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Abstract: This research has broadened the definition of the neutrosophic regular in neutrosophic 

rings, similar to what is known in classical rings. We have studied the properties of neutrosophic 

regular elements and the most important properties that link them to the neutrosophic (zero divisor, 

idempotent, unit and nilpotent) elements in neutrosophic rings, and we reached several important 

results linking these elements to each other, as some of them are different from what is known in 

classical rings. The most important of which are:  

If 𝑅(I) is a neutrosophic right (left) strongly regular neutrosophic ring, then  𝑁𝑆𝑁𝑖𝑙𝑅(I) = {0}. In any 

neutrosophic field 𝑅(I) is achieved: 𝑅(I) = 𝑁𝑅𝑒𝑔𝑅(𝐼), although there are some elements that are not 

neutrosophic unit, 𝑁𝑈𝑅(𝐼) ∩ 𝑁𝑍𝑅(𝐼) = {𝑏𝐼 , 𝑏 ∈ 𝑈𝑅}, and 𝑁𝑈 𝑅(𝐼) ∩𝑁𝐼𝑑 𝑅(𝐼) = {1, 𝐼}. 

Keywords: Neutrosophic ring, Neutrosophic field, Neutrosophic regular, strongly regular, unit, 

simple nilpotent, zero divisor. 

 

1. Introduction 

The concept of the regular element in the rings appeared in the hands of researcher J.Von 

Neumann [1]. Regular rings and their properties have been extensively examined by many authors 

and researchers [2-3-4-5]. Neutosophy is a comprehensive perspective on intuitionistic fuzzy logic 

that represents a fresh expansion of fuzzy ideas. This method has an intriguing influence on applied 

science [6-7-8-9]. More neutrosophical applications in many areas may be found in [10-11-12-13-14]. 

Pure mathematics has various applications, including neutrosophic groups [15], metric spaces [16], 

and rings [17-18-19-20]. In 1980, Smarandache first introduced the neutrosophic theory. 

This idea has created a new notion in algebraic structures, known as neutrosophic structures. 
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Kandasamy and her colleague, Smarandache, introduced the idea of neutrosophic algebraic 

structures in [21]. Vasantha Kandasamy and Smarandache introduced the notion of neutrosophic 

zero divisors, idempotent, and unit elements in neutrosophic rings and fields [22]. 

Agboola, Akinola, and Oyebolain conducted further research on neutrosophic rings [23-24]. 

Chalapathi and Kiran examined the enumeration of neutrosophic units in neutrosophic rings and 

fields [25]. A novel multiplication operation based on neutrosophic theory has been developed to 

enhance the algebraic structures of classical rings and enable easier derivation of elementary 

structural theorems for indeterminate situations. Therefore, when a real-world problem involves 

indeterminacy, the use of neutrosophic algebraic theory is necessary. 

This paper explores the concepts of neutrosophic regularity in neutrosophic rings using 

relevant examples of key points. In addition, we analyzed the properties of specific elements of the 

neutrosophic rings to determine the properties that bind these elements together. 

2. Definitions and notations  

Given that researchers interested in the subject are well aware of classical rings and other 

fields, in this section, we provide various definitions and key findings of neutrosophic rings. For 

those interested in delving deeper into the topic of neutrosophic rings, we recommend referring to 

references. 

Definition.2.1 [22] Assume that we have a ring denoted by 𝑅. The set 〈R ∪ 𝐼〉 = {𝑎 + 𝑏𝐼 ; 𝑎, 𝑏 ∈

𝑅 and 𝐼2 = 𝐼} is called the neutrosophic ring. 〈R ∪ 𝐼〉 is referred to as a neutrosophic field when R is a 

field. 

Properties.2.2 [19-22] 

1. If 𝑅 is a unity ring, then 〈𝑅 ∪ 𝐼〉 is a unity neutrosophic ring with neutrosophic unity I. 

2. 𝐼𝑛 = 𝐼 for each 𝑛 ∈ ℤ+ 

3. 𝑎𝐼 = 𝐼𝑎 ∀𝑎 ∈ 𝑅. 

4. 0𝐼 = 0 ,  𝐼 + 𝐼 +⋯+ 𝐼 = 𝑛𝐼
         

 

Definition.2.3 [22] If 〈R ∪ 𝐼〉 is a neutrosophic ring, then 𝑥 ∈ 〈R ∪ 𝐼〉, where 𝑥 ≠ 0  is considered a 

neutrosophic zero divisor if found 𝑦 ≠ 0 of 〈R ∪ 𝐼〉, such that 𝑥𝑦 = 𝑦𝑥 = 0.  

Definition.2.4 [22-23-25] Assume that 〈R ∪ 𝐼〉 is a neutrosophic ring, then 

1. If 𝑒 ∈ 〈R ∪ 𝐼〉 satisfies 𝑒2 = 𝑒, it is considered to be a neutrosophic idempotent. 

2. Any element x ∈ 〈R ∪ 𝐼〉 is considered neutrosophic nilpotent if it satisfies the condition 

𝑥𝑛 = 0, where 𝑛 ∈ ℤ+.  

3. Any element x ∈ 〈R ∪ 𝐼〉 is considered a unit if there is y in 〈R ∪ 𝐼〉, where, 𝑥𝑦 = 𝑦𝑥 = 1. 

4. Any element x ∈ 〈R ∪ 𝐼〉 is considered a neutrosophic unit if there is y in 〈R ∪ 𝐼〉, where 𝑥𝑦 =

𝑦𝑥 =I. 

Theorem.2.5 [19] If 〈𝐾 ∪  𝐼〉 is a neutrosophic field, then each element in the form of 𝑎 + 𝑏𝐼 is unit ⟺

𝑎 ≠ 0  𝑎𝑛𝑑  𝑎 ≠ −𝑏. 

To represent the neutrosophic (field) ring, we use the symbol 𝑅(𝐼) instead of 〈𝑅 ∪  𝐼〉. 
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3. Results  

We present the idea of regularity and its effects on the components of neutrosophic rings in 

this section, and we explain the most important properties that link the elements of the 

neutrosophic ring to each other. 

In a neutrosophic ring 𝑅(𝐼), we indicate by 𝑁𝑍𝑅(𝐼) the collection of neutrosophic zero divisor 

elements, 𝑁𝐼𝑑𝑅(𝐼) the collection of neutrosophic idempotent elements, 𝑈𝑅(𝐼) = {𝑥 ∈ 𝑅(𝐼);  ∃𝑦 ∈

𝑅(𝐼); 𝑥𝑦 = 𝑦𝑥 = 1} the collection of unit elements, 𝑁𝑈𝑅(𝐼) = {𝑥 ∈ 𝑅(𝐼); ∃𝑦 ∈ 𝑅(𝐼); 𝑥𝑦 = 𝑦𝑥 = 𝐼} the 

collection of neutrosophic unit elements, 𝑁𝑁𝑖𝑙𝑅(𝐼) the collection of neutrosophic nilpotent elements, 

𝑁𝑅𝑒𝑔𝑅(𝐼) the collection of neutrosophic regular elements. In addition, in classical ring 𝑅 we are going 

indicate by  𝑍𝑅 the set of zero divisors, 𝐼𝑑𝑅 is the collection of idempotent, 𝑈𝑅 is the collection of unit, 

𝑁𝑖𝑙𝑅 is the collection of nilpotent, 𝑅𝑒𝑔𝑅 is the collection of regular. We will indicate by ℝ to the 

collection of real numbers, ℤ is the collection of integers. 

Definition.3.1 Assume that 𝑅(I) is a neutrosophic ring and let x be its element. We can say that in 

𝑅(I), if there is an element y where 𝑥 = 𝑥𝑦𝑥, then x is a neutrosophic regular element. We call 𝑅(I) a 

regular neutrosophic ring if 𝑁𝑅𝑒𝑔𝑅(I) = 𝑅(I). 

Example.3.2 The element 3 + 4𝐼 ∈ 𝑁𝑅𝑒𝑔ℤ7(𝐼) because it achieves 3 + 4𝐼 = (3 + 4𝐼)(5 + 6𝐼)(3 + 4𝐼). 

Definition.3.3 Assume that 𝑅(I) is a neutrosophic ring. 𝑥 ∈ 𝑅(I) is a neutrosophic right (left) 

neutrosophic strongly regular if found 𝑦 in 𝑅(I) where 𝑥 = 𝑦𝑥𝑥 (𝑥 = 𝑥𝑥𝑦). If each element in R(I) is a 

right (left) neutrosophic regular element, we call 𝑅(I) a  right (left) neutrosophic strongly regular. If 

𝑅(I) is a right and left neutrosophic strongly regular, we call it a neutrosophic strongly regular. It is 

clear that 𝑅(I) is a neutrosophic strongly regular, when 𝑅(I) is a commutative neutrosophic regular. 

Definition.3.4 In 𝑅(I), we define the set of neutrosophic simple nilpotent elements, which we denote 

by 𝑁𝑆𝑁𝑖𝑙𝑅(I) as follows 𝑁𝑆𝑁𝑖𝑙𝑅(I) = {𝑥 ∈ 𝑅(I); 𝑥
2 = 0 }. clear that 𝑁𝑆𝑁𝑖𝑙𝑅(I) ⊆ 𝑁𝑁𝑖𝑙𝑅(I) 

Example.3.5 In ℤ4(I), we have (2 + 2𝐼)2 = 0 ⇒ 2+ 2𝐼 ∈ 𝑁𝑆𝑁𝑖𝑙ℤ4(I).  

Corollary.3.6 Assume that 𝑅(I) is a neutrosophic ring. 

1. If 𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(I), then there is 𝑧 of 𝑅(I) where 𝑥 = 𝑥𝑧𝑥 and there is 𝑦 = 𝑧𝑥𝑧 of 𝑅(I) where 𝑥 =

𝑥𝑦𝑥 𝑎𝑛𝑑 𝑦 = 𝑦𝑥𝑦. 

2. If 𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(I), then there is 𝑦 ∈ 𝑅(I) where 𝑥 = 𝑥𝑦𝑥. Now if we put 𝑓 = 𝑥𝑦 and 𝑔 = 𝑦𝑥, then 

𝑓 and 𝑔 are neutrosophic idempotent. (It can be easily verified that 𝑓2 = 𝑓 and 𝑔2 = 𝑔). 

Example.3.7 In ℤ11(I), we have 3 + 8𝐼 ∈ 𝑁𝑅𝑒𝑔ℤ11(𝐼) ; 3 + 8𝐼 = (3 + 8𝐼)4(3 + 8𝐼). If we put   𝑓 =

(3 + 8𝐼)4 = 1 + 10𝐼 and 𝑔 = 4(3 + 8𝐼) = 1 + 10𝐼, then we note that 𝑓2 = 𝑔2 = (1 + 10𝐼)2 = 1 +

10𝐼 = 𝑓 = 𝑔. 

Example.3.8 In ℤ7(I), we have 5 + 6𝐼 ∈ 𝑁𝑅𝑒𝑔ℤ7(𝐼) ; 5 + 6𝐼 = (5 + 6𝐼)(3 + 6𝐼)(5 + 6𝐼).  

If we put 𝑓 = (5 + 6𝐼)(3 + 6𝐼) = 1 and 𝑔 = (3 + 6𝐼)(5 + 6𝐼) = 1, we note that 𝑓2 = 𝑔2 = 1 = 𝑓 = 𝑔. 

Theorem.3.9 If 𝑅(I) is an infinite (finite) neutrosophic field, then every element of the form 𝑎𝐼 ;  𝑎 ≠

0  it has an infinite (finite) number of neutrosophic inverses of the shape 𝑏 + 𝑐𝐼 ∈ 𝑅(I) where 𝑏 ≠ −𝑐. 

Proof.  

We have  𝑎𝐼(𝑏 + 𝑐𝐼) = 𝐼 ⇒ (𝑎𝑏 + 𝑎𝑐)𝐼 = 𝐼 ⇒ 𝑎(𝑏 + 𝑐) = 1. Since 𝑎 ≠ 0 so 𝑏 + 𝑐 = 𝑎−1. Therefore ∀𝑏 ∈

𝑅 , 𝑐 = 𝑎−1 − 𝑏 ∈ 𝑅. 

Corollary.3.10 In any neutrosophic field is achieved. Every element of the form  𝑎 + 𝑏𝐼,where, 𝑎 ≠
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−𝑏 it has a neutrosophic inverse 𝑑𝐼 such that  𝑐 =
1

𝑎+𝑏
 . Since 𝑎 + 𝑏𝐼 ∈ 𝑈𝑅(𝐼) according to the 

theorem.2.5, therefore 𝑈𝑅(𝐼) ⊂ 𝑁𝑈𝑅(𝐼). 

Example.3.11 

1. In the neutrosophic field ℝ(𝐼), the neutrosophic inverse of 3 + 5𝐼 is 
1

8
𝐼. 

2. In the neutrosophic field ℝ(𝐼), the neutrosophic inverse of 𝑎𝐼 = 3𝐼 is 𝑏 + 𝑐𝐼 ;  ∀𝑏 ∈ ℝ ,  𝑐 = 𝑎−1 − 𝑏.  

Suppose that, 𝑏 = 3 ⇒ 𝑐 =
−8

3
    ;     3𝐼 (3 −

8

3
𝐼) = 𝐼 

Suppose that,     𝑏 = √2 ⇒ 𝑐 =
1

3
− √2 =

1 − 3√2

3
   ;    3𝐼 (√2 + (

1 − 3√2

3
)𝐼) = 𝐼 

3. In the neutrosophic field  ℤ3(𝐼), the element 2𝐼 has a finite number of neutrosophic inverses of the 

shape 𝑏 + 𝑐𝐼 ; ∀𝑏 ∈ ℤ3, 𝑐 = 2
−1 − 𝑏. 

If  𝑏 = 0 𝑡ℎ𝑒𝑛   𝑐 = 2−1 − 0 = 2, 𝑡ℎ𝑢𝑠 𝑏 + 𝑐𝐼 = 2𝐼 

If  𝑏 = 1 𝑡ℎ𝑒𝑛   𝑐 = 2−1 − 1 = 1, 𝑡ℎ𝑢𝑠 𝑏 + 𝑐𝐼 = 1 + 𝐼 

If  𝑏 = 2 𝑡ℎ𝑒𝑛   𝑐 = 2−1 − 2 = 2 + 1 = 0, 𝑡ℎ𝑢𝑠 𝑏 + 𝑐𝐼 = 2 

Theorem.3.12 Let 𝑅(I) be unity. If 𝑥 ≠ 0 has a right inverse (right neutrosophic inverse) and let it be 

y and has a left inverse (left neutrosophic inverse) and let it be z then we can distinguish the following 

cases: 

If      𝑥. 𝑦 = 1  𝑎𝑛𝑑  𝑧. 𝑥 = 1   𝑡ℎ𝑒𝑛   𝑦 = 𝑧 

If   𝑥. 𝑦 = 𝐼  𝑎𝑛𝑑  𝑧. 𝑥 = 1   𝑡ℎ𝑒𝑛   𝑦 = 𝑧𝐼  

If     𝑥. 𝑦 = 1 𝑎𝑛𝑑  𝑧. 𝑥 = 𝐼   𝑡ℎ𝑒𝑛    𝑧 = 𝑦𝐼 

If      𝑥. 𝑦 = 𝐼 𝑎𝑛𝑑  𝑧. 𝑥 = 𝐼  𝑡ℎ𝑒𝑛   𝑦𝐼 = 𝑧𝐼 

Proof. 

In the first case, it is clear.   

In the rest of the cases  

If   𝑥. 𝑦 = 𝐼  𝑎𝑛𝑑  𝑧. 𝑥 = 1, then we note   𝑦 = 1. 𝑦 = (𝑧𝑥). 𝑦 = 𝑧. (𝑥𝑦) = 𝑧𝐼  

If     𝑥. 𝑦 = 1 𝑎𝑛𝑑  𝑧. 𝑥 = 𝐼, then we note    𝑧 = 𝑧. 1 = 𝑧. (𝑥𝑦) = (𝑧𝑥). 𝑦 = 𝐼𝑦 = 𝑦𝐼 

If      𝑥. 𝑦 = 𝐼 𝑎𝑛𝑑  𝑧. 𝑥 = 𝐼, then we note   𝑧𝐼 = 𝑧. (𝑥𝑦) = (𝑧𝑥). 𝑦 = 𝐼𝑦 = 𝑦𝐼 

Example.3.13 

1. In ℤ8(I), the element 4 + 𝐼 is a neutrosophic unit and achieves (4 + 𝐼)(4 + 𝐼) = 𝐼 and 5𝐼(4 + 𝐼) = 𝐼.  

And we note (5𝐼)𝐼 = (4 + 𝐼)𝐼 = 5𝐼 

2. In the neutrosophic ring ℝ (𝐼) we have (3 + 5𝐼) (
1

3
−

5

24
𝐼) = 1 and also (3 + 5𝐼) (

1

8
𝐼) = 𝐼. And we 

note (
1

3
−

5

24
𝐼) 𝐼 =

1

8
𝐼. 

3. In the neutrosophic ring ℤ8(𝐼), the element 4 + 3𝐼 is a neutrosophic unit and achieves (4 + 3𝐼)7𝐼 =

𝐼 and also (4 + 3𝐼)(4 + 3𝐼) = 𝐼 And we note (4 + 3𝐼)𝐼 = (7𝐼)𝐼 = 7𝐼. 

Theorem.3.14 In any neutrosophic field 𝑅(I) is achieved  𝑁𝑈𝑅(𝐼) ∩ 𝑁𝑍𝑅(𝐼) = {𝑏𝐼 , 𝑏 ∈ 𝑈𝑅}. 

Proof. We have a first 𝑏 ∈ 𝑈𝑅 ⇒ 𝑏𝐼 ∈ 𝑁𝑈𝑅(𝐼)  

and also 𝑏𝐼(𝑏−1 − 𝑏−1𝐼) = (𝑏−1 − 𝑏−1)𝑏𝐼 = 0 ⇒ 𝑏𝐼 ∈ 𝑁𝑍𝑅(𝐼), therefore  𝑏𝐼 ∈ 𝑁𝑈𝑅(𝐼) ∩𝑁𝑍𝑅(𝐼) ≠ ∅. 
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On the other hand, ∀𝑥 = 𝑎 + 𝑏𝐼 ∈ 𝑁𝑈𝑅(𝐼) ∩ 𝑁𝑍𝑅(𝐼)  where 𝑎 ≠ 0 𝑜𝑟 𝑏 ≠ 0 thus 𝑎 + 𝑏𝐼 ∈ 𝑁𝑈𝑅(𝐼)    𝑎𝑛𝑑 𝑎 +

𝑏𝐼 ∈ 𝑁𝑍𝑅(𝐼). Since 𝑎 + 𝑏𝐼 ∈ 𝑁𝑈𝑅(𝐼)  so 𝑎 ≠ −𝑏 and since 𝑎 + 𝑏𝐼 ∈ 𝑁𝑍𝑅(𝐼), there is 𝑐 + 𝑑𝐼 ∈

𝑅(𝐼) where 𝑐 ≠ 0 𝑜𝑟 𝑑 ≠ 0 such that (𝑎 + 𝑏𝐼)(𝑐 + 𝑑𝐼) = 0. In fact 𝑎 = 0 𝑎𝑛𝑑 𝑏 ≠ 0 because if we 

suppose 𝑎 ≠ 0, then we distinguish two cases,  𝑖𝑓 𝑎 ≠ 0 and 𝑏 = 0 then 𝑎(𝑐+ 𝑑𝐼)= 0 thus 𝑎𝑐+

𝑎𝑑𝐼 = 0, since 𝑎 ≠ 0 hence 𝑐 = 𝑑 = 0 and  this is contradictory to that 𝑥 = 𝑎 + 𝑏𝐼 ∈ 𝑁𝑍𝑅(𝐼). 

Now  if 𝑎 ≠ 0 and 𝑏 ≠ 0 then (𝑎 + 𝑏𝐼)(𝑐 + 𝑑𝐼) = 0 ⇒ 𝑎𝑐 + (𝑎𝑑 + 𝑏𝑐 + 𝑏𝑑)𝐼 = 0 ⇒ 𝑎𝑐 = 0 and  𝑎𝑑 +

𝑏𝑐 + 𝑏𝑑 = 0
𝑎≠0
⇒  𝑐 = 0  and (𝑎 + 𝑏)𝑑 = 0. Since 𝑎 ≠ −𝑏 so 𝑑 = 0. This is contradictory to that 𝑥 ∈

𝑁𝑍𝑅(𝐼).Therefore, 𝑥 = 𝑏𝐼 ; 𝑏 ≠ 0. 

Corollary.3.15 In general, it is not necessarily only that 𝑁𝑈𝑅(𝐼) ∩𝑁𝑍𝑅(𝐼) = {𝑏𝐼 , 𝑏 ∈ 𝑈𝑅}, when 𝑅(I) is 

a unity neutrosophic ring. 

Example.3.16 In ℤ8(I), the element (4 + 𝐼) ∈ 𝑁𝑈ℤ8(I) ∩𝑁𝑍ℤ8(I), where it achieves 5𝐼(4 + 𝐼) =

𝐼  𝑎𝑛𝑑 (4 + 𝐼)(4 + 4𝐼) = 0. 

Theorem.3.17 In any neutrosophic field 𝑅(I) is achieved NU 𝑅(𝐼) ∩NId 𝑅(𝐼) = {1, I}. 

Proof.  

We note 1, 𝐼 ∈ 𝑁𝑈 𝑅(𝐼)   and  1, 𝐼 ∈ 𝑁𝐼𝑑 𝑅(𝐼), thus 1, 𝐼 ∈ 𝑁𝑈 𝑅(𝐼) ∩ 𝑁𝐼𝑑 𝑅(𝐼). 

At other hand, ∀𝑥 = 𝑎 + 𝑏𝐼 ∈ 𝑁𝑈 𝑅(𝐼) ∩𝑁𝐼𝑑 𝑅(𝐼)  where (𝑎 ≠ 0   𝑜𝑟 𝑏 ≠ 0) and 𝑎 ≠ −𝑏. 

                 ⇒ (∃𝑥−1 ∈ 𝑅(𝐼); 𝑥−1x = x𝑥−1 = 1  or  I )  and  𝑥2 = x    

Now if       𝑥−1x = 1 and 𝑥2 = 𝑥, then 𝑥−1x = 𝑥−1𝑥2 = 1. Subsequently 𝑥 = 1. 

If     𝑥−1x = I, 𝑥2 = 𝑥, then  𝑥−1𝑥2 = 𝑥−1x ⇒ (𝑥−1x)x = I ⇒ 𝐼𝑥 = 𝐼 

Since 𝐼(𝑎 + 𝑏𝐼) = 𝐼, so 𝑎 + 𝑏 = 1  

We have 𝑥2 = x  ⇒ (𝑎 + 𝑏𝐼)2 = 𝑎 + 𝑏𝐼 ⇒ 𝑎2 + (2𝑎𝑏 + 𝑏2)𝐼 = 𝑎 + 𝑏𝐼 ⇒ 𝑎2 = 𝑎   and 2𝑎𝑏 + 𝑏2 = 𝑏. 

Now we have   𝑎2 = 𝑎 and  2𝑎𝑏 + 𝑏2 = 𝑏 and  𝑎 + 𝑏 = 1. 

If  𝑎 ≠ 0, we have  𝑎2 = 𝑎 so 𝑎(𝑎 − 1) = 0 𝑡ℎ𝑢𝑠 𝑎 − 1 = 0. Therefore, 𝑎 = 1. And since 𝑎 + 𝑏 = 1 𝑡ℎ𝑢𝑠 

𝑏 = 0. Therefore 𝑥 = 1. 

Now if  𝑏 ≠ 0, we have   2𝑎𝑏 + 𝑏2 = 𝑏 . Since  𝑎 = 1 − 𝑏 so 2(1 − 𝑏)𝑏 + 𝑏2 = 𝑏 

⇒ 2𝑏 − 2𝑏2 − 𝑏 = 0 ⇒ 𝑏(1 − 𝑏) = 0 ⇒ 1 − 𝑏 = 0 ⇒ 𝑏 = 1. Since 𝑎 + 𝑏 = 1, so 𝑎 = 0. Therefore, 

𝑥 = 𝐼. So NU 𝑅(𝐼) ∩ NId 𝑅(𝐼) = {1, I} 

Example.3.18 In the neutrosophic field ℤ3(𝐼), we have NIdℤ3(𝐼) = {0,1, 𝐼, 1 + 2𝐼}  , NUℤ3(𝐼) =

{1,2, 𝐼, 2𝐼, 1 + 𝐼}. Clear that NIdℤ3(𝐼) ∩NUℤ3(𝐼) = {1, I} 

Corollary.3.19 In general, it is not necessarily only that NU 𝑅(𝐼) ∩ NId 𝑅(𝐼) = {1, I}, when 𝑅(I) is unity. 

Example.3.20 In the neutrosophic ring ℤ6(I), the element (3 + 4𝐼) ∈ 𝑁𝑈ℤ6(I) ∩ 𝑁𝐼𝑑ℤ6(I), where 

𝐼(3 + 4𝐼) = 𝐼    and (3 + 4𝐼)2 = 3 + 4𝐼 

Theorem.3.21 Assume that 𝑅(I) is unity. Therefore, every unit element is a neutrosophic regular. 

Proof. ∀𝑥 ∈ 𝑈 𝑅(𝐼) ⇒ ∃𝑥
−1 ∈ 𝑅(𝐼);   𝑥𝑥−1 = 1 ⇒ 𝑥𝑥−1𝑥 = 𝑥 ∈ 𝑁𝑅𝑒𝑔 𝑅(𝐼). 

Theorem.3.22 Assume that 𝑅(I) is unity. Then, for every neutrosophic unit element of shape 𝑏𝐼 , 𝑏 ≠

0 is a neutrosophic regular. 

Proof.  

Since 𝑏𝐼 ∈ 𝑁𝑈 𝑅(𝐼) thus ∃𝑥 ∈  𝑅(𝐼) such that  (𝑏𝐼)𝑥 = 𝑥(𝑏𝐼) = 𝐼. So (𝑏𝐼)𝑥(𝑏𝐼) = 𝑏𝐼 ∈ 𝑁𝑅𝑒𝑔 𝑅(𝐼). 
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Theorem.3.23 In any neutrosophic field 𝑅(I), every neutrosophic unit element of the shape 𝑎 +

𝑏𝐼 ; 𝑎 ≠ 0 and 𝑎 ≠ −𝑏 is a neutrosophic regular. 

Proof. Using theorem.2.5.  We have 𝑎 + 𝑏𝐼  is a unit. Therefore, it is a neutrosophic regular according 

to the theorem.3.21. 

Corollary.3.24 In general, in a unity neutrosophic ring, every neutrosophic unit element of the shape 

𝑎 + 𝑏𝐼 ; 𝑎 ≠ 0 ≠ 𝑏 is not necessarily a neutrosophic regular. 

Example.3.25 In the neutrosophic ring ℤ8(I), the element 4 + 𝐼 is a neutrosophic unit and achieves 

(4 + 𝐼)(4 + 𝐼) = 𝐼. We note 4 + 𝐼 ∉ 𝑁𝑅𝑒𝑔 ℤ8(I).  

Theorem.3.26 Assume that 𝑅(I) is unity. If 𝑥 ∈ 𝑁𝑁𝑖𝑙𝑅(𝐼), then 1 − 𝑥 , 𝐼(1 − 𝑥) =  𝐼 − 𝐼𝑥, 1 + 𝑥,

𝐼(1 + 𝑥) = 𝐼 + 𝐼𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼). 

Proof. We have 𝑥 ∈ 𝑁𝑁𝑖𝑙𝑅(I) ⇒ ∃𝑛 ∈ ℤ
+;  𝑥𝑛 = 0. On the other hand, we note  

(𝐼 − 𝐼𝑥)(𝐼 + 𝑥 + 𝑥2+ . . . . +𝑥𝑛−1) = 𝐼 + 𝐼𝑥 + 𝐼𝑥2+ . . . . +𝐼𝑥𝑛−1 − 𝐼𝑥 − 𝐼𝑥2− . . . . −𝐼𝑥𝑛−1 − 𝐼𝑥𝑛 = 1−

𝐼𝑥𝑛 = 𝐼. Therefore, 𝐼 − 𝐼𝑥 = 𝐼(1 − 𝑥) ∈ 𝑁𝑈𝑅(I). Using theorem.3.22,  𝐼 − 𝐼𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼). 

Finally, (𝐼 + 𝐼𝑥)(𝐼 − 𝑥 + 𝑥2 − 𝑥3+. . . . +(−1)𝑛−1𝑥𝑛−1) = 𝐼 − 𝐼𝑥 + 𝐼𝑥2 − 𝐼 𝑥3+.… . . +𝐼(−1)𝑛−1𝑥𝑛−1 +

𝐼𝑥 − 𝐼𝑥2 + 𝐼𝑥3− . . . . +𝐼(−1)𝑛−2𝑥𝑛−1 + 𝐼(−1)𝑛−1𝑥𝑛 = 𝐼 + 𝐼(−1)𝑛−1𝑥𝑛 = 𝐼 ⇒ 𝐼 + 𝐼𝑥 = (1 + 𝑥)𝐼 ∈

𝑁𝑈R(I). Using theorem.3.22,   𝐼 + 𝐼𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼). 

Similarly, we prove that if 𝑥 ∈ 𝑁𝑁𝑖𝑙R(I), then 1 − 𝑥, 𝑥 − 1 , 𝑥 + 1, 𝐼𝑥 − 𝐼 ∈ 𝑁𝑅𝑒𝑔R(I). 

Example.3.27 In the neutrosophic ring ℤ9(I), the element (3 + 3𝐼) is a neutrosophic simple 

nilpotent,,and we have 1 − (3 + 3𝐼) = 1 + 6 + 6𝐼 = 7 + 6𝐼. We note 

(7 + 6𝐼)(4 + 3𝐼)(7 + 6𝐼) = 7 + 6𝐼. Therefore, 7 + 6𝐼 ∈ 𝑁𝑅𝑒𝑔ℤ9(I). 

𝐼 − 𝐼(3 + 3𝐼) = 𝐼 + 3𝐼 = 4𝐼. We note (4𝐼)(7)(4𝐼) = 4𝐼 ∈ 𝑁𝑅𝑒𝑔ℤ9(I). 

3 + 3𝐼 − 1 = 2 + 3I. We have (2 + 3I)(5 + 6I)(2 + 3I) = 2 + 3𝐼 ∈ 𝑁𝑅𝑒𝑔ℤ9(I). 

𝐼(3 + 3𝐼) − 𝐼 = 5𝐼; (5𝐼)(2)(5𝐼) = 5𝐼 ∈ 𝑁𝑅𝑒𝑔ℤ9(I). 

On the other hand, 3 + 3𝐼 + 1 = 4 + 3𝐼, where (4 + 3𝐼)(7 + 6𝐼)(4 + 3𝐼) = 4 + 3𝐼 ∈ 𝑁𝑅𝑒𝑔ℤ9(I). 𝐼(3 +

3𝐼) + 𝐼 = 7𝐼; (7𝐼)4(7𝐼) = 7𝐼 ∈ 𝑁𝑅𝑒𝑔ℤ9(I). 

Corollary.3.28 Assume that 𝑅(I) is unity. Now if 𝑥 = 𝑏𝐼 ∈ 𝑁𝑁𝑖𝑙𝑅(𝐼), then  

 𝐼 − 𝑥 and 𝐼 + 𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼). 

Proof. We have 𝑥 = 𝑏𝐼 ∈ 𝑁𝑁𝑖𝑙𝑅(𝐼) ⇒ ∃𝑛 ∈ ℤ
+;  𝑥𝑛 = (𝑏𝐼)𝑛 = 𝑏𝑛𝐼𝑛 = 0

𝐼𝑛≠0
⇒  𝑏𝑛 = 0 ⇒  𝑏 ∈ 𝑁𝑖𝑙𝑅(𝐼). On 

the other hand, 𝐼 − 𝑥 = 𝐼 − 𝑏𝐼 = 𝐼(1 − 𝑏). Using theorem.3.26, we have 𝐼(1 − 𝑏) ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼).  

Similarly, we prove that 𝐼 + 𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼). 

Corollary.3.29 In general, if 𝑅(I) is a unity neutrosophic ring and 𝑥 = 𝑎 + 𝑏𝐼 ∈ 𝑁𝑁𝑖𝑙𝑅(𝐼), then it is 

not necessarily that 𝐼 − 𝑥 , 𝐼 + 𝑥 ∈  𝑁𝑅𝑒𝑔𝑅(𝐼). 

Example.3.30 In the neutrosophic ring ℤ8(I), the element (4 + 4𝐼) is a neutrosophic simple 

nilpotent, while  𝐼 − (4 + 4𝐼) = 𝐼 + 4 + 4𝐼 = 4 + 5𝐼 ∉ 𝑁𝑅𝑒𝑔ℤ8(I), because if 𝑎 + 𝑏𝐼 ∈ ℤ8(I) ; 𝑎 ≠

0 𝑜𝑟 𝑏 ≠ 0. We have (4 + 5𝐼)(𝑎 + 𝑏𝐼)(4 + 5𝐼) = (4 + 5𝐼)(4 + 5𝐼)(𝑎 + 𝑏𝐼) = 𝐼(𝑎 + 𝑏𝐼) = (𝑎 + 𝑏)𝐼 ≠

4 + 5𝐼   ∀𝑎, 𝑏 ∈ ℤ8. 

Corollary.3.31 Assume that 𝑅(I) is unity. Now, if 𝑥1 = 𝑎 + 𝑏𝐼 ∈ 𝑁𝑈𝑅(𝐼) 𝑎𝑛𝑑  𝑥2 = 𝑐 + 𝑑𝐼 ∈ 𝑁𝑁𝑖𝑙𝑅(𝐼), 

then it is not necessarily that  𝑥1 − 𝑥2 , 𝑥1 + 𝑥2 ∈  𝑁𝑅𝑒𝑔𝑅(𝐼). 

Example.3.32 In the neutrosophic ring ℤ9(I), the element (3 + 3𝐼) ∈ 𝑁𝑆𝑁𝑖𝑙ℤ9(I),and 8𝐼 ∈ 𝑁𝑈𝑅(𝐼), we 

have 8𝐼 − (3 + 3𝐼) = 8𝐼 + 6 + 6𝐼 = 6 + 5𝐼 ∉ 𝑁𝑅𝑒𝑔ℤ9(I), because if  𝑎 + 𝑏𝐼 ∈ ℤ9(I) ; 𝑎 ≠ 0 𝑜𝑟 𝑏 ≠ 0. We 
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have (6 + 5𝐼)(𝑎 + 𝑏𝐼)(6 + 5𝐼) = (6 + 5𝐼)(6 + 5𝐼)(𝑎 + 𝑏𝐼) = 4𝐼(𝑎 + 𝑏𝐼) = (4𝑎 + 4𝑏)𝐼 ≠ 6 +

5𝐼  ∀𝑎, 𝑏 ∈ ℤ9. 

Theorem.3.33 In any neutrosophic field, 𝑅(I) is achieved 𝑅(I) = 𝑁𝑅𝑒𝑔𝑅(𝐼). 

Proof.  

∀𝑥 = 𝑎 + 𝑏𝐼 ∈ 𝑅(𝐼). If 𝑥 = 0, then 𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼), because ∀𝑦 ∈ 𝑅(𝐼) so 0 = 0. 𝑦. 0   

If 𝑥 ≠ 0, then 𝑎 ≠ 0 𝑜𝑟 𝑏 ≠ 0. 

Now if 𝑎 ≠ 0 𝑎𝑛𝑑 𝑏 = 0 ⇒ 𝑥 = 𝑎 ∈ 𝑈𝑅(𝐼). Using theorem. 3.21, 𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼) 

If  𝑎 = 0 𝑎𝑛𝑑 𝑏 ≠ 0 ⇒ 𝑥 = 𝑏𝐼 ∈ 𝑁𝑈𝑅(𝐼) . Using theorem. 3.22,   𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼) 

If  𝑎 ≠ 0 𝑎𝑛𝑑 𝑏 ≠ 0 𝑎𝑛𝑑 𝑎 ≠ −𝑏.Using theorem. 2.6, 𝑥 ∈ 𝑈𝑅(𝐼) .  Using theorem. 3.21, 𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼) 

If 𝑎 ≠ 0 𝑎𝑛𝑑 𝑏 ≠ 0 𝑎𝑛𝑑 𝑎 = −𝑏 ⇒ 𝑥 = 𝑎 − 𝑎𝐼;   (𝑎 − 𝑎𝐼)𝑎−1(𝑎 − 𝑎𝐼) = (1 − 𝐼)(𝑎 − 𝑎𝐼) = 𝑎 − 𝑎𝐼 = 𝑥 

                                       ⇒ 𝑥 ∈ 𝑁𝑅𝑒𝑔𝑅(𝐼) 

Another way to prove (in case 𝑎 ≠ 0 𝑎𝑛𝑑 𝑏 ≠ 0 ).  

If  𝑎 ≠ 0 𝑎𝑛𝑑 𝑏 ≠ 0 ⇒ ∃ 𝑥 + 𝑦𝐼 ∈ 𝑅(I);   𝑥 ≠ 0 𝑜𝑟 𝑦 ≠ 0 𝑎𝑛𝑑  𝑥, 𝑦 ∈ 𝑅. 

And it is achieved 𝑎 + 𝑏𝐼 = (𝑎 + 𝑏𝐼)(𝑥 + 𝑦𝐼)(𝑎 + 𝑏𝐼) = [𝑎2 + (2𝑎𝑏 + 𝑏2)𝐼](𝑥 + 𝑦𝐼) 

Suppose that 𝑐 = 𝑎2   ,    𝑑 = 2𝑎𝑏 + 𝑏2 ⇒ 𝑎 + 𝑏𝐼 = (𝑐 + 𝑑𝐼)(𝑥 + 𝑦𝐼) 

It's clear 𝑐 ≠ 0  in 𝑅(I) and that 𝑑 = 0  𝑜𝑟 𝑑 ≠ 0. 

If  𝑑 = 0 then 𝑎 + 𝑏𝐼 = 𝑐(𝑥 + 𝑦𝐼) = 𝑐𝑥 + 𝑐𝑦𝐼 ⇒  𝑎 = 𝑐𝑥, 𝑏 = 𝑐𝑦 ⇒ 𝑥 = 𝑐−1𝑎 , 𝑦 = 𝑐−1𝑏 ∈ 𝑅(I)  

If  𝑑 ≠ 0 ⇒ 𝑎 + 𝑏𝐼 = (𝑐 + 𝑑𝐼)(𝑥 + 𝑦𝐼) = 𝑐𝑥 + (𝑐𝑦 + 𝑑𝑥 + 𝑑𝑦)𝐼 ⇒  𝑎 = 𝑐𝑥  , 𝑏 = 𝑐𝑦 + 𝑑𝑥 + 𝑑𝑦 

              ⇒ 𝑥 = 𝑐−1𝑎 ∈ 𝑅(I) ⇒ 𝑏 = 𝑐𝑦 + 𝑑𝑐−1𝑎 + 𝑑𝑦 ⇒ 𝑏 = (𝑐 + 𝑑)𝑦 + 𝑑𝑐−1𝑎  

If  𝑐 + 𝑑 = 0 ⇒ 𝑏 = 0𝑦 + 𝑑𝑐−1𝑎 , ∀𝑦 ∈ 𝑅(I), in this case we will consider 𝑦 = 0 for ease. 

If, 𝑐 + 𝑑 ≠ 0 ⇒ 𝑏 − 𝑑𝑐−1𝑎 = (𝑐 + 𝑑)𝑦 ⇒ 𝑦 = (𝑐 + 𝑑)−1(𝑏 − 𝑑𝑐−1𝑎) ∈ 𝑅(I). 

Corollary.3.34 Let 𝑅(I) be a neutrophilic field, then every element 𝑎 + 𝑏𝐼 ;  𝑎 ≠ 0, 𝑎 = −𝑏  is 

neutrosophic regular, so there is  𝑎−1 + 𝑐𝐼 ;  ∀𝑐 ∈ 𝑅(𝐼)  where (𝑎 + 𝑏𝐼)(𝑎−1 + 𝑐𝐼)(𝑎 + 𝑏𝐼) = 𝑎 + 𝑏𝐼.  

Proof. Since 𝑎 ≠ 0 𝑎𝑛𝑑 𝑎 = −𝑏 , so ∀𝑐 ∈ 𝑅(𝐼). We note that  

   (𝑎 − 𝑎𝐼)(𝑎−1 + 𝑐𝐼)(𝑎 − 𝑎𝐼) = (1 + 𝑎𝑐𝐼 − 𝐼 − 𝑎𝑐𝐼)(𝑎 − 𝑎𝐼) = (1 − 𝐼)(𝑎 − 𝑎𝐼) = 𝑎 − 𝑎𝐼.  

Example.3.35 In the neutrosophic field ℤ7(𝐼), the element 5 + 6𝐼 is a neutrosophic regular, where 

𝑎 = 5 , 𝑏 = 6. Using theorem.3.33, we can find the element 𝑥 + 𝑦𝐼 that achieves neutrosophic 

regularity, 𝑐 = 𝑎2̅̅ ̅ = 4   , 𝑑 = 2𝑎𝑏 + 𝑏2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 60 + 36̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 5    ; 𝑐 + 𝑑 = 4 + 5 = 2  ⇒ 𝑥 = 𝑐−1𝑎 = 2(5) = 3  

             ⇒ 𝑦 = (𝑐 + 𝑑)−1(𝑏 − 𝑑𝑐−1𝑎) = (2)−1[6 − (5.2.5)] = 4[6 − (1)] = 4[6 + 6] = 4(5) = 6 

Now easily it can be verified that 5 + 6𝐼 = (5 + 6𝐼)(3 + 6𝐼)(5 + 6𝐼) 

Example.3.36 In the neutrosophic field ℤ7(𝐼), the element 3 + 4𝐼 is a neutrosophic regular element 

where 𝑎 = 3 , 𝑏 = 4. Using theorem.3.33, we can find the element 𝑥 + 𝑦𝐼 that achieves neutrosophic 

regularity 

𝑐 = 𝑎2̅̅ ̅ = 2   , 𝑑 = 2𝑎𝑏 + 𝑏2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 24 + 16̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 5    ; 𝑐 + 𝑑 = 2 + 5 = 0 ⇒ 𝑦 ∈ ℤ7 

⇒ 𝑥 = 𝑐−1𝑎 = 4(3) = 5 

Now easily it can be verified that ∀𝑦 ∈ ℤ7;  3 + 4𝐼 = (3 + 4𝐼)(5 + 𝑦𝐼)(3 + 4𝐼) 

Example.3.37 In the neutrosophic field ℤ11(𝐼), the element 3 + 8𝐼 is a neutrosophic regular element 

where 𝑎 = 3 , 𝑏 = 8. Using theorem.3.33, we can find the element 𝑥 + 𝑦𝐼 that achieves neutrosophic 

regularity 

𝑐 = 𝑎2̅̅ ̅ = 9   , 𝑑 = 2𝑎𝑏 + 𝑏2̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 48 + 64̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 2    ; 𝑐 + 𝑑 = 9 + 2 = 0 ⇒ 𝑦 ∈ ℤ11 ⇒ 𝑥 = 𝑐
−1𝑎 = 5(3) = 4 

Now easily it can be verified that 
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3 + 8𝐼 = (3 + 8𝐼)(4 + 𝑦𝐼)(3 + 8𝐼)  ∀𝑦 ∈ ℤ11. Suppose that  𝑦 = 0 ⇒ 3 + 8𝐼 = (3 + 8𝐼)4(3 + 8𝐼) 

Corollary.3.38 Assume that 𝑅(I) is a unity and 𝑎 + 𝑏𝐼 ∈  𝑅(𝐼) where 𝑎, 𝑏 ∈  𝑅𝑒𝑔𝑅(𝐼) , then it is not 

necessarily that 𝑎 + 𝑏𝐼 ∈  𝑁𝑅𝑒𝑔 𝑅(𝐼), and also if 𝑎 + 𝑏𝐼 ∈  𝑁𝑅𝑒𝑔 𝑅(𝐼), then it is not necessarily 𝑎, 𝑏 ∈

 𝑅𝑒𝑔𝑅. 

Example.3.39 In the neutrosophic ring ℤ4(𝐼), the element 3 + 3𝐼 is neutrosophic irregular, although 

𝑎 = 𝑏 = 3 = 3.3.3 ∈  𝑅𝑒𝑔ℤ4 , because if we assume that 

 3 + 3𝐼 = (3 + 3𝐼)(𝑥 + 𝑦𝐼)(3 + 3𝐼) = (3 + 3𝐼)(3 + 3𝐼)(𝑥 + 𝑦𝐼) = (1 + 3𝐼)(𝑥 + 𝑦𝐼) 

= 𝑥 + 𝑦𝐼 + 3𝑥𝐼 + 3𝑦𝐼 = 𝑥 + 3𝑥𝐼 ; 𝑥, 𝑦 ∈ ℤ4 

⇒ 3+ 3𝐼 = 𝑥 + 3𝑥𝐼 ⇒ 𝑥 = 3  and  3𝑥 = 3  𝑡ℎ𝑢𝑠 𝑥 = 3 and 𝑥 = 1, but this is a contradiction. Therefore, 

3 + 3𝐼 is a neutrosophic irregular. 

Example.3.40 In the neutrosophic ring ℤ8(𝐼), the element 𝑥 = 3 + 2𝐼 is a neutrosophic regular 

although 2 ∉  𝑅𝑒𝑔ℤ8, where 𝑥 = 𝑥𝑥𝑥. 

Theorem.3.41 If 𝑅(𝐼) is a unity neutrosophic regular neutrosophic ring, then 𝑅(𝐼) = 𝑁𝑈𝑅(𝐼) ∪ 𝑁𝑍𝑅(𝐼). 

Proof. Always be an investigator 𝑁𝑈𝑅(𝐼) ∪ 𝑁𝑍𝑅(𝐼) ⊆ 𝑅(𝐼). 

On other hand,  ∀ 𝑥 ∈ 𝑅(𝐼) where 𝑥 ∉ 𝑁𝑍𝑅(𝐼). Now since 𝑥 ∈ 𝑅(𝐼) so there is 𝑦  belonging to 𝑅(𝐼) that 

achieves 

𝑥 = 𝑥𝑦𝑥 so 𝑥 − 𝑥𝑦𝑥 = 0 thus 𝑥(1 − 𝑦𝑥) = 0
𝑥∉𝑁𝑍𝑅(𝐼)
⇒      1 − 𝑦𝑥 = 0 thus  𝑦𝑥 = 1 

𝑥 = 𝑥𝑦𝑥⇒  𝑥 − 𝑥𝑦𝑥 = 0⇒  (1 − 𝑥𝑦)𝑥 = 0
𝑥∉𝑁𝑍𝑅(𝐼)
⇒      1 − 𝑥𝑦 = 0 thus 𝑥𝑦 = 1 

Since 𝑥 ∈ 𝑁𝑈𝑅(𝐼) so 𝑥 ∈ 𝑁𝑈𝑅(𝐼) ∪𝑁𝑍𝑅(𝐼). Therefore, 𝑅(𝐼) ⊆ 𝑁𝑈𝑅(𝐼) ∪ 𝑁𝑍𝑅(𝐼). 

Example.3.42 We have ℤ3(𝐼) is a neutrosophic regular, which 𝑁𝑍ℤ3(𝐼) = {0, 𝐼, 2𝐼, 1 + 2𝐼, 2 +

𝐼}, 𝑁𝑈ℤ3(𝐼) = {1,2, 𝐼, 2𝐼, 1 + 𝐼, 2 + 2𝐼}, and we note ℤ3(𝐼) = 𝑁𝑈 ℤ3(𝐼) ∪𝑁𝑍 ℤ3(𝐼). 

Note.3.43 The condition of neutrosophic regularity in the unity neutrosophic ring is necessary for it 

to satisfy 𝑅(𝐼) = 𝑁𝑈𝑅(𝐼) ∪ 𝑁𝑍𝑅(𝐼).  

Example.3.44 We have ℤ(I) is a unity neutrosophic irregular neutrosophic ring and is not achieved 

ℤ(I) = 𝑁𝑈ℤ(I) ∪𝑁𝑍 ℤ(I). 

Theorem.3.45 If 𝑅(I) is a neutrosophic right (left) strongly regular neutrosophic ring, then  

𝑁𝑆𝑁𝑖𝑙𝑅(I) = {0}. 

Proof. ∀ 𝑥 ∈ 𝑁𝑆𝑁𝑖𝑙𝑅(I) ⇒ 𝑥
2 = 𝑥𝑥 = 0. Since 𝑥 ∈ 𝑅(I), there is 𝑦  belongs to 𝑅(𝐼) that achieves 𝑥 =

𝑦𝑥𝑥, therefore 𝑥 = 𝑦𝑥𝑥 = 𝑦0 = 0⇒ 𝑁𝑆𝑁𝑅(I) = {0}. 

Similarly, we prove that 𝑁𝑆𝑁𝑖𝑙𝑅(I) = {0} in the case of 𝑅(I) is a neutrosophic left strongly regular. 

 

 

Table 1. key distinctions between the classical and neutrosophic rings. 

 

unity neutrosophic ring 

R(I) 

unity classical ring 

  R 

𝑁𝑈𝑅(𝐼) ∩ 𝑁𝑍𝑅(𝐼) ≠ ∅  𝑈𝑅 ∩ 𝑍𝑅 = ∅ 1 
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If 𝑅(I) be a neutrosophic field, then NU 𝑅(𝐼) ∩

NId 𝑅(𝐼) = {1, I} 
U 𝑅 ∩ Id 𝑅 = {1} 2 

If 𝑅(I) be an infinite (finite) neutrosophic 

field, then there are elements that have an 

infinite (finite) number of neutrosophic 

inverse.                                                                  

 

Suppose R is a field then then every 

element 𝑥 ≠ 0 has inverse. 
3 
 

Suppose 𝑅(I) is a field then there are 

elements that non unit. 

If    𝑥1 ∈ 𝑁𝑈𝑅(𝐼)  𝑎𝑛𝑑 𝑥2 ∈ 𝑁𝑁𝑖𝑙𝑅(𝐼) then it is 

not necessarily that 𝑥1 − 𝑥2, 𝑥1 + 𝑥2 ∈

 𝑁𝑅𝑒𝑔𝑅(𝐼) 

If 𝑢 ∈ 𝑈𝑅  𝑎𝑛𝑑 𝑎 ∈ 𝑁𝑖𝑙𝑅  , then 𝑢 − 𝑎, 𝑢 +
𝑎 ∈  𝑅𝑒𝑔𝑅 4 

Every neutrosophic unit element is not 

necessarily a neutrosophic regular. 
Every unit element is regular. 5 

 

4. Conclusion and Future Works  

This study broadened the idea of neutrosophic regularity in neutrosophic rings. We 

investigated the qualities of neutrosophic regular elements and the most significant properties that 

connect them to neutrosophic elements in neutrosophic rings. We discovered numerous key findings 

that connect these components, some of which differ from what is known about classic rings. 

Furthermore, various examples were constructed to demonstrate the reliability of the study.  

We intend to investigate the characteristics of ideals in regular neutrosophic rings in the future.   

Funding: “This research received no external funding”  

Acknowledgments  

The author is grateful to the editorial and reviewers, as well as the correspondent author, who offered 

assistance in the form of advice, assessment, and checking during the study period.  

Data availability  

The datasets generated during and/or analyzed during the current study are not publicly available due to the 

privacy-preserving nature of the data but are available from the corresponding author upon reasonable request.   

Conflicts of Interest 

The author declare that there is no conflict of interest in the research.  

Ethical approval  

This article does not contain any studies with human participants or animals performed by any of the authors.  

  

References 

1. Goodearl, K.G. (1979). Von Neumann Regular Rings. University of Utah. 

2. Yue Chi Ming R. (1987) Annihilators and strongly regular rings. Rend. Sem. Fac. Sci. Cagliari, 57, 51–59. 

3. Nicholson, W.K. (1999). Strongly clean rings and Fitting's lemma. Commun. Algebra, 27, 3583-3592. 

4. Yue Chi Ming, R. (2006). On rings close to regular and p-injectivity. Comment.Math.Univ.Carolin, 2, 203–212. 



Neutrosophic Sets and Systems, Vol. 61, 2023     10  

 

 

Murhaf Riad Alabdullah, The Neutrosophic Regular and Most Important Properties that Bind Neutrosophic Ring 

Elements 

5. Gary L. Mullen; Daniel Panario. (2013). Handbook of Finite Fields. Taylor & Francis, CRC Press. 

6.  Nivetha Martin, Florentin Smarandache and Sudha S. (2023). A Novel Method of Decision Making Based 

on Plithogenic Contradictions. Neutrosophic Systems with Applications,10, 12-24.  

7. Abdel-Basst, M., Mohamed, R., & Elhoseny, M. (2020). A novel framework to evaluate innovation value 

proposition for smart product-service systems. Environmental Technology & Innovation, 20, 101036. 

8.  Abdel-Basst, Mohamed, Rehab Mohamed, and Mohamed Elhoseny. (2020). A model for the effective 

COVID-19 identification in uncertainty environment using primary symptoms and CT scans. Health 

Informatics Journal, 26, 3088-3105. 

9. Abdel-Basset, M., Gunasekaran M., Abduallah G., and Victor C. (2019). A Novel Intelligent Medical 

Decision Support Model Based on Soft Computing and IoT. IEEE Internet of Things Journal, 7, 4160-4170. 

10. Abdel-Basset, M., & Mohamed, M. (2019). A novel and powerful framework based on neutrosophic sets to 

aid patients with cancer. Future Generation Computer Systems, 98, 144-153. 

11. Abdel-Basset, M., Manogaran, G., & Mohamed, M. (2019). A neutrosophic theory-based security approach 

for fog and mobile-edge computing. Computer Networks, 157, 122-132. 

12. Abdel-Basset, M., & Mohamed, M. (2018). The role of single valued neutrosophic sets and rough sets in 

smart city: imperfect and incomplete information systems. Measurement, 124, 47-55. 

13. Gamal, A.; Abdel-Basset, M.; Hezam, I.M.; Sallam, K.M.; Hameed, I.A. (2023). An Interactive 

Multi-Criteria Decision-Making Approach for Autonomous Vehicles and Distributed Resources Based on 

Logistic Systems: Challenges for a Sustainable Future. Sustainability, 15, 12844.  

14. Gamal, A., Mohamed, R., Abdel-Basset, M. et al. (2023). Consideration of disruptive technologies and 

supply chain sustainability through α-discounting AHP–VIKOR: calibration, validation, analysis, and 

methods. Soft Comput. 

15. Abobala, M., Hatip, A., and Alhamido, R. (2019). A Contribution to Neutrosophic Groups. International 

Journal of Neutrosophic Science, 0, 67-76. 

16. Naeem Saleem , Umar Ishtiaq, Khaleel Ahmad , Salvatore Sessa5, and Ferdinando Di Martino. (2023). Fixed 

Point Results in Neutrosophic Rectangular Extended b-Metric Spaces. Neutrosophic Systems with 

Applications, 9, 48-80. 

17. Chalapathi, T.; Kiran Kumar, R.V. (2017). Self Additive Inverse Elements of Neutrosophic Rings and Fields. 

Annals of Pure and Applied Mathematics, 13, 63-72. 

18. Chalapathi, T.; Madhavi, L. (2019). A study on Neutrosophic Zero Rings. Neutrosophic Sets and Systems, 30, 

191-201. 

19. Mohammad, A. (2020). On Some Special Elements in Neutrosophic Rings and Refined Neutrosophic Rings. 

New Theory, 33, 33-39. 

20. Chalapathi, T.; Madhavi, L. (2020). Neutrosophic Boolean Rings. Neutrosophic Sets and Systems, 33, 59-66. 

21. Vasantha Kandasamy, W.B.; Smarandache, F. (2004). Basic Neutrosophic Algebraic Structures and their 

Applications to Fuzzy and Neutrosophic Models. Hexis, Church Rock. 

22. Vasantha, W.B.; Smaradache, F. Neutrosophic Rings. (2006). Hexis: Phoenix, AZ, USA. 

23. Agboola, A.A.D.; Akinola, A.D.; Oyebola, O.Y. (2011) Neutrosophic Rings I. Int. J. of Math. Comb, 4, 1-14. 

24. Agboola, A.A.A.; Adeleke, E.O.; Akinleye, S.A. (2012). Neutrosophic Rings II. International J.Math. Combin, 

2, 1-8. 

25. Chalapathi, T.; Kiran Kumar, R.V. (2018). Neutrosophic Units of Neutrosophic Rings and Fields. 

Neutrosophic Sets and Systems, 21, 5-12. 

26. Chalapathi, T.; Kumaraswamy, N. K.; and Harish B. D. (2022). Algebraic Properties of Finite Neutrosophic 

Fields. Neutrosophic Sets and Systems, 49, 253-261. 

27. Ali, M.; Smarandache, F.; Shabir, M.; Vladareanu, L. (2014). Generalization of Neutrosophic Rings and 

Neutrosophic Fields. Neutrosophic Sets Syst, 5, 9–14. 

28. Kandasamy, W. V., & Smarandache, F. (2006). Some neutrosophic algebraic structures and neutrosophic 

N-algebraic structures. Hexis, Phonex, Arizona 2006.  

 

 

Received: Aug 1, 2023.  Accepted: Dec. 15, 2023 


