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Abstract: We define Cesaro summability in a Neutrosophic 𝓃 -Normed Linear Space in this article. In 

a Neutrosophic 𝓃-Normed Linear Space, we show the Cesaro summability method to be regular, 

albeit this does not imply typical convergence in general. We also look for more circumstances in 

which the opposite is true. 
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1. Introduction 

 In 1965, Zadeh [20] was the first to present the idea of fuzzy sets, which was an expansion of 

classical set theoretical concept. This theory has been used in numerous areas of mathematics, including 

the theory of functions, metric spaces, topological spaces and approximation theory, in addition to 

numerous branches of engineering, such as population dynamics, nonlinear dynamic systems, and 

quantum physics. Gunawan and Mashadi [5], Kim and Cho [8] and Malceski [9] and several researchers 

have studied𝓃-normed linear spaces. Vijayabalaji and Narayanan [18] defined fuzzy 𝓃-normalized 

linear space. Following the definition of Intuitionistic Fuzzy 𝓃-Normed Space [ℐℱ𝓃𝒩𝒮] given by 

Vijayabalaji et al. [19], Saadati and Park [11] proposed the idea of Intuitionistic Fuzzy Normed Space 

[ℐℱ𝒩𝒮].  

The Neutrosophic Set [𝒩𝒮] is a fresh interpretation of Smarandache's definition of the classical 

set [14,15]. A neutrosophic set's elements are made up of the triplets true- membership function (T), 

indeterminacy membership function (I) and falsity membership function (F).  When all elements of the 

universe have a certain degree of T, F, and I, a set is said to be neutrosophic. Some findings on fixed-

points were demonstrated in the context of these spaces by Sowndrarajan et. al. [16]. Approximate Fixed 

Point Theorems for Weak Contractions on Neutrosophic normed Spaces were proved in 2022 by 

Jeyaraman et. al. [7]. 

Our goal in this study is to introduce summability theory in a Neutrosophic 𝓃-Normed Linear 

Space [𝒩𝓃𝒩ℒ𝒮].  We introduce the idea of Cesaro in this context. The definition of convergence for a 

sequence in 𝒩𝓃𝒩ℒ𝒮 affects our findings. This new definition is the foundation for the development of 

our current findings. Pertaining to the conventional analogs of the findings reported in this work. 

 

2. Preliminaries 
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Definition 2.1: 

The following axioms define a continuous t-norm as a binary operation * ∶ [0,1] × [0,1] →[0,1] 

1. ∗ is continuous, commutative and associative, 

2. 𝔞 ∗ 1 = 𝔞  for every 𝔞 ∈ [0,1], 

3. If 𝔞 ≤ 𝔠  and 𝔟 ≤ 𝔡  then 𝔞 ∗ 𝔟 ≤ 𝔠 ∗ 𝔡,  for each 𝔞, 𝔟, 𝔠, 𝔡 ∈ [0,1]. 

 

Definition 2.2:  

 The following axioms define a continuous t-conorm as a binary operation ⟡ ∶ [0,1] × [0,1] → [0,1] 

1. ⟡ is continuous, commutative and associative, 

2. 𝔞 ⟡  0 = 𝔞 for every 𝔞 ∈ [0,1], 

3. If 𝔞 ≤ 𝔠 and 𝔟 ≤ 𝔡  then 𝔞 ⟡  𝔟 ≤ 𝔠 ⟡  𝔡,  for each 𝔞, 𝔟, 𝔠, 𝔡 ∈ [0,1]. 

 

Definition 2.3: 

A 𝒩𝓃𝒩ℒ𝒮 is the 7-tuple (ℌ, 𝜁, 𝜗, 𝜛,∗,⟡,⊙) where ℌ is a linear  space  over a field F, ∗ is a 

continuous t-norm, ⟡ and ⊙ continuous t-conorm, 𝜇, 𝜗 𝑎𝑛𝑑 𝜔 are fuzzy sets on ℌ𝑛  × (0,∞), 𝜇 denotes 

the degree of membership, 𝜗 denotes the indeterminacy  and 𝜔 denotes the  non –membership of  

(𝔥1, 𝔥2, … , 𝔥𝑛 ,t) ∈ ℌ𝑛  × (0,∞) satisfying the following  conditions for every (𝔥1, 𝔥2, … , 𝔥𝑛) ∈ ℌ𝑛and  𝑠, 𝑡 >
0. 

a)  0 ≤ 𝜁(𝔥1, 𝔥2, … , 𝔥𝑛  , t) ≤ 1;  0 ≤ 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛  , t) ≤ 1;  0 ≤ 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛  , t) ≤ 1;  
b)  𝜁(𝔥1, 𝔥2, … , 𝔥𝑛  , t) +  𝜗(𝔥1, 𝔥2, … , 𝔥𝑛  , t) +  𝜛(𝔥1, 𝔥2, … , 𝔥𝑛  , t) ≤ 3, 

c)  𝜁(𝔥1, 𝔥2, … , 𝔥𝑛  , t) > 0, 

d)  𝜁(𝔥1, 𝔥2, … , 𝔥𝑛  , t) = 1  if and only if 𝔥1, 𝔥2, … , 𝔥𝑛 are linearly dependent, 

e) 𝜁(𝔥1, 𝔥2, … , 𝔥𝑛  , t) is constant for any combination of𝔥1, 𝔥2, … , 𝔥𝑛 , 

f) 𝜁(𝔥1, 𝔥2, … , ∝ 𝔥𝑛 , 𝑡) = 𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛 ,
𝑡

|∝|
) for each  ∝≠  0, ∝∈ F, 

g) 𝜁(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑠) ∗ 𝜁(𝔥1, 𝔥2, … , 𝔥𝑛
′ , 𝑡) ≤ 𝜁(𝔥1, 𝔥2, … , 𝔥𝑛 + 𝔥𝑛

′ , 𝑠 + 𝑡), 

h) 𝜁(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡 )  ∶   (0,∞) → [0,1]  is continuous,  

i) lim
𝑡→∞

𝜁(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) = 1 and lim
𝑡→0

𝜁(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) = 0, 

j) 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) < 1, 

k) 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) = 0  if and only if 𝔥1, 𝔥2, … , 𝔥𝑛 are linearly dependent, 

l) 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) is constant for any combination of𝔥1, 𝔥2, … , 𝔥𝑛 , 

m) 𝜗(𝔥1, 𝔥2, … , ∝ 𝔥𝑛 , 𝑡) = 𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛 ,
𝑡

|∝|
) for each  ∝≠  0, ∝∈ F, 

n) 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑠) ⟡ 𝜗(𝔵1, 𝔵2, … , 𝔵𝑛
′ , 𝑡) ≥ 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛 + 𝔵𝑛

′ , 𝑠 + 𝑡), 

o) 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡)  ∶   (0,∞) → [0,1]  is continuous,  

p) lim
𝑡→∞

𝜗(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) = 0 and lim
𝑡→0

𝜗(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) = 1, 

q) 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) < 1, 

r) 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) = 0  if and only if 𝔥1, 𝔥2, … , 𝔥𝑛 are linearly dependent, 

s) 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) is constant for any combination of𝔥1, 𝔥2, … , 𝔥𝑛 , 

t) 𝜛(𝔥1, 𝔥2, … , ∝ 𝔥𝑛 , 𝑡) = 𝜛 (𝔥1, 𝔥2, … , 𝔥𝑛 ,
𝑡

|∝|
) for each  ∝≠  0,∝∈ F, 

u) 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑠) ⊙𝜛(𝔥1, 𝔥2, … , 𝔥𝑛
′ , 𝑡) ≥ 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛 + 𝔥𝑛

′ , 𝑠 + 𝑡), 

v) 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡)  ∶   (0,∞) → [0,1]  is continuous,  

w) lim
𝑡→∞

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) = 0 and lim
𝑡→0

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) = 1. 

 

Example 2.4: 

Let (ℌ, ‖∙, .  .  .  ,∙ ‖) be a linear space with 𝓃 norms. Also, let 𝔞 ∗ 𝔟 = 𝔞𝑏, 𝔞 ⟡ 𝔟 = 𝑚𝑖𝑛{𝔞 + 𝔟, 1} and 

𝔞 ⊙ 𝔟 = 𝑚𝑖𝑛{𝔞 + 𝔟, 1},  for every  𝔞, 𝔟 ∈ [0,1], 𝜁(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) =
𝑡

𝑡+‖𝔥1,𝔥2,…,𝔥𝑛‖
  , 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) =

‖𝔥1,𝔥2,…,𝔥𝑛‖

𝑡+‖𝔥1,𝔥2,…,𝔥𝑛‖
 and 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛 , 𝑡) =

‖𝔥1,𝔥2,…,𝔥𝑛‖

𝑡
 . Then (ℌ, 𝜁, 𝜉,𝜛,∗,⟡,⊙)  is a 𝒩𝓃𝒩ℒ𝒮. 

 

 

Lemma 2.5.  



Neutrosophic Sets and Systems, Vol. 60, 2023        197  

 
 

Jenifer. P, Jeyaraman. M, New Observation on Cesaro Summability in Neutrosophic 𝓃-Normed Linear Spaces 

We define < ϱ>= ϱ-[ ϱ], for every ϱ>0, where [∙] stands for the largest integer function. What follows is 

accurate: 

(i) If  ϱ > 1, then ϱn > 𝑛 for everyn ∈ ℕ\{0} with n ≥
1

〈ϱ〉
, 

(ii) If 0 < ϱ < 1, then ϱn < 𝑛 for everyn ∈ ℕ\{0}, where ϱn = [nϱ]. 

 

Lemma 2.6. 

The following claims are accurate: 

(i) If  ϱ > 1, then for every n ∈ ℕ\{0} with n ≥
3ϱ−1

ϱ(ϱ−1)
, we have 

ϱ

ϱ−1
<

ϱn+1

ϱn−n
<

2ϱ

ϱ−1
, 

(ii) If 0 < ϱ < 1, then for every n ∈ ℕ\{0} with n >
1

ϱ
 , we have 0 <

ϱn+1

n−ϱn
<

2ϱ

ϱ−1
. 

 

3. In 𝓝𝓷𝓝𝓛𝓢 Cesaro Summability  

 

Definition 3.1.  

In 𝒩𝓃𝒩ℒ𝒮 (ℌ, 𝜁, 𝜗,𝜛,∗,⟡,⊙), choose the sequence to be {𝔞𝓃}. The Arithmetic means of  {𝔞𝓃},  is 

defined and denoted by  

𝜒𝓃 =
1

𝓃 + 1
∑ 𝔞𝓀

𝓃

𝓀=0

. 

If lim
𝓃→∞

𝜒𝓃 = 𝔞, then {𝔞𝓃} is said to be Cesaro summable to 𝔞 ∈ ℌ. 

 

Theorem 3.2. 

In 𝒩𝓃𝒩ℒ𝒮 (ℌ, 𝜁, 𝜗,𝜛,∗,⟡,⊙), if the sequence to be {𝔞𝓃}converges to 𝔞 ∈ ℌ, then {𝔞𝓃} is Cesaro 

summable to 𝔞. 

 

Proof. 

Choose 𝔞 ∈ ℌ be the converging point of the sequence {𝔞𝓃}. 

 Fix 𝓇 > 0 and 𝔥1, 𝔥2, … , 𝔥𝑛−1 ∈ ℌ. 

Then for given 𝜀 > 0, there exists 𝓃0 ∈ 𝔑 such that  

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃 −  𝔞,
𝓇

2
) > 1 − 𝜀, 𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃 −  𝔞,

𝓇

2
) < 𝜀 and  

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃 −  𝔞,
𝓇

2
) < 𝜀, for all 𝓃 > 𝓃0. 

Also, from Definition (2.3), we have that 

lim
𝓃→∞

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),
𝓃0
𝓀=0

(𝓃+1)𝓇

2
) = 1, lim

𝓃→∞
𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),

𝓃0
𝓀=0

(𝓃+1)𝓇

2
) = 0  and 

lim
𝓃→∞

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),
𝓃0
𝓀=0

(𝓃+1)𝓇

2
) = 0. 

Consequently, there are 𝓃1 ∈ 𝔑such that  

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) > 1 − 𝜀, 

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),
𝓃0
𝓀=0

(𝓃+1)𝓇

2
) < 𝜀 and 

 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) < 𝜀, for all 𝓃 > 𝓃1. 

Now, we have that 

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

𝓃 + 1
∑ 𝔞𝓀 −  𝔞,

𝓃

𝓀=0

𝓇 ) = 𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

𝓃 + 1
∑ 𝔞𝓀 −  𝔞,

𝓃

𝓀=0

𝓇 ) 
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≥ min

{
  
 

  
 
𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) ,

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),

𝓃

𝓀=𝓃0+1

(𝓃 + 1)𝓇

2
)

}
  
 

  
 

 

 

≥ min

{
  
 

  
 

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) ,

 𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),

𝓃

𝓀=𝓃0+1

(𝓃 −𝓃0)𝓇

2
)

}
  
 

  
 

 

       ≥ min

{
 
 
 
 

 
 
 
 
𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) ,

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃0+1 −  𝔞
𝓇

2
) ,

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃0+2 −  𝔞,
𝓇

2
) ,

… , 𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝑛 − 𝔞,
𝓇

2
) }

 
 
 
 

 
 
 
 

> 1 − 𝜀, 

 

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

𝓃 + 1
∑ 𝔞𝓀 −  𝔞,

𝓃

𝓀=0

𝓇 ) = 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

𝓃 + 1
∑ 𝔞𝓀 −  𝔞,

𝓃

𝓀=0

𝓇 ) 

≤ max

{
  
 

  
 
𝜗(𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) ,

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),

𝓃

𝓀=𝓃0+1

(𝓃 + 1)𝓇

2
)

}
  
 

  
 

 

≤ max

{
  
 

  
 

𝜗(𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) ,

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),

𝓃

𝓀=𝓃0+1

(𝓃 −𝓃0)𝓇

2
)

}
  
 

  
 

 

≤ max

{
 
 
 
 

 
 
 
 
𝜗(𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) ,

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃0+1 −  𝔞,
𝓇

2
) ,

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃0+2 −  𝔞,
𝓇

2
) ,… ,

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝑛 − 𝔞,
𝓇

2
) }

 
 
 
 

 
 
 
 

<𝜀, 

 

and in a similar manner, we also have that 

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

𝓃 + 1
∑ 𝔞𝓀 −  𝔞,

𝓃

𝓀=0

𝓇 ) = 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

𝓃 + 1
∑ 𝔞𝓀 −  𝔞,

𝓃

𝓀=0

𝓇 ) 
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≤ max

{
  
 

  
 
𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) ,

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),

𝓃

𝓀=𝓃0+1

(𝓃 + 1)𝓇

2
)

}
  
 

  
 

 

≤ max

{
  
 

  
 

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) ,

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1, ∑ (𝔞𝓀 −  𝔞),

𝓃

𝓀=𝓃0+1

(𝓃 −𝓃0)𝓇

2
)

 

≤ max

{
 
 
 
 

 
 
 
 
𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,∑(𝔞𝓀 −  𝔞),

𝓃0

𝓀=0

(𝓃 + 1)𝓇

2
) ,

𝜛 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃0+1 −  𝔞,
𝓇

2
) ,

𝜛 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃0+2 −  𝔞,
𝓇

2
) ,… ,

𝜛 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝑛 − 𝔞,
𝓇

2
) }

 
 
 
 

 
 
 
 

< 𝜀, 

for all 𝑛 > max{𝓃0, 𝓃1}. Thus, the proof is completed. 

  

Example 3.3.  

Let ℌ = ℜ𝓃 with 

‖𝔥1, 𝔥2, … , 𝔥𝑛−1‖ = 𝑎𝑏𝑠 (|
𝔥11 ⋯ 𝔥1𝓃
⋮ ⋱ ⋮
𝔥𝓃1 ⋯ 𝔥𝓃𝓃

|) 

where 𝔥𝑖 = (𝔥𝑖1, 𝔥𝑖2, … , 𝔥𝑖𝓃) ∈ ℜ
𝓃  for every𝑖 = 1,2,… , 𝑛 and  𝔞 ∗ 𝔟 = 𝔞 𝔟, 𝔞 ⟡ 𝔟 = min{𝔞 + 𝔟, 1 } and 

 𝑎 ⊙ 𝑏 = min{𝑎 + 𝑏, 1} for all 𝔞 , 𝔟 ∈ [0,1]. 

Now for all 𝑣1, 𝑣2,… , 𝑣𝓃 ∈ ℜ
𝓃 and 𝓇 > 0,  define 

𝜁(𝑦1, 𝑦2,… , 𝑦𝓃, 𝑟) =
𝓇

𝓇+‖𝑦1 ,𝑦2,… ,𝑦𝓃‖
 , 𝜗(𝑦1, 𝑦2, … , 𝑦𝓃 , 𝑟) =

‖𝑦1,𝑦2,… ,𝑦𝓃‖

𝓇+‖𝑦1,𝑦2,… ,𝑦𝓃‖
 and   

𝜛(𝑦1, 𝑦2, … , 𝑦𝓃 , 𝑡) =
‖𝑦1, 𝑦2, … , 𝑦𝓃‖

𝓇
 . 

Then (ℜ𝓃 , 𝜁, 𝜗, 𝜛,∗,⟡,⊙ ) is a 𝒩𝓃𝒩ℒ𝒮. 

Choose the sequence {𝔞𝓀} = ((−1)
𝓀+1, 0,0,… , 0) ∈ ℜ𝓃 . 

Then lim
𝓃→∞

𝜁(𝔥1, 𝔥2, … , 𝜒2𝓃 , 𝓇 ) = lim
𝓃→∞

𝓇

𝓇+‖𝔥1,𝔥2,…,𝔥𝑛−1,−
1

2𝓃+1
‖
= lim

𝓃→∞

𝓇

𝓇+| −
1

2𝓃+1
|𝔄
= 1, 

where the value of 𝔄, which is always a finite number, relies on the selection of 𝔥1, 𝔥2, … , 𝔥𝑛−1. 

lim
𝓃→∞

 𝜗(𝔥1, 𝔥2, … , 𝜒2𝓃 , 𝓇 ) = lim
𝓃→∞

‖𝔥1, 𝔥2, … , 𝔥𝑛−1, −
1

2𝓃+1
‖

𝓇 + ‖𝔥1, 𝔥2, … , 𝔥𝑛−1, −
1

2𝓃+1
‖
= lim

𝓃→∞

| −
1

2𝓃+1
|𝔅

𝓇 + | −
1

2𝓃+1
|𝔅

= 0, 

where the value of 𝔅, which is always a finite number, relies on the selection of 𝔥1, 𝔥2, … , 𝔥𝑛−1. 

and  lim
𝓃→∞

𝜛(𝔥1, 𝔥2, … , 𝜒2𝓃 , 𝓇 ) = lim
𝓃→∞

‖𝔥1,𝔥2,…,𝔥𝑛−1,−
1

2𝓃+1
‖

𝓇
= lim

𝓃→∞

| −
1

2𝓃+1
|ℭ

𝓇
= 0, 

where the value of ℭ, which is always a finite number, relies on the selection of 𝔥1, 𝔥2, … , 𝔥𝑛−1. 

Therefore, we have that 𝜒2𝓃 → 0̅ = (0,0,… , 0) ∈ ℜ𝓃 . 

Also, lim
𝓃→∞

𝜁(𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝜒2𝓃+1, 𝓇 ) = lim
𝓃→∞

𝜁(𝔥1, 𝔥2, … , 0̅, 𝓇 ) = 1, 

lim
𝓃→∞

𝜗(𝔥1, 𝔥2, … , 𝔥𝑛−1 , 𝜒2𝓃+1, 𝓇 ) = lim
𝓃→∞

𝜉(𝔥1, 𝔥2, … , 0̅, 𝓇) = 0 and 

lim
𝓃→∞

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝜒2𝓃+1, 𝓇 ) = lim
𝓃→∞

𝜛(𝔥1, 𝔥2, … , 0̅, 𝓇) = 0. 

Thus, we have 𝜒2𝓃+1 → 0̅. From the reasoning listed above, we conclude that 𝜒𝓃 → 0̅, i.e., the sequence 

{𝔞𝓀} is Cesaro summable to 0̅.  However, it is clear that {𝔞𝓀} is not convergent because {𝔞2𝓀} →

(−1, 0, 0,… , 0) and {𝔞2𝓀+1} → (1,0,0,… , 0). 
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Theorem 3.4. 

Let {𝔞𝓃} be a sequence in a ℒ𝒮(ℌ, ζ, 𝜗,ϖ,∗,⟡,⊙). If  {𝔞𝓃} is Cesaro summable to 𝔞, then it is 

convergent to 𝔞 if and only if for any 𝔵1, 𝔵2, … , 𝔵𝑛−1 ∈ ℌ and 𝓇 > 0 the following conditions are met: 

(3.1) sup
λ>1

lim inf
𝓃→∞

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛−𝑛
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 , 𝓇) = 1,  

(3.2) inf
λ>1

lim sup
𝓃→∞

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝓃−𝓃
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 , 𝓇) = 0 and 

(3.3) inf
λ>1

lim sup
𝓃→∞

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝓃−𝓃
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 , 𝓇) = 0. 

 

Proof. 

Assume that {𝔞𝓃} is summable to Cesaro. Assume that {𝔞𝓃} converges to 𝔞. 

Fix 𝔥1, 𝔥2, … , 𝔥𝑛−1 ∈ ℌ and 𝓇 > 0. For any λ > 1,utilising Lemma (2.5), for each 𝓃 ∈ ℕ ∖ {0} with 𝓃 ≥ 〈λ〉−1, 

we have  

(3.4)  𝔞𝓃 − 𝜒𝓃 =
λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃) −

1

λ𝓃−𝓃
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 . 

Again, by Lemma (2.6), for 𝓃 ≥
3λ−1

λ(λ−1)
, we have 

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃 + 1

λ𝓃 −𝓃
(𝜒λ𝓃 − 𝜒𝓃), 𝓇)      = 𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, (𝜒λ𝓃 − 𝜒𝓃),

𝓇
λ𝓃+1

λ𝓃−𝓃

) 

    ≥ 𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, (𝜒λ𝓃 − 𝜒𝓃),
𝓇
2λ

λ−1

), 

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃 + 1

λ𝓃 − 𝓃
(𝜒λ𝓃 − 𝜒𝓃),𝓇) = 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛−1, (𝜒λ𝓃 − 𝜒𝓃),

𝓇
λ𝓃+1

λ𝓃−𝓃

) 

        ≤ 𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, (𝜒λ𝓃 − 𝜒𝓃),
𝓇
2λ

λ−1

) and 

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃 + 1

λ𝓃 − 𝓃
(𝜒λ𝓃 − 𝜒𝓃),𝓇) = 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1, (𝜒λ𝓃 − 𝜒𝓃),

𝓇
λ𝓃+1

λ𝓃−𝓃

) 

≤ 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1, (𝜒λ𝓃 − 𝜒𝓃),
𝓇
2λ

λ−1

) 

Since {𝜒𝓃} is a Cauchy sequence, we have  

lim
𝓃→∞

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃),𝓇) = 1 ,  

lim
𝓃→∞

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃),𝓇) = 0 and  

lim
𝓃→∞

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃),𝓇) = 0, and therefore lim

𝓃→∞

λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃) = 0. 

Hence using (3.4), we have 

lim 
𝓃→∞

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛−𝑛
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 , 𝓇) = 1, 

lim 
𝓃→∞

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛−𝑛
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 , 𝓇) = 0 and  

lim 
𝓃→∞

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛 − 𝑛
∑ (𝔞𝓀 − 𝔞𝓃)

λ𝑛

𝓀=𝓃+1

, 𝓇) = 0. 

As a result, (3.1), (3.2), and (3.3).  We presume that (3.1), (3.2), and (3.3) are true in order to demonstrate 

the converse. Fix 𝔥1, 𝔥2, … , 𝔥𝑛−1 ∈  ℌ and 𝓇 > 0. Then for given 𝜀 > 0, we have the following: 

 

(i) a thing exists λ > 1 and 𝓃0 ∈ ℕ such that  

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛−𝑛
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 ,

𝓇

3
) > 1 − 𝜀 , 
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𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛−𝑛
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 , 𝓇) < 𝜀 and  

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛−𝑛
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 , 𝓇) < 𝜀 , for every 𝓃 > 𝓃0. 

(ii) a thing exists 𝓃0 ∈ ℕ such that 𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝜒𝓃 − 𝔞 ,
𝓇

3
) > 1 − 𝜀,  

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝜒𝓃 − 𝔞 ,
𝓇

3
) < 𝜀 and 𝜛 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝜒𝓃 − 𝔞 ,

𝓇

3
) < 𝜀, for all 𝓃 > 𝓃1. 

(iii) Also, since lim
𝓃→∞

λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃) = 0, there exists 𝓃2 ∈ ℕ such that  

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃),

𝓇

3
) > 1 − 𝜀,  

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃),

𝓇

3
) < 𝜀 and  

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃),

𝓇

3
) < 𝜀, for all 𝓃 > 𝓃2. 

Therefore, we have 
𝜁(𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃 −  𝔞,𝓇) = 𝜁(𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃 − 𝜒𝓃 + 𝜒𝓃 −  𝔞,𝓇) 

    = 𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃 + 1

λ𝓃 −𝓃
(𝜒λ𝓃 − 𝜒𝓃) −

1

λ𝓃 − 𝓃
∑ (𝔞𝓀 − 𝔞𝓃)

λ𝑛

𝓀=𝓃+1

+ 𝜒𝓃 −  𝔞,𝓇) 

   ≥ min

{
 
 

 
 𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,

λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃),

𝓇

3
) ,

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛−𝑛
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 ,

𝓇

3
) ,

𝜁 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝜒𝓃 − 𝔞 ,
𝓇

3
) }

 
 

 
 

> 1 − 𝜀,  

𝜗(𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃 −  𝔞,𝓇) = 𝜗(𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃 − 𝜒𝓃 + 𝜒𝓃 −  𝔞,𝓇) 

    = 𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃 + 1

λ𝓃 −𝓃
(𝜒λ𝓃 − 𝜒𝓃) −

1

λ𝓃 − 𝓃
∑ (𝔞𝓀 − 𝔞𝓃)

λ𝑛

𝓀=𝓃+1

+ 𝜒𝓃 −  𝔞,𝓇) 

≤ max

{
 
 

 
 𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,

λ𝓃+1

λ𝓃−𝓃
(𝜒λ𝓃 − 𝜒𝓃),

𝓇

3
) ,

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛−𝑛
∑ (𝔞𝓀 − 𝔞𝓃)
λ𝑛
𝓀=𝓃+1 ,

𝓇

3
) ,

𝜗 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝜒𝓃 − 𝔞 ,
𝓇

3
) }

 
 

 
 

< 𝜀 and 

𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃 −  𝔞,𝓇) = 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝔞𝓃 − 𝜒𝓃 + 𝜒𝓃 −  𝔞,𝓇) 

     = 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,
λ𝓃 + 1

λ𝓃 −𝓃
(𝜒λ𝓃 − 𝜒𝓃) −

1

λ𝓃 − 𝓃
∑ (𝔞𝓀 − 𝔞𝓃)

λ𝑛

𝓀=𝓃+1

+ 𝜒𝓃 −  𝔞,𝓇) 

≤ max

{
 
 
 

 
 
 𝜛(𝔥1, 𝔥2, … , 𝔥𝑛−1,

λ𝓃 + 1

λ𝓃 −𝓃
(𝜒λ𝓃 − 𝜒𝓃),

𝓇

3
) ,

𝜛 (𝔥1, 𝔥2, … , 𝔥𝑛−1,
1

λ𝑛 − 𝑛
∑ (𝔞𝓀 − 𝔞𝓃)

λ𝑛

𝓀=𝓃+1

,
𝓇

3
) ,

𝜛 (𝔥1, 𝔥2, … , 𝔥𝑛−1, 𝜒𝓃 − 𝔞 ,
𝓇

3
) }

 
 
 

 
 
 

 < 𝜀, 

for all 𝓃 > max{𝓃0, 𝓃1, 𝓃2}. This completes the proof. 

4. Conclusion 

The idea of Cesaro summability in a 𝒩𝓃𝒩ℒ𝒮, one of the most general mathematical structures with 

both algebraic and analytic features, is discussed in this study. As a result, many current theorems are 

extended and generalized by the current results in Cesaro summability. Future work on this topic might 

result in the expansion of neutrosophic normed spaces and finite-dimensional 𝒩𝓃𝒩ℒ𝒮. 
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