one obtains get ) — £ € T,(C., max{p,, o¢}) for
all 0y, 00 € (0.5,1] and n, ¥ € Q with e <g yand ¢ <q ¢. For every 9,3 € Q with e <g pand e <g 3, let
dy,0; € [0,0.5) be such that y € Q(ap;é yand 3 € Q(Cr; 6 5)- Then Cr () < 9y < 1-6, < 1—min{d,,d;} and
Cr(3) <6, < 1—6, < 1—min{4,,d,}. Hence n,3 € F,(C., min{d,,d,}), and son — 3 € F,(C.., min{d,, d,})
since min{dy, d;} € [0,0.5) and F,(C., min{dy, d;}) is an ordered subalgebra of Q := (Q, —, ¢, <g). O

Proposition 3.11. Given a single valued neutrosophic set C.. := (CNT, CNI, CNF) in Q), let the nonempty T-
neutrosophic € Vq-set Ty, (C, 0), I-neutrosophic € Vq-set I¢,, (C~., o) and F-neutrosophic €\ q -set Fe,, (C, 0)
be ordered subalgebras of Q = (Q, —, €, <g) for all 9,0 € (0,1] and 6 € [0,1). The following assertions
are established.

€<qn, e<qt yeTy(C.,0), t € TH(Cr, ) ) (3.16)

(Vy, € € Q)(Yoy, 0¢ € (0,1]) ( =) > £ € Thyy (Co,max{gy, 0r})

e<gmw,e<gj wel(C,on), telC.,o0;)
(Vv,3 € Q)(Vow, 0y € (0,1]) < 210 5 3 € Ty (Co max{om, o 1) : (3.17)
€ SQ n, € SQ »ye Fq(CNa(Sr])v 3 € Fq(CNaég)
(0.3 € QU0 € 1)) (50T 5280 ERC D € RIC) ), 318
Proof. Given a single valued neutrosophic set C.. := (5T, 517 CNF) in (), suppose that the nonempty 7'-

neutrosophic € Vg -set Tg,, (C, 0), I-neutrosophic € Vg -set I, (C~., o) and F-neutrosophic € V¢ -set Fi, (C,0)
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are ordered subalgebras of Q := (Q, —, ¢, <g) forall p,c € (0,1] and § € [0,1). Let y,¢ € Q be so that
e <gne<qtneTC., o) and t € T;(C.,0¢) for all g, 00 € (0,1]. Theny € Te(Cey0y) C
Tevq (Co,max{py, 0¢}) and € € Ty (Co, 0¢) C Teyq (Co, max{ oy, 0¢}), which imply from the hypothesis that
n — € € Ty (Co,max{py, 0¢}). By the similarly way, w — 3 € Io/, (C., max{oy,0;}) is established for
all o, 0; € (0,1] and 10,3 € @ satisfying € <g v, e <g 3, w € [,(C.,0y) and 3 € [,(C., ;). For every
N, € Q satisfying ¢ <g pande <g 3,lety € F,(C.,d,) and 3 € F,(C.,0d,) for all 6,,0; € [0,1). Then
n e Fy(Ce,dy) C Fy(Co,min{dy, d;}) and 3 € F,(C.., ;) C F,(Co, min{d,,d;}). Since F,(C., min{d,,d,}) is
an ordered subalgebra of Q := (Q, —, €, <), we obtain ) — 3 € Fiy, (C., min{dy, J;}), as required. ]

Given a single valued neutrosophic set C.. := (CNT, CN[, C, ) in @, consider the set:

Qb :={neQ|Cr(y) >0,Cr(y) >0, Cr(y) < 1}. (3.19)

We find conditions for the set Q} in (3.19) to be an ordered subalgebra of Q := (Q, —, €, <g)-

Theorem 3.12. IfC.. := (CNT, CNI, CNF) is a single valued neutrosophic ordered subalgebra of Q := (Q, —, e,
<), then the set Qf in (3.19) is an ordered subalgebra of Q := (Q, —, €, <g).

Proof. Suppose that y, ¢ € () are such that e <g pand e <q tand y,t € Q}. Then CT(U) > 0,C(n) > 0,
gp(t)) < 1,Cr(€) > 0, Cr(8) > 0, and Cp(£) < 1. Suppose also that CT(U~—> ) =0, Ci/(y — € = 0 and
Cr(n — €) = 1, respectively. Using (3.2) derives to 0 = Cr(y — €) > min{Cr(n),Cr(¥)} > 0,

0=_Cr(y — &) > min{C;(y),Cr(8)} > 0,and 1 = Cp(y — £) < min{Cr(y),Cr(t)} < 1,

respectively. This is a contradiction, and thus Cr(y — €) > 0, C;(y — €) > 0 and Cp(y — £) < 1, respectively.
Hence y — ¢ € QJ, and therefore Q}} is an ordered subalgebra of Q := (Q, —, €, <g). O

Theorem 3.13. If a single valued neutrosophic set C.. := (5T, 5’1, C, r) in Q satisfies:

e<ov, e<gt ne QCr; o), te QCr; o)
e Qmac a5 EIERT LI ) e

e <o, e<g3 € QCrow), 3 € QCri ;)
(Viv, 3 € Q)(Vow, 0, € (0,1]) ( S s g€ L(Co minfow, o ]) 3, (3.21)

e<ghn, e€<g3 neE Q(Cr;6y), 3 € Q(Cr36,)
(V.5 € Q)(78,.6, € [0,1)) ( b0 QG 3 Al ) (3.22)

then the set Q} in (3.19) is an ordered subalgebra of Q := (Q, —, €, <g).

Proof. Suppose that C.. (CNT, CN[, C, ) is a single valued neutrosophic set in () that satisfies the conditions
(3 20), (3. 21) and (3. 22) For every v, te @Qwithe <gypande <g ¢ letn, ¢ € Qo Then CT(U) > 0,
C](l)) > 0, CF(1)> <1 CT(E) > 0, C[( ) >9 Egld CF(é) < 1.Itis clearthatlj € Q(CT,CT( ))OQ(C[,C[( ))
Q(Cr:Cr(v)) and t € Q(Cr;Cr(€)) N Q(Cr; Cr(8)) N Q(Cr: Cr (). Suppose

Cr(h =€) =0,Cr(y > &) =0and Cr(y — &) =1,
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respectively. We get Cr(y — £) + min{Cr(n),Cr(£)} = min{Cr(y),Cr(¥)} < 1,
Cr(y — &) +min{Cr(y),Cr(&)} = min{C(y),Cs(£)} < 1,
and Cp(n — £) + max{Cr(y),Cr(£)} > 1, respectively. Then vy — £ ¢ T,(C.., min{Cr (1), Cr(£)}),
y— & ¢ 1,(Co.min{Cr(y), Cr(8))),

andyp — € ¢ F,(C., max{Cr(y),C (E)}) respectively. It contradicts conditions (3.20), (3.21) and (3.22),

respectively. Hence Cr(y — €) > 0, C;(p — €) > 0 and Cp(ny — €) < 1, that is, y — € € QL. Therefore Q} is
an ordered subalgebra of Q := (Q, —, €, <g). O

Theorem 3.14. Suppose that a single valued neutrosophic set C.. := (5T, 51, C, F) in Q satisfies:

€<qn, e<qt neTUC. 0, tETYCr, ) )
vy, t € Yoy, 00 € (0,1 ~ , 3.23
(0.2 € Q)Ven e € ( ])( =y — £ € Q(Cr;min{oy, or}) G2
e<gw,e<gj wel(Ce,0n),3€1,(C., o)
(V10,3 € Q)(Vow, 05 € (0,1]) ( St o 3 € O(Cpmin{ow, 0,}) , (3.24)
€ SQ y, € SQ 3»h € Fq(CN75\J)7 3 € Fq(c~755)
1 ~ ) 2
(0.3 € QW0 € 1)) ((©ZOM OB S ) 4 Tl (3.25)
The set Qj in (3.19) is an ordered subalgebra of Q := (Q, —, €, <g).
Proof. Suppose that C.. (5T, 51, C, r) is a single valued neutrosophic set in () that satisfies the conditions

(3.23), (3.24) and (3. 25) For every 1,t € () with € <gvande <g & letn,t € Q. We have CT(U) > 0,
Ci(y) > 0, Cp(t)) < 1,Cr(t) > 0, Cs(¢) > 0, and CF(E) < 1.Then Cr(y) +1 > 1,Cr(y) +1 > 1,
Cr(p) +0 < 1,Cr(8)+1>1,Cr(8)+1 > 1,and Cp(t) + 0 < 1. Hence 1, ¢ € Tq(CN,l) NILC.,1)N
F,(C.,0). If 5T(t) — ) =0, 51(1) — ¢) = 0 and 5p(t) — B) = 1, respectively, then Cr(y — £) <
1 = min{1, 1}, Ci(p — € < 1 = min{1,1}, and Cp(y — € > 0 = max{0,0}, respectively. Thus
n—>td Q(CT,mln{l 1N Q(C;,mm{l 1}) N Q(Cp; max{0,0}), a contradiction. Hence Cr(y — £) > 0,
Ci(y > € >0and Cr(y — ) < 1, thatis, ) — & € QJ. Therefore Q is an ordered subalgebra of Q := (Q,
—, €, SQ)

Theorem 3.15. If a single valued neutrosophic set C.. :== (5T, C~1, C, F) in Q satisfies:

€ SQ n, € SQ é, ne Tq(CN7 QU)? tc Tq(C~7 QE)
(Vh, € Q)(Voy, 0e € (0,1]) ( b T(C. min{oy, o0}) : (3.26)

e<gw,e<gj wel(C.,00),3€,(C,o;)
(Viv, 3 € Q)(Vow, 05 € (0,1]) ( — 1o 3 € 1,(Co min{ow, 0, }) , (3.27)
€ SQ n, € SQ »ne FQ(C'V?(SU)a 3€ Fq<c~755)
(Vh,3 € Q)(Vdy, 0, € [0,1)) ( )3 € F(Comax{dy, 0,}) : (3.28)
then the set Qf in (3.19) is an ordered subalgebra of Q = (Q, —, €, <g).
Proof. Suppose that C.. := (C~T7 51, 5p) is a single valued neutrosophic set in () satisfying the conditions

(3.26), (3.27) and (3.28), and vy, € € Q be such thate <g pande <g & Ify, € € Q}, then 5T(1)) >0, C~1(t)) >0
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Cr(y) < 1,Cr(t) > 0,Cr(€) > 0, and Cp(t) < 1. Hence Cr(n) + 1 > 1, Cr(n) +1 > 1, Cp(y) + 0 < 1,
Cr(t)+1 > 1,Cr(8)+1 > 1,and Cp(£)+0 < 1. Thus, £ € T,(C, 1)NI,(C~, YNE,(C-,0). I Cr(y — £) =0,
Ci(y — €) = 0 and Cr(y — €) = 1, respectively, then Cr(y — €) + 1 =1,Cr(y — €) +1 = 1 and Cp(y —
t) + 0 = 1, respectively. It follows that ) — € ¢ T;,(C., min{1,1}) N/, (C., min{1,1}) N F,(C., max{0, 0}),
a contradiction. Hence Cr(y — £) > 0, Cy(p — &) > 0 and Cp(y — £) < 1, 1.,y — £ € QL. Consequently,
Qj is an ordered subalgebra of Q := (Q, —, €, <g). [

4 Conclusion

Smarandache proposed a single-valued neutrosophic set as a part of neutrosophic theory. This set is an ex-
tension of classical set theory that allows for the representation of inconsistent, indeterminate and uncertain
information in a more comprehensive manner. Single-valued neutrosophic sets have been applied in various
fields, for example, image processing, decision making, medical diagnosis, natural language processing, etc.,
due to their ability to handle uncertainty and imprecision. Of course, it is well known that research on single-
valued neutrosophic sets applied to algebraic structures is also actively underway. To apply the single-valued
neutrosophic set to ordered BCI-algebras is the aim of this paper. We introduced the notion of single valued
neutrosophic ordered subalgebras in ordered BCI-algebras, and investigated several related properties. We ex-
plored the conditions under which single valued neutrosophic level subsets become ordered subalgebras, and
when the T-neutrosophic g-set, I-neutrosophic ¢-set and F-neutrosophic ¢-set could become ordered subalge-
bras. We created a special set Q} and found the conditions that it becomes an ordered subalgebra. Based on
the ideas and results of this paper, in the future we will investigate a neutrosophic set version for several types
of filters in ordered BCI-algebras.
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