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Abstract: Neutrosophic Functional Analysis: Foundations, Fermatean n-Norms, and
Approximation Theory presents a unified mathematical framework for the study of
functional analysis under uncertainty, indeterminacy, and inconsistency by integrating
neutrosophic theory with modern normed-space analysis. The book develops the
fundamental concepts of neutrosophic intuitionistic algebra fuzzy normed spaces and
Fermatean neutrosophic n-normed linear spaces, establishing their algebraic,
topological, and geometric foundations. It systematically investigates convergence,
Cauchy sequences, completeness, boundedness, compactness, neighbourhood
structures, norm equivalence, and finite-dimensional properties, culminating in Heine—
Borel type characterizations and compactness criteria. The theory is further extended
through Banach-type fixed point theorems, contraction mappings, and applications to
linear and nonlinear operator equations. A comprehensive treatment of weighted
neutrosophic best approximation is also developed, including existence, Pareto
efficiency, and uniqueness results under appropriate convexity assumptions. By
combining classical functional analysis with neutrosophic logic and Fermatean
uncertainty models, this volume provides a rigorous foundation for future research in
operator theory, optimization, nonlinear analysis, approximation theory, and intelligent
mathematical systems operating in uncertain environments.

Keywords: Neutrosophic functional analysis, Neutrosophic normed spaces, Fermatean
neutrosophic n-norms, Functional analysis, Fixed point theory, Approximation theory,
Compactness, Completeness, Operator equations, Uncertainty modeling.


https://fs.unm.edu/NSIA/

Mukhtar Ahmad e Florentin Smarandache

Neutrosophic Functional Analysis

Foundations, Fermatean n-Norms, and Approximation Theory

F

oY NsiA

Neutrosophic Science International Association (NSIA)
Publishing House
Gallup - Guayaquil
United States of America — Ecuador
2026



PEER-REVIEWERS

Dr. C. Omar Mar Cornelio

Centro de Estudio de Matematica Computacional
Universidad de las Ciencias Informaticas (UCI)
Carretera a San Antonio de los Bafios km 2%,
Rpto. Torrens, Boyeros

La Habana, CUBA

C.P. 19370

seriecientifica@uci.cu

Dr. Maikel Yelandi Leyva-Vazquez

Coordinator of Graduate Academic Programs

Universidad Bolivariana del Ecuador (UBE)

Duran, Guayas, ECUADOR

Email: mleyvaz@gmail.com

ORCID: 0000-0001-7911-5879

Google Scholar: h-index 56 - 290+ publications - 9,400+ citations
Also affiliated: Universidad Bernardo O'Higgins, Santiago, CHILE

Ranulfo Paiva Barbosa

Web3 Blockchain Entrepreneur
Dent Flat box 306, Montes Oca
11501 San José, COSTA RICA
Email: ranulfol7@gmail.com

ISBN 978-197250243-3

9 781972 502433



mailto:seriecientifica@uci.cu
mailto:mleyvaz@gmail.com
mailto:ranulfo17@gmail.com

Foreword

Functional analysis has long served as one of the principal pillars of modern mathematics,
providing a rigorous framework for the study of infinite-dimensional structures, operator theory,
approximation, optimization, and differential equations. During the past several decades, however, the
increasing importance of uncertainty, incompleteness, inconsistency, and indeterminacy in scientific
modeling has motivated the development of mathematical theories extending beyond the classical binary
paradigm. Among the most influential of these are fuzzy sets, intuitionistic fuzzy sets, Pythagorean and
Fermatean fuzzy sets, and, ultimately, neutrosophic sets, each providing progressively richer mechanisms
for representing imperfect information.

Neutrosophic theory, introduced by Florentin Smarandache, represents a significant conceptual
advance by treating truth, indeterminacy, and falsity as three independent components. This independence
offers a level of flexibility that cannot be achieved within traditional fuzzy or intuitionistic fuzzy
frameworks and has led to numerous developments in logic, algebra, topology, decision theory, artificial
intelligence, optimization, and engineering. Yet, despite this remarkable progress, the systematic
development of functional analysis within a neutrosophic setting remains relatively young.

The purpose of this book is to contribute to that development by presenting a coherent mathematical
foundation for Neutrosophic Functional Analysis. Rather than considering isolated extensions of classical
concepts, the volume aims to establish an integrated framework in which algebraic structures, topology,
geometry, convergence theory, approximation, and fixed point methods naturally coexist under
neutrosophic uncertainty.

The first part of the book develops the foundations of neutrosophic intuitionistic algebra fuzzy
normed spaces. Beginning with the underlying notions of neutrosophic sets, continuous t-norms and t-
conorms, the exposition gradually introduces convergence, Cauchy sequences, completeness, boundedness,
neighbourhood systems, compactness, finite-dimensional structures, norm equivalence, and approximation
theory. Several classical results—including the Heine—Borel theorem, Riesz-type separation principles, and
best approximation theorems—are reformulated and extended within the neutrosophic framework.

The second part introduces a new class of mathematical structures, namely Fermatean Neutrosophic
n-Normed Linear Spaces, combining the geometric richness of n-normed spaces with the expressive power
of Fermatean neutrosophic information. This framework incorporates volume-based geometry, independent
indeterminacy, and cubic admissibility conditions into a unified analytical model. Within this setting, the
book develops the theory of convergence, completeness, contraction mappings, Banach-type fixed point
theorems, and applications to linear and nonlinear operator equations.

Throughout the book, emphasis is placed on preserving the elegance and rigor of classical
functional analysis while extending its concepts to environments characterized by uncertainty and
indeterminacy. Many familiar results reappear in generalized forms, demonstrating that the neutrosophic
setting is not merely a modification of existing theories but a natural and mathematically consistent
extension of them.

The presentation is intended for graduate students, researchers, and specialists working in
functional analysis, fuzzy mathematics, neutrosophic mathematics, operator theory, approximation theory,
nonlinear analysis, and related areas. While familiarity with classical normed spaces and basic topology is
helpful, the exposition has been organized so that each new concept is introduced systematically, together
with motivating examples and detailed proofs.



The authors hope that this volume will serve not only as a reference for existing developments but
also as a starting point for future investigations. Numerous directions remain open, including operator
algebras, spectral theory, variational analysis, differential and integral equations, stochastic models,
optimization, numerical analysis, machine learning, and intelligent systems operating under uncertain
information. It is our belief that neutrosophic functional analysis possesses the theoretical depth and
flexibility necessary to become an important branch of modern mathematical analysis.

Finally, we express our sincere gratitude to the many researchers whose pioneering contributions
to functional analysis, fuzzy mathematics, intuitionistic fuzzy theory, Fermatean fuzzy sets, and
neutrosophic mathematics have laid the foundations upon which this work has been built. We hope that the
results presented here will stimulate further research and contribute to the continued development of this
rapidly evolving field..

Mukhtar Ahmad e Florentin Smarandache
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ABSTRACT. This paper introduces and studies the finite-dimensional structure of neutrosophic
intuitionistic algebra fuzzy normed spaces. The proposed framework is described by three
independent functions representing the truth-membership, indeterminacy-membership, and
falsity-membership degrees, together with a continuous t-norm and a continuous ¢-conorm.
Fundamental algebraic and topological notions are developed, including convergence, Cauchy
sequences, completeness, boundedness, open and closed balls, neighbourhoods, closure, density,
limit points, total boundedness, and compactness. We establish that every convergent sequence
is Cauchy and investigate the relationships among compactness, sequential compactness, to-
tal boundedness, and completeness. In particular, compactness is shown to be equivalent to
total boundedness together with completeness under the assumed neutrosophic intuitionistic
algebra fuzzy structure. We also introduce an appropriate notion of equivalence for norm-
compatible neutrosophic intuitionistic algebra fuzzy norms and prove that any two such norms
on a finite-dimensional vector space generate the same convergence and topological structure.
As a consequence, a Heine-Borel type theorem is obtained: a subset of a finite-dimensional
neutrosophic intuitionistic algebra fuzzy normed space is compact if and only if it is closed
and bounded. Finally, a Riesz-type separation lemma is established and used to show that
the compactness of a nontrivial closed neutrosophic intuitionistic algebra fuzzy ball charac-
terizes finite-dimensionality. As an application, a neutrosophic best-approximation theorem is
obtained: every nonempty closed and bounded subset admits a weighted best approximant at
each positive scale. The resulting approximant is Pareto efficient with respect to the truth,
indeterminacy, and falsity errors, and it is unique under an appropriate strict-convexity as-
sumption.

1. INTRODUCTION

Classical normed-space theory provides a precise setting for studying convergence, complete-
ness, boundedness, compactness, and continuous linear operators. Its binary description of
membership, however, is often too rigid for mathematical models involving vagueness, in-
complete information, or indeterminacy. Zadeh’s theory of fuzzy sets initiated a systematic
treatment of graded membership [19], while Atanassov’s intuitionistic fuzzy sets supplemented
membership by a non-membership degree and the resulting hesitation margin [20]. The re-
lationships among such extensions of fuzzy-set theory were subsequently clarified in [21]. In
parallel, fuzzy compactness and fuzzy topological structures were developed in [22], and the
interaction between fuzziness and linear structure was investigated through fuzzy vector spaces

2020 Mathematics Subject Classification. Primary 46A19; Secondary 46A50, 46B20, 03E72, 54D30, 41A50.

Key words and phrases. Neutrosophic intuitionistic fuzzy norm; algebra fuzzy normed space; finite-
dimensional space; equivalent fuzzy norms; compactness; total boundedness; Heine-Borel theorem; Riesz sepa-
ration lemma.
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and fuzzy topological vector spaces [23, 24]. These developments established the topological
and algebraic background needed for fuzzy analogues of functional analysis.

The passage from fuzzy topology to fuzzy normed spaces led to several formulations of a fuzzy
norm. Felbin’s finite-dimensional theory showed that many central features of ordinary finite-
dimensional normed spaces admit meaningful fuzzy counterparts [5]. The metrically induced
approach of George and Veeramani supplied useful Hausdorff topologies and analytic tools
for fuzzy metric spaces [25, 26]. Further work examined the topological structure generated
by fuzzy norms [16] and established compactness results in L-fuzzy Euclidean normed spaces
[4]. Thus, notions such as balls, neighbourhoods, closure, boundedness, completeness, and
compactness became available in a form compatible with graded uncertainty.

Intuitionistic fuzzy normed spaces refined this framework by describing both membership and
non-membership through a continuous ¢-norm and a continuous t-conorm. Park’s intuitionistic
fuzzy metric spaces [27] and the intuitionistic fuzzy topological and normed structures studied
by Saadati and Park [15] provided an influential foundation. Related properties of intuition-
istic fuzzy normed spaces were investigated by Lael and Nourouzi [28], while later analyses
clarified the relation between intuitionistic fuzzy metric and normed formulations [29]. Mod-
ified intuitionistic fuzzy metric spaces were developed in [30], and the theory was extended
to ntuitionistic 2-fuzzy n-normed spaces [31],intuitionistic fuzzy topological vector spaces [32],
and intuitionistic type-2 fuzzy normed linear spaces [33]. These studies demonstrate that the
interaction among algebraic operations, fuzzy norms, and induced topologies is both substan-
tial and sensitive to the chosen axioms. These studies demonstrate that the interaction among
algebraic operations, fuzzy norms, and induced topologies is both substantial and sensitive to
the chosen axioms [35, 34].

Another major line of research concerns generalized convergence in intuitionistic fuzzy normed
spaces. Statistical convergence was studied in [6], followed by generalized statistical convergence
[36], lacunary statistical convergence [37], and ideal convergence of double sequences [38]. Gen-
eralized ideal convergence was further developed in [39]. Cesaro and logarithmic summability,
together with associated Tauberian conditions, were treated in [40, 41], whereas rough statis-
tical convergence of double sequences was considered in [42]. Although these results greatly
enrich sequence theory, they mainly address particular convergence or summability methods
rather than a unified finite-dimensional theory of topology and compactness.

Neutrosophic analysis offers a broader representation of uncertainty by using three compo-
nents for truth, indeterminacy, and falsity [43, 44, 45]. In contrast with an intuitionistic fuzzy
pair, these components are treated separately and need not be determined by one another.
Kirisci and Simsek formulated neutrosophic normed spaces and investigated statistical conver-
gence and statistical completeness in that setting [11], and Ahmad and Mursaleen [12]. Sub-
sequent work developed continuous and bounded linear operators [9], nonlinear operators and
Fréchet differentiation [10], and neutrosophic Tribonacci sequence spaces [7, 8|. The definition
and convergence theory were further examined through rough lacunary statistical convergence
[46, 47, 48, 49], lacunary ideal convergence [50], and deferred statistical convergence of double
sequences [51, 52]. Recent investigations have also considered stability of functional equations
[53], bounded and compact linear operators [54], and convergence involving neutrosophic oper-
ators [55]. These contributions confirm the potential of the three-component norm, but they
also show that the basic topological consequences of its axioms must be established carefully
before more specialized operator or sequence theories are developed [56].

Finite-dimensional spaces provide the natural testing ground for this foundational task. In
classical analysis, equivalence of norms, completeness of finite-dimensional spaces, the Heine—
Borel theorem, and the compactness of closed balls form a tightly connected group of results.
Related questions have been revisited for the completion of fuzzy normed linear spaces [57], for
the comparison between Felbin and Bag—Samanta fuzzy norms [58], and for finite-dimensional
fuzzy strong ¢-b-normed linear spaces [59]. Nevertheless, the literature reviewed above does
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not provide a single systematic treatment that derives the corresponding finite-dimensional
equivalence, compactness, and separation results for a norm-compatible three-component neu-
trosophic intuitionistic algebra fuzzy structure. This is the gap addressed in the present paper.

Accordingly, we introduce and study finite-dimensional neutrosophic intuitionistic algebra
fuzzy normed spaces described by three functions representing truth-membership, indeterminacy-
membership, and falsity-membership degrees, together with a continuous z-norm and a contin-
uous t-conorm. We first develop the associated notions of convergence, Cauchy sequence, com-
pleteness, boundedness, open and closed balls, neighbourhood, closure, density, limit point,
total boundedness, and compactness. We prove that convergence implies the Cauchy prop-
erty and establish the relevant implications among compactness, sequential compactness, total
boundedness, and completeness. In particular, compactness is characterized by total bound-
edness and completeness under the adopted neutrosophic intuitionistic algebra fuzzy axioms.
We then define an equivalence relation for norm-compatible neutrosophic intuitionistic algebra
fuzzy norms and prove that any two such norms on a finite-dimensional vector space induce the
same convergence and topology. This yields a Heine-Borel type theorem: a subset is compact
if and only if it is closed and bounded. Finally, we establish a Riesz-type separation lemma and
use it to prove that a nontrivial closed neutrosophic intuitionistic algebra fuzzy ball is compact
exactly in the finite-dimensional case. As an application, every nonempty closed and bounded
subset admits a Pareto-efficient weighted neutrosophic best approximant at each positive scale,
which is unique when the set is convex and the approximation functional is strictly convex.
Together, these results provide a coherent finite-dimensional foundation for subsequent work
on operators, approximation, and functional equations in this three-component setting.

2. LITERATURE REVIEW

2.1. Finite-dimensional fuzzy normed spaces. Several formulations of fuzzy normed linear
spaces have been proposed, and their finite-dimensional properties depend on the adopted
definition of a fuzzy norm. Felbin [5] introduced a fuzzy norm whose value is a fuzzy real
number and developed fundamental results for finite-dimensional spaces. Bag and Samanta [1]
studied finite-dimensional fuzzy normed linear spaces under a different fuzzy-norm formulation
and established analogues of several classical results concerning convergence, completeness, and
linear structure. They also developed a theory of fuzzy bounded linear operators [2].

Compactness in finite-dimensional fuzzy normed spaces was investigated by Bag and Samanta [3],
who obtained a fuzzy analogue of the classical result that closed and bounded subsets of finite-
dimensional normed spaces are compact. In the related setting of L-fuzzy Euclidean normed
spaces, Deschrijver et al. [4] studied compact subsets and established corresponding compact-
ness criteria. These studies demonstrate that Heine-Borel type results can be recovered in
particular fuzzy-norm frameworks. Nevertheless, their proofs depend on the specific structure
of the underlying fuzzy norm and therefore cannot be transferred automatically to a norm
described by three independent components.

The topology generated by a fuzzy norm is another important issue. Sadeqi and Kia [16]
investigated the topological structure of fuzzy normed linear spaces, including the relation-
ships among fuzzy convergence, neighbourhoods, and continuity. The completion problem for
Bag—Samanta fuzzy normed linear spaces was subsequently studied by Yan [57]. Yaqub Azari
and Sadeqi [58] showed that, under appropriate assumptions, Felbin-type and Bag-Samanta-
type fuzzy norms generate equivalent topologies. Their result explains how some topological
properties may be transferred between two established fuzzy-norm models. It does not, how-
ever, address norm equivalence in a framework involving independent truth, indeterminacy, and
falsity functions.



2.2. Intuitionistic fuzzy normed structures. Intuitionistic fuzzy normed spaces extend
fuzzy normed spaces by employing membership and non-membership functions. Their topolog-
ical basis is connected with the intuitionistic fuzzy metric and topological structures studied
by Park [27] and Saadati and Park [15]. Lael and Nourouzi [28] developed fundamental results
for intuitionistic fuzzy normed spaces, while Mursaleen and Danish Lohani [13] extended the
theory to intuitionistic fuzzy 2-normed spaces. Li, Guo, and Su [29] further examined the
relationships between intuitionistic fuzzy metric spaces and intuitionistic fuzzy normed spaces.

Topological questions have also been considered in more general intuitionistic fuzzy linear
structures. Chiney and Samanta [32] studied intuitionistic fuzzy topological vector spaces, and
Kocinac et al. [31] investigated topological properties of intuitionistic 2-fuzzy n-normed lin-
ear spaces. More recently, Biswas, Chiney, and Samanta [33] introduced intuitionistic type-2
fuzzy normed linear spaces and established some of their basic properties. These contribu-
tions broaden the available intuitionistic fuzzy structures, but a unified treatment of finite-
dimensional compactness, norm equivalence, and compact-ball characterizations is not pro-
vided.

A substantial part of the literature on intuitionistic fuzzy normed spaces is devoted to gen-
eralized convergence. Karakug, Demirci, and Duman [6] introduced statistical convergence in
intuitionistic fuzzy normed spaces. This work was extended to generalized statistical conver-
gence [36], lacunary statistical convergence [37], and ideal convergence of double sequences [38].
Hazarika, Kumar, and Lafuerza-Guillén [39] considered generalized ideal convergence, whereas
Talo and Yavuz [40] studied Cesaro summability and related Tauberian theorems. These re-
sults provide refined sequence-convergence methods, but their principal objectives differ from
the finite-dimensional topological questions considered in the present study.

2.3. Neutrosophic normed spaces. In a neutrosophic framework, truth, indeterminacy, and
falsity are treated as independent components [61]. This differs from an intuitionistic fuzzy
structure, where the hesitation degree is determined by the membership and non-membership
values. Consequently, topological results from intuitionistic fuzzy normed spaces require sepa-
rate verification in a neutrosophic setting.

Kirigei and Simsek [11] introduced neutrosophic normed spaces and studied statistical con-
vergence in these spaces. Subsequent investigations have focused predominantly on generalized
convergence and operator theory. Khan et al. [9] examined continuous and bounded linear op-
erators between neutrosophic normed spaces and proved the continuity of vector addition and
scalar multiplication. Khan and Khan [10] studied nonlinear operators, neutrosophic continuity,
and Fréchet differentiation.

Several generalized convergence methods have also been transferred to neutrosophic normed
spaces. Rough lacunary statistical convergence was investigated by Khan et al. [46], while Kisi
and Choudhury [51] considered deferred statistical convergence of double sequences. Chaurasiya
et al. [54] studied Cauchy sequences and different classes of bounded and compact linear opera-
tors, and Khan and Arshad [55] examined the convergence of sequences involving neutrosophic
operators. Although these works substantially develop neutrosophic convergence and operator
theory, they do not provide a complete theory connecting finite-dimensionality, compactness,
total boundedness, completeness, and equivalence of norms.

2.4. Compactness and finite-dimensionality. In classical functional analysis, finite-dimensionality
is closely related to norm equivalence, the Heine-Borel theorem, and the compactness of closed

balls. Fuzzy analogues of some of these results are known in specific settings. Bag and
Samanta [3] obtained compactness results for finite-dimensional fuzzy normed spaces, and De-
schrijver et al. [4] treated compactness in L-fuzzy Euclidean normed spaces. Das and Bag [59]
studied finite-dimensional fuzzy strong ¢-b-normed linear spaces and extended a Riesz-type
lemma to that setting.
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2.5. Best Approximation in Fuzzy Normed Structures. Best approximation in fuzzy
normed spaces was studied by Vaezpour and Karimi [62] through t¢-best approximants and
t-proximinal sets. This theory was extended to simultaneous approximation by Goudarzi
and Vaezpour [63] and to intuitionistic fuzzy normed spaces by Kavikumar et al. [64]. Re-
lated existence and nearest-point results were obtained in fuzzy metric and fuzzy quasi-normed
spaces [65, 66]. These approaches use either one membership function or a membership-non-
membership pair. In contrast, the present paper introduces a weighted approximation involv-
ing the truth, indeterminacy, and falsity errors and establishes existence, Pareto efficiency, and
uniqueness under suitable compactness and convexity conditions.

These results are important precedents, but they rely on one- or two-component fuzzy norms.
In particular, they do not simultaneously accommodate three independent functions repre-
senting truth-membership, indeterminacy-membership, and falsity-membership. The classical
implication

finite-dimensionality <= compactness of a nontrivial closed ball

has therefore not been established for the neutrosophic intuitionistic algebra fuzzy structure
considered here.

2.6. Research gap. The existing literature may be summarized in three principal directions.
First, finite-dimensional fuzzy normed spaces provide results concerning compactness, bounded-
ness, and induced topologies. Second, intuitionistic fuzzy normed spaces extend the underlying
uncertainty model and support a developed theory of generalized convergence. Third, neutro-
sophic normed spaces provide independent truth, indeterminacy, and falsity components, but
their existing theory focuses primarily on statistical convergence and operators.

What remains missing is a unified finite-dimensional theory for a neutrosophic intuitionistic
algebra fuzzy norm that simultaneously addresses:

(1) convergence, Cauchy sequences, and completeness;

(2) boundedness, total boundedness, and compactness;

(3) the equivalence of compatible norms in finite dimensions;

(4) invariance of the induced convergence and topology:;

(5) a Heine-Borel type characterization of compact subsets;

(6) a Riesz-type separation result characterizing finite-dimensionality through compact closed
balls; and

(7) the existence, Pareto efficiency, and uniqueness conditions for weighted neutrosophic
best approximants.

The present study is positioned at this intersection. It extends the finite-dimensional compact-
ness theory of fuzzy normed spaces to a three-component neutrosophic intuitionistic algebra
fuzzy setting and establishes the relationships among compactness, total boundedness, com-
pleteness, norm equivalence, and finite-dimensionality.

3. BASIC PROPERTIES OF NEUTROSOPHIC INTUITIONISTIC ALGEBRA FuUzzy NORMED
SPACES

In this section, we present the fundamental concepts required for the study of neutrosophic
intuitionistic algebra fuzzy normed spaces. We first recall single-valued neutrosophic sets,
continuous t-norms, and continuous ¢-conorms. We then introduce neutrosophic intuitionistic
algebra fuzzy absolute values and neutrosophic intuitionistic algebra fuzzy norms.

Furthermore, we discuss convergence, Cauchy sequences, boundedness, completeness, neu-
trosophic intuitionistic fuzzy neighbourhoods, open and closed balls, interior points, adher-
ent points, closure, and density. These notions provide the algebraic and topological frame-
work needed for the subsequent investigation of compactness, completeness, finite-dimensional
spaces, and the equivalence of neutrosophic intuitionistic algebra fuzzy norms.
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3.1. Neutrosophic Sets, t-Norms, and ¢-Conorms. We begin with the basic notion of a
single-valued neutrosophic set.

Definition 3.1. Let S be a nonempty set. A single-valued neutrosophic set D in S is repre-
sented by B
D = {(s.95(s), T5(s),0p5(s)) : s € S},
where
Qf)?Tf)?@E S — [07 1]
are called the truth-membership, indeterminacy-membership, and falsity-membership functions,
respectively. For every s € S, they satisfy

0 < Qp(s) + Tp(s) +Op(s) <3

The three components in Definition 3.1 are independent. In particular, they are not required
to have sum equal to one. The quantity

op(s) = Qp(s) + Ti(s) + Op(s)
is called the total neutrosophic information degree of s with respect to D.

Definition 3.2. A binary operation * : [0,1] x [0, 1] — [0, 1] is called a continuous t-norm if,
for all a,b,c,d € [0,1], the following conditions hold:

(1) axb="bxa;

(2) ax(bxc)=(axb)xc;

(3) * is continuous;

(4) ax1=a;

(5) ifa<candb<d, thenaxb<cxd.

Example 3.1. The product operation a x b = ab, a,b € 1[0,1], is a continuous t-norm.
Example 3.2. The minimum operation a * b = min{a, b}, a,b € [0,1], is a continuous
t-norm.

Definition 3.3. A binary operation < : [0,1] x [0,1] — [0, 1] is called a continuous t-conorm
if, for all a,b,c,d € [0,1], the following conditions hold:

(1) acb="boa;

(2) ao(boc)=(aob)oc;

(3) © is continuous;

(4) ao0=a;

(5) ifa<candb<d, thenaob<cod.

Example 3.3. The algebraic sum a<ob = a+b— ab, a,b € 10,1], is a continuous t-conorm.
Example 3.4. The maximum operation a ¢ b = max{a,b}, a,b € [0,1], is a continuous
t-conorm.

Lemma 3.1. Let ¢ be a continuous t-conorm on [0,1]. Then
lol=1, Ool=100=1, 060=0,
Moreover, a ¢ a > a for every a € [0,1].

Proof. Using the identity property, we have 1 ¢ 0 = 1. By commutativity, 0 © 1 = 1. Since ¢
takes values in [0, 1] and is nondecreasing,

1=1¢00<101<1.
Thus, 11 =1. Also, 00 = 0. Finally, since 0 < a, monotonicity gives a = a¢0 <aoca. U

Remark 3.1. Let ¢ be a continuous t-conorm.
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(1) If a,b € (0,1) and a > b, then there exists w € (0,1) such that a > bow. Indeed,
bo0 =b< a, and the assertion follows from continuity.

(2) For every e € (0,1), there exists 6 € (0,1) such that § ©§ < €. This follows from
continuity at (0,0) and 00 = 0.

Remark 3.2. Let x be a continuous t-norm. For every e € (0,1), there exists 6 € (0,1) such
that

(1=8)*(1=9)>1—c¢.
Indeed, the assertion follows from continuity at (1,1) and 11 =1.
Remark 3.3. In the present three-component framework, the continuous t-norm x controls
lower estimates for truth-membership values, whereas the continuous t-conorm ¢ controls upper
estimates for both indeterminacy-membership and falsity-membership values. This convention

ensures that elements become closer to zero when their truth-membership approaches one and
their indeterminacy- and falsity-membership values approach zero.

3.2. Neutrosophic Intuitionistic Algebra Fuzzy Absolute Value Spaces. We next in-
troduce the scalar structure required in the definition of a neutrosophic intuitionistic algebra
fuzzy normed space.

Definition 3.4. Let x be a continuous t-norm and let ¢ be a continuous t-conorm. A triple
(Qr, Tr, Or) of mappings from R into [0, 1] is called a neutrosophic intuitionistic algebra fuzzy
absolute value on R if, for all o, B € R, the following conditions hold:
(1)
0 S QR(Oé), TR(Oé), @R(Oé) < 1;

Qr(a) =1<«<= a =0;

Qr(—a) = Qr(a), Tr(-a)=Tr(a), Or(-—a)=06gr(a);
Qr(apf) > Qr(a) * Qr(B);
Tr(af) < Tr(a) o Tr(B);
Or(af) < Or(a) o Or(B);
(10)
Qr(a+ B) > Qr(a) * Qr(B);
(11)

(12)

Tr(a+ 8) < Tr(a) o Tr(8);

@R(OJ + 5) < @R(Oé) < @R(ﬁ)
The system (R, Qg, Tg, O, *,¢) is called a neutrosophic intuitionistic algebra fuzzy absolute
value space, abbreviated as an NIAFAVS.

Example 3.5. Let A € (0,1), let axb = ab and aob = a+b— ab for all a,b € [0,1]. For

a € R, define as q(a) = %, and
On(0) = (o T()=Malo). One) = (1= Ng(a),

Then, (R, Qg, Tg, O, *,0) is a neutrosophic intuitionistic algebra fuzzy absolute value space.
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Proof. The range, definiteness, and symmetry conditions are immediate. For z,y > 0, the
function ¢(z) = /(1 + ) is increasing and satisfies

q(z) o q(y) = q(z +y + zy).
Since
la+ 6| < laf + 8] < |of + (8] + |af],
we obtain
g(a+ ) < q(a) o q(B).
Moreover, direct calculation gives

q(laB]) < q(lel) @ q(18]),

because the difference of the corresponding cross-products equals |a| + |3] > 0. Taking com-
plements yields the required truth inequalities. Finally, for every ¢ € [0, 1] and u,v € [0, 1],

cluov) < (cu) o (cw).
Applying this inequality with ¢ = A and ¢ = 1 — X gives the indeterminacy and falsity inequal-
ities. U
Definition 3.5. Let (p,) be a sequence in a neutrosophic intuitionistic algebra fuzzy absolute

value space (R,Qg, Tr, Or, *,¢). The sequence (p,) is said to converge in the neutrosophic
intuitionistic algebra fuzzy sense to p € R if, for every e € (0,1), there exists N € N such that

QR(pn_p) > 1_57 TR(pn_p> <ég, @R(pn_p) <e
for every n > N.
In this case, we write
Pn —>p or lim p, =p.
n—oo
Equivalently,
lim Qgr(p, —p) =1, lim Tr(p, —p) =0, lim Or(p,—p)=0.
n—oo

n—oo n—oo

Definition 3.6. A sequence (p,) in a neutrosophic intuitionistic algebra fuzzy absolute value
space is called a neutrosophic intuitionistic fuzzy Cauchy sequence if, for every e € (0, 1), there
exists N € N such that

Qr(pn —pm) >1—¢, Tr(pn —pm) <&  Or(Pn—pm) <€

for every m,n > N.

Definition 3.7. A neutrosophic intuitionistic algebra fuzzy absolute value space is called com-
plete with respect to the neutrosophic intuitionistic algebra fuzzy absolute value if every neu-
trosophic intuitionistic fuzzy Cauchy sequence converges to an element of R.

3.3. Neutrosophic Intuitionistic Algebra Fuzzy Normed Spaces. We now extend the
scalar structure to real algebras.

Definition 3.8. Let U be a real algebra, let x be a continuous t-norm, and let ¢ be a continuous
t-conorm. Suppose that (R, Qr, T, O, *,0) is a neutrosophic intuitionistic algebra fuzzy ab-
solute value space. Three mappings Qu, Ty, Ou : U — [0, 1] are said to define a neutrosophic
intuitionistic algebra fuzzy norm on U if, for allL,v € U and all & € R, the following conditions

hold:

(1)
0 < Qu(L), Ty(L),Bu(L) < 1;

14



Qu(=L) = Qu(L), Tu(=L) =Tu(L), Ou(-L)=0Ouy(L);
Qu(al) > Qa(a) * Qu(L);
Ty(al) < Tr(a) o Ty(L);
Ou(al) < Og(a) o Oy(L);
Qu(L +v) > Qu(L) * Qu(v);

(10)
Ty(L +v) < Ty(L) o Ty(v);

(11)
@U(L + U) S @U(L) O@U(’U);

(12)

Qu(Lv) > Qy(L) * Qu(v);
(13)

Tu(Lv) < YTy(L) o Ty(v);
(14)

Ou(Lv) < BOy(L) ¢ Oy(v).
The system (U, Qu, Yy, Oy, *,0) is called a neutrosophic intuitionistic algebra fuzzy normed
space, abbreviated as an NIAFNS.

Example 3.6. Let U = Cla,b], equipped with pointwise addition, scalar multiplication, and
pointwise multiplication. Suppose that (R, Qr, Tr, O, *,0) is a neutrosophic intuitionistic al-
gebra fuzzy absolute value space. For every f € Cla,b|, define

Qu(f) = xrg[ig} Qr(f(x)),

Ty(f) = max Te(f(z)),  Ou(f) = max Or(f(z)).

x€[a,b] z€[a,b]
Then, (Cla,bl,Qy, Yy, Ou, *,¢) is a neutrosophic intuitionistic algebra fuzzy normed space.
Proof. The extrema exist because all scalar component functions are assumed continuous and

la,b] is compact. The range, definiteness, and symmetry properties follow directly from the
corresponding scalar properties. For example, for every x € [a, b],

Qr(f(z) +9(x)) = Qe(f(z)) * Qr(g(r)).

Taking the minimum over z € [a, b] and using monotonicity of * gives

Qu(f+g9) = Qu(f) * Qulg)
Similarly,

Tu(f +9g) < Tu(f)oTulg),
and

Ou(f +9) < Ou(f) < Ou(g).

The scalar multiplication and pointwise multiplication axioms are proved in exactly the same
way. 0
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Lemma 3.2. Let (U,Qu, Ty, Ou, *,0) be a neutrosophic intuitionistic algebra fuzzy normed
space. Then, for all L,v € U,

Qu(L — ’U) = Qu(l) — L),
Tu(l_ - U) = Tu(v - L),

and

@U(L — U) = @U(U — L)
Proof. Since v — L = —(L — v), the assertions follow immediately from the symmetry axiom in
Definition 3.8. U

3.4. Convergence, Cauchy Sequences, and Completeness. The notions of convergence,
Cauchy sequences, and completeness are fundamental in the study of neutrosophic intuitionistic
algebra fuzzy normed spaces. Convergence is described simultaneously through the three neu-
trosophic components: the truth-membership value of the difference tends to one, whereas its
indeterminacy-membership and falsity-membership values tend to zero. The Cauchy condition
expresses the same behaviour for pairs of sufficiently large terms without requiring the limit to
be known in advance. Completeness ensures that every such Cauchy sequence converges to an
element of the space.

Definition 3.9. Let (L,) be a sequence in a neutrosophic intuitionistic algebra fuzzy normed
space (U, Qu, Ty, Oy, *,0) . The sequence (L,,) is said to converge in the neutrosophic intuition-
istic algebra fuzzy sense to L € U if, for every € € (0,1), there exists N € N such that

Qull, —L)>1—¢,

YTulln—L)<e,  Oyll,—L)<e

for every n > N.
In this case, we write

L, —L or limlL,=L.

n—oo
Equivalently,
lim Qy(L, — L) =1,
n—ro0
lim Ty(L, — L) =0, lim Oy(L, — L) =0.
n—o00 n—0oo

Definition 3.10. A sequence (L,) in a neutrosophic intuitionistic algebra fuzzy normed space
is called a neutrosophic intuitionistic fuzzy Cauchy sequence if, for every e € (0,1), there exists
N € N such that

Qu(l, — L) > 1—e¢,
Yok, —Ln) <&, Oull,—Ly) <e

for every m,n > N.

Definition 3.11. A neutrosophic intuitionistic algebra fuzzy normed space is called complete
with respect to the neutrosophic intuitionistic algebra fuzzy norm if every neutrosophic intu-
ittonistic fuzzy Cauchy sequence converges to an element of the space.

Theorem 3.1. Fvery sequence in a neutrosophic intuitionistic algebra fuzzy normed space that
converges in the neutrosophic intuitionistic algebra fuzzy sense is a neutrosophic intuitionistic
fuzzy Cauchy sequence.
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Proof. Assume that L,, — L, and let € € (0, 1). By continuity of % and o, there exists § € (0,1)
such that

(1-0)*(1-9)>1—c¢
and
dod <e.
Since L,, — L, there exists N € N such that, for every n > N,
Qu(L, —L)>1-4,
Ty(L, — L) <4, Ou(L, — L) <.
Let m,n > N. Since
L, —Ln=(L,—L)+ (L—=L,),
Definition 3.8 and Lemma 3.2 give
Qu(Ln — L) = Qu(l, — L) * Qu(L = Lyy,)
= Qu(L, — L) %« Qu(L,, — L)
> (1—=6)%(1—=19)

>1-—e.
Similarly,
TU(I-n - Lm) < TU(I-n o L) © TU(I— - LM)
=Ty(L, — L) o Yy(L, — L)
<000
<e,
and
@U(Ln - Lm) < GU(I—n - L) © ®U(I— - Lm)
=0y(L, —L)o6y(L, —L)
<000
< e
Therefore, (L,) is a neutrosophic intuitionistic fuzzy Cauchy sequence. 0J

Definition 3.12. A neutrosophic intuitionistic algebra fuzzy normed space is called nondegen-
erate if

Qu(L) > 0, Tu(L) < 1, @U(L) <1
for every L € U, and if the operations satisfy
axb>0 whenever a,b> 0,

and
aob<1 whenever a,b<1.

Remark 3.4. The product t-norm and algebraic-sum t-conorm satisfy the two regularity con-
ditions in Definition 3.12. The same is true for the minimum t-norm and mazimum t-conorm.

Definition 3.13. A sequence (L,) in a neutrosophic intuitionistic algebra fuzzy normed space
is called bounded in the neutrosophic intuitionistic algebra fuzzy sense if there ezists r € (0,1)
such that

QU(I—n) >1-— r,
Tu(l,) <, Ou(L,) <r
for every n € N.
17



Theorem 3.2. Every neutrosophic intuitionistic fuzzy Cauchy sequence in a nondegenerate
neutrosophic intuitionistic algebra fuzzy normed space is bounded in the neutrosophic intuition-
istic algebra fuzzy sense.

Proof. Let (L,) be a neutrosophic intuitionistic fuzzy Cauchy sequence. Taking ¢ = 1/2, there
exists N € N such that, for every n > N,

1
QU(I—n - I—N) > 57
1 1
Tu(Ln—LN) < 5, @U(Ln—LN) < 5
Set .
a = QU(I—N) * 5,

1 1
b:Tu<LN)0§, C:@U(LN)<>§.
By nondegeneracy, a > 0 and b,c < 1. For every n > N,

Qu(L,) = Qu(LN + (L, — LN))
> Qu(Ly) * (L, — Ly)
> a.

Similarly,

Choose r, € (0,1) such that
max{l —a,b,c} <r <1.
Then, for every n > N,
Qu(L,) > 1 -1,
Tu(L,) <, Ou(L,) <.
For the finite set {L,...,Ly_1}, nondegeneracy ensures that there exists ro € (0,1) such that
Qu(Ly) > 1 —rg,

TU('—k) < T9, @U(Lk) < T2
for every 1 < k < N. Let
r = max{ry, ra}.
Then r € (0, 1) and the required three inequalities hold for every n € N. Hence, (L) is bounded
in the neutrosophic intuitionistic algebra fuzzy sense. 0

3.5. Neighbourhoods, Balls, and Topological Concepts. The neutrosophic intuitionistic
algebra fuzzy norm naturally induces a topological structure on the underlying algebra. The
degree of closeness between two points is determined simultaneously by the truth-membership,
indeterminacy-membership, and falsity-membership values of their difference. This leads to
the notions of neutrosophic intuitionistic fuzzy neighbourhoods, open and closed balls, interior
points, adherent points, open and closed subsets, closure, and density.

Definition 3.14. Let (U, Qy, Ty, Oy, *, <) be a neutrosophic intuitionistic algebra fuzzy normed
space. For L € U and r € (0,1), the set

QuL—v) >1—r,
Bore(L,r)=<veU: Ty(L—v) <,
OuL —v) <r
1s called the neutrosophic intuitionistic fuzzy open ball or neutrosophic intuitionistic fuzzy
neighbourhood of L with radius r.

18



Definition 3.15. The neutrosophic intuitionistic fuzzy closed ball with centre L € U and radius
r € (0,1) is defined by

o Qu(L—U)Zl—T,
Bare(L,r)=<veU: TylL—v)<r,
Ou(L—v) <r

Remark 3.5. The inequalities
QuL—v)>1—r, YTylL—v)<r, OylL—v)<r

mean that v is sufficiently close to L in the neutrosophic intuitionistic algebra fuzzy sense. Thus,
these meighbourhoods play the same role as ordinary open balls in classical normed spaces.

Definition 3.16. Let D C U. A point L € D s called a neutrosophic intuitionistic fuzzy
interior point of D if there exists r € (0,1) such that

BQ’T,@(L7 7‘) Q D

The set of all neutrosophic intuitionistic fuzzy interior points of D is called the neutrosophic
intuitionistic fuzzy interior of D and is denoted by Int(D).

Definition 3.17. Let D C U. A point L € U is called a neutrosophic intuitionistic fuzzy
adherent point of D if, for every r € (0,1),

BQ7T’@<L, T‘) NnD 7é a.
The set of all neutrosophic intuitionistic fuzzy adherent points of D is called the neutrosophic
intuitionistic fuzzy closure of D and is denoted by D.
Definition 3.18. A subset W C U is called open in the neutrosophic intuitionistic fuzzy
topology if, for every w € W, there exists r € (0,1) such that

Boxe(w,r) CW.

A subset D C U is called closed in the neutrosophic intuitionistic fuzzy topology if its comple-
ment D = U\ D is open in the neutrosophic intuitionistic fuzzy topology.

Definition 3.19. A subset D C U is called dense in the neutrosophic intuitionistic fuzzy
topology of U if

D =U.

3.6. Fundamental Topological Properties. We now prove that the neutrosophic intuition-
istic fuzzy open balls generate a natural topology on the space.

Theorem 3.3. Every neutrosophic intuitionistic fuzzy open ball Boy o(L, 1) is an open subset
of the neutrosophic intuitionistic fuzzy topology on U.

Proof. Let P € Boye(L,r). Set
a=QuL—P), b=TyL—P), c=6y(lL - P).
Then
a>1-—r, b<r, c<T.
Since a* 1 =a > 1 — r and * is continuous, there exists §; € (0,1) such that
ax(l—091)>1—r.
Since bo 0 =b < r and co 0 = ¢ < r, continuity of ¢ gives dq,d3 € (0,1) such that
body <, cod3 <.

Let
0= min{51, 527 53}
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We show that
Boxe(P,d) € Boxel(L,r).
Take Q € Bav.o(P,d). Then
QP - Q) > 136
Ty(P—-Q) <4, Ou(P—-—Q) < 4.

As
L-Q=(L-P)+(P-Q)
we obtain
QuL—Q) > Qu(L —P)xQy(P - Q)
>ax*(1—29)
>ax(1—0p)
>1—r.
Similarly,
Tyl -=Q) < Ty(L-=P)oTy(P-Q)
<bod
<body
<r,
and
Ou(L = Q) < Oy(L-P)oOy(P-Q)
<cod
< co 03
<T.

Therefore, Q € Bare(L,r). Hence every point of the ball has a neutrosophic intuitionistic
fuzzy neighbourhood contained in the ball, and the ball is open. O

Theorem 3.4. Let (U,Qy, Ty, @U_,*,o) be a neutrosophic intuitionistic algebra fuzzy normed
space, and let D C U. Then d € D if and only if there exists a sequence (d,) in D such that
d,, — d in the neutrosophic intuitionistic algebra fuzzy norm.

Proof. Suppose first that d € D. Then, for every n € N,

1
B d, —— D # &.
Q,T,@(7n+1>ﬂ #

Choose
d, € Bore (d, ﬁ) ND.
Then
Qu(d—d,) >1- T
Yold—d) < — =, Ould—dn) < %H

By Lemma 3.2, the same inequalities hold with d,, — d in place of d — d,,. Let € € (0,1) and
choose N € N such that 1/(N + 1) < e. For every n > N,

1
Qu(dn—d)>1——>1

_ >]__
n+1— N+1 &

and
1 1

< <
n+1 - N+1
20
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1 < 1 -
E.
n+1 - N+1

@U (dn — d) <
Therefore, d,, — d.
Conversely, suppose that there exists a sequence (d,) in D such that d,, — d. Let r € (0,1).
By convergence, there exists N € N such that
Qu(d, —d) >1—r,
YTu(d, —d) <, Ou(d, —d) <r
for every n > N. By Lemma 3.2,
Qu(d—d,) >1—r,
Yu(d—d,) <, Ould—d,) <.
Thus,
dn € BQ7’Y"@(d, 7’) ND
for every n > N. Hence Boy.e(d,r) N D # @. Since r € (0,1) was arbitrary, d € D. O

Corollary 3.1. A subset D of a neutrosophic intuitionistic algebra fuzzy normed space is closed
in the neutrosophic intuitionistic fuzzy topology if and only if, whenever a sequence (d,) in D
converges to d € U, one has d € D.

Proof. The result follows directly from Theorem 3.4 and the identity D = D for closed subsets.
OJ

Corollary 3.2. A subset D C U is dense in the neutrosophic intuitionistic fuzzy topology of U
if and only if, for every u € U, there exists a sequence (d,) in D such that d,, — u.

Proof. By Definition 3.19,
Disdense < D=0U.

The result now follows from Theorem 3.4. OJ

4. COMPACTNESS IN NEUTROSOPHIC INTUITIONISTIC ALGEBRA FUzzYy NORMED SPACES

In this section, we introduce compactness-related concepts in neutrosophic intuitionistic al-
gebra fuzzy normed spaces. We begin with neutrosophic intuitionistic fuzzy open covers and
then formulate compactness, boundedness, and total boundedness in terms of the topology
generated by the three-component open balls. Since closeness is described simultaneously by
truth-membership, indeterminacy-membership, and falsity-membership values, every covering
and sequential condition must incorporate all three components. We subsequently establish the
relationships among total boundedness, boundedness, compactness, and completeness.

Throughout this section, (U, Qy, Ty, Oy, *,¢) denotes a neutrosophic intuitionistic algebra
fuzzy normed space. The open ball with centre p € U and radius r € (0, 1) is written as

Qu(L—p)>1—T’,
BQx’@(p,T) =<LeU: Tu(L—p) <,
@U(L—p) <r

4.1. Open Covers and Compactness.

Definition 4.1. Let P C U and let O = {0, : j € J}, where every O; is a neutrosophic
intuitionistic fuzzy open subset of U. The family O is called a neutrosophic intuitionistic fuzzy

open cover of P if
pcljo;.

jeJ
Equivalently, for every p € P, there exists j € J such that p € O;. A finite subcollection of O
that still covers P is called a finite neutrosophic intuitionistic fuzzy open subcover of P.

21



Definition 4.2. The space U s called compact in the neutrosophic intuitionistic algebra fuzzy
topology, or briefly NIAF-compact, if every neutrosophic intuitionistic fuzzy open cover of U
admits a finite subcover. Thus, whenever

O:{OJJGJ}

1S a neutrosophic intuitionistic fuzzy open cover of U, there exist ji, jo, ..., jr € J such that

k
u=_Jo;.
i=1

Definition 4.3. A subset P C U is called NIAF-compact if every neutrosophic intuitionistic
fuzzy open cover of P has a finite subcover.

Example 4.1. Let A € (0,1) and define, for every x € R, q(z) = L2l and

1+]|z|?
1

QR@0==ij;Eﬂ, Tr(z) = Aq(z),  Or(z)=(1—A)g(z).
Take the product t-norm and the algebraic-sum t-conorm. By Ezxample 3.5, these functions
determine a neutrosophic intuitionistic algebra fuzzy absolute value on R.

For z,y € R and r € (0,1), we have

r

1—7r
Whenever q(x —y) < r, both Tr(z —y) < r and Or(x — y) < r also hold. Consequently, the
NIAF topology on R coincides with its usual topology.

Consider

Qrz—y)>1—r <= gqx—y) <r <<= |z—y|<

P =(0,1).

o-{(1) 4=

is a meutrosophic intuitionistic fuzzy open cover of (0,1). However, every finite subcollection
has a smallest index endpoint strictly greater than zero and therefore fails to cover points of
(0,1) sufficiently close to zero. Hence, (0,1) is not NIAF-compact.

The family

Remark 4.1. Every finite subset of a neutrosophic intuitionistic algebra fuzzy normed space is
NIAF-compact.

4.2. Boundedness and Total Boundedness.

Definition 4.4. A nonempty subset P C U is called bounded in the neutrosophic intuitionistic
algebra fuzzy sense, or briefly NIAF-bounded, if there exists r € (0,1) such that, for all
L,ve P,

QuL—v)>1—7r Ty(L—v)<mr, Ou(L —v) <.
Definition 4.5. A nonempty subset P C U is called totally bounded in the neutrosophic

intuitionistic algebra fuzzy sense, or briefly NIAF-totally bounded, if, for every r € (0,1),
there exists a finite subset

AT': {p17p27“'7pk} g P
such that

k
P C ) Baxo(psr).
j=1
Equivalently, for every L € P, there exists j € {1,2,...,k} satisfying
Qu(l_ — p]) >1-— r,
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Tu(l_—pj)<7’, @U(L—pj)<7".
The finite set A, is called a finite NIAF r-net for P.
Remark 4.2. The present algebra fuzzy norm is defined by three mappings Qy, Yy, Oy : U —
[0,1]. Therefore, no additional time parameter is required in Definition 4.5. The three inequal-
ities in the definition state that each point of P s close to one of finitely many centres: its

truth-membership degree is sufficiently high, whereas its indeterminacy- and falsity-membership
degrees are sufficiently low.

Example 4.2. Consider the neutrosophic intuitionistic algebra fuzzy absolute value on R from
Ezxample 3.5, namely
1 |z]

Qp(r) = — . Ta(z) = A—21_
WOT TR AT
where A € (0,1). We show that

||
1+ |z|

Or(z) =(1-1)

P =0,1]
1s NIAF-totally bounded.
Let r € (0,1) and set
§=—
1—r
If |x —y| < 0, then
[z —y]
T.
L+ [z =yl

Consequently,

Choose N € N such that
— <9
N =7
and set ,
m:%, i=0,1,....N.

For every x € [0, 1], there exists i € {0,1,..., N} such that

1
—Z'<—<(5.
o —pil < &

Hence,
r € Baxe(pir).

It follows that
N

0,1] € U Baoxe(pir)
i=0
Thus, [0,1] is NIAF-totally bounded.

The systematic study of fuzzy normed linear spaces was initiated by Felbin [5]. Bag and
Samanta subsequently investigated boundedness and bounded linear operators in fuzzy normed
linear spaces [2]. Saadati and Park developed intuitionistic fuzzy topological structures using
continuous ¢t-norms and ¢-conorms [15], while Sadeqi and Kia studied the topological structure
of fuzzy normed linear spaces [16]. Compactness in fuzzy normed spaces was also considered
by Deschrijver, O’Regan, Saadati, and Vaezpour [4]. Motivated by these works, we establish
the corresponding relationships in the present three-component setting.

Proposition 4.1. Every NIAF-totally bounded subset of a nondegenerate neutrosophic intu-
itionistic algebra fuzzy normed space is NIAF-bounded.
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Proof. Let P C U be NIAF-totally bounded. Fix ¢ € (0,1). There exists a finite NIAF (-net

A:{plap%"'apk}gp-

Since A is finite, define

a= 1£ni’;ngU(pi —pj);

b= max Tu(pi — pj), ¢= max Ou(pi — pj)-

By nondegeneracy,

a >0, b<1, c<1.

Let L,v € P. Choose p;,p; € A such that
QU(I—_pz)>1_C7 Qu(’l]—pj)>1—<,

Tyl —pi) <, Ty(v —pj) <,
and

Ou(L —pi) < ¢, Ou(v —p;) < ¢
Since

L—v=(L—pi)+(pi —p;) + (pj —0),
Definition 3.8 and Lemma 3.2 yield

Qu(L —v) > Qu(L —pi) * Qu(p: — pj) * Q(p; —v)
> (1= *xax(1-2).

Similarly,

Tyl —v) <Cobod,
and

Ou(L —v) < (ocol.
Set

Ao=(1=¢)wax(1-0)
By=C(obo(, Co=CocoC.
By the regularity conditions in Definition 3.12, we have
Ag>0, By<l, (o<l
Choose r € (0, 1) such that
max{l — Ag, By, Co} <1 < 1.
Then, for all L,v € P,
QuL—v)>1-r,
Tyl —v) <, Ou(L —v) <.

Therefore, P is NIAF-bounded. O
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4.3. Sequential Characterization of Total Boundedness.

Theorem 4.1. Let P C U. Then P is NIAF-totally bounded if and only if every sequence in
P has a neutrosophic intuitionistic fuzzy Cauchy subsequence.

Proof. Assume first that P is NIAF-totally bounded, and let (px) be a sequence in P. For every
m € N, choose 6,, € (0,1) such that

1 1

Such a choice is possible by the continuity of * and ©.

Since P is NIAF-totally bounded, it has a finite d;-net. At least one ball determined by this
net contains infinitely many terms of (py). Let (p,(:)) be a subsequence consisting of those terms.
Applying total boundedness again, one of the balls from a finite do-net contains infinitely many
terms of (p,(cl)). Denote the resulting subsequence by (pf)). Continuing inductively, we obtain
nested subsequences

(be) 2 () 2 (p7) 2+
such that all terms of (p\™) lie in a ball

Bov.6(m, 6m)

for some a,, € P.

Choose the diagonal subsequence (g,,) so that g, is a term of (p,im)) and its index in the
original sequence is strictly larger than the index chosen at the preceding step. Then, for every
fixed N, all ¢,, with m > N belong to (p\").

Let € € (0,1) and choose N € N such that

1
N+1
For m,n > N, both ¢, and ¢, belong to Boy e(an,dy). Hence,

<E.

QU(Qm_aN)>1_5N7 QU(Qn—CLN)>1—5N,

Yu(gm —an) < dn, Tu(g, —an) < oy,
and

Ou(gm —an) < oy, Ou(g, — an) < dn.
Using

Gm = Gn = (gm — an) + (an — qn)

and Lemma 3.2, we obtain

QU(Qm - Qn> > QU(Qm - aN) * QU(CLN - Qn)

> (1 —0n)* (1 —4dn)

1
>1— —
N+1
>1—¢
Similarly,
1
Tu(@m — Gn Iy odn < <g,
u(q qn) < 0N © 0N N1 €
and
Oul(gm — qn) <IN 0N < <e.

N+1
Thus, (¢,,) is a neutrosophic intuitionistic fuzzy Cauchy subsequence.
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Conversely, assume that every sequence in P has a neutrosophic intuitionistic fuzzy Cauchy
subsequence. Suppose, contrary to the claim, that P is not NIAF-totally bounded. Then there
exists ¢ € (0,1) for which P has no finite NIAF (-net.

Choose p; € P. Since {p;} is not a finite NIAF (-net, there exists

p2 € P\ Bar.e(p1, ().

Inductively, after choosing pq, ..., pn,, select

Prnt+1 € P \ U BQ,T,@(pju C)

j=1
Thus, whenever m > 7,
Pm & Baxe(pj; ().
Consequently, at least one of the following inequalities holds:
Qu(pm —pj) <1,

Ty(pm —pj) 2 ¢ or  Oulpm —pj) = ¢
Therefore, no subsequence of (p) satisfies the Cauchy condition for e = (, which contradicts
the assumption. Hence, P is NIAF-totally bounded. 0

4.4. Relations Among Compactness, Total Boundedness, and Completeness.

Proposition 4.2. Fvery NIAF-compact neutrosophic intuitionistic algebra fuzzy normed space
is NIAF-totally bounded.

Proof. Let r € (0,1). The family B, = {Baoxe(p,r): p € U} is a neutrosophic intuitionistic
fuzzy open cover of U. By NIAF-compactness, there exist py,...,pr € U such that

k
U={JBaxel(p;r).
j=1
Therefore, {p1,...,px} is a finite NIAF r-net for U. Since r was arbitrary, U is NIAF-totally
bounded. O

Theorem 4.2. Every NIAF-compact subset P of U is sequentially compact; that is, every
sequence in P has a subsequence converging to a point of P in the neutrosophic intuitionistic
algebra fuzzy sense.

Proof. Let (p,) be a sequence in P. For each m € N, set A,, = {p, : n > m} and let F}, be the
closure of A, relative to P. Each F}, is a nonempty closed subset of the compact space P, and

Fi2F DF3 2.
Hence, the family (F,,) has the finite-intersection property. Compactness gives
() Fn#2
m=1
Choose i,
pE ﬂ F,,.
m=1

We construct a subsequence recursively. Choose p,, € A; N Bare(p,1/2). Suppose that
ny < ng < --- < ng_y have been selected. Since p € F,, 11, the ball Bore(p,1/(k + 1))
intersects A,, ,41. Select

1
Pn, € An,_ 41N Bare (P, k—+1> :
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Then, ng > ng_1 and

1
Qu(pn, —p) >1———,
u(Pn, = P) )
1 1
TU(pnk —p) < k/‘——f—l’ Ou(pn, —P) < k——f-l
Therefore,
Pn, — P.

O

Proposition 4.3. Fvery NIAF-compact neutrosophic intuitionistic algebra fuzzy normed space
15 complete with respect to its neutrosophic intuitionistic algebra fuzzy norm.

Proof. Let (py) be a neutrosophic intuitionistic fuzzy Cauchy sequence in U. By Theorem 4.2,
there exist a subsequence (px,) and a point p € U such that

pk‘j — p.
Let € € (0,1). Choose ¢ € (0, 1) such that
1-6)*(1-6)>1-¢

and
6000 < e.

Since (pg) is Cauchy, there exists N; € N such that, for all k,m > Ny,
Q(pr = Pm) > 146,
Tu(pr — Pm) <0, Ou(px — Pm) < 0.
Since py; — p, choose j such that k; > N; and
Qulpr, —p) > 149,
Ty(py; —p) <6,  Oulpy; —Pp) <6.
For every k > Ny,
Pt — P = (Px — Px;) + (P, — P)-

Therefore,
Qu(pr —p) > Qu(pr — Pr;) * Qu(pr, — P)
>(1=96)%(1—=19)
>1—c¢.
Similarly,
Tu(pr —p) <dod <e,
and
Ou(pr —p) <d0d <e.
Hence, pi — p. Thus, U is complete. 0

Theorem 4.3. If U is NIAF-totally bounded and complete with respect to its neutrosophic
intuitionistic algebra fuzzy norm, then U is NIAF-compact.

Proof. Let O = {O, : A € A} be a neutrosophic intuitionistic fuzzy open cover of U. Assume,
contrary to the assertion, that O has no finite subcover.
For each n € N, choose a finite NIAF 1/(n + 1)-net

An = {pn,ly-"apn,kn}
for U. Thus,
En 1
u=Un nis—— )
i_LJ1 Q,Y,0 (P , n+1>
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For every n, at least one of these finitely many balls is not contained in any single member of
O. Indeed, otherwise one could choose, for each ball, a member of O containing it, and the
resulting finite collection would cover U. Choose one such ball and denote its centre by p,,.
Hence,

1

B ny T
O,7,0 (P T

o

for every \ € A.
By Theorem 4.1, the sequence (p,) has a neutrosophic intuitionistic fuzzy Cauchy subse-
quence (p,;). Completeness provides p € U such that

Pn, — P.
Choose A\g € A with p € O,,. Since O,, is open, there exists r € (0,1) such that
Baxe(p,7) C Oy,
Choose 0 € (0, 1) satisfying
(1=8)* (1= >1—r
and
dod <.
For all sufficiently large j,
Qu(pn, —p) >1-0,
Tu(pn, —P) <0,  Ou(pn, —p) <9,

and
! <0
n; +1
Fix such a 7, and let
L€ Baore <pnj, ﬁ) )
Then,
QU(L—pnj)>1—nj:_1 >1-9,
Ty(L —py,) < j:‘]- <0,
and )
Ou(L —pn,) < R <90
Using
L—p=(L—=pn)+ (Pn, —P),
we obtain
QuL—p)> (1=« (1=05) >1—r,
Ty(L—p)<dod <,
and
Ou(L—p) <dod<r.
Therefore,

L € Bore(p.7) € Oy,
It follows that

1
B njy — | € Ox,
Q,T,@(p] nj—|—1>_ Ao

contradicting the choice of this ball. Hence, O has a finite subcover, and U is NIAF-compact.
O

28



Corollary 4.1. A neutrosophic intuitionistic algebra fuzzy normed space is NIAF-compact if
and only if it is NIAF-totally bounded and complete with respect to its neutrosophic intuitionistic
algebra fuzzy norm.

Proof. 1f U is NIAF-compact, then it is NIAF-totally bounded by Proposition 4.2 and complete
by Proposition 4.3. The converse is Theorem 4.3. 0

5. NEUTROSOPHIC INTUITIONISTIC Fuzzy LiMIT POINTS AND COMPACTNESS IN
NEUTROSOPHIC INTUITIONISTIC ALGEBRA FuUzzy NORMED SPACES

In this section, we investigate further compactness properties in neutrosophic intuitionistic
algebra fuzzy normed spaces. In particular, we introduce neutrosophic intuitionistic fuzzy limit
points and use them to study the relationships among compactness, sequential compactness,
closedness, and convergent subsequences. The results show that the classical limit-point and
sequential characterizations of compactness remain valid when closeness is described simultane-
ously by the truth-membership, indeterminacy-membership, and falsity-membership functions.

Definition 5.1. Let (U, Qy, Ty, Oy, *,¢) be a neutrosophic intuitionistic algebra fuzzy normed
space, and let S C U. A point L € U is called a neutrosophic intuitionistic fuzzy limit point of
S, or briefly an NIAF-limit point of S, if, for every r € (0, 1),
(Bore(L,r) \{L}) NS # 2.
The set of all NIAF-limit points of S is called the NIAF-derived set of S and is denoted by
NIAF-

Definition 5.2. Let S C U and let L € S. The point L is called an NIAF-isolated point of S
if there exists r € (0,1) such that

Boxe(L,r)ns={L}.

Example 5.1. Let A € (0,1) and consider the neutrosophic intuitionistic algebra fuzzy absolute

value on R defined by

1 |z |z]

Q fry 5 T = 3 9
R = T TR@ = AT 1+ |2]

together with the product t-norm and the algebraic-sum t-conorm. Consider

SZ{lanN}.
n

Now, we show that 0 is an NIAF-limit point of S.
Let r € (0,1). Choose N € N such that

Or(z) = (1 - A)

1 < r
N 1-r
Then,
1/N -
1+1/N "
Consequently,
1
Qg (N) >1—r,
1 1
TR<N)<T, @R(N)<’l“
Hence,
1
NEBQT@(O,T)QS, —7&0



Since r was arbitrary, 0 is an NIAF-limit point of S.

On the other hand, the NIAF topology induced by these three functions coincides with the
ordinary topology on R, as shown in Example 4.1. Every point 1/m of S is isolated in the
ordinary topology and therefore also NIAF-isolated. Thus,

SII\IIAF - {0}

Lemma 5.1. Let S C U and let L be an NIAF-limit point of S. Then every NIAF-open ball
centred at L contains infinitely many distinct points of S\ {L}.

Proof. Suppose, to the contrary, that there exists r € (0, 1) such that
(Boxe(L,m)\{L}) NS = {s1,52,...,Sm}

for some finite collection of distinct points. For every i € {1,...,m}, we have s; # L. By the
definiteness axioms,

Qull—s) <1, Tu(L—s)>0, Oy(L—s)>0.
Choose r; € (0,1) such that
ri <min{l — Qu(L —s;), Ty(L — s;),0u(L — s;)}.
Then s; ¢ Boyeo(L,r;). Put
p=min{r,ry,re, ..., "m}.

Since p < r, we have
Boxel(L,p) € Baxell,r).

Moreover, none of sq,...,s,, belongs to the smaller ball. Therefore,
(Baxe(l.p) \{LHhNS =2,
contradicting the assumption that L is an NIAF-limit point of S. ([l

Lemma 5.2. The limit of a convergent sequence in a neutrosophic intuitionistic algebra fuzzy
normed space 1S unique.

Proof. Suppose that L, — L and L,, — v. Let ¢ € (0,1). Choose d € (0,1) such that
(1=0)x(1=90)>1—¢
and
dood <e.
For all sufficiently large n,
Qu(L—=L,) >1-49, Qu(L, —v) >1-4,
Tu(L —L,) <9, YTu(L, —v) <9,

and

Ou(L —L,) <9, Ou(L, —v) <.
Since

L—v=(L-L,) + (L, —v),

we obtain

QuL—v)>(1—=0)*x(1—0)>1—¢,

TulkL—v) <dod <e,

and

Ou(L—v)<dod<e.
Since ¢ is arbitrary,

Qu(L—U):l, Tu(L—U):O, @U(L—U):
By definiteness, L = v. O
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5.1. Limit-Point Compactness and Sequential Compactness. Limit points and sequen-
tial compactness are closely related in fuzzy and intuitionistic fuzzy topological settings [15].
Compactness properties in fuzzy normed spaces were also studied by Deschrijver, O’Regan,
Saadati, and Vaezpour [4]. Motivated by these works, we establish the corresponding results
in the present three-component setting.

Definition 5.3. A subset P C U is called NIAF-sequentially compact if every sequence in P
has a subsequence that converges, in the neutrosophic intuitionistic algebra fuzzy sense, to a
point of P.

Proposition 5.1. The following statements are equivalent:

(1) Ewvery infinite subset of U has at least one NIAF-limit point in U.
(2) Every sequence in U has a neutrosophic intuitionistic fuzzy convergent subsequence.

Proof. Assume first that every infinite subset of U has an NIAF-limit point, and let (Lx) be a
sequence in U.
If its range
{Lk ke N}
is finite, then one value occurs infinitely many times. The corresponding constant subsequence
converges to that value.
Suppose that the range

S = {Lk ke N}
is infinite. By assumption, S has an NIAF-limit point L € U. Put
1
= — € N.

We construct increasing indices k1 < kg < - -+ recursively. By Lemma 5.1, the ball Bo v o(L,71)
contains infinitely many distinct points of S\ {L}. Choose one of these values and an index k;
at which it occurs.

Suppose that ky < --- < kj_; have been chosen. The ball Bqye(L,7;) contains infinitely
many distinct points of S\ {L}, whereas only finitely many values occur among Ly, ..., Lg, ;.
Hence, one can choose k; > k;_; such that

ij € BQ’T7@(L, Tj).
It follows that

1
Qu(lg, —L)>1— ——
U(kj ) > i1
1 1
Tu(l_kj—l_)<— @U<ij—|_)<—

J+ 1 j+1
Therefore, Ly, — L.

Conversely, assume that every sequence in U has a convergent subsequence. Let S be an
infinite subset of U. Choose a sequence (py) of distinct points of S. By assumption, there exist
a subsequence (px,;) and a point p € U such that

pkj — p.
Let r € (0,1). For all sufficiently large j,

P, € Bare(p. 7).

Since the points p; are distinct, at most one of them can equal p. Thus, for some sufficiently
large 7,
Pk, € (BQ,T,G(pv T) \ {p}) ns.
Therefore, p is an NIAF-limit point of S. U
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Corollary 5.1. Every infinite subset of an NIAF-compact subset P has an NIAF-limit point
belonging to P.

Proof. Let S C P be infinite and choose a sequence (py) of distinct points of S. By Theorem 4.2,
there exist a subsequence (px,) and a point p € P such that
pk‘j — p.

Let r € (0,1). For all sufficiently large j, px; € Baxe(p,r). Since the terms are distinct, one
may choose such a term different from p. Thus,

(Bare(p,r) \ {p}) NS # 2.
Hence, p is an NIAF-limit point of S belonging to P. n

Theorem 5.1. For a neutrosophic intuitionistic algebra fuzzy normed space U, the following
statements are equivalent:

(1) U is NIAF-compact.
(2) Every sequence in U has a neutrosophic intuitionistic fuzzy convergent subsequence.

Proof. (1) = (2). This is Theorem 4.2.

(2) = (1). Assume that every sequence in U has a neutrosophic intuitionistic fuzzy convergent
subsequence.

We first prove that U is NIAF-totally bounded. Suppose, to the contrary, that it is not
NIAF-totally bounded. Then there exists r € (0,1) such that U has no finite NIAF r-net.
Choose Ly € U. After choosing Ly, ..., L,, select

Lo € U\ Bareoll,r).

j=1
Then, whenever m > 7,
Lm ¢ BQ’T7@<LJ‘7T>.
Thus, at least one of the following holds:
Qu(l, — L) <1—r Yy, —L;) >r, or Oy(L, —L;) >r.

Therefore, no subsequence of (L,,) is a neutrosophic intuitionistic fuzzy Cauchy sequence. Since
every convergent sequence is Cauchy by Theorem 3.1, the sequence has no convergent subse-
quence, contradicting the assumption. Hence, U is NIAF-totally bounded.

We next prove that U is complete. Let (px) be a neutrosophic intuitionistic fuzzy Cauchy
sequence in U. By the assumption, there exist a subsequence (p,) and a point p € U such that

Pk, — P-

Let € € (0,1). Choose § € (0,1) satisfying

(1-0)*x(1—d)>1—canddod <e.
Since (py) is Cauchy, there exists N € N such that, for all k,m > N,

Qu(pr — Pm) > 1 =10, Yu(pr — pm) <6, Ou(pr — Pm) < 9.
Choose i sufficiently large that k; > N and
Qulpy, —p) > 1 -9, Tulpr, — p) <9, Ou(pg, — p) < 0.
For every k > N,
Pr — P = (P& — Pr;) + (P&, — P)-

Consequently,

Qupr—p) > (1= *x(1=9)>1—¢,

Tulpr —p) <dod <e, and Oy(pr —p) <d¢d < e.
Thus, pr — p, and U is complete. By Theorem 4.3, U is NIAF-compact. U
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Corollary 5.2. Let U be NIAF-compact and let P be closed in the neutrosophic intuitionistic
fuzzy topology of U. Then P is NIAF-compact.

Proof. Let O = {0, : A € A} be a neutrosophic intuitionistic fuzzy open cover of P. Since P
is closed, U \ P is open. Therefore,

Ou{U\ P}
is an open cover of U. By the NIAF-compactness of U, this cover has a finite subcover. After

removing U \ P, if it occurs, the remaining finitely many members of O still cover P. Hence,
P is NIAF-compact. O

The relationship between compactness and closedness is fundamental in fuzzy and intuition-
istic fuzzy topological structures [15, 16]. Compactness in fuzzy normed spaces was also studied
by Deschrijver, O'Regan, Saadati, and Vaezpour [4]. The next theorem extends the classical
fact that compact subsets of Hausdorff spaces are closed.

Theorem 5.2. Every NIAF-compact subset P of a neutrosophic intuitionistic algebra fuzzy
normed space U is closed in the neutrosophic intuitionistic fuzzy topology of U.

Proof. Let p € P. By Theorem 3.4, there exists a sequence (p;) in P such that
Pk — P-

Since P is NIAF-compact, Theorem 4.2 yields a subsequence (pg,) and a point ¢ € P such that
Pk; — 4.

Every subsequence of a convergent sequence converges to the same limit, so py, — p. By

Lemma 5.2, p = q. Hence, p € P. Therefore, P C P, and the reverse inclusion is automatic.
Thus, P = P, so P is closed. O

Corollary 5.3. Let U be NIAF-compact. A subset P C U is NIAF-compact if and only if it is
closed in the neutrosophic intuitionistic fuzzy topology of U.

Proof. If P is NIAF-compact, then it is closed by Theorem 5.2. Conversely, every closed subset
of the NIAF-compact space U is NIAF-compact by Corollary 5.2. O

6. EQUIVALENCE AND COMPACTNESS IN FINITE-DIMENSIONAL NEUTROSOPHIC
INTUITIONISTIC ALGEBRA FuUzzy NORMED SPACES

In this section, we study finite-dimensional neutrosophic intuitionistic algebra fuzzy normed
spaces through the equivalence of their norm structures. Equivalent neutrosophic intuitionistic
algebra fuzzy norms produce the same convergent sequences and, under the regularity conditions
introduced below, the same Cauchy sequences, bounded sets, complete structures, and compact
subsets. Consequently, the finite-dimensional properties obtained in this section do not depend
on a particular choice of an equivalent neutrosophic intuitionistic algebra fuzzy norm.

The basic axioms of a neutrosophic intuitionistic algebra fuzzy norm do not, by themselves,
guarantee that every such norm on a finite-dimensional space generates the ordinary finite-
dimensional vector-space topology. Therefore, to formulate a mathematically valid norm-
equivalence theorem and a Heine-Borel theorem, we work with the following natural class
of norm-compatible neutrosophic intuitionistic algebra fuzzy norms. This class contains the
standard examples obtained from ordinary algebra norms by means of continuous truth-,
indeterminacy-, and falsity-profile functions.

Definition 6.1. Let N = (Qu, Ty, ©u) be a neutrosophic intuitionistic algebra fuzzy norm on a
real algebra U. The norm N is called norm-compatible if there exist an ordinary algebra norm
| - || on U and continuous functions

¢ :[0,00) — (0,1], Y, x 1 [0,00) — [0,1)
such that:
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(1) @ is strictly decreasing, ¢(0) =1, and lim ¢(s) = 0;
5—00
(2) ¥ and x are strictly increasing, ¥(0) = x(0) =0, and lim,_,o, ¥(s) = limg_, x(s) = 1;
(3) for every L € U,
Qu(L) = (L), Yu(L) ==L,  ©ulL) = x(IL]).
The norm || - || is called an associated ordinary norm, and ¢, ¥, and x are called the corre-
sponding neutrosophic profile functions.

Remark 6.1. Definition 6.1 is an additional reqularity condition; it is not a consequence of
the axzioms in Definition 3.8. It is precisely the condition that connects the three neutrosophic
components with an ordinary norm and therefore permits the use of finite-dimensional norm-
equivalence, Bolzano—Weierstrass, Heine—Borel, and Riesz-type arguments.

For a norm-compatible NIAF norm N, define its radial deviation function by
par(s) = max {1l — o(s),¥(s), x(s)},  s=0.

The function py is continuous and strictly increasing, par(0) = 0, and limg o pa(s) = 1.
Hence, it has a continuous inverse

Ry :(0,1) — (0, 00), Ry (r) = pif(r).
Lemma 6.1. Let N be a norm-compatible NIAF norm with associated ordinary norm || - ||.
Then, for every L € U and every r € (0,1),

Bore(L,r)={veU:|v—L|| < Ry(r)}.
Moreover,

Bore(L,r)={veU:|v—L|| <Ryx(r)}.
Proof. For v € U, the three inequalities

Quv—=L)>1—-r, Ty(v—L) <, Ou(v—L)<r
hold if and only if
max {1 — Qu(v —L), Ty(v —L),0u(v—-L)} <
By norm compatibility, this is equivalent to
pa(llo = L) <.
Since pyr is strictly increasing, the last inequality is equivalent to
lo = LIl < paf (r) = B ().
The proof for the closed ball is identical with the strict inequalities replaced by non-strict
inequalities. O
Corollary 6.1. Let N be a norm-compatible NIAF norm with associated ordinary norm || - ||.
For a sequence (L) in U and L € U,
L, — L in the NIAF sense if and only if ||L, — L|| — 0.

Proof. Assume first that L, — L in the NIAF sense. Let ¢ > 0. Since pyr(¢) € (0,1), conver-

gence gives an index /N such that
px([[Ln = L[[) < pn(e)

for every n > N. Strict monotonicity yields ||L,, — L|| < e.
Conversely, assume that ||L,, — L|| — 0. Let r € (0, 1). For all sufficiently large n,

Lo — L[| < Br(r).
By Lemma 6.1, this means that
L, € BQ7T’@(L, T’).
Hence, L,, — L in the NIAF sense. O
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Corollary 6.2. A sequence (L,,) is a neutrosophic intuitionistic fuzzy Cauchy sequence if and
only if it is Cauchy with respect to the associated ordinary norm.

Proof. Apply Lemma 6.1 to the differences L,, — L,,. O

Definition 6.2. Let N1 = (21,Y1,01) and Ny = (Q2,13,0,) be two neutrosophic intu-
itionistic algebra fuzzy mnorms on the same real algebra U. The norms Ni and Ny are called
equivalent if, for every sequence (Ly) in U and every L € U,

L, — L with respect to Ni if and only if L, — L with respect to Ns.
Example 6.1. Let A € (0,1) and let U=R. For ¢ > 1, define
1
Q(z) T.(x) = )\ﬂ Oqz) = (1= N)
With the product t-norm and the algebraic-sum t-conorm, these functions give the standard

T Itz T T
norm-compatible NIAF structures associated with the usual absolute value. Consider the cases
c¢c=1 and ¢ = 2. For a sequence (x,) in R and x € R,

c|z]
1+ clz|

Qu(zy, —2) — 1, YT(r,—2)—0, O fz,—2)—0
if and only if
|z, — x| — 0.
Therefore,
(Qla Tl) @1) and (927 TZ? @2)

are equivalent NIAF norms on R.

The comparison of two fuzzy norms on the same vector space is useful for identifying when
both structures generate the same convergence behaviour. Related finite-dimensional and topo-

logical ideas in fuzzy normed spaces were developed in [5, 16, 18]. The following theorem gives
a valid comparison criterion for norm-compatible NIAF norms.

Theorem 6.1. Let N7 and N5 be norm-compatible NIAF norms on U, with associated ordinary
norms || - |1 and || - |2, respectively. Suppose that there exist constants a,b > 0 such that

al[Llla < [Ll[x < b[L]]2
for every L € U. Then Ny and Ny are equivalent.

Proof. Let (Lg) be a sequence in U and let L € U. Suppose that L, — L with respect to N;.
By Corollary 6.1,

IILx — L|; — 0.
Since .
L= Ul < it — U,
we obtain ||Ly — L|l2 = 0. Another application of Corollary 6.1 yields convergence with respect

to NQ.
Conversely, if Ly — L with respect to N3, then ||[Ly — L||2 = 0. The inequality

Ity = Ll < bllLy =Ll
implies convergence in || - |1, and hence convergence with respect to A;. Thus, the two NIAF

norms are equivalent. U

Proposition 6.1. Under the assumptions of Theorem 6.1, the two NIAF norms have the same
convergent sequences, Cauchy sequences, bounded subsets, totally bounded subsets, complete
subspaces, and compact subsets.
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Proof. Convergent and Cauchy sequences correspond to convergent and Cauchy sequences in the
associated ordinary norms by Corollaries 6.1 and 6.2. Equivalent ordinary norms have the same
convergent and Cauchy sequences, the same bounded and totally bounded sets, and the same
complete subspaces. By Lemma 6.1, the NIAF topologies are the same as the corresponding
ordinary norm topologies. Therefore, the compact subsets also coincide. 0

6.1. Finite-Dimensional Equivalence. In finite-dimensional spaces, equivalence of norm
structures ensures that convergence is independent of the chosen norm. Finite-dimensional
and topological properties of fuzzy normed spaces have been studied in [5, 16, 18]. We now
obtain the corresponding result for norm-compatible NIAF norms.

Theorem 6.2. Let U be a finite-dimensional real algebra. Any two norm-compatible neutro-
sophic intuitionistic algebra fuzzy norms on U are equivalent.

Proof. Let N7 and Ns be norm-compatible NIAF norms, with associated ordinary norms || - ||;
and || - ||2. Since U is finite dimensional, the classical finite-dimensional norm-equivalence
theorem gives constants a,b > 0 such that

al[Llla < [L{[x < b[L[]2
for every L € U. The conclusion follows from Theorem 6.1. O

Theorem 6.3. Let U be finite dimensional, let B = {ej1,es,...,er} be a basis, and let N be a
norm-compatible NIAF norm on U. Suppose that

k
L, = Z Ozj(.m)ej and L= Zajej.
=1

j=1
Then,
L,, — L in the NIAF sense if and only if oz;m) —
for every j € {1,2,...,k}.

Proof. Let || - || be an associated ordinary norm. In a finite-dimensional vector space, the
coordinate map

k
T:RF — U, T(ozl,...,ozk):Zozjej,
j=1

is a linear homeomorphism. Hence,
L =L —0

)

if and only if ag.m — «a for every j. The result follows from Corollary 6.1. O

Lemma 6.2. Let N be a norm-compatible NIAF norm on U, with associated ordinary norm
|- ||. A nonempty subset D C U is NIAF-bounded in the sense of Definition 4.4 if and only if
it is bounded with respect to || - ||.

Proof. Assume first that D is NIAF-bounded. Then there exists r € (0, 1) such that, for every
r,y €D,

pu(llz =yl <r.
Therefore,

[l = yll < RBr(r)
for all z,y € D. Fixing yo € D gives
2]l < lz = woll + llwoll < Bar(r) + llyoll
for every x € D. Thus, D is ordinarily bounded.
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Conversely, suppose that D is bounded. Then there exists M > 0 such that [|z|| < M for
every x € D. Hence,

le =yl <2M
for all z,y € D. Since pyr(2M) < 1, choose r € (0,1) such that

on(2M) <r < 1.

Then

pn(llz=yll) <r
for every x,y € D, which is exactly the NIAF-boundedness of D. O

6.2. A Heine—Borel Theorem. Inspired by the finite-dimensional fuzzy normed-space results
of Felbin [5], we obtain the following Heine-Borel characterization for norm-compatible NIAF
spaces.

Theorem 6.4. Let U be a finite-dimensional norm-compatible NIAFNS and let D C U. Then
the following statements are equivalent:

(1) D is NIAF-compact;
(2) D is closed in the NIAF topology and NIAF-bounded.

Proof. (1) = (2). If D is NIAF-compact, then it is NIAF-closed by Theorem 5.2. Let ||-|| be an
associated ordinary norm. By Lemma 6.1, the NIAF topology and the ordinary norm topology
coincide. Hence, D is compact in the ordinary norm topology and is therefore ordinarily
bounded. By Lemma 6.2, D is NIAF-bounded.

(2) = (1). Let || - || be an associated ordinary norm. By Lemma 6.2, the set D is bounded
in || -||. By Lemma 6.1, the NTAF topology agrees with the ordinary norm topology; hence, D
is also closed in the ordinary norm topology. Since U is finite dimensional, the classical Heine—-
Borel theorem shows that D is compact in the ordinary norm topology. The two topologies are
identical, so D is NIAF-compact. 0

Corollary 6.3. Every finite-dimensional norm-compatible NIAFNS is complete with respect to
its neutrosophic intuitionistic algebra fuzzy norm.

Proof. Let (L,) be a neutrosophic intuitionistic fuzzy Cauchy sequence. By Corollary 6.2, it is
Cauchy with respect to the associated ordinary norm. Every finite-dimensional normed space
is complete, so there exists L € U such that ||L, — L|| — 0. By Corollary 6.1, L,, — L in the
NIAF sense. OJ

6.3. A Riesz-Type Separation Lemma. A Riesz-type separation lemma for fuzzy normed
linear spaces was considered by Bag and Samanta [3, Lemma 5.1]. The following result is the
corresponding valid formulation for norm-compatible NIAF spaces.

Lemma 6.3. Let U be a norm-compatible NIAFNS with associated ordinary norm || - || and
profile functions @, ¥, and x. Let D be a proper NIAF-closed linear subspace of U. For every
n € (0,1), there exists z € U such that

2] =1
and, for every d € D,
Iz —dl > n.
Consequently, for every d € D,

Qu(z —d) < p(n), Tu(z —d) > ¥(n), Ou(z —d) > x(n).
a7



Proof. By Lemma 6.1, the NIAF topology agrees with the topology generated by || - ||. Hence,
D is closed in the ordinary norm topology. Choose z € U\ D and put

§ =inf{||z — d|| : d € D}.
Since D is closed and = ¢ D, we have § > 0. Because n € (0, 1), there exists dy € D such that

)
||ZL‘ — d()” < —.
n
Define by
Lo w—do
[l — do|

Then, ||z|]| = 1. Let d € D. Since D is a linear subspace,
do + ||z — do||d € D.

Therefore,
| — do — || — dol|d|
Iz —d =
| — do|
o= (do + 1o — dol0)]
[l — doll
o
Z -
|z — do|

> .

Since ¢ is strictly decreasing and ¢ and y are strictly increasing, the three stated component
inequalities follow immediately. 0

Remark 6.2. The parameter n in Lemma 6.3 is arbitrary because the vector is normalized
after choosing a point outside the closed subspace. Merely choosing an arbitrary point outside
D would only produce one neighbourhood disjoint from D and would not prove separation for
every prescribed radius.

6.4. A Compactness Criterion for Finite Dimensionality. The classical A compactness
criterion for finite dimensionality in fuzzy normed linear spaces was established by Bag and
Samanta [3, Theorem 5.2]. Motivated by this result, we establish the corresponding compact-
ness criterion for norm-compatible NIAF spaces. For r € (0,1), denote the closed NIAF ball
centered at zero by

EN(O, 7”) = EQT’@(O, 7’).
Theorem 6.5. Let U be a norm-compatible NIAFNS. The following statements are equivalent:

(1) U is finite dimensional;
(2) every closed NIAF ball in U is NIAF-compact;
(3) there exists ro € (0,1) such that Bar(0,7¢) is NIAF-compact.

Proof. (1) = (2). Let Bu(L,7) be a closed NIAF ball. By Lemma 6.1,
Buy(L,r)={veU:|v—L| < Rx(r)}.

It is therefore closed and bounded. By Theorem 6.4, it is NIAF-compact.
(2) = (3) is immediate.
(3) = (1). Suppose, to the contrary, that U is infinite dimensional. Put
R = R/\[(T’()) > 0.
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Choose u; € U with ||uy]| = 1 and set D; = span{u;}. Every finite-dimensional subspace is
closed in the ordinary norm topology and hence NIAF-closed. Apply Lemma 6.3 with n = 1/2

to obtain u, € U such that
1
lug|| =1 and |jug —d| > 3

for every d € D;.
Proceeding inductively, after choosing uy, ..., u,, let

D,, = span{uy, ..., u,}.

Since U is infinite dimensional, D,, is a proper closed subspace. The Riesz-type lemma gives
Up+1 such that

1
lnalf =1 and |lupr —dff > 5

for every d € D,,. In particular, whenever m < n,

|ttn, — || > 3
Set

T, = Ru,.

Then, ||z,| = R, so

T, € Bar(0,70)
for every n. Moreover, for m # n,

|zn — Zm|| > 7
Hence,

R
onlm — 2]} > pv (5) -0,

Choose € € (0, 1) satisfying

()
0<e<pn 3 )

No two distinct terms of (z,,) are within the NIAF e-ball of one another. Consequently, no sub-
sequence of (x,,) is a neutrosophic intuitionistic fuzzy Cauchy sequence and no subsequence can
converge. This contradicts the NIAF-compactness of Br(0,7y) and Theorem 4.2. Therefore,
U is finite dimensional. ([l

Corollary 6.4. A norm-compatible NIAFNS U is finite dimensional if and only if one, equiv-
alently every, nontrivial closed NIAF ball centered at zero is NIAF-compact.

Proof. This is an immediate consequence of Theorem 6.5. U

Remark 6.3. A set defined only by 0 < Qu(L) <1, 0<Ty(l) <1, 0<Oy(L) <1 need
not be a bounded ball and, in a nondegenerate NIAFNS, may coincide with the entire space. It
therefore cannot serve as a general compactness criterion for finite dimensionality. The correct
object is a nontrivial closed NIAF ball, as used in Theorem 6.5.
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7. APPLICATION TO BEST APPROXIMATION

Best approximation theory is concerned with finding an element of a prescribed set that min-
imizes the deviation from a given point. In fuzzy analysis, Vaezpour and Karimi [62] introduced
the notion of (t)-best approximation in fuzzy normed spaces and investigated (t)-proximinal
and (t)-Chebyshev sets. Goudarzi and Vaezpour [63] subsequently developed simultaneous best
approximation in fuzzy normed spaces, including its relationship with quotient spaces. In the
intuitionistic fuzzy setting, Kavikumar, Khamis, and Manian [64] formulated (t)-best approxi-
mation using membership and non-membership degrees. Related notions of (t)-proximinality,
approximative compactness, and best proximity points in fuzzy metric spaces were further
examined by Abbasi and Mottaghi Golshan [65].

The preceding approaches are based either on a single fuzzy membership function or on a
membership—non-membership pair. In a neutrosophic intuitionistic algebra fuzzy normed space,
however, approximation must account simultaneously for the truth-membership, indeterminacy-
membership, and falsity-membership degrees. The finite-dimensional compactness results es-
tablished in this paper provide a natural basis for such an approximation theory. In particular,
the Heine—Borel property ensures that every nonempty closed and bounded feasible set is com-
pact, thereby allowing the existence of a best approximant to be obtained from the continuity
of an appropriate neutrosophic approximation functional. To preserve the contributions of the
three independent components, we introduce the following weighted approximation error.

Let (X, T,Z,F,x*,¢) be a finite-dimensional neutrosophic intuitionistic algebra fuzzy normed
space. For z,y € X, t > 0, and positive weights A1, Ao, A3 satisfying

/\1 + )\2 + )\3 = 1,
define the scalarized approximation error by
Exlz,y) = )\1(1 —T(x -y, t)) + MZ(z —y,t) + A3 F(x —y,t).

Thus, a good approximation of x by y corresponds simultaneously to a large truth-membership
value together with small indeterminacy- and falsity-membership values.

Definition 7.1. Let A be a nonempty subset of X. An element ag € A is called a weighted
neutrosophic best approximant to x € X at level t > 0 if

iz, a0) = ggggm(:l:,a).
The corresponding set of weighted neutrosophic best approximants is denoted by
Pj{)‘(:r) = {ao € A:&(x,a0) = infl&,)\(a:,a)} .
ac
Example 7.1. Let X = R, and fory € R andt > 0, define the truth-membership, indeterminacy-

membership, and falsity-membership functions by

00 = 1) = Ft) = 5t

Consider the weight vector
111
A= Ar, AL Ar) = =, =, =
(T7 I, F') (27376)7

En(z,a) = (1 =T(z —a,t)) + \I(z —a,t) + \pF(z — a,t).

and define

Now, we take
A=[-1,1], T =2, t=1.
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For every a € A, put r = |2 —a| =2 —a. Then,

£12(2,0) 1 r +1 r +1 r
a) = — — —
b 2147  32(1+7r) 62(1+7)
3
A4l
_3(2—a)
43 —a)’
Since the function
re—s —
1+7r

is strictly increasing on [0,00), minimizing & \(2,a) is equivalent to minimizing |2 — a| over
a € [—1,1]. The unique minimizer is therefore ag = 1. Moreover,

31611%51,,\(2,01) =&,(2,1) = 2
Hence,
PA2) = {1}.
Notice that uniqueness may fail when the feasible set is not convez. Indeed, if B = {1,3}, then
2-1]=|2-3/=1,

and consequently

3
Eia(2,1) =&1(2,3) = 3

Thus,
P (2) = {1,3}.
Theorem 7.1 (Existence of Weighted Neutrosophic Best Approximants). Let A be a nonempty
closed and bounded subset of a finite-dimensional neutrosophic intuitionistic algebra fuzzy normed
space X. Assume that, for every t > 0, the mappings
z— T (z,1), 2z — I(z,1), z+— F(z,t)
are continuous. Let X = (A1, Ay, A3) satisfy
A >0, 1=1,2,3, and A+ A+ A3=1.

Then, for every x € X and t > 0,

PiMx) # 2.
Moreover, P{x) is compact.
Proof. Fix x € X, t > 0, and a positive weight vector A = (A1, A, A3).

Since X is finite-dimensional and A is closed and bounded, the Heine—Borel theorem estab-

lished previously implies that A is compact.
Define the function

goin: A—R
by
Gear(a) ==& n(z,a)
=M (1= T(z—a,t)) + XI(x —a,t)+ XsF(z — a,tb).
We first show that g, is continuous on A. The mapping
a— T —a
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is continuous because vector subtraction is continuous in X. By assumption, for the fixed value
t > 0, the mappings

z+— T(z,1), z+—> I(z,1), 2z — F(z,1)
are continuous. Therefore, the compositions
ar— T(z—a,t), ar— Z(x —a,t), avr— Flx —a,t)

are continuous on A. Since a finite linear combination of continuous real-valued functions is
continuous, it follows that g, is continuous on A.

Because A is nonempty and compact, and g, is continuous, the extreme value theorem
guarantees the existence of an element ag € A such that

Gz (ag) = Eréi? Gz (a).

Equivalently,
Eixlz,a0) = mi}ll Eia(z,a).
ac

By the definition of P}*(x), this means that
ag € PZ’)\CC)
Hence,
PiMNx) # 2.
It remains to prove that Pj{’\(aj) is compact. Set
Mg = Ml G2 (@) = min & x(, a).
Then the set of all weighted neutrosophic best approximants can be written as
PiM(z) = {a € A gran(a) = mesa}

= Goun ({main}).
More explicitly,

sz(x) = {y cA:\ (1 —T(z— y,t)) + XZ(x —y,t) + M3 F(x — y,t)

= Eleiﬁlpl(l —T(z—a,t)) + MI(z —a,t) + AF(z — a,t)} }

The singleton

{ma2}
is a closed subset of R. Since g, ) is continuous, its inverse image

g;;A({mLt,)\})
is closed in A. Thus, Pj{)‘(:v) is a closed subset of the compact set A. Therefore,
P )
is compact. [l

Example 7.2. Let X = R? be equipped with the Euclidean norm || - ||o. For z € R* and t > 0,
define

Tet) = — Tt = Fat) = 2

R o IE1 P ’ 20t l2ll)
These mappings are continuous with respect to z for every fixed t > 0.
Consider the unit circle
A ={(cosf,sinf):0<0<2r}.
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The set A is nonempty, closed, and bounded in the finite-dimensional space R%. Therefore, A

18 compact.
Choose
111
A==, -, = and t=1.
2°3°6

Forxz € R? and a € A, put

r=|x—alls.
Then
1 1 1 r 1 r
b, a) =3 (1 - 1+r) 320+ Te2
3 r
B 41 +7
Since the function
r
" 1+7r

is strictly increasing on [0,00), minimizing & x(x,a) over A is equivalent to minimizing the
Fuclidean distance ||z — al|o.

First, take
z = (2,0).
For
ag = (cosf,sinf) € A,
we obtain

|z — agll2 = \/(2 — cos6)? + sin? @
= Vb —4cosf.

This quantity is minimized when cos® = 1, corresponding to
ag = (]_, 0)
Consequently,
3
in& =& 2,0),(1,0)) ==
I(PEIE 1,)\(1:7a) I,A(( ) ))( ) )) ]’

and hence
P*((2,0)) = {(1,0)}.

Thus, the set of weighted neutrosophic best approximants is nonempty and compact.
For a second situation, take

z = (0,0).
Every a € A satisfies
|z — alls = 1.
Therefore,
Eia(z,a) = g for every a € A.

It follows that
Py*((0,0)) = A.
In this case, the set of weighted neutrosophic best approrimants is infinite, but it remains

compact, as asserted by the theorem.
The two situations in Example 7.2 are illustrated in Figure 1.
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(a) z = (2,0): unique best approximant (b) z = (0,0): every point is optimal

Every a € A is optimal
v

A= gt !

Py ((2,0)) = {(1,0)}

PyM(0,0)) = A
FiGure 1.  Weighted neutrosophic best approximation on the unit circle.
Panel (a) shows that ay = (1,0) is the unique best approximant to z = (2,0).

Panel (b) shows that every point of A is a best approximant to = = (0,0); hence
the approximant set is infinite but compact.

Unique minimizer on A = [—1,1]

wo minimizers on B =
T B 1,3
1% | . a=1 a=3 -7
S e -
8 < -
1| . 7
—~
B'\ 2 \\\ /I,
~< \\\ I,
\ ’
\ ’
\ !
\ /
\
3 | \ )
8 S
‘i
0| 8
9 A4 D I
& ‘
1 2 3
a a

FIGURE 2. The weighted approximation error £; x(2,a). On the convex set A =

[—1, 1], the unique minimizer is ag = 1. On the nonconvex set B = {1, 3}, both
feasible points attain the minimum value 3/8 for Example 7.1.

The weighted approximation errors over the sets A and B are illustrated in Figure 2.

The preceding theorem also admits a natural multi-objective interpretation. Associate with
each a € A the error vector

el(z,a) = (1—T(z —a,t), Z(z — a,t), F(z — a,1)).

Corollary 7.1 (Existence of Pareto-Efficient Approximants). Under the assumptions of the

preceding theorem, for every x € X and every t > 0, the set A contains a Pareto-efficient
approximant with respect to the three error components.
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Proof. Let
ap € PX)\(:C),

so that
St,)\(xv CLO) = yeijgl 5t,>\(ff7y)-
Write
et(xa a) = (61<.T, a)a 62(x, a)a 63($, a))a
where

e1(x,a) =1—T(x —a,t), ex(z,a) =Z(x — a,t), es(x,a) = F(x —a,t).
Suppose, to the contrary, that ag is not Pareto-efficient. Then there exists a € A such that
ei(z,a) < ez, ap), i=1,2,3,

and at least one of these inequalities is strict.
Since
A >0, 1=1,2,3,
it follows that

3 3
Z Aiei(z,a) < Z Aiei(x, ag).
i=1 i=1

Equivalently,

Eia(z,a) < &z, a),
which contradicts the minimality of ag. Therefore, ag is Pareto-efficient. O
Corollary 7.2 (Uniqueness under Strict Convexity). Suppose that A is conver and that the

mapping
ar— &z, a)

1s strictly convexr on A. Then the weighted neutrosophic best approximant is unique.
Proof. Fix x € X, t > 0, and a positive weight vector \. Let

‘= min & .
() 1= min € (7, a)
Assume, to the contrary, that there exist two distinct minimizers aq,as € A. Then

5t,/\($, a) = 5t,/\($a as) = my ().
Since A is convex, its midpoint belongs to A; that is,

CL1—|—CL2

A.
5 €

Because the mapping
ar— &z, a)

is strictly convex on A, we have

a; +a 1 1
5@)\ (l’, ! 2) < _gt)\(xv al) + 55757/\(1', a2)

2 2
1 1
= §mt7>\(x) + §mt7>\(x)
= my ().

On the other hand, since (a; + a2)/2 € A and my () is the minimum value over A, we must

have
5t,)\ (377 @ ;— a2) > mt,)\(iU)7
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which is a contradiction. Therefore, Pf")‘(x) contains exactly one element, and hence the
weighted neutrosophic best approximant is unique. 0

8. CONCLUDING REMARKS

In this paper, we introduced and investigated the finite-dimensional structure of neutrosophic
intuitionistic algebra fuzzy normed spaces. The proposed framework is described by three func-
tions representing the truth-membership, indeterminacy-membership, and falsity-membership
degrees, together with a continuous ¢-norm and a continuous t-conorm. It extends ideas orig-
inating from fuzzy normed linear spaces and intuitionistic fuzzy normed spaces [5, 15, 16] by
explicitly incorporating an indeterminacy component into the algebraic and topological struc-
ture.

We developed the fundamental notions of convergence, Cauchy sequences, completeness,
boundedness, neighbourhoods, open and closed balls, interior points, adherent points, closure,
density, limit points, total boundedness, and compactness. The resulting topology extends
the topological approaches used in fuzzy and intuitionistic fuzzy normed spaces [15, 16]. In
particular, we proved that every convergent sequence is Cauchy and obtained sequential char-
acterizations of closure, density, total boundedness, and compactness.

The relationships among compactness, total boundedness, and completeness were also stud-
ied. We proved that every compact neutrosophic intuitionistic algebra fuzzy normed space
is totally bounded and complete. Conversely, every complete and totally bounded space is
compact. Hence,

compactness <= total boundedness and completeness.

This result is consistent with earlier compactness principles established in intuitionistic fuzzy
and L-fuzzy normed settings [15, 4]. We further showed that compact subsets are closed and
that closed subsets of compact spaces are compact.

For the finite-dimensional case, we introduced an appropriate norm-compatibility condition
and proved that any two compatible neutrosophic intuitionistic algebra fuzzy norms on the
same finite-dimensional vector space generate the same convergence and topological structures.
This extends the classical finite-dimensional fuzzy norm-equivalence theory developed by Felbin
and subsequently studied in related fuzzy normed-space frameworks [5, 1, 14].

As a consequence, we established a Heine-Borel type theorem asserting that a subset of a
finite-dimensional norm-compatible neutrosophic intuitionistic algebra fuzzy normed space is
compact if and only if it is closed and bounded. This theorem provides an extension of finite-
dimensional compactness results from fuzzy normed spaces to the present three-component
setting [5, 4].

Finally, a Riesz-type separation lemma was formulated and used to characterize finite-
dimensionality. More precisely, we proved that the compactness of a nontrivial closed neu-
trosophic intuitionistic algebra fuzzy ball implies that the underlying space is finite dimen-
sional. Therefore, several fundamental principles of classical finite-dimensional functional anal-
ysis remain valid in the present framework, provided that suitable compatibility and regularity
conditions are imposed.

The results also complement recent investigations of topological properties, continuous and
bounded operators, Fréchet differentiation, and sequence spaces in neutrosophic normed spaces
[11, 9, 10, 7]. Thus, the present work provides a basis for developing a broader theory of
neutrosophic intuitionistic fuzzy functional analysis.

9. SUGGESTIONS FOR FURTHER RESEARCH

The results established in this paper suggest several directions for future investigation.
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(1)

(10)

(11)

The theory of bounded and continuous linear operators between neutrosophic intuition-
istic algebra fuzzy normed spaces should be developed. Earlier studies have established
relationships between fuzzy continuity and fuzzy boundedness [2, 14], while continu-
ous, bounded, and nonlinear operators have recently been investigated in neutrosophic
normed spaces [9, 10]. It would be valuable to identify conditions under which continuity
and boundedness are equivalent in the present algebraic framework.

Compact, finite-rank, completely continuous, and Fredholm-type operators may be stud-
ied. In particular, one may investigate whether compact operator criteria based on
bounded sequences, total boundedness, and convergent subsequences remain valid for
all three neutrosophic components.

The space of continuous linear functionals and the corresponding dual space should
be introduced. Fuzzy dual spaces and fuzzy bounded functionals were considered by
Bag and Samanta [2]. A neutrosophic intuitionistic fuzzy version of the Hahn-Banach
theorem would therefore be a natural and important extension.

The finite-dimensional norm-equivalence theorem may be investigated under weaker as-
sumptions. More precisely, it would be useful to determine whether the norm-compatibility
condition can be replaced by suitable homogeneity, radial monotonicity, convexity, or
continuity assumptions. This problem is motivated by the established equivalence prop-
erties of finite-dimensional fuzzy normed spaces [5, 1].

Compactness may be extended to infinite-dimensional settings. Possible topics in-
clude relative compactness, local compactness, weak compactness, weak sequential com-
pactness, compact embeddings, and a neutrosophic intuitionistic fuzzy version of the
Banach—Alaoglu theorem. Such work would extend existing investigations of compact-
ness in fuzzy normed spaces [4].

Open mapping, closed graph, and uniform boundedness principles may be formulated for
complete neutrosophic intuitionistic algebra fuzzy normed spaces. Analogous principles
have been considered in broader fuzzy functional-analysis frameworks [14]. Establishing
these theorems would significantly strengthen the operator theory associated with the
present spaces.

Fréchet and Gateaux differentiation of nonlinear mappings should be examined. Re-
cent work on nonlinear operators between neutrosophic normed spaces provides a useful
starting point [10]. Further research may investigate inverse and implicit function the-
orems in the three-component algebra fuzzy setting.

The current framework may be generalized to neutrosophic intuitionistic algebra fuzzy 2-
normed and n-normed spaces. Corresponding notions of linear dependence, convergence,
completeness, compactness, and finite-dimensionality could then be developed. Related
intuitionistic fuzzy 2-normed structures have been considered in [13].

Different forms of generalized convergence may be introduced, including statistical
convergence, ideal convergence, lacunary statistical convergence, rough convergence,
weighted convergence, and matrix summability. Statistical convergence has already
been investigated in intuitionistic fuzzy and neutrosophic normed spaces [6, 11], while
Tribonacci-type convergence in neutrosophic normed sequence spaces was studied in [7].
Fixed point theory provides another promising direction. Banach, Kannan, Chatter-
jea, Reich, and Ciri¢ type contractions may be formulated by controlling the truth-
membership, indeterminacy-membership, and falsity-membership functions simultane-
ously. Existing fuzzy contraction principles and fuzzy continuous mappings may provide
useful techniques for this development [14, 17].

The dependence of the topology on the chosen continuous ¢-norm and ¢-conorm should
be analyzed. In particular, one may characterize the properties that remain invariant
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under a change of these operations and those that depend essentially on the selected
product, minimum, probabilistic-sum, or maximum operations.

(12) Possible applications may be investigated in optimization, decision-making, control the-
ory, differential and integral equations, artificial intelligence, and systems involving in-
complete, inconsistent, or indeterminate information. Such applications could demon-
strate how the three independent components provide additional modelling flexibility
beyond ordinary fuzzy and intuitionistic fuzzy structures.

These problems may contribute to a systematic theory of neutrosophic intuitionistic fuzzy
functional analysis and may reveal further connections among fuzzy algebra, topology, operator
theory, approximation theory, and nonlinear analysis.
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ABSTRACT. This paper introduces and investigates Fermatean neutrosophic n-normed linear
spaces, a framework that combines the geometric structure of n-normed spaces with truth-
membership, indeterminacy-membership, and falsity-membership degrees governed by Fermatean-
type cubic admissibility conditions. Fundamental properties of the proposed space are estab-
lished using continuous t-norms and ¢-conorms. We define open balls and formulate conver-
gence, Cauchy sequences, and completeness through the asymptotic behavior of the three neu-
trosophic functions. Equivalent characterizations of convergence and Cauchy sequences are
proved, together with the uniqueness of limits and the result that every convergent sequence
is Cauchy. Concrete constructions based on the determinant n-norm on R™ are provided to
demonstrate the consistency and applicability of the framework. A Fermatean neutrosophic
contraction is then introduced, and a Banach-type fixed point theorem is obtained in complete
Fermatean neutrosophic n-normed linear spaces. The theorem guarantees the existence and
uniqueness of fixed points for suitable self-mappings. Applications to affine operator equations
and nonlinear operator equations are presented, including an iterative approximation proce-
dure. Several examples illustrate the definitions and show how classical constructions arise
naturally within the proposed setting. These results extend fuzzy and intuitionistic fuzzy n-
normed analysis while providing a flexible mathematical setting for uncertainty, indeterminacy,
nonlinear analysis, and fixed point problems.

1. INTRODUCTION

Uncertainty, vagueness, incomplete information, and indeterminacy arise naturally in mathe-
matical modelling, engineering, decision theory, economics, and the physical sciences. Classical
set theory represents membership through the two values 0 and 1 and therefore does not ade-
quately describe situations in which an object belongs to a set only partially. Zadeh addressed
this limitation by introducing fuzzy sets, in which every element is assigned a membership
degree from the interval [0, 1] [1]. This theory provided the foundation for numerous extensions
of classical analysis, topology, optimization, decision-making, and fixed point theory.

Atanassov extended fuzzy sets by introducing intuitionistic fuzzy sets, in which every element
is characterized by a membership degree and a non-membership degree satisfying

pt+v <1

[2]. Although this condition allows the representation of hesitation, it may be restrictive when
the sum of the proposed membership and non-membership degrees exceeds one. Yager in-
troduced Pythagorean fuzzy information, replacing the linear restriction with the quadratic

2020 Mathematics Subject Classification. Primary 46B20, 47H10; Secondary 03E72, 47TH09, 54A40.
Key words and phrases. Fermatean neutrosophic set; n-normed linear space; neutrosophic norm; convergence;
Cauchy sequence; completeness; contraction mapping; fixed point theorem; nonlinear operator equation.
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condition

Wi <1
[3, 4]. Senapati and Yager subsequently introduced Fermatean fuzzy sets, whose admissible
values satisfy

w4+t <1
[5, 6, 7]. Because the cubic restriction is weaker than the intuitionistic and Pythagorean
restrictions, Fermatean fuzzy sets provide a larger admissible region for representing uncertain
information.

Following their introduction, Fermatean fuzzy sets have been developed through new alge-
braic operations, aggregation operators, linguistic models, distance measures, and decision-
making methods. Representative contributions include Fermatean fuzzy linguistic sets [8],
Fermatean fuzzy TOPSIS methods [9], WASPAS-based supplier evaluation models [10], Yager
aggregation operators [11], Einstein aggregation operators [12], interval-valued Fermatean fuzzy
sets [13], and Fermatean fuzzy ELECTRE methods [14]. A systematic review by Biiyiikozkan,
Uztiirk, and Ilicak demonstrates the rapid development of Fermatean fuzzy models and their
extensions [15]. Nevertheless, most existing Fermatean fuzzy studies concentrate on aggrega-
tion and multi-criteria decision-making, while their use in functional analysis, generalized norm
structures, convergence theory, and fixed point theory remains comparatively limited.

In another direction, Géhler introduced 2-normed linear spaces as a generalization of ordinary
normed spaces [16]. In a 2-normed space, the norm depends on two vectors and geometrically
represents the area of the parallelogram generated by those vectors. Misiak subsequently devel-
oped n-inner product spaces [17], and Gunawan and Mashadi provided a systematic treatment
of n-normed spaces [18]. Additional structural properties and equivalent constructions of n-
norms have been investigated in [19]. These spaces are particularly useful for describing linear
dependence and volume-type geometric quantities involving several vectors.

The interaction between fuzzy theory and functional analysis produced several forms of fuzzy
metric and fuzzy normed spaces. Important foundational contributions include fuzzy vector
spaces [27], fuzzy topological vector spaces [28], fuzzy metric spaces [29], and finite-dimensional
fuzzy normed linear spaces [31]. Fixed point theory was subsequently developed in fuzzy metric
spaces by Grabiec [30], George and Veeramani [32], Gregori and Sapena [33], and Mihet [34].

Park introduced intuitionistic fuzzy metric spaces using continuous ¢-norms and ¢-conorms [35].
Saadati and Park studied the associated intuitionistic fuzzy topological structure [36] and Ah-
mad and Smarandache [37], while Alaca, Tiirkoglu, and Yildiz established fixed point results in
this setting [38]. Coupled fixed point results and contraction principles in intuitionistic fuzzy
normed spaces were developed in [61]. More recently, Konwar, Esi, and Debnath introduced
additional contraction mappings and fixed point results in complete intuitionistic fuzzy normed
linear spaces [39].

The concepts of fuzzy and intuitionistic fuzzy norms have also been combined with n-normed
geometry. Narayanan and Vijayabalaji introduced fuzzy n-normed linear spaces [20], whereas
Vijayabalaji, Thillaigovindan, and Jun developed intuitionistic fuzzy n-normed linear spaces
and studied their convergence and Cauchy sequences [21], and Ahmad and Smarandache [22].
Mursaleen and Lohani investigated intuitionistic fuzzy 2-normed spaces [59], and the comple-
tion of the related intuitionistic fuzzy 2-metric structure was considered in [60]. Statistical
and summability methods in intuitionistic fuzzy n-normed spaces were studied by Sen and
Debnath [23], Debnath [24], Konwar and Debnath [25], and, more recently, Debnath [26].

Neutrosophic theory provides another important approach to uncertainty by associating inde-
pendent truth-membership, indeterminacy-membership, and falsity-membership degrees with
each element [40, 41, 42]. Similarity and entropy measures for neutrosophic sets were studied
by Majumdar and Samanta [43], while aggregation methods for simplified neutrosophic sets
were developed by Ye [44]. Liu and Wang introduced a normalized weighted Bonferroni mean
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for single-valued neutrosophic information [45]. These contributions demonstrate the ability
of neutrosophic structures to represent incomplete, inconsistent, and indeterminate informa-
tion that cannot be expressed adequately through a pair of membership and non-membership
functions.

Kirigci and Simsek introduced neutrosophic metric spaces and investigated their topological
properties [46] and Ahmad and Mursaleen [47]. They subsequently defined neutrosophic normed
spaces and studied statistical convergence in those spaces [48, 49, 50, 51, 52|. Fixed point
results in orthogonal neutrosophic metric spaces were established in [53], while Tribonacci
convergence and sequence-space constructions in neutrosophic normed spaces were examined
in [54, 55]. Nonlinear operators, continuity, boundedness, and Fréchet differentiation between
neutrosophic normed spaces were investigated by Khan and Khan [56]. Further fixed point
developments include orthogonal neutrosophic 2-metric spaces [57] and stability results for
functional equations in neutrosophic normed spaces [58].

These developments show that fuzzy n-normed spaces, Fermatean fuzzy sets, and neutro-
sophic normed spaces have each received considerable attention [64]. However, the existing
theories do not fully combine the following three features: the volume-based geometry of an
n-norm, the cubic flexibility of a Fermatean-type structure, and an explicit independent inde-
terminacy function. In particular, ordinary Fermatean fuzzy models generally use only mem-
bership and non-membership functions, while existing neutrosophic normed models do not
impose a Fermatean-type cubic structure on their components. This observation motivates the
development of Fermatean neutrosophic n-normed linear spaces.

In this paper, we introduce a Fermatean neutrosophic n-normed linear space through three
functions

,uFanF?VF:Xn X (0,00) — [071]7

representing truth-membership, indeterminacy-membership, and falsity-membership, respec-
tively. The proposed framework combines the conditions

0<pyp+vi<l

and
0<pd+np+vy<2

with the homogeneity, permutation invariance, and triangle-type properties of an n-norm.
The principal contributions of the paper are summarized as follows:

(1) We formulate the axioms of a Fermatean neutrosophic n-normed linear space and pro-
vide determinant-based examples on R".

(2) We define open balls, convergence, Cauchy sequences, and completeness using the three
Fermatean neutrosophic functions.

(3) We establish the uniqueness of limits, equivalent characterizations of convergence and
Cauchy sequences, and the fact that every convergent sequence is Cauchy.

(4) We introduce Fermatean neutrosophic contraction mappings and prove a Banach-type
fixed point theorem in complete Fermatean neutrosophic n-normed linear spaces.

(5) We apply the fixed point theorem to affine and nonlinear operator equations and illus-
trate the convergence of the corresponding iterative procedures.

Thus, the proposed theory extends fuzzy and intuitionistic fuzzy n-normed analysis by incor-
porating an independent indeterminacy degree together with Fermatean-type cubic admissibil-
ity. It also provides a foundation for further investigations of operator equations, approximation
methods, stability problems, and nonlinear analysis under indeterminate information.
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2. LITERATURE REVIEW

2.1. Fuzzy, intuitionistic fuzzy, and Fermatean fuzzy developments. The transition
from classical sets to fuzzy sets initiated a systematic mathematical treatment of partial mem-
bership [1]. Atanassov’s intuitionistic fuzzy sets enriched this framework by incorporating
non-membership and hesitation [2]. The Pythagorean models of Yager enlarged the admissible
domain through a quadratic condition [3, 4], while Fermatean fuzzy sets replaced that condition
with a cubic one [7]. The fundamental operations and aggregation mechanisms associated with
Fermatean information were studied in [5, 6].

The subsequent Fermatean literature has largely developed in the direction of decision anal-
ysis. Linguistic information and aggregation were considered in [8], Dombi-based TOPSIS
operators were introduced in [9], and supplier-selection models were studied in [10]. Other
important contributions include Yager aggregation operators [11], Einstein aggregation and
MULTIMOORA [12], interval-valued Fermatean fuzzy information [13], and ELECTRE-based
group decision-making [14]. The systematic review in [15] confirms that aggregation, multi-
criteria decision-making, and practical selection problems constitute the dominant themes of
Fermatean fuzzy research.

2.2. Development of fuzzy and intuitionistic fuzzy normed spaces. The analytical
development of fuzzy structures began with fuzzy vector and topological vector spaces [27,
28]. Kaleva and Seikkala developed an influential fuzzy metric framework [29], and Felbin
investigated finite-dimensional fuzzy normed linear spaces [31]. The fuzzy Banach contraction
principle and related fixed point results were developed through the contributions in [30, 32,
33, 34].

The introduction of intuitionistic fuzzy metric spaces by Park added an explicit non-membership
function and a continuous t-conorm to the metric structure [35]. Topological properties were
studied by Saadati and Park [36], while fixed point results were developed in [38, 61, 39]. These
studies demonstrate that completeness and suitable fuzzy contraction conditions are sufficient
to recover analogues of the classical Banach fixed point theorem.

2.3. Fuzzy and intuitionistic fuzzy n-normed spaces. The geometric basis of the present
work comes from Géhler’s 2-normed spaces [16], Misiak’s n-inner product spaces [17], and
the general theory of n-normed spaces developed by Gunawan and Mashadi [18]. Equivalent
n-norm constructions and their relation to ordinary norms were investigated in [19].

Narayanan and Vijayabalaji transferred this geometry to fuzzy analysis by introducing fuzzy
n-normed linear spaces [20]. Vijayabalaji, Thillaigovindan, and Jun subsequently incorporated
intuitionistic fuzzy membership and non-membership functions [21]. Related 2-normed and
2-metric developments appear in [59, 60]. Convergence and summability in these spaces were ex-
amined through statistical convergence [23], lacunary ideal convergence [24], Iy-convergence [25],
and statistical Cesaro summability [26]. These studies provide an important foundation for
defining convergence and completeness in generalized fuzzy n-normed spaces.

2.4. Neutrosophic normed spaces and fixed point theory. Neutrosophic structures differ
from intuitionistic fuzzy structures because truth, indeterminacy, and falsity are treated as
three explicit components. Similarity, entropy, aggregation, and decision-making properties of
neutrosophic information have been studied in [43, 44, 45]. Kirigci and Simsek transferred the
three-component structure to metric and normed spaces [46, 48].

Recent work has extended neutrosophic analysis in several directions. Orthogonal neutro-
sophic contraction results were obtained in [53]; neutrosophic sequence spaces and Tribonacci
convergence were investigated in [54]; and nonlinear operators and Fréchet differentiation were
studied in [56]. Orthogonal neutrosophic 2-metric spaces were developed in [57], while direct
and fixed point methods were applied to the stability of functional equations in [58].
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2.5. Research gap. The reviewed literature reveals a clear separation among Fermatean fuzzy
sets, neutrosophic normed spaces, and fuzzy n-normed linear spaces. Fermatean studies pro-
vide a flexible cubic admissibility condition but generally lack an independent indeterminacy
function. Neutrosophic normed spaces provide the required three-function representation but
do not incorporate the Fermatean cubic geometry considered here. Finally, fuzzy and intuition-
istic fuzzy n-normed spaces combine uncertainty with volume-type geometry but use only one
or two uncertainty functions.

The present work connects these research directions by introducing a three-function Fermatean-
type m-normed structure. This formulation makes it possible to develop convergence, com-
pleteness, contraction mappings, and fixed point theory while simultaneously retaining truth,
indeterminacy, falsity, and the geometric information described by an n-norm.

3. PRELIMINARY CONCEPTS

This section recalls the fundamental concepts required for the development of Fermatean
neutrosophic fuzzy n-normed linear spaces. We first review continuous ¢-norms and t-conorms,
followed by the relevant fuzzy and neutrosophic set structures. We then recall the basic notions
of n-normed linear spaces, including convergence, Cauchy sequences, and completeness. Finally,
we present the intuitionistic fuzzy and neutrosophic n-normed frameworks that motivate the
structure introduced in the subsequent section.

3.1. Continuous t-Norms and t-Conorms.

Definition 3.1. A binary operation
x:[0,1] x [0,1] — [0, 1]
is called a continuous t-norm if, for all a,b,c,d € [0, 1], the following conditions hold:
(1) ax1=a;
(2) axb="bxa;
(3) (axb)xc=ax(bxc);
(4) ifa <cand b <d, then
axb<cx*d,

(5) * is continuous on [0,1] x [0,1].
Example 3.1. Standard examples of continuous t-norms include:
(1) the product t-norm,
a*x b= ab;
(2) the minimum t-norm,
a* b = min{a, b};
(3) the Lukasiewicz t-norm,

a*b=max{a+b—1,0}.

Definition 3.2. A binary operation
o:[0,1] x [0,1] — [0, 1]

is called a continuous t-conorm if, for all a,b,c,d € [0,1], the following conditions hold:

(1) ao0=a;

(2) avb="boa;

(3) (avb)oc=ao(boc);

(4) ifa < cand b <d, then

aob<cod;
(5) © is continuous on [0,1] x [0,1].
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Example 3.2. Standard examples of continuous t-conorms include:
(1) the mazimum t-conorm,
aob=max{a,b};
(2) the probabilistic sum,
acb=a+0b—ab;
(3) the Lukasiewicz t-conorm,

aob=min{a + b, 1}.

Remark 3.1. Operations compatible with cubic Fermatean degrees can be obtained by applying
an ordinary t-conorm to the third powers and then taking a cube root. Examples are

a<b= [min{a® + b’ 1}] Y3

and
aob= (a3+b3 —a3b3)1/3.

3.2. Fuzzy, Fermatean, and Neutrosophic Set Structures.

Definition 3.3. Let X be a nonempty set. A fuzzy set A on X is characterized by a membership
function

pa s X —[0,1],

where pa(x) represents the degree to which x belongs to A.
Definition 3.4. Let X be a nonempty set. An intuitionistic fuzzy set A on X s given by

A =A{(z,pa(x),va(x)) - 2 € X},
where

pa,va: X — [0,1]
are the membership and non-membership functions, respectively, and
0 < pa(z)+rvalz) <1
for every x € X.
Remark 3.2. The hesitation degree associated with an intuitionistic fuzzy set is
ma(z) =1 — pa(x) —va(x).

Thus, 0 < ma(z) < 1.
Definition 3.5. Let X be a nonempty set. A Fermatean fuzzy set A on X is given by

A =A{(z,pa(x),va(z)) s v € X},

where
satisfy

for every x € X.
Remark 3.3. The Fermatean hesitation degree is defined by

ma(z) = (1— () — ().

The Fermatean restriction guarantees that 0 < mu(x) < 1.
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Definition 3.6. Let X be a nonempty set. A single-valued neutrosophic set A on X is given
by
A= {(Q?, MA(x)v 77A(37)7 VA<:C>> S X}:
where
fasna,va: X —[0,1]

are the truth-membership, indeterminacy-membership, and falsity-membership functions, re-
spectively. These functions satisfy

0 < pa(z)+nalz)+valz) <3
for every x € X.

Remark 3.4. In a neutrosophic set, na(x) is specified explicitly as the indeterminacy degree of
x. In particular, it is not required to be the residual quantity 1 — pa(x) — va(z).

Definition 3.7. Let X be a nonempty set. A Fermatean neutrosophic set A on X is given by
A= {($7NA<x)7nA(I)7VA<x>> SRS X}7
where
HA,MNA, VA : X — [0, 1]

denote the truth-membership, indeterminacy-membership, and falsity-membership functions, re-
spectively, satisfying

and

for every x € X. Consequently,
0 < i3 (w) + nae) + vi(z) < 2.

Remark 3.5. In Definition 3.7, the truth- and falsity-membership degrees form a Fermatean
orthopair, whereas the indeterminacy-membership degree is an additional component. Thus,
na(x) should not be identified with the Fermatean hesitation degree wa(x) unless this equality
15 explicitly imposed in a particular model.

3.3. n-Normed Linear Spaces.
Definition 3.8. Let X be a real linear space with dim X > n. A function
Iy ..oy ]| - X — [0, 00)

1s called an n-norm on X if, for all vy, ..., vy, w € X and a € R, the following conditions hold:

(1)

vt ..., on]| =0
iof and only if vy, ..., v, are linearly dependent,
(2) [|v1, ..., vn|| is invariant under every permutation of vy, ..., Up;
(3)
o1, ..oy U, || = |e||vn, - - s on];
(4)
|1, -y Vno1, Uy + ||
<1y ey V1, O] + U1, - oy V1, W)
The pair (X, ||-,...,-||) is then called an n-normed linear space.
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Example 3.3. Let X = R". Forwvq,...,v, € R", define

|v1, ..., 0] = |det(vy, ..., v,)] -
Then (R™, ||, ...,-||) is an n-normed linear space. Geometrically, this n-norm is the volume of
the parallelotope generated by vy, ..., v,.
Definition 3.9. Let (X, |-,...,-||) be an n-normed linear space. A sequence (xy) in X is said

to converge to x € X if, for every fized z1,..., 2,1 € X,
|21, Zn_1, 2k — || — O
as k — oo. In this case, we write x;, — .

Definition 3.10. Let (X, ||-,...,-||) be an n-normed linear space. A sequence (rg) in X is
called a Cauchy sequence if, for every fized z1, ..., 2,1 € X,

|21, - -y Zn—1, Tk — 2p|| — 0
as k,p — oo.

Definition 3.11. An n-normed linear space is called complete, or an n-Banach space, if every
Cauchy sequence converges to an element of the space with respect to its n-norm.

3.4. Intuitionistic Fuzzy and Neutrosophic n-Norms.

Definition 3.12. Let X be a linear space over F, where F € {R,C}. Let % be a continuous
t-norm and ¢ a continuous t-conorm. A pair of functions

v X" x R — [0, 1]

18 called an intuitionistic fuzzy n-norm on X if, for all vi,...,v,,w € X, a € F, A € R, and
A1, Ag > 0, the following conditions hold:

(1)
(v, o U, (v, e U, A) <1

(2) for A <0,
(v, .o v, A) =0, (v, ..U A) = 1
(3) for A >0,
p(vg, .. o, A) =1
if and only if vy, ..., v, are linearly dependent,
(4) for A >0,
(v, .. 00, A) =0
iof and only if vy, ..., v, are linearly dependent,
(5) p and v are invariant under every permutation of vy, ..., v,;

(6) if a # 0, then
(v, ..o vy, N) :u(vl,...,vn,i)
|af

and

A
u(vl,...,(wn,)\):V(vl,...,vn,m);

/J,(Ul, ey Up—1,Up + U},)\l + )\2)
> (v, U Ar) * (U1, U1, W, Ao

V(V1, . Vpet1, U + W, A+ Ag)
< V(v .o, U, AL) V(U1 e, Un1, Wy A);
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(9) w(v1,...,v,, ) is non-decreasing in A, and

lim p(vy, ..., 00, A) = 1;
A—00

(10) v(vy,...,vn, A) i non-increasing in A, and
lim v(vq,...,0,,A) =0.
A—00

The tuple (X, p, v, *,0) is then called an intuitionistic fuzzy n-normed linear space.

Definition 3.13. Let X be a linear space over F, where F € {R,C}. Let x be a continuous
t-norm and ¢ a continuous t-conorm. A triple of functions

w,n,v: X" xR —[0,1]

18 called a neutrosophic n-norm on X if, for allvy,...,v,,w € X, a € F, A € R, and A, Ay > 0,
the following conditions hold:

(1)

(2) for A <0,
(v, ..o, vp, A) =0, (v, ..., o0, A) =1, v(vy, ..., 0, A) = 1;
(3) for A >0,

0 < p(vr, U, ANV, Uy A) + (V1,0 0, A) < 35

p(vg, .. o, A) =1

iof and only if vy, ..., v, are linearly dependent,
(4) for A >0,
(v, .. U A) = v(vg, .0, A) =0
if and only if vy, ..., v, are linearly dependent;
(5) p, m, and v are invariant under every permutation of vi, ..., Up;

(6) if a« £ 0, then
A
vy, ..o qug, A) = (vl,...,vn,—) ,

A
(v, ..., vy, A) =1 (vl,...,vn,—> ,
|

and

A
V(vl,...,own,)\):V(vl,...,vn,m);

p(v1, e Upe1, Un W, Ay 4+ Ag)
> w(vyy e Uy A1) F (U1, Up 1, W, Ag);

77(1}1, ooy Up—1,Up + w, )\1 + )\2)
<1y Uy A1) ON(U1, e U1, Wy o)

(9)

(U1, Up1, U W, AL+ Ag)
<v(v1, .y Uny A1) O V(U1 oy Upe1, Wy Ag);
(10) p(v1, ..., vn, A) is non-decreasing in A, whereas n(vy, ..., vy, A) and v(vy, ..., v,, A) are
NON-INCTEASING N \;

(11)
lm p(vy, ..., 00, A) =1,

A—00

lim n(vy,...,v,,A) =0, lim v(vy,...,0,,A) =0.

A—00 A—00
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The tuple (X, p,n,v,*,0) is then called a neutrosophic n-normed linear space.
Example 3.4. Let (X, ||-,...,-||) be an n-normed linear space and consider
a* b = min{a, b}, a b= max{a,b}.
ForV = (V1,...,0,) € X™ and A > 0, set
NV) = ||og, ..., 00

and define
~ A
wlV,2) = A4 N(V)
S NV
VN =Ny
and _
vy = M)
20+ N(V)
For A <0, set
w(V, ) =0, (V. \)=uv(V,\)=1.
For A > 0, N _ _
(Vo) +n(VoA) +v(V,A)
=1+ —N<V)~ <2
2A+ N(V)

The properties of the underlying n-norm imply that all the remaining conditions of Defini-
tion 3.13 are satisfied. Hence, (X, u,n,v,*,) is a neutrosophic n-normed linear space.

Definition 3.14. Let X be a nonempty set and let 7 : X — X be a mapping. A point x € X
1s called a fixed point of T if
T(x) = x.

The preceding concepts provide the foundation for the Fermatean neutrosophic fuzzy n-
normed linear space developed in the next section. In particular, the new structure simulta-
neously retains the cubic Fermatean restriction on the truth—falsity pair, the explicit indeter-
minacy component of neutrosophic sets, and the geometric dependence on n vectors inherited
from an n-norm.

4. FERMATEAN NEUTROSOPHIC FuUzzy n-NORMED LINEAR SPACE (FNF-n-NLS)

The theory of fuzzy sets was initiated by Zadeh [1], who introduced a mathematical frame-
work for representing uncertainty through degrees of membership. Later, Atanassov [2] ex-
tended this theory by introducing intuitionistic fuzzy sets, in which every element is character-
ized by both a membership degree and a non-membership degree. This extension provides a
more flexible representation of uncertainty, particularly when the available information contains
hesitation or incomplete knowledge.

A further generalization was introduced by Smarandache [?] through the theory of neutro-
sophic sets. In a neutrosophic set, each element is described by three components: a truth-
membership degree, an indeterminacy-membership degree, and a falsity-membership degree. A
fundamental feature of this framework is that the indeterminacy component is represented ex-
plicitly rather than being derived only from the truth- and falsity-membership degrees. Conse-
quently, neutrosophic sets provide a broader framework for representing uncertain, incomplete,
indeterminate, and potentially inconsistent information.
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In functional analysis, the concept of an n-normed linear space provides a natural general-
ization of ordinary normed and 2-normed linear spaces. The theory of 2-normed linear spaces
was developed by Géhler [16], while the more general theory of n-normed linear spaces was
subsequently studied by Misiak [17] and by Gunawan and Mashadi [18]. In an n-normed linear
space, the size of an object is determined by a function of n vectors. This structure naturally
describes linear dependence and geometric volume-like quantities generated by collections of
vectors.

The interaction between fuzzy structures and normed linear spaces has led to several impor-
tant generalizations. Saadati and Park [36] studied intuitionistic fuzzy normed spaces, while
Vijayabalaji, Thillaigovindan, and Jun [21] introduced intuitionistic fuzzy n-normed linear
spaces and investigated convergence, Cauchy sequences, completeness, and related properties
in this setting.

More recently, Senapati and Yager [7] introduced Fermatean fuzzy sets as a broader orthopair
fuzzy model. If y and v denote the membership and non-membership degrees, respectively, then
they satisfy the cubic restriction

w43 <1
This condition is less restrictive than the intuitionistic fuzzy condition

w+v <1

Indeed, every pair satisfying i + v < 1 also satisfies p® + v* < 1, but the converse does not
necessarily hold. Therefore, Fermatean fuzzy sets allow a wider range of admissible membership
and non-membership degrees [64].

The Fermatean neutrosophic framework combines the cubic structure of Fermatean fuzzy
sets with the truth, indeterminacy, and falsity components of neutrosophic sets [63]. If g,
Nr, and vg denote the truth-membership, indeterminacy-membership, and falsity-membership
degrees, respectively, then the Fermatean neutrosophic restrictions are given by

0<pup+vp<l
and
0<nh <1
Consequently,
0 < pp +np +vp <2,

Here, the truth- and falsity-membership degrees form a Fermatean orthopair, whereas the
indeterminacy-membership degree is represented as a separate component. This additional
component enables the model to describe uncertainty and indeterminacy more explicitly than
a Fermatean intuitionistic fuzzy structure.

Motivated by these developments, we introduce the notion of a Fermatean neutrosophic fuzzy
n-normed linear space (FNF-n-NLS). The proposed structure combines the geometric properties
of n-normed linear spaces with the three-component representation of truth, indeterminacy, and
falsity under the Fermatean cubic restrictions. It is characterized by three functions

pr, e, ve : X" x (0,00) — [0, 1],

together with a continuous ¢-norm and a continuous ¢-conorm.

In this section, we present the formal definition of a Fermatean neutrosophic fuzzy n-normed
linear space and investigate its fundamental analytical and topological properties. In particu-
lar, we introduce the corresponding open balls, convergence, Cauchy sequences, completeness,
contraction mappings, and fixed-point results within the proposed Fermatean neutrosophic
framework.
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Definition 4.1. Let X be a linear space over the field F, where F = R or C. Let x be a
continuous t-norm and let ¢ be a continuous t-conorm. Let
‘7 = (Ul,...,'Un) € Xn,
and let
N, nn, N X x (0,00) — [0, 1]
be three functions representing the truth-membership, indeterminacy-membership, and falsity-

membership degrees, respectively.
The tuple (X, NS TN, VN *,<>) is called a neutrosophic n-normed linear space, briefly an N-

n-NLS, if the following conditions are satisfied for all V= (U1, ..., 0n) € X™ A A A > 0,
a€lF, andv, € X:
(1) N B N
0< uN(V,)\) <1, 0< 77N(V, )\) <1, 0< I/N(V, )\) < 1.
(2) N N N
0< /JJN(V, )\) + 77N(V, )\) + VN<V, )\) < 3.
(3)

/LN(V, )\) =1
if and only if vy, ..., v, are linearly dependent.
@) i
77N<V7 )\) =0
if and only if vq,...,v, are linearly dependent.
5) i
vn(V,A) =0
if and only if vy, ..., v, are linearly dependent.
(6) pun(V, \) is invariant under any permutation of vy, . .., .
(7) nN("}, A) is invariant under any permutation of vy, ..., vy,
(8) un(V, ) is invariant under any permutation of vy, ..., vy.
(9) If « # 0, then

N (V1. Uy, A) = iy <v1, .. ,vn,%> )
(10) If a # 0, then
Ny (v, .., qug, A) =1 <v1, e Up, l—/\|) )
(11) If a # 0, then
Un(V1,y .., U, A) = Uy <U1,...,Un,i> )
&

(12)
UN (U1, e Upe1, Uy A1)k N (U1, - oy U1, U,y A2)
< un (V1 V1, U+ Uy A1+ Ag).
(13)
NN (V1o Une1, Uny A1) 0 N (V1 + o+, U1, Upy A2)
> (V1 -y Une1, Un + Upy AL+ o).
(14)

VN(’Ul, vy Un—1,Un, )\1) fod I/N<'U1, ey Up—1,Up, /\2)
Z I/N(Ula «o o3 Un—1,Vp + Un, )\1 + )\2)
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(15) For every fized V € X",

ﬂN(Vv ) : (07 OO) - [07 1]

s continuous.
(16) For every fixzed V € X",

ny(V,+) 1 (0,00) — [0, 1]

is continuous.
(17) For every fized V € X",

VN<V7 ) : (07 OO) - [07 1]
18 continuous.

Example 4.1. Let X = R" and define the usual n-norm on X by ||v1, ..., v, || = |det(vq, ..., v,)],
where vy,...,v, € R".

Let

a*xb=ab
be the product t-norm, and let
aob=a+b—ab

be the probabilistic sum t-conorm, for all a,b € [0,1].

ForV = (vy,...,v,) € X" and X\ > 0, define

1

VA > 3
/LF( ! )()\+||U177UTLH) ’

1
~ Vlyen., Uy 3
) = (gl

2\ + ||U17 s 7UTL||

and

1
~ 3
Lﬂmﬂz(’mw“W”>.

>\+ Hvl,...,vnH

Then, (X", WE, N, Vi, *,<>) is a Fermatean neutrosophic fuzzy n-normed linear space (FNF-n-

NLS).

Proof. Let N
NWV) = |v1,.. vl
Since N(V') > 0, for every A > 0 we have
0< ;N <1,
A+ N(V)
N(D
o< NV _ 1,
2X+ N(V)
and ~
N(V)
ANV
Therefore,

0< [LF(V, )\) <1,

0 <np(V,A) <1,
and
0<wvp(V,\) <1
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Moreover,

3 A
iV A =3 +N(V)
and B
) = )
A+ N(V)
Hence,
u:}(f/, A)+ V%(f/, A)=1.
Also,
0< 3 (V,\) = N(V) <1
22+ N(V)
Consequently,
1RV N) 4+ 0 (V,0) + vE(V, )
_ N(V)
A N(V) T
Thus, the Fermatean neutrosophic conditions are satisfied.
Next,
pr(V,) =1
if and only if
A _
A+ N(V)
which is equivalent to
N(V)=0
Similarly,
nr(V,\) =0 < N(V)=0
and
ve(V,A) =0 <= N(V)=0.
Since
N(V) = |vi, .. 0] =0
if and only if vy, ..., v, are linearly dependent, we obtain
pr(V, ) =1
if and only if vy, ..., v, are linearly dependent. The same linear-dependence condition is char-

acterized by ng(V,\) =0 and vp(V,\) = 0.

Since the ordinary n-norm is invariant under every permutation of its variables, the functions
r, Nr, and vp are also invariant under every permutation of vy,. .., v,.

Let av # 0. Since

lv1, ..., avg|| = |a||v, - - onll

we obtain

Wl

A
Pr(vy, ..., oy, A) = (W)

)
=HF |\ Vs Uny 7 |-
|l
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Furthermore,

(@
ne(v1, .., qug, A) = (2)\ n |04|N(‘~/)>

=MNr |\ V1, Uny, 77|,
|af

vi(v1, ..., U, A) = (M)

and

A+ o N(V)

A
= VR Uh...,vn,m .

Thus, the homogeneity conditions are satisfied.
It remains to verify the triangle-type conditions. Set

A= ||U17"'7Un—17vn||7
B = ||v17"'7vn—1a’17n||a
and
C=llvr,...,Un_1,0n + Uyl

By the triangle inequality for the ordinary n-norm,
C<A+B.
We first note that, for all z,y > 0,
T y - r+y .
t+Ay+B  r+y+A+B

Indeed,
r+y T y 2B+ y*A+(z+y)AB 0
r+y+A+B z+Ay+B  (v+y+A+B)(z+A)y+B) T
Taking x = Ay and y = A\, and using C' < A + B, we obtain
A A2 < A1+ Ao
M+AXN+B = M+ X+C

Therefore,
llL?;U‘('Ula «ooyUp—1, Un, )\1) * ﬂ%’(vla ... 7vn—17f77n7 AQ) S M%‘('Ula ey Up—1,Up + ’6717 )\1 + AQ)

For the falsity function, let

N A
pl_)\1+A’ pQ_)\2+B’
and
Mt A
LS WIS Vo
It gives
P1p2 < P12
Since
VU1, U1, Uy A1) = 1 — Dy
and
Ve (U1, .oy Une1, Up, o) = 1 — o,
we have

(I—p1)o(l—p2) =1—pipa > 1—pra.
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Consequently,
3

Ve (U1, oo Une 1, Uny A1) O VB (U1, « oy U, Uy Ag) > V(U1 - oy Upe 1, Un + Ty AL 4 Ag).
For the indeterminacy function, take
r=2)\ and y=2\.
The same argument yields
2\ 2% 2\t M)
20 + A2X0 + B ~ 2(A1 + \) +C

Define
2)\1 2>\2
= =&
oo+ A >T 2m+ B’
and
2(A1 + A2)
T2 = .
20+ M)+ C
Then riry < r15. Moreover,
7’]%(1}1, ooy Up—1,Un, )\1) =1 T1
and
7’]%("01, v ,Un_l,’i)/n, )\2) =1- 9.
Thus,
(1—7'1)0(].—7'2) :1—7’17”2 21—7’12.
Hence,

3 3 ~ 3 ~
N (U1, ooy Upe1, Uny A1) 0N (U1, oo Une1, Uny A2) 2 (V1,0 Une1, Un =+ Uy A1+ Ag).

Finally, ur, nr, and vg are compositions of continuous functions of A > 0. Therefore, all three
functions are continuous on (0, 00). They also satisfy

lim pp(V,2) =1,
A—00
lim 7p(V,\) = 0, lim vp(V,\) = 0.
A—00 A—00
Therefore, (X "R, ME, VR, *, <>) is a Fermatean neutrosophic fuzzy n-normed linear space. [J

Definition 4.2. Let A = (X, NS TN, VN *,<>) be a neutrosophic n-normed linear space, where
V = (v1,09,...,0,) € X" and X € (0,00).
(i) If || ||~ is a norm previously defined on X", then the norm-open ball with center & € X"
and radius r > 0 is defined by

Bu(@,r) = {E e X" |a— By < 7"} .

(ii) For Ve X" 0<r<1, and A > 0, the neutrosophic open ball with center ‘7, radius r,
and parameter \ is defined by

By(V,r,\) = {WG X" un(V=W,A) >1—r,
v (V =W, ) <,

vy(V =W, X)) < 7’},

where

V—W:(vl—wl,vg—wg,...,vn—wn)_

66



Here, o
un(V =W, A)>1—r

means that W has a sufficiently high truth-membership degree of closeness to XN/, while

nN(V —W, A)<r
means that the indeterminacy degree of closeness is sufficiently small, and

un(V =W, \) <r
means that the falsity-membership degree of closeness is sufficiently small.
Example 4.2. Let X = R2 and let n = 2. For U = (uy,ug) € X2, define by

N(U) = |lur, ug|| = |det(ur,us)| .

Consider the neutrosophic functions
- A 3
unv(UN) = ———— | ,
w0 ()\ + N(U))

77N<(7; )\) = (LU)N> s

2\ + N(U)
and )
~ 3
(T, 0) = (%) .
A+ N(U)
Let
axb=ab and aob=a+0b—ab.
Then,

A= (X7/1’N777N7VN7*7<>)
18 a neutrosophic 2-normed linear space.
Consider the center

V = (e1,e2), where e; = (1,0) and es = (0,1).

Uy =/ lluall3 + lluzll3,

where || - |2 denotes the Euclidean norm on R2. The norm-open ball with center V and radius
1 .
) 15

First, define a norm on X? by

—

~ 1 1
BN (V’é) = {W = (’LUl,UJQ) < X2 : \/Hel —’LUl“% —+ H€2 —’LUQH% < 5}

Now, we consider the neutrosophic open ball with

r:§ and A=1.

For W = (wy, ws) € X2, set
D(W) = |det(ey — wr, e2 — wy)| .
Then,
—~ ~ 1
W € By (V, 5, 1)
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if and only iof

1 1
— > -
(1 + D(W)) 2
N 1
pw) \° 1
2+ D(W) 2’
and )
pw) \° !
1+ D(W) 2
The first inequality is equivalent to
DW) <7
The second inequality is equivalent to
—~ 2
D(W) < =
(W) <=,
while the third inequality is equivalent to
—~ 1
D(W) < <.
(W) <=
Therefore, all three conditions hold precisely when
—~ 1
D(W) < =

Hence,

~ 1 1
By (v,§,1) = {(wl,UJz> € X% |det(er — wi, €3 — ws)| < ;}-

For example, let

Wy = ((1.05,0), (0, 1.05)).

Then,
e; — (1.05,0) = (—0.05,0)
and
es — (0,1.05) = (0, —0.05).
Thus,
= —0.05 0 1
Therefore,
—~ ~ 1
Wi, € By (V,§,1> )
On the other hand, let
Wy = ((1.5,0), (0,1.5)).
Then,
= —-05 0 1 1

In particular,




Therefore,
— ~ 1
W2 ¢ BN (V7§71> .

This example shows that membership in a neutrosophic open ball is determined simultaneously

by a sufficiently large truth-membership degree and sufficiently small indeterminacy and falsity-

membership degrees.

Definition 4.3. Let A = (X”, [, VE, %, <>) be a Fermatean intuitionistic fuzzy n-normed linear
space. A sequence (xy) in X is said to converge to x € X with respect to A if

|lzx — z||prr =0 as k — oo.

Equivalently, (ry) converges to x if, for every e € (0,1) and every A > 0, there exists kg € N

such that )
MF(le <oy in—1,Tk — .’L’,)\) > (1 _8)§
and

ol

V(215 oy 201, Tk — T, ) < €
for all k > ko and for all zq,...,2,_1 € X.
In this case, we write
x, — v in A,
or

lim z;, = x.
k—o0

Since this is a Fermatean structure, the same condition may also be written in cubic form as:

3
Pp(z1, ooy 2z, o — 2, A) > 1 —¢

and

3
vi(21, oy Zn1, T — T, \) < €.

Example 4.3. Let X = R" and define the usual n-norm on X by ||vq, . .

where vy, ...,v, € R".
Let
a*xb=ab
be the product t-norm, and let
aob=a+b—ab

be the probabilistic sum t-conorm, for all a,b € [0,1].
For

V=(v1,...,0,) € X"
and A > 0, define

V. A ; %
eV, )_<A+|Iv1,..-,vnll) ’

1
~ Uiy .., Up 3
) = (gl

2\ + ||U1, e ,’UnH

~ 3
VF(V,)\):( [T ) .

)\—l- Hvl,...,vnH

and

U] = |det(vy, . ..

Then, (X”,up, g, Vr, >|<,<>) 1s a Fermatean neutrosophic fuzzy n-normed linear space.

Now fix a vector u € R™ and define a sequence (xy) in X by

Ik:%, k € N.

We claim that i, — 0 in the Fermatean neutrosophic fuzzy n-normed linear space.
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Proof. First, for every
V:<Ula
and A > 0, we have
N _ A lv1, .., vn]
3 3 : —
VoA +vp(V,A) = + -
(Vo) + Ve (V) = S ol
Moreover,
. V1, U]
0<ni(V,\) = | <l
<V = o oo
v, .., v
< 2.
2)\"‘”@17-"7’071"

Consequently,
(Vo) + 0 (V) + i (V, ) =14

Thus, the Fermatean neutrosophic restrictions are satisfied.
We now prove the convergence of (xy). Let € € (0,1) and A > 0 be given, and let

Zl,...,Zn_leX

be fixed. Since u
Ty = %’
we have
u
”Zl, .,anl,.’ﬂk—OH = ‘21,...,,2”,1,%”
1
= EHzl, ey Zno1,ul),
where the last equality follows from the homogeneity of the ordinary n-norm
Now, Let
C= |z, 2n-1,u.
Then,
ot Zumnmel =
Lo Znml Tkl = 40
Therefore,
A
3
,uF(le"azn—lamka)\) >\+%
kA
kA +CT
¢
3 i
Dy ey Znel, Ty ) = ———
B C
C2kA+C
and
¢
3 _ &
V(215 ooy 21, Ty A) = = %
_C
kMO

First, we verify the truth-membership condition. We need
w21,y Zne1, Ty A) > 1 — €.

kA
>1—c.

This is equivalent to
EX+C
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Therefore,
EX> (1 —¢)(kA+O),
or equivalently,

ekA > (1—¢)C.
Thus, the truth-membership condition holds whenever

(1—-¢e)C

k>-——"—.

e
Next, we verify the indeterminacy condition. We need
021,y Zne1, Ty ) < €.
This is equivalent to
C
— < E.
2N+ C

Consequently,

C <ekA+0),
which gives

(1 —¢)C < 2ekA.
Thus, the indeterminacy condition holds whenever

(1—-¢)C
k> -——"—.
2e\
Finally, we verify the falsity-membership condition. We need
Va(21, - Zne1, iy A) < €.
This is equivalent to
C
A+C T
Therefore,
C<elkA+0),
and hence
(1—¢e)C < ckA.
Thus, the falsity-membership condition holds whenever
(1—-¢)C
k>-——.
e
Since
(1—-¢)C < (1—-¢)C
26N T e
it is sufficient to choose (1-oC
—€
ko= | ———— 1.
=[5
Then, for every k > kg, we have
M%‘(Zh sy Bn—1, Lk, )‘) >1-— &,
No(21y s Znet, Ty A) < €,
and
VA(21, -y Zne1, Try A) < E.

Since the cube-root function is strictly increasing on [0, 1], the preceding inequalities are equiv-
alent to

1
:LLF(Zla s ?anlaajk?)‘) > (1 _8>37
1
T]F(Zla s 7Zn—17x/€7/\) < €3,
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and

VE(Z15 vy 201, Thy A) < £3.
Since € € (0,1), A > 0, and the fixed vectors z1,...,2,_1 € X were arbitrary, it follows that
x, — 0

in the Fermatean neutrosophic fuzzy n-normed linear space.

O

Definition 4.4. Let A = (X, ,up,np,yp,*,o) be a Fermatean neutrosophic n-normed linear
space. A sequence {(xy) in X is said to converge to x € X with respect to A if, for every

e€(0,1), every A >0, and every z1,...,z,—1 € X, there exists
kU = kO(Ea )\7 1y .- 7Zn71) €N

such that
1
MF(ZI7-"7Z7’L—1"T]€ _I7A) > (1 _8)37
1
Ne(21, .oy Zn1, Tk — T, \) < €3,
and
1
Vie(21y oy 2Zne1, Tk — T, ) < €3

for every k > ky.
In this case, we write
T, — i A,
or

lim z;, = x.
k—o0

Since A has a Fermatean-type structure, the preceding conditions can equivalently be written as

3
Pp(21, ooy 21, o — 2, A) > 1 — ¢,
3
nF(Zh <oy Zn—1, Tk — I,)\) <g,
and
3
V21, ooy 201, T — T, \) < €.
Equivalently, for every A > 0 and every z1,...,2,-1 € X,
lm pp(z1,. .., 201,20 — 2, A) = 1,
k—o00
lim np(21,.. ., 201, — 2, \) = 0,
k—00
and
lim vp(z1,..., 201, 2 — x,A) = 0.
k—o00

Example 4.4. Let X = R" and define the usual n-norm on X by ||vq, ..., v,|| = |det(vy, . ..

where vy, ...,v, € R". Let
a*xb=ab
be the product t-norm, and let
aob=a+b—ab

be the probabilistic sum t-conorm, for all a,b € [0, 1].
ForV = (vy,...,v,) € X" and A > 0, define




and

_ 3
VF(V)\):( [ > ‘

/\—|- ||U1,...,UnH

Then, A = (X, WE, E, VE, %, <>) 1s a Fermatean neutrosophic n-normed linear space.
Fiz z,u € X, where u # 0, and define the sequence (xy) by
u

T =x+ k’27 k’GN
Then, xj, — x in A.
Proof. Let € € (0,1) and A > 0 be given, and let
Zlyevey”n—1 e X
be fixed. Since u
T — T = ﬁv
the homogeneity of the ordinary n-norm gives
u
||21,...,Zn,1,fl'k —.’L'H = ‘ Zl,...,anl,ﬁ
1
= EHzl,...,zn_l,uH.
Set
C=|z,)2n1,u-
Then,
C
th ey Bn—1, Tk — l’” = ﬁ
Therefore,
A
3
2y ey Zn1, T — T, A) =
MF( 1 1, Lk ) >\+k%
KA
A+ O
o
3 k
e Zn_1, Tk — T, ) =
Np(215 - Zne1, T — T, A) 2)\+k_02
B C
C2k2A+C7
and
o
3 k
V(21 ooy 21, T — T, A) =
e
CRA+C
Choose
(1—-¢)C
ko = 1
0 \‘ eA +
Then, for every k > ko,
1—¢)C
k2 > (
eA

Hence,
ek*\ > (1 —¢)C.



For the truth-membership function, we have

(21, Zne1, o — T, A) — (1 — &)
kX
= — 1 —
Ero 179
_eBPA—-(1-¢)C

0.
xt O

Therefore,
(21, 21, o — 1, A) > 1 — €.
For the indeterminacy function, we have
e—no(21,. .oy Zne1, Tp — T, N)
C
22N+ O
_ 2k*A—(1—-¢)C
222+ C

=&

Since

ek*X > (1—¢)C,
we also have

2ek*X > (1 —¢)C.

Thus,
ne(21y . Zne1, Tp — T, \) < €.
For the falsity-membership function, we obtain
e— vz, ...\ Zne1, Tk — T, \)
C
= - —
k2X 4+ C
ek’ — (1 —¢)C
= ( ) > 0.
k2X 4+ C
Therefore,
V(21 2ne1, T — T, \) < €.
Letting cube roots, we obtain
,UF(Zl, sy Zp—1, Tk — T, )\) > (1 - 8)%7
NE(21y oy Zne1, T — T, A) < 6%,
and )
VE(21,y oy Zn1, Tk — T, A\) < €3
for every k > k.
Equivalently,
Hm pp(z1,. .. 201, — 2, A) = 1,
k—o0
lim np(z1,. .y 201, 2 — 2, A) =0,
k—o00
and
lim vp(2z1,..., 201,25 — x,A) = 0.
k—00

Since € € (0,1), A > 0, and the fixed vectors z1,..., 2,1 € X were arbitrary, Definition 4.4
implies that
x, — ¢ in A.
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Theorem 4.1. Every intuitionistic fuzzy normed linear space naturally determines a Fermatean
neutrosophic normed linear space.

Proof. Let (X, i, v, *%,¢) be an intuitionistic fuzzy normed linear space. Define three functions

pr, e, ve : X x (0,00) = [0,1]

by
pr(z,t) = ,u(x,t)%, ne(x,t) = V(:L‘,t)%, ve(z,t) = u(x,t)%.
Then,
pp(rt) = pl@,t),  p(,t) =v(zt),  vp(rt) =v(t).
Since
p(z,t) + vz, t) <1,
we obtain

M%(Z[Z,t) + V?;(:L‘,t) = M(Iv t) + V(Ji,t) <L
Thus, the Fermatean admissibility condition is satisfied. Moreover,
pi(x,t) + n (2, t) + vi(x, t)
— (1) + 20(x, )
= u(x,t) +v(x,t) +v(x,t) <2,

because

p(z,t) +v(z,t) <1 and 0<vwv(zt) <.
Hence,

0 < i, 6) + (e, ) + v, 1) < 2

Furthermore,

pr(r,t) =1 <= pu(zr,t) =1 <= = =0,
and

ne(z,t) =0 <= v(z,t) =0 <= x=0.
Similarly,

vp(z,t) =0 <= x=0.

If « # 0, then

In the same way,

and

For the Fermatean triangle condition, we have
pp(e +y,t+s) = ple +y,t +5)
> p(z,t) * p(y, s)
3

= p3 (2, 1) * p(y, s).
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Moreover,
ne(z +y,t+s)=v(z+y,t+s)
< va,1) o vy, s)

= np(x.t) o1y, ),
and similarly,
vi(z +y,t+s) < vi(x,t) o vi(y, s).
Finally, since the function u + u'/3 is continuous and increasing on [0, 1], the required continuity
and limiting properties of ug, nr, and vg follow directly from those of p and v.

Therefore, (X, ur, nr, Vr, *,©) is a Fermatean neutrosophic normed linear space. O

Theorem 4.2. Let A = (X, MF,nF,VF,*,O) be a Fermatean neutrosophic n-normed linear
space. If a sequence (xy) in X converges to x € X and also converges to y € X in the sense of
Definition 4.4, then

x=y.
Therefore, the limit of a convergent sequence in a Fermatean neutrosophic n-normed linear
space 1S unique.

Proof. Suppose that (x) converges to both = and y in the Fermatean neutrosophic n-normed
linear space

A: (X7MF77]F7VF7*7<>)‘

Thus,
Tp — & and T —> Y
as k — oo.
Assume, to the contrary, that
Then, x — y # 0. Since X is an n-normed linear space, there exist z1,..., 2,1 € X such that
21y Zn_1,T — Y

are linearly independent.
Fix A > 0 and let ¢ € (0,1). Since * is a continuous ¢t-norm and

I1x1=1,

there exists d; € (0,1) such that
(1=06)x(1—=6)>1—e.

Similarly, since ¢ is a continuous ¢-conorm and

000=0,
there exists d, € (0, 1) such that

090 09 < €.
Set

d = min{dy, b2 }.
By the monotonicity of % and ¢, we have
(1—=0)*x(1=9)>1—¢

and
6000 < e.

Since x, — x, there exists k; € N such that
(21, Zne1, T — 1, 0/2) > 1 — 6,
(21, ..oy Zne1, Tk — 2, N/2) < 6,
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and
V%(le"aznfla:[;k —ZL',)\/Q) <4
for every k > k.
Similarly, since z; — y, there exists ky € N such that
(21, Znet, T — Y, A2) > 1 =6,

(21, Znet, T — Y, A2) <6,
and
Up(21, -y Zne1, T — Y, AJ2) < 6
for every k > ks.
Let
ko = max{ky, ko }.
Then, all the preceding inequalities hold for every k& > k.
Observe that
r—y=(z— )+ (zr — y).
By the homogeneity condition, with a = —1, we have

pr(21, oy 21, — T, AJ2) = pp(21, ooy 21, T — T, A/2).

Similarly,

ne(z1, .oy Zne1, 0 — T, AJ2) = (21, ..oy Zno1, T — T, A/2)

and

VE(Z1y ooy 201, T — T, AJ2) = vp(21, ..o Zne1, T — T, A/2).

Using the triangle-type condition for pg, we obtain

/J?]’J‘(Zb sy An—1, T — Y, )\)
- /"L%(le cey Rn—15 (.T - Ik) -+ (Ik — y),)\/2 +A/2)

Z M%(Zh cey”2p—1, L — Tk, A/2) * ,u:}s«"(zh ey Rp—1, T — Y, A/2)

> (1—0)x(1=9)
>1-—e.
Since ¢ € (0, 1) is arbitrary, it follows that
(21, Zne1, —y, A) = 1.
Consequently,

,UF(Zla ceey Rp—1, T — ?J,/\) =L
Using the triangle-type condition for 1z, we obtain

77%(21, ey Zne1, T — Y, A)

< 7)13[;(21, ey Zn1, T — T, AJ2) 07]%(21, ey Zn1, Tk — Y, A2)

<600
<e.

Since € € (0, 1) is arbitrary, it follows that
(21, Zn1, . —y,\) =0,
and hence

ne(z1, ooy Zne1, ¢ — Yy, A) = 0.
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Likewise, using the triangle-type condition for vz, we obtain

Vi (21, Zne1, T — Y, A)
SUR(21, o 21, T — T, A2) O U (21, o 2ty Tl — Y, A2)
<000
< €.
Therefore,
Vi (21, Zpe1, @ — Y, A) = 0,

and consequently,
ve(z1, ..y 2n-1, ¢ —y,\) = 0.
By Definition 4.4, any one of the conditions
pr(z1, .oy Zn1, @ —y, A) = 1,
ne(z1, .oy Zne1, ¢ — Yy, A) =0,

or
ve(z1, oy 2n-1, T — Y, A) =0
implies that
2lyeey Zn_1,T — Y
are linearly dependent. This contradicts the choice of z, ..., 2z,_1.

Therefore, the assumption x # y is false, and hence

T =1y.

Thus, the limit of a convergent sequence in a Fermatean neutrosophic n-normed linear space is
unique. 0

Theorem 4.3. Let A = (X, pup,np, Vr, *,9) be a Fermatean neutrosophic n-normed linear
space. Then x,, — x in A if and only if, for every A >0 and z1,...,2,1 € X,

3
Pr(Z1, oy 21, T — T, A) — 1,
3
nF(Zlv ceey RAn—1,Tp — T, A) — 07
and
; —z,)) =0
V(21 ooy Zne1, Tk — T, A) —
as k — oo.
Proof. Fix A > 0 and z,...,2,_1 € X. For convenience, write
3
Tk - /’LF(Zlv sy Zn—1, T — L, )‘)a
3
I =nw(z1, oy Zno1, T — T, A),
and
Fy =1} —z, A
k—VF(Zl7-~;Zn—1,$k xz, )
Suppose first that
T — X

in the Fermatean neutrosophic n-normed linear space A. By Definition 4.4, for every ¢ € (0, 1),
there exists kg € N such that

Tk>1—€, [k<8, F.<e

for every k > k.
Since 0 < T}, < 1, we have
|Tk—1|=1—Tk<6
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for every k > ky. Therefore,
k—00
Similarly, since 0 < I, <1 and 0 < Fj, < 1, we have
’Ik — 0| =, <ec
and
|Fk — 0| =F.<e
for every k > ky. Consequently,

lim I, =0 and lim Fj, = 0.

k—o00 k—o00
Thus,
lim g3 (21, ..., 2p_1, T — T, \) = 1,
k—o0
lim 93 (21, .., 21, Tk — 2, \) = 0,
k—o00
and
lim v (21, .., 2p_1, Tk — T, \) = 0.
k—o00
Conversely, suppose that, for every A > 0 and every zq,...,2,_1 € X,
Ty — 1, I, — 0, F, — 0.

Let € € (0,1). Since T, — 1, there exists k; € N such that
|Tk — 1| <€

for every k > k;. Hence,
T, >1—¢

for every k > k.
Since I, — 0, there exists ko € N such that

|Ik‘ <eg,
and hence
I, <e¢

for every k > ks.
Similarly, since Fy — 0, there exists k3 € N such that

|Fk‘ <ég,
and hence
F.<e

for every k > ks.
Set
ko = max{kl, kg, kg}

Then, for every k > ko,

3
Pp(21, ooy 21, o — 2, A) > 1 — g,
3
Ne(21, ooy Zn1, T — T, A) < €,
and
3
V(21 ooy 201, T — T, \) < €.

Therefore, by Definition 4.4, we conclude that x;, — x. This completes the proof.
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Example 4.5. Let X = R? and define the usual 2-norm on X by ||u,v| =

det (u1 Ul)
U2 Vo

where u = (uy,us) and v = (vy,v,) are elements of R?.
Let
axb=ab
be the product t-norm, and let
aob=a+b—ab

be the probabilistic-sum t-conorm for all a,b € [0, 1].
Foru,v € X and X\ > 0, define

) =
:uF<u7U7 ) ()\+ ||U UH

).
nie(, 0, A) = ( AL'“HZZ”UH)
)

and
[[u, v]]
ontuo = (o
Thus, in this example,
ne(u, v, A) = vp(u, v, \).
We have
A [[u, v

5 \ 3 \) = -
(1,0, A) + Ve (0, A) = S+ S

Moreover,
i (w, v, N) + i (w, v, A) + vi(u, v, A)
A+ 2fu, v
Aol
[[u, v]]
A+ lu, 0] —
Therefore, the Fermatean neutrosophic admissibility conditions

0 < pp(u, v, ) + vp(u,v,A) <1

=1+

and
0< M%(Uy v, >‘) + U%(Ua U, )‘) + V?’(uv v, )\) <2
are satisfied.
Furthermore,

pr(u,v,A) =1
if and only if ||u,v|| = 0, which is equivalent to u and v being linearly dependent. Similarly,

nr(u,v,\) =0 and vpe(u,v,\) =0

if and only if u and v are linearly dependent. The remaining axioms follow from the corre-
sponding properties of the determinant 2-norm. Hence,

(X7MF77]F7VF7*7<>)

18 a Fermatean neutrosophic 2-normed linear space.
Now, we define a sequence (xy) in X by

1 2
xk:<1+g,2+g), ke N,
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and let
r=(1,2).

(12 Ly, 1
Tk xTr = k”k _k s —kfl'

Let z = (21, 29) € X be arbitrary. By the homogeneity of the 2-norm,

Then,

I, wi — al) = ||z, 72| = 2.2l
sy — x| = |z, pa| = lz 2l
Consequently,

|z, 2 — || — 0 as k — oo.
For every A > 0, we have

A
3
2, — X, \) =
i (2, ) A+ ||z, — 2]
A
At gllz 2|

Also,

3 Iz, 2k — |

2,0 — T, \) =
i (2 ) A ||z, z — x|
Lz x
kel
A+ gllz 2|
and
|z, 2k — |

3
) - 7)\ =
Ve(zap =2, ) A+ |z, xp — 2|

_ gllz

A+ 2|z, x|
Therefore, by Theorem 4.3, x;, — x in the Fermatean neutrosophic 2-normed linear space
(X, HE,NE, VR, *, <>).

— 0.

5. CAUCHY SEQUENCES IN FERMATEAN NEUTROSOPHIC n-NORMED LINEAR
SPACES(FN-n-NLS)

Cauchy sequences play an important role in the study of convergence and completeness. In
classical normed linear spaces, a sequence is Cauchy if the distance between its terms becomes
arbitrarily small as the indices become sufficiently large. In a Fermatean neutrosophic n-normed
linear space, this idea is expressed through the behavior of the Fermatean truth-membership,
indeterminacy-membership, and falsity-membership functions.

More precisely, the closeness between two terms z;, and z, of a sequence is measured by

3
NF(Zla 22y -y 2n—1,Tk — Tp, )\)7
3
TIF(ZD 22y ey in—1,Tf — Tp, A)a
and
3
VF(Zb 22y vy Zn—1,Tf — Tp, )\)7
where 21, 29,..., 2,1 € X and A > 0. A sequence is expected to be Cauchy whenever the truth-

membership degree tends to 1, while the indeterminacy-membership and falsity-membership
degrees tend to 0 as k, p — oo. This agrees with the usual interpretation that the terms of the
sequence become increasingly close to one another.

The following definition formalizes the notion of a Cauchy sequence in a Fermatean neutro-
sophic n-normed linear space.
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Definition 5.1. Let A = (X, WEsNE, VE, *,<>) be a Fermatean neutrosophic n-normed linear
space. A sequence (xg) in X is called a Cauchy sequence in A if, for every e € (0,1), every
A >0, and every z1,22,...,2n,—1 € X, there exists ky € N such that

(21, 22, -+ oy Zne1, T — Tpy A) > 1 — €,

Ne(21, 22, - -+ s Zn1, T — Tpy A) < €,
and

V(21 29, - oy Zn1, T — Tpy A) < €
for all k,p > ky.

Equivalently,
pr(21, 22, - -y Zne1, T — Tp, A) > (1 — 8)%,

NF(21, 225 -y Zne1, Tp — Tp, A) < 8%,
and

Vp(21, 22, -y Zne1, T — Tpy A) < £3

for all k,p > ky.

Example 5.1. Let X = R" and define the usual n-norm on X by ||v1, . .., v,|| = |det(vy, ..., v,)]
where vy, v, ...,v, € R".

Let a x b = ab be the product t-norm, and let a ©b = a + b — ab be the probabilistic-sum
t-conorm for all a,b € [0,1].

Forvy,vs,...,v, € X and A\ > 0, define

Y

A\ 3
up(vl,vg,...,vn,)\):< » H) ,

A -+ HUl,UQ, ..

1
V1,V2,...,0 3
77F(U1,U2,..-;'Uny/\): (2)\”4, ||’1)1 ’1)2 ’ n‘l} ||) ’
s g ey Un

and
1
||U1,U2,...,Un|| 3
A) = :
]/F(U17U27 7Un7 ) (A‘f‘ ||U1,1)27...7'Un||
Then,
(1, . U A) F U (vr, v, A) = L
Moreover,
(1, . Ve A) F (v, U, A) VR (1, U, A)
lv1, .. vnl|
=1+ <2
2A + ||lvg, ooyl T
Therefore,

A= (X,MF,T]F,VF,*,O)

15 a Fermatean neutrosophic n-normed linear space.
Now, we fir u € X and define a sequence (xy) in X by

. keN

T =

ER S

Then (xy) is a Cauchy sequence in A.
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Proof. Let € € (0,1), A > 0, and 2, 29, ..., 2,_1 € X be arbitrary.

For k,p € N, we have
u U 1 1
xk—xp:E—]—?: E_]_g u.

By the homogeneity property of the usual n-norm,

|21, 225 - -+ s Zn—1, T, — Tp||
1 1
=z |21, 22, -« s Zn—1, u|.
Put
C = HZl,ZQ, C ,anl,uH.
Then,
1 1
|21, 224 -+ s Zn—1, T — Xp|| = C ‘E — —’ )
Since
1 1 < 1 N 1
kopl =k p
we obtain, for all k,p > ko,
1 1 2
-l
k- p|l ™ ko
Choose ky € N sufficiently large so that
2C )
k() 1—¢
Then, for all k,p > ko,
EA
21, 22, oy Zn—1, Tk — | < T
Now,
M%(217227-"72n717xk _xpa)‘> = A :
A+ |21, 225 -+ oy Zne1, Tk — Tp)|
Therefore,
A
3
W21, 22, - oy 21, Tk — Tpy A) > —=1—c
A%
Furthermore,
3 Hzlaz%"wzn—ba:k _mpH
21y 29, ey Pl Tl — Tpy A) = )
M (2122, Znety T = T, ) 2N+ |21, 22, - -+ 201, Tk — Tp||
Since
2A+ 1215 s 21, Tk — Xpl| > A 21, -y 2nm1s Tk — 2],
we have | ||
3 Z15R2y« vy Rn—1, Lk — Tp
21y 22y ey Pl T — Ty A) < )
nF( 1, <2, sy “#n—1y Lk D )_ >\+||Zl,ZQ,...,Zn_1,xk—xp”
Similarly,
5 |21, 22, - - -y Zn—1, T — Tp|
V(21,29 ooy 21, Tl — Tp, A) = .
F( Y T P ) )\+Hzla'z%"'aznflaxk_xpu
Therefore,
N2
V%(Zl,ZQ,. ey Bn—1,Tk — l'p, )\) < Aj__i_)\s = £.
It follows that
No(21, 22, -+ -y Zn1, T — Tpy A) < €.
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Hence, for all k,p > ko,

(21, 22, ooy Zne1, T — Tpy A) > 1 — €,

Ne(21, 22, -+« s Zn1, T — Tpy A) < €,
and

Ve (21, 22y oy Zn1, T — Tp, A) < €.
Equivalently,

pr (215 225 oy Zne1, T — Tpy A) > (1 — 8)%,

Nr(21, 225« oy Zne1, T — Tpy A) < 5%,
and

Vp(21, 22, -y Zne1, T — Tp, A) < €3,
Therefore, by Definition 5.1, the sequence (zj) is a Cauchy sequence in A. O

Example 5.2. Let X = R3 and define the usual 3-norm on X by ||vy, ve, v3|| = |det(vy, va, v3)],
where vy, vy, v5 € R3.

Let a x b = ab be the product t-norm, and let a ©b = a + b — ab be the probabilistic-sum
t-conorm for all a,b € [0, 1].

For vi,vo,v3 € X and X\ > 0, define

1
A 3
NF(U1;U27U37>\) = ( ) )

)\ + ||U17 Vg, U3||

1
||U1,'U2,U3|| )3
)

UF(Ul,U27U37)\) = (

2\ + ||U1,U2,U3H
and
o, w2, v\ 3
) 7>\ - : : *
VF(U17U2 V3 ) ()\_'_ HUl,UQ,UgH)
Then,
,u?}’?(vlav%v& )‘) + y%‘(vlanav?)a )‘) =1
and
3 3 3 HU171)27,03||
7)\ ) ) 7A ) ) 7)\ = 1 S 2'
p(v1, v, v3, N) + i (v1, V2, V3, A) + Vi(v1, va, U3, A) + D+ o1, v, 5]

Therefore, A = (X, WE, N, VE, *,<>) 18 a Fermatean neutrosophic 3-normed linear space.
Define a sequence (xy) in X by

k k2’ k3

Then () is a Cauchy sequence in A.

1 1 1
xk:(1+—,2+—3+—), k e N.

Proof. Let ¢ € (0,1), A > 0, and z1, 20 € X be arbitrary. We prove that there exists kg € N
such that
(21, 29, T — 5, A) > 1 — g,
na (21, 22, T — Tp, A) < €,
and
Va(21, 20, T — Tp, A) < €

1 11 1 1 1
.’L'k—.Tp: %—5,E—E,E—p—3 .

for all k,p > k.
For k,p € N, we have



Since the mapping
w — det(z1, 22, w)
is linear in w, there exists a constant C,, ., > 0, depending only on 2; and 29, such that
|det(z1, 22, w)| < Oy (Jwr] + [w2] + |ws))

for every w = (wy, wo, w3) € R3.

Hence,
|21, 22, T — x| = |det(z1, 20, T — )|
1 1 1 1 1 1
<o (53[5 5])
For k,p > ky, we have
1 1 2
e
ko pl ™ ko
1 1 < 2 < 2
k2 p?| T kE T ke
and
1 1 < 2 < 2
K opd| TR T ke
Therefore,
6C%, 2

||Zl7227a7k - 'IPH S
0
for all k,p > k.

Choose ky € N sufficiently large so that

6C., 2 - 9 '
k'[) 1—¢
Then, for all k,p > ky,
A
[21, 22, ) — p|| < T
Now,
(21, 20, T — T, N) = A
F 9 9 P >\+||21,ZQ,1’1€—IP||.
Thus,
(21, 20, T — Ty, A) > A =1-=¢.
F ) ) P )\ + 16__)\5
Furthermore,
3 ||Z17Z27xk‘_xp||
— Xy, \) = .
(21, 22, 2 = 2, A) 2\ + || 21, 22, T — T ||
Hence,
n??(zh 22, T — Typ, )\) S V??’(Zh 22, T — Typ, )\)
Similarly,
3 ”th?vxk—J:PH
— A pr— .
VF(ZDZZaxk xp? ) A + ||217227xk _ xp”
Therefore,
2N
vi(21, 29, T — Tp, A) < 3 j‘_}—t =e.
Consequently,



Hence, for all k,p > ko,
,u?jp(zl,z%xk — Ty, A) > 1—¢,

3
nF(ZhZZ;xk - xpa )‘> < £,

and

Vi (21, 22, T, — Tp, A) < €.
Equivalently,

pr (21, 20, T — xp, A) > (1 — 8)%,

nr (21, 22, T, — Tp, A) < 5%,
and

vp(z1, 29, T, — Tp, A) < €3
Therefore, by Definition 5.1, (xj) is a Cauchy sequence in A. O

Theorem 5.1. Let A = (X, uF,nF,yF,*,o) be a Fermatean neutrosophic n-normed linear
space. If a sequence (xy) in X converges to x € X, then (xy) is a Cauchy sequence in A.

Proof. Suppose that xy — x in the Fermatean neutrosophic n-normed linear space A =
(X, HE,NE, VR, *, 0) .
We prove that (x;) is a Cauchy sequence.
Let € € (0,1), A >0, and 21, 29, ..., 2,1 € X be arbitrary.
Since * is a continuous t-norm and
1x1=1,

there exists d; € (0, 1) such that
(1=06)x(1=6;)>1—e.
Similarly, since ¢ is a continuous ¢-conorm and
000 =0,
there exists d € (0, 1) such that
09009 < €.

Set
0= min{51, (52}

By the monotonicity of * and ¢, we have
(1=0)x(1=90)>1—¢
and
dod <e.
Since xp — x, by Definition 4.4, there exists kg € N such that
(21, 22, - oy Znet, T — 2, A[2) > 16,

No(21, 22, -+ oy Zne1, Tk — 2, N2) < 6,
and

U (21, 22y ooy Zne1, Tk — T, N/2) < 6

for every k > k.
Now, let k,p > ko. We have

xp— 2 = (T — ) + (x — xp).

By the homogeneity condition, with o = —1, we obtain
pUr(21, 22, oy Zne1, & — Tp, AJ2) = pup(21, 22, -« Zn—1, Tp — T, \/2),
NE(21, 22, -+ oy Zne1, T — Tpy AJ2) = p(21, 22, - - oy Zne1, Tp — T, A/2),
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and

Vr(21, 22, ooy 201, & — Tpy N2) = Vp(21, 29, . oy Zn—1, Tp — T, A/2).
Hence,
(21, 22, -+ oy Zn1, T — Tpy AJ2) > 1 =6,
N(21, 22, -+ oy Zne1, T — Tpy AJ2) < 6,
and
Un(21, 22, ooy 201, @ — Tp, AJ2) < 6.
We obtain
(215 295 - oy Zne1, T — Tpy A)
— #%(zl, 29,y Znet, (T — ) + (. — 2p), A2 + )\/2)
> (21,22, ooy 21, T — T, N2) % h(21, 22, - - oy 21, T — Tpy AJ2)
>(1—=9)x(1=9)
>1—c¢.
Therefore,
(21,22, ooy Zne1, T — Tpy A) > 1 — €.
Next, using the triangle-type condition for ng, we obtain
No(21, 22, -+ s 201, T — Tpy \)
=0 (21,22, ..oy Znt, (T — @) + (3 — 2), A2+ N/2)
< iz, 22, ooy Zn1, Tl — T, N2) 021, 22, - ooy 21, T — Ty A)2)
<d00
< E.
Thus,
(21, 22, - -+ Znet1, Th — Tp, A) < €.
Likewise, using the triangle-type condition for vz, we obtain
V(21 29,y -+ vy 21, Tk — Tp, A)
= y%(zl, 29,y Zn—1, (T — ) + (T — xp), A/2 + ,\/2)
< Vlg;(zl, 29y Zn_1, Tk — T, A/2) © V%(Zl, 294y Zn1, T — Tp, A[2)
<00
< €.
Therefore,
Ve (21, 22y 201, T — Tp, A) < €.
Consequently, for every ¢ € (0,1), every A > 0, and every z1,29,...,2,_1 € X, there exists
ko € N such that
(21, 22, ooy Zne1, T — Tpy A) > 1 — ¢,
Ne(21, 22, -+ s Zn1, T — Tpy A) < €,
and
V21, Zay oy Zn1, T — Tpy A) < €
for all k,p > ky.
Equivalently,
Pr(21, 29, - oy Zne1, T — Tp, A) > (1 — 6)%,
Nr (21, 22, -y Zne1, Tp — Tp, A) < €%,
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and

W=

VR(21, 22, - <y Zne1, Tk — Tp, A) < €
for all k,p > k.
Hence, by Definition 5.1, () is a Cauchy sequence in A. O

6. COMPLETENESS IN FERMATEAN NEUTROSOPHIC n-NORMED LINEAR
SPACES(FN-n-NLS)

Completeness is one of the central notions in the study of normed and fuzzy normed struc-
tures. In classical analysis, completeness guarantees that every Cauchy sequence has a limit in-
side the space. This property is essential for developing convergence theory, fixed point results,
and approximation methods. In the framework of Fermatean neutrosophic n-normed linear
spaces, the concept of completeness is described by using the Fermatean truth-membership,
indeterminacy-membership, and falsity-membership functions.

In particular, a Cauchy sequence in this setting is not measured by an ordinary distance only.
Instead, it is characterized by the conditions

3
MF(Zla 22y vy 2n—1,Tk — Tp, A) — 17
3
nF(thQ)"'azn—laxk_x;m/\) 07
and
3
V(21,225 o« oy Zne1, T — Tpy A) —> 0
as k,p — oo, for every A > 0 and every 21, 29,...,2,_1 € X. Thus, completeness means that

such a sequence must converge to some element of the underlying linear space X with respect
to the Fermatean neutrosophic n-norm structure.

The following definition introduces completeness in a Fermatean neutrosophic n-normed lin-
ear space.

Definition 6.1. A Fermatean neutrosophic n-normed linear space A = (X, WE,NE, VE, >x<,<>) 18
said to be complete if every Cauchy sequence in A converges to an element of X with respect
to the Fermatean neutrosophic n-norm structure.

Example 6.1. Let X = R" and define the usual n-norm by
v, ve, ... v,|| = |det(vy, v, ... v,)] -
For A > 0, define

A
MF(Ula , U ) (>\+||'U17-- Un”

)
nF@l,...,Un,A)_( o, ol )
)’

2)\—|—HU1,.. ’UnH

and
lv1, -, vnl|

VE(V1, .y Upy A) = (>\+||U1,.. ol
Let

a*xb=ab and acb=a+0b—ab.
Then,

(1, U, A) F (v, U, A) = 1
and

(V1 U, A) (1, U, A) F V(U1 U, A)
[T

— 1+
2X + ||lvg, - ]

<2

88



Therefore, A = (X, uF,nF,VF,*,o) 1s a complete Fermatean neutrosophic n-normed linear
space.

Proof. Let (x)) be a Cauchy sequence in A. By Definition 5.1, for every € € (0, 1), every A > 0,
and every zq,...,2,_1 € X, there exists ky € N such that

3
/’LF(Z:l? <oy Zn—1, Tk — :Cpa)‘) >1-— g,
3
nF(Zb <y Zn—1, Tk — Tp, )‘) <¢g,
and
3
Vp(21, ooy 201, T — Tpy A) < €

for all k,p > k.
For fixed zy,...,2,.1 € X, put

Dk,p = HZl, ey Rp—1, T — po
Since 5
3 k.,p
V21, ooy 21, T — Tp, ) = ————,
F( 1 n—1, Lk p ) A+Dk7p
the Cauchy condition implies that
Dy,
— 0 as k,p — oo.
A+ Dy, b
Because \ > 0 is fixed, it follows that
ka — 0.
Hence,
|21, -y Zn—1, 2 — xp|| —> O as k,p — oo.

Let eq,...,e, denote the standard basis of R". For each j € {1,...,n}, choose

Rly-++y2n—1 =€1,...,€651,€541,...,En.
Then,
||617 s €1, €415y Eny T — xp” = |(xk>3 - (‘Tp)j| .
Therefore,
[(@); — (1)l — 0 as kp—oo

for every j € {1,...,n}. Thus, each coordinate sequence ((xy);) is a Cauchy sequence in R.

Since R is complete, there exists z; € R such that

(xr); — x; as  k— o0
for every j € {1,...,n}. Define
x = (r1,%2,...,2,) € R".
Then,
T — X

in the usual topology of R".
For every fixed z1,...,2,_1 € X, the mapping

w— det(z1, ..., 2,1, W)
is continuous. Therefore,
|21, Zn1, 2k — || — 0.
Put
Dy = |lz1, -+, 2n_1, 2 — x|
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Then, D, — 0, and consequently,

A
u%(zla <oy Bn—1, T — :Ca)\> = )\+Dk — 17
Dy,
7]?7(21, ey Bn—1, X — X, )\) = m — O,
and D
Ve (21, 21, T — T, \) = )\+ka —0
Thus, by Theorem 4.3, the sequence (xy) converges to x in .A. Hence, A is complete. 0]

The next lemma gives an equivalent characterization of Cauchy sequences in terms of the
limiting behavior of the Fermatean truth-membership, indeterminacy-membership, and falsity-
membership functions. This characterization is useful because it allows us to verify Cauchy
sequences by checking the limits of 3, 73, and v3, directly.

Lemma 6.1. Let A = (X, W, N, Vi, *, <>) be a Fermatean neutrosophic n-normed linear space.

A sequence (xy) in X is Cauchy in A if and only if, for every A > 0 and every zy, 29, ..., 2,1 €
X,
lim  p( —zp,\) =1
Hp 21,22, ... 2n—1, Tk xpa )
k,p—o0
and
: 3
lim np(21, 22, s 201, Tk — Tp, A) = 0,
k,p—o00
and
: 3
lim vp(z1,29,. .., 20-1, Tk — Tp, A) = 0.
k,p—oc0

Proof. We prove both directions.
First, suppose that (x;) is a Cauchy sequence in A. By Definition 5.1, for every € € (0,1),

every A > 0, and every 2y, 2o, ..., 2,_1 € X, there exists ky € N such that
(21, 22, ooy Zne1, T — Tpy A) > 1 — €,
and
Ne(21, 22, - - -y Zn1, T — Tpy A) < €,
and
U (21, 22, -+ oy Zn1, T — Tpy A) < €
for all k,p > ko.
Since
0 < p(21, 20,y Zn1, T — Tpy A) < 1,
we have
0<1— (21,20, oy 201, Th — Tp, \)
<e¢g
for all k,p > ky. Hence,
‘u:}(zl, 294y Zne1, T — Tpy A) — 1| <e
for all k,p > kg. Therefore,
kginoo (21, 295 ooy Zn1, Tp — Tp, A) = 1.

Similarly, since
0< 77%(21, 294y Zn1, T — Tp, A) < 1
and
Ne(21, 22, -+ -y Zn1, T — Tpy A) < €,
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we have

3
‘nF(zl, 29y ey Zne1, Tk — Tpy A) — O’ <e
for all k,p > kg. Thus,
lim 73 ( —2p,A\) =0
77F 21322y« vy 2n—1,Lk xp, .
k,p—o00
Likewise,
3
0 <vp(z1, 22,y 201, T — Tp, A) < 1
and
3 A
Vp(21, 22, -+ Zne1, Tk — Tpy A) < €,
we obtain
3
‘VF(217227 ey 21, T — Tpy A) — 0‘ <e
for all k,p > ko. Therefore,
: 3
lim vp(z1,29,...,20-1, 2% — Tp, A) = 0.
k,p—o00
Conversely, suppose that, for every A > 0 and every 2, 29,...,2,.1 € X,
. 3
lim pp(z1, 22,0y 2ne1, T — Tpy A) = 1,
k,p—o0
and
: 3
lim np(21, 22,5 201, T — Tp, A) = 0,
k,p—o00
and
: 3
lim vp(z1, 22, .., 201, Tk — Tp, A) = 0.
k,p—o0

Let € € (0, 1) be arbitrary. Since
M%(Zl, 22y .y 2n—1,Tk — Tp, )\) — 1

as k,p — oo, there exists k; € N such that

‘,u?fm(zl, 29y iy Zn1, Tk — Tpy A) — 1| <e
for all k,p > k;. Hence,
(21, 22, ooy Zne1, T — Tpy A) > 1 — €
for all k,p > kq.
Since
77??(&; 22y vy Zn—1, Tk — Lp, )‘) —0
as k,p — oo, there exists ko € N such that
‘n;’;(zl, 29y Zne1, T — Tpy A) — 0’ <e
for all k, p > ky. Therefore,
77??(21, 22y vy Zn—1, Lk — Lp, )‘) <e€
for all k,p > ko.
Similarly, since
Ve (21, 22y Zn1, T — Tpy A) — 0

as k,p — oo, there exists k3 € N such that
’1/13;(21,22, ey 21, T — Tpy A) — 0’ <e
for all k,p > k3. Consequently,
V21, Zay oy Zn1, T — Tpy A) < €
for all k,p > ks.
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Now, take
k’o = max{kl, ]{72, ]Cg}
Then, for all k,p > ko, we have

3
(21,22, - oy 21, Tk — Tp, A) > 1 — €,
and
3
e (21, 225 -« oy Zne1, Tk — Tp, A) < €,
and
3
Vp(21, 22y« « s Zne1, Tk, — Tp, A) < E.
Equivalently,
1
pr (21, 22, oy Zne1, Tk — Tp, A) > (1 —€)3,
and
1
Nr(21, 22, -« oy Zne1, Tk — Tp, A) < €3,
and
1
ve(21, 22,y Zne1, T — Tp, A) < €3

for all k,p > ky.
Therefore, by Definition 5.1, (x}) is a Cauchy sequence in A.
Hence, (xy) is Cauchy in A if and only if

3
uF(Zla 22y vy Zn—1,Tk — Tp, )\> — 17
3
Np(21, 22, -+ oy Zne1, Tk — Tp, A) — 0,
and
3
Vp(21, 22, « oy Zne1, T — Tpy A) —> 0
as k,p — oo. 0

7. CONTRACTION MAPPINGS AND FIXED POINT THEOREM IN FERMATEAN
NEUTROSOPHIC n-NORMED LINEAR SPACES(FN-n-NLS)

Fixed point theory is one of the most important tools in nonlinear analysis. It is widely used
to prove the existence and uniqueness of solutions of operator equations, differential equations,
integral equations, and iterative processes. In classical metric and normed spaces, contraction
mappings play a central role because they guarantee the convergence of successive iterations to
a unique fixed point.

In the structure of Fermatean neutrosophic n-normed linear spaces, the notion of contraction
must be formulated in terms of the Fermatean truth-membership, indeterminacy-membership,
and falsity-membership functions. Instead of measuring the distance between two points only
by an ordinary norm, we compare the degrees

(21, 22, - oy Zne1, T — Y, ),
and
(21, 22, - - s Zne1, T — Y, A),
and
V(21,22 oy Zne 1, © — Yy A),
where x,y € X, 21,29,...,2,-1 € X, and A > 0. A contraction mapping should increase the

truth-membership degree of closeness and decrease the indeterminacy-membership and falsity-
membership degrees of closeness after applying the mapping.

To obtain a more flexible contraction condition, we introduce a triple of control func-
tions (p,0,7). The function ¢ controls the truth-membership component, € controls the
indeterminacy-membership component, and v controls the falsity-membership component. These
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functions are required to preserve the Fermatean neutrosophic cubic conditions so that the con-
trolled degrees remain admissible in the Fermatean neutrosophic sense. The following definition
introduces a Fermatean neutrosophic cubic-control function.

Definition 7.1. Let A = (X, MF,UF,VF,*,O) be a Fermatean neutrosophic n-normed linear
space. A triple of functions (¢, 0,1) is called a Fermatean neutrosophic cubic-control function
if p,0,7 :(0,1] — [0, 1] satisfy the following conditions:

(1) ¢, 0, and ¢ are continuous;

(2) ¢, 0, and ¢ are non-decreasing;

(3)

for all t € [0, 1];
(4)
p() =1, 06(0)=0,  ¢(0)=0;
(5) for every V = (vy,...,v,) € X" and X > 0,

© <up(17, )\)>3 + (VF(V, )\)>3 <1

and
~ 3 - 3 - 3
@ (1e(V,0) +0 (V) +9 (vr(V,0) <2,
whenever
uE(V ) + (V0 <1
and

HE(V )+ (V, ) + vp(V,0) <2,
Then, (p,0,1) is called a Fermatean neutrosophic cubic-control function on A.

The function @ controls the truth-membership degree, 6 controls the indeterminacy-membership
degree, and 1) controls the falsity-membership degree. The conditions

p(pr)’ +¢(vr)’ <1
and

p(pr)’ +0(nr)’ +P(vr)® <2
ensure that the controlled triple still satisfies the Fermatean neutrosophic cubic conditions.

After introducing the cubic-control functions, we now define a Fermatean neutrosophic
contraction mapping. This type of mapping is designed to control the Fermatean truth-
membership, indeterminacy-membership, and falsity-membership degrees between the images
of two points under the mapping. The parameters ¢ and n allow the contraction conditions to
include both deviations from the limiting degrees and the influence of the control functions.

Definition 7.2. Let A = (X, uF,nF,yF,*7<>) be a Fermatean neutrosophic n-normed linear
space, and let (¢,0,1) be a Fermatean neutrosophic cubic-control function. Let &,m > 0 be
fixed constants.

A mapping T : X — X is called a Fermatean neutrosophic (v, 0,)-contraction mapping on
A if, for every x,y € X, every z1,20,...,2,_1 € X, and every A > 0, the following conditions
hold:

w21,y 201, T — Y, A)

3
21y ey Bn—1,TL — T 7A Z |
g (21 1 Y, A) T4+ &1 —pd(z, sz, — Y, ]+ 09 (ue(21, o 201, — Y, A))
and
321y ey 2l T — Y, A
77%(217‘--,271_1,7'13—7'%/\) nF(Zl’ yAn—1,T — Y, )

< ’
1 ‘|‘f77%(21a vy -1, — Y, )\) +77‘9 (nF(Zlv R R y7)\))
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and
< Vi (21, Zn1, T — Y, A)
1 +§V??‘(Zl>' <y 2n—1,T — Y, >‘) +77¢ (VF(Zly' s Rp—1, T — Y, )‘))

Then 7 s called a Fermatean neutrosophic contraction mapping on A.

vi(21, .oy a1, TT — TY, \)

Example 7.1. Let X = R" and define the usual n-norm on X by
v, ve, ... vl = |det(vy, v, ... v,)]

where vy, vq,...,v, € R™.
Letaxb=ab and aob=a+b—ab foralla,bel0,1].
Forvi,vs,...,v, € X and X\ > 0, define as

( V= (s );’
HE\V1,V2,...,Un, = y
- Ul

)\ + HUl,Ug, ..

and |
nE(v1, V2, U, A) = ( |1, va,y ..o vl )37
2A + |lug, v, .. |
and |
vp(V1, V2, .oy Upy A) = ( [v1, 0, - v )3.
A+ ||v1, v, .0, v
Then,
(U1, U, A) U (1, U, A) = 1
and

(1, . U A) F (v, U, ) Ve (1, U, A)

lv1, .. vnll
2)\ + HUl, PN ,’UnH

— 14
<2

Therefore, A = (X, Wi, NE, VE, *,<>) 18 a Fermatean neutrosophic n-normed linear space.
Define
o(t) =% o(t) = t*, U(t) =12, t€10,1].
Then (¢, 0,1) is a Fermatean neutrosophic cubic-control function. Take
E=1 and n=1.
Define a mapping
T: X =X
by
T(z) =0
for every x € X. Then, T is a Fermatean neutrosophic (p,0,1)-contraction mapping on A.

Proof. Let x,y € X, let 21, 22,...,2,.1 € X, and let A > 0 be arbitrary. Since
T(x) =0 and 7(y) =0,
we have
T — 1Y = 0.
Therefore,
1522y« -y An—1, T — TY = 21,22, - - '7zn—170
are linearly dependent. Hence,
pr(z1, 29,000y 2p1, TC — TY, A) = 1,
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and

Ne(21, 22y« oy Zp—1, 7T — TY, A) = 0,
and

vi(z1, 29, oy 2n_1, 7 — TY, A) = 0.
Consequently,

(21, 2, -y Zne1, T — TY, A) = 1,
and

ne(21, 22, -+ oy Zne1, T2 — TY, A) = 0,
and

vi(21, 22, oy Zne1, T2 — TY, A) = 0.
Now, put

M = 13 (21, 20, oy Zp1, T — Yy N),
and

I =n%(21, 20,0y 201, T — Y, A),

and

N =vi(21,22, -y 201, — Y, \).
Since 0 < M, I, N <1, we have
L+E(1 = M) +np(pr(z, 22,5 Zne1, 0 — Y, A)) > 1

Thus,
M

1 +5(1 - M) +7790(MF(751722= cey”2p—1,T — y7A))
Therefore, the truth-membership contraction inequality is satisfied.

<M<1.

Similarly,
1 +€[+n9(nF(zlvz27 ceesZn—1,T — y7)\)) 2 17
and hence ;
> 0.
L+ &I+ 00 (np(z1, 22, -2y 201, T — Y, A))
Since
(21, ..y Zne1, T2 — TY, A) = 0,
the indeterminacy-membership contraction inequality is satisfied.
Likewise,
L+EN +n¢Y (ve(21, 22, 21, — Y, A)) > 1,
and hence
N
> 0.
L+EN +n (vp(z1, 22, ooy 2ne1, & — Y, N))
Since

3
vi(z1, ooy 2n1, T8 — TY, A) = 0,

the falsity-membership contraction inequality is satisfied.

Therefore, all three contraction inequalities in Definition 7.2 are satisfied. Hence, 7 is a
Fermatean neutrosophic (¢, 6, 1)-contraction mapping on A. O

The action of the zero mapping and its effect on the Fermatean neutrosophic cubic degrees
are illustrated in Figure 1. The notion of a fixed point in this setting is the same as in classical
fixed point theory: a point remains unchanged under the action of the mapping. However,
the existence and uniqueness of such a point will be established using the structure of the
Fermatean neutrosophic n-normed linear space and the contraction conditions defined above.
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(a) Action of the zero mapping (b) Fermatean neutrosophic cubic degrees

3 [ 1\:2 T T T T 1’.5‘ T T 1 I
T1

/ 0
®
e

- 1€ 06
= 2

= 04
o

0.2

-3 7(z;) =0 for every z; € X T4 K ng(te —Ty) = vi(te —Ty) =0
| ! ! ! ! ! ! ! ! ! ! ! | 0‘ ! | ! | ! | ! | |
-3 -2 -1 0 1 2 3 0 1 2 3 4 5 6
21 . 215 -5 21,2 — 9|
A

FIGURE 1. The zero contraction mapping: (a) every point is mapped to the
unique fixed point z* = 0 in a representative two-dimensional projection, and (b)
the cubic truth-membership, indeterminacy-membership, and falsity-membership
degrees as functions of the normalized n-norm r. After applying 7, one has r = 0

and (g, nje, Vi) = (1,0,0).

Definition 7.3. Let A = (X, Wi, NE, UV, *,<>) be a Fermatean neutrosophic n-normed linear
space, and let 7 : X — X be a mapping. A point x € X 1is called a fized point of T in A if
7(x) = .
Example 7.2. Let X = R" and define the usual n-norm on X by

lv1, va, ... v, || = |det(vy,ve, ..., 0)]|,

where vy, vy, ...,v, € R".
For vy, v, ...,v, € X and A > 0, define

A\ 3
/J,F<'U1,U2,...,’Un,>\):( - ||> ,

A + ||U1,UQ,

1
UV1,V9,...,0 3
nF(UbUQ?"-;Un’)\) == ( “ L2 ) ”H ) :

2N + |1, v, . . v

and

1
3
I/F(m,vg,...,vm)\):( |1, va, ..o vl ) |

A + ||U1, Vo, ... ,UnH
Let
axb=ab and aob=a+b—ab
for all a,b € [0,1]. Then, A = (X, /LF,T]F,I/F,*,O) 1s a Fermatean neutrosophic n-normed
linear space.
Define a mapping
T X=X

by

where



We claim that ©* = 2¢ = (2,4,6,...,2n) is a fized point of T in A.
Proof. By Definition 7.3, a point x* € X is a fixed point of 7 if
T(x*) =",
Take
x* = 2c.

Then,
Since z* = 2¢, we obtain

Thus,

Hence,
¥ =2c=(2,4,6,...,2n)

is a fixed point of 7 in the Fermatean neutrosophic n-normed linear space A = (X S, NE, VR, %, <>) .
Moreover, if z € X is any fixed point of 7, then

7(z) = .
Therefore,
1
c+=-r=ux,
2
which implies
1
c=—-x
2
Thus,
T = 2c.
Therefore, the fixed point of 7 is unique. 0
(a) Component profiles for n = 8 (b) Geometric convergence
16 o o« w2 s 1 —— :
F—A— T3 —e— T4 .7 1 .
14 | -e- 2" =2c |
12 = !
i s
~ 10| | i
£ 8} =3 I
6l |
4 i 2—6 |- Contracti®n rate 5
_ 1
9| 07| pP=3 1
0 i | | | | | | | | | 2_8 - | | | | | | | I
1 2 3 4 ) 6 7 8 0 1 2 3 4 5 6 7 8
Component index i Iteration number k&

FIGURE 2. Fixed point iteration for 7(z) = ¢+ fz: (a) componentwise conver-
gence to x* = 2¢ in the representative case n = 8, and (b) geometric decay of the

normalized error with contraction rate p = %
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The following theorem is a Banach-type fixed point theorem in a complete Fermatean neu-
trosophic n-normed linear space. It shows that if a mapping satisfies an appropriate Fermatean
neutrosophic contraction condition, then the Picard iteration

Tp41 = Tk

converges to a unique fixed point of 7. This result provides the foundation for applying the
proposed space to operator equations and related problems.

Theorem 7.1. Let A = (X, WF, N, VF, Min, max) be a complete Fermatean neutrosophic n-
normed linear space. Assume that, for every fited V€ X", pp(V,\) is non-decreasing in X,
whereas np(V, ) and vp(V, X) are non-increasing in A, and
lim ,up(v, A) =1, lim np(\~/, A) =0,
A—00 A—00
and _
lim vp(V,\) = 0.
A—00
Suppose that 7 : X — X 1is a Fermatean neutrosophic n-contraction mapping; that s, there

exists a constant p € (0,1) such that, for every x,y € X, every z1,z2,...,2,-1 € X, and every

A>0,
3 — A > 3 — é
Pe(z1, 20, ooy 2n1, T — TY,N) > o | 21,22y« -y Zn_1, T y,p ,

A
(21, 22, - ooy Zne1, T — TY, ) < 1 (21, 29,0y Zn_1,T — Y, ;) ,
and
3 3 A
V21,22, ooy 201, TC — TY, A) < U | 21,22, -+ oy Zn_1, T — ¥, )
Then T has a unique fived point in X.
Proof. Let xq € X be arbitrary. Define a sequence () in X by

Lhy1 = Tk, k:O,l,Q,....

We first prove that () is a Cauchy sequence in A.
Let € € (0,1), A >0, and 21, 29, ..., 2,1 € X be arbitrary. For j > 1, since

Tjy1 —Xj =TLj — TLj—1,

the contraction conditions give

A
3 3
Wi (215 ey Zne1, Tip1 — Tjy A) > g (21,...,zn1,a:] Tj_1, — ;

A
3 3
(215 Zne1, Tiv1 — T, A) < N (zl,...,znl,x] T 1’/)
and
3( i _ . A < 3
Vp 21y -5 Zn—1, Tj+1 Ty, )_VF Rly«-+y@n—1,Tj — Lj-1, —

For every 7 > 1 and every t > 0, we obtain

Rl R

and

3 3
V(21 ooy Zne1, i1 — 4, 1) < Ve | 215 .-y Zn—1, T1 — To,

7 t) > b -
MF(ZlV" Zn— 1,$J+1 l'], )—/JJF 21y y”fn—1,21 LE(],

3 3
(21, -y Zn1, Tjp1 — 5, ) < g (zl, e Zn—1,T1 — X,
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Now, let p > k. Then,
Tp — T = (.Tp — l’p_l) + (Ip_l — $p_2) + -t ($k+1 — I‘k)

Forj =k, k+1,...,p—1, put '
= (1= P/

=(1-p /\Zp]k

= ( — pp ) < A
Since pp is non-decreasing with respect to A, and since the ¢-norm is min, the triangle-type
condition gives

Then

’B
,_.

T
ko

3
W21,y Zne1, Tp — Ty A) > k<m<1n l,uF(zl, ey Zne1, Tj1 — X, ).
<j<p

Using the estimate for successive differences, we obtain

t:
/,L%(Zl, ey Bn—1,Lj41 — fﬂj,t]’) 2 /1,% (21, ey Rpn—1,T1 — X, EJ) .
But ( i
t; 1—p)p? %A _
L= =(1-p)N "
p p
Hence,
u%(zla <y Zn—1,Lp — Tk, )\) > ,u?})? (Zb <y Zn—1, L1 — Zo, (1 - P))\pik) .

Since p € (0,1),
(1—p)ApF — as k — oo.
Therefore,
113, (21, ey Zn—1,T1 — T, (1 — p))\p_k)
— 1.
Thus, there exists k; € N such that

3
W21y 21, Tp — Ty A) > 1 — ¢

for all p > k > ky.
Similarly, since ng is non-increasing with respect to A and the ¢-conorm is max, the triangle-
type condition gives

3
T]F(Zl, ceey Rn—1,Tp — l'k,)\) < k<Hl<aX 17’]F(Zl, ceey RBn—1,Tj41 — x]-,tj).
<j<p—

Using the contraction condition repeatedly, we get

Ne(21y oy 21, Tjg1 — Tjy ty) < (zl, ey Zn1,T1 — Xg, (1 — p))\p’k) )
Therefore,
Ne(215 -y Znet, Tp — Ty A) < 1 (zl, ey Zn1,T1 — Xg, (1 — p))\p’k) )
Since
(1= p)Ap™* — o0,
we obtain

ny (zl, ey Zn1,T1 — Xg, (1 — p))xp_k) — 0.
Hence, there exists ko € N such that
No(21, ey 21, Tp — Ty A) < €
for all p > k > ko.
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Likewise, since v is non-increasing with respect to A, the triangle-type condition gives

3
21Ty — T, A) < max Vp(21, ..., Zne1, T — T, 1)

3
VF(Zla o = ;
k<j<p—-1

Using the contraction condition repeatedly, we get
Vi(21s oo 21, T — 5, t) SV (21,00 2em1, @1 — @0, (L= p)Ap~F) .
Therefore,

V(21 ey Zno1, T — Ty A) < Ui (zl, ey Zn1,T1 — Zo, (1 — p))\p’k) )

Again, since
(1= pAp™" — oo,
we obtain
vy (zl, ey Zn1,T1 — Zg, (1 — p))\p*k) — 0.
Hence, there exists k3 € N such that

vi(a, ..

21, Tp — Ty, A) < €
for all p > k > ks.
Let
ko = HlaX{kl,kQ,k'g}.

Then, for all p > k > ky,

(21, ey 21, Ty — T, A) > 1 — ¢,
No(21, oy Zn1, Tp — Thy A) < &,
and
V(21,0 oy Zn 1, Tp — Ty A) < €.

If & > p, the same inequalities follow by interchanging k£ and p and using the homogeneity

condition with scalar —1; if & = p, they hold trivially. Therefore,
sequence (xy) is Cauchy in A.

Since A is complete, there exists u € X such that z, — u in A.
We now prove that u is a fixed point of 7. Since
L1 = Tk,
we have
Thy1 — TU =TT — TU.
Applying the contraction conditions, for every A > 0,
A
/L%(Zl, <oy =1, Tkl — TU, A) > ,u% (Zla cees =1, Tk — U, ;> )
3 —Tu,\) <0} a2
(215 ooy Zn1, Thao1 — TUA) <N | 21,0y Zno1, T — U, 5
and
3 o ) < 3 o é
Vi(21y e ooy Zne1, The1 — TUN) S Vi | 21,0y Zno1, T — U,y )

Since xp — u, the right-hand sides tend to 1, 0, and 0, respectively. Hence,

by Definition 5.1, the

3
Ur( 21,y ey Zn1, T — TU, A) —> 1,
3
(21, ooy Zn1, Tpy1 — TU,A) —> 0,
and
3
Ve(21, - Zp—1, Ty — TU, A) — 0.
Therefore,

Thy1 — TU.
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On the other hand, since x — u, the shifted sequence (zj,1) also converges to u. By the
uniqueness of the limit in Theorem 4.2, we obtain

TU = U.

Thus, u is a fixed point of 7.
It remains to prove uniqueness. Suppose that u,v € X are fixed points of 7. Then

TU = U and TV = 0.
For every A > 0, the truth-membership contraction condition gives
u%(zla sy RAn—1,U — U, )‘)

= (21, 21, TU — TV, A)

H )
ZMF Zla~"7zn—17u_1)7; :

Applying this repeatedly, we obtain

u?«"‘(zla ey Zp—1,U — U7)‘>
3 A
> Pp le--vzn—l,u_vap_m

for every m € N. Since p € (0,1),

A

— — as m — 00.

pm
Hence,

3 A
W zl,...,zn_l,u—v,p—m — 1.

Therefore,

M%(Zl, ceey Ap—1,U — U7)\) = 17
and thus

(21, .y 21,0 — v, A) = 1.
This means that

1522y« +y"n—1,U — U

are linearly dependent.
If u # v, then u — v # 0. We may choose z1, 22, ..., 2,_1 € X such that

15225+« -y "n—1,U — U
are linearly independent. This contradicts the conclusion above. Hence, u = v. Therefore, 7
has a unique fixed point in X. O
8. APPLICATION

In this section, we present an application of the fixed point theorem in a Fermatean neutro-
sophic n-normed linear space. The main purpose is to show that the abstract fixed point result
can be used to guarantee the existence and uniqueness of solutions of operator equations. In
particular, we consider an affine operator equation of the form

T =c+ax,
where ¢ € X is fixed and « is a scalar satisfying |o| < 1.
This equation can be rewritten as the fixed point problem
T(z) =z,
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where 7 : X — X is defined by

T(x) = ¢+ ax.
Therefore, if 7 satisfies the Fermatean neutrosophic contraction condition, then the fixed point
theorem ensures that the equation has a unique solution.

Theorem 8.1. Let X = R™ and define the usual n-norm on X by ||vy, va, ..., v,]| = |det(vy, ve, ..., v,)]|.
Forwvy,...,v, € X and X\ > 0, define

Y ; §
/w@h~w%’)_(A+Hmw~Wﬂ)’

1
Vlyvvn,Up 3
nF(Ulw--;Um)\) = ( “ 1 H ) :

2)\4’ ||U1, e ,Un“

and

1
3
VF(Ul,...,Un,)\) — ( “Ul""’vnH ) |

A + ||Ul, c. ,’UnH
Let
a* b = min{a, b} and  aob=max{a,b}.
Then, A = (X, W, Mg, VEp, Min, max) 15 a complete Fermatean neutrosophic n-normed linear
space.
Let ¢ € X be fized and let o € R satisfy |a| < 1. Consider the operator equation x = ¢+ ax.
Then this equation has a unique solution in X.

Proof. First, if

D = ||lvy,... 0],
then \ 5
i (V1s U, A) VR (01, U, A) = T D + T 1
Moreover,
(1, . Ve A) F (v, U, )+ Ue(0n, U, A) = 1 D < 2.

Thus, the Fermatean neutrosophic admissibility conditions are satisfied.
Define a mapping

T: X > X

by
7(x) = ¢+ ax, r e X.

The operator equation

r=c+ar
is equivalent to the fixed point equation

T(r) = .
Choose p € (0,1) such that

laf <p <1

Let z,y € X, let z1,29,...,2,_1 € X, and let A > 0. Since
e — 1Yy = (c+ax) — (c+ ay) = alzr —y),
we have
21, 22, - - s 21, T2 — TY|| = || |21, 225 - - oy 21, T — Y-
Put
D =z1,29,..., 201, — Y|

102



Then,
HZIJ'Z27 ceey Rn—1,TT — Ty” - |OZ|D S p‘D

For the truth-membership function, we obtain

A
/L?;;(Zl, ey Rp—1, T — TY, )\) = m
Because |a| < p, it follows that
A A
> .
At |a|D — X+ pD
But
A A
ApD  Np+ D
Therefore,

A
u%(zl, ey 1, TT — TY, A) > ,u% (zl, 1, T — Y, ;) )

For the indeterminacy-membership function, we have

3 la|D
e 21, T = TY,A) = ————.
Ne(Z1, oy 201, TT — TY, A) N+ alD
The function
. rD
r
2\ +1rD
is non-decreasing for » > 0. Consequently,
la| D < pD
2\ + |a|D T 2X+ pD°
Since
pD D
2\ +pD  2\/p+ D’
we obtain

A
7}?:(2’1, ey 21, T — TY, A) < 77}9’J (21,...,zn_1,x -, ;) )

Similarly, for the falsity-membership function,

V21, g1, T — TY, \) = %.
Therefore,
la| D < pD D
AlalD = X+pD  Ap+D
Hence,

A
3 3
V21, ooy 2n1, T — TY, A) < U (21, e 21, T — 1, ;) )

Thus, 7 is a Fermatean neutrosophic n-contraction mapping with contraction constant p €
(0,1). Since A is complete, Theorem ?? implies that 7 has a unique fixed point z* € X.
Therefore,

Hence,

and consequently,



Since |a| < 1, we have o # 1. Thus,

. c
"= .
1 -«
Therefore, the equation
r=c+axr
has the unique solution
c
¥ =
-«

O

This application shows that the fixed point theorem in a Fermatean neutrosophic n-normed
linear space can be used to guarantee the existence and uniqueness of solutions of operator
equations of the form

r =T1(x).
In particular, the affine equation

r=c+oax
has a unique solution whenever |a| < 1.

Example 8.1. Let X = R? and define the usual 2-norm on X by

det (ul Ul) ,
U V2

where u = (uy,us) and v = (vy,v,) are elements of R?.
Foru,v € X and A\ > 0, define

A —/\ :
“““”’)‘(A+nmm0 ’

1
U, v 3
(.0, ) = (M) |

[, vl =

2\ + ||u, v]|
and )
|, vl )3
) 7)\ = ENETEAT .
v v A) (A+vaH
Let

a* b = min{a, b}, a o b=max{a,b},
for all a,b € [0,1]. Then A = (X, WF, ME, VR, Min, rnax) 18 a complete Fermatean neutrosophic
2-normed linear space.
Define the mapping

T: X=X
by
7(x) = c+ ax,
where )
c=(2,4) and a=g.
Thus,
1
T(z) = (2,4) + 5%
Since
la| = 1 <1
=5 ,
the mapping T 1s a Fermatean neutrosophic contraction mapping with contraction constant
1
p - 2'



The fized point x* of T satisfies

T(z*) = z".

Hence,
(2,4)+ zz* =2"

Therefore,

—z* = (2,4),
and so

" = (4,8)
Thus, the unique fixed point of T is

" = (4,8)
Indeed,

7(4,8) = (2,4) + %(4,8) — (2, 4)+ (2,4) = (4,8).

Therefore,

T(z*) = 2",
Now, we verify the contraction behavior numerically. Take
xz = (0,0), y=(2,1), z=(1,3), A=2.

Then,
r—y=(-2,-1).
Hence,
2z —yll = det (1 "2) = |=146/=5
’ 3 -1 '
Therefore,
pp(rr—y.2) = o =
£ ’ 2+5 7
5 5
3 —.2) = ==
and . .
vp(z,o —y,2) = 5y 7
Next,
T(z) = (2,4) + 5(0,0) = (2,4),
and 0
) = @24+ 50 = (33)
Thus,

Hence,

1 -1 5
|z, 7(x) = 7(y)|| = |det (3 T ‘ - ‘ _+3‘:§'
2
Therefore,
Her(a) ~7(0).2) = 5o = o
Hrlz, y), 2+% = 9’
3 5
7 - 2 - 2 = —
np(z, 7(x) = 7(y),2) TOEERRE



and
2 5
V%‘(ZvT(I) - T<y)72> = 2 j_ g = §
Now, we observe that
4 - 2
9~ 7
S0
M%(Z,T(Jf) - T(y)72) > [l,gF(Z,JZ - Y, 2)
Moreover,
) - 5
13 9’
S0
77F(277<I> - T(y)72) < 77?7(’27'7" - y72)
Also,
5.0
9 7T

S0
Vi
Thus, under the mapping 7, the truth-membership degree increases, while the indeterminacy-

(Z, 7'(.’13') - T(y)> 2) < V%(Z,aj - Y 2)
membership and falsity-membership degrees decrease. This confirms the contraction behavior in

the Fermatean neutrosophic 2-normed linear space.

Finally, starting from
To = (07 0)7
the fized point iteration
Tr1 = T(T%)
gives
Ir = T(I’(]) = (2,4),
To = T(LC1> = (3, 6),
7
€T3 = T(:I;Z) (57 7> )
15 15
gy =T(13) = (—, ?)
In general,
1 1
= (10-5) 2 (%))
and hence
x — (4,8) as k — oo

Therefore, T has the unique fized point x* = (4, 8).
The convergence of the fixed point iteration is illustrated in Figure 3. The iterates remain

on the line 22 = 22 and approach the unique fixed point (4, 8).
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(a) Tteration path in R? (b) Componentwise convergence

of T T ‘x*f
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FIGURE 3. Fixed point iteration for 7(z) = (2,4) + 3 starting from z, = (0, 0):
)

(a) the iteration path in R? and (b) the componentwise convergence to x* = (4, 8).

8.1. Application to a Nonlinear Operator Equation. We now apply the fixed point the-
orem to establish the existence and uniqueness of a solution of the nonlinear operator equation

r=c+G(x),
where ¢ € X is fixed and GG : X — X is a nonlinear operator.

Theorem 8.2. Let A = (X, WF, MF, VE, Min, max) be a complete Fermatean neutrosophic n-
normed linear space. Suppose that G : X — X satisfies

Hzlv 29500y Rn—1, G('I) - G(y)” S QHZh 22y vy Zn—1,L — y”
for every x,y € X, every z1, 2o, ...,2,_1 € X, and some constant
0<qg<l.

Assume that the Fermatean neutrosophic functions are defined by

A\ . §
/w@b~w%’)_(A+Hmw~Wﬂ)’

1
VlyevvyUn 3
77F(”17-"7Un7/\):( || ! H ) )

2A + ||vg, - - o

and )
[~ )3
vep(v1, ..., Up, A) = .
r(v: ) ()\+|]v1,...,vn|\
Then, for every fixed ¢ € X, the nonlinear operator equation
r=c+ G(x)
has a unique solution in X.
Proof. Define the mapping
T: X=X
by
7(x) = c+ G(x).
Then,



Therefore,

HZ17 cees Rn—1; 7’(33) - T(y)H < QHZ1> sy An—1, T — y”
Put
D=|z,..., 21,2 — Y|
and
D, = |lz1, -, 21, 7(x) — T(y)]].
Then,
D; < qD.
For the truth-membership function, we have
(21, 2ne1, () — T(Y), A) = 3 _:\DT.

Since D, < gD, we obtain

A S A
AN+D; — A+qD
Moreover,
A Aa
A+q¢D  MNq+D
Consequently,

(21, zne1, T(2) — T(y), A) > (21, ey Zn1, T —

For the indeterminacy-membership function, we have

Bt (@) — (), ) = mi—TDT'
Therefore,
D, __ 40 _ D
2AX+ D, ~— 2X+qgD  2\/q+ D’
Hence,

(21, oy 2ne1, T(2) — T(y), A) < 03 (21, ey Zn—1, T —

Similarly, for the falsity-membership function,

f D,
V});‘(Zb .- .,anl,T(.’ﬂ) - T(y>7)‘) = AN+ D
Thus,
D, < D D
AD, = A4+qD Mg+ D
Therefore,

V?;(Zl, ey Zne1, () = T(y), A) < 1/13} (21, ey 1, T —

A)
Yy, — |-
q

)\)
Yy, — |-
q

)\)
Yy, — |-
q

Hence, 7 is a Fermatean neutrosophic n-contraction mapping with contraction constant ¢. Since
A is complete, Theorem 77 implies that 7 has a unique fixed point z* € X. Thus,

T(z*) = 2",
Equivalently,
r* =c+ G(x").
Therefore, the nonlinear operator equation
r=c+ G(x)

has a unique solution in X.
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Example 8.2. Let X = R with the usual 1-norm ||z|| = |z|. For x € R and A > 0, define

A\
o= (555)

and

Let
a* b= min{a, b}, a b =max{a,b}.
Then A = (R, JF, MF, VE, Min, max) 15 a complete Fermatean neutrosophic 1-normed linear
space.
Consider the nonlinear equation

r=1+ %tanh(x —1).
Define
T(z) =1+ %tanh(x —1).
For every x,y € R, the mean value theorem and the inequality
| tanh u — tanhv| < |u — |
qive
() — 7(y)] = 3] tanh(z — 1) — tanh(y — 1)| < fz — |

Thus, T 1s a contraction with contraction constant

1

q:§-

Therefore, by Theorem 8.2, the nonlinear equation has a unique solution.
We observe that

1
(1) =1+ §tanh(0) =1
Hence, the unique solution is
=1
Starting with xq = 0, the fixed point iteration
1
Tpo1 =1+ 3 tanh(xy — 1)
gives approrimately
x1 = 0.619203,
xy = 0.818310,
x3 = 0.910140,

x4 = 0.955190.

Continuing this process gives

Thus, the fized point iteration converges to the unique solution
=1
The convergence of the fixed point iteration is illustrated in Figure 4. The unique intersection
of y =z and y = 7(z) occurs at (1, 1).
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FIGURE 4. The graphs of y = z and y = 1 + %tanh(x — 1), together with the
fixed point iteration starting from zy = 0.

9. CONCLUSION

In this paper, we introduced and investigated a Fermatean neutrosophic n-normed linear
space. The proposed structure combines the geometric properties of an n-normed linear space
with three functions

MF777F7VF3Xn X (0,00) — [071]7

representing the truth-membership, indeterminacy-membership, and falsity-membership de-
grees, respectively. These functions were considered under the Fermatean-type admissibility
conditions

0 < ub(V,A) +va(V,A) <1
and
0 < pb(V, ) +n2(V, ) +va(V, ) <2

Thus, the proposed space retains the cubic flexibility of a Fermatean-type structure while
explicitly incorporating an independent indeterminacy function.

Several fundamental concepts of analysis were developed in this framework. In particular,
we defined open balls, convergence, Cauchy sequences, and completeness by using the asymp-
totic behavior of the three Fermatean neutrosophic functions. We proved that the limit of a
convergent sequence is unique and established equivalent characterizations of both convergence
and Cauchy sequences. We also showed that every convergent sequence is Cauchy.

Concrete examples based on the determinant n-norm on R™ were provided. These examples
demonstrate that the proposed axioms are consistent with the usual geometric interpretation
of an n-norm. The truth-membership function tends to one as the associated n-norm tends to
zero, whereas the indeterminacy-membership and falsity-membership functions tend to zero.

We further introduced Fermatean neutrosophic n-contraction mappings and established a
Banach-type fixed point theorem in complete Fermatean neutrosophic n-normed linear spaces.
It was proved that every mapping satisfying the proposed contraction conditions has a unique
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fixed point. Moreover, the sequence generated by the Picard iteration

Th1 = 7(x1)

converges to that fixed point.
Finally, the fixed point theorem was applied to affine and nonlinear operator equations. In
particular, the affine equation

r =c+ az, la] < 1,
was shown to possess the unique solution
c

f— .
l—«

The nonlinear application also demonstrated how a suitable Lipschitz condition leads to the
existence and uniqueness of a solution. These applications illustrate the usefulness of the
proposed framework in studying operator equations involving uncertainty and indeterminacy.

Consequently, Fermatean neutrosophic n-normed linear spaces provide a flexible extension of
fuzzy, intuitionistic fuzzy, Fermatean fuzzy, and neutrosophic normed structures. The theory
developed in this paper creates a foundation for further investigations in generalized functional
analysis, fixed point theory, approximation theory, and nonlinear operator equations.

10. SUGGESTIONS AND FURTHER STUDY

The results obtained in this paper suggest several directions for future research. These
directions are supported by related developments in fuzzy, intuitionistic fuzzy, Fermatean fuzzy,
and neutrosophic spaces.

(1) Generalized contraction mappings.

The fixed point theorem may be extended to Kannan, Chatterjea, Reich, Hardy—
Rogers, Geraghty, Meir—Keeler, Cirié, rational, and integral-type contraction mappings.
Generalized fuzzy and intuitionistic fuzzy contractions have already produced important
extensions of the Banach contraction principle [33, 34, 38, 39]. Analogous contraction
conditions can therefore be investigated in Fermatean neutrosophic n-normed linear
spaces.

(2) Common, coupled, and multidimensional fixed points.

Common fixed points of two or more mappings may be studied under commutativ-
ity, compatibility, weak compatibility, or occasionally weak compatibility assumptions.
Coupled fixed point theorems have been established in intuitionistic fuzzy normed spaces
[61], while related contraction results have been obtained in complete intuitionistic fuzzy
normed linear spaces [39]. These results motivate the investigation of common, coupled,
tripled, and multidimensional fixed points in the present framework.

(3) Best proximity and approximate fixed points.

When a mapping is not a self-mapping, a fixed point may not exist. Therefore, best
proximity points and approximate fixed points may be developed as alternatives to exact
fixed points. The contraction techniques used in fuzzy metric spaces [30, 32, 33] may
provide a foundation for obtaining such results in Fermatean neutrosophic n-normed
linear spaces.

(4) Alternative t-norms and t-conorms.

The fixed point theorem proved in this paper is mainly formulated using the mini-
mum ¢-norm and maximum ¢-conorm. Future work may consider product, Lukasiewicz,
Hamacher, Dombi, Frank, and other continuous t-norms and ¢-conorms. The impor-
tance of these operations in fuzzy and intuitionistic fuzzy spaces can be observed in
[35, 36, 21], while Dombi operators in a Fermatean fuzzy environment were investigated
in [9].
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(5)

(10)

(12)

General ¢-power structures.
The cubic Fermatean-type conditions may be extended to a general g-power structure.
For example, one may consider

PV )+ A (VN <1, =1,

together with a suitable admissibility condition involving n%. The progression from
intuitionistic fuzzy sets to Pythagorean and Fermatean fuzzy sets [2, 3, 4, 7] suggests that
such a generalization could lead to a unified family of ¢-rung Fermatean neutrosophic
n-normed linear spaces.

Topological properties.

The topology generated by Fermatean neutrosophic open balls may be investigated
in greater detail. Relevant properties include first and second countability, separa-
bility, compactness, connectedness, local compactness, total boundedness, and con-
tinuity. Earlier investigations of fuzzy and intuitionistic fuzzy topological structures
[27, 28, 29, 35, 36] and neutrosophic metric spaces [46] provide useful foundations for
this study.

Completion theory.

A general construction of the completion of an incomplete Fermatean neutrosophic
n-normed linear space should be developed. The completion of intuitionistic fuzzy 2-
metric spaces was investigated in [60], while finite-dimensional fuzzy normed spaces were
studied in [31]. Similar methods may be adapted to determine whether every Fermatean
neutrosophic n-normed linear space can be embedded densely and isometrically into a
complete space.

Bounded and continuous operators.

Fermatean neutrosophic bounded linear operators, continuous operators, operator
norms, dual spaces, and compact operators may be defined and studied. In particular,
the relationships among boundedness, continuity, convergence, and completeness should
be established. Continuity, boundedness, and Fréchet differentiation for nonlinear op-
erators between neutrosophic normed spaces were studied in [56], providing a useful
starting point for such an operator theory.

Approximation and stability theory.

The proposed structure may be applied to best approximation, projection methods,
iterative approximation, and Hyers—Ulam stability of functional equations. Fixed point
methods have already been used to investigate the stability of functional equations
in neutrosophic normed spaces [58]. It would therefore be meaningful to formulate
corresponding stability results using the Fermatean neutrosophic n-norm.
Differential and integral equations.

The fixed point theorem may be applied to ordinary differential equations, fractional
differential equations, Volterra integral equations, Fredholm integral equations, and
integro-differential equations. Fixed point results in an extended neutrosophic rectan-
gular metric space have been applied to a Caputo fractional differential equation in
[62]. This indicates that Fermatean neutrosophic n-normed spaces may also provide an
appropriate setting for studying differential and integral equations involving uncertain
and indeterminate data.

Multivalued mappings.

The proposed theory may be extended to set-valued mappings by defining a Fer-
matean neutrosophic form of the Hausdorff n-norm. This extension may lead to Nadler-
type fixed point theorems, selection results, and applications to differential inclusions.
The methods developed for orthogonal neutrosophic contractions in [53] may be useful
in formulating suitable multivalued contraction conditions.

Ordered and orthogonal structures.
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A partial order or an orthogonality relation may be added to a Fermatean neutro-
sophic n-normed linear space. Fixed point theorems for monotone or orthogonally pre-
serving mappings could then be established. Orthogonal fixed point methods have been
successfully studied in neutrosophic metric and 2-metric spaces [53, 57], which provides
motivation for this extension.

(13) Statistical and summability convergence.

Statistical, ideal, lacunary, Cesaro, Abel, and matrix convergence may be formulated
through pup, np, and ve. Statistical and ideal convergence have been studied in intu-
itionistic fuzzy n-normed spaces [23, 24, 25, 26]. Statistical and matrix convergence in
neutrosophic normed spaces have also been investigated in [48, 54]. These results may
be extended to the Fermatean neutrosophic n-normed setting.

(14) Iterative algorithms and convergence rates.

In addition to the Picard iteration, future studies may examine Mann, Ishikawa,
Noor, Krasnosel’skii, and viscosity iteration methods. Their convergence rates, stability
properties, and error estimates may be described using the three functions pg, nr, and
vr. Existing fuzzy contraction principles [34, 39] provide useful tools for analyzing such
iterative procedures.

(15) Practical applications.

The proposed framework may be applied to optimization, control systems, image pro-
cessing, pattern recognition, medical diagnosis, risk analysis, and multi-criteria decision-
making. Existing Fermatean fuzzy applications include supplier selection [10], medical-
material selection [14], electric-vehicle charging-station selection [12], and decision-
making under interval-valued Fermatean information [13]. These studies indicate that
Fermatean neutrosophic n-normed models may be useful when geometric information,
uncertainty, and indeterminacy occur simultaneously.

These research directions indicate that Fermatean neutrosophic n-normed linear spaces have
considerable potential for further theoretical and applied development. Future investigations
may establish deeper connections with nonlinear functional analysis, operator theory, general-
ized metric spaces, approximation theory, differential equations, and uncertainty modelling.
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