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PREFACE

Here for the first time we introduce the semi open square using
modulo integers. Authors introduce several algebraic structures
on them. These squares under addition modulo ‘n’ is a group
and however under product x this semi open square is only a
semigroup as under x the square has infinite number of zero
divisors. Apart from + and x we define min and max operation
on this square. Under min and max operation this semi real open

square is a semiring.

It is interesting to note that this semi open square is not a
ring under + and x since a x (b + ¢) #a x b+ a x ¢ in general for
all a, b and ¢ in that semi open square. So we define the new
type of ring call pseudo ring. Finally we define S-vector spaces

and S-pseudo linear algebras using them. This concept will in



due course of time find lots of applications. Several open

problems are suggested for interested researchers.

We wish to acknowledge Dr. K Kandasamy for his
sustained support and encouragement in the writing of this
book.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

ALGEBRAIC STRUCTURES USING
SEMI OPEN REAL SQUARE

{(a, b) | a, b €0, n)}

In this chapter authors for the first time introduce algebraic
structures on the square which is open in two sides and closed in
the other two sides. To be more precise the real square of side n,
n > 1 is of the form

The elements of the form (n, n), (n, a), (a, n) are not in the
real square.

We will illustrate this situation by some examples.
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Example 1.1: Let M = {(a, b) | a, b € [0, 2)} be the real semi
open square of side length less than two.

Example 1.2: Let P = {(a, b) | a, b € [0, 3)} be the real semi
open square of side length less than three.

Example 1.3: Let T = {(a, b) | a, b € [0, 12)} be the real semi
open square whose side length is less than twelve.

Clearly (0,12) ¢ T. (0,11.999) € T.
We define operations on these new types of squares.

Example 1.4: Let A= {(a,b)|a, b e [0, 11)} be a real semi
open square.

Now letx =(5,7) and y = (6, 4) € A.
x+y=(@G,7+(6,4)=(11,11)=(0,0).
x is the inverse of y with respect to the operation addition +.

Letx=(2,9)and y = (10, 5) € A.
x+y=(2,9)+(10,5)=(12,14)=(1,3) € A.

Further ‘+’ is a closed operation on the semi open square A
and is side length < 11. ‘+’ is commutative for x + y =y + x
forall x,y € A.

Let (9, 10) € A we have (0, 0) + (9, 10) = (9, 10) € A.

(0, 0) is additive identity of A.

Ifx=(3.1,1.52) € A theny = (7.9, 9.48) € A is such that

x+y = (3.1,1.52)+ (7.9, 9.48)

=(3.1+7.9,1.52+9.48)
= (11, 11)= (0, 0).
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So x € A is the inverse of y € A thus x +y = (0, 0).

Example 1.5: Let A= {(X,y)|X,y € [0, 4)} be the semi open
real square of side length less than four.

Let Y = (0.378, 1.37) and X = (3.622, 2.63) € A.

Wesee X +Y = (0.378, 1.37) + (3.622, 2.63)
= (0.378 +3.622, 1.37 + 2.63)
= (0, 0).

Y+Y =(0.378,1.37) +(0.378 + 1.37)
= (0.756,2.74) € A.

X+X =(3.622,2.63) + (3.622, 2.63)
= (7.244, 5.26)
=(3.244,1.26) € A.

A is a group under + modulo 4. A is commutative and is of
infinite order.

A has also subgroups of finite order.

Example 1.6: Let B= {(a,b)|a,b € [0, 7)} be the semi open
square of side less than 7. (B, +) is a group of infinite order.
Py={(a,0)|a € [0,7)} < B is a subgroup of infinite order.

P,={(0,b)|b € [0,7)} < B is again a subgroup of infinite
order.

T={(a,b) | a,b € Z;} < B is a subgroup of B of finite
order.

W={@b)| a,be {0,05,1,1.5,2,25,...,6,6.5}
[0, 7) is again a subgroup of finite order.

Example 1.7: Let M = {(a, b) | a, b € [0, 3)} be a semi open
square group under + of finite order.
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(0,3) f------- +3.3)

0 3.,0)

Letx=(0.31,2.15) e M.
x+x =(0.31,2.15)+(0.31, 2.15)
=(0.62, 1.30) € M.
Now —x = (2.69, 0.85).
This is the way operations are performed on M.
x +(—x) = (0, 0).

Inview of all these we have the following theorem.

THEOREM 1.1: Let S={(a, b)|a, b €[0,n), I <n < o} be the
real semi open square. (S, +) is an abelian group of infinite
order.

(i) S has subgroups of finite order.
(ii) S has subgroups of infinite order.

Proofis direct and hence left as an exercise to the reader.
Example 1.8: Let P = {(a,b)|a, b € [0,24)} be the semi open
group under addition of infinite order. B = {(a, b) | a, b € Zy}
c P be the finite subgroup of P.

M, = {(a, 0) | a € Zp4} < P is a subgroup of finite order.
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M, = {(0, a) | a € Zy4} < P is also a subgroup of finite order.

M; ={(@,0)|ae{0,2,4,6, .. 22} cZy} cPisa
subgroup of finite order.

M;={(0,a)|a e {0,2,4, ...,22} < Z»4} < P is a subgroup
of finite order.

T, ={(a,0) | a € [0, 24)} — P is also a subgroup of infinite
order.

We see A = {(a, b) | a,b € [0, n)} is a group under +.

Consider product on A = {(a, b) | a, b € [0, 10)}; the square
of side less than 10.

Letx=(5.3,3.111)andy=(2,7) € A.
xxy=(5.3,3.111)x (2,7)= (0.6, 1.777) € P.

Clearly x is a closed associative operation on A.
However (1, 1) acts as the multiplicative identity.

Let A= {(a,b)|a,b e [0, 6)}.
Letx=(0,3)andy=(5,2) € A.
x xy=(0,0).

Letx =(5,5) € Awesee x’=(1, 1)is a unitin A. Thus A
has zero divisors and has units.

Example 1.9: LetS = {(a,b)|a, b € [0, 7)} be the semi open
square semigroup under product. S has subsemigroups of both
finite and infinite order. S has zero divisors, no idempotents
other than {(0, 0), (1, 0), (0, 1), (1, 1)}. S has units for X = {(2,
5),(1,3),3,1),...} ={(a,b) |a,b € Z;\ {0} } are units of S.

Example 1.10: Let M = {(a, b) | a, b € [0, 12)} be the semi
open square semigroup under product of infinite order. M has
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zero divisors and units. P = {(a, 0) [a € [0, 12)} is a
subsemigroup of infinite order.

T=1{(a,b)|a,be Z,c[0,12)} M is a subsemigroup of
finite order. T has zero divisors of infinite order.

T has finite number of idempotents given by x = (4, 1) with
x*=xand y=(1,9) € M is such that y* =y and so on.

The study of zero divisors is an interesting feature of these
semi open square semigroups under product.

Example 1.11: Let T = {(a,b) |a, b € [0, 43)} be a real semi
open semigroup under product.

P={(a,b)|a,b e Zy\{0}} < Tisasubsemigroup and is a
subgroup under product so T is a Smarandache semigroup (S-
semigroup).

Example 1.12: Let M = {(a,b) | a,b € [0, 11)} be a real semi
open semigroup under product.

N={(ab)|a,beZ;\{0}} < Mis asubsemigroup. N is
a group.

Letx=(3,8), y=(4,7) € N;
xxy=(3,8)x4,7)=(1,1)eN.

Letx=(8,3)and y = (7, 4) € N is such that
xxy=(1,1)eN.

Let x = (1, 10) € N is such that x x x = (1, 1) is a unit
y=(9,2)and z= (5, 6) € N is such that
yxz=(9,2)(5,6)=(1,1) € Nis aunit of N.

Example 1.13: Let B = {(a, b) | a, b € [0, 13)} be the semi
open square semigroup under ‘x’.
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V={xy)|xy € Z3\ {0}} < B; Vis a group under
product. Thus B is a S-semigroup. B has zero divisors, infact B
has infinite number of zero divisors. No idempotents other than

{(0,0), (1,0), (0, 1), (1, 1)}

THEOREM 1.2: Let S = {(a, b) | a, b € [0, n)} be semi open
square semigroup under product. S is a S-semigroup if and
only if Z, is a S-semigroup.

Proof: S is a semigroup if Z, is a S-semigroup then there exists
a subset P  Z, such that P is a group. M = {(a, b) | a, b € P} is
a group, hence S is a S-semigroup. If S is a S-semigroup then S
has a subset which is a group.

Hence the claim.

Example 1.14: Let S = {(a,b)]|a, b € [0, 14)} be the real semi
open square.

Let (S, x) be the semigroup of infinite order.

Let P = {2, 4, 6, 8, 10, 12} < Z4; the table of P under
product is as follows:

X 2 4 6 8 10 | 12
2 4 8 12 | 2 6 10
4 8 2 10 | 4 12 | 6
6 12 | 10 | 8 6 4 2
8 2 4 6 8 10 | 12
10 6 12 | 4 10 | 2 8
12 10 | 6 2 12 | 8 4

P\ {0} is the group with 8 as the identity. So [0, 14)is a S-
semigroup.

Now L = {(a, b) | a, b € P} is a group under product.

Hence S is a S-semigroup.
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THEOREM 1.3: Let S = {(a, b) | a, b € [0, n), n < o} be the
semi open square semigroup under product. S is always a S-
semigroup.

Proof : Follows from the fact that T = {1, n—1} is a group
under product in Z, < [0, n). Hence Z, is a S-semigroup. Now
P = {1, 1), (1, n-1), (n—1, 1), (n-1, n-1)} < S is a
subsemigroup which is a group.

Hence S is a S-semigroup.
Example 1.15: Let M = {(a,b) | a, b € [0, 9)} be the semigroup

under product. P = {(1, 1), (1, 8), (8, 1), (8, 8)} = M is a group
of order four given by the following table.

X (1,1) (1,8) 8,1) | (8.9
(1,1) (1,1) (1,8) 8,1 | (8.9
(1,8) (1,8) (1,1) 8,8 | 8,1
8,1 8,1 (8,8) (1, | (1,8
(8,8) (8,8) (8,1) (1,8) | (LD

Thus M has subgroups of finite order. Thus M is a S-
semigroup.

Example 1.16: Let S = {(a,b) | a, b € [0, Z,), x} be the semi
open real square semigroup. S is a S-semigroup of infinite
order. S has infinite number of zero divisors but has only finite
number of idempotents.

Now we can build more groups using S = {(a, b) | a, b € [0,
n)} under + and more real semigroups using {S, x}. All these
will be illustrated by some examples.

Example 1.17: Let

T = {(a;, a, a3) | a; € {(c;, di) | ¢;, di €[0, 7)}, 1 <1< 3} be the
collection of all row matrices with entries from the real semi
open square of side less than 7. (T, +) is a group.
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Letx = {(3, 2.1), (1.5, 2.7), (5.21, 3.12)}
and y = {(0, 5.12), (3.712, 0), (0, 6.15)} e T.

x+y ={(3,0.22),(5212,2.7),(521,2.27)} e T.

Now x —y = {(3,2.1 - 5.12), (1.5 - 3.712,2.7),
(5.21,3.12-6.15)}

= {(3,2.1+1.88), (1.5 +3.288, 2.7),
(5.21,3.12 + 0.85)}
= {(3,3.98) (4.788,2.7) (5.21,3.97) e T.

Letx =1{(3,2.1),(1.5,2.7),(5.21,3.12)
—x = {(-3,-2.1), (-1.5,-2.7), (-5.21,-3.21)}
= {(4, 4.9), (5.5, 4.3), (1.79, 3.79)} € T, for
x € T we have {(0, 0), (0, 0), (0, 0)} € T is such that
x + {(0, 0), (0, 0), (0, 0)} =x.

Now for every x € T we have a unique —x € T such that
X+ (—X)
=((0,0), (0, 0), (0, 0))

Thus (T, +) is the real semi open square matrix group.

Example 1.18: Let M = {((a;, b)), (ay, by), (as, b3), (a4, by), (as,
bs), (ag, be)} | ai, by € [0, 10), 1 <1< 6} be the real square row
matrix real semi open square group under addition.

M is of infinite order. M has subgroups of both finite and
infinite order.

Example 1.19: Let

M=< 7| ae{(ab)label0,16)};1<i<12}



16 | Algebraic Structures on Real and Neutrosophic ...

be the semi open real square group of column matrices with
entries from the square of size whose side is less than 16.

M has subgroups of finite order as well as infinite order.

Example 1.20: Let

a, || aie {(a,b)|a,be[0,15)};1<i<15}

be the real square semi open matrix group under addition. S has
both finite and infinite order subgroups.

Example 1.21: Let

T=1{(aj]|ayasa4|asas|asagasa)|a e[0,24), 1 <i<10} be
the real semi open square super matrix group under addition. T
has subgroups of both finite and infinite order.

Pi={(@;|000]00|0000)|a; € Zyy} < T is asubgroup
of finite order. P, = Z,,4.

P,={(0]a,00]00|0000)|a, € Z4} < T is a subgroup
of order 24.

P;={0]0a;0|/00]0000)|a; € Zy} < T is a subgroup
of order 24.

Py,={(0]002a4s]00]|0000)|ay € Zp4} < T is a subgroup
of order 24.

Ps={(0]000]as0|0000)|as € Z4} < T is a subgroup
of order 24 so on.
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Piy={0]000]0|000 ay)|aj €Zyu} <Tis asubgroup
of order 24.

Po={@ [200[0[0000)]a,a eZy cTisa
subgroup of order.

[¢) (Pl,z) =24 x 24.

P1,3={(a1|0a30|O|OOOO)|a1,a3 6224}gTisa
subgroup of order.

0 (Py3) =24 x 24 and so on.

Piio=1{ai |000[0[000aj)|a,aneZucTisa
subgroup of order.

[0) (PI,IO) =24 x 24.

Pp;={0]aa 0[0[0000)]|ay,a €Zy} cTisa
subgroup of order.

[0) (P2,3) =24 x 24.

P2,4={(0|a20a4|0|0000)|a2,a4 6224}gTisa
subgroup of order 24 x 24.

P2,10: {(0|3.200|O|0008.10)|8.2,8.10 6224}gTisa
subgroup of order 24 x 24.

Likewise P34, ..., P30, Pas, Pag, ..., Pato, Pse, Psg, ..., Ps 1o,
..., Pg 19 are all subgroups of finite order and order of them is 24
x 24,

Pios={(a1]a2a;0]/0][0000)|a;,a,a; €Zu} cTisa
subgroup of order 24 x 24 x 24; likewise P54, P12, P126, P127,
eevs P12.10, P234, Pass, ..., Pa310 and so on are all subgroups of
order 24°.
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Likewise we can get subgroup of order (24)*, (24)°, (24)’,
... and so on (24)"°.

Thus we have several subgroups of finite order.

LetPip3a={(ai]a2a;a4[0[0000)[a € Zpy, 1 <154}
T is a subgroup of order (24)*.

NowB;={(a;|000|0]|]0000)|a; €[0,24)} cTisa
subgroup of infinite order.

B,={0]a00]0[0000)]|a €[0,24)} cTisa
subgroup of infinite order and so on.

Bio={0]000|0|000aj)]|ane[0,24)} cTisa
subgroup of infinite order.

Bio={(a|a00]0[0000)|a,a €[0,24)} cTisa
subgroup of infinite order.

Biio=1{(ai[000]0[000a)|a;ane[0,24)} cTisa
subgroup of infinite order and so on.

Bg,l(): {(O|000|O|0039a10)|a9,a10 S [0,24)} gTisa
subgroup of infinite order.

Thus T has several subgroups of infinite order.

We can also write T as a direct sum of subgroups in several
ways.

T has atleast 1(C; + C; + ... + 1¢Co number of subgroups of
infinite order and atleast same number of subgroups of finite
order.
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Now we can have L= {(a; |0 000|000 aj)|a € Zy
and a;y € [0, 24)} < T is a also a different type of subgroup of
infinite order.

Example 1.22: Let

M=<l2as || 3€[0,19);1<i<11}

be a real semi open square super column matrix group of
infinite order under +.

M has several subgroups of finite order and several infinite
subgroups.

However if [0, 19) is replaced by [0, 18) we have more
number of subgroups of finite order.
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Example 1.23: Let

W=<la, a, ajg||ael0,24);1<i<33,+}

be the real semi open square group of super column matrices
[W[ = co.

W has several subgroups of finite and infinite order.

Since 24 is a composite number which is not a prime W has
still more number of subgroups of finite order.

Example 1.24: Let
V ) {{al a4J
aS a8

be the row super matrix group on the semi open real square. V
is of infinite cardinality.

I ae[0,7);1<i<8}

a a

6 7

V has subgroups both of finite and infinite order.
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Example 1.25: Let

a; € [0,43); 1 <i<43}

be the super matrix group on the real semi open square under
addition. S has subgroups of infinite and finite order.

As 43 is a prime S has only less number of finite subgroups.

Now having seen subgroups we proceed onto introduce and
study semigroups built on the real squares of length less than n.

Example 1.26: Let S = {(a, b) | a, b € [0, 12), x} be the
semigroup. S has infinite number of zero divisors, finite
number of units and only finite number of idempotents.

{(0, 0), (1, 1), (1, 0), (0, 1), (0, 4), (4, 0), (4, 4), (1, 4),
4,1),09,0),0,1,(0,9),(0,9), (1,9), (4,9), (9, 4)} are the
idempotents of [0, 12).

P={(a,0)|a e [0, 12)} gives an infinite collection of zero
divisors.

Infact if x = (0.32, 0) then ally € T= {(0,b) | b € [0, 12)}
1s a zero divisor of x.

Thus for one x in S we have in some cases infinite number
of y’sin S such that x x y =y x x = (0, 0).
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S is an infinite semigroup with infinite number of zero
divisors. However S has only a finite number of units given by
(1, 11),(11,1),(11, 11) and so on.

Example 1.27: Let S = {(a,b)|a,b € [0, 6), x} be a real semi
open square semigroup under product over real square.

S is of infinite order and has infinite number of zero
divisors.

P={(a,b)|a,b € Z¢} = S is a finite subsemigroup of S.

M = {(a, b) | a, b € {0, 2, 4}} < S is again a finite
subsemigroup of S.

T={(a,0)|ae[0,6)} < S is an infinite subsemigroup of
S.

L={(a,b)|a e Zs b € [0, 6)} is a subsemigroup of infinite
order.

E =1{(0, 0), (1, 0), (0, 1), (1, 1), 3, 3), (3, 0), (3, 1), (1, 3),
0, 3), (4,4), 4, 3),3,4, 4 0, & D, (1,4, (0, 4} are
idempotents of S and they are only finite in number. W = {(1,
1), (5,5), (5, 1), (1, 5)} are the only units of the semigroup S.

Example 1.28: Let M = {(a, b) | a, b € [0, 12), x} be the
semigroup of infinite order; M is a monoid.

Letx=(3,6)andy=(4,2) e M.
xxy=(3,6)x(4,2)=(0,0).

Example 1.29: Let T = {(a, b) | a, b € [0, 53), x} be the real
semi open square semigroup of infinite order.

x,y) e T.(x#0, y #0) is not a zero divisor in T. The only
type of zero divisors in T are of the form (a, 0) and (0, b); a,b €
[0, 53).
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Example 1.30: Let L = {(a,b)|a, b € [0, 42)} be the real semi
open square semigroup of infinite order. L has zero divisors of
the form (x,y) (x#0,y#0, x,y € [0, 58)).

For A=(21,2)and B=(2, 21) in L is such that
A xB=(0,0).

Example 1.31: Let M = {(a, b) | a, b € [0, 53)} be the
semigroup under product. Let (x, y) =t and (u, v) = s € M;
X, y,u, v e [0,53)\{0}). Clearly st = (0, 0).

Inview of all these we have the following theorem.

THEOREM 1.4: Let S = {(a, b) | a, b € [0, n), x} be the semi
open real square semigroup under product.

(i) If n = p, a prime then (x, y) is not a zero divisor if
x,y el0,n)\{0}.

(ii) If n is a non prime (x, y) can be a zero divisor for
somex, y € [0, n)\ {0}

(iii) S has infinite number of zero divisors of the form
(x, 0) and (0, y) even if n is a prime.

(iv) S has only finite number of units.

(v) S has no idempotents if n is a prime other than

{(0,0),(1,0), (0, 1), (1, 1)}.

Proof is direct and hence left as an exercise to the reader.

Example 1.32: Let M = {(a, b) | a, b € [0, 49), x} be the real
semi open square semigroup.

M has infinite number of zero divisors but only finite
number of nilpotents.

Example 1.33: Let T = {(a, b) | a, b € [0, 12), x} be the real
semi open square semigroup under product.

M= {(a,0)|a e [0,12)} < Tisanideal of T.
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N={(0,b)|b € [0,12)} < T is also an ideal of T.

However no subsemigroup of finite order is an ideal of T.
Every ideal in T is of infinite order.

Example 1.34: Let M = {(a, b) | a, b € [0, 25), x} be a
semigroup under product of infinite order. M has zero divisors
which are of infinite order.

M has finite number of nilpotents of order two and finite
number of idempotents. Study in this direction is interesting.

Inview of this we state the following theorem.

THEOREM 1.5: Let S = {(a, b) | a, b € [0, n)} be a real semi
open square semigroup under product. S has only ideals of
infinite order.

The proof is direct and hence left as an exercise to the
reader.

Example 1.35: Let S = {(a, b) | a, b € [0, 23), x} be the real
semi open square semigroup under product. S has no
idempotents other than {(0, 0), (1, 1), (1, 0), (0, 1)}. S has
22 x 22 number of units. S has ideals of infinite order given by
P;={(0,a)|a € [0,23)} and P, = {(a, 0) | a € [0, 23)}.

Clearly Pi"P;=(0,0)ifi#j,1<1,j<2.

Example 1.36: Let S = {(a,b)|a, b e [0, 12)} be the real semi
open square semigroup under product. S has no ideals of finite
order. P= {(a,b)|a, b € Z,} is a finite subsemigroup.

M= {(1, 1), (1, 5), (5, 1), (5, 5), (7, 1), (1, 7), (5, 7), (7, 5),
(7,7, (1,9), (9, 1),(9,9),(9,5), (9,7, (5,9), (7, 9), (11, 1), (1,
1), (5, 11), (11, 5), (7, 11), (11, 7), (9, 11), (11, 9), (11, 11)}
are the number of units in S. S has also only finite number of
idempotents.
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Example 1.37: Let M = {(a,b) | a,b € [0, 15), x} be the real
semi open square semigroup under product. M has infinite
number of subsemigroups. M has only finite number of units
and idempotents.

A={44),1,1),1,11), (14, 14), (1, 4), (4, 1), (11, 1),
(1, 11), (4, 11), (11, 4)} are some of the units of M.

Example 1.38: Let P = {(a, b) | a, b € [0, 81), x} be the real
semi open square semigroup under product. P is of infinite
order. P has only finite number of nilpotents. P has infinite
number of zero divisors only finite number of idempotents.

Example 1.39: Let S = {(a, b) | a, b € [0, 90), x} be the real
semi open square semigroup under x. S has infinite number of
zero divisors.

Example 1.40: Let S; = {(a,b) | a, b € [0, 19), x} be the real
semi open square semigroup under x. S; has no idempotents
other than {(0, 0), (1, 0), (0, 1), (1, 1)}. S has 18 x 18 number
of units.

A={(a,b)|a be Zy\ {0}, x} is the collection of units
which is also a group; so S; is a Smarandache semigroup and
o(A)=18 x 18.

Example 1.41: Let S = {(a, b) | a, b € [0, 41), x} be the
semigroup under x. S has no idempotents only zero divisors. S
has 40 x 40 number of units. S is a S-semigroup.

Example 1.42: Let S = {(a, b) | a, b € [0, 22), x} be the S-
semigroup of infinite order.

P={(1,1),(21,21),(21, 1), (1, 21)} < S is a subsemigroup
of S which is a group of order 4. (9, 5) =xandy =(5,9) € S
are such that xy = (1, 1).
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Example 1.43: Let S = {(a, b) | a, b € [0, 72), x} be the S-
semigroup. S has m units and m is less than of 71 x 71 units.

Example 1.44: Let S = {(a, b) | a, b € [0, 61), x} be the S-
semigroup. S has only 60 x 60 number of units. But S has
only a few number of idempotents.

Example 1.45: Let S = {(a, b) | a, b € [0, 31), x} be the S-
semigroup. S has only 30 x 30 number of units. No
idempotents other than {(0, 0), (1, 1), (1, 0), (0, 1)}.

Now we construct matrix semigroups using the semigroup
S={(a,b)[a,b € [0, n), x}.

Example 1.46: Let

M = {(xy, X2, X3, X4, X5) | X; € {(a,b) | a,b e [0,12),1 <i<5}
be the semigroup under x. M has infinite number of zero
divisors.

M has finite number of idempotents. M has only finite
number of units. X = {(1, 1), (1, 1), (1, 1), (1, 1), (1, 1)} € M is
the identity element of M.

Example 1.47: Let M = {(a,, a,, a3, a4, as, ag, a7, a3) | a; € {(a,
b)|a,b e [0, 19), 1 <i< 8} be the semigroup under x. M has
several units.

P={(a, a, a3, ..., a3) | 3, € {(a, b) | a, b € Z;y\ {0}},
1 <1 < 8} be the group and is of finite order. Thus M is a
S-semigroup.

Example 1.48: Let

T=1| 7 ||aec{@b)|abe0,42)};1<i<12}
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be the semigroup under the natural product x,. T is a S-
semigroup.

P=1|" |l aci@b)labe {1,41}};1<i<12} T
12

is a group. T is a S-semigroup and |P| < co.

Example 1.49: Let

M=4la; a, a5 agllace{(ab)fabe]l0,23)}

1 <i<28}

A=<la, a, a5 a,l|lae{(ab)labeZy\{0}};

1<i<28' cM
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is a group under x, of finite order.

@wyH ¢,y 4G, G4,
Ly @Y @) aQ,n

wyH @G,y 4G, G4,

is the identity under the natural product x,. M is a S-semigroup.

Example 1.50: Let

a, a, .. a,
M a, a, .. ay |laec{(ab)label0,14)};
a21 a22 a30

1 <i<30, x,)

be the semigroup under natural product x,.

@y @D ... @D
M has unit; | (1,1) (1,1) ... (1,1) | is the identity element

M) LD ... (L)

under natural product x, in M.

a, a, .. a,
A=4la, a, .. ay|lae{(ab)|abe{l,13}};
A, Ay ... Ay

1<i<30}

is a group under natural product.
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Example 1.51: Let

I a, a, a3 a, 4a; 1
4 a; 3y A9 Ay
M=qla, a, a; a, a;|| ac{(ab)|abel0,43)};
A A7 A A Ay
|3y @y 8y Ay Ay |

1<i<25}
be the semigroup under natural product x,,.
a, a, a, a, a;
ag a; A3 4y a4y
A=<la, a, a; a, a;|lac{ab)labe

Zs\ {01 1<i<25 M

is group under natural product of order (42)>.

Example 1.52: Let

M= % T e (@ b) [ab e [0,29)};

1 <i<40}
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be the semigroup under natural product x,,.
M is a S-semigroup of infinite order.

M has a group under natural product x, of order (28)*.

Example 1.53: Let

T={a, || ae{@b)|abel0,7)};1<i<15}

be the column super matrix of semigroup under the natural
product x,,.
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M=1{|a, || ae {(ab)labeZ\{0}};1<i<15}

is a group under natural product of order (6)".

Example 1.54: Let

a10 a'11 a12

M=<la;, a, a5l aec{(ab)|abel016)};1<1<27}
alé a17 al8
a, a, a
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be the super column matrix semigroup under product x,,.

P=4la; a, a;|lae{(ab)label0,16)};

1<i<27 M
is a group under natural product.
Example 1.55: Let S= {(aj|aya;asas|ag|as;as|ag)| a €
{(a, b) | a, b € [0, 231)}; 1 <1 < 9} be a super row matrix
semigroup with entries from the real square of side length less

than 231.

S is a S-semigroup under natural product x,.

a, J
ayy

[0,17)}; 1 <1< 14, x,}

Example 1.56: Let

a € {(a,b)|a,b e

be the semigroup of super row matrix from the real square of
side length less than 17.

T is a S-semigroup under the natural product, x,.
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Example 1.57: Let

[a, a, a; a, a5 | 3¢ ]
a7 a12
a13 a18
A Ay,

W=4la, ..|.. .. .. |ayl|lae{(@b)labe

a3 a3
a37 a42
Ay Ay

| Q40 asy |

[0, 53)}; 1 <i< 54, x,}

be a super matrix real semi open square semigroup with entries
from the real square of side length less than 54.

Example 1.58: Let

M= a; € {(a,b)|a, b € [0,42)};

1<i<24)

be a super matrix semigroup of infinite order under natural
product x,.
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Example 1.59: Let

[a, |a, a, a,|a,|
a6 a'10
all alS
al6 a20
Ay | e e e | Ay

M= a; € {(a,b)|a,b e [0, 15)};
Ay | vr e e | Ay
a31 a35
a36 a'40
a41 a45
| Q46 aso |

1 £1<50, x,}
be the super matrix semigroup of infinite order.
Now having seen examples of such algebraic structures.

We now proceed onto define the notion of semirings using
the real semi open square of side n.

Let S = {(a, b) | a, b € [0, n)} be the real semi open square
of side length less than n. Define two binary operations min or
max on S. {S, max, min} is a semiring.

Consider x =(0.37, 0.45) and y = (5.32,0.112) € S,
min{x, y} =(0.37, 0.112) and max{x, y} = (5.32, 0.45).

Thus {S, max, min} is a semiring of infinite order.
We will illustrate this situation by some examples.

Example 1.60: Let M = {(a, b) | a, b € [0, 27), min, max} be
the semiring. x =(0.21, 6.93) and y = (21.75, 2.13) € M.
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min{x, y} = (0.21, 2.13) and max(x, y) = (21.75, 6.93). M
is of infinite order.

A {(0, 0), (6.502, 10.73)} < M is a subsemiring of order
two.

Let x=(3.57,2.18) and y = (9.38, 1.357) € M.
min{x, y} = (3.57, 1.357)
max{x, y} =(9.38, 2.18)

P ={(0, 0), x, y, min{x, y}, max{x, y}} is a subsemiring of
order 5.

Let x = (0, 9.2), y = (7.5, 0), z= (3.5, 4.7) and u = (0.37,
10.5) e M.

min{x, y} = (0, 0)
max{x, y} =(7.5,9.2)
min{x, z} = {(0, 4.7)};
max {x, z} =(3.5,9.2),

min{x, u} = (0, 9.2), min(y, z) = (3.5, 0),
min{y,u} =(0.37,0) and so on.

We see S can have subsemirings of order two, three and so
on.

P = {0, 0), (0.74, 6.251), (7.21, 143)} < M is a
subsemiring. min{(0.74, 6.251), (7.21, 14.3)} = (0.74, 6.251)
and max {(0.74, 6.251), (7.21, 14.3)} =(7.21, 14.3). ThusPisa
subsemiring of finite order.

Infact M has infinite number of subsemirings of order three,
two and so on.

Letx = (10.3,9.72),y = (6.7, 15) and z= (2.11, 16.3)e M.
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min {x,y} =1(6.7,9.72)
min {x, z} = (2.11, 9.72)
min {y, z} = {(2.11, 15).
max {x,y} =(10.3,15)
max {x, z} =(10.3, 16.3)
max {y, z} = {(6.7, 16.3).
So B = {(0, 0), x, y, z, min {x, y}, min {x, z}, min {y, z}.

max {x, y}, max {x, z}, max {y, z}} is a subsemiring of order
10.

Letx=(9.2,103)and y =(3.1, 13) e M.
min{x, y} = (3.1, 10.3), max{x, y} =(9.2. 13).

T = {(0,0), X, y, min{x,y}, max{x,y}} < M is a subsemiring
of order 5.

Let x=(3.6,7),y=(8,9.5)and z=(12.5,17.3) € M.
min {x, y} =X, min {X, z} =X
min {y, z} =y, max {X,y} =y
max {X, z} =z, max {y, z} =z

Thus {(0, 0), X, y, z} < M is a subsemiring of order four.

Likewise we can get subsemirings of any desired order.

Further every element both under max and min is an
idempotent.

We see this has no maximal or the greatest element only the
least element to be (0, 0).

This semiring has subsemirings of infinite order also.
However all subsemirings are not of infinite order.
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Example 1.61: LetS = {(a,b)|a,b € [0,4)} be the semiring of
the real semi open square of side length less than 4 under the
min, max operations.

Let A = {(0, 0), x; = (0.2, 0.5), x, = (1.01, 0.3) x5 = (0.11,
1.01)} = S. Clearly A is only a set and not a subsemiring of S.

Now min (Xy, X;) = (0.2, 0.3), min {x;, x3} =(0.11, 0.5) and
min {x,, X3} =(0.11, 0.3).

We find max {x;, x,} = (1.01, 0.5), max{x;, x3} = (0.2, 1.01)
and max {x,, x; } = (1.01, 1.01).

Thus {(0, 0), xi, X, X3, min {x;, X}, max {x;, xj}; 1#j, 1 <1i,
j <3} is a subsemiring of order 10.

Hence if A = {(0, 0), x;, Xp}, the subsemiring got by
adjoining max {x;, X} and min {x;, X,} give a subsemiring of
order 5.

In general if A = {(0, 0), x;, X, ..., Xo} With min {X;, X} #
x or (0, 0) for any k and max {x;, X} # X« for any 1 <k <n with
1 <1, j <n we see the completion of A to be subsemiring Ac is
of order n® + 1.

Example 1.62: Let S = {(a,b)|a, b e [0, 12)} be the semiring
with max min operation.

Let A = {(0, 0), (2.6, 4), (6.1, 0.1), (2.1, 9.3), (7.5, 0.01),
(0.71, 6.11)} < S. Clearly A is only a subset of S and not a
subsemiring. The completed subsemiring A, has the following
elements.

min {(2.6,4), (6.1,0.1) = {(2.6, 0.1)}
min {(2.6, 4), (2.1,9.3)} = {(2.1, 4)}

min {(2.6, 4), (7.5, 0.2)} = {(2.6, 0.01)}
min {(2.6, 4) (7.5, 6.11)} = {(0.71, 4)}
min {(6.1, 0.1) (2.1, 9.3)} = {(2.1, 0.1)}
min {(6.1, 0.1), (7.5, 0.01)} = {(6.1, 0.01)}
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min {(6.1, 0.1), (0.71, 6.11)} = {(0.71, 0.1)}
min {(2.1, 9.3), (7.5, 0.01)} = {(2.1, 0.01)}

min {(2.1, 9.3), (0.71, 6.11)} = {(0.71, 6.11)} and
min {(0.75, 0.2), (0.71, 6.11)} = {(0.71, 0.2)}.

We see all the elements are distinct.
We consider max operation on it.

max {(2.6, 4), (6.1, 0.1)} = {(6.1, 4)}
max {(2.6, 4), (2.1,9.3)} = {(2.6, 9.3)}

max {(2.6, 4), (7.5,0.01)} = {(7.5, 4)}

max {(2.6, 4), (0.71, 6.11)} = {(2.6, 6.11)}

max {(6.1, 0.1), (2.1, 9.3)} = {(6.1, 9.3)}

max {(6.1, 0.1), (7.5, 0.01)} = {(7.5, 0.1)}

max {(6.1,0.1), (0.71, 6.11)} = {(6.1, 6.11)}
max {(2.1,9.3), (7.5, 0.01)} = {(7.5, 9.3)}

max {(2.1,9.3), (0.71, 6.11)} = {(2.1, 6.11)} and
max {(7.5, 0.01), (0.71, 6.11)} = {(7.5, 6.11)}.

Clearly A has 26 number of distinct elements.
Inview of this we have the following theorem.

THEOREM 1.6: Let S = {(a, b) | a, b € [0, n), min, max} be a
real semi open square semiring.

Let A = {(0, 0), x4, ..., x, where x; = (a,;, b)) and a;, b; € [0,
n) \ {0}, 1 <i <n} be such that min {x, x;} #x;, 1 <k <n and
max {x, x;} # x,; 1 <t <nwith 1 <i,j <n.

A is only a subset of S but A can be completed to A. a
subsemiring of cardinality n* + 1.

Proof follows directly.

Now a natural question is suppose in A of theorem 1.5;
some {X;, X;} are such that min or max are in A but A only a set,
can A be completed to get a subsemiring the answer is yes
which is first illustrated by the following examples.
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Example 1.63: Let S = {(a,b)|a, b € [0, 15), min, max} be a
real semi open square semiring.

Let A= {(0,0),x;=(3,2.7),x,=(5,0),x3=(0, 1.2)} = S
be a subset of A.

We complete A to a subsemiring as follows.

min {x;, X} =(3, 0)

min {x;, X3} = (0, 1.2)
min {X,, X3} = (0, 0)

max {xi, Xo} = (5,2.7)
max {xi, X3} =(3,2.7) and
max {Xp, X3} = (5, 1.2).

A. = {(0, 0), x4, Xz, X3, (3, 0), (5, 2.7), (5, 1.2)} is the
subsemiring of order 7.

Let B = {(0, 0), x; = (3.9, 5.7), x, = (2.7, 12.5), x3 = (9.3,
2.1)} be the subset of order 4.

We find max {x, x,} = (3.9, 12.5)

max {xi, X3} =(9.3,5.7)
max {Xp, X3} = (9.3, 12.5)
min {x;, X} =(2.7,5.7)
min {x;, X3} =(3.9, 2.1) and
min {Xz, X3} = (27, 21)

We see B, = {(0, 0), xy, X2, X3, (3.9, 12.5), (9.3, 5.7), (2.7,

5.7), (9.3, 12.5), (3.9, 2.1), (2.7, 2.1)} is a subsemiring of order
10.

We now have D = {(0, 0), x; = (7.3, 1.5), xo, = (0, 4.5),
x3 = (6, 2.7), x4 = (8.5, 0)} to be the subset of the semiring.

min {Xla XZ} = (0’ 15)5
min {x,, xs} = (6, 1.5),
min {Xla X4} = (737 0)7
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min {XZ, X3} = (0, 27)5
min {X,, X4} = (0, 0) and
min {X3, X4} = (6, 0).

max {x;, X} =(7.3, 4.5),
max {x;, X3} =(7.3, 2.7),
max {xi, X4} = (8.5, 1.5),
max {Xp, X3} = (6, 4.5),

max {Xp, X4} = (8.5,4.5) and
max {xs, X4} = (8.5, 2.7).

D. = {(0, 0), x4, X2, X3, X4, (0, 1.5), (6, 1.5), (7.3, 0), (0, 2.7),
(6, 0), (7.3, 4.5), (7.3, 2.7), (8.5, 1.5), (6, 4.5), (8.5, 4.5) (8.5,
2.7)} is the completed subsemiring of the subset D.

The order of D is 16.

This is the way completion is made. It is always easy to
complete any set finite or infinite subset into a subsemigroup.

Example 1.64: LetS = {(a,b)]|a, b € [0, 10), min, max} be the
real semi open square semiring of infinite order.

A ={0,0),x;=(2.7,8.71), x,=(1.5,9.1), x5 = (9.2, 1.01),
x4 =1(0.5, 9.52)} be the subset of S.

min {x, X} = (1.5, 8.71),
min {x;, X3} =(2.7, 1.01),
min {x;, X4} = (0.5, 8.71),
min {x,, x3} = (1.5, 1.01),
min {x,, X4} =(0.5,9.1) and
min {x;, X4} = (0.5, 1.01).

max {x;, X} =(2.7,9.1),
max {x;, X3} =(9.2, 8.71),
max {xi, X4} = (2.7, 9.52),
max {X,, X3} =(9.2,9.1),
max {X,, X4} =(1.5, 9.52) and
max {x3, X4} =(9.2, 9.52).
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Thus A. = {(0, 0), x1, Xz, X3, X4, (1.5, 8.71), (2.7, 1.01), (0.5,
8.71), (1.5, 1.01), (0.5, 9.1), (0.5, 1.01), (2.7, 9.1), (9.2, 8.71),
(2.7, 9.52), (9.2, 9.1), (1.5, 9.52), (9.2, 9.52)} is a subsemiring
of order 16.

Thus completion can be made for any subset of a semiring S
into a subsemiring of S.

Inview of this we have the following theorem.

THEOREM 1.7: Let S = {(a, b) | a, b € [0, n), max, min} be a
real semi open square semiring. Let P < S be any non empty
subset of S, P can always be completed to P, to form a
subsemiring.

If |P| < oo then |P.| < coand if |P| = cothen |P.| = .
Proof : Follows from simple computations.

We can have subsemirings also define the notion of ideals
and filters in case of semirings built using the real semi open
square.

Let S = {(a, b) | a, b € [0, 12), min, max} be the semiring.
We see I < S is an ideal of S if I is a subsemiring and for all
x elandy € S; min {x,y} € L.

We will first provide examples of them.

Let V = {(a, 0) | a € [0, 12), min, max} < S be the
subsemiring. Clearly V is an ideal of S.

All subsemirings are not ideals. For take P = {(0, 0), (0.6,
0.9), (6.3,4.2), (9.5, 6.5)} = S. P is a subsemiring and clearly P
1s not an ideal.

All ideals in this semiring are of infinite order. T = {(a, b) |
a,b € [0, 6)} < S is asubsemiring as well as ideal of S.
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Let M= {(a, b) | a, b € [0, 3)} < S is also a subsemiring as
well as ideal of S.

Let M, ={(a,b) | a,b € [0, 7)} < S is also a subsemiring as
well as ideal of S.

Now P = {(a,b) | a,b € [3, 7)} < S is also a subsemiring as
well as ideal of S.

Forifx=(0.2,0.7) € Sand y = (3.4, 5.2) € P then min {x,
y} =(0.2,0.7) ¢ P. Hence the claim.

Let V= {(a,b)|a, b e (2,5} cS be the subsemiring of S
be the subsemiring of S.

Clearly V is not an ideal of S. For let x = (0, 10) € S and
y=(1,481) € V we see min{x, y} =(0,4.81) ¢ V.

Thus we can prove S has infinite number of subsemirings
which are not ideals of S.

Example 1.65: Let M = {(a,b) | a, b € (0, 19)} be the semiring
under max and min operation. T = {(a,b)|a,b € (5,12)} c M
is a subsemiring of M and is not an ideal of M for if x = (3, 10)
€ Tand y =(0.3, 11) € M then min {x, y} = {0.3, 10)} ¢ T.
hence the claim.

Infact M has infinite number of subsemirings of infinite
order which are not ideals of M.

LetL = {(a,b)|a,b € (7, 19)} < M be a subsemiring. Let
x € {(a,b)|a,be (0,7)} =D.

Clearly for every y € L and for every x € D; min {x, y} ¢
L. Thus L is not an ideal of M only a subsemiring.

Inview of all these we have the following theorem.
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THEOREM 1.8: Let S = {(a, b) | a, b € [0, n), min, max} be the
real semi open square semiring.

(1) AllA,={(a, b)|a be[0t), 0<t<m<n mandn
distinct} < S are all ideals of S of infinite order.

(2) AllBg,={(a, b)|a belst), 0<t<m<n mandn
distinct} < S are only subsemirings which are not
ideals.

(3) AllD,={@a b)|a b e[mn) 0<m}cS areonly
subsemirings which are not ideals of S.

Proof is direct hence left as an exercise to the reader.

Example 1.66: LetS = {(a,b)]|a,b e [0, 15), min, max} be the
semiring. M = {(a, b) | a, b € (10, 12), min, max} < S; is only a
subsemiring and is not an ideal of S.

P={(a,b)|a, b € [0, 5), min, max} is a subsemiring which
is an ideal of infinite order.

R={(a,b)|a,b e (7,15)} < S is a subsemiring and is not
an ideal of S.

Now we proceed onto define the notion of filter in
semirings, S = {(a, b) | a, b € [0, n), min, max} (n <o) M c S
be a subsemiring of S. M is a filter of S if for any x € M and
y € S then max {x,y} € M.

We will first illustrate this situation by some examples.

Example 1.67: LetS = {(a,b)]|a, b € [0, 22), min, max} be the
real semi open square semiring.

Consider P = {(a,b) | a, b € [12, 22), min, max} < S, Pisa
subsemiring.

P is also a filter of S but P is not an ideal of S. For take x =
(9, 10) e Sand y = (20, 12) € P.
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min {X, y} = (9, 10) ¢ P but max {x, y} = (20, 12) € P
hence P is a filter of S and is not an ideal of S.

Let M = {(a, b) | a, b € [10, 22), min, max} < S be the
subsemiring of S. M is not an ideal of S.

x=(5,41)eSandy=(11,10.9) e M

min{x, y} =(5,4.1) ¢ M and max {x,y} = (11, 10.9) € M,
hence M is a filter of S.

Thus S has subsemirings which are neither ideals nor filters
of S. Also S has subsemirings which are filters and not ideals of
S.

Further S has subsemirings which are ideals and not filters
of S. To this end we will provide some more examples.

Example 1.68: Let S = {(a,b)]|a, b € [0, 24), min, max} be the
real semi open square semiring. P; = {(a,b)|a,b e [0,5)} < S
is only an ideal of S and not a filter of S.

P,={(a,b) | a, b e [3, 10)} < S is only a subsemiring of S
and is not an ideal of S. P, is also not a filter of S.

P;={(a,b)|a,b € [5,24)} < S is a filter but is not an ideal.

Py={(a,b)|a,b e [7,24)} < Sis also a filter which is not
an ideal.

Example 1.69: Let M = {(a, b) | a, b € [0, 190), min, max} be
the real semi open square semiring.

T,={(a,b)|a,be[0,19)} < S is asubsemiring as well as
an ideal but not a filter of M.

T,={(a,b)|a,b e [7,11)} < M is a subsemiring which is
not an ideal or filter of M.
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Finally T; = {(a, b) | a, b € [11, 190)} < M is a subsemiring
which not an ideal but only a filter of M.

Inview of all these we have the following theorem.

THEOREM 1.9: Let S ={(a, b) | a, b € [0, n, n < oo, min, max)}
be the semi open real square semiring.

(1) All subsemirings of the form P = {(a, b) | a, b € [0, t);
0 <t<m<n, min, max} < S are ideals which are not
filters of'S.

2) M={ab)|abelts) 0<t<m<nlcSisa
subsemiring and not an ideal or a filter.

B) N=P={ab)|labeltn, 0<t<nlcSisa
subsemiring which is a filter and not an ideal of S.

Proof is direct and hence left as an exercise to the reader.

We have seen subsemirings ideals and filters. S has zero
divisors with respect to min operation.

For if x = (0, t) and y = (s, 0) € S then min (x, y) = (0, 0)
but max (x, y) = (s, t).

THEOREM 1.10: Let S =P = {(a, b) | a, b € [0, n); min, max,
n < oo} be a real semi open square semiring.

(i) S has infinite number of zero divisors under min
operation.

(i) S has subsemirings of all finite orders from 2, 3, ....
and none of these subsemirings are ideals.

(iii) All ideals are of infinite order.

(iv) All filters of S are of infinite order.

(v)  Every element in S is an idempotent with respect to
both min and max.

The proof is direct and hence left as an exercise to the
reader.
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Now we using S = {(a, b) | a, b € [0, n), min, max}; built
matrices and super matrices.

All these will be illustrated by examples.

Example 1.70: Let S = {(a;, a,, a3, a4) where a; € {(a,b) | a, b
€ [0, 15)} 1 £1 £ 4, min, max} be the semiring of infinite
order.

A = {(x1, Y1), (X2, ¥2), (X3, ¥3), (X4, Ya)} where x;, yj € [0,
10), 1 <1,j<4}. A is a subsemiring of infinite order. A is also
an ideal of S.

B = {(0,0), (0,0), (0,0), (0,0)), ((0.7, 0.8), (1, 3), (4, 5), (8,
9.2)} < S, B is only a subsemiring which is not an ideal of S.
Infact no finite subsemiring of S can be an ideal of S.

D= {(0,0), (090)7 (090)9 (an)a)a ((XaO)a (X250)9 (X350)9 (X490))
| x; € [0, 15), 1 <£1<4} is a subsemiring as well as ideal of S of
infinite order. Clearly D is not a filter of S.

We see S in general a filter is not an ideal and vice versa.

We take M = {(aj, by), (az, by), (as, b3), (a4, by) | a;, b; € [0,
9), 1 £i1<4} < S to be a subsemiring which is also an ideal of
S. M is not a filter of S. N = {((aj, by), (a2, b), (a3, b3), (a4, by) |
a, by € [9,5),1 <1<4} c Sis asubsemiring as well as a filter
of S. N is not ideal of S.

For x = ((0.3, 1), (0, 0.2) (0.5, 0), (0.11, 0.8)) € S and for

any m € N we see min {X, m} =x ¢ N hence N; is not an ideal
only a filter of S.

We have filters in S which are not ideals and ideals in S
which are not filters.

Any subsemiring A which has zero entries in any one of the
co ordinates can never be a filter only an ideal.
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For
B = {((0,0), (a1, b1), (0, 0), (0, c1))) | a1, by, ¢; € [0, 15)} = S'is
only a subsemiring and never a filter but is always an ideal.
Thus if (0, 0) or (0, c;) entries are present it can never be a filter
only an ideal.

Let P = {((a, b), (0, 0), (0, 0), (0, 0)) | a, b € [0, 15)} = S be
a subsemiring as well as an ideal of S. However P is not a filter
of S.

Let M = {((a, b), (0, 0), (0, 0), (0, 0)) [a, b € [7,9)} = S be
only a subsemiring of S. M is not an ideal or a filter of S.

T = {((a, b), (0, 0), (0, 0), (0, 0)) [a,b € [5,9)} cSisa
subsemiring which is also a filter of S and not an ideal of S.

M = {((a1, b1), (az, by), (a3, bs), (as, b)) where a;, b; € [3, 8],
1 <1<4} is a subsemiring of infinite order which is not an ideal
or filter of S.

S has every element in it to be an idempotent with respect to
max and min operation.

Example 1.71: Let

a; € {(a,b)|a, b e[0,24)}; 1<i<10, min, max}

is a real semi open square semiring of infinite order.

M has infinite number of subsemirings of infinite order
which are not ideals or filters.
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M has infinite number of subsemirings of infinite order
which are ideals and not filters.

M has infinite number of subsemirings of infinite order
which are filters and not ideals.

[(a,b) ]
(a,,b,)
T= 0 a, b €[0,24)};1<i<2} cM

is a subsemiring which is an ideal and not a filter of M.

[(0,0)] [ (5,2) ]
(0,0) (3,1

1(0,0)] |(7,0.3)]

is a subsemiring of order two which is not an ideal and not a
filter of M.

L=4la; ||ae{(ab)labe[7,12)};1<i<10} cM

is a subsemiring of infinite order which is not an ideal or filter
of M.
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N= a, [|aie{(ab)|abe[524)};1<i<10} cM

is a subsemiring of infinite order which is not an ideal or filter
of M.

Thus we have seen some of the properties related with M.

Example 1.72: Let

S _ a9 alO a'11 alZ .
= where a; € {(a,b) |a,b € [0, 18)};
a13 aI4 aIS alé
a17 al8 a'19 a'20
a, a, a

1 £1<24, max, min}

be the semiring of infinite order.

a, 0 0 0
0 0 0O

P= o .1l ase{(a,b)|a,be[0,18)} P
0 0 0O

is a subsemiring of S. P is an ideal of S and is not a filter.
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(803 (07) 0  (0.1,0)]
B 00 01 0601 9.03) (07.00 0
0 0 0 of @0 403 O,
R=(|. . . .|| ®&9 0 0 0 |cs
O 0 0 0 . . . .
L (112) (07,8 (09,1) (8,0.7)

is a subsemiring which is not an ideal or a filter. |R|=2.

[a;,b]  [ay,b,]  [a;,bs]  [a,,b,]

[as,bs]  [ag,bg] [a;,b,]  [ag,bg]
: : : : aj, bi €

[aZI’b21] [a22’b22] [323’b23] [324’b24]

f(a,b)|a,be[8, 12]}, 1 <i<24}.

T is subsemiring is not an ideal and not a filter of S. T is of
infinite order.

M= ai € {(a,b) |a,b € [0,9)};

1<i<24} S

is a subsemiring which is an ideal of S and not a filter.
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as g A,  ag
a, a, a; a

N oo T T TR g e {(a,b)|a, b e [9, 18)};
a; a4, a5 Ay

1<i<24}) S
N is a subsemiring which is not an ideal but N is a filter.
Example 1.73: Let
a, a, a,
5 7 A
T= a; € {(a,b)|a,b e [0,11)};

a9 alO all al2

alf)

1 <£i<16, max, min}
be the semiring of infinite order.

T has subsemirings of finite order which are never ideals or
filters.

T has subsemirings of infinite order which are never ideals
or filters.

T has subsemirings of infinite order which are ideals never
filters.

T has subsemirings which are filters but are not ideals.
Infact filters are never ideals and ideals are never filters.

Further T has all ideals and filters to be of infinite order.
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Example 1.74: Let

M= <{|ag || ai€ {(a,b)|a,be[0,9)};1<i1<15, max, min}

be the semiring of infinite order.

We see M has infinite number of subsemirings of finite
order say of order two, three and so on.

M has no ideals or filters of finite order all of them are of
infinite order.
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a € {(a,b)|a,be[0,9)},1<i<5} M

-
Il
© oo olf|lo ool Plo o o|pP|»

is a subsemiring which are ideals and never a filter.

We can have several such P and these P has infinite number
of elements in M such that for every p € P and m € M we have
min {p, m} = (0).
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(0.7,8)
(LD
(6,0.9)

0
(5.2,7)
(7.3,8)
(2.1,1.111)
0
0
0
(6.71.2.12)
0
0
(3.7,2.11)
(0.15,6.12) |

=
I

S O O Ol O Ol ol ©O ololo
N

R is a subsemiring and is not an ideal or filter.

Every pair of elements with (0) and x € M will be a
subsemiring of M of order two.

We can also have subsemirings of order three and so on.
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S=1la, ||aie {(ab)abe[69)} 1<i<I15}cM

is a subsemiring which is not an ideal but a filter and S is of
infinite order.

Example 1.75: LetM = {(a1 | A A3 A4 As | dg A7 | ag | Ag alo) | a; €
{(a,b) | a,be[0,21)},1<1i<10}, max, min} be the real semi
open square semiring of infinite order.

S={@[0000[aa;[0]asas)|a e {(a,b)|abel0,
21)}, 1 <1< 15} < M; is a subsemiring which is an ideal of M.

N={(ar|aasasas | as a7 |ag|asai) [ai € {(a,b) |a,b e
[8, 21)}, 1 £1 < 10}} < M is a subsemiring which is not an
ideal only a filter and is of infinite order.

T={(a|aazasas|asas|as|asan)|aec {(a,b)|abe
[7, 14)}, 1 £i1<10}} < M is a subsemiring and is not an ideal
or a filter of M.
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Example 1.76: Let

M= 2T 5 la e {(@ab)|abel0,18)},

1 <£1<36, min, max}

be a real semi open square semiring of infinite order.

R
(S

(3]
S

W

o
N

o+
W

o
=

aie {(a,b)|a,bel0,18)},1<i<15)

o o o olflo o o
o
o

[
s
&
[
S

o
s
R
~

o
O
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be a subsemiring is an ideal but is not a filter.

W=J| —— || a;€ {(a,b) |a, b € [7, 8)},

1<i<36} cM;
W is only a filter and not an ideal. Thus M has several ideals,
subsemirings which are not ideals or filters and M has filters

which are not ideals.

Example 1.77: Let

M= ai € {(a,b)|a,b e [0,21)},
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1<i<10}} M

is a subsemiring which is not an ideal only a filter and is of
infinite order.

T= a; € {(a,b)|a,b e

[2,5)}, 1<i<40}} =M

be a subsemiring and is not an ideal only a filter.

a, |a, a; a, | a

a10

all a12 a13 al4 alS

w= | e [T S e & by [a b € [0, 3))

1<i<40}} =M

be the subsemiring which is an ideal of M. W is not a filter.



Algebraic Structures Using Semi Open Real Square ... | 59
We now proceed onto define pseudo rings on the real square
using both the operations + and x.
DEFINITION 1.1: Let T ={a, b) |a, b € [0, n), n < oo, +, x}! be
defined as the real semi open square pseudo ring. R is an
abelian group under + and R under x is a commutative

semigroup.

But + and x does not satisfy the distributive law that is
ax(+c) #zaxb+axcforalla b, c [0, n).

Considern=7,a=6.3,b=3.1andc=.5 € [0, 7).

ax(b+c) =633.1+5)

=63+1.1

=6.93.
Nowaxb+axc= 63x%x3.1+6.3x5

=553+31.5

=553+35

=9.03

=2.03.

ax(b+c)zaxbtaxec.

Thus the distributive laws are not true for a, b, ¢ elements in [0,
7).

Consider the interval [0, 10)
Letx=(0.3,6.1),y=(7,0)
and z=(8.5,8) e R={(a,b)|a,b € [0, 10), +, x}

x x (y+2z) =(0.3, 6.1) x [(7.0) + (8.5, 8)]
= (0.3, 6.1) x(5.5, 8)
= (1.65, 48.8) = (1.65, 8.8) 1

XX(y+z)=xxy+xxz
=(0.3,6.1) x (7,0) + (0.3, 6.1) x(8.5, 8)
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= (2.1, 0) + (2.55, 48.8)
= (4.65, 8.8) LI

I and II are distinct so distributive law is not true.

x=(6.1,3.2),y=(0.9,0.3)and z= (2.1, 9.2) € R.
x x (y +7) = (6.1,3.2) x [(0.9, 0.3) + (2.1, 9.2)]

= (6.1,3.2) x (3, 9.5)

= (18.3, 0.40)

=(8.3,0.4) 1

XXY+XXZ
= (6.1,3.2) x (0.9, 0.3) + (6.1, 3.2) x (2.1, 9.2)
= (5.49, 0.96) + (2.81, 9.44)
=(8.3,0.4) LI

I and II are identical.
Letx=(6.3,8.1),y=1(0.9,0.4)and z= (5.5, 8.8) € R.

x x (y +2) = (6.3, 8.1) ((0.9, 0.4) + (5.5, 8.8)
= (6.3, 8.1) (6.4, 9.2)
=(8.32,4.52) 1

Now xy + X X z

=(6.3,8.1) x (0.9, 0.4) + (6.3, 8.1) (5.5, 8.8)
=(5.67,3.24) + (4.65, 1.28)

=(0.32,4.52) |

(D and (II) are distinct hence the distributive law is not true
in the case.

That is why we call S = {(a, b) | a, b € [0, n), +, x} to be a
real semi open square pseudo ring of infinite order built using
the real square.

Example 1.78: Let R = {(a, b) | a, b € [0, 12), +, x} be the
pseudo ring. R has infinite number of zero divisors and a finite
number of idempotents.
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R has subsets which are rings; for P = {(a, b) | a, b € Z,, +,
x} is a ring and is not a pseudo ring. o(p) < «. R has units;
(1, 11) =x e R is such that x* = (1, 1), x = (7, 11) € R is such
that x> = (1, 1). However R has only finite number of units.

P, ={(a,0)|a e [0, 12), +, x} < R is a pseudo subring as
well as pseudo ideal of R.

P, ={(0, a) | a € [0, 12), +, x} is a pseudo subring as well
as pseudo ideal of R.

Py @ P, = R is the direct sum of pseudo subrings and
Pl M P2 = {(0, O)}

Example 1.79: Let R = {(a, b) | a, b € [0, 23), +, x} be the
pseudo ring of infinite order. R has only 22° number of units.
R has infinite number of zero divisors.

R has subrings which are pseudo subrings as well as
subrings which are not pseudo.

T ={(a,b) | a, b € Z3} < R is a subring which is not a
pseudo subring.

L={(a,0)|a € Zy;, +, x} is a subring of finite order which
is not a pseudo subring.

P={(0, a) | a € Zy3, +, x} < R is a subring of finite order
which is not a pseudo subring.

These subrings are not ideals of R.

Example 1.80: Let S = {(a,b)|a, b € [0,120), +, x} be a semi
open real square pseudo ring of infinite order.

S has infinite order pseudo ideals.

T, ={(a, 0) | a € [0,120) } < S is a pseudo subring as well
as pseudo ideal of S.
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T,={(0,a)|a € [0,120) } < S is a pseudo subring which is
a pseudo ideal of S.

M= {(a,b)|a,b € Zjp, +, x} < S is a subring of S which is
not a pseudo subring.

x =(10, 12) and y = (12, 10) € S are such that x x y = (0,
0).

Infact M has only finite number of zero divisors however S
has infinite number of zero divisors.

Both S and M have only a finite number of nontrivial
idempotents. S has several pseudo subrings which are not
ideals.

Example 1.81: Let S = {(a, b) | a, b € [0,19), +, x} be a real
semi open square pseudo ring.

T=1{(a,0]a e Z} is a field isomorphic with Z;9. So Sis a
Smarandache pseudo ring. S has no idempotents. S has ideals
and 18> number of units where (1, 1) is the identity element with
respect to x.

Example 1.82: Let W = {(a, b) | a, b € [0,24), +, x} be the
pseudo ring of infinite order. W has idempotents and nilpotents
that are only finite in number.

Now we can build algebraic structures using the pseudo ring
built using the real square. S= {(a,b)|a, b € [0,n), n <oo}.

This is illustrated by the following examples.

Example 1.83: Let

M= {(31, a, ..., a7) | a € {(aa b) | a, be [077)}a 1<i< 7, +, X}
is the row matrix pseudo ring built on the square of side less
than 7.
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M has zero divisors which are infinite in number. M has
finite number of units.
x=(((1, 1), (1, 1), ..., (1, 1))} is the multiplicative identity
of M. M has subrings and pseudo subrings of finite and infinite

order respectively. M also has pseudo ideals.

Example 1.84: Let

M=<la, ||ae{(ab)|abe[0,27])};1<i1<12,+, x,}

be the semi open real square pseudo ring of infinite order.

M has infinite number of zero divisors and only finite
number of units.

"]
(1,1
(1,1)
(L1
(1,1
LY. .

We see x = is the unit of M.
(L1
(1,1)
(1,1)
(1,1
(1,1)

L(LD)]

M has pseudo subrings as well as pseudo ideals.
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Example 1.85: Let

a, a, a, a,
a5 36 a7 ag

M: . . . : a; € {(aa b) | a, b € [Oa 19)}:
a37 a38 a’39 a'40

1 <1<40,+, x,}

be the pseudo ring of infinite order.
M has infinite number of units and infinite number of zero
divisors. All pseudo ideals of M are of infinite order. M has
pseudo subrings as well as subrings of infinite and finite order

respectively.

Example 1.86: Let

M=<la, a, a; a, a;| ac{@b)label0,27)}

1 <i<25,+, x,}}
be the pseudo ring. M has pseudo subrings and ideals.
Example 1.87: Let A= {(a;|a,as|as|asasas|ag)|a €{(a,b)
|a,b e [0,23)}, 1 <i1<8, +, x,}} be the pseudo ring of super

row matrices of infinite order.

A has infinite number of zero divisors and finite number of
units. A has pseudo subrings and pseudo ideals.
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A has no idempotents other than those got by using (0, 0),
(1, 1), (1, 0) and (0, 1).
A= {((ala 0) | (aZa 0), (333 0) | (347 0) | (35, 0)7 (aéa 0) (a7, 0) |
(ag, 0) | a; €{(a, b) |a,b € [0,23)}, 1 <1< 8}} < Aisapseudo

subring as well as a pseudo ideal of A.

Example 1.88: Let

M= a; € {(a,b)|a,be[0,41)}, 1 <i<14, +, x,}

be the pseudo ring of infinite order.
M has pseudo ideals and pseudo subrings.
M has subrings of finite order which are not pseudo.

M has infinite number of zero divisors but only finite
number of units.



66 | Algebraic Structures on Real and Neutrosophic ...

Example 1.89: Let

= 16 | A7 Qg a € {(a,b)|a, b e [0,235)},

1 <i<40, +, x,}
be the super matrix pseudo ring of infinite order.

S has only finite number of units and finite number of
idempotents but has infinite number of zero divisors.

S has several pseudo subrings which are not pseudo ideals.
S has pseudo subrings which are also ideals.

Study in this direction is similar to that of usual pseudo ring
got using [0, n).

Further we see we are more interested in developing these
structures in case of neutrosophic squares.

We suggest the following problems.
Problems:
1.  Find some stricking features enjoyed by the algebraic

structures constructed using real semi open squares of the
form S = {(a, b) | a, b € [0, n)}.



10.

11.

Algebraic Structures Using Semi Open Real Square ... | 67

Compare S with A = {[0, n)}; A has the same algebraic
structures constructed on it.

Let P = {(a, b) | a, b € [0, 8), +} be the group using the
real semi open square.

(i) Proveo (P)=.

(ii)) Can P have subgroups of finite order?

(iii)) Prove or disprove P has only finite number of
subgroups of finite order.

(iv) Can P have subgroups of infinite order?

Let M= {(a,b)|a,b € [0, 7)} be the group using the real
semi open square of side less than 7.

Study questions (i) to (iv) of problem 3 for this M.

Let T = {(a, b) | a, b € [0, 25)} be the group on the real
semi open square of length less than 25.

Study questions (i) to (iv) of problem 3 for this T.

Study questions (i) to (iv) of problem 3 for the real semi
open square group S = {(a, b) | a, b € [0, 24)}.

Compare the group on the real semi open square in which
[0, p), in which p, a prime is used with that of a group in

which [0, n), n not a prime is used.

Obtain any other special and interesting property
associated with this real semi open square group.

Prove this group on the square X = {(a, b) |a, b € [0, n)}
has two subgroups which are isomorphic with the group
G ={[0, n), +}.

Study S = {(a, b) | a, b € [0, n)} under product.

Prove {S, x} is only a semigroup.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Show if x =t where t € [0, n) \ Z, then x has no inverse
with respect to product.
Prove (S, x) is a semigroup of infinite order.

Can (S, x) have subsemigroups of infinite order which are
not ideals?

Prove (S, x) has infinite number of zero divisors.
Can (S, x) have infinite number of idempotents?
Can (S, x) have infinite number of units?

Can S = {(a, b) | a, b € [0, 82), x} the semigroup have
nilpotent elements?

Let S= {(a,b) | a, b € [0, 491)} be the semigroup under
product.

(i)  Can S have nilpotents?
(il) Can S have idempotents?
(ii1) Prove S has units.

S ={(a, b)|a, b e[0,42)} be the real semi open square
semigroup.

Prove S has infinite number of zero divisors. Prove S is a
S-semigroup.

Can any S = {(a, b) | a, b € [0, n), x} for any n be not a
S-semigroup?

S={(a,b)|a, b e [0,23), x} be the semigroup. Prove S
has atleast 22 x 22 number of units.

Prove S = {(a, b) | a, b € [0, 24)} the real semi open
square semigroup, has only less than 23 x 23 number of
units.



24.

25.

26.

27.
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Let S = {(a5, &, ..., ais) | & € {(a, b) | a, b e [0, 23),
1 <i< 15, +} be the row matrix group under ‘+’.
(i)  Show o(S) = oo.
(i1))  Prove S has subgroups of finite order.

(iii) Prove S has subgroups of infinite order.

Prove the semigroup {(a, b) | a, b € [0, n), x} under
product can never have ideals of finite order.

Let

S=<la; || ae{(ab)|abe[0,28)};1<i<19,+}

be the real semi open square group under +.

Study questions (i) to (iii) of problem 24 for this S.

Let
I a,  a, 4 alOW
all a'12 al} a20
S=<la, a, a, .. a,|| ac{(ab)|abe
a31 a'32 a33 a'40
Ay 8y Ay as, |

[0,42)};1<1<50,+}
be the group under +.

Study questions (i) to (iii) of problem 24 for this A.



70 | Algebraic Structures on Real and Neutrosophic ...

28. Let
a, a,|a, a, a; a,|a, ag
) 46
ay; Ay
a o | e e e . a
_ 25 kY
M= a; € {(a,b) |
Ay e | | Ay
ay Ay
Ay as6
| A5y A4 |

a,be[0,43)};1 <164, +}
be the group under +.

Study questions (i) to (iii) of problem 24 for this M.

29. Let M = {(a, b) | a, b € [0, 45); x} be the semigroup on
the real square of length less than 45.

(i) Find all ideals of M.

(i) Can M have finite ideals?

(ii1) Can M have infinite number of idempotents?

(iv) Prove M can have infinite number of zero divisors.

(v) Can M have subsemigroups which are of finite
order?

(vi) Prove M can have only finite number of units.

30. LetN={(a b)|a,b e [0,19), x} be the semigroup of the
real square of length less than 19.
Study questions (i) to (vi) of problem 29 for this N.

Can N have non trivial idempotents?
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31. LetP={(a,b)]|a,be[0,424), x} be the semi open real
square semigroup.

Study questions (i) to (vi) of problem 29 for this P.

32. LetP={(a, a, ..., a;0) | a; € {(a, b) | a, b € [0, 40)},
1 <1<10, x} be the semigroup of row matrices.

Study questions (i) to (vi) of problem 29 for this P.

33. Let

T

a,

M= 4| a, || aie€{(ab)|abel0,25)};1<i<19,x,}

L2 ]
be the column matrices semigroup under x,,.

Study questions (i) to (vi) of problem 29 for this M.

34, Let
[a, a,|a, a, a;|a, a,|
aS al4
Qs e | e e e | e Ay,
A=<la,, .| o | ayl|ae{(ab)]
) 35
A3 Ay
Ay Ay

a,be[0,28)}; 1 <i<49, x,}

be a semigroup.
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Study questions (i) to (vi) of problem 29 for this A.

35. Let
al a2 a3 a20
B=1la, a, a, .. a,l|lae{@b)labe
Ay 8y Ay a6

[0,45)}; 1 <16, x4}
be the semigroup.

Study questions (i) to (vi) of problem 29 for this B.

36. Let
a, a, a, a, a, a,
a7 a12
T=<la; .. .. .« .. agllae{(ab)labe
| 367 Az

[0, 17)}; 1 <1< 72, %,}
be the semigroup.

Study questions (i) to (vi) of problem 29 for this T.

37. Let

[a, a,|a, a, a,|a,|a, a, a, |
a, a5
a9 ay;

W= s 36 a e

a,, ays
Ay asy
ass a6

| Q64 as




38.

39.

40.

41.

42.

Algebraic Structures Using Semi Open Real Square ... | 73

{(a,b)|a,b e [0,5)};1<i<72, %)
be the super matrix semigroup.
Study questions (i) to (vi) of problem 29 for this W.

Is very semigroup under product built using the real
square of length less than n a Smarandache semigroup?

Let S={(a,b) | a, b € [0, 10), min, max} be the semiring
on the real square of side length less than 10.

(i)  Prove o(S) = oo.

(i) Prove S has infinite number of idempotents and
zero divisors.

(ii1))  Find subsemirings of order 2, 3, 4, 5, 10, 18.

(iv) Prove if A is a subset of S, A can be completed to
obtain a subsemiring.

(v)  Can S have ideals of finite order?

(vi) Can S have filters of finite order?

(vii) Can a subsemiring be both an ideal and a filter?

(viii) Obtain a subsemiring of infinite order which is not
a filter or an ideal.

LetL={(a,b)|a, b e [0, 11), min, max} be a semiring.
Study questions (i) to (viii) of problem 39 for this L.

Let M = {(a, b) | a, b € [0, 25), min, max} be a semi open
real square semiring of infinte order.

Study questions (i) to (viii) of problem 39 for this M.

Let W= {(a, b) | a, b € [0, 125), min, max} be a semiring.

Study questions (i) to (viii) of problem 39 for this W.
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43.

44,

45.

46.

Let M = {(a;, a5, ..., a;5) | a; € (a, b) | a, b € [0, 3),
1 <i< 15, min, max} be a semiring.

Study questions (i) to (viii) of problem 39 for this M.

Let
a’l a’2 aS alO

N=4la, a, a; .. a,|lae{(ab)|abe
a21 a22 aZ} a30

[0,220)}; 1 <i<30}
be a semiring under max, min.

Study questions (i) to (viii) of problem 39 for this N.

Let

M=1 ST B lae f@b) [a b e [0,24)):

1 <i<80}
be the semiring.
Study questions (i) to (viii) of problem 39 for this M.
LetT={(ai|a|asas|asasas|as)|a e {(ab)|abe
[0,43)}; 1 <i<8, min, max} be the semiring.

Study questions (i) to (viii) of problem 39 for this T.
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47. Let

M= a; € {(a,b)|a, b e[0,53)},

1 <1< 12, min, max}
be the semiring.

Study questions (i) to (viii) of problem 39 for this M.

48. Let

a, a, a; a, a, a, a, a,
S=<lay, .. .« o o . o ayllae{b)]

Q7 e e e e e Ay,

a,b e [0,23)}; 1 <i1<24, min, max}
be the semiring.

Study questions (i) to (viii) of problem 39 for this M.
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49. Let

M=4la, a; ajg|| a € {(ab)|abel0,7)},

1 <1< 3, min, max}
be the semiring.

Study questions (i) to (viii) of problem 39 for this M.

50. Let

I al aZ a3 a4 aS a6 |
a,; ap
a3 a5
a9 Ay,

M={lay | . o | ay||aed(ab)labe

a3 a3
a37 a42
Ay Ayg

_a49 asy

[0, 24)}, 1 <1< 54, min, max}



51.

52.

53.

54.

55.

56.
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be the semiring.
Study questions (i) to (viii) of problem 39 for this M.

Find the special features enjoyed by the pseudo rings built
using real squares of side length less than n.

Let M = {(a, b) | a, b € [0, 42), +, x} be the pseudo ring
of the square side of length less than 42.

(i)  Show M is of infinite order.

(i1))  Can finite subrings be ideals of M?

(iii) Find pseudo subrings of finite order.

(iv) Is it possible for M to have infinite number of
idempotents?

(v) Does M have infinite number of units?

(vi) Find infinite pseudo subrings which are not pseudo
ideals.

(vii) Prove M has infinite number of zero divisors?

Prove R = {(a, b) | a, b € [0, 19), +, x} be the pseudo ring.

(i)  Study questions (i) to (vii) of problem 52 for this R.
(i1) Is R a Smarandache pseudo ring?

Let M = {(a, b) | a, b € [0, 23), +, x} be the semi open
real square pseudo ring.

(1)  Study questions (i) to (vii) of problem 52 for this R.
Let T= {(a,b)]| a, b € [0, 248), +, x} be the pseudo ring.
Study questions (i) to (vii) of problem 52 for this T.

Let R = {(ar, @, ..., a1s) | a € {(a, b)|a, b e [0,4]),
1 <£1<15, +, x} be the pseudo ring.

(i)  Study questions (i) to (vii) of problem 52 for this R.
(ii)) Is Ris S-pseudo ring?
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(iii) Can R have S-pseudo ideals?

(iv)

57. Let

Can R have S-pseudo subrings which are not S-
ideals?

a, || ai € {(a,b)|a, be[0,23)};

1<i<18, + %}

be a pseudo ring.

(1)
(ii)
(iii)

58. Let

V a S-pseudo ring?

Study questions (i) to (vii) of problem 52 for this R.
Can V have S-pseudo subrings which are not S-
pseudo ideals?

ai € {(a,b)|a,be[0,27])};

1<i<64}, +, %)

be a pseudo ring.

(@)

Study questions (i) to (vii) of problem 52 for this R.
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59. Let

L= 5 6 7 dg a; € {(a,b)|a,b e [0,271)};

1 <i<64}, +, x,}
be a pseudo ring.
(1)  Study questions (i) to (vii) of problem 52 for this L.

60. LetT={(a;|aa3;|asasas|ay) [a € {(a,b)|a be
[0,45)}; 1 <i< 7}, +, %} be a pseudo ring.
(i)  Study questions (i) to (vii) of problem 52 for this L.

61. Let

B= a e {(a,b)|a,bel0, 19}, 1<i<12, + x}
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62.

63.

64.

be the real semi open square pseudo ring of super column
matrices. Study questions (i) to (vii) of problem 52 for
this B.

Let
a, a,|a;|a, a; a,
a, a),
T O O
T= a, € {(a,b)|a,be
;TR R O : P9}
a5 a3
| A3 A3

[0, 148)}, 1 <1<36, +, x}

be the real semi open square pseudo ring of super column
matrices. Study questions (i) to (vii) of problem 52 for
this B.

Distinguish  between semiring and pseudo ring
constructed using real squares of length less than n, n < 0.

Obtain any special and stricking features about algebraic
structures built using S = {(a, b) | a, b € [0, n)}.



Chapter Two

ALGEBRAIC STRUCTURES USING
REAL NEUTROSOPHIC SQUARES

In this chapter we first describe what we mean by the semi
open neutrosophic square.

(0,0) n

Dotted lines show that the boundary values are not taken so the
point n + nl is not in the square constructed.
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Elements or points will be of the forma+ bl a, b € [0, n), I
is the indeterminacy.

This square will be known as neutrosophic semi open;
square or real semi open neutrosophic square.

We will define operations on them and compare it with the
real squares at each stage.

Ng= {a+bl|a,b e [0,n), =1} is such that if
x=a+blandy=c+dl then
x+ty=(a+c)+(d+bl=s+tu

wheres=a+cifa+c ifa+c<n
=a+c—nifat+tc>n
=0 ifat+tc=n.

Similarly fort=d+bifd+b<n
=d+b-nifd+b>n
=0 ifd+b=n.

Ny={a+bl|a b e [0, n); > =1} is defined as the semi
open real neutrosophic square.

We will illustrate this situation by some examples.

Example 2.1: Let Ng= {a+Dbl|a,be[0,5)} be the real semi
open neutrosophic square.

Example 2.2: Let Ng={a+bl|a,b e [0, 12)} be the real semi
open neutrosophic square.

Example 2.3: Let Ng={a+bl|a,b e [0, 18)} be the real semi
open neutrosophic square.

We see when n = 1 we call it as the fuzzy semi open
neutrosophic square which has been deal separately in.
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Example 2.4: LetNg={a+bl|a, b e [0, 81)} be the real semi
open neutrosophic square. Let x =79 + 5l and y =2 + 761 € Ng
weseex +y=79+51+2+761=0+ 0L

Letx=3.001 +2.75l and y =0.815+0.3751 € N.
x+y=3.816+3.125] € Ns.

x +x=3.001+2.751 +3.001 + 2.751

=6.002 +5.50I € Ns.

y+y=0815+0.3751+0.815+0.3751
=1.630 +0.7501 e Ns.

This is the way operation + can be performed on N.

Example 2.5: Let Ng = {a + bl | a, b € [0, 12)} be the
neutrosophic real half open square.

Let 0 + 0I € Ns.
Weseex+0+0I=a+bl+0+0I
=a+bl=xforevery x € Ng.

For every x € Ng there exists a unique y € Ng such that
x+y=0+0L

Inview of all these results we have the following definition.

DEFINITION 2.1: Let Ny={a +bl|a, b € [0, n), n < oo +} be
the semi open neutrosophic square group under addition and Ns
is known as the real neutrosophic half open square group or
semi open square group.

We see Ng is of infinite order Ng has both finite and infinite
order subgroups.

Example 2.6: Let Ngs= {a+bl|a, b e [0,7),+} be the real
neutrosophic group of infinite order.

P={a+bl|a,b e Z;} is a subgroup of finite order.
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M= {a |a € [0, 7)} is a subgroup of infinite order.
N={bl|b e [0, 7)} is a subgroup of infinite order.
T={a |a e Z;} is a subgroup of finite order.
L ={al|a € Z;} is a subgroup of finite order.

Thus Ng has both subgroups of finite and infinite order.

Example 2.7: Let Ng= {a+Dbl|a,be Zp,, +} be the semi open
real neutrosophic group of infinite order.

Njs has several subgroups of finite order.
T1 = {a+bI | a,b (S {O, 6},+} gNs,
T,={a+bl|a,be {0,4,8},+} = Ns,
T;={a+bl|a,be {0,3,6,9}, +} < Ng,
T,={a+blla,be {0,2,...,10}, +} < Ng,
and Ts = {a + bl | a, b € Zj5, +} < Ng are finite real
neutrosophic subgroups.

M, ={alae Zp, +} < N,
M;={a|ae {0,6} +} = Ns,
M;={alae {0,2,4,....10}+} < N,
My={a|ae {0,3,6,9},+} < Ng,
and Ms = {a | a € {0, 4, 8}+} < Ng are some of the real
subgroups of finite order. They are not neutrosophic.

Ny={al|a e Zp, +} = Ng,

N, = {aI | ae {0, 6}, +} gNs,

N3 = {aI | ae {0, 4, 8}, +} gNs,

Ny={al|ae {0,2,4,...,10},+} = Ng,
and Ns; = {al | a € {0, 3, 6, 9}, +} < Ng are pure
neutrosophic subgroups of finite order.

L= {a+bl|a,be {0,051,15,2,25,3,...,11, 11.5},
+} < Ng are a real neutrosophic subgroups of finite order.

M=1{a+bl|a be {0,0.2, 04,006,038, 1,12, 14, 1.6,
1.8, 2, ..., 11, 11.2, 11.4, 11.6, 11.8}, +} < Ng is a real
neutrosophic subgroup of finite order and so on.
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Example 2.8: Let Ng={a+Dbl|a,b e [0, 14), +} be the semi
open square real neutrosophic group of infinite order.

Ns has several real semi open square subgroups of both
finite and infinite order. Ng has several neutrosophic semi open
square subgroups of finite and infinite order.

Example 2.9: Let Ng = {a+Dbl|a,b e [0, 28), +} be the semi
open square of real neutrosophic group of infinite order.

Since Ng happens to a commutative group of infinite order
we do not have many classical properties associated with it.

However we can build real neutrosophic groups using Ng
which will be illustrated by examples.

Example 2.10: Let
S={(a;,a,as,a;)|a, € {a+bl|a,be[0,10),1<i<4} bethe
real neutrosophic semi open group under +.

S is of infinite order and S has both finite and infinite
subgroups.

Example 2.11: Let

T

a,

T={|a, [|aje {a+tbl|abel0,32),1<i<16,+}

KT

be the group of column matrices of the real neutrosophic semi
open square. T has several subgroups both of finite and infinite
order.
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Example 2.12: Let

a, a, a9
all alz 320
T= a; € {a+bl|a,bel0,24),
Ay 8y .. Ay
a3 Ay Ay

1 <i<40,+)

be the real neutrosophic semi open square of infinite order
under +.

M have several subgroups of infinite order as well as finite
order.

Example 2.13: Let

a, a, a; 3,
as dg  a; g

S= . . . J|laje {atbl]a,be[0,43),
77 Qg Ay g

1 <i<80,+}
be the real neutrosophic matrix group on semi open square.

S has several subgroups of finite and infinite order.
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Example 2.14: Let

T=113 ||ae{atbl|abel0,25},1<i<15,+}

be the real neutrosophic half open (semi open) square of super
column matrices.

T has subgroups of both finite and infinite order.

Example 2.15: Let W= {(a;|a,a;|asas|ag)|a € {a+Dbl]|a,
b € [0, 14)}, 1 <i <6, +} be the real neutrosophic super row
matrix group over the semi open square.

This W also has several subgroups of both finite and infinite
order.
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Example 2.16: Let

[a, a, a, a, a, |
Qg e e e Ay
V=4la, .. .. .. as|lae{fat+bl|a,bel0,45)},
a16 a20
_a21 a25

1 <i<25,+}
be the real neutrosophic semi open square matrix of matrix
group under +.

V has finite order as well as infinite order subgroups.

Example 2.17: Let

[a, |a, a,|a, a|
A a
a a5
A | e o | e Ay,
V= a; € {atbl|a,be[0,42)},
ay, R
A5 a3
a3 35
836 Ay

1<i<42,+}

be the real neutrosophic open square matrix super matrix group
of infinite order. M has both subgroups of infinite and finite
order.
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Next we proceed onto describe
Ns={a+bl]|a,be[0,n),n<ow} with product operation ‘x’
Ns under product ‘x’ is only a semigroup.

We will describe this situation by an example or two.

Example 2.18: Let Ng = {a+bl|a, b e [0, 6), x} be the
semigroup of real neutrosophic semi open square.

Letx=3+02landy=0.72+0.18] e Ns.
x xy=(3+0.2I) (0.72 + 0.18I)

=2.16 + 0.1441 + 0.541 + 0.0361°
=2.16+0.720l € Ng (*=1).

This is the way product on Ny is performed as I* = 1.

Example 2.19: LetNg= {a+Dbl|a,b e [0, 11), x} be the semi
open square semigroup of infinite order.

Njs is a commutative semigroup.

Ifx=6andy=2 e Ngthenx x y=6 x2 =1 is a unit.
Ns has units. Ng has zero divisors.

If x =6+ 5l and y = I then xy = 0 is a zero divisor.

Ifx=0.7101 + 10.28991 and y = I € Ng then xy = (0) is a
zero divisor in Ng.

Ng has units and zero divisor. I* = I is atleast one
idempotent of Ng.

Example 2.20: Let Ngs= {a+Dbl|a b e [0, 12), x} be the
neutrosophic semi open square semigroup of infinite order.

x=4,x,=9,y=4l,z=1, t =91 € Ns are some of the
idempotents of N.
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g, =8 + 4l is a zero divisor as h; = I in Ng is such that
g1 h] =0.

We have infinite number of zero divisors.
x=0.3112 + 11.6888I and y = I are such that xy = 0 + OL

Example 2.21: Let Ng= {a+Dbl|a,b e [0,24), x} be the
neutrosophic semi open square semigroup of infinite order.

x =5 is such that x> = 1, y = 7 € Ng is such that y* = 1. Let
x =l is an idempotent in N.

Example 2.22: Let Ng= {a+bl|a b e [0,6), x} be the
semigroup of infinite order.

x=5+landy=1 e M are such thatx xy=0,y=0.71+ 6.3
andx=IinMaresuchthatx xy=yx=0,x; =31, x,=3,x3 =
4, x4 =41 and x5 = 3 + 41 in M are such that X12 =X, Xi = Xy,

X5 =X3, X; =X4, X; =(3+41) 3+4I)

=90+ 121+ 121+ 161
= 3 + 4] = x5 are idempotents of M.

Letx =4+ 4l and y =3 or 31 in M are such that xy = 0.

Example 2.23: Let
M= {(a, a, a3,34,35) |3, € {a+bl|a,be]0,3),1<i<5, x}
be a semigroup of infinite order.

Let x =(0, 0.31, 2+1, 0, 0.7 + 1) and
y=2+2L,0,1,0.77 + 1.221, 0) € M we see x x y = (0, 0,
0, 0, 0) is a zero divisor in M.

x=(0.2+28I,1+2L 1.3+ 1.71,0.5 +2.5I, 1.5 + 1.5I) and
y =LLLLI) e M.
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We see x xy =(0, 0, 0, 0, 0).

Example 2.24: Let

N= {(a, as ...,a52) |a; € {a+bl|a be]0,8),x} beasemi
open neutrosophic square semigroup under product x of infinite
order.

Example 2.25: Let

T= 4l a; ||ase {at+bl|a,be[0,18) 1 <i<18, x,}

be the neutrosophic semi open square semigroup of infinite
order.

{T, x,} is a commutative semigroup which has infinite
number of zero divisors only finite number of units and
idempotents in T.

Example 2.26: Let

a’S a6 a'7 a’8

W= a; € {at+bl|a,be[0,27)},
Ay Ay Ay Ay
a, a, a5 a

1 <116, x,}
be the semigroup under natural product x,,.

W has units, zero divisors and idempotents.
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Example 2.27: Let

g 16 17 18 19 20 a; € {a+bl|a,be]0,24)},

1 <i<40, x,}
be the semigroup under natural product.

S has infinite number of zero divisors and only finite
number of idempotents. Only finite number of units.

Example 2.28: Let M= {{(a;a,|a;|asasag|a;)|a € {a+bl|
a, b e [0, 13)}, 1 <1i<7, x,} be the real neutrosophic semi
open square semigroup of super row matrices under product.

M has zero divisors, idempotents, subsemigroups and
ideals.

Take P;={(a;0|0]000|0)]|a;
{atblla,bel0,13),x} =M,

P2={(0a2|0|000|0)|a26
{a+blfa,bel0,13),x;cM,

P;={(001a;|000[0)|a; €
{atblla,be[0,13),x} c M,

Ps,={(001]0]a;00]|0)]a4 e
{a+bl|a,bel0,13),x} <M and so on.
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P;,={00]0|000]|a;)|a; e fat+bl|a,be]0,13),x} c
M are all subsemigroups which are also ideals of M.

Ni={(@0[0[000]0)|a; €[0,6)<[0,13) } =M,

N>={(0a,[0[000]0)|a, €[0,6)<[0,13) } =M,

N;={(00]a;/000]|0)[a3 €[0,6)<[0,13) } =M
on;

N;={00|0|000]as)|a; €[0,6)<[0,13)} =M are all
subsemigroups which are not ideals.

and so

All of them are subsemigroups of infinite order and they are
not ideals.

Example 2.29: Let

M=<|a, ||aje{a+bl|a,bel[0,27)}, 1 <1<19,x,}

be the real neutrosophic square of column matrix semigroup
under the natural product.

TakeP;=4| 0 ||a; € {a+Dbl|a,be[0,27),x,} =M,
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P,=43]10]|a,e {a+bl|a,be]0,27),x,} cM

and so on.

Pyy= 0 ajg € {a+bI|a,be[0,27), Xn}gM

Ti=4|0||a; € {a+bl|abeZy x,} =M,

T,=14] 0 ||az e {a+bl]a,beZy x} =M,
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Ts=1la;||ase{atbl|abeZy x,} cM,

T,= aye{atbl|abeZy x,} cM

and so on

T9= 0 |lage {a+bl|a,beZy},x,cM

al‘)_

are all only subsemigroups of finite order and none of them are
ideals.

SI,Z = 0 aj, dy € {a+bI | a, be 227}, Xn} gM,
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Si3=14la,;||a,a3 e {at+bl|a,beZy}, x,} =M,

Si4= a;,aq € {atbl|a,be Zy}, x,} <Mand

SO on.

Si,i9=14] 0 ||a,ap e {at+bl|a,beZy}, x,} =M,

Sr3=19la, ||a,a3e {atbl|a,beZy}, x, M

and so on.
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Sri9=14| 0 ||ayag e {fatbl]abeZy}, x,} cM

are all only subsemigroups of finite order and none of them are
ideals of M.

Sl,2,3 = a3 ay, A2, A3 € {a+bI | a, b € 227}7 ><n} gMa

Si,2,4= a, a,a4 € {atbl|a,beZy}, x,} <M,

and so on.

Siis.9=1| : |lanas, a9e {at+bl|abeZy},x,} =M

K

be the subsemigroups all of which are of finite order. None of
them are ideals.
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fa
az
0
W, = i ||aje {fat+bl|a,be Zy}, x, 1 <i<17},
al7
0
_O_
fa
aZ
0
W,=1<| ~ ||lase{fa+bl|abeZy}, x, 1<i<17} M,
a16
0
a‘17
fa ]
a2
0
Ws=<| ~ ||lase{fa+bl|abeZy},x, 1<i<17} M
a16
0
0
L &7

and so on.
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a
Wy= ’ a, € {a+tbl|a,beZy}, x, 15117} M,

W; a, e {at+tbl|a,beZy},x, 1<i<17} <M

Il
Qo
[

and so on.

a
Wi, = "Ilaje{a+bl|abeZy},x, 1<i<17} cM.

All of them are only subsemigroups of finite order and none

of them are ideals.
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Example 2.30: Let

as

a
sS=40 7 P 77 lae{a+bl|a,bel0,193)},
40

1 <£1<40, x,}

be the real neutrosophic semi open square semigroup of infinite

order.
Let
a, 0 00
0 0 00
M=+ . . . . .|laiefatbl]abe
0 0 0 0O
[0, 193)}, xa} =S,
0 a, 0 0 0
0O 0 O
M, = .. a, € {a+bl|
0O 0 0 0 O
a,be[0,193)}, x,} =S
and so on.
0 0 0 O
0 0 O
My = s e . Ay € {a+bI|

40
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a,b e [0, 193)}, x,} =S

are all subsemigroups which are also ideals.

Ml,z = . . .. L lanLa e {a+bI|
a,be[0,193)}, x,} =S

0 0 0 0 0
0 0 a;, 00
Mg, =4/0 a, 0 0O Of|ag,ape {atbl]

a,b e [0, 193)}, x,} = S

M = : : S asj;, a3 € {a+Dbl
31,32 0 O 0 0 0 31 32 { ‘
a31 a32 0
0O 0

a,b e [0, 193)}, x,} =S and
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0 0 0
0 00 O O
Mso 40 = 0 0 0 O O a39, 340 € {a+ bl |
0 0 0
O a'39 a40

a,b e [0, 193)}, x,} = S

are all subsemigroups which are all ideals of S.

We see none of the finite subsemigroups of S are ideals.
Further all ideals of S are of infinite order.

fa, a, 0 0 ag]
0 0 0 0 O
A152’5 = 0 0 0 0 : a; a as € {a+bl‘
0 0 0O
0 0 00 0]

a,beZ}, %y =S

is only a subsemigroups but not an ideal.

Thus S has atleast 40C1 + 40C2 + ...+ 40C39 number of
subsemigroups of finite order which are not ideals in S.

Similarly S has atleast 4C; + 4Cy + ... + 4Cs9 number of
subsemigroups of infinite order which are ideals of S.



Algebraic Structures Using Real Neutrosophic ... | 103

0 0 0 0 0]
0 a, 0 O 0
0 0 0 a, O

A721,35,14 = 0 000 0 a7, a14, A21, A35 €
B a,, 0 0 O 0 '

0 0 0 0 O
0 0 0 0 ay

L 0 0 0 0 |

fa+bl|a,bel0,193)},x,} =S

is a subsemigroup of infinite order which is an ideal of S.

[0 00 0 O]
0 00 0 a
0 00 0 O

Ao, 16,40,24 = e 000 0 ajo, 165 40, A4 €
T 0 00 a, O ’

0 00 0 O
0 00 O O

L0 0 0 0 a,

{a+bl|a,be[0,193)}, x,} =S

be the subsemigroup of finite order which is not an ideal.
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a, 0 0 0 a;

0 a, 0 a, O

0 a, 0 0 a,

Bis,7,9,12,15,20,32,38 = 0 0 0 0 o ai, az,
o 0 0 0 0 O '

0 0 0O 0 O

0 a, 0 0 0
_0 0 a, 0 O i

as, a9, 12, 15, a0, a32, a33 € {a T bl a, b € [0, 193)}, x,} =S

be a subsemigroup of infinite order which is an ideal of S.

6o 0 0 0 O
0 0 a, 0
0o 0 0 o0 O
0 0 ag a, O
X9, 18,19,22,24,30,39,40 = 0 a, 0 a, 0 ajg, 18, 30,
0 0 0 0 a,
6 0 0 0 O
10 0 0 ay, a,

az € {a+bl|a,be Zos}, a, ay, ax, a0 €{a + bl |
a,b e [0, 193)}, x,}
be a subsemigroups of S of infinite order but is not an ideal of

S.

Thus S has infinite order subsemigroups which are not
ideals of S.
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Let
fa, 00 0 0]
0 00 0 O
Yis=1<]: ¢ ¢ i illajef{at+tbl]abeZys},
0 0 00 O
10 00 0 a,

apef{atbl|abe[0,193)}, x,} =S
be subsemigroup of infinite order and Y 4 is not an ideal of S.

Example 2.31: Let
S = (al a, a; a, a; j
a6 a7 ag aQ a10

be the real neutrosophic semi open square matrix semigroup of
infinite order.

a; € {a+bl|a,be]0,12)},

1<i<10, x,}

S has subsemigroups of infinite and finite order and finite
order subsemigroups are not ideals. However all infinite
subsemigroups are not ideals.

Let
P= a, a, a; a, 34
0O 0 0 0 O

be a subsemigroup of S which is also an ideal of S and P is of
infinite order.

a; € {a+bl | a,b € [0’ 12)}9

1<i<5, %, S
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Let

a e {atbl|a,beZp},

1<i<10, x,} < S
be a subsemigroup of S of finite order and Y is not an ideal of S.

Let

a a a a a
X 1 2 3 4 5
( J
d, a5, adg Ay Ay

I<i<5}andaje {a+bl|abe[0,12)}, 5<j<10, x,}

a; € {a+tbl|abel0,12)},

be a subsemigroup of infinite order, clearly x, is not an ideal of
S.

We have several subsemigroups of infinite order which are
not ideals.

X 1s one such case

a, a, 0 0 O
L1,2:

0O 0 0 0 O

anda, e {a+bl|a, be[0,12)} x,} < S isonlyasubsemigroup
of infinite order which is not an ideal of S.

a, 0 0 0 O
Lio=
' 0 0 0 a, 0
and age {a+Dbl|a,be[0,12)}, x,} < S is asubsemigroup of
infinite order and is not an ideal of S.

a; € {a+bI|a,b Ele}

a; € {a+bI|a,bele}
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Thus we can have several such ones. S has also infinite
number of zero divisors.

a, 0 0 0O
Let M1 =
0 00 0O
be a subsemigroup of infinite order which is real.
a, 0 0 0O
N] =
0 00 0O

is a finite neutrosophic subsemigroup which is not an ideal.

a, 0 0 0 0
W]Z
0 0 0 0O

is a subsemigroup of infinite order which is also an ideal.

a; € [0, 12), x,} < S

a) € lel, Xn}

a; =bl where b € {[0,n)}, x,}} =S

W, is a pure neutrosophic subsemigroup.

1fA=[al T asJeSand

ag 4; Az Ay 3y

{6.311 0 000
W =

€ W, then
0 0 0 0O

6.311a+b6311 0 0 0 O
AW] =
0 00 00

(a+b)6.311 0 0 0 0
= S W].
0 0 0 0O

Hence the claim.
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S has atleast (C; + 10C; + ... + 10Cy number of pure
neutrosophic subsemigroups of infinite order which are also
pure neutrosophic ideals of S.

All these matrices have pure neutrosophic ideals also.

Inview of all these we have the following theorem.

THEOREM 2.1: Let S = {m x n neutrosophic matrices with
entries from Sy ={a + bl | a, b € [0, s5), ] <s < a}} be the real
neutrosophic square matrix semigroup under natural product

X

¥

(i)

(iii)

(iv)

v)

(vi)

(vii)

S has atleast ,,,;C; + ... + wCusus number of
subsemigroups of finite order which are not ideals.

S has subsemigroups of infinite order which are not
ideals.

Allideals of S are of infinite order.

S has atleast ,;,,Ci1 + nonCo + oo T atConsns HUmMber
of pure neutrosophic subsemigroups of finite order
which are not ideals.

S has atleast ,,,C; + ... + Chsn1 number of real
subsemigroups of finite order which are not ideals.

S has atleast ,;,,Ci1 + nonCo + oo T atConsns HUmMber
of real subsemigroups of infinite order which are
not ideals.

S has atleast ,;,,C1 + nonCo + oo t satConsns HUMber
of pure neutrosophic subsemigroups of infinite
order which are ideals.

Proof is left as an exercise to the reader.
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Example 2.32: Let

M= 7 ||lase {a+bl|a,be[0,43)},1<i<14, x,}

be the real neutrosophic square column super matrix semigroup
of infinite order.

All properties mentioned in the theorem are true for this M.

Example 2.33: Let N = {(a; ay | a3 | a4 as a¢ | a7 ag | a9) where g;
e {a+bl|a,be0,12)},1<1<9, x,} be the real neutrosophic
super row matrix semigroup of infinite order.

LetP,={(a;0/0/000|00|0)|a; € {a+bl|a,beZy}
< N be the subsemigroup of finite order. P; has zero divisors
but P, is not an ideal. Units and idempotents in P, are only
finite in number.

We have atleast ¢C; + ¢C, + ... + ¢Cg number of such
subsemigroups of finite order which are not ideals satisfying the
above said property.
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Example 2.34: Let

W = ae {atblfa,bel0,5)},

1<i<42, x,}

be the real neutrosophic semigroup of a super column matrices.

W is of infinite order and satisfies all the properties
mentioned in theorem 2.
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Example 2.35: Let

o |8y @, a, |ay||aefatbl|abe

[0,5)}, 1 <i1<45, x,}

be the pure neutrosophic super matrix semigroup of infinite
order.

P has atleast 4C; + ... + 4Csu number of real
subsemigroups of finite order which are not ideals.

P has atleast 4C;, + 4C, + ... + 45Cs number of real
subsemigroups of infinite order which are not ideals.

P has zero divisors and units.
Example 2.36: Let

B a, a, R
M= aie{a+bI|a,b€[0,23)}a
A3 Ay e Ay

1<i<24, %,

be the semigroup of infinite order. M has infinite number of
zero divisors, finite number of idempotents and units.
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Next we define using the real neutrosophic semi open
square Sy = {a+ bl |a, b € [0, n)}, the semigroup using min (or
max) operation (or used in the mutually exclusive sense.

Let Sy={a+bl|a, b e [0,n)} define min {a + bl, c + Id}
=min (a, ¢) + min {b, d}L.

Clearly min {a + bl, a + bl} =a + bl.
Thus every element under min operation is an idempotent.

Example 2.37: Let Sy = {a+bl|a, b e [0,7), min} be the
semigroup. Sy is an idempotent semigroup of infinite order.

x=03+17Tandy=6.1 +0.11 € Sy.
min {x,y} ={0.3+0.1}.

min {x,x} =03+ 1.71=x.

min {y,y} =6.1+0.1I=y.

Ifx=0.7and y = 0.8] then min {x, y} =0 for min {x, y} =
min {0.7, 0} + min {0, 0.81} =0 + OL.

Thus Sy under min operation has infinite number of zero
divisors and every element is an idempotent hence in Sy under
the min operation every x is a subsemigroup.

Thus if P = {x} then min {x, x} = x hence P is a
subsemigroup.

Let W = {0.7+ 2.11, 5.3 + 0.7}
={x,y} (X, y € Sn).

min {x, X} =X, min {y, y} =y and min {x, y} = 0.7 + 0.71
¢ W.

Thus W = {0.7 + 2.11, 53 + 0.7, 0.7 + 0.71} is a
subsemigroup of order three.
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LetP={03+041=x,y=0.6+0.003], z=7+ 0.000021}
< Sn. We see min {x,y} =0.0031+0.3=s

min {x, z} = 0.3 +0.00002] =t
min {y, z} = 0.6 + 0.00002I =u

P.={x,y, 7, s, t, u} is the completed subsemigroup of Sy of
order six.

Example 2.38: Let M = {a+Dbl|a, b e [0,27), min} be the
semigroup. M has infinite number of zero divisors if x = a and
y=bl, a,b € [0, 27) then min {x, y} =0+ Ol.

Letx=03+8landy=7+ 0.5 € M.
min {x,y}={0.3 +0.51}.
Thus {x, y, 0.3 + 0.5I} < M is a subsemigroup of order

three in M. M has infinite number of subsemigroups which are
of finite order.

Let W= {a+bl|a be [0, 12) [0, 27)}. W is a
subsemigroup of infinite order.

Infact W is an ideal of M. Given any subset A of the

semigroup M, we can complete that subset say to A, and A, will
be subsemigroup of M.

In general A, is not an ideal of M.

Example 2.39: Let B= {a+bl|a, b e [0, 12), min} be the
semigroup of infinite order.

Pos={a+bl|a,be[0,0.5)},
P,s={a+bl|a, b e]0,2.5)},
P;;={a+bl|a,be[0,3.7)},

and so on.
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Pi={a+bl|a,be0,t),t<11} are all subsemigroups of B
which are ideals of B.

Let M, = {0.3 + 0.81, 0.7 + 0.5, 9 + 0.21, 0.1 + 6.51} < B.
M, is only a subset of B and is not a subsemigroup.

However M, can be completed to get a subsemigroup.
Infact there are infinite number of subsets in B which are not
subsemigroups and all of them can be completed to form a
subsemigroup.

Infact there are infinite number of subsets in B which are
not subsemigroups and all of them can be completed to form a
subsemigroup. This is the main advantage of using the min
operation.

Now we give examples of semigroups constructed using
Sy={a+bl|a,b e [0,n), min} the semigroup.

Example 2.40: Let P = {(a;, a5, a3, a4, as) |a; € {a+bl|a, b e
[0, 7)} 1 <1 <5, min} be the real neutrosophic square row

matrix semigroup of infinite order.

P has subsemigroups of finite and infinite order. All ideals
of P are of infinite order.

T ={(0.71, 0.8 + 61, 0.7 + 0.5, 0, 1.8 +3)} < P is a
subsemigroup of order one.

Let W = {(0.3, 0.4 + 21, 31, 4, 6+2I) y = (0.7 + 3I, 0.2+
0.51, 4421, 341, 3+1)} P

W is only a subset and not a subsemigroup.
For min {x, y} =(0.3,0.2 + 0.51, 21, 3, 3+I) is not in W.

But W, = {x, y, min {x, y} } < P is a subsemigroup of P.
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W, is the completion of W.

Let M= {(0,0,0.31,0.2+1, 1) =x,
y=1(0.7,0.81, 4, 0, 6I)} — P; we see M is only a subset of P.

M is completed to M, = {x, y, min {x,y} =(0,0,0,0,0)} =
P which is a subsemigroup of order three in P.

Clearly if N is a subset of cardinality two which is not a
subsemigroup then N, the completion of N into a subsemigroup

is a subsemigroup of order three.

This is universally true for all subset with a pair of distinct
elements which is not a subsemigroup.

Example 2.41: Let

T=<la,||laje {a+bl|a,be[0,6)}, mn, ] <i<9}

be the real neutrosophic square semigroup of column matrices.
T is of infinite order.

T has subsemigroups of both infinite and finite order.
The number of finite subsemigroups are infinite in number.

Similarly the number of subsemigroups of infinite order is
also infinite in number.

T has infinite number of zero divisors. T has only finite
number of units and infinite number of idempotents in it.
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All proper subsets of T can be completed into a
subsemigroup of T.

If X = {xy, X, ..., Xa} is a subset such that min {x;, xj} ¢ X
ifi#]j, 1<1i,j<nthen X.= {Xi, Xp, ..., Xp, min {X;, xj}} 1 <1,
j <nis asubsemigroup of T.

Example 2.42: Let

S=14la; |3, a;|a,||ae{atbl|abel0,8)],

min, 1 <i<28}
be the semigroup built using the real neutrosophic square under
min operation.

S has infinite number of subsemigroups which are ideals
and some of them are not ideals of S.

S has infinite number of zero divisors and idempotents. Of
course every element is a subsemigroup.

S has subsemigroups of order one, two, three etc.

Infact S has subsemigroup of ordern;n € Z".
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Example 2.43: Let

M= qla,; ay a, a,||ae{atbl[abel0,9)}

min, 1 <i<52}
be the semigroup of column super matrix of infinite order. M

has infinite number of zero divisors. M has subsemigroups of
finite and infinite order.

Now we build on Sy = {a + bl | a, b € [0, n)} with max
operation on it semigroups of infinite order.

Example 2.44: Let Sy = {a+Dbl|a, b € [0, 24), max} be the
real neutrosophic square semigroup under max of infinite order.

S has every element to be an idempotent. Every singleton
element is a subsemigroup.

Clearly Sy has no zero divisors or units.

Letx=5+09andy=0.71+ 8 € Sy, max {x,y} =8 +
0.91.
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This is the way max operation is performed on Sy.

Letx={0+0I} andy=a+bl(a,b € [0,24)\ {0} max {y,
X} =a+bl=y.

Letx=63+72landy=5.8+12[ € Sy. Max {x,y} =6.3
+ 121 € Sy.

Thus P. = {x,y, 6.3 + 121} is a subsemigroup of S.

LetP={(0+0I),x=07+11Ly=8Lz=5+ 15} < Sx.
P is only a subset of Sy.

P can be completed to get at the subsemigroup.

P.={0.7+ 111, 5 + 151, 0.7 + 111, 8L, 0 + OI} < Sy is the
subsemigroup of Sy.

B= {91, 8,4+ 121, 0.3, 171, 21 + 51} < Sy be the subset of
Sx. We can complete B by using max operation on it.

B, ={8+9L12[+4,03+ 17,21 +91,8 + 12,8 + 17, 4 +
171,21 + 121, 21 + 171} is a subsemigroup of order 9.

B|=5.
But max {8, 21 + 5I} =21 + 51

max {91, 4 + 121} =4 + 121
max {91,0.3 + 171} =0.3 + 171

That is why o(B.) = 9.

Let V={63+751,9+341, 1.21 + 19, 141 + 0.3} < Sy is
not a subsemigroup of Sy.

V.=1{63+ 75,9+ 751,19 + 7.51, 141 + 6.3, 19 + 341,
141 + 9, 19 + 141, 9 + 341, 1.21 + 19, 141 + 0.3} is a
subsemigroup of finite order in Sy.
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o(V)=4 and o(V.) = 10.
This is the way subsemigroups are completed.

Any subset finite or infinite in Sy can be completed to
subsemigroups.

We see min {x, 0} =0 and max {x, 0} =x.

These semigroups under max has elements which is the
greatest one but in case of semigroups under min 0 + 0l = 0 is
the least element.

Example 2.45: Let W= {a+bl|a, b e [0,19), max} be the
semigroup of infinite order. W has no zero divisors. Every
element in W is an idempotent under max operation.

Letx=3+12[andy =12+ 31 €¢ W; max {x,y} =12 +
121.

LetP={a+bl|a be[0,12)c[0,19)} cW,Pisa
subsemigroup of W under max operation.

However P is not an ideal of W for if x = 14 + 151 € W and
y=a+bl € P we see max {x,y} =x ¢ P hence the claim.

Let M={a+bl|abe[7 19 c[0, 19} < W be a
subsemigroup of W. M is an ideal forany x € M andy € W we
see max {x, y} € M. Thus M is an ideal infact W has infinite
number of subsemigroups which are ideals of W.

Let T={a+bl|a,be[6,12)c[0,19} cW. Tisa
subsemigroup and is not an ideal of W.

Example 2.46 : Let P = {a + bl | a, b € [0, 12), max} be a
semigroup of infinite order.

T,={a+bl|a,be]l, 6)} <P isasubsemigroup of P and
is not an ideal of P.
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T,={a+bl|a,be[6,12)} < P isasubsemigroup of P and
is not an ideal of P.

and T;={a+bl|a,b € [3, 6)} < P is a subsemigroup of P
and is not an ideal of P.

In view of all these we have the following theorem.

THEOREM 2.2: Let Sy = {a + bl | a, b € [0, n), max} be a
neutrosophic semi open square semigroup of infinite order.

(i) Sy has no least element.

(ii) Sy has subsemigroups of order one, two, ....

(iti)  All ideals of Sy are of infinite order.

(iv) Pr=fa+bl|a bel0t) t<n-1}cSy isonly
a subsemigroup and not an ideal of Sy.

v) Ti={a+bl|a b e[tn)} cSy is asubsemigroup
which is also an ideal of Sy.

(vi) Wy={a+bllabeltm),0=ztandm<n-1} c
Sy is a subsemigroup and not an ideal of S.

(vii) Sy has no zero divisors.

The proof is direct and hence left as an exercise to the
reader.

Now we proceed onto give the theorem in case of min
operation.

THEOREM 2.3: Let Sy ={a + bl |a, b € [0, n), n < oo, min} be
a neutrosophic semi open square semigroup of infinite order.

(i) Sy has infinite number of zero divisors.

(ii) 0 + 01 is the least element in Sy.

(iii)  Every element is an idempotent in Sy.

(iv) Sy has subsemigroups of order one, two, three etc.

) Sy has no ideals of finite order.

(vi) T={a+bl|la bel0t),t<n-1}cSyare ideals
OfSN.
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i) P={a+bl|labelst)0<sandt<n-I}c
Sy are only subsemigroups and not ideals of Sx.

(viii) B={a+bl|a b e[t n) 0<t}cSyareonly
subsemigroups and not ideals of Sy.

Now we proceed onto construct semigroups under max
operation using the real neutrosophic square.

Example 2.47: Let M = {(a;, a,, a3, a4, ..., ay) | 3; € {a + bl | a,
b € [0, 22)} 1 <1< 20, max} be a semigroup of infinite order.
M has no zero divisors.

Every element in M is an idempotent. Every singleton is a
subsemigroup of order one.

M has subsemigroups of order two, three and so on but
none of the finite ordered subsemigroups are ideals of M.

LetP,=(a,0,...,0)|]a,={a+bl|a,be]0,22)} cM;be
a subsemigroup of infinite order. However P, is not an ideal of
M.

Forifx=(9+8.11,0,0, ...,0) € Pyand y = (a;, a,, ..., a3)
is S atleast some of a; # 0.2 <1< 20 then max {x, y} ¢ P, hence
the claim.

P, is only a subsemigroup of infinite order.

Similarly we can have several subsemigroups of infinite
order none of which are ideals of Sy.

Let B = {(aj, a5, ..., ay) | a € {a+ Dbl |a, b e [0, 11)},
1 <£1<20, max} < M be the subsemigroup of M.

Clearly B is not an ideal of M.

On the other hand D = {(aj, ..., ax) |a; € {a+bl|a, b € [1,
1,22)}, max, 1 £1<20} < M is a subsemigroup of M which is
also an ideal of M.
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LetM={(aj,a, ...,a) |as€ {a+tbl|a,be[4 12)} 1 <i
<20, max} < M be subsemigroup of M which is not an ideal of
M.

Thus we have infinite ordered subsemigroups of M which
are not ideals of M.

M also has finite subsemigroups which are not ideals of M.
Infact no subsemigroup of finite order is an ideal of M.

Example 2.48: Let

S=<la, ||aie {at+bl|a,bel0,6)}, max, 1 <i<15}

be a semi open neutrosophic square semigroup of column
matrix with entries from the real neutrosophic square. Clearly S
has all the properties mentioned in theorem 2.2.

Example 2.49: Let

M=<la, a; a,||ae{atbl|a,be]l0,45)}, max,

1<i< 15}

be a semi open neutrosophic square semigroup with no zero
divisors.
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a;, a,a3 € {a+bl|a,bel0,45)},

max} ¢ M

can only be subsemigroup and never an ideal of M under max

operation.

a, a,|

0 0

0 O ||jaefatbl|abe]l7,12)},
0 0

aI4 alS

max, 1 <i<15} c M

is a subsemigroup which is not an ideal of M.

aje {at+bl|a,be[0,12)},

max, 1 <i<13} <M

is only a subsemigroup of M of infinite order and is not an ideal

of M.
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Example 2.50: Let

T=<: = i i |lae{atbl|abe]l0,25)},

a57 a58 a59 a60
max, 1 <i1<60}

be the semigroup. T has ideals T has subsemigroups of finite
and infinite order which are not ideals. T has no zero divisors.

Now we have also super matrix semigroups built using the
real neutrosophic squares under max operation which are

described by the following examples.

Example 2.51: Let

T=4—||aie {a+bl|abel0,43)}, max, 1 <i<12}

be the real neutrosophic semi open square column super matrix
semigroup.
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B has subsemigroup which are not ideals. Further B has no
zero divisors.

Every singleton set in B is a subsemigroup which is not an
ideal of B.

Example 2.52: LetW = {(al | dp Az Ay | a5 dg A7 Ag | Ag Aqg | ap] ap
aizajga;s)|a e {atbl|a bel0,32)}, max, 1 <i< 15} be
the real neutrosophic square super matrix semigroup of infinite

order under max operation.

W has finite subsemigroup of order one, two, three, four
and so on.

All these finite subsemigroups of W are not ideals of W.

Example 2.53: Let

a, |a, a; |a, ag
A | 87 8y | Ay @y
Ay | Ap A | A A
a,|a, ag|a, a
16 | &7 g [ A9 Ay
M= a e {a+bl|ab e [0,43)l,

max, 1 <1< 12}

be the real neutrosophic square super matrix semigroup under
max operation.

M has ideals and has no zero divisors.
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Example 2.54: Let

a’lé a17 a’lS
P= A Ay Ay
= a; € {a+bl|a,be]0,40)}, max,
a, a, a

1<i<42)

be the real neutrosophic square super column matrix semigroup
under max operation.

P has infinite number of subsemigroups which are not
ideals. P has no zero divisors or units but every element is an

idempotent. Every singleton element is a subsemigroup.

Example 2.55: Let

P=
a1 a2 a3 a4 aS a6 a7 a8 a9 alO all a12
a13
a25

aje {at+bl|a,be[0,27)}, max, 1 <i<36}
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be the semigroup under max. V has infinite number of
idempotents and V has no zero divisors.

V has infinite number of subsemigroups which are not
ideals.

Example 2.56: Let

a, a,|a, a, a,|a,
a7 aI2
O OV I P
P= a, € {at+tbl|a,be
Qlg  eee | e e e |y,
Ays a5
331 a36

[0,47)}, max, 1 <1<36}
be the semigroup. P has ideals which are infinite in order.

P has also subsemigroups of infinite order which are not
ideals. Every singleton element in P is a subsemigroup but is not
an ideal.

P has subsemigroups of order two, three, four and so on.

Now we propose the following problems for this chapter.
Problems:

1.  Obtain some special and interesting features enjoyed by
the algebraic structures built using the semi open real
neutrosophic square.

2. What is the speciality about the group

Ns={a+Ib|a,b e [0,n),n<oo, +}?
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3. Let M = {(a;, a5, ..., ag)l a; € {a + bl | a, b € [0, 24)},
1 <i<8, +} be the group.

(i)  Find all subgroups of finite order.

(i)  Is the number of finite subgroups of M finite?

(iii) Can M have infinite number of infinite order
subgroups?

(iv) How many subgroups in M are isomorphic to
Ns={(a+bl|a,be[0,24),+}?

4. Let

T=1{|a, ||ae{a+bl|abel0,43)},+ 1<i<18}

be the neutrosophic semi open square group of column
matrices.

Study questions (i) to (iv) of problem 3 for this T.

Does the structure have any change in n if n is a
composite number or a prime number.

M=<{a, a, a, a, a,||lace{atbl|abe
all a12 a13 al4 a15
[0,23)}, +, 1 <i< 15}

be real neutrosophic semi open square matrix group under
+.
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Study questions (i) to (iv) of problem 3 for this M.

a,e{at+bl|a,be

[0,24)}, +, 1 <i <25}

be the real neutrosophic semi open square matrix group.

Study questions (i) to (iv) of problem 3 for this S.

Let
a, a, a; a, a;
a6 a10
S=<la, a, [laaie{atbl|a,be
_a'96 a'100_

[0, 28)}, +, 1 <i < 100}

be the real neutrosophic semi open square matrix group.

Study questions (i) to (iv) of problem 3 for this S.
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8. Let

M= "llaje {fa+bl|a,be[0,43)},1<i<14,+}

be the real neutrosophic semi open square super column
matrix group.

Study questions (i) to (iv) of problem 3 for this M.
9. LetN={(a;|a;|asas|as|asasasag)|a; € {a+bl|a,be
[0,27)}, 1 <19, +} be the real neutrosophic semi open

square super row matrix group.

Study questions (i) to (iv) of problem 3 for this N.
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10. Let
a, |a, a; a,|as; ag|a, a;| a,
a a
10 18
T= a; €
) 4y
Ay a36

fa+bl|a,be[0,27)},1<i<36,+}

be the real neutrosophic semi open square super row
matrix group.

Study questions (i) to (iv) of problem 3 for this T.

11. Let
al aZ a3 a4 a5 aé a'7
a1 Ay
alS a21
a'22 a28
W Byg v | e e e e | 8 o< {a+bl|ab
By woe | e e e | Ay,
a43 a'49
as0 456
a57 a63
a64 a70

€ [0, 83)}, 1 <i<70,+}

be the real neutrosophic semi open square super matrix
group.

Study questions (i) to (iv) of problem 3 for this W.
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12.

13.

14.

Let

=9y Ay ay ay||ae{atbl|abel0,57)},

min, 1 <i<56}

be the real neutrosophic semi open square column super
matrix group.

Study questions (i) to (iv) of problem 3 for this B.

Let M= {(a, ..., a;5) | a € {a+ bl |a, b e [0, 43)}, +,
1 <1 < 12} be the real neutrosophic semi open square
group.

Study questions (i) to (iv) of problem 3 for this M.

Let S = {(a+bl)|a, b e [0,40)}, x} be a semigroup of
real neutrosophic semi open square.

(i)  Prove S is of infinite order.
(i1))  Find finite and infinite order subsemigroups.
(iii) Prove S has infinite number of zero divisors.
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16.

17.
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(iv) Can S have infinite number of idempotents?
(v)  Prove S has only finite number of units.

(vi) Can S have ideals of finite order?

(vii) Can S have ideals only of infinite order?
(viii) Is S a S-semigroup?

(ix) Can S have S-ideals?

(x) Does S contain S-subsemigroups which are not S-
ideals?

Let Ng = {(a + bl) | a, b € [0, 17)}, x} be the real
neutrosophic semi open square semigroup.

Study questions (i) to (x) of problem 14 for this S.
Let M = {(a;, a5, ..., a10) |a; € {a+Dbl|a,be]0,23)},x,
1 <1 <10} be the semigroup of infinite order.

Study questions (i) to (x) of problem 14 for this P.

LetM= 3| a, ||aie {a+bl|a,be[0,22)},x,

1 <1< 15} be the real neutrosophic semi open square
semigroup.

Study questions (i) to (x) of problem 14 for this M.
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18. Let

I a'l aZ a3 a4 aS ]
A A
all alS
Qg e e e Ay

S= a; € {at+bl|a,be[0,43)},

By, e e e Qg
a'26 a30
a3 a3s

_a36 a40

x, 1 <1<40}
be the real neutrosophic semi open square semigroup.

Study questions (i) to (x) of problem 14 for this S.

19. Let
a, 2, A
T=4<la, a, .. a,]||ae€{atbl|abe]l0,48)},x,
a, a a

1 <i<30}
be the real neutrosophic semi open square semigroup.

Study questions (i) to (x) of problem 14 for this T.
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Let
al a2 a3
a, a; a,
M= . . . |laie {fa+bl|a,bel0,42)},x,
a28 a29 a'30
1 <1< 30} be the semigroup.
Study questions (i) to (x) of problem 14 for this M.
LetL={(a;|ay|asas|asasgas;|ag)|a e {at+bl|a,be
[0, 24)}, x, 1 <1< 8} be the semigroup.
Study questions (i) to (x) of problem 14 for this L.
Let
a, a,|a;|a,|a; a, a,|a; a,
M= 4| a, ag ||a €

{a+bl|a,be0,40)}, 1 <i<27, x} be the semigroup.

Study questions (i) to (x) of problem 14 for this M.
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23.  Let

B=1l23, a5 a, ||ae{atbl]abe]l0,148)},x,

1 <1<39} be the semigroup.

Study questions (i) to (x) of problem 14 for this M.

24, Let Sy = {a + bl | a, b € [0, 24), min} be the real
neutrosophic square semigroup.

(i)  Prove o(Sy) = .
(i1)  Prove Sy has infinite number of zero divisors.

(iii) Prove Sy has infinite number of idempotents.
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(iv) Prove Sy has subsemigroups of order one, two,
three and so on.
(v)  Show Sy has no ideals of finite order.

(vi) Sy has infinite order subsmigroups which are not
ideals?

(vii) IsP={a+bl|a,b e [0,12)} the subsemigroup an
ideal of Sn7s

(viii)) Let M = {a + bl | a, b € [12, 24)} < Sy be the
subsemigroup of Sy, M is not an ideal of Sy.

(ix) Prove T={a+bl|a, b e [16, 18)} < Sy is only
subsemigroup which are not ideal of Sy.

Let M be the super matrix semigroup given in the
following.

a, a,|a; a, as; a5 |a; |33 Ay Ay
a, a5
a,, 59
a31 a40
L2 P T I N N A S
ag, 460
ag, a7
ay g
| 351 40 |

fa+bl|a,b e [0,480)}, x, 1 <i<90}.

Study questions (i) to (x) of problem 14 for this M.
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26.

27.

28.

29.

30.

LetB={a+bl|a, b e [0,29), min} be the semigroup.
Study questions (i) to (ix) of problem 25 for this B.

Let M = {a+ bl | a, b € [0, 40), min} be the semi open
neutrosophic square semigroup.

Study questions (i) to (ix) of problem 25 for this M.

Let N = {(aj, ay, ..., a10) |a; € {a+bl|a,be[0,12),1<i
<10, min} be the semigroup.

Study questions (i) to (ix) of problem 25 for this N.

al a2 a12
LetL=4|a, a, .. a,||aef{atbl|abe
a25 a26 a36

[0,489)}, 1 <i<36, min} be the semigroup.
Study questions (i) to (ix) of problem 25 for this L with

appropriate modifications.

Let

P=4la, |laaie{atbl|a,be[0,4)},1<i<27 min}

be the semigroup under min.

Study questions (i) to (ix) of problem 25 for this P with
appropriate modifications in the questions.
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32.

33.
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Let

fa+bl|abel0 14}, 1 <i< 64, min} be the
semigroup. Study questions (i) to (ix) of problem 25 for
this S with appropriate modifications in the questions.

Let M= {(aja;|asasas|as|asagagapan|aslaps)la
e {at+bl|a,bel0,40)},1<i<13, min} be the super

row matrix semigroup.

Study questions (i) to (ix) of problem 25 for this S with
appropriate modifications in the questions.

LetS= ae{atbl|abel0,42)},1<i<14,

min} be the semigroup of super column matrix.
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34.

35.

Study questions (i) to (ix) of problem 25 for this S.

Let

{a+bl|a,be[0,251)},1<1<40, min} be the super
matrix semigroup.

Study questions (i) to (ix) of problem 25 for this S with

appropriate changes.

LetM =

a, a, a, a,

a; dg a; dg

A A, A, ap
A Ay A5 A
a; A ap Ay
Ay Ay Ay Ay
Ays  Ayg Ay Ayg
Ay A3 A Ay
A33 Ay A3y Ay
d3; Ay Ay Ay
Ay Ay Ay Ay
a,, a, a, a

a,ef{atbl|abe

[0, 15)}, min, 1 <i <48}

be the super column matrix semigroup.
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Study questions (i) to (ix) of problem 25 for this M.

_al a4, | a3 a, a5 |dq|a, as_
ag 316
a, Ay
ays as
36, LetMo |2 ot lw o el e Bw ]
By e [ e e | | e Ay
Ay As6
as; Agy
Ags as,
a3 g |

{a+Dbl|a,be]0,6)},1<1i<80, min} be the super
matrix semigroup.

Study questions (i) to (ix) of problem 25 for this M.

37. LetSy={a+bl|a,be[0,24)}, max} be the semigroup
of real neutrosophic semi open square.

(i)  Show o(Sy) = .
(i) Prove Sy has no zero divisors.

(ii1) Show Sy has subsemigroups of order one two three
and so on.

(iv) Show Sy has infinite order subsemigroups which
are not ideals of Sy.

(v)  Show Sy has no ideals of finite order.

(vi) Prove every element in Sy is an idempotents.
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38. Let M= {a+bl|a, be[0,24)} be the semigroup under
max .
Study questions (i) to (vi) of problem 37 for this M.

39. LetN={a+bl|a b e[0,127)} be the semigroup under
max .

Study questions (i) to (vi) of problem 37 for this N.

40. LetM = {(a, a5, a3, a4, a5, a6, a7, ag) | 8, € {a+bl|a, b €
[0, 16)}, 1 <1< 8, max} be the row matrix semigroup.

Study questions (i) to (vi) of problem 37 for this M.

a, a, .. a,
41. LetL=4|a,, a, .. ay||aefatbl|abe
a'39 a'40 aS7

[0, 6)}, 1 <i<57, min} be the semigroup.

Study questions (i) to (vi) of problem 37 for this S.

al aZ a'12
a13 aI4 a24
4. LetM={|"® %o s ajef{atbl|abe
a37 a38 a48
a49 aSO a60
a61 a'62 a72

[0,25)}, 1 £1<72, max} be the semigroup.

Study questions (i) to (vi) of problem 37 for this M.
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43. Let
a, a, a,
a7 aS a12
a, a a
13 14 18
S= aef{atbl|abe
a9 Ay Axy
a’25 a26 a30
a’31 a’32 a36

[0, 12)}, 1 <1< 36, max}
be the semigroup.

Study questions (i) to (vi) of problem 38 for this S.

44. LetW = {(a;|ayazasas|asa;|agagap|an)|a e fat
bl |a,b e [0,42)},1<i1<16, max} be the semigroup.

Study questions (i) to (vi) of problem 38 for this T.

45. Let

a1 aZ a3 a4 aS aé a7 a8 a9 alO

a a
11 20

S= a; e
a21 a30
a31 a40

{a+bl|a,be [0,40)}, 1 <i<40, max} be the semigroup.

Study questions (i) to (vi) of problem 37 for this M.
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46. Let

M= <| ag a; € {at+bl|a,be[0,42)},1<i<16, max}

be the semigroup.

Study questions (i) to (vi) of problem 37 for this T.
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47. Let
al a2 a3 a'4 aS
a6 a'7 a’S a9 a10
all alZ a13 al4 alS
a16 a17 alg a19 a20
a21 a22 a23 a24 a25
aZ6 a27 a28 a29 a30
a, a,, 4a, 4a, a
31 32 33 34 35
S= ae{at+tbl|a,be

[0, 14)}, 1 <1< 70, max}

be the semigroup of super column matrix.

Study questions (i) to (vi) of problem 37 for this S.
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48. Let

I 4, a,|a; a, a5 [a; a; | 84 |
a9 a6
ay; Ay
a5 a3

S= 4] s A | o €

ay Qg
Ay a5
a5 Ay

| Qes a |

{fa+bl|a,bel0,24)},1<i<72, max}

be the super matrix semigroup.

Study questions (i) to (vi) of problem 37 for this S.



Chapter Three

SEMIRINGS AND PSEUDO RINGS USING
REAL NEUTROSOPHIC SQUARES

In this chapter we for the first time introduce the concept of
semiring and pseudo rings built using the real neutrosophic semi
open square Sy = {a+bl|a,b € [0,n)}.

DEFINITION 3.1: Let Sy ={a + bl | a, b € [0, n), max, min} be
the semiring of the real neutrosophic semi-open square.

We will represent this by some examples.
Example 3.1: LetS={a+Dbl|a,b e [0, 12), min, max} be the
semiring of infinite order.

Let P= {0 + 0L, 6 + 8I}c S; P is a subsemiring of order
two.

M={0+0I0.31,0.2,0.71+ 0.1} = S.

M is not a subsemiring for min {0.31, 0.2} = 0 and
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max {0.31, 0.2} = 0.2 + 0.31 and min {0.31, 0.71+ 0.1} = {0.31},
max {0.31, 0.71+ 0.1} = {0.1 + 0.71}.

min {0.2,0.71+ 0.1}
=0.1 and

max {0.2, 0.71+ 0.1}

=(.71+ 0.2 and so on.

Thus M, = {0 + 01, 0.31, 0.2, 0.1 + 0.71, 0.2 + 0.31, 0.1, 0.71
+ 0.2} < S is a subsemiring.

LetP={a+bl|a,be[0,6)} beasubsemiring.

Clearly Pis an ideal of S. T={a+bl|a,b e [5 12)} = S;
T be a subsemiring but T is not an ideal, but T is a filter.
Likewise P is not a filter.

Let W={a+bl|a,be[3,9)} =S; W is a subsemiring and
W is not a filter or an ideal of S.

Example 3.2: Let M = {a+bl|a,b e [0, 27), max, min } be
the semiring. M has several subsemirings of finite and infinite
order. Some of the subsemirings are ideals and some of them
are not.

We see M has zero divisors. M has also filters all of them
are of infinite order and none of the filters are ideals and vice
versa.

P,={a+bl|a,be[0,9)} =M isan ideal and is not a filter
of M; whereas Ty ={a+bl|a,b e[9,27)} < M is not an ideal
only a filter of M.

By;={a+bl|a bel9 200} < M is a subsemiring of M
which is not an ideal or filter in M.

P,={a+bl|a be[0,10)} <M is only an ideal and not a
filter of M.
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T,={a+bl|a,be[l12,27)} < Mis a filter of M and is not
an ideal of M.

B,={a+bl|a, b e [10,15)} is not a filter or an ideal of M
only a subsemiring.

Thus M has infinite order subsemirings which are not filters
or ideals. Further M has subsemirings or order two, three and
so on and none of them are ideals.

For take N; = {0 + 01, 5 + 0.21} < M is a subsemiring which
is not a filter or ideal of M and o(N,) = 2.

Let N, ={0+0I 0.3 +0.71, 0.9 + [} M is a subsemiring
of order three and is not an ideal or filter of M.

N; = {0+ 01, 3+ 0.4, 0.7 + 51} < M is only a subset which
is not a subsemiring.

For min {3 +0.41, 0.7 + 51} = {0.7 + 0.41} ¢ Ns.
max {3 +0.41, 0.7 + 51}
=3+51 ¢ Na.

Thus N3 can be completed to L = {0 + 0I, 0.41 + 3, 0.7 + 51,
3+ 51, 0.7 + 0.41} is a subsemiring of order 5 which is not an
ideal or filter of M.

B={0+0L 07 +1 13+ 4 7 +95[} c M is a
subsemiring which is not an ideal or filter of M. o(B) =4.

We see one can have subsemirings of all possible orders say
one, two, three and so on.

Letx=0.4 and y = 51 € M we see min{x, y} = 0 + 0l where
as max {x, y} = 0.4 + 5I. Thus M has infinite number of zero

divisors and every element is an idempotent.

In view of all these facts we have the following theorem.
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THEOREM 3.1: Let S ={a + bl | a, b € [0, n), min, max} be the
real neutrosophic semi open square semiring of infinite order.

S has infinite number of zero divisors.

S has subsemirings of order two, three, four, etc.

S has ideals of infinite order.

S has filters of infinite order.

S has subsemirings of infinite order which are not
ideals or filters.

6. Noideal in S can be a filter of S.

7. FEvery element in S is an idempotent.

SR N~

The proof of the theorem is direct and hence left as an
exercise to the reader.

We will built semirings using real neutrosophic semiring
using min and max operation.

Example 3.3: Let

M= {(aj, a5, a3, a4) | a; € {a+bl|a,be [0,20)};1<i<4} be
the real neutrosophic open semi square row semiring. M has
subsemirings of finite and infinite order.

Py={(a,0,0,0)|a; € {a+bl|a,be0,20)} cM,

P,=1{(0,2a,,0,0)|a, € {a+bl|a,be0,20)} =M,

P;=1{(0,0,a3;,0)|a; € {a+bl|a,be[0,20)} cM,

Py,=14{(0,0,0,a4) | a; € {a+bl|a be[0,20)} <M are
also subsemirings which are ideals of M and none of them are
filters of M.

Let T, = {(aj, a5, a3, a4) | a; € [10,20), 1 <1 <4} = M,

T, ={(aj, a2, a3, a4) | 8 € [5,20), 1 £1<4} < M,

T;={(aj, &, a3, a4) | a; € [15,20), 1 £i<4} =M and

Ty = {(a), a2, a3, a4) | 3; € [19, 20), 1 <1 <4} < M be four
subsemirings of infinite order.

Clearly Ty, T,, T; and T, are not ideals only filters of M.
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For each T; the zero element is different. For (10, 10, 10,
10) is the zero element as

min {(x;, X», X3, X4), (10, 10, 10, 10)} = (10, 10, 10, 10) for
all (xi, X3, X3, X4) € Ty and so on.

So in case of these semirings of semi open square; the zero
element will vary form subsemiring to subsemiring.

For in case of subsemirings which are filters we do not
assume (0, 0, 0, 0) to be present in it.

Example 3.4: Let

2]
aZ
P= 4l a, ||aie {at+bl|abe][0,43)}, 1 <i<20, min, max}

| 2y |

be the semiring. P has several ideals which are not filters and
filters which are not ideals.

P also has finite order subsemirings which are not ideals. P
also has infinite order subsemirings which are not ideals.

LetT;=4| 0 ||a; € {a+bl]|a,b e [0,43), min, max}

be a subsemiring of P which is also an ideal of P and T, is not a
filter of P.
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Let

M={|a, ||aje {a+bl|abel[l443),1<i<20} P

be a subsemiring which is not an ideal only a filter of P.

Now consider

Ni=</0]||la,e{atbl|abeZy} P

N; is a subsemiring of finite order which is not an ideal of P.

[ 3+41 |
0.7+51
2+51

0
Ll: s

O O O O O

is a subsemiring of order two which is not an ideal of P.
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Finally
_al -
a2
a}
Bi=4la, ||aia € ”Z4,a3,a4 €[0,43)} P
0
L 0 -

is a subsemiring which is not an ideal. However B, is of infinite
order. B, is not a filter of P.

Example 3.5: Let

al a2 a3
M=<la, a, a,||aie{atbl|abe][0,12)}, min, max
a, ay a,

1<i<9}
be a semiring M has ideals of infinite order, subsemirings of
finite and infinite order. M has no filters of finite order however
has filters of infinite order.

M has infinite number of zero divisors.

Example 3.6: Let

S= : : : : : : : : aj € {a+bl|

a,b € [0, 5)}, min, max, 1 <i1<96}
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is a semiring. S has subsemirings of order two, three and so on.
We can also have subsemirings of infinite order some of which
are ideals and some of them are only filters.

Example 3.7: Let

S=<2; ||ae{atbl|abe]l0,12)}, min, max, | <i<13}

be the real neutrosophic semi open square semiring of super
column matrices. W has subsemirings of order two, three and
SO on.

Example 3.8: LetP = {(a1 | Ay A3z A4 | as | dg A7 Ag Ag | Ao 11 alz) |
a, € {at+bl|a be |04} mn max, ] <i< 12} be a
semiring. P has ideals and filters of infinite order.

P has no filters of finite order. However P has finite
subsemirings. P is the real neutrosophic semi open square super
row matrix semiring.
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Example 3.9: Let

min, max, 1 <i<24}

be the real neutrosophic semi open square super matrix
semiring. W has subsemirings of order two, three etc but no
ideals or filters of finite order. W has infinite number of zero
divisors.

Now we proceed onto develop the notion of pseudo ring
built using the real neutrosophic semi open square.

DEFINITION 1.2: LetR={a+bl|a, b € [0, n), n < o0, +, x}
be defined as the real neutrosophic semi open square pseudo
ring.

Letx =3+ 211, y=12+ 1.6I and z = 2.5 + 2I be three
real neutrosophic numbers.

Xx,y,z€ {atbl|abe[0,4)}.
Consider x x (y + z)

=B+ 2.1 x [1.2 + 1.6I + 2.5+ 21]
— (3+2.11) x [3.7 + 3.61]

— 1.1+ 10.81 + 7.771 + 7.561
=3.1+2.131 1

Now X Xy +X %2z
=3+21Ix12+1.61+3+2.11x25+21
=3.6+4.81+2.521+3.361
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=3.6+2.681 |

I and II are distinct as the distributive laws in general is not
true in case of pseudo rings built using real neutrosophic semi
open squares.

We will illustrate this situation by some examples.

Example 3.10: Let M = {a+ bl |a, b € [0, 12), +, x} be the
real neutrosophic semi open square pseudo ring. M is of infinite
order M has infinite number of zero divisors and only finite
number of units and idempotents.

x =4I € M; x> =41, x =9 € M is such that x> = 9 are two
non trivial idempotents of M. M has finite pseudo subrings as
well infinite pseudo subring.

P={a+bl|a,b e Z,} is finite pseudo subring of M.

Example 3.11: LetS={a+bl|a,b e [0, 13), +, x} be the real
neutrosophic semi open square pseudo ring. S is of infinite
order. S has infinite number of zero divisors and only finite
number of units.

S is a S-pseudo ring as S has a subset which is a field.
Letx=3.1+99landI e S.

x x y =0 + 0I; hence S has zero divisors. S has only finite
number of idempotents which is non trivial.

Example 3.12: LetB= {a+Dbl|a, b e [0,25),+, x} be the real
neutrosophic semi open square pseudo ring. B has zero divisors
which are infinite in number x = 5I in B is such that x> = 0
y =5+ 51 e B is such that y> = (5 + 5I) (5 + 5I) = 25 + 251 +
251+ 251=0.

Thus x and y are nilpotent elements of order two.
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Further x = 10l + 5 and y = 51 in B are such that
x xy= (10l +5) x 5I =501+ 251 =0 is a zero divisor.

Example 3.13: LetR={a+bl|a,b e [0, 48); +, x} be the real
neutrosophic semi open square pseudo ring of infinite order.

R has infinite number of zero divisors but only a finite
number of units and idempotents. R has pseudo subrings of
finite order.

An open conjecture is.

CanR ={a+bl|a, b e [0,n), n<ocon prime, +, x} have
pseudo subrings of infinite order?

Inview of all these we have the following theorem.
THEOREM 3.2: LetR={a +bl|a, b € [0, n), n < oo +, x} be
the real neutrosophic square pseudo ring. The following are

true.

(i) R is of infinite order.

(ii) R has infinite number of zero divisors.
(iii) R has subrings of finite order.
(iv) R has finite number of units and idempotents.

The proof is direct and hence left as an exercise to the
reader.

We can build pseudo rings using the real neutrosophic
squares which are illustrated by the following.

Example 3.14: Let

M= {(a},az,a3)|a; € {a+bl|a,be0,5},1<i<3,+ x} be
the real neutrosophic square row matrix pseudo ring. M has
pseudo subrings of infinite and finite order.

Py ={(a,0,0)[a € {fa+bl[a,bel0,5} M,
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P,=1{(0,a,0)|a, € {a+bl|a,be[0,5)}cMand
P;=1{(0,0,a;)|a; € {a+bl|a,be[0,5)} <M are pseudo
subrings of M which are ideals of M and are of infinite order.

Consider Ty = {(a;, a5, 0) |a; € {a+Dbl|a,b e Zs} and a, €
{a+bl|a,be[0,5),+, x} be the pseudo subring of M. T; is of
infinite order but T, is not an ideal of M.

Now we proceed onto describe the zero divisors in M. We
have two types of zero divisors in M.

Ifx=(a, 0,0) andy=(0, b, 0) where al,bl € {a+bl|a,b
€ [0, 5)} in M are such that x x y = (0, 0, 0).

Also if x =a+ bl witha+ b =0 (mod 5) and y = I we see
x x y = 0. These are the two types of zero divisors which are
infinite in number. M has only finite number of idempotents of

some special form.

Example 3.15: Let

S=4la, ||aie{atbl|a,be[0,4)}, | <i<IIL, +, x,}

be the real neutrosophic pseudo ring of infinite order.
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S has infinite number of zero divisors, finite number of
units and idempotents.

Example 3.16: Let

W=4la, a, a,||ae{atbl|abel0,19)},+ x,

1<i<30}
be the real neutrosophic semi open square pseudo ring. W has
zero divisors, units and has subrings pseudo ideals and pseudo

subrings.

Example 3.17: Let

al a'2 a3 a7
ag a, a, .. a,

W=41 7 . . Jllaie {fat+bl]a,be[0,42)},
a43 a44 a45 a49

1 <i<49, + x,}

be the real neutrosophic semi open square pseudo ring of
infinite order.

M has infinite number of zero divisors, finite number of
pseudo ideals.
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Example 3.18: Let M =(a; |ay a3 |as|as|agas|agasag|an)]
a, € {at+bl|a be[0,10)}, 1<1i<11,+ x} be the real
neutrosophic semi open square pseudo ring of super row
matrices.

M has zero divisors. M has at least ;,C; + 1C, + ... +1;Cyo
number pseudo subrings which are pseudo ideals.

M has 3(;;C; + 1Cy + ... + 11Cyp) number of subrings of
finite order which are not pseudo subrings for all these subrings
satisfy the distributive law is true.

Example 3.19: Let

Sl

M=1{la, |laefa+bl|abel0, 1)}, 1<i<I13,+ x,)}

be the real neutrosophic semi open square pseudo ring of
column super matrices.

This has atleast ;3C; + ... + 13C;; number of pseudo ideals
and atleast 13C; + ... + ;3C;; number of subrings which not
pseudo subrings.
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Example 3.20: Let

a, a, [a; a,
a; a, | a, a,
a’9 alO all a12

T=<la; a, |35 a4 ||ae{atbl|abe]l0,3)},

al7 alS al‘) aZO

a a

21 23

Ays Ay | Ay Ang

1 <1<28, +, x}
be the pseudo ring of super matrices. This T has pseudo
subrings and pseudo ideals.

Now we proceed onto define the notion of pseudo strong
vector spaces over pseudo rings as well as vector spaces over
fields Z, c [0, [0, p)).

All these will be described by examples in the following.
Example 3.21: Let V = {(aj, a5, a3) | a; € {a+ bl |a, b € [0,
19)}, 1 <1 < 3, +} be the real neutrosophic semi open square
vector space over the field Zs.

If V is defined over the neutrosophic ring (Z; U I).

V will be known as the S-vector space over (Z9 U I).

If on the other hand V is defined over the pseudo ring

R={a+bl|a, b e [0, 19)} then V is defined as the pseudo
vector space over the pseudo ring R.
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Example 3.22: Let

v=<|" ! aie {at+bl|abel0,17)},

1<i<16,+}

be the vector space over the field Z,;.
S-vector space over the S-neutrosophic ring (Z; U I) and
pseudo real neutrosophic semi open square vector space over

the pseudo ring R ={a+bl|a, b € [0, 17)}, +, x}.

We see V is infinite dimensional over Z;; or (Z;7 U I) and

R.
Further V has several vector subspaces over Z7 or {Z;; U I)
or R.
a, 0 0 0
P 0 000 {atbl|a,be[0,17)},+} <V
= a € qa a,b e |0, > cV,
"o oo off
0 0 0O
0 a, 0 O
0 0 0O
P,= 0 0 0 0 aje{a+bl|a,be[0,17)},+}cV
0 0 0O

and so on.
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P16: albe{a+b1|a,b€[0, 17)}9+}QV

S O o O
S O o O
S O o O

16

are 16 subspaces of V such that

P.AP= ifi=j, 1<i,j<16.

oS o O O
oS o O O
oS o O O
S O o O

Further V=P, +P, + ... + P;s. We see the same is true over
(Zy7Ulyor[0,17).

We can have also subspaces which are not direct sum.

We see
a, 0 0O
T 0 000 {a+bl|a,beZy}
= a € {a a,be
1 0 0 0 0 1 17
0 0 0 O

is a finite dimensional subspace over Z,; infact dimension of T}
over Z;71s 2.

However T, is not a finite dimensional subspace over
R={a+bl|a,be]0,17),+ x}.
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Let

W = 5 ! age{atbl|abeZy},

1<i<16}
be a vector subspace of V over Z;; and over (Z;; U I).

Example 3.23: Let

M=<| *|laje {a+bl|abe[0,43),1<i<8, +}

be a vector space over Z4; or a S-vector space over (Z,; U I) or
a pseudo vector space over the real neutrosophic semi open
square pseudo ring over R= {a+Dbl|a, b € [0, 43)}, +, x}.

In all the three cases M has subspaces. M has also finite
dimensional subspaces.

In case of pseudo vector spaces M does not contain pseudo
vector subspaces of finite dimension over R.

Now we proceed onto describe the uses of each of these
spaces. We can as in case of vector spaces V={a+bl|a,b e
[0, p); p < o} over the field Z, define linear transformations and
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linear operators however the notion of linear functionals cannot
be carried out.

We first give examples of these situations also.

Example 3.24: Let

_al a 4; a, & 1
Qg e e . Ay
Si=14la, .. .. .. as||lae{atbl]abe]l0,47),
al6 a20
_a21 aZSJ
1<i<25,+}
and
al a2 a3
a, a; a,
S;=41 . . ||lae{atbl|abel0,47)},

1<i<18, +}
be two vector spaces defined over the field Zgs.

We define T : S| — S, as follows:

SO a,+a, a,+a, a,

1 2 43 4y 5
36 + 37 ag + a9 alo

ag a9
_lanta, ana, ag

T(la, .. .. .. as|)=

Ao +ay ayy ag

a6 4y
4 an 453

Ay . g
L Ay Ay ays |
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It is easily verified that T is a linear transformation.

We candefine M : S, — S,

a, a, a, a, O

a;, 0 a, a, ag

M { }=10 a, 0 0 a,l;
a a a all a12 a13 a14 a15
16 17 18
_a’16 a17 O O al8_

Cleary M is a linear transformation from S, to S,.

This is the way linear transformations on the vector space
over the field is defined. This is as in case of usual vector

spaces.
Example 3.25: Let
0 a]
a, a,
aS a6
a'7 a’8 .
M, = a,e{at+bl|a,be[0,7)},1<1L16,+}
ay a4y
all a'12
a13 a'14
_alS al6
and
a, a, a, a,
a; a, a, a
M, = a; e {at+bl|a,be[0,7)},
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1<i<16,+}
be two S-vector spaces over the S-ring (Z; U I).

T : M; > M, is defined by

fa ]
a, a,
a5 4 a, a, 4a; a,
T( a; & )= a5 8, a; &
4y Ay 4 3, 3 A,
a4 a3 Ay A5 A
a3 Ay,
L35 A6

It is easily verified T is a S-linear transformation of M; to
M,. We can have several such S-linear transformations.

Clearly we are not in a position to define linear functionals
in a natural way.

Example 3.26 : Let

W=q"F 7 " l]ae{atbl|abel0,43)},

1<i<15,+}

be the pseudo real neutrosophic semi open square vector space
defined over the pseudo ring R={a+bl|a, b € [0, 43)}, +, x}.

We define f : W — R to be the pseudo linear functional as
follows:



168 | Algebraic Structures on Real and Neutrosophic ...

}=a ta;tasta;+...+a;5(mod43).

It is easily verified that f is a linear functional on W.

Define f; : W —> R by

a, a. a
4 5 6
. }=aytastag;

f) is again a linear functional on W.
Several linear functionals can be defined on W.

Example 3.27: Let

V={la,||ae{a+bl|abel0,23)},1<i<9,+}

be a pseudo special vector space over the pseudo ring
R={a+bl]|a,be][0,23)},+, x}.

Define f : V— R by
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f(|a; |)= Zglai(mod23)

2 |

f is a linear functional on W. We have very many different
linear functionals on V.

However if we take a vector space V built using [0, n) over
the field Z, or over the neutrosophic S-ring (Z, U I) we see we
will not be in a position to define linear functional in a natural
way.

Only on pseudo vector spaces we are in a position to built
linear functionals as these are defined over the pseudo ring
R={a+bl|a,be[0,n)}.

Likewise we can define standard inner product in a natural
way only when we take the pseudo ring R. For in case of vector
spaces and S-vector spaces the standard inner product is not in
Z, or (Z, U I) hence we can have the concept of inner product
only in case of pseudo vector spaces alone we can have the
concept of standard inner product spaces.

We will illustrate it by some examples.
Example 3.28: Let

A={(a,a)|a,a e {atbl|a be][0,11),+} be the vector
space over Zy.

We cannot have the standard product foru, v € A.
wy = (ug, wp) . (Vi v2)

=WV T uwva
foru.v ¢ Z;.
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For consider

u=(0.7+10.51, 5 + 3I)
and v=(8.1+2.11,0.9 + 0.6]) € A.

wv=(0.7+10.5L, 5 + 31) x (8.1 + 2.11, 0.9 + 0.6])

=(0.7x8.1+105Ix8.1+2.1Ix0.7+10.5I x2.11,5x 0.9
+5x0.6I +3Ix0.9+3Ix0.6])

=(5.67 + 8.051 + 1.471 + 0.051, 4.5 + 31 + 2.71 + 0.18I)
=(5.67+9.571,4.5+5.251) ¢ Z,.
Thus inner product cannot be defined in the usual way.

Hence we were forced to define pseudo vector spaces over
pseudo ring.

However even in the case of S-rings we cannot define inner
products or linear functionals.

This is illustrated by the following.

Example 3.29: Let
V={(a,a,a)|ae{at+tbl|abe[0,13)},1<i<3,+} be
the S-vector space over the S-ring S = (Z; U I).

Letx = (0.7 +0.61, 0.11, 0.21)
and y = (0.5, 0.91, 2) € V.

(x,y) =(0.7+0.61,0.11,0.21) (0.51, 0.91, 2)
= (0.7 + 6I x 0.51, 0.11 x 0.91, 0.21 x 2)
= (0.351 + 31, 0.991, 0.41)
= (3.361, 0.0991, 0.41) & (Z;; U I).

Thus on S-vector spaces also we cannot define inner
product or linear functionals in a natural way.
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Example 3.30: Let

V= a,e{at+bl|a,be[0,7)},1<i1<7,+}

be the pseudo real neutrosophic semi open square vector space
over the pseudo ring R={a+bl|a, b € [0, 7)}, +, x}.

Now for A, B € V we define the pseudo inner product as
follows:

a’l bl
aZ b2
a3 b3
LetA={ } and B= e V.
a, b,
a5 b5
[ %6 | b6 ]
a1 b
a2 2
(A,B)=Ax,B= Xp

EN

W

o
W
U‘G‘U‘wO‘U'O"

(=
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= (a1b1+ a2b2 + a3b3 + a4b4 + a5b5 + a6b6) mod 7.

is the way the inner product is defined on V.

This is illustrated for

0.7+5I1 3+0.71
6+21 0.8+0.81
091+0.211 2+0.51
A= and B = e V.
3+0.121 2.1+21
0.4+0.71 0.53+6.811
10.12+0.111 | 6.5+31
0.7+5I1 3+0.71
6+ 21 0.8+0.81
091+0.211I 2+0.51
(A,B)=Ax,B= X
3+0.121 2.1+21
0.4+0.71 0.53+6.811
| 0.12+0.111 | 6.5+31

214151+ 0.491 +3.51
4.8+1.61+4.81+1.6
1.82+0.421+ 4.551+1.051
6.3+61+0.2521+0.241
0.212+2.7241+0.3711+4.7671
| 0.780+0.361+0.331+07151 |
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2.1+4.991+
48+1+
1.82+6.021 +
6.3+ 6.492] +
0.212+0.8621 +
0.78 +1.4051

=2.012+0.2691 € R.
This is the way the pseudo inner product on V is defined.

Example 3.31: Let

a;e {a+bl|a,bel05)},

1<i<12,+}

be the pseudo inner product space defined on the pseudo ring
R={a+bl|a,be 0,5} + x}.

a1 a2 aS bl b2 b3
a a a b b b
LetA=| * 7 “landB=| * 7 °| eV.
a7 aS a9 b7 b8 b9
alO all a12 b10 b11 blZ

12
(A,By=AxB= >ab, eR.
i=1
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02+1 07+02I 0
) 0 0.4 0.71
We seeif A = and
2+0.61 0 0.12

081 06+03I O

0 0.84+0.81 0.5I+0.21
0.6+4.21 0.21 0.2+21
0 09+341 0.6+4I
2+1 0 3.2+4.3I

A, B=0+(0.7+02I) (0.8 +0.71)+0+0+ 0.4 x
021+ 0.70x 0.2 + 21+ 0+ 0 + 0.12 x 0.6 + 41 + 0.81 x

2+1+0+0
=0.56+0.16 I + 0.491 + 0.141 + 0.081 + 0.141

+0.141+0.72 +4.81 + 1.61 + 0.81
=1.28+3.211 e R.

This is the way pseudo inner product is defined on M.

Example 3.32: Let

a, a, a; a, as
A=4la, a, a, a, a,||lae{atbl|abe][03])},

all a12 a13 a14 a15
1<i<15,+}

be the pseudo real neutrosophic semi open square vector space
over the pseudo ring R={a+bl|a, b € [0, 31)} +, x}.

X, X, X; X, X
LetX=|x, X, Xy X, X, |and

X X X3 Xy X5
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Yio Y2 ¥z Y4 s
Y=1Y Y7 Y5 Yo Y| €A
Yu Yo Y Yu Yis

15
X Y)=Xx Y= D xy, €k

i=l1
Thus if

31 0 0.3+0.71 0 0.5+2I

X= 0 71 0 0.5+21 0 and
4+3.11 0 4.1 0.71 31+21
0.7 81+7 0 9+10.11 0.51
Y=|71+4.21 0.8 41+0.8 0 9.1+211| e R.
0 0.71+8I 0.8 0.51 0

15
Wesee X x, Y= inyi

i=1

=21I+0+0+0+0204+1.021 +0+5.61+0+0+
0+0+0+328+03571+0

=(0.204 +3.28) + (2.1 + 1.02 + 5.6 + 0.357)1
=3.484+9.0771 e R.

We see V is a pseudo inner product space over the pseudo
ring R.

Example 3.33: Let
V=1{(aia|aasas|a)|a e {atbl|a bel0 1)},
1 <1 < 6} be the pseudo real neutrosophic semi open square
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vector space over the pseudo ring R={a+bl|a,b € [0, 11)} +,

x}.

We can define pseudo inner product on V as follows.
For X = (X; X2 | X3 X4 X5 | X¢) and

6
Y =(y1y2]y3Y4Ys5|Ye) € V define (X, Y) = ZXiYi €R.

i=1

Let X = (0.7 + 61 0.8 | 3.2+ 0.41 10.2 +410.61 | 0) and
Y =(0,02+0.71|0002+4I |71+ 8) e V

(X, Y)= 0+0.161+0.561 + 0 + 0.121 + 2.41 + 0
=324] e R.

This is the way pseudo inner product is defined on V.

Example 3.34: Let

V=1{la,||aefa+tbl|abel0,23)},1<i<7,+}

be the pseudo real neutrosophic semi open square column super
matrix vector space over the pseudo ring
R={a+bl|abe[0,23)},+ x}.

7
We define inner product X x, Y = Z:xiyi in the following

i=l1

way.
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[0.71+3.1]
121+48
0.3+4I
LetX=|08[+0.7| e V;
0.51+0.8
0.91+0.9
11+3.31

X xy X = (0.7 +3.1)* + (121 + 4.8)* + (0.3 + 4I)* + (0.81 +
0.7)* + (0.51 + 0.81)*+ (0.9 + 0.9I)* + (11 + 3.31)

=0.491 + 4.34] + 9.61 + 1441 + 2 x 57.61 + 0.09 + 16l +
23.04 +2.41 + 0.641 + 0.49 + 1.12I + 0.641 + 0.251 + 0.64 + 0.8
+0.81 +0.811+1.621 + 121 + 72.61 + 10.891

=04+9.61 +049 +0.64+0.8+0.81 +6)+(0.49 +4.34
+16+0.64 +144 +1152+24+1.12+0.64 +0.25 + 0.81 +
1.62+72.6+10.89)1 € R.

This is the way pseudo inner product is defined on V. V on
which pseudo inner product is defined is called as the pseudo
inner product space over R.

As in case of usual spaces we in case of pseudo vector
spaces also define the notion of dual pseudo space or pseudo
dual space.

However in all cases the dimension of pseudo vector spaces

are of infinite order.

Example 3.35: Let

a, a,

a,e {at+bl|a,be[0,17)},1<1<4,+}
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be the pseudo vector space over the pseudo ring
R={a+bl|a,be]0,17)},+, x}.

iy

. X X,
We see if X = and Y =
Y Ys

X; X,

} € V; then the

inner product

4
X, Y)= Z:xiyi e R.
i=l

0.7+51 0.8+04I
Let A= an
62+1.11 4+2.51

0 4+0.21
B= eV
[7.5+9I 0 }

4
(A,B)=AxB= > xy,.

i=l1

=0+3.2+1.6I +0.16I + 0.8 + 9.9T + 55.81 +
8,251 + 46.50

— 1570+ (1.6 + 0.16 + 0.8 + 9.9 + 55.8 + 8.25) I

= 15.70 (76.51) I

— 1570 + 8.511 € R.

We can as in case of usual inner product spaces define
describe and develop all other properties.

As the distributive laws do not work out we see it is
difficult to build linear algebras even if they are pseudo linear
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algebras still the problem of solving equations etc happen to be
difficult.

However we suggest we can built pseudo linear algebras
over Z, or (Z, v ) or R={a+bl|a b e [0, p)}, + x} or
T={[0, p), +, x}.

Just for the sake of completeness a few examples are
illustrated.
Example 3.36: LetP={a+Dbl|a,b e [0,23)},+, x} be the

pseudo linear algebras over the field Z,;.

We see in P we do not in general have
xx(yt+z)=xxy+txxzforallx,y,z e P.

However dimension of P over the field Z,; is infinite.

Example 3.37: Let
V={(a, a3 a)|ae{atbl|a,be[0,7)},1<i<3,+ x}isa
pseudo linear algebra over the field Z,.

Example 3.38: Let

V=177 |laic fa+bl|abe[0,43)},1<i<9,+, x,}

be the pseudolinear algebra over the S-ring F = or (Z43 U I).
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Example 3.39: Let

V=4la, a, a,|lae{atbllabel0,61)},1<i<15,

+, Xn}
be the pseudo linear algebra over the S-ring F = Zg; or

V is a S-pseudo linear algebra over the S-ring R = (Z¢; U I)
or

V is a strong pseudo linear algebra over the pseudo ring
R ={[0, 61), +, x} or

V is a pseudo linear algebra over the pseudo ring
K={a+bl|abe]0,61),+ x}.

Example 3.40: Let

¢« a |laie{atbl|a,be[0,43)},1<i<15,

+, %o}

be the pseudo linear algebra over
B={a+bl|a,b e [0,41),+, x}; the pseudo ring.
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Example 3.41: Let V= {(a;, a5, a3, a4,as) |3, € {a+bl|a,b e
[0,31)}, 1 <i<5,+, x} be a pseudo-pseudo linear algebra over
the pseudo S-ring R={a+Dbl|a, b € [0, 31), +, x}.

Example 3.42: Let

a’l a’2
a, a, .

V=<1 . . a; € {at+bl|a,be[0,37)},1<1<24,+, x,}
a,, a

be the pseudo linear algebra over the pseudo S-ring
R={a+bl|a,be[0,37),+, x}.

We can for all these new pseudo linear algebras define the
notion of pseudo linear transformation, pseudo linear operator,
pseudo linear functional and pseudo linear inner product.

All these work can be carried out as a matter of routine.

It is interesting however to research on pseudo linear
algebras as the distributive law is not true. The study to over
come this will be innovative.

We suggest the following problems for this chapter.
Problems:

1.  Find some special and interesting features enjoyed by the
real neutrosophic square semiring

M= {a+bl|a,b e [0,n), min, max, n <oo}.

2. LetS={a+bl|a, be [0,43), mn, max} be the real
neutrosophic square semiring.

(1)  Show S has infinite number of zero divisors.
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(i1))  Show S has finite order subsemirings say of order 2,
3 and so on.

(iii) Show S is of order co.

(iv) Prove S has ideals of infinite order.

(v)  Can S have ideals of finite order?

(vi) Prove S has filters of infinite order.

(vii) Can S have filters of finite order?

(viii) Prove S has subsemirings of infinite order which
are not ideals.

3. LetM={a+bl]|a b e [0, 25), min, max} be the real
neutrosophic semi open squares semiring of infinite order.

Study questions (i) to (viii) of problem 2 for this M.

4. LetW={a+bl]|a b e [0,2), mn, max} be the real
neutrosophic squares semiring of infinite order.
Study questions (i) to (viii) of problem 2 for this W.

5. Let M = {(a, ay, a3, a4, as) | a; € {a + bl | a, b € [0, 50),
1 <i<5, +, x } be the real neutrosophic semiring.

Study questions (i) to (viii) of problem 2 for this M.

4,

a
6. LetS=4| |laie{a+tbl|abel0,12)} 1<i<I5,

a15

min, max } be the real neutrosophic semi open squares
column matrix semiring.

Study questions (i) to (viii) of problem 2 for this S.
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a, a, .. a,
7. LetL=4la, a, .. ay|laie {a+tbl|a bel0,
a, 8, .. Ay

16)}, 1 <1< 30, min, max } be the real neutrosophic semi
open square column matrix semiring.

(i)  Study questions (i) to (viii) of problem 2 for this L.

(i1)) Can L have any other properties other than the ones
mentioned in problem 2.

7 a8
aef{atbllabe

99 100

[0, 14)}, 1 <1< 100} be the real neutrosophic semi open
square semiring of matrices.

Study questions (i) to (viii) of problem 2 for this W.

al a2 a3
9. LetL=+<|a, a, a||lai e {a+bl]|a bel0,44)},
a, ag a,

1 £1<9, max, min} be the real neutrosophic semi open
square semiring of matrices.

Study questions (i) to (viii) of problem 2 for this L.
10, LetX={(ajay|as|asasas|asag|ag)|a;e {a+bl|ab

€ [0, 18)}, 1 £1 <9} be the real neutrosophic semi open
square super row matrix semiring.
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Study questions (i) to (viii) of problem 2 for this X.

a, a, a, a, a; a, a, ag
1. LetY=1<la, .. .. .. . .. .. a]llaecda
V- PO¥

+bl|a be0,20)}, 1 <i<24, max, min} be the real
neutrosophic semi open square row matrix semiring.

Study questions (i) to (viii) of problem 2 for this Y.

12. LetT= g | |aje {a+blla,be]0,12)},1<i<15,

max, min} be the real neutrosophic semi open square
column matrix semiring.

Study questions (i) to (viii) of problem 2 for this T.
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a, |a, a,|a, a; a,|a, ag
13, LetM=19|ay | ... | v oo | e A

Ay | e e | e e e | Ay,

a, e {at+tbl|a be[0,27)},1<i<24, max, min} be the
real neutrosophic semi open square row super matrix
semiring.

Study questions (i) to (viii) of problem 2 for this M.

a, |a, a,|a,
a, | a, a,

14. LetM= a, e {at+tbl|a,be
a9 alO all alZ
a13 a14 alS a16

[0, 43)}, 1 <1 <16, max, min} be the real neutrosophic
semi open square row super matrix semiring.

Study questions (i) to (viii) of problem 2 for this M.
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15.

16.

17.

18.

19.

Let N = a22 a23 324 ai S {a + bI | a, b S [0, 15)},

1 <1 <45, max, min} be the real neutrosophic semi open
square row super matrix semiring.

Study questions (i) to (viii) of problem 2 for this W.

Find some special and interesting features enjoyed by the
pseudo ring R = {a + bl | a, b € [0, n), n < oo, +, x} where
R is built over the real neutrosophic semi open square.
Can R have a pseudo subring of infinite order?

Find all pseudo subrings which are ideals.

LetR={a+Dbl|a, b e [0,10),+, x} be the pseudo ring
on real neutrosophic semi open square.

(i)  Find all subrings of finite order.
(ii)) Can R have finite pseudo ideals?



20.

21.

22.

23.

24.
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(iii) Can R have zero divisors?

(iv) Find all idempotents of R.

(v) Can R have units?

(vi) Can R have infinite number of units and
idempotents?

(vii) Can R have pseudo ideals of infinite order?

(viii) Can R have pseudo subrings of infinite order?

Let S={a+Dbl|a b e [0, 143), +, x} be the real
neutrosophic semi open square pseudo ring.
Study questions (i) to (viii) of problem 19 for this S.

Let M = {a + bl | a, b € [0, 12), +, x} be the real
neutrosophic semi open square pseudo ring.

Study questions (i) to (viii) of problem 19 for this M.

Let T={(aj, ay, ..., a10) |as € {a+bl|a,be[0,23)},1<
1< 10, +, x} be the pseudo ring.

Study questions (i) to (viii) of problem 19 for this T.

4,

LetM= {| 2 |[a; e fa+bl[a,b e [0, 120)}, 1 <i<18,
18

+, x} be the pseudo ring.

Study questions (i) to (viii) of problem 19 for this M.

Find some special and interesting features enjoyed by
pseudo rings built using the interval [0, n), n a prime.
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25.

26.

27.

28.

29.

a, a, a, a, a;
Qg e e e Ay
LetM = . . . |laye {at+bl|a,be

VI Dy

[0,24)}, 1 £1<25,+, x} be the pseudo ring.

Study questions (i) to (viii) of problem 19 for this M.

Find S-ideals if any in M of problem 25.

Can M in problem 25 have S-zero divisors and S-
idempotents?

Let S={(a|aya3|asas|asas;as|ay) |aje {fa+bl|a,b
e [0, 44)}, 1 <1<9, +, x} be the real neutrosophic semi
open square super row matrix pseudo ring.

Study questions (i) to (viii) of problem 19 for this S.

e {a+bl|a bel0,47);1<1i<27, + x,} be the real
neutrosophic semi open square super row matrix pseudo
ring.

Study questions (i) to (viii) of problem 19 for this W.
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30. LetS= "|laje {fa+bl|a,be[0,24);1<i<14,+,

x,} be the real neutrosophic semi open square column super
matrix pseudo ring.

Study questions (i) to (viii) of problem 19 for this S.

[a, a,|a, a, a,|a, a,|a,]|
4 a6
a7 N
a5 a3

31. LetV = B i I P TS {a

4y a8
Ay as6
R I - )

|35 oo | o e | e | A |

+bl|a be [0 124); 1 <i < 72, +, x} be the real
neutrosophic semi open square super matrix pseudo ring.
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32.

33.

34.

35.

36.

37.

(i)  Study questions (i) to (viii) of problem 19 for this
V.

(i1)) Can V has S-idempotents?

(iii)) Can V have S-ideals?

(iv) Can V have S-zero divisors?

(v) Can V have S-units?

Find some special features enjoyed by vector spaces built
using the group V = {(ay, ..., a,) | a; € {a+bl|a, b e [0,
p)}, p aprime, 1 <i<nj} over the field Z,.

Study the same problem 32 if Z; is replaced by (Z, U I).

Study problem 32 where V is defined over the pseudo
ring R = {a + bl where a, b € [0, p), +, x}.

Obtain any other special and interesting features enjoyed
by the three types of vector spaces.

Suppose V and W are two vector spaces built using the
real neutrosophic semi open square over the field Z,, p a
prime.

(i) What is the algebraic structure enjoyed by
Hom (V, V)?

(i) What is the algebraic structure enjoyed by
Hom (V, V) and Hom (W, W)?

Let V and W be two S-vector spaces built using the semi
open real neutrosophic square over the S-ring
(Z,UT)=F.

(i) What is the algebraic structure enjoyed by
Homg(V, W)?

(il))  Find the algebraic structure enjoyed by
Homg(V, V) and Homg(W, W).

(ii1) Compare this with the structures in problem 36.



38.

39.

40.

41.

42.
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Let V and W be any two pseudo vector spaces defined
over the pseudo ring
R={a+bl|a,be|[0,p),paprime, +, x}.

(i) Find the algebraic structure enjoyed by

Homg(V, W).
(i) What is the algebraic structure enjoyed by
Homg(V,V) and Homg(W,W).

(iii) Compare this V and W with the pseudo vector
spaces Homg(V,W), Homg(V,V) and Homg(W,W).

LetM = {(aj, ay,...,a2)| a,€ {a+bl|a,be]0,43);1<
1< 12, +} be the vector space over the field Zg;.

(i)  Find dimension of M over Zy;3.
(i1))  Is M finite dimensional over Z;3?

(iii) Can M have subspaces of finite dimension?
(iv) Find Hom, (M,M).

(v)  Write M as a direct sum.

LetL = {(aja|as|asas|ag)| ai e {at+bl|a,bel0,
41); 1 £1<6, +} be a vector space over Zy.

Study questions (i) to (v) of problem 39 for this L.

a
Let S = 2 llaie fa+bl]a,bel0,23)}, 1<i<14,

a14

+} be a S-vector space over the S-ring (Z,; U I).
Study questions (i) to (v) of problem 39 for this S.
LetT= a e {a+bl|ab

€ [0, 127)}, 1 £1 <36, +} be a pseudo vector space over
the pseudo ring R={a+Dbl|a, b € [0, 127), +, x}.
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43.

44,

45.

Study questions (i) to (v) of problem 39 for this T.

_ 4 a'S a'6
LetM=4q| . : . ||aie {atbl]a,be[0,47)},
a40 a4l a42
1 <1< 42, +} be the S-vector space over the S-ring
<Z47 |\ I>
Study questions (i) to (v) of problem 39 for this M.
fa, a,|a, a, a;|a,|a,]
ag Ay
alS a'21
D R U I
LetM={| * * a; € {a+bl|
Qpg oo | e e e | e | Ay
a’36 a42
Ay Ay
(59 o [ e e [ | B |
a, b e [0, 53)}, 1 <i<56,+} be the pseudo vector space
over the pseudo vector space over the pseudo ring
R={a+bl|a,b e [0,56),+, x}.
Study questions (i) to (v) of problem 39 for this S.
Let V={(a; a, a3 ... app) a; € {a+ Dbl |a, b e [0, 17)},

1 <1 <12, +} be a vector space over the field Z;; and
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al a2

a, a,

a; A .
W = a,e{a+tbl|a,be[0,17)},1<i<

a, ag

a9 a'10

all alZ

12, +} be the vector space over the field Z,.

(i) What is the algebraic structure enjoyed by
Hom, (V,W)?

(i1)) Find the algebraic structure enjoyed by Hom(V,V)
and Hom(W,W).

(iii)) Find a basis of V and W over Z,,.

(iv) If Z; is replaced by (Z;; U I) the S-ring. What is
the basis for V and W as S-vector spaces?

(v) IfVand W are defined over the pseudo ring R = {a
+bl|a,b e [0, 17), +, x} what are the dimensions
of V and W over R?

(vi) Isdim V =dim W over Z; or (Z;; U I) or R?

a, a, a; a, a
g e e e Ay

LetV=4| . .. . |lase {fat+bl|abe
By, e e e Ay

[0, 61)}, 1 <1<25,+} be the vector space over Zg; and

al a2 a10
W=<la, a, .. a,||laefatbl|abe
a4y A8y a3

[0, 61)}, 1 <1<30,+} be the vector space over the field
Zg.
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47.

48.

49.

50.

Study questions (i) to (vi) of problem 46 for this V and
W.

Lot M — {al a, . a16]
a, a5 .. ay

5)}, 1 <1 <32, +} be the pseudo vector space over the
pseudoring R={a+Dbl|a,b € [0, 5)}, +, x}.

a, e {at+tbl|a b e [0,

(i)  Define linear functional from M — R.

(i) What is the algebraic structure enjoyed by S = {all
linear functional from M to R}?

(iii) Can M be an inner product space?

Obtain some special features enjoyed by the pseudo linear
algebras defined over the field Z, (p a prime).

LetM ={(ajaya;...a;9)|a; € {a+bl|a,be[0,4])},1<
1 <10, +, x} be a pseudo linear algebra over the field F =
Z41.

(i)  Find sublinear algebras of M.
(il)) Can M have finite dimensional pseudo algebras?
(iii) Find Hom, (V,V).

(iv) What is the dimension of V over Z4,?

(v) Find a basis of V over Z,;.

(vi) Can V have more than one basis?

(vii) Can V be written as direct sum of pseudo sublinear
algebras?

a,

a
LetM={| 7 |laje{a+bl|abel0,23)},1<i<12,

a12

+, x} be a pseudo linear algebra over Zy;.



51.

52.

53.
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Study questions (i) to (vii) of problem 49 for this M.

a, a, .. a,
Let W= <|a, a, .. a,||lae{at+tbl|a bel0,
Ay Ap e Ay

41)}, 1 £1<30, +, x,} be a pseudo linear algebra over the
S-ring R = (Z4; U ).

(i)  Study questions (i) to (vii) of problem 49 for this
Ww.
(il)) Compare this W with M of problem 50.

Let S = :8 a, € {at+tbl|a be]0,

a37

7)}, 1 <1<40, +, xn} be a S-pseudo linear algebra over
the S-ring R =(Z; U I).

Study questions (i) to (vii) of problem 49 for this S.

Let V = a, € {a+bl|a bel0,

a‘) alO all al2

a a

13 14 15 16

53)},1 <116, +, x,} be the pseudo strong pseudo linear
algebra over the pseudo ring R = {[0, 53), +, x}.

Study questions (i) to (vii) of problem 49 for this V.
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54.

55.

56.

a, a, a; .. ag
LetW=+4la, .. .. .. a,|laef{atbl|abe
Ay e e e Ay,

[0, 13)}, 1 <1 <24, +, x,} be a pseudo strong pseudo
linear algebra over the pseudo ring P={a+ bl | a, b € [0,
13), +, x}.

Study questions (i) to (vii) of problem 49 for this W.

a, a, a, a, a,
a6 A
U I
Let P = a, e {at+tbl|abe
Al e e e Ay
a21 a25
[y o e e Ay |

[0, 17)}, 1 <1 <30, +, x,} be the pseudo strong pseudo
linear algebra over the pseudo real neutrosophic open
semi square R={a+bl|a, b € [0, 17), +, x}.

Study questions (i) to (vii) of problem 49 for this P.

a, a, a, a, a, ag

_ 7 a),
LetL = a; € {a+Dbl]a,

dss Ass ds; Az dsg g

b € [0, 19)}, 1 <i1<60, +, x,} be the strong pseudo linear
algebra over the pseudo ring M = {a + bl | a, b € [0, 19),
+, x}.

(i)  Study questions (i) to (vii) of problem 49 for this L.



57.

58.

59.
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(i) Now ifin L M is replaced by R, = {[0, 19), +, xn}
compare them.

(ii1) Similarly if M is replaced by N = {{(Z;9 U D)}
compare both the linear algebras.

(iv) Finally if M is replaced by the field Z,9 compare it
with the rest of the three pseudo linear algebras.

Study pseudo inner product spaces defined over pseudo
ringR={a+bl|a,b € [0, p), +, x; p a prime}.

Give examples of pseudo linear functionals defined on
pseudo strong linear algebras defined over ring R
mentioned in problem 57.

LetV={(a,b)|a,be {c,dl|c,de[0,29)},+, x} be the
pseudo strong pseudo linear algebra over
R={a+bl|a,be[0,29),+, x}.

(i) Find Hom (V, R) = V*.
(i) IsV*=V?
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