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Abstract. In this research, we define a novel concept termed neutrosophic soft metric space as well as in-
vestigate its fundamental characteristics. Additionally, in neutrosophic soft metric spaces, we present various
topological features of this newly developed space, such as the soft open sphere and the soft closed sphere.
The neutrosophic soft metric space has already been studied in depth, and its topological as well as structural

features have been mapped out.
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1. Introduction

Since its development in 1965, Zadeh’s [19] fuzzy set has made a significant impact through-
out all of logical thought. A lot of real-world issues can be solved thanks to this notion, however
it is not sufficient for other difficulties. For this purpose, Atanassov [1] developed Intuitionistic
Fuzzy Sets (IFS). After establishing the IFS, it generalises findings from research on Fuzzy
Sets. Smarandache [12] defines a subclass of the crisp set called the Neutrosophic Set (NS).
Neutrosophy is a theoretical framework that made its way into print in 1998. Fuzzy set was
incorporated into probabilistic metric space to create Fuzzy Metric Space (FMS) [11]. A proof
of the Fuzzy Sets version of Baire’s Category Theorem in FMS form is presented and several

fundamental ideas of Fuzzy Sets are analysed in [6]. Since then, FMS have gained widespread
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use in fields including medical imaging, data processing, and decision making. Molodtsov [9]
first proposed soft set theory as a problem-free mathematical method for dealing with uncer-
tainties. Parameterizing the universal set, we get the soft set, a collection of subsets. Any
collection of phrases, natural integers, etc., may be used as the parameter set. Therefore, soft
sets theory has appealing uses in a wide variety of contexts.

Neutrosophic soft metric space is a novel concept we developed, and its fundamental charac-
teristics were investigated. Additionally, in neutrosophic soft metric spaces, we present various
topological structures of this newly discovered space, such as the soft open ball and the soft
closed ball. Neutrosophic soft metric space has been studied for its many topological and

structural characteristics.

2. PRELIMINARIES

Definition 2.1. [13] A mapping given by S : X — P(U), then a pair (S, X) is called a soft

set over U. Then a soft set is characterized by a class of subsets of U.

Definition 2.2. A 6-tuple (X,A,Q,Y, ®, @) is known to be an Neutrosophic Soft Metric
Space (shortly NSMS), X is an arbitrary non empty set, ® and @ , a neutrosophic CTN
and CTCN and A,Q and Y are neutrosophic on SP(%?) x (0,00)SP — [0, 1]SP satisfying the
following conditions: For all £, Ky, ias € SP(X), 9,0 > 0.

( ) 0 < A({al,fﬁ?az,ﬁ) < 1;0 < Q(gau’%azaﬁ) < 1;0 < T(gau’%awﬁ) < 1;

(i) (gm s Rag, ) + Q(gm s Ry U) + T(ém s Rags 9) <3

(i) A€oy, s ) > 0;

(iv) (5&17 Fas,U) = 1 if and only if éal = Ray;

(V) (fala Kags 19) = A(kagy gal ) 19),

(Vi) Aléays g, D) @ My, bag, ) < A(ay s iag, ¥ + ), for alld, & > 0;

(vil) Al€a;, Ray,-) : (0,00) = (0,1](E) is neutrosophic continuous (NC);

(viii) hm A({al,/ﬁaz,'ﬁ) =1 for all ¥ > 0;

(ix) (é-al’K/OQ?ﬁ) <1

(x) (fal, Eas,¥) = 0 if and only if fal = Koy}

(Xl) (6011 ? HO(Q? 19) = Q(’%az 9 éCu 9 7-9)7

(Xll) (gau’{aza 19) P Q(’%OQ? ZCYS’ 19) 2 Q(éalv 5&37‘9 + ZA/)’ fOI‘ all 197 v > 0;

(xiii) ( E,.): (0,00) — (0,1](E) is NC;

(xiv) hm Q(Eay» Fay,¥) = 0 for all 9 > 0;

(XV) (’50417 ’%042 ) 19) < 1a

(xvi) (fal,KQQ, ¥) = 0 if and only if éal = Koy}

(XVH) (5041 s Fags 19) = T(iéocz , éoal > 79);

(xviii) Y(€ays fag, D) @ T (Fagsiag, 7) > Y(€ays lag, ¥ + D), for all 9,5 > 0;
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(xix) Y(€ay, Fay,-) 1 (0,00) — (0,1](E) is NC;

(xx) 1911_)11010 T (€ays Fay, ) = 0 for all ¥ > 0;

(xxi) If 0 > 0 then A(Eny, Fags ) = 0; QEnys oy, 9) = 1 T(Eny s oy, 9) = 1.

Then, (A,Q,7T) is called an NMS on SP(X). The functions A, Y and  denote degree of

nearness, inconclusiveness and non-nearness between &, and K., with respect to ¥ respectively.

Example 2.3. Define S : SP(X) x SP(X) x (0,00) — [0, 1] by

- B _ 9 . c . _ d(ga JFag) . - . _ d(ga JFag)
I}(é—alaliagaﬂ) - 19+d(€"a17ka2)79(50117"{'042719) - 19+d(§.il,i%i2)7T(€al7l{a2’29) - 119 2 fOI' au
€ayy Koy € Xand ¥ > 0 and w © 7 = min{w, 7} and w & 7 = max{w, 7} for all w, 7 € [0, 1](E).

Then (X,A,Q,7T, ®, @) is an NSMS.

3. MAIN RESULTS

Definition 3.1. An NSMS (X,A,Q, T, ®, &) and ¢ € (0,1)P,9 > 0, the set B(&,,,s,9) =
{Fey € X1 AEey, Fien, V) > 1 — 6, e,y Foens V) < 6, T (Eeys ey, ¥) < <} is known to be Neutro-
sophic Soft Open Ball (NSOB).

Theorem 3.2. Let B(&,,,s,9) be an NSOB, hence it is a Open Set (0S).

Proof. Consider B(&,,,<,¥) is an OB. Let i, € B(&.,,<,19) .

Then A(&,, ey, ®) > 1 — ¢, Qe Feys 0) < 6, T,y Feys ¥) <6 .

Since A(g,,key,¥) > 1 —¢. There exists ¥g € (0,9) such that A(E,,ke,,d) > 1 —
6, Qéey s Fey, ) < ¢ and Y (&g, , Fey, V) < <.

If take o = A(Ee,, Fey, ¥p) then for ¢p > 1 —¢, p € (0,1) such that o >1—p>1—c.

Now for given ¢ and p such that ¢y > 1 — p, there exist ¢1,62 € (0,1) so that g9 ©® ¢ > 1—p
and (1 —¢0) ® (1 —c2) <pand (1—-¢) @ (1—-¢c3)<p.

Choose ¢4 = max{s1,s2,¢3}. Consider an OB B(fie,, 1 — c4,9 — ¥p).

We will show that B(fe,, 1 — ¢, 9 — ¥g) C B(&e,, s, ).

Consider io, € By, 1 — 4,0 — Up), then A(ke,, les, ® — 00) > ¢4y Uiey, begs ) — 9o) < ¢4 and
Y (Fiey, ings ) — Do) < <.

Hence,

A(éapzag,a’lg) Z A(é&pi‘%azaﬁ()) © A(’%Oz27za3719_190) Z S0 ORV Z SO ® ¢ 2 1 —p >1 -G,
Q(éapll)qvﬁ) S Q(éaukazuﬁ(]) @ Q(kagvza;ﬂﬁ_ﬂ()) S (1 —§0) S¥ (1 - §4) S (1 —§0) S¥ (1 - §2) S 1Y <,
<7T

T(£a172:a3719) (éoa17k0527190) @ T(kazuzag)ﬂ_ﬁ()) S (]- _CO) s> (]- - §4) S (]- _CO) s> (]- - gQ) S 1Y <g

It shows that ia, € B(€a,,s,9) and B(ka,, 1 — e, 9 — o) C B(éay, 6, 9). O
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Remark 3.3. Consider an NSMS (X,A,Q, T, ®, ®). Define 7(A,Q,7) = {K C X :
for each éal € K, there existst > 0} and ¢ € (0,1) such that f?(éal,i%az,ﬁ) C K}. Hence,
(A, Q,7) is a topology on X.

Theorem 3.4. Fvery NSMS is Hausdorff.

Proof. Let (X,A,Q,YT, ®, @) be a NSMS. Choose éal and Kq, as two distinct points in X.
Hence, 0 < A(€a;, Fay, ¥) < 1,0 < Q€ays Fans V) < 1,0 < T(€ays o, V) < 1.

Take 61 = Aoy, Fans 9), 52 = QEays Fans 9), 53 = T(€ay, Fay,¥) and ¢ = max{c,1 — 2,1 — g3}
If we take ¢y € (s, 1), then there exist ¢4, <5, 66 such that ¢4 © ¢4 > o, (1—¢5) @ (1—¢5) < 1—¢
and (1—¢5) ® (1 —¢) < 1—<.

Let ¢ = max{, 5,5} If we consider the B (éal, 1—g¢7, g) and B (HQQ, — <7, g),
then clearly B (fal,l —q,%) ﬂé (iéoml —q,%) = (. From here, if we choose i, €

é(éa1,1_§7,g>ﬂé(ka27 §7,2) then

s R I 7
S1 = A(€a17 502’19) > A (504175&37 2) ©A <La3> Rag), 2>

EAN SORY ESVIORVIERY ISP
G2 = Qéays Kag,¥) < Q (éal,z%, g) o 0 <L% Fogs 2)
<(l-¢g)e(1-)<(1-¢)® (1-¢)<(1-<) <,
3= Y(lays Fag,¥) < T (gal, Fogs ) <La3, B g)
(

<(1l-¢) @ 1—-¢7)<(1—¢) D (1—3)<(1—¢) <s3.

which is a contradiction. Therefore, we say that NSMS is Hausdorff.

Definition 3.5. Let (X,A,Q,Y, ®, @) be a NSMS. A subset A of X is called Neutro-
sophic Bounded (NB), if there exist ¥ > 0 and ¢ € (0,1) such that A(a,,Kay,?) >
1=, Qs Fan, ) < 6 and T(Eays Kagy V) < < , for all &4, Fa, € A.

Definition 3.6. If A C Jyc, U , a collection C of OSs is said to be an Open Cover(OC)
of A. A subspace A of a NSMS is compact, if every OC of A has a finite subcover. If every
sequence in A has a convergent subsequence to a point in A, then it is called sequential

compact.

Theorem 3.7. If A is a compact member of an NSMS (X,\,Q,Y, ®, @) then it is NSMS
bounded.
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Proof. Consider A is a compact member of an NSMS X. Let ¥4 > 0 and 0 < ¢ < 1.
Let {é(éal,g,ﬁ) : éal € A} be an open cover of A. Since A is compact, there ex-
i5tS €aysEanras - - -Ean € A such that A C U, B(éars,?). Let €y iay € A . Then
éal € B(éai,g,ﬂ) and Ko, € é(éaj,g,ﬁ) for some 1, j.

Then A(éay,a;,?) > 1 — 6, Qa0 9) < 6, T(arséain?) < < and A(iay,éaj,0) >
1 -6, Qkays ayr V) <6, T(kay, ayn ) <<

Now, let o = min{A(éai,faj,ﬁ) 1 <45 <n},p= maX{Q(gai,gaj,ﬁ) :1 <4, <n} and
v = maX{T(éai,éaj,ﬂ) 11 <id,j <n}.

Then «, 8, > 0, from here, for 0 < §a1,§a2,5a3 < 1.

Next, we have

A(ar Fiag: 30) = Aoy €ain?) © Aldarba;n?) © Aoy, iy, 0)
1-¢)®(1—-5)®pu=>1—g,forsome 0<g¢ <1
éar €air®) © Qo bay 0) ® Uéays Fars9)
cPhsdP<¢q, forsome 0<gp<1
Y (ar 6ain¥) ® T(éa,€ays¥) © Tléars fiay, V)

<cPD¢ D v<ggforsome 0<g¢ <.

Y

Q(gal ’ ';%3042 ) 319)

IA

IN

T(goq Y i{:Oéz ) 319)

IN

Taking ¢ = max{ci, <, 3} and 99 = 30 , we have A(€a,, Fay, Y0) > 1 — ¢, Uy Fay, Y0) < §
and Y (€ay s Fay, Y0) < s, for all £, ka, € A. Hence A is NSMS is bounded. g

Theorem 3.8. If (X,A,Q, Y, ®, @) is an NSMS and 75 0v) is a topology on X. Then
éan — é:al Zﬁ A(éCbﬂ?éQl?’lg) - 179(50171750{1?19) — 0 a’nd T(éﬂ{n?éal)ﬁ) — O as n — oo for
{é.:an} /Ln }:'

Proof. Let 9 > 0. Consider &, — £,,. There exist ng € N such that &, € B(a,,s, ) for all
n > ng,s € (0,1).

Then 1 — A(Ea,, €ar,0) < 6, Qéa,, €ays0) << and Y(Eq, ,€qy, D) <.

Hence A(€a, €, 9) = 1,Q(En, s Eays ) — 0 and Y (Eq,, €y, 0) — 0 as n — oo,

Conversely, A(€a,,,Ea1,0) = 1,Q(En,, €ays¥) = 0 and T (Ea,,, Eay,¥) — 0, as n — oo,

Then for ¢ € (0,1), there exists ng € N such that 1 — A(a,,,€a;,9) < <, Uéa,, €ays ) < ¢ and
T(fan,fal,ﬂ) < g, for each n > ny.

It follows that A(Ea,,,Eays ) > 1—¢, Q(Ea,» Ear,9) < s and Y(Eq,,, Eay, 9) < s, for each n > ny.
Thus &, € B(£a,,s,9) for each n > ng. Hence &, — €a,. [

Theorem 3.9. If (X,A,Q, Y, ®, @) is an NSMS and Cauchy sequence in X has a convergent
sequence. Then (X,A,Q, T, ®, @) is a complete NSMS.
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Proof. Consider {&,,} is a Cauchy sequence and {fanz} is a member of {£,,} that converge
t0 £a,. We have to prove {€4, } = €a,. Let 9 > 0 and & € (0,1). Consider ¢ € (0,1) such that
(1—¢)® (1—¢)>1—pands @ ¢ < i Since {£,,} is Cauchy sequence, there is a,, € N such
tha‘t A (éamvganv g) > 1- §,Q (éamvganv g) <9 and T <éamugan7 g) < Sy fOI’ aH Ay, Oy Z

Q- Since éani — éal, there is positive integer «;, such that «;, > Qg A (éaip),éal, g) >
1= (&) €0 8) <cand T (&, 0 3) <.

Thus if @y > ang, AEa,, ény,0) > A (gan,galp, 2) © A (gazp,gal, 2) S(1-9) o (1-¢ >
1= 0,Q(En, €0, 0) < Q (gan,galp, 2) ® 0 (gal ,gal,g) <c@®¢<iand Y, bap,9) <

(§Qn>§a1p7 2) ®7 <§a1p>§a17 2) <cBs<vD
Thus §a1p) — §a1 and hence (X,A,Q, T, ®, @) is complete.

Theorem 3.10. If a sequence {Yn : n € N} is dense open members of a complete NSMS
(X,A,Q,7,0,®). Then (), ey Vn is dense in X.

Proof. Consider o is a nonempty open set in X. Then we have p N vy # 0. Let éal € pNu

(Since vy is dense in X )

Then Jé(ém,q,ﬁl) C oNwy (Since pNwy is open) for ¢; € (0,1) and ¥ > 0,

Choose ¢; < ¢ and 9] = min{®¥1,1} such that B(£s,,<1,19;) C 0 Nwy

Since vy is dense in X, B(€a,,51,91) C 0Ny # 0. Let £uy € B(€ay,sp,07) N,

Then there exist ¢ € (0, ) and Y2 > 0 such that
B(fay,2,92) C B(€ay,s1,97) Nwa (Since B(Eqy,sp,97) N is open).

Choose s, < ¢ and ¥, = min (92, 3) such that By, S9,15) C B(Eay,s1597) Nva

By repeating this procedure, we obtain a sequence {€4,} in X and a sequence {1} such that

0<V, < 1 and Bl 5n0) C B€ay 1) 501500 1) NUp.

Now, we have to prove {5%} is a Cauchy sequence.

Consider a,,, € N such that ﬁ < ¥ and ﬁ < v for ¥ >0 and o > 0.

Then A(Ea,,éa,,,9) > A (éan,éam, O%) > 1-— i > 1 -0 for ay > g, and oy, >
O 1) €0 (o ) < <5V B8 ST (o ) < 4 <0

There fore {£,, } is a Cauchy sequence.

Then there exist £y, € X such that &,, — &, (since X is complete).

Since &q,, € B(Ea,, 5,1y for k > n, we obtain &u, € B(Ea,, S, Ty)-

Hence B(éa,,: 5 0n) € Bléa,1): 51,7,

n_1) Ny, for all n.

Therefore o N (Npenvy) # 0. Thus Nyenvy, is dense in X.
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4. CONCLUSION

Neutrosophic soft metric space was introduced in this study, and it is distinct from the fuzzy
soft metric spaces defined in [3]. In this novel setting, we analysed a number of topological
configurations. To define an NSMS and investigate its characteristics is the focus of this
research. Open ball, open set, Hausdorffness, compactness, completeness, and nowhere dense

in NSMS are some of the structural characteristic features that have been identified.
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