
Neutrosophic Sets and Systems, Vol. 68, 2024 
University of New Mexico 

 

Abdallah Shihadeh, Khaled Ahmad Mohammad Matarneh, Raed Hatamleh, Mowafaq Omar Al-Qadri, Abdallah Al-Husban, On 
The Two-Fold Fuzzy n-Refined Neutrosophic Rings For 2≤n≤3 

 

 

On The Two-Fold Fuzzy n-Refined Neutrosophic Rings For 

𝟐 ≤ 𝒏 ≤ 𝟑 

Abdallah Shihadeh 

Department of Mathematics, Faculty of Science, The Hashemite University, Zarqa 13133, PO box 330127, 

Jordan, abdallaha_ka@hu.edu.jo 

Khaled Ahmad Mohammad Matarneh 

Faculty of Computer Studies, Arab Open University (AOU), Riyadh, Kingdom of Saudi Arabia, 

K.matarneh@arabou.edu.sa   

Raed Hatamleh 

Department of Mathematics, Faculty of Science and Information Technology, Jadara 

University, P.O. Box 733, Irbid 21110, Jordan, raed@jadara.edu.jo  

Mowafaq Omar Al-Qadri 

Department of Mathematics, Jerash University, Jerash, Jordan, m.alqadri@jpu.edu.jo 

Abdallah Al-Husban 

Department of Mathematics, Faculty of Science and Technology, Irbid National University, P.O. Box: 2600 

Irbid, Jordan, dralhosban@inu.edu.jo 

 

Abstract: 

The objective of this paper is to study the two-fold fuzzy algebra based on n-refined 

neutrosophic rings for some different special values of n, where we study some of 

the special elements in the case of two-fold 2-refined neutrosophic ring and 

3-refined neutrosophic rings such as units, idempotents, and nilpotent elements. 

Also, we present the concept of two-fold ring homomorphism with its elementary 

properties. 

Keywords: two-fold algebra, 2-refined neutrosophic ring, 3-refined neutrosophic 

ring, nilpotent 

mailto:abdallaha_ka@hu.edu.jo
mailto:K.matarneh@arabou.edu.sa
mailto:raed@jadara.edu.jo
mailto:m.alqadri@jpu.edu.jo
mailto:dralhosban@inu.edu.jo


Neutrosophic Sets and Systems, Vol. 68, 2024 9  

 

 

Abdallah Shihadeh, Khaled Ahmad Mohammad Matarneh, Raed Hatamleh, Mowafaq Omar Al-Qadri, Abdallah Al-Husban, On 
The Two-Fold Fuzzy n-Refined Neutrosophic Rings For 2≤n≤3 

Introduction 

The concept of fuzzy algebraic structure is considered a direct application of fuzzy 

sets and fuzzy mappings [1-2, 4, 6-8], where a fuzzy mapping with truth and falsity 

values is used to build many algebraic structures. 

Also, the concept of neutrosophic set was used by many different authors to 

generalize classical algebraic structures by using logical conditions instead of 

algebraic elements [13], where we can see neutrosophic rings, neutrosophic 

matrices, and neutrosophic mappings [5, 9-12]. The concept of n-refined 

neutrosophic rings was defined in [18], and then it was studied by many authors in 

[19], where ideals, Diophantine equations and other related structures were 

classified and provided [20-21]. 

Recently, Smarandache in [14] has defined two-fold neutrosophic algebras as novel 

algebraic structures, and this new concept has been used in [16] to define two-fold 

fuzzy algebra by combining the standard fuzzy number theoretical system defined 

in [15], with the concept of two-fold algebraic structure, and many interesting 

theorems and examples were illustrated about this topic. 

On the other hand, Hatip et.al [17], have combined real vector spaces, complex 

vector spaces, and algebraic modules with a fuzzy well-defined mapping to define 

and study two-fold fuzzy vector spaces and two-fold fuzzy modules, where they 

studied many elementary properties of these new structures. 

Main Discussion 

Definition: 

Let 𝑓: ℝ → [0,1] with: {
𝑓(0) = 0

𝑓(1) = 1
, then f is called a fuzzy mapping. 

We use this definition of fuzzy mappings, that is because the property 
𝑓(0) = 0

𝑓(1) = 1
 is 

very useful in algebraic structures and operations. 

Example: 
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To understand the concept of fuzzy mapping, we will illustrate two different fuzzy 

mappings defined on the real field R. 

Define: 𝑓, 𝑔, ℎ: ℝ → [0,1] such that: 

𝑓(𝑥) = {
min (𝑥2,

1

𝑥2) 𝑖𝑓 𝑥 ≠ 0, 𝑥 ≠ −1

0 𝑖𝑓 𝑥 = 0
0.9 𝑖𝑓 𝑥 = −1

, 𝑔(𝑥) = {

|𝑥3| 𝑖𝑓 − 1 < 𝑥 ≤ 1
1

|𝑥3|
 𝑖𝑓 𝑥 > 1 𝑜𝑟 𝑥 < −1

0.1 𝑖𝑓 𝑥 = −1

 

We can see that f and g lie in the closed interval [0,1], with f(0) = 𝑔(0) = 0, 𝑓(1) =

𝑔(1) = 1. 

Definition: 

Let 𝑅2(𝐼) = {𝑎0 + ∑ 𝑎𝑖𝐼𝑖    ; 𝑎𝑖 ∈ ℝ . 𝐼𝑖𝐼𝑗 = 𝐼min (𝑖.𝑗) 2
𝑖=1 } 

be 2-refined commutative neutrosophic ring with unity, let 𝑓: ℝ → [0,1] be any 

fuzzy mapping such that  {
𝑓(0) = 0

𝑓(1) = 1
 , we define: 

𝑓2 : 𝑅2(𝐼) → [0,1]   ;  𝑓2 (𝑎0 + ∑ 𝑎𝑖𝐼𝑖  2
𝑖=1 ) = max (𝑓(𝑎𝑖)), and 

[𝑅2(𝐼)]𝑓2 
= {(𝑎0 + ∑ 𝑎𝑖𝐼𝑖 

2
𝑖=1 )𝑓𝑛 (𝑎0+∑ 𝑎𝑖𝐼𝑖 2

𝑖=1 )    ; 𝑎𝑖 ∈ ℝ}, is called the two-fold 

fuzzy 2-Refined neutrosophic ring. 

Definition: 

Operations on [𝑅2(𝐼)]𝑓2 
are define as follows: 

*: [𝑅2(𝐼)]𝑓2 
× [𝑅2(𝐼)]𝑓2 

→ [𝑅2(𝐼)]𝑓2 
 

○:[𝑅2(𝐼)]𝑓2 
× [𝑅2(𝐼)]𝑓2 

→ [𝑅2(𝐼)]𝑓2 
 

Such that:{
𝑋𝑓2(𝑋) ∗ 𝑌𝑓2(𝑌) = (𝑋 + 𝑌)𝑓2(𝑋+𝑌)

𝑋𝑓2(𝑋) ○ 𝑌𝑓2(𝑌) = (𝑋 ∙ 𝑌)𝑓2(𝑋𝑌)
 

Definition: 

Let P an ideal of 𝑅2(𝐼), we define the corresponding two-fold fuzzy 2-refined 

neutrosophic ideal as follows: 

𝑃𝑓2
= {𝑋𝑓2(𝑋)   ; 𝑋 ∈ 𝑃} 

Definition: 
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Let 𝑃𝑓2
 be a two-fold fuzzy 2-refined neutrosophic ideal, we define the two-fold 

fuzzy 2-refined factor as: 

[𝑅2(𝐼)]𝑓2 
𝑃𝑓2

= 𝑋𝑃𝑓2
   ;  𝑋 ∈ [𝑅2(𝐼)]𝑓2 

⁄ . 

Definition: 

Let ℎ ∶ 𝑅2(𝐼) → 𝑅2(𝐼) be a ring homomorphism, we define: 

𝐻𝑛: [𝑅2(𝐼)]𝑓2 
→ [𝑅2(𝐼)]𝑓2 

such that: 

𝐻2(𝑋𝑓2(𝑋)) = (ℎ(𝑋))𝑓2(ℎ(𝑋)). 

The mapping (𝐻2) is called two-fold fuzzy 2-refined neutrosophic homomorphism. 

The kernel 𝑘𝑒𝑟(𝐻2)is: 

  𝑘𝑒𝑟(𝐻𝑛) = {𝑋 ∈ [𝑅2(𝐼)]𝑓2 
   ; 𝐻2(𝑋𝑓2(𝑋)) = 00} =  (𝑘𝑒𝑟(ℎ))𝑓2 

. 

The direct image  𝐼𝑚(𝐻2) is: 

 𝐼𝑚(𝐻2) =  (𝐼𝑚(ℎ))𝑓2 
. 

Definition: 

Let 𝐻2 . 𝐺2  ∶  [𝑅2(𝐼)]𝑓2 
→ [𝑅2(𝐼)]𝑓2 

 be two homomorphisms, then:  𝐻2 × 𝐺2  ∶

 [𝑅2(𝐼)]𝑓2 
→ [𝑅2(𝐼)]𝑓2 

with: 

(𝐻2 × 𝐺2)(𝑋𝑓2(𝑋)) = 𝐻2(𝐺2(𝑋𝑓2(𝑋))). 

Theorem (1): 

1] *, ○ are commutative. 

2] *, ○ are associative. 

3] (○) is distributive on (*). 

4] *, ○ has identities. 

5] (*) is invertible, i.e any element𝑋𝑓2(𝑋) ∈ [𝑅2(𝐼)]𝑓2 
 has an iverse with respect to (*). 

Theorem (2): 

Let 𝑃𝑓2
 be a two-fold ideal of[𝑅2(𝐼)]𝑓2 

, then: 
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{
𝑋𝑓2(𝑋) ∗ 𝑌𝑓2(𝑌)  ∈ 𝑃𝑓2

𝑟𝑓2(𝑟) ∙ 𝑋𝑓2(𝑋) ∈ 𝑃𝑓2

     ;  𝑋. 𝑌 ∈ 𝑃 . 𝑟 ∈ 𝑅2(𝐼) 

Theorem (3): 

[𝑅2(𝐼)]𝑓2 
𝑃𝑓2

⁄  is a commutative ring with unity. 

Theorem (4): 

Let 𝐻2: [𝑅2(𝐼)]𝑓2 
→ [𝑅2(𝐼)]𝑓2 

be a homomorphism, then: 

1] 𝐻2(𝑋𝑓𝑛(𝑋) ∗ 𝑌𝑓𝑛(𝑌)) =  𝐻2(𝑋𝑓2(𝑋)) ∗ 𝐻2(𝑌𝑓2(𝑌)) 

2] 𝐻2(𝑋𝑓2(𝑋) ○ 𝑌𝑓2(𝑌)) =  𝐻2(𝑋𝑓2(𝑋)) ○ 𝐻2(𝑌𝑓2(𝑌)) 

3]  𝑘𝑒𝑟(𝐻2) is an ideal of [𝑅2(𝐼)]𝑓2 
. 

4]  𝐼𝑚(𝐻2) is a subring of  [𝑅2(𝐼)]𝑓2 
. 

5]  [𝑅2(𝐼)]𝑓2 
 𝑘𝑒𝑟(𝐻2)   ≅   𝐼𝑚(𝐻2)⁄ . 

6] If 𝑃𝑓2
 is an ideal of  [𝑅2(𝐼)]𝑓2 

, then 𝐻2(𝑃𝑓2
) is an ideal. 

7] 𝐻2(00) = 00  . 𝐻2(11) = 11 

Theorem (5): 

Let 𝐻2 . 𝐺2  ∶  [𝑅2(𝐼)]𝑓2 
→  [𝑅2(𝐼)]𝑓2 

be two homomorphisms, then: 

1] 𝐻2(−𝑋𝑓2(𝑋)) = −𝐻2(𝑋𝑓2(𝑋)). 

2] 𝐻2 (𝑋𝑓2(𝑋−1)
−1 ) = [𝐻2(𝑋𝑓2(𝑋))]−1, if 𝑋 is invertible. 

3] 𝐻2  × 𝐺2 is a homomorphism. 

Definition: 

Let 𝑋𝑓2(𝑋) ∈  [𝑅2(𝐼)]𝑓2 
, then: 

1] 𝑋𝑓2(𝑋)  is idempotent if 𝑋𝑓2(𝑋) ○ 𝑋𝑓2(𝑋) = 𝑋𝑓2(𝑋). 

2] 𝑋𝑓2(𝑋)  is a nilpotent if there exists  𝑚 ∈ ℕ  such that: 𝑋𝑓2(𝑋) ○ 𝑋𝑓2(𝑋) ○ … ○

𝑋𝑓2(𝑋) (𝑚 − 𝑡𝑖𝑚𝑒𝑠) = 00 
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3] 𝑋𝑓2(𝑋) is a zero divisor if there exists 𝑌𝑓2(𝑌) such that: 𝑋𝑓2(𝑋) ○ 𝑌𝑓2(𝑌) = 00 

Theorem (6): 

Let 𝑋𝑓2(𝑋) ∈  [𝑅2(𝐼)]𝑓2 
, then we have: 

1] 𝑋𝑓2(𝑋) is idempotent if and only if 𝑋 is idempotent in 𝑅2(𝐼). 

2] 𝑋𝑓2(𝑋) is nilpotent if and only if 𝑋 is nilpotent in 𝑅2(𝐼). 

3] 𝑋𝑓2(𝑋) is a zero divisor if and only if 𝑋 is a zero diviso in 𝑅2(𝐼). 

Theorem (7): 

Let 𝐻2: [𝑅2(𝐼)]𝑓2 
→  [𝑅2(𝐼)]𝑓2 

, then: 

1] If 𝑋𝑓2(𝑋) ∈  [𝑅2(𝐼)]𝑓2 
is idempotent, then 𝐻2(𝑋𝑓2(𝑋)) is idempotent. 

2] If 𝑋𝑓2(𝑋)is nilpotent, then 𝐻2(𝑋𝑓2(𝑋)) is nilpotent. 

3] If 𝑋𝑓2(𝑋)is a zero divisor, then 𝐻2(𝑋𝑓2(𝑋)) is a zero divisor. 

4] If 𝑋𝑓2(𝑋)is a unit, then 𝐻2(𝑋𝑓2(𝑋)) is a unit. 

Proof of theorem (1): 

1] 𝑋𝑓2(𝑋) ∗ 𝑌𝑓2(𝑌) = (𝑋 + 𝑌)𝑓2(𝑋+𝑦) = (𝑌 + 𝑋)𝑓2(𝑌+𝑋) = 𝑌𝑓2(𝑌) ∗ 𝑋𝑓2(𝑋). 

  𝑋𝑓2(𝑋) ○ 𝑌𝑓2(𝑌) = (𝑋𝑌)𝑓2(𝑋𝑦) = (𝑌𝑋)𝑓2(𝑌𝑋) = 𝑌𝑓2(𝑌) ○ 𝑋𝑓2(𝑋).  

2] 𝑋𝑓2(𝑋) ∗ 𝑌𝑓2(𝑌) ∗ 𝑍𝑓2𝑛(𝑍)) = 𝑋𝑓2(𝑋) ∗ (𝑌 + 𝑍)𝑓2(𝑌+𝑍) = (𝑋 + 𝑌 + 𝑍)𝑓2(𝑋+𝑌+𝑍) =

(𝑋 + 𝑌)𝑓𝑛(𝑋+𝑌) ∗ 𝑍𝑓2(𝑍) = (𝑋𝑓2(𝑋) ∗ 𝑌𝑓2(𝑌)) ∗ 𝑍𝑓2(𝑍). 

      𝑋𝑓2(𝑋) ○ 𝑌𝑓2(𝑌) ○ 𝑍𝑓2(𝑍)) = (𝑋𝑌𝑍)𝑓2(𝑋𝑌𝑍) = (𝑋𝑌)𝑓2(𝑋𝑌) ○ 𝑍𝑓2(𝑍) = (𝑋𝑓2(𝑋) ○

𝑌𝑓𝑛(𝑌)) ○ 𝑍𝑓2(𝑍). 

3] 𝑋𝑓2(𝑋) ○ (𝑌𝑓2(𝑌) ∗ 𝑍𝑓2(𝑍)) = (𝑋𝑌 + 𝑋𝑍)𝑓2(𝑋𝑌+𝑋𝑍) = (𝑋𝑌)𝑓2(𝑋𝑦) ∗ (𝑋𝑍)𝑓2(𝑋𝑍) = (𝑋𝑓2(𝑋) ○

𝑌𝑓2(𝑌)) ∗ (𝑋𝑓2(𝑋) ○ 𝑍𝑓2(𝑍)) 
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4] 𝑋𝑓2(𝑋) ∗ 00 = (𝑋 + 0)𝑓2(𝑋+0) = 𝑋𝑓2(𝑋). 

𝑋𝑓2(𝑋) ○ 11 = (𝑋 ∙ 1)𝑓2(𝑋∙1) = 𝑋𝑓2(𝑋). 

5] For 𝑋𝑓𝑛(𝑋), we have (−𝑋)𝑓2(−𝑋) such that: 

      𝑋𝑓2(𝑋) ∗ (−𝑋)𝑓2(−𝑋) = (X − 𝑋)𝑓2(𝑋−𝑋) = 00. 

Proof of theorem (2): 

𝑋𝑓2(𝑋) ∗ 𝑌𝑓2(𝑌) = (𝑋 + 𝑌)𝑓2(𝑋+𝑦)  ∈ 𝑃𝑓2
, that is because 𝑋 + 𝑌 ∈ 𝑃. 

𝑟𝑓2(𝑟) ○ 𝑋𝑓2(𝑋) = (𝑟𝑋)𝑓2(𝑟𝑋) ∈ 𝑃𝑓2
, that is because 𝑟𝑋 ∈ 𝑃. 

Proof of theorem (3): 

Define: ∗′: ( [𝑅2(𝐼)]𝑓2
𝑃𝑓2

⁄ ) × ( [𝑅2(𝐼)]𝑓𝑛 
𝑃𝑓2

⁄ ) →  [𝑅2(𝐼)]𝑓2
𝑃𝑓2

⁄  

               ○′: ( [𝑅2(𝐼)]𝑓2
𝑃𝑓2

⁄ ) × ( [𝑅2(𝐼)]𝑓𝑛 
𝑃𝑓2

⁄ ) →  [𝑅2(𝐼)]𝑓2
𝑃𝑓2

⁄  

Such that: 

(𝑋𝑓2(𝑋)𝑃𝑓2
) ∗′ (𝑌𝑓2(𝑌)𝑃𝑓2

) = (𝑋𝑓2(𝑋) ∗ 𝑌𝑓2(𝑌)) 𝑃𝑓2
 

(𝑋𝑓2(𝑋)𝑃𝑓2
) ○′ (𝑌𝑓2(𝑌)𝑃𝑓2

) = (𝑋𝑓2(𝑋) ○ 𝑌𝑓2(𝑌))𝑃𝑓2
 

We have: 

(𝑋𝑓2(𝑋)𝑃𝑓2
) ∗′ (00𝑃𝑓𝑛

) = 𝑋𝑓2 (𝑋) 𝑃𝑓2
, 

(𝑋𝑓2(𝑋)𝑃𝑓2
) ○′ (11𝑃𝑓2

) = 𝑋𝑓2(𝑋) 𝑃𝑓2
, 

(𝑋𝑓2(𝑋)𝑃𝑓2
) ∗′ ((−𝑋)𝑓2(−𝑋)𝑃𝑓2

) = 00 𝑃𝑓2
, 

(𝑋𝑓2(𝑋)𝑃𝑓2
) ∗′ [(𝑌𝑓2(𝑌)𝑃𝑓2

) ∗′ (𝑍𝑓2(𝑍)𝑃𝑓2
)] = ((𝑋𝑓2(𝑋)𝑃𝑓2

) ∗′ [(𝑌 ∗ 𝑍) 𝑃𝑓2
] = [𝑋 ∗ 𝑌 ∗ 𝑍] 𝑃𝑓𝑛

=

[(𝑋𝑓2(𝑋)𝑃𝑓2
) ∗′ (𝑌𝑓2(𝑌)𝑃𝑓2

)] ∗′ (𝑍𝑓2(𝑍)𝑃𝑓2
), 

(𝑋𝑓𝑛(𝑋)𝑃𝑓𝑛
) ○′ [(𝑌𝑓2(𝑌)𝑃𝑓2

) ○′ (𝑍𝑓2(𝑍)𝑃𝑓2
)] = (𝑋 𝑃𝑓2

) ○′ [(𝑌 ○ 𝑍) 𝑃𝑓2
] = [𝑋 ○ 𝑌 ○ 𝑍] 𝑃𝑓𝑛

=

[(𝑋𝑓𝑛(𝑋)𝑃𝑓2
) ○′ (𝑌𝑓2(𝑌)𝑃𝑓2

)] ○′ (𝑍𝑓2(𝑍)𝑃𝑓2
). 
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((𝑋𝑓2(𝑋)𝑃𝑓2
) ○′ [(𝑌𝑓2(𝑌)𝑃𝑓2

) ∗′ (𝑍𝑓2(𝑍)𝑃𝑓2
)] = [𝑋 ○ (𝑌 ∗ 𝑍)] 𝑃𝑓2

= [(𝑋 ○ 𝑌) ∗ (𝑋 ○ 𝑍)] 𝑃𝑓2

= (𝑋𝑓2(𝑋)𝑃𝑓2
) ○′ (𝑌𝑓2(𝑌)𝑃𝑓2

)] ∗′ [(𝑋𝑓2(𝑋)𝑃𝑓2
) ○′ (𝑍𝑓2(𝑍)𝑃𝑓2

)] 

Thus, our proof is complete. 

Proof of theorem (4): 

1]  𝐻2(𝑋 ∗ 𝑌) = (ℎ(𝑋 + 𝑌))𝑓2(ℎ(𝑋+𝑌)) = (ℎ(𝑋) + ℎ(𝑌))𝑓2((ℎ(𝑋)+ℎ(𝑌))) = 𝐻2(𝑋𝑓2(𝑋)) ∗

𝐻2(𝑌𝑓2(𝑌)). 

2] 𝐻2(𝑋 ○ 𝑌) = (ℎ(𝑋𝑌))𝑓2(ℎ(𝑋𝑌)) = (ℎ(𝑋)ℎ(𝑌))𝑓2((ℎ(𝑋)ℎ(𝑌))) = 𝐻2(𝑋𝑓2(𝑋)) ○ 𝐻2(𝑌𝑓2(𝑌)). 

3] since  𝑘𝑒𝑟(𝐻2) = [𝑘𝑒𝑟(ℎ)]𝑓2
, and 𝑘𝑒𝑟(ℎ) is an ideal of 𝑅2(𝐼), we get:  𝑘𝑒𝑟(𝐻2) is an 

ideal of [𝑅2(𝐼)]𝑓2
. 

4] It can be proved by the same. 

5] We have that: 

𝑅2(𝐼) 𝑘𝑒𝑟(ℎ)   ≅   𝐼𝑚(ℎ)⁄ , thus: 

 [𝑅2(𝐼)]𝑓2
 [𝑘𝑒𝑟(ℎ)]𝑓2

  ≅   [𝐼𝑚(ℎ)]𝑓2
⁄ , therefor: 

 [𝑅2(𝐼)]𝑓2
 𝑘𝑒𝑟(𝐻𝑛)   ≅   𝐼𝑚(𝐻𝑛)⁄ . 

6] 𝐻𝑛(𝑃𝑓2
) = { [ℎ(𝑃)]𝑓2

}, and ℎ(𝑃) is an ideal of 𝑅2(𝐼) , thus 𝐻2(𝑃𝑓2
) is an ideal of 

 [𝑅2(𝐼)]𝑓2
. 

7] {
𝐻𝑛(00) = (ℎ(0))𝑓2(ℎ(0)) = 00

𝐻𝑛(11) = (ℎ(1))𝑓2(ℎ(1)) = 11
. 

Proof of theorem (5): 

1] 𝐻2(−𝑋𝑓2(𝑋)) = (ℎ(−𝑋))𝑓2(ℎ(−𝑋)) = [−ℎ(𝑋)]𝑓2(−ℎ(𝑋)) = −𝐻2(𝑋𝑓2(𝑋)). 

2] 𝐻2 (𝑋𝑓2(𝑋−1)
−1 ) = (ℎ(𝑋−1))

𝑓2(ℎ(𝑋−1))
= [(ℎ(𝑋))−1]

𝑓2[(ℎ(𝑋))
−1

]
= [𝐻2(𝑋𝑓2(𝑋))]−1. 

3]( 𝐻2  × 𝐺2)[𝑋𝑓2(𝑋) ∗ 𝑌𝑓2(𝑌)] = ( 𝐻2  × 𝐺2)[𝑋 + 𝑌]𝑓2(𝑋+𝑌) = [(ℎ ○ 𝑔)(𝑋 + 𝑌)]𝑓2[(ℎ○𝑔)(𝑋+𝑌)] 
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= [(ℎ ○ 𝑔)(𝑋) + (ℎ ○ 𝑔)(𝑌)]𝑓2[(ℎ○𝑔)(𝑋)+(ℎ○𝑔)(𝑌)]  = ( 𝐻2  × 𝐺2)(𝑋𝑓2(𝑋)) ∗ ( 𝐻2  ×

𝐺2)(𝑌𝑓2(𝑌)). 

. ( 𝐻2  × 𝐺2)[𝑋𝑓2(𝑋) ○ 𝑌𝑓2(𝑌)] = [(ℎ ○ 𝑔)(𝑋𝑌)]𝑓2[(ℎ○𝑔)(𝑋𝑌)] = [(ℎ ○ 𝑔(𝑋))(ℎ ○

𝑔(𝑌))]
𝑓2[(ℎ○𝑔(𝑋))(ℎ○𝑔(𝑌))]

  

= ( 𝐻2  × 𝐺2)(𝑋𝑓2(𝑋)) ○ ( 𝐻2  × 𝐺2)(𝑌𝑓2(𝑌)). 

Proof of theorem (6): 

1]  𝑋𝑓2(𝑋) ○ 𝑋𝑓2(𝑋) = 𝑋𝑓2(𝑋) ⟺ (𝑋2)𝑓2(𝑋2) = 𝑋𝑓𝑛(𝑋) ⟺  𝑋2 = 𝑋  , and   𝑋  is 

idempotent in 𝑅2(𝐼). 

2]   𝑋𝑓2(𝑋) ○ … ○  𝑋𝑓2(𝑋) (𝑚 − 𝑡𝑖𝑚𝑒𝑠) = 00 ⟺  (𝑋𝑚)𝑓2 (𝑋𝑚) = 00 , thus  𝑋𝑚 = 0 , 

and 𝑋 is nilpotent in 𝑅2(𝐼). 

3] Its proof is similar to 1 and 2. 

Proof of theorem (7): 

1] 𝐻2(𝑋𝑓2(𝑋)) ○ 𝐻2(𝑋𝑓2(𝑋)) = [(ℎ(𝑋))2]𝑓2((ℎ(𝑋))2) = (ℎ(𝑋2))𝑓2(ℎ(𝑋2)) = (ℎ(𝑋))𝑓2(ℎ(𝑋)) =

𝐻2(𝑋𝑓2(𝑋)). 

2] 𝐻2(𝑋𝑓2(𝑋))
𝑚

= (ℎ(𝑋𝑚))𝑓2(ℎ(𝑋𝑚)) = [ℎ(0)]𝑓2(0) = 00. 

3] If 𝑋𝑓2(𝑋) ○ 𝑌𝑓2(𝑌) = 00, then: 

𝐻2(𝑋𝑓2(𝑋)) ○ 𝐻2(𝑌𝑓2(𝑌)) = (ℎ(𝑋𝑌))𝑓2(ℎ(𝑋𝑌)) = 00. 

4] If 𝑋𝑓2(𝑋) ○ 𝑌𝑓2(𝑌) = 11, then: 

𝐻2(𝑋𝑓2(𝑋)) ○ 𝐻2(𝑌𝑓2(𝑌)) = (ℎ(𝑋𝑌))𝑓2(ℎ(𝑋𝑌)) = (ℎ(1))𝑓2(ℎ(1)) = 11. 

Definition: 

Let 𝑅3(𝐼) = {𝑎0 + ∑ 𝑎𝑖𝐼𝑖    ; 𝑎𝑖 ∈ ℝ . 𝐼𝑖𝐼𝑗 = 𝐼min (𝑖.𝑗) 3
𝑖=1 } 

be 3-refined commutative neutrosophic ring with unity, let 𝑓: ℝ → [0.1] 
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Such that  {
𝑓(0) = 0

𝑓(1) = 1
 , we define: 

𝑓3 : 𝑅3(𝐼) → [0.1]   ;  𝑓3 (𝑎0 + ∑ 𝑎𝑖𝐼𝑖  3
𝑖=1 ) = max (𝑓(𝑎𝑖)), and 

[𝑅3(𝐼)]𝑓3 
= {(𝑎0 + ∑ 𝑎𝑖𝐼𝑖 

3
𝑖=1 )𝑓𝑛 (𝑎0+∑ 𝑎𝑖𝐼𝑖 3

𝑖=1 )    ; 𝑎𝑖 ∈ ℝ}, is called the two-fold 

fuzzy 3-Refined neutrosophic ring. 

Definition: 

Operations on [𝑅3(𝐼)]𝑓3 
are define as follows: 

*: [𝑅3(𝐼)]𝑓3 
× [𝑅3(𝐼)]𝑓3 

→ [𝑅3(𝐼)]𝑓3 
 

○:[𝑅3(𝐼)]𝑓3 
× [𝑅3(𝐼)]𝑓3 

→ [𝑅3(𝐼)]𝑓3 
 

Such that:{
𝑋𝑓3 (𝑋) ∗ 𝑌𝑓3 (𝑌) = (𝑋 + 𝑌)𝑓3 (𝑋+𝑌)

𝑋𝑓3 (𝑋) ○ 𝑌𝑓3 (𝑌) = (𝑋 ∙ 𝑌)𝑓3 (𝑋𝑌)
 

Definition: 

Let P an ideal of 𝑅3(𝐼), we define the corresponding two-fold fuzzy 3-refined 

neutrosophic ideal as follows: 

𝑃𝑓3 
= {𝑋𝑓3 (𝑋)   ; 𝑋 ∈ 𝑃} 

Definition: 

Let 𝑃𝑓3 
 be a two-fold fuzzy 3-refined neutrosophic ideal, we define the two-fold 

fuzzy 3-refined factor as: 

[𝑅3(𝐼)]𝑓3 
𝑃𝑓3 

= 𝑋𝑃𝑓3 
   ;  𝑋 ∈ [𝑅3(𝐼)]𝑓3 

⁄ . 

Definition: 

Let ℎ ∶ 𝑅3(𝐼) → 𝑅3(𝐼) be a ring homomorphism, we define: 

𝐻𝑛: [𝑅3(𝐼)]𝑓3 
→ [𝑅3(𝐼)]𝑓3 

such that: 

𝐻2(𝑋𝑓3 (𝑋)) = (ℎ(𝑋))𝑓3 (ℎ(𝑋)). 

The mapping (𝐻3) is called two-fold fuzzy 3-refined neutrosophic homomorphism. 

The kernel 𝑘𝑒𝑟(𝐻3)is: 



Neutrosophic Sets and Systems, Vol. 68, 2024 18  

 

 

Abdallah Shihadeh, Khaled Ahmad Mohammad Matarneh, Raed Hatamleh, Mowafaq Omar Al-Qadri, Abdallah Al-Husban, On 
The Two-Fold Fuzzy n-Refined Neutrosophic Rings For 2≤n≤3 

  𝑘𝑒𝑟(𝐻𝑛) = {𝑋 ∈ [𝑅3(𝐼)]𝑓3 
   ; 𝐻3(𝑋𝑓3 (𝑋)) = 00} =  (𝑘𝑒𝑟(ℎ))𝑓3 

. 

The direct image  𝐼𝑚(𝐻3) is: 

 𝐼𝑚(𝐻3) =  (𝐼𝑚(ℎ))𝑓3 
. 

Definition: 

Let 𝐻3 . 𝐺3  ∶  [𝑅3(𝐼)]𝑓3 
→ [𝑅3(𝐼)]𝑓3 

 be two homomorphisms, then:  𝐻3 . 𝐺3  ∶

 [𝑅3(𝐼)]𝑓3 
→ [𝑅3(𝐼)]𝑓3 

with: 

(𝐻3 × 𝐺3)(𝑋𝑓3(𝑋)) = 𝐻3(𝐺3(𝑋𝑓3(𝑋))). 

Theorem (8): 

1] *, ○ are commutative. 

2] *, ○ are associative. 

3] (○) is distributive on (*). 

4] *, ○ has identities. 

5] (*) is invertible, i.e any element𝑋𝑓2(𝑋) ∈ [𝑅2(𝐼)]𝑓2 
 has an iverse with respect to (*). 

Theorem (9): 

Let 𝑃𝑓3
 be a two-fold ideal of[𝑅3(𝐼)]𝑓3 

, then: 

{
𝑋𝑓3(𝑋) ∗ 𝑌𝑓3(𝑌)  ∈ 𝑃𝑓3

𝑟𝑓3(𝑟) ∙ 𝑋𝑓3(𝑋) ∈ 𝑃𝑓3

     ;  𝑋. 𝑌 ∈ 𝑃 . 𝑟 ∈ 𝑅3(𝐼) 

Theorem (10): 

[𝑅3(𝐼)]𝑓3
𝑃𝑓3

⁄  is a commutative ring with unity. 

Theorem (11): 

Let 𝐻3: [𝑅3(𝐼)]𝑓3
→ [𝑅2(𝐼)]𝑓3

be a homomorphism, then: 

1] 𝐻2(𝑋𝑓3(𝑋) ∗ 𝑌𝑓3(𝑌)) =  𝐻2(𝑋𝑓3(𝑋)) ∗ 𝐻2 (𝑌𝑓32(𝑌)) 

2] 𝐻2(𝑋𝑓3(𝑋) ○ 𝑌𝑓3(𝑌)) =  𝐻2(𝑋𝑓3(𝑋)) ○ 𝐻2(𝑌𝑓3(𝑌)) 

3]  𝑘𝑒𝑟(𝐻3) is an ideal of [𝑅3(𝐼)]𝑓3
. 
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4]  𝐼𝑚(𝐻3) is a subring of  [𝑅3(𝐼)]𝑓3
. 

5]  [𝑅3(𝐼)]𝑓3
 𝑘𝑒𝑟(𝐻3)   ≅   𝐼𝑚(𝐻3)⁄ . 

6] If 𝑃𝑓3
 is an ideal of  [𝑅3(𝐼)]𝑓3

, then 𝐻3(𝑃𝑓3
) is an ideal. 

7] 𝐻3(00) = 00  . 𝐻3(11) = 11 

Theorem (12): 

Let 𝐻3 , 𝐺3  ∶  [𝑅3(𝐼)]𝑓3
→  [𝑅3(𝐼)]𝑓3

be two homomorphisms, then: 

1] 𝐻3(−𝑋𝑓3(𝑋)) = −𝐻3(𝑋𝑓3(𝑋)). 

2] 𝐻3 (𝑋𝑓3(𝑋−1)
−1 ) = [𝐻3(𝑋𝑓3(𝑋))]−1, if 𝑋 is invertible. 

3] 𝐻3  × 𝐺3 is a homomorphism. 

Definition: 

Let 𝑋𝑓3(𝑋) ∈  [𝑅2(𝐼)]𝑓2 
, then: 

1] 𝑋𝑓3(𝑋)  is idempotent if 𝑋𝑓3(𝑋) ○ 𝑋𝑓3(𝑋) = 𝑋𝑓3(𝑋). 

2] 𝑋𝑓3(𝑋)  is a nilpotent if there exists  𝑚 ∈ ℕ  such that: 𝑋𝑓3(𝑋) ○ 𝑋𝑓3(𝑋) ○ … ○

𝑋𝑓3(𝑋) (𝑚 − 𝑡𝑖𝑚𝑒𝑠) = 00 

3] 𝑋𝑓3(𝑋) is a zero divisor if there exists 𝑌𝑓3(𝑌) such that: 𝑋𝑓3(𝑋) ○ 𝑌𝑓3(𝑌) = 00 

Theorem (13): 

Let 𝑋𝑓3(𝑋) ∈  [𝑅3(𝐼)]𝑓3
, then we have: 

1] 𝑋𝑓3(𝑋) is idempotent if and only if 𝑋 is idempotent in 𝑅3(𝐼). 

2] 𝑋𝑓3(𝑋) is nilpotent if and only if 𝑋 is nilpotent in 𝑅3(𝐼). 

3] 𝑋𝑓3(𝑋) is a zero divisor if and only if 𝑋 is a zero diviso in 𝑅3(𝐼). 

Theorem (14): 

Let 𝐻3: [𝑅3(𝐼)]𝑓3
→  [𝑅3(𝐼)]𝑓3

, then: 
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1] If 𝑋𝑓3(𝑋) ∈  [𝑅3(𝐼)]𝑓2 
is idempotent, then 𝐻3(𝑋𝑓3(𝑋)) is idempotent. 

2] If 𝑋𝑓3(𝑋)is nilpotent, then 𝐻3(𝑋𝑓3(𝑋)) is nilpotent. 

3] If 𝑋𝑓3(𝑋)is a zero divisor, then 𝐻3(𝑋𝑓3(𝑋)) is a zero divisor. 

4] If 𝑋𝑓3(𝑋)is a unit, then 𝐻3(𝑋𝑓3(𝑋)) is a unit. 

Proof of theorem (8): 

1] 𝑋𝑓3(𝑋) ∗ 𝑌𝑓3(𝑌) = (𝑋 + 𝑌)𝑓3(𝑋+𝑦) = (𝑌 + 𝑋)𝑓3(𝑌+𝑋) = 𝑌𝑓3(𝑌) ∗ 𝑋𝑓3(𝑋). 

  𝑋𝑓3(𝑋) ○ 𝑌𝑓3(𝑌) = (𝑋𝑌)𝑓3(𝑋𝑦) = (𝑌𝑋)𝑓3(𝑌𝑋) = 𝑌𝑓3(𝑌) ○ 𝑋𝑓3(𝑋).  

2] 𝑋𝑓3(𝑋) ∗ 𝑌𝑓3(𝑌) ∗ 𝑍𝑓3(𝑍)) = 𝑋𝑓3(𝑋) ∗ (𝑌 + 𝑍)𝑓3(𝑌+𝑍) = (𝑋 + 𝑌 + 𝑍)𝑓3(𝑋+𝑌+𝑍) =

(𝑋 + 𝑌)𝑓3(𝑋+𝑌) ∗ 𝑍𝑓3(𝑍) = (𝑋𝑓3(𝑋) ∗ 𝑌𝑓3(𝑌)) ∗ 𝑍𝑓3(𝑍). 

      𝑋𝑓3(𝑋) ○ 𝑌𝑓2(𝑌) ○ 𝑍𝑓2(𝑍)) = (𝑋𝑌𝑍)𝑓3(𝑋𝑌𝑍) = (𝑋𝑌)𝑓3(𝑋𝑌) ○ 𝑍𝑓3(𝑍) = (𝑋𝑓3(𝑋) ○

𝑌𝑓3(𝑌)) ○ 𝑍𝑓3(𝑍). 

3] 𝑋𝑓3(𝑋) ○ (𝑌𝑓3(𝑌) ∗ 𝑍𝑓3(𝑍)) = (𝑋𝑌 + 𝑋𝑍)𝑓3(𝑋𝑌+𝑋𝑍) = (𝑋𝑌)𝑓2(𝑋𝑦) ∗ (𝑋𝑍)𝑓2(𝑋𝑍) = (𝑋𝑓2(𝑋) ○

𝑌𝑓2(𝑌)) ∗ (𝑋𝑓2(𝑋) ○ 𝑍𝑓2(𝑍)) 

4] 𝑋𝑓3(𝑋) ∗ 00 = (𝑋 + 0)𝑓3(𝑋+0) = 𝑋𝑓3(𝑋). 

𝑋𝑓3(𝑋) ○ 11 = (𝑋 ∙ 1)𝑓3(𝑋∙1) = 𝑋𝑓3(𝑋). 

5] For 𝑋𝑓3(𝑋), we have (−𝑋)𝑓3(−𝑋) such that: 

      𝑋𝑓3(𝑋) ∗ (−𝑋)𝑓3(−𝑋) = (X − 𝑋)𝑓3(𝑋−𝑋) = 00. 

Proof of theorem (9): 

𝑋𝑓3(𝑋) ∗ 𝑌𝑓3(𝑌) = (𝑋 + 𝑌)𝑓3(𝑋+𝑦)  ∈ 𝑃𝑓3
, that is because 𝑋 + 𝑌 ∈ 𝑃. 

𝑟𝑓3(𝑟) ○ 𝑋𝑓3(𝑋) = (𝑟𝑋)𝑓3(𝑟𝑋) ∈ 𝑃𝑓3
, that is because 𝑟𝑋 ∈ 𝑃. 

Proof of theorem (10): 



Neutrosophic Sets and Systems, Vol. 68, 2024 21  

 

 

Abdallah Shihadeh, Khaled Ahmad Mohammad Matarneh, Raed Hatamleh, Mowafaq Omar Al-Qadri, Abdallah Al-Husban, On 
The Two-Fold Fuzzy n-Refined Neutrosophic Rings For 2≤n≤3 

Define: ∗′: ( [𝑅3(𝐼)]𝑓3
𝑃𝑓3

⁄ ) × ( [𝑅3(𝐼)]𝑓3
𝑃𝑓3

⁄ ) →  [𝑅3(𝐼)]𝑓3
𝑃𝑓32

⁄  

               ○′: ( [𝑅3(𝐼)]𝑓3
𝑃𝑓3

⁄ ) × ( [𝑅3(𝐼)]𝑓3
𝑃𝑓3

⁄ ) →  [𝑅3(𝐼)]𝑓3
𝑃𝑓3

⁄  

Such that: 

(𝑋𝑓3(𝑋)𝑃𝑓3
) ∗′ (𝑌𝑓3(𝑌)𝑃𝑓3

) = (𝑋𝑓2(𝑋) ∗ 𝑌𝑓3(𝑌)) 𝑃𝑓3
 

(𝑋𝑓3(𝑋)𝑃𝑓3
) ○′ (𝑌𝑓3(𝑌)𝑃𝑓3

) = (𝑋𝑓3(𝑋) ○ 𝑌𝑓3(𝑌))𝑃𝑓3
 

We have: 

(𝑋𝑓3(𝑋)𝑃𝑓3
) ∗′ (00𝑃𝑓𝑛

) = 𝑋𝑓2 (𝑋) 𝑃𝑓2
, 

(𝑋𝑓3(𝑋)𝑃𝑓3
) ○′ (11𝑃𝑓2

) = 𝑋𝑓2(𝑋) 𝑃𝑓2
, 

(𝑋𝑓3(𝑋)𝑃𝑓3
) ∗′ ((−𝑋)𝑓2(−𝑋)𝑃𝑓2

) = 00 𝑃𝑓2
, 

(𝑋𝑓3(𝑋)𝑃𝑓3
) ∗′ [(𝑌𝑓3(𝑌)𝑃𝑓3

) ∗′ (𝑍𝑓3(𝑍)𝑃𝑓3
)] = ((𝑋𝑓3(𝑋)𝑃𝑓3

) ∗′ [(𝑌 ∗ 𝑍) 𝑃𝑓3
] = [𝑋 ∗ 𝑌 ∗ 𝑍] 𝑃𝑓3

=

(𝑋𝑓3(𝑋)𝑃𝑓3
) ∗′ (𝑌𝑓3(𝑌)𝑃𝑓3

)] ∗′ (𝑍𝑓3(𝑍)𝑃𝑓3
), 

(𝑋𝑓3(𝑋)𝑃𝑓3
) ○′ [(𝑌𝑓3(𝑌)𝑃𝑓3

) ○′ (𝑍𝑓3(𝑍)𝑃𝑓3
)] = (𝑋 𝑃𝑓3

) ○′ [(𝑌 ○ 𝑍) 𝑃𝑓3
] = [𝑋 ○ 𝑌 ○ 𝑍] 𝑃𝑓3

=

(𝑋𝑓3(𝑋)𝑃𝑓3
) ○′ (𝑌𝑓3(𝑌)𝑃𝑓3

)] ○′ (𝑍𝑓3(𝑍)𝑃𝑓3
). 

((𝑋𝑓3(𝑋)𝑃𝑓3
) ○′ [(𝑌𝑓3(𝑌)𝑃𝑓3

) ∗′ (𝑍𝑓3(𝑍)𝑃𝑓3
)] = [𝑋 ○ (𝑌 ∗ 𝑍)] 𝑃𝑓3

= [(𝑋 ○ 𝑌) ∗ (𝑋 ○ 𝑍)] 𝑃𝑓3

= (𝑋𝑓3(𝑋)𝑃𝑓3
) ○′ (𝑌𝑓3(𝑌)𝑃𝑓3

)] ∗′ [(𝑋𝑓3(𝑋)𝑃𝑓3
) ○′ (𝑍𝑓3(𝑍)𝑃𝑓3

)] 

Thus, our proof is complete. 

Proof of theorem (11): 

1]  𝐻3(𝑋 ∗ 𝑌) = (ℎ(𝑋 + 𝑌))𝑓3(ℎ(𝑋+𝑌)) = (ℎ(𝑋) + ℎ(𝑌))𝑓3((ℎ(𝑋)+ℎ(𝑌))) = 𝐻3(𝑋𝑓3(𝑋)) ∗

𝐻3 (𝑌𝑓32(𝑌)). 

2] 𝐻3(𝑋 ○ 𝑌) = (ℎ(𝑋𝑌))𝑓3(ℎ(𝑋𝑌)) = (ℎ(𝑋)ℎ(𝑌))𝑓3((ℎ(𝑋)ℎ(𝑌))) = 𝐻3(𝑋𝑓3(𝑋)) ○ 𝐻3(𝑌𝑓3(𝑌)). 
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3] since  𝑘𝑒𝑟(𝐻3) = [𝑘𝑒𝑟(ℎ)]𝑓2
, and 𝑘𝑒𝑟(ℎ) is an ideal of 𝑅3(𝐼), we get:  𝑘𝑒𝑟(𝐻3) is an 

ideal of [𝑅3(𝐼)]𝑓2
. 

4] It can be proved by the same. 

5] We have that: 

𝑅3(𝐼) 𝑘𝑒𝑟(ℎ)   ≅   𝐼𝑚(ℎ)⁄ , thus: 

 [𝑅3(𝐼)]𝑓3
 [𝑘𝑒𝑟(ℎ)]𝑓2

  ≅   [𝐼𝑚(ℎ)]𝑓2
⁄ , therefor: 

 [𝑅3(𝐼)]𝑓3
 𝑘𝑒𝑟(𝐻𝑛)   ≅   𝐼𝑚(𝐻𝑛)⁄ . 

6] 𝐻3(𝑃𝑓3
) = { [ℎ(𝑃)]𝑓3

}, and ℎ(𝑃) is an ideal of 𝑅3(𝐼) , thus 𝐻3(𝑃𝑓3
) is an ideal of 

 [𝑅3(𝐼)]𝑓3
. 

7] {
𝐻3(00) = (ℎ(0))𝑓3(ℎ(0)) = 00

𝐻3(11) = (ℎ(1))𝑓3(ℎ(1)) = 11
. 

Proof of theorem (12): 

It is similar to that of theorem 5. 

Proof of theorem (13): 

It holds by a similar argument of theorem 6. 

Proof of theorem (14): 

It is similar to that of theorem 7. 

Conclusion 

In this paper we studied the two-fold fuzzy algebra based on n-refined 

neutrosophic rings for some different special values of n, where we studied some of 

special elements in the case of two-fold 2-refined neutrosophic ring and 3-refined 

neutrosophic ring such as units, idempotenets and nilpotent elements. Also, we 

presented the concept of two-fold ring homomorphism with its elementary 

properties. 
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