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Chapter 1

Introduction

1.1 Uncertainty-Aware Sets and Numbers

Classical set theory provides a fundamental mathematical framework for rigorous reasoning, formal
representation, and mathematical modeling [1]. However, many real-world systems involve informa-
tion that cannot be adequately represented by purely crisp descriptions. Typical sources of uncertainty
include vagueness, imprecision, incomplete knowledge, inconsistency, ambiguity, and conflicting ev-
idence. These limitations have motivated the development of numerous extensions of classical set
theory designed to represent and process different forms of uncertain information.

Representative uncertainty-oriented frameworks include fuzzy sets [2, 3], hyperfuzzy sets [4-6], intu-
itionistic fuzzy sets [7, 8], hesitant fuzzy sets [9,10], picture fuzzy sets [11,12], single-valued neutro-
sophic sets [13-15], double-valued neutrosophic sets [16-18], neutrosophic offsets [19-21], plithogenic
sets [22-24], and soft sets [25,26]. Although these models differ substantially in their mathematical
formulations and interpretations, they share the common objective of providing expressive mecha-
nisms for representing uncertain information beyond the binary membership structure of classical set
theory.

In particular, many uncertainty models describe an element through several numerical or structural
components. Such multidimensional representations make it possible to distinguish different aspects
of uncertainty and provide a natural foundation for further extensions involving multiple viewpoints,
opposing properties, hierarchical criteria, or interacting uncertainty dimensions.

1.2 Polarity and Multipolar Structures

An important direction in uncertainty modeling is the introduction of polarity. Rather than describ-
ing an element from only a single perspective, polarity-based frameworks permit information to be
represented through multiple, complementary, contrasting, or opposing viewpoints. Such representa-
tions are particularly useful when an object must be evaluated simultaneously with respect to several
attributes, criteria, agents, directions, states, or counter-properties.

Several polarity-based extensions of fuzzy and neutrosophic sets have already been investigated. Rep-
resentative examples include bipolar fuzzy sets [27-31], tripolar fuzzy sets [32], bipolar neutrosophic
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Chapter 1. Introduction

sets [33-37], m-polar fuzzy sets [38,39], and m-polar neutrosophic sets [40,41]. By introducing sev-
eral poles or evaluative dimensions into a common framework, these models considerably broaden the
expressive capacity of uncertainty representation.

The notion of polarity, however, is not restricted to fuzzy sets, neutrosophic sets, or uncertainty theory.
Concepts involving poles, opposite states, directional components, orthogonality, polarization, dual
structures, and related mechanisms appear throughout mathematics, physics, engineering, and other
scientific disciplines. Consequently, polarity may be viewed as a broad structural principle rather
than merely as a specialized mechanism for introducing multiple fuzzy membership components.

This broader viewpoint is important because not all polar constructions have the same mathematical
meaning. In some models, poles act primarily as indices for several evaluation criteria. In others,
they encode genuine opposition, geometric direction, hierarchical organization, network structure,
temporal change, or physically motivated polarization. Accordingly, a unified treatment of polarity
should distinguish these different mathematical roles while retaining a sufficiently general framework
in which they can be compared.

1.3 Types of Polarity

The term polarity is used in several mathematically distinct senses across uncertainty theory and
related disciplines. To clarify these different roles, the polarity-oriented constructions considered in
this book can be broadly organized according to the conceptual classification presented in Table 1.1.

The categories in Table 1.1 are intended as a conceptual taxonomy rather than a strict partition. A
particular polarity-based model may naturally belong to more than one category when it combines
several structural mechanisms.

The classification in Table 1.1 emphasizes that polarity, as used throughout this book, is considerably
broader than the simple introduction of several numerical membership components. In indez polarity,
poles mainly distinguish several evaluation dimensions or viewpoints. In oppositional polarity, the
essential feature is the relationship between a property and an opposite, complementary, or counter-

property.

Geometric polarity introduces directional, orthogonal, vectorial, or spatial structure, whereas network-
structured polarity explicitly organizes the pole system by means of graphs, trees, or related discrete
structures. Contezt-dependent polarity allows the relevant pole system to vary according to the
object or surrounding context, while dynamic polarity incorporates temporal evolution or history
dependence. In heterogeneous polarity, different poles may even be governed by different uncertainty
models.

The classification also includes polarity notions whose origins lie outside the conventional multi-
polar fuzzy-set setting. Potential-theoretic polarity incorporates concepts such as semipolarity and
pluripolarity, whereas physical polarization transfers mathematical structures motivated by physics
and engineering, including channel-based, circuit-based, hysteretic, and Stokes-type representations,
into uncertainty modeling.

Thus, the common term polarity encompasses several distinct but related mathematical mechanisms.
Their systematic treatment provides a basis for understanding both their differences and the structural
relationships that connect them.
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Table 1.1: Representative types of polarity in uncertainty-oriented frameworks.

Type of Polarity

Basic Interpretation

Representative Concepts

Index Polarity

Poles primarily serve as indices for
multiple perspectives, criteria, at-
tributes, agents, or evaluation chan-
nels.

Bipolar Uncertain Set; Tripolar Uncertain
Set; Quadripolar Uncertain Set; Pentapolar
Uncertain Set; Multipolar Uncertain Set; It-
erative Multipolar Uncertain Set; Hyperpo-
lar Uncertain Set; Free-Polar Uncertain Set

Oppositional
Polarity

Poles represent opposite, comple-
mentary, counter-oriented, or mu-
tually contrasting states or proper-
ties.

Bipolar Uncertain Set; Tripolar Uncertain
Set; Self-Polar Uncertain Set; Antipolar
Uncertain Set

Geometric
Polarity

Polarity is expressed through ge-
ometric, vectorial, directional, or-
thogonal, projective, or spatial re-
lationships.

Cross-Polar Uncertain Set; Antipolar Un-
certain Set; Pluripolar Uncertain Set

Network-
Structured
Polarity

Poles possess an explicit relational
or hierarchical organization de-
scribed by a graph, tree, directed
network, or related discrete struc-
ture.

Tree-Polar Uncertain Set; Graph-Polar Un-
certain Set; Circuit-Polar Uncertain Set

Context-
Dependent
Polarity

The active poles, their number, or
their interpretation may depend on
the element, context, state, or ex-
ternal conditions.

Variable-Polar Uncertain Set; Adaptive-

Polar Uncertain Set

Dynamic Polarity

Polar information varies over time
or depends on temporal evolution,
history, or state transitions.

Dynamic-Polar Uncertain Set; Hysteretic-
Polar Uncertain Set

Heterogeneous
Polarity

Different poles may employ dif-
ferent uncertainty models, degree-
domains, or internal mathematical
representations.

Heterogeneous-Polar Uncertain Set

Potential-
Theoretic Polarity

Polarity is derived from mathemat-
ical notions originating in poten-
tial theory or pluripotential theory
rather than solely from a finite fam-
ily of indexed poles.

Semipolar Uncertain Set; Pluripolar Uncer-
tain Set

Physical
Polarization

Polarity is motivated by physical
or engineering notions involving po-
larization, channels, circuit orienta-
tion, memory effects, or measurable
polarized states.

BEC-Polarized Uncertain Set; Circuit-Polar
Uncertain Set; Hysteretic-Polar Uncertain
Set; Stokes-Polar Uncertain Set
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1.4 Owur Contributions

Motivated by the preceding observations, this book develops a unified framework for studying polarity-
based extensions of Uncertain Sets. Rather than restricting polarity to a fixed number of independent
membership components, we investigate several forms of polarity that differ in their indexing systems,
internal structures, dependence mechanisms, and mathematical origins.

In particular, the book considers Bipolar, Tripolar, Multipolar, Iterative Multipolar, Hyperpolar,
Variable-Polar, Dynamic-Polar, Tree-Polar, Heterogeneous-Polar, Graph-Polar, Adaptive-Polar, Semipo-
lar, Pluripolar, Self-Polar, Antipolar, Cross-Polar, BEC-Polarized, Circuit-Polar, Hysteretic-Polar,
Stokes-Polar, and Free-Polar Uncertain Sets. For these constructions, we provide mathematical def-
initions, representative examples, representation results, and structure-dependent invariants within
the typed Uncertain Set framework.

A central feature of this approach is that the uncertainty degree itself is not restricted to an ordinary
fuzzy membership value. Instead, the underlying uncertain model may be selected from a broader
class of uncertainty representations. Consequently, the proposed constructions can be specialized to
fuzzy, intuitionistic fuzzy, neutrosophic, plithogenic, and other uncertainty-oriented settings whenever
the corresponding degree-domain satisfies the required assumptions.

The framework therefore permits uncertainty to be represented from multiple, opposing, hierarchical,
geometric, structural, context-dependent, heterogeneous, and dynamically changing perspectives. It
also provides a common setting in which polarity concepts originating from different mathematical
and scientific areas can be formulated and compared.

Accordingly, the principal objective of this book is not merely to increase the number of polar com-
ponents, but to establish a broader mathematical view of polarity as an organizing principle for
uncertainty representation. The resulting framework provides a foundation for further theoretical
developments involving polarity-based sets, algebraic structures, graphs, hyperstructures, topological
structures, decision-making models, and other uncertainty-aware mathematical systems.



Chapter 2

Preliminaries

In this chapter, we briefly review the basic definitions, terminology, and notation used throughout
this book.

2.1 Fuzzy Sets

Fuzzy sets extend classical (crisp) sets by replacing binary membership with a graded membership
degree in [0, 1], thereby allowing partial membership to be represented mathematically [3]. This
fundamental paradigm has led to numerous well-known generalizations, including bipolar fuzzy sets
[30,42], complex fuzzy sets [43,44], and Pythagorean fuzzy sets [45,46].

Definition 2.1.1 (Fuzzy Set). [3,47] Let Y be a nonempty set. A fuzzy set on Y is a function
w:'Y —[0,1],

where p(y) represents the membership degree of y in the set.

A fuzzy relation on Y is a mapping
0: Y xY —[0,1],

that is, a fuzzy set defined on Y x Y. We say that § is a fuzzy relation on p if, for all y,z € Y,

0(y, 2) < min{pu(y), u(2)}.

2.2 Neutrosophic Sets

Neutrosophic set theory extends graded membership by representing each element through three
components associated with truth, indeterminacy, and falsity [13,19,48,49]. These components are
generally treated independently, which makes the framework suitable for representing incomplete,
indeterminate, and potentially inconsistent information.

The original theory of neutrosophic sets admits more general neutrosophic-valued components. In
this book, we mainly use the single-valued formulation, in which all three components take values in
the ordinary unit interval [0, 1].



Chapter 2. Preliminaries

Definition 2.2.1 (Single-Valued Neutrosophic Set). [50,51] Let X # @ be a set. A single-valued
neutrosophic set A on X is specified by three functions

Ta, Ia, Fa: X — [0,1],
where, for every x € X,
Ta(x),  la(z),  Fa(z)

represent, respectively, the truth-membership, indeterminacy-membership, and falsity-membership
degrees of = with respect to A.

Equivalently, A may be represented by the mapping

pa: X — 0,12, pa(z) = (Ta(z), 1a(x), Fa(z)).

Since
Ta(z),Ia(z), Fa(z) € [0,1],

it follows automatically that
0 <Ty(x)+ La(x)+ Fa(z) <3

for every z € X. No additional normalization condition such as
Ta(x)+1a(z)+ Fa(z) =1
is required.

Example 2.2.2 (Single-Valued Neutrosophic Set for Medical Diagnosis). Consider a preliminary
medical assessment in which three patients are evaluated with respect to the possibility of having a
particular disease. Let

X = {x1,$27$3},

where x1, x5, x3 represent the three patients.

Suppose that the available clinical information is summarized by the single-valued neutrosophic mem-
bership values
pa(zy) = (0.80, 0.15, 0.20),

pa(za) = (0.45, 0.50, 0.35),

and
pa(zs) = (0.20, 0.25, 0.75).
Equivalently,
Ta(x;) = 0.80, I4(z1) = 0.15, Fa(z1) = 0.20,
Ta(xs) = 0.45, I4(z2) = 0.50, Fa(xs) = 0.35,
and

Ta(rs) =020,  Is(xs) =025 Fa(ws)=0.75.

Here, T4 (z;) represents the degree of evidence supporting the presence of the disease, I 4(x;) represents
the degree of indeterminacy caused by incomplete or conflicting medical information, and Fa(x;)
represents the degree of evidence supporting the absence of the disease.

For example,
wa(ze) = (0.45,0.50,0.35)



Chapter 2. Preliminaries

indicates that the available evidence provides a truth-membership degree of 0.45, an indeterminacy-
membership degree of 0.50, and a falsity-membership degree of 0.35.

Notice that
0.45 + 0.50 + 0.35 = 1.30,

which is allowed in the single-valued neutrosophic framework because the three components are not
required to sum to 1.

Thus,
A = {(z1,0.80,0.15,0.20), (22, 0.45,0.50, 0.35), (x3,0.20,0.25,0.75) }

is a Single-Valued Neutrosophic Set representing uncertain medical assessment information.

2.3 Uncertain Sets

An Uncertain Set assigns to each element an admissible degree taken from a prescribed uncertainty
model. In this way, it provides a general framework capable of representing fuzzy, intuitionistic fuzzy,
neutrosophic, plithogenic, and other uncertainty-based settings [52-54].

Definition 2.3.1 (Typed Uncertain-Model Hierarchy). [54] An uncertain model is specified at an
explicitly declared type. The notation Dom (M) always denotes a nonempty set of admissible degrees;
no embedding Dom(M) C [0, 1]* is assumed unless it is stated as part of the model. The following
types are used in this book.

(U1) A carrier model is
My = (Dom(M)), ~ Dom(M) # 0.

This is the minimum type required for an Uncertain Set.
(U2) A scored model is
Ms = (Dom(M), spr), sy : Dom(M) — [0, 1].
The score is additional structure; it is not determined by the carrier.
(U3) An encoded model is
M, = (Dom(M), ®yy), D,/ : [0,1] — Dom(M).
A coherent scored—encoded model is
M;se = (Dom(M), spr, @ar)

with
sy o @y =idjg -

Thus scalar information is not changed by encoding and rescoring.

(U4) An ordered model is
M< = (Dom(M), <ar, O, 1ar),

where (Dom(M), <j) is a bounded poset. A lattice model is
My = (Dom(M), <pr, Vs, Anr, Onr, 1ar),
where the degree-domain is a bounded lattice. A De Morgan model is
Mpm = (Dom(M), <ar, Var, Aar, Nag, Onr, 1ar),

where Ny is an order-reversing involution satisfying the De Morgan laws.
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(U5) An algebraic model is a carrier model equipped with a typed signature X, of total operations
on Dom (M) and a specified axiom set Ay;. Every use of a model-dependent operation later
in the book must declare the corresponding model type.

The types are capability refinements of (U1). For example, a model may simultaneously be coherent
scored—encoded and De Morgan; forgetting the extra maps or operations returns its carrier model.
This convention avoids applying scores, encoders, orders, or lattice operations to a model for which
they have not been supplied.

Typical carriers include
0.1, A{(wr) e p+v<1y, 0,17

but the hierarchy also permits interval-valued degrees, hesitant degrees (finite nonempty subsets of
[0,1]), signed bipolar degrees, function-valued degrees, and plithogenic degree spaces. Such models
are therefore not forced into a fixed finite Cartesian cube.

Definition 2.3.2 (Uncertain Set (U-Set)). [54] Let X be a nonempty universe, and let M, =
(Dom(M)) be a carrier model in the sense of Definition 2.3.1. An Uncertain Set of type M, briefly
called a U-Set, on X is a pair

u = (Xa M]W)»

where
tnr: X — Dom(M)

is called the uncertainty-degree function or membership map of U.

For each x € X, the value
par(z) € Dom(M)

records the degree, or collection of degrees, associated with the membership of x under the uncertainty
model M.

Lemma 2.3.3 (Function-Space and Dependent-Product Lemma). Let D # (). For every set I, the
function space DT is nonempty. More generally, if D; # () for everyi € I, then the dependent product

11
icl

is the precise carrier for an I-indexed family of typed values (with nonemptiness requiring the usual
choice principle when I is infinite). Restrictions, sections, evaluations, and currying of maps between
these carriers are well-defined whenever their displayed domains and codomains match.

Lemma 2.3.4 (Typed Transport Lemma). Let My, = (Dom(M),spr, Par) be a coherent scored—
encoded model. If ¢ :' Y — [0,1], then

®poq:Y — Dom(M)

is an Uncertain Set and
smo®Pyog=q.
If an ordered, lattice, De Morgan, or algebraic operation is declared as part of the type of M, its

pointwise extension to Dom(M)! has the same equations. No such extension is used for a carrier
model alone.

Lemma 2.3.5 (Finite-Product Preservation Lemma). Let m > 1. Finite products preserve nonempti-
ness and preserve bounded-poset, bounded-lattice, De Morgan, and equational-algebraic structure un-
der componentwise operations. In particular, if M has one of these types, then Dom(M)™ has the
corresponding product type. Moreover, for arbitrary sets I, J, there are canonical bijections

(DI)J o~ DJXI and HDIj gDI—leJIj,
jeJ
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All routine existence and codomain checks in the sequel are instances of Lemmas 2.3.3-2.3.5. They
are not repeated as separate well-definedness theorems. Section-specific results are stated only when
they assert an additional invariant, representation, or structural property.

Remark 2.3.6. Several familiar uncertainty structures arise as special cases of the U-Set framework:

e If M is the fuzzy model with
Dom(M) = [0, 1],

then
17378 X — [0, 1]

is an ordinary fuzzy membership function, and i/ becomes a fuzzy set.

e If M is a neutrosophic model, then

and U becomes a neutrosophic set.

o Appropriate choices of M similarly recover intuitionistic fuzzy sets, picture fuzzy sets, plithogenic
sets, and many other related uncertainty models.

As indicated above, the U-Set framework admits a wide variety of specializations. For reference,
Table 2.1 presents the finite-vector subfamily of uncertainty sets for which a particular realization
Dom (M) C [0,1]¥ has been declared (cf. [55,56]). It is a catalogue of one typed subfamily, not a
restriction on Definition 2.3.1.
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Table 2.1: A catalogue of uncertainty-set families (U-Sets) organized by the dimension k of the degree-
domain Dom(M) C [0,1]% [56].

k note

Representative U-Set model(s) whose degree-domain is a subset of [0, 1]*

1
2

Nej

n (n>1)
2n (n>1)

3n (n>1)

Fuzzy Set [3,57-59]; N-Fuzzy Set [60-62]; Shadowed Set [63-65]

Intuitionistic Fuzzy Set [8,66]; Interval-Valued Fuzzy Set [67,68]; Pythagorean
Fuzzy Set [69, 70]; Fermatean Fuzzy Set [71,72]; g-Rung Orthopair Fuzzy Set
[73,74], Vague Set [75,76]; Bipolar Fuzzy Set (two-component description) [31,42];
Variable Fuzzy Set [77-79]; Paraconsistent Fuzzy Set [80,81]; Bifuzzy Set [82,83]
Single-Valued Neutrosophic Set [15,50, 84]; Picture Fuzzy Set [12,85]; Cubic Set
[86,87]; Spherical Fuzzy Set [88,89]; T-Spherical Fuzzy Set [90,91]; Tripolar Fuzzy
Set (three-component formalisms) [32,92-94]; Neutrosophic Vague Set [95,96]
Quadripartitioned Neutrosophic Set [97,98]; Interval-Valued Intuitionistic Fuzzy
Set [99,100]; Interval-Valued Pythagorean Fuzzy Set [101,102]; Linear Diophan-
tine Fuzzy Set [103,104]; Double-Valued Neutrosophic Set [16,105,106]; Dual Hes-
itant Fuzzy Set [107,108]; Quadripolar Fuzzy Set [109]; Ambiguous Set [110-112];
Turiyam Neutrosophic Set [113-116]

Pentapartitioned Neutrosophic Set [117-119]; Triple-Valued Neutrosophic Set
[120-122]

Hexapartitioned Neutrosophic Set; Quadruple-Valued Neutrosophic Set [21,121]
Intuitionistic fuzzy Cubic Set [123-126]; Interval-Valued Neutrosophic Set [127,
128];

Heptapartitioned Neutrosophic Set [129,130]; Quintuple-Valued Neutrosophic Set
[121,131,132]

Octapartitioned Neutrosophic Set [133,134]

Nonapartitioned Neutrosophic Set [133,134] ; Neutrosophic Cubic Set [135-139]
Multi-valued (Fuzzy) Sets [140]; MultiFuzzy Set [141]; Multipolar Fuzzy Sets [142,
143]; n-Refined Fuzzy Set [144,145]

n-Refined Intuitionistic Fuzzy Set [145]; Multipolar Intuitionistic Fuzzy Sets [146—
148], Multi-Intuitionistic Fuzzy Set [141]

n-Refined Neutrosophic Set [145, 149]; Multipolar Neutrosophic Sets [41, 150];
Multi-Neutrosophic Set [141,151]

Reading guide. Within the U-Set framework [54], each model M is determined by a degree-domain Dom(M) C [0, 1]*

together with a membership map pps : X — Dom(M).

Accordingly, the table groups representative families by the

ambient dimension k, that is, by the number of numerical components assigned to each element.
(8) A common viewpoint in the literature is that neutrosophic sets form a broad umbrella encompassing several earlier
multi-component fuzzy models and their generalizations; see [11].

(b) Ambiguous sets are often described as subclasses of certain four-component neutrosophic families; see [97,98,112].
(¢) Turiyam neutrosophic sets are reported as subclasses of quadripartitioned neutrosophic sets; see [152].



Chapter 3

Polar Uncertain Set

This chapter examines various forms of polarity in Uncertain Sets.

The concepts investigated in this chapter generalize uncertainty representation through several dis-
tinct forms of polarity. Depending on the model, polarity may be represented by a fixed number
of components, an arbitrary family of poles, a hierarchy, a graph, a time-dependent structure, a
context-dependent selector, or a geometric or physics-inspired transformation. Table 3.1 summarizes
the principal mathematical differences among the Polar Uncertain Set frameworks considered in this
chapter.

Table 3.1: Comparison of the principal Polar Uncertain Set frameworks considered in this chapter.

Concept Mathematical Pole or Main distinguishing
representation structural feature
organization
Bipolar Two distinguished Provides the basic two-pole
Uncertain " components: a uncertainty representation.
Set pa s X — Dom(M), property and its Both components take values
Def. 3.2.2 X — Dom(M).  corresponding in the same uncertainty

counter-property. domain Dom(M). In the
fuzzy case, the counter-polar
component may be
represented in the signed

range [—1,0].

Tripolar Three Introduces an explicit neutral
Uncertain distinguished component in addition to

p : X — Dom(M) s
Set A ? components: positive and counter-polar
Def. 3.3.2 wa 2 X — Dom(M), positive, neutral, information. A score map

15+ X — Dom(M), and sy s Dom(M) — [0, 1]

counter-polar. controls the admissibility
SMm (Mz (x)) COnditiOn.

(@) < 1.

Continued on the next page
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Chapter 3. Polar Uncertain Set

Table 3.1 — continued from the previous page

Concept Mathematical Pole or Main distinguishing
representation structural feature
organization
Quadripolar A fixed collection Represents each element
Uncertain of four through four simultaneous
Set pa s X — Dom(M )4a distinguished uncertainty perspectives. It is
Def. 3.4.1 ) 4 poles. the m = 4 specialization of a
pa(z) = (MX) (x))i:y Multipolar Uncertain Set
when no additional relations
among the four poles are
imposed.
Pentapolar A fixed collection Represents each element
Uncertain of five through five simultaneous
Set pra s X — Dom(M)®, distinguished uncertainty perspectives. It is
Def. 3.5.1 ) 5 poles. the m = 5 specialization of a
pa(z) = (,“E;) (x))izl Multipolar Uncertain Set
when no additional relations
among the five poles are
imposed.
Multipolar A fixed finite Assigns one admissible
Uncertain m  collection of m uncertainty value to every
Set pa: X — Dom(M)™, poles. element under each of m
Def. 3.6.2 m 22, distinct poles. It provides the
general finite-dimensional
(@) m . .
pwa(x) = (MA (x))izl multipolar extension of an
ordinary Uncertain Set.
Iterative Recursively Iterates the multipolar
Multipolar ) nested multipolar construction itself. The first
Uncertain Difom = Dom(M), levels. order satisfies
Set Dg\;—&-l) _ (D(T) )", Dg\}[)’m = Dom(M)™, while
Def. 3.7.2 mn m higher orders encode nested
u(r) X s Dg&)m multipolar uncertainty.
Hyperpolar A finite family of Allows each major polarity to
Uncertain polarity blocks,  contain a multidimensional
Set H:X = Ay, where the j-th family of uncertainty values.
Def. 3.8.2 n block has Different polarity blocks need
Ay = H Dom( M)Jj. dimension d;. not have the same internal
i dimension.
Variable- The pole set P,  Both the number and identity
Polar depends on the  of the relevant poles may vary
Uncertain paz s P — Dom(M),  element z. between elements. Hence,
Set different elements need not
Def. 3.9.2 Ae H Dom(M)". be evaluated using the same

zeX

collection of perspectives.

Continued on the next page
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Table 3.1 — continued from the previous page

Concept Mathematical Pole or Main distinguishing
representation structural feature
organization
Dynamic- A pole set P, a  Admissible time sections are
Polar discrete time trajectories of the declared
Uncertain pra : XXT'xP — Dom(M )vsystem, and evolution law rather than
Set typed evolution  independent copies indexed
Def. 3.10.2 pao) () = E(pai(r)). operators. only by time.
Tree-Polar Poles are vertices Parent values are constrained
Uncertain of a finite rooted by typed child aggregators.
Set A= (Tp,Agg, pa), tree. Consequently, the root and
Def. 3.11.2 the tree relation affect the
pa: X x P — Dom(M).

admissible degree
For internal p, assignments.

pa(r,p) = AggM,p(Nz»p)»
Hap = (:U'A(x’Q))quh(p)'

Heterogeneous- Each pole p is Permits different poles to
Polar equipped with its employ mathematically
Uncertain pa:X — H Dom(M,). own uncertainty  different uncertainty models
Set peEP model M. and degree-domains. One
Def. 3.12.2 pole may, for example, be

fuzzy while another is
interval-valued or

neutrosophic.
Graph-Polar Poles are vertices Each edge carries a typed
Uncertain of a finite graph  compatibility relation. The
Set A= (Gp,C,pa), Gp. graph therefore defines
Def. 3.13.2 constraints on the admissible

pa: X x P — Dom(M), flattened pole assignments.

(ﬂA(‘rap)vﬂA(xv Q))

e C..
Adaptive- Active poles are  The selector changes the
Polar selected from a active carrier, while update
Uncertain H: X xC— Pf—'fn(P ), master pole set maps relate the uncertainty
Set P* according to  assignments across context
Def. 3.14.2 pa:Qm — Dom(M), o clement and  transitions.

M
KAz = uzyc’c, (MA,{E,C)- context.

Semipolar Polarity is Unlike ordinary multipolar
Uncertain Y induced through constructions, this model
Set Ay = {x € E:su(pale semipolar subsets does not introduce several
Def. 3.15.2 > cu}7 associated with a coordinate poles. Instead,
Hunt process X.  potential-theoretic
AM € 5(X). semipolarity is transferred

through positive a-cuts.

Continued on the next page
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Table 3.1 — continued from the previous page

Concept Mathematical Pole or Main distinguishing
representation structural feature
organization
Pluripolar Polarity is derived Its full-membership core is
Uncertain from a the pluripolar set {u = —oo}.
Set u € PSH(92), plurisubharmonic Nontrivial a-cuts are sublevel
Def. 3.16.2 u <0, function on a sets and need not themselves

,U,AU(Z) = ‘I)]V[(l — eu(z)).

complex domain

Qccn.

be pluripolar.

Self-Polar An incidence- Degree assignments agree
Uncertain reversing duality under a genuine projective
Set mp: P — H, between point polarity. A bare involution on
Def. 3.17.3 g H — P, and hyperplane  a single untyped set is
Lo TP = p. sorts. treated separately as
involution invariance.
Antipolar The finite pole set Models mutually opposite
Uncertain P has a polar directions whose
Set pa s X x P — Dom(M), fixed-point-free weighted uncertainty
Def. 3.18.2 involution 7, with contributions cancel. Its
Qa(z) defining condition is zero net
= Z sar(palz, p))v(p) v(7(p)) = —v(p). polarization for every
pEP element.
=0.
Cross-Polar Orthogonal Separates each state into a
Uncertain . decomposition co-polar component parallel
Set za: X — By, with respect to a to the preferred direction and
Def. 3.19.3 o _ p distinguished unit a cross-polar component
za = fuza, direction u in a  orthogonal to it.
23°% =24 — Puza.  Hilbert space.
BEC- Two independent This is the exact BEC
Polarized binary specialization of one
Uncertain az = sy (m(@)), erasure-channel  polar-code kernel step.
Profile by = sn(n2(2)), profiles Without erasure-channel
Def. 3.20.2 represented by semantics, the formulas give a

5 (x) = ®ar(aghs),
bad

scored degrees.

wy(x) = <I>M(a$—|—bx —axbx).

product/probabilistic-sum
transformation.

Circuit-Polar

Uncertain
Set na: X xV — Dom(M),

Def. 3.21.2

A finite directed
graph, incidence
matrix,
conductances,

Ay(z,e) = Z bye S0 (UA(%H@)Balanced

weV
ia(z,e) =gle)Aa(z,e),
Bia(x, ) = ja(z,-).

node injections.

The incidence gradient is
coupled with Ohm’s law and
Kirchhoff conservation,
distinguishing the model from
an arbitrary directed graph
gradient.

Continued on the next page
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Table 3.1 — continued from the previous page

Concept Mathematical Pole or Main distinguishing
representation structural feature
organization

Hysteretic- Polarity depends Introduces memory
Polar on the entire dependence. Two histories
Uncertain na : XxH(U) — Dom(M),finite input having the same terminal
Set history h € H(U). input may produce different
Def. 3.22.3 pa: X xXH(U) = [-1,1], uncertainty and polarity

qj (z,h) = values.

ma(z,h)(1+pa(z,h))

5 .
Stokes-Polar A four-component Transfers the Stokes
Uncertain Stokes polarization formalism to
Set Sa: X =5, representation uncertainty theory. The total
Def. 3.23.3 satisfying intensity and normalized
(@) = (50,51, 52, 53), , o, o, degreeof polarization are
2 2 2 81+ 83+ 53 < 55. jointly encoded into an
S§7+ 85 + 53

Da(z) = T s admissible uncertainty value.

wa(zx) = \I/M(so(x),DA(x)).
Free-Polar An arbitrary Provides the cardinality-free
Uncertain nonempty pole version of multipolar
Set pa: X x P— Dom(M), set P, with no uncertainty. If |[P| = m < oo,
Def. 3.24.1 restriction on its it is equivalent, up to

or equivalently

fia:X — Dom(M)”.

cardinality.

indexing, to an m-Polar
Uncertain Set; if |[P| =1, it
reduces to an ordinary
Uncertain Set.

3.1 Status of Concepts and Representation Results

To distinguish notions recalled from the literature from the constructions introduced or systematically
formulated in this book, we use the following status convention.

Here “book-specific” identifies the formal definition used in this book; it does not assert priority

beyond the cited literature.

explicitly separated from its typed U-Set lift.

Whenever a fuzzy or external mathematical notion is recalled, it is

Theorem 3.1.1 (Representation and Non-Collapse Theorem). Let D = Dom(M) # 0, let [m] =
{1,...,m}, and let X be a universe. Define

Dg\g),m = D’

(i) An m-polar carrier is canonically

r4+1 T m

D™ =~ plml,
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Table 3.2: Status of the principal ingredients and constructions considered in this book.

Status Concepts
Existing notions recalled Fuzzy, bipolar fuzzy, tripolar fuzzy, and m-polar fuzzy sets, including their 4-
from the literature polar and 5-polar specializations; semipolar and pluripolar subsets in potential

theory; projective polarity; channel polarization for binary erasure channels;
oriented incidence matrices and resistive circuits; hysteresis; and Stokes pa-
rameters.

Book-specific typed lifts Bipolar, Tripolar, Quadripolar, Pentapolar, Multipolar, Iterative Multipo-
lar, Hyperpolar, Variable-Polar, Dynamic-Polar, Tree-Polar, Heterogeneous-
Polar, Graph-Polar, Adaptive-Polar, Semipolar, Pluripolar, Self-Polar, Antipo-
lar, Cross-Polar, BEC-Polarized, Circuit-Polar, Hysteretic-Polar, Stokes-Polar,
and Free-Polar Uncertain Sets of a declared uncertain-model type.

Book-specific terminology ~ The common typed uncertain-model hierarchy; the systematic organization of

or organization polarity-based Uncertain Sets; the structural-coherence specifications imposed
on the corresponding models; and the representation and reduction results de-
veloped below.

(ii) The r-fold iterative carrier is canonically
(r) ~ T "
Diy,, = D" = D™
Thus nesting alone does not create a new carrier invariant.
(iif) For finite block sizes ¢;,
n
H D‘SJ' [ Dl_lyzl[‘sj] [ DZ;‘L:I 61.

Jj=1

Thus a hyperpolar carrier becomes distinct only when its block partition or blockwise operations
are retained as structure.

(iv) There are canonical currying bijections
DXXPg(DP)X DXXTXPg(DTXP>X.

Accordingly, Free-, Tree-, Graph-, and Dynamic-Polar maps are reindexings of families unless
their pole or transition structures impose additional coherence conditions.

(v) Variable and adaptive carriers are dependent products,
H D= and D%n,
reX

respectively. Their distinct content lies in the declared variation or update policy, not merely in
the existence of the displayed function space.

Proof. Parts (i)—(iii) are the canonical product bijections of Lemma 2.3.5; part (iv) is currying; and
part (v) is the dependent-product description of Lemma 2.3.3. A structural condition cuts out a
specified subspace of the flattened carrier and is therefore retained by structure-preserving, but not
arbitrary, bijections. O

3.2 Bipolar Uncertain Set

A Bipolar Fuzzy Set assigns positive and negative membership degrees to each element, representing
both a property and its corresponding counter-property within one unified framework [30, 31].
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Definition 3.2.1 (Bipolar Fuzzy Set). Let X # 0 be a universe. A bipolar fuzzy set A on X is
characterized by two functions

ph: X —[0,1], pa X — [—1,0],

where, for each z € X, /[Af (x) represents the degree to which x satisfies a positive property, while
p 4 () represents the degree to which x satisfies the corresponding negative property.

Equivalently,
A= {(z,ph(@),n5(2) |z € X}

A Bipolar Uncertain Set assigns two uncertainty values to each element, representing a property and
its corresponding counter-property within a single uncertainty framework.

Definition 3.2.2 (Bipolar Uncertain Set). Let X # () be a universe, and let My = (Dom(M)) be a
carrier model. A Bipolar Uncertain Set of type M on X is a pair of mappings

:U'XNU‘Z X — DOIH(M),
where, for each z € X,
+
pa ()
represents the uncertainty value associated with a property, while
pia ()

represents the uncertainty value associated with its corresponding counter-property.

Equivalently,
A={(z,p}(2),py(x) |z e X}.

Example 3.2.3 (Bipolar Uncertain Set for Apartment Selection). Consider a person choosing an
apartment for daily commuting. Let

X = {a17a27a37a4}

be four candidate apartments.

Take the fuzzy uncertainty model
Dom(M) = [0, 1].

For each apartment a;, let

14 (ai)
represent the degree to which the apartment is considered suitable for the tenant, taking into account
factors such as location, rent, and convenience, while

ta(ai)

represents the degree to which it satisfies the corresponding counter-property, namely unsuitability
for the tenant.

Suppose that the evaluations are

Apartment | pf  py

ai 0.85 0.20
as 0.70 0.45
as 0.40 0.75

a4 0.60 0.35
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Then the corresponding Bipolar Uncertain Set is

A = {(a1,0.85,0.20), (a2, 0.70, 0.45), (a3, 0.40, 0.75), (a4, 0.60, 0.35)} .

For example, a; has a high degree of suitability and a relatively low degree of unsuitability, whereas ag
has a lower suitability degree and a higher counter-property degree. Hence, the Bipolar Uncertain Set
represents both favorable and unfavorable evaluations of each alternative within a unified framework.

Remark 3.2.4. If M is the fuzzy model with
Dom(M) = [0, 1],

then
Bt 2 X = [0,1].

Define the signed counter-polar membership by
fia () = (@),

Then
by X —[-1,0],

and the representation becomes
pwho X —0,1], fa X —[-1,0]

which recovers the usual Bipolar Fuzzy Set representation.

The finite-vector specializations of Bipolar Uncertain Sets can be classified according to a declared
realization of the uncertainty degree-domain. Suppose, only for the following catalogue, that

Dom(M) C [0,1]".
Since a Bipolar Uncertain Set is represented by two mappings
MX,N:\ X — DOHI(M),

each element is described by two k-dimensional uncertainty values. Hence, when the degree-domain
admits a finite-dimensional numerical representation, the resulting bipolar representation has 2k
numerical components.

Table 3.3 summarizes representative special cases according to this dimensional viewpoint.

For example, when the underlying uncertain model is fuzzy,
Dom(M) = [0, 1],

each polar component is one-dimensional, and the corresponding Bipolar Uncertain Set has two scalar
components. When the underlying model is intuitionistic fuzzy or vague, each polar component is
represented by two numerical degrees, resulting in four scalar components in the bipolar represen-
tation. Similarly, single-valued neutrosophic, spherical fuzzy, and picture fuzzy models use three
numerical components per pole and therefore lead to six-component bipolar representations.

Hesitant fuzzy and plithogenic frameworks require separate treatment. A hesitant fuzzy degree is
generally set-valued rather than a fixed scalar vector of prescribed dimension, whereas the dimen-
sionality of a plithogenic representation depends on the particular underlying attribute and uncer-
tainty structure. Accordingly, these cases are more naturally regarded as variable-dimensional or
model-dependent specializations of the general Bipolar Uncertain Set framework.
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Table 3.3: Dimension-based classification of representative Bipolar Uncertain Sets.

Dimension Total Representative Bipolar Uncertain Set References
of each bipolar
pole £ dimension

1 2 Bipolar Fuzzy Set [30,31]
2 4 Bipolar Vague Set [153,154]
2 4 Bipolar Intuitionistic Fuzzy Set [155,156]
3 6 Bipolar Neutrosophic Set [37,157-160]
3 6 Bipolar Spherical Fuzzy Set [161,162]
3 6 Bipolar Picture Fuzzy Set [163-165]
Variable ~ Variable Bipolar Hesitant Fuzzy Set [166,167]
/ set-
valued
Model- Model-  Bipolar Plithogenic Set [168]

dependent dependent

3.3 Tripolar Uncertain Set

A Tripolar Fuzzy Set assigns positive, neutral, and negative membership degrees, enabling three-
way representation of uncertainty and opposing information simultaneously [32,93,94]. Although
Tripolar Fuzzy Sets are less widely recognized than Bipolar Fuzzy Sets, a growing number of studies
on tripolar frameworks have been published in recent years (cf. [169-172]). It should also be noted
that the interpretation and formulation of tripolarity may differ across the literature.

Definition 3.3.1 (Tripolar Fuzzy Set). [32] Let X # () be a universe. A tripolar fuzzy set A on X
is characterized by three functions

wht X —[0,1], wh oo X —[0,1], X — [-1,0],

such that, for every z € X,
0 < ph(x) + ph(e) < 1.

Here, pfi(z) represents the degree to which x satisfies the positive property, % (z) represents the
degree to which z satisfies the irrelevant or neutral property, and p,(x) represents the degree to
which x satisfies the implicit counter-property.

Equivalently,
A= {(z, 14 (), i (2), py(x) |z € X}.

A Tripolar Uncertain Set assigns positive, neutral, and counter-polar uncertainty values to each
element, providing a three-way representation under a prescribed uncertain model.

Definition 3.3.2 (Tripolar Uncertain Set). Let X # () be a universe, and let
Ms = (Dom(M), spr)

be a scored uncertain model.

A Tripolar Uncertain Set of type M on X is a triple of mappings

phs was g X — Dom(M)
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such that, for every x € X,
sa(ph () + sa(pia () < 1.

Here,
+ * -
pa(e),  paz),  pa(o)
represent the positive, neutral, and counter-polar uncertainty values of x, respectively.

Example 3.3.3 (Tripolar Uncertain Set for Restaurant Selection). Consider a customer selecting a
restaurant for dinner. Let

X ={r1,r2,73,74}

be four candidate restaurants.

Take the fuzzy uncertainty model

with the scalar evaluation map

For each restaurant r;, let
pa(ri)

represent the degree of a favorable evaluation,
pa(ri)

represent the degree of a neutral or indeterminate evaluation, and
pa (i)

represent the degree associated with the counter-property, namely an unfavorable evaluation.

Suppose that the evaluations are given by

Restaurant uj Wa My

1 0.70 0.20 0.15
) 0.55 0.30 0.40
T3 0.35 0.40 0.65
T4 0.60 0.25 0.30

For every r; € X,
sn(ph(ri)) + sar (i (ri)) < 1.
For example,
0.70+0.20=0.90< 1

for r1, and
0.354+040=0.75<1

for rs.

Hence,
A = {(r1,0.70,0.20,0.15), (r2,0.55,0.30, 0.40), (13, 0.35, 0.40, 0.65), (r4, 0.60,0.25,0.30) }

is a Tripolar Uncertain Set.

In this example, r; receives a relatively high favorable evaluation and a low unfavorable evalua-
tion, whereas r3 has a lower favorable degree and a higher counter-polar degree. Thus, the model
simultaneously represents positive, neutral, and opposing evaluations of each restaurant.
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Remark 3.3.4. Let M be the fuzzy model with
Dom(M) = [0, 1]

and
SM (t) =t.

Then a Tripolar Uncertain Set is determined by
ks s g 2 X —[0,1]

with
W) + o) < 1.

If the counter-polar component is written in signed form as

fia () = —pp (),

then
iy X —[-1,0],

and the representation becomes the corresponding Tripolar Fuzzy Set form with positive, neutral,
and negative polar components.

Representative concepts that can be expressed within the framework of Tripolar Uncertain Sets are
summarized in Table 3.4.

Table 3.4: Dimension-based classification of representative Tripolar Uncertain Sets.

Dimension Total Representative Tripolar Uncertain Set References
of each tripolar
pole k dimension
1 3 Tripolar Fuzzy Set [32,93,94]
2 6 Tripolar Intuitionistic Fuzzy Set [173,174]
3 9 Tripolar Neutrosophic Set [174,175]

3.4 Quadripolar Uncertain Set

A Quadripolar Uncertain Set assigns four distinguished uncertainty values to each element, thereby
representing uncertain information from four simultaneous poles, perspectives, criteria, or evaluative
directions. Unlike a Tripolar Uncertain Set, whose three components may be given specific posi-
tive, neutral, and counter-polar interpretations, the four poles of a Quadripolar Uncertain Set are
treated abstractly unless a particular application specifies additional semantic or algebraic relation-
ships among them.

Definition 3.4.1 (Quadripolar Uncertain Set). Let X # () be a universe, and let
My = (Dom(M))

be a carrier uncertain model.

Let
Py = {p1,p2,p3,p4}

be a fixed set of four distinguished poles.
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A Quadripolar Uncertain Set of type M on X is a mapping

s X x Py — Dom(M).

Equivalently, it is specified by four mappings
1) (2 (3 (4
n D ) ) - X — Dom(M),

where ‘
V(@) = palz,pi), i€{1,2,3,4}.

Thus, for every z € X,

pa@) = (14 @), 1P (@), 1 (@), 1) () € Dom()™.

The values ) ) s A
p@), iP@), 1@, @)

represent the four uncertainty values associated with the four distinguished poles of x.

No relation among the four components is required unless an additional constraint is explicitly in-
cluded as part of the quadripolar model.

Example 3.4.2 (Quadripolar Uncertain Set for Restaurant Selection). Consider a customer selecting
a restaurant for dinner. Let

X = {T17T27T37T4}

be four candidate restaurants.

Take the fuzzy uncertainty model
Dom(M) = [0,1].

Suppose that four evaluation poles are considered:

P4 = {pfood7pserviceappriceapatmosphere}-

For each restaurant r;, define

1 2 3
Ve, w1

4
r), m ()
as its uncertainty-adjusted degrees with respect to food quality, service quality, price attractiveness,
and atmosphere, respectively.

Suppose that

Restaurant ,uill) M(AQ) ﬂf) ,uff)

71 0.85 0.70 0.55 0.80
T 0.65 0.80 0.75 0.60
T3 0.75 0.50 0.90 0.45

T4 0.80 0.75 0.60 0.85
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Then
pa(r1) = (0.85,0.70,0.55,0.80),
wa(re) = (0.65,0.80,0.75,0.60),
wa(rs) = (0.75,0.50,0.90,0.45),
and
wa(ry) = (0.80,0.75,0.60,0.85).
Hence,

r1,0.85,0.70,0.55, 0.80
r4,0.65,0.80,0.75, 0.60
r5,0.75,0.50,0.90, 0.45
r4,0.80,0.75,0.60, 0.85

)

)

3

N

I
—~ Y~~~
~— — ~— —

is a Quadripolar Uncertain Set.

For example, r; receives relatively high evaluations for food quality and atmosphere, whereas r;3
receives its highest evaluation for price attractiveness. Thus, the quadripolar representation allows
four distinct uncertainty perspectives to be recorded simultaneously.

Remark 3.4.3 (Relation to Multipolar Uncertain Sets). A Quadripolar Uncertain Set is precisely
the m = 4 specialization of a Multipolar Uncertain Set.

Indeed,
tia: X — Dom(M)*

is the special case of
14 X — Dom(M)™

obtained by setting
m=4.

Therefore, without additional relations among its four poles, quadripolarity introduces a distinguished
four-pole interpretation but does not introduce a carrier structure beyond the corresponding four-
dimensional product model.

Remark 3.4.4 (Fuzzy Specialization). Let M be the fuzzy model with
Dom(M) = [0,1].
Then a Quadripolar Uncertain Set is determined by

4
MS)7MELX2)7MS§)7MS4) : X —[0,1],

or equivalently by
pa: X —[0,1)%

Thus, every element « € X is represented by a four-dimensional membership vector

pa@) = (1 (@), 13 (2), 19 (2), 1P ().

This may be regarded as the fuzzy specialization of the Quadripolar Uncertain Set framework. No
normalization condition such as A

>y <1

i=1

is imposed unless it is explicitly required by the particular quadripolar model under consideration.
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Table 3.5: Dimension-based classification of representative Quadripolar Uncertain Sets.

Dimension Total Representative specialization
of each quadripolar
pole k dimension
1 4 Quadripolar fuzzy-type Uncertain Set (cf. [109])
2 8 Quadripolar intuitionistic-fuzzy-type Uncertain Set
3 12 Quadripolar neutrosophic-type Uncertain Set
k 4k Quadripolar k-dimensional Uncertain Set

Representative finite-dimensional specializations that can be expressed within the framework of
Quadripolar Uncertain Sets are summarized in Table 3.5.

Remark 3.4.5 (Flattening Representation). Suppose that the degree-domain of M has a declared
finite-dimensional realization
Dom(M) C [0,1]*.

Then
Dom(M)* C [0, 1]**.

Consequently, every finite-dimensional Quadripolar Uncertain Set admits the canonical flattened
representation
pa: X — [0, 1],

In particular, the total scalar dimension of a quadripolar construction is four times the scalar dimen-
sion of the underlying uncertainty model.

3.5 Pentapolar Uncertain Set

A Pentapolar Uncertain Set assigns five distinguished uncertainty values to each element, thereby
representing uncertain information from five simultaneous poles, perspectives, criteria, or evaluative
directions.

The five poles are treated abstractly unless a particular application specifies additional semantic,
algebraic, ordinal, or oppositional relationships among them.

Definition 3.5.1 (Pentapolar Uncertain Set). Let X # () be a universe, and let
My = (Dom(M))

be a carrier uncertain model.

Let
Ps = {p1,p2,D3,p4,D5}

be a fixed set of five distinguished poles.

A Pentapolar Uncertain Set of type M on X is a mapping

s X x Ps — Dom(M).
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Equivalently, it is specified by five mappings

/-11541)5 uf)a /J/Ef)a /-1/5;1)7/-!/545) X — DOI’II(M),

where _
M(X)(fv) = pa(z,pi), i€{l,2,3,4,5}.

Thus, for every x € X,

pa(@) = (@), 1P (@), 1l (@), 1l (@), 1Y (2)) € Dom(D1)?.

The values ) ) . . s
1Y) (@), 13 (), 1P (@), 1P (), 1) ()

represent the five uncertainty values associated with the five distinguished poles of x.

No relation among the five components is required unless an additional constraint is explicitly imposed
as part of the pentapolar model.

Example 3.5.2 (Pentapolar Uncertain Set for Restaurant Selection). Consider a customer selecting
a restaurant for dinner. Let

X = {7‘1,?”271"377'4}

be four candidate restaurants.

Take the fuzzy uncertainty model
Dom(M) = [0, 1].

Suppose that five evaluation poles are considered:

Ps = {pfoodvpservicevppriceapatmosphereaplocation}-

For each restaurant r;, let

4
MS)(W), Mf)(ﬁ‘), MS)(HL qu)(ﬁ% MS)(H)

represent its uncertainty-adjusted evaluations with respect to food quality, service quality, price at-
tractiveness, atmosphere, and location convenience, respectively.

Suppose that
Restaurant ufj) M(AQ) ,uff) uf) u(As)

r1 0.85 0.70 0.55 0.80 0.75
) 0.65 0.80 0.75 0.60 0.90
r3 0.75 0.50 0.90 0.45 0.60
T4 0.80 0.75 0.60 0.85 0.70

Then
pa(ry) = (0.85,0.70,0.55,0.80,0.75),

14(r2) = (0.65,0.80,0.75, 0.60, 0.90),
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1a(rs) = (0.75,0.50, 0.90, 0.45, 0.60),

and
wa(rs) = (0.80,0.75,0.60,0.85,0.70).

Hence,
r1,0.85,0.70,0.55,0.80,0.75),

( )
(r2,0.65,0.80,0.75,0.60, 0.90),
(rs,0.75,0.50,0.90,0.45, 0.60),
(r4,0.80,0.75,0.60,0.85,0.70)

is a Pentapolar Uncertain Set.

For example, 1 receives its highest evaluation for location convenience, whereas rs receives its highest
evaluation for price attractiveness. Thus, the pentapolar representation allows five distinct uncer-
tainty perspectives to be represented simultaneously.

Remark 3.5.3 (Relation to Multipolar Uncertain Sets). A Pentapolar Uncertain Set is precisely the
m = 5 specialization of a Multipolar Uncertain Set.

Indeed,
pa: X — Dom(M)®

is the special case of
s X — Dom(M)™

obtained by setting
m =3.

Therefore, without additional relations among its five poles, pentapolarity introduces a distinguished
five-pole interpretation but does not introduce a carrier structure beyond the corresponding five-fold
product model.

Remark 3.5.4 (Fuzzy Specialization). Let M be the fuzzy model with
Dom(M) = [0, 1].
Then a Pentapolar Uncertain Set is determined by
1o D i ) X —[0,1],

or equivalently by
pa s X —[0,1]5.

Thus, every element z € X is represented by the five-dimensional membership vector

pa(e) = (@), 1 @), 1§ (@), 1 (@), 1 ().

This may be regarded as the fuzzy specialization of the Pentapolar Uncertain Set framework.

No normalization condition such as

or
5 .
S @) =1
=1

is imposed unless it is explicitly required by the particular pentapolar model under consideration.
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Representative finite-dimensional specializations that can be expressed within the framework of Pen-
tapolar Uncertain Sets are summarized in Table 3.6.

Table 3.6: Dimension-based classification of representative Pentapolar Uncertain Sets.

Dimension Total Representative specialization
of each pentapolar
pole k dimension
1 5 Pentapolar fuzzy-type Uncertain Set
2 10 Pentapolar intuitionistic-fuzzy-type Uncertain Set
3 15 Pentapolar neutrosophic-type Uncertain Set
k 5k Pentapolar k-dimensional Uncertain Set

Remark 3.5.5 (Flattening Representation). Suppose that the degree-domain of M has a declared
finite-dimensional realization
Dom(M) C [0,1]".

Then
Dom(M)® C [0, 1]°*.

Consequently, every finite-dimensional Pentapolar Uncertain Set admits the canonical flattened rep-
resentation
pa: X —[0,1]°F

In particular, the total scalar dimension of a pentapolar construction is five times the scalar dimension
of the underlying uncertainty model.

3.6 Multipolar Uncertain Set

A Multipolar Fuzzy Set assigns multiple independent fuzzy membership degrees to each element,
representing several perspectives, attributes, or agents simultaneously [176-180].

Definition 3.6.1 (Multipolar Fuzzy Set). (cf. [143,181]) Let X # @ be a universe and let m € N. A
multipolar fuzzy set (or m-polar fuzzy set) A on X is characterized by a mapping

pa: X — [0, 1}m.

Equivalently,
1 2
pa(r) = (1 @), 1P (@), ... 1l (@),  reXx,
where _
pD X 0,1,  i=1,2,...,m,

and u(j) (x) represents the membership degree of x with respect to the i-th pole.

Thus,
A={(wnV @, 1P @), @) [ e X}

A Multipolar Uncertain Set assigns multiple uncertainty values to each element, representing poles,
perspectives, criteria, or agents within one framework.
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Definition 3.6.2 (Multipolar Uncertain Set). Let X # () be a universe, let m > 2, and let M, =
(Dom(M)) be a carrier model. A Multipolar Uncertain Set of type M on X is a mapping

wa: X — Dom(M)™.

Equivalently, for every z € X,

pa(@) = (1 (@),..., 1§ (@),

where 4
u?:X—)Dom(M), i=1,...,m.

Thus, each element x is assigned one admissible uncertainty value for each of the m poles.

Example 3.6.3 (Multipolar Uncertain Set for Smartphone Selection). Consider a customer compar-
ing several smartphones. Let
X - {Sla 52,83, 84}

be a set of four candidate smartphones.

Take the fuzzy uncertainty model
Dom(M) = [0, 1]

and let
m = 4.

Suppose that the four poles represent the following evaluation criteria:

p1 = performance, po = battery life, p3 = camera quality, py4 = affordability.

Define
pa: X —[0,1)*
by
a(s1) = (0.90,0.75,0.85,0.40),
pa(s2) = (0.70,0.90,0.65,0.75),
pa(ss) = (0.80,0.60,0.95,0.35),
and

pa(s4) = (0.60,0.80,0.55,0.90).

Equivalently, the corresponding Multipolar Uncertain Set is

(s1,(0.90,0.75,0.85, 0.40
(s2,(0.70,0.90, 0.65, 0.75
(3, (0.80,0.60,0.95,0.35
(s4, (0.60,0.80,0.55,0.90

b

)

)
)
),
)

NN AN

For example,
1a(s1) = (0.90,0.75,0.85,0.40)

indicates that smartphone s; is evaluated highly in performance and camera quality, moderately
highly in battery life, but relatively low in affordability.
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Similarly,
wa(se) = (0.60,0.80,0.55,0.90)

indicates that s, is highly affordable and has good battery life, although its performance and camera
quality receive lower evaluations.

Thus, the Multipolar Uncertain Set provides a unified representation of several uncertainty-based
evaluations of each smartphone from multiple criteria or perspectives.

Remark 3.6.4. If
Dom(M) = [0,1],

then a Multipolar Uncertain Set reduces to an m-polar fuzzy set, since
wa: X — [0,1]™.

More generally, choosing intuitionistic fuzzy, neutrosophic, plithogenic, or other uncertainty domains
yields the corresponding multipolar extensions.

Representative concepts that can be expressed within the framework of m-Polar Uncertain Sets are
summarized in Table 3.7.

Table 3.7: Dimension-based classification of representative m-Polar Uncertain Sets.

Dimension Total Representative m-Polar Uncertain Set References
of each m~polar
pole k dimension

1 m m-Polar Fuzzy Set [181-183] —

2 2m m-Polar Intuitionistic Fuzzy Set [148,184-186]

2 2m m-Polar Vague Set —

3 3m m-Polar Neutrosophic Set [41,150,187-189]

3 3m m-Polar Picture Fuzzy Set [56,190,191]

3 3m m-Polar Spherical Fuzzy Set [192,193]
Variable /  Variable = m-Polar Hesitant Fuzzy Set [194]
set-valued

3.7 Iterative Multipolar Uncertain Set

An TIterative m-Polar Fuzzy Set recursively nests multipolar membership structures, representing
hierarchical fuzzy evaluations across successive levels of polarity information.

Definition 3.7.1 (Iterative m-Polar Fuzzy Set). Let X # () be a universe, let m > 2, and let r € Ny.
Define the sequence of membership spaces recursively by

PO =01, Py =(P0)".

An r-th order iterative m-polar fuzzy set A on X is characterized by a mapping

,ui:) X — 'P,(,:).

In particular,
PT(Y:LL) - [07 ”m’
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so that the first-order case is an ordinary m-polar fuzzy set, while
P,Sf) = ([01 1]m)m ) ’P,(,f) = (([0’ 1]m)m)m )

and so on.

Equivalently, for every x € X,

1 @) = (i in @Dy ety

where
HAis,...i, (%) € [0,1].
Thus,
A= {(;C, (1A, (x))(h,...,ir)e{l,...,m}r> ‘ x € X} .

Definition 3.7.2 (Iterative Multipolar Uncertain Set). Let X # @) be a universe, let m > 2, and let
My = (Dom(M)) be a carrier model. Define recursively

D), =Dom(M), DY) = (D))", rem

An r-th order Iterative Multipolar Uncertain Set of type M on X is a mapping

WX — D).

In particular,
D) = Dom(M)™,

so the first-order case is a Multipolar Uncertain Set, whereas
DY, = (Dom(M)™)™
Mm — ( Om( ) ) )
and higher orders recursively represent nested multipolar uncertainty.

Example 3.7.3 (Iterative Multipolar Uncertain Set for Project Evaluation). Consider a company
evaluating several candidate projects. Let

X ={p1,p2,p3}

be the set of projects.

Take the fuzzy uncertainty model

Dom(M) = [0,1],
and let
m =2, r=2.
Then
Dy = [0, 1
and

D), = ([0,1]%)".

Suppose that each project is evaluated by two committees:

C = Technical Committee, (5 = Business Committee.
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Each committee evaluates two aspects. The Technical Committee considers
feasibility and innovation,
whereas the Business Committee considers

cost efficiency and market potential.

Define
2
p2 X — ([0,1)?)
by
@)y —

s’ (p1) = ((0.85,0.90), (0.65,0.80)),

1% (p2) = ((0.70,0.60), (0.90,0.75)),
and

13 (p3) = ((0.60,0.95), (0.55,0.85)).

For example,
1% (p1) = ((0.85,0.90), (0.65,0.80))

means that the Technical Committee assigns p; the first-order multipolar evaluation
(0.85,0.90)

for feasibility and innovation, respectively, while the Business Committee assigns
(0.65,0.80)

for cost efficiency and market potential.

Thus, the second-order Iterative Multipolar Uncertain Set represents a nested evaluation in which
several groups each provide several uncertainty-based assessments for the same project. Higher itera-
tive orders can similarly represent additional hierarchical levels, such as departments, regional offices,
or organizational layers.

Remark 3.7.4. The construction contains several important special cases:
r=0 = u:X - Dom(M),

which is an ordinary Uncertain Set, and
r=1 = 4 X = Dom(M)™,

which is a Multipolar Uncertain Set.

If
Dom(M) = [0,1],

the construction reduces to the corresponding Iterative m-Polar Fuzzy Set.
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3.8 Hyperpolar Uncertain Set

A Hyperpolar Fuzzy Set assigns multidimensional fuzzy membership vectors to multiple polarities,
enabling structured representation of heterogeneous multi-perspective uncertainty information [195].

Definition 3.8.1 (Hyperpolar Fuzzy Set). [195] Let X # @ be a universe and let n € N. For each
ke{l,...,n}, let
or €N

denote the dimension of the k-th polarity, and define

A= |10, 1]%.
k=1
A hyperpolar fuzzy set H on X is a mapping
H: X — A.

Equivalently, for each x € X,
H(l’) = (Hl(x)7H2(x)7 ) Hn(x))7

where
Hy(2) = (1 (@), i 2(2), - -, prs (2)) € [0, 1]

Thus, each Hy(z) represents the multidimensional fuzzy membership information associated with the
k-th polarity.

Definition 3.8.2 (Hyperpolar Uncertain Set). Let X # () be a universe, let My = (Dom(M)) be a
carrier model, and let n > 1.

For each k € {1,...,n}, let
0, >1

denote the dimension of the k-th polarity, and define

Ay = H Dom(M)°%.
k=1

A Hyperpolar Uncertain Set of type M on X is a mapping

Equivalently, for each x € X,

where
Hi(z) = (dp(2), ..., dis, () € Dom(M)%.

Thus, each polarity contains a finite multidimensional collection of admissible uncertainty values
determined by the model M.
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Example 3.8.3 (Hyperpolar Uncertain Set for Employee Evaluation). Consider a company evalu-
ating several employees for promotion. Let

X ={e1,ez,e3}

be the set of employees.

Take the fuzzy uncertainty model
Dom(M) = [0,1].

Suppose that the company uses three major polarities:

P, = Technical Ability, P, = Teamwork, P; = Leadership.

Assume that the corresponding polarity dimensions are
o1 =3, by = 2, 03 = 3.

Thus,
Ay = [0,1]% x [0,1]* x [0, 1]3.

The first polarity evaluates
programming skill, problem-solving ability, technical knowledge.

The second polarity evaluates
cooperation, communication.

The third polarity evaluates

decision making, responsibility, strategic thinking.

Define
H: X — AM
by
H(e1) = ((0.90,0.85,0.88), (0.75,0.80), (0.70,0.78,0.72)),
H(es) = ((0.75,0.80,0.70), (0.92,0.88), (0.82,0.85,0.80)),
and

H(es) = ((0.85,0.90,0.82), (0.68,0.72), (0.90,0.92, 0.88)).

For example,
Hy(e1) = (0.90,0.85,0.88)

represents the three uncertainty-based evaluations of employee e; under the Technical Ability polarity,

while
Hy(e1) = (0.75,0.80)

represents the evaluations under Teamwork.

Similarly,
Hs(es) = (0.90,0.92,0.88)

shows that employee e receives high evaluations across the three dimensions of Leadership.

Hence, the Hyperpolar Uncertain Set allows each major evaluation polarity to contain its own multidi-
mensional collection of uncertainty values, providing a structured representation of complex employee
assessment.
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Remark 3.8.4. If
Dom(M) = [0, 1],

then

n

Ay = [0, 1%,

k=1

and the Hyperpolar Uncertain Set reduces to a Hyperpolar Fuzzy Set. Thus, Hyperpolar Fuzzy Sets
constitute a special case of Hyperpolar Uncertain Sets.

3.9 Variable-Polar Uncertain Set

Let X # () be a universe. For a nonempty set P, we write
0,17 ={f: P —[0,1]}.

Thus, an element of [0, 1] represents a family of fuzzy membership degrees indexed by the set of
poles P.

We also denote by
Pin(P) ={Q C P:1<Q| < oo}

the family of all nonempty finite subsets of P.

Definition 3.9.1 (Variable-Polar Fuzzy Set). Let
P={P,:x € X}

be a family of nonempty finite sets, where P, is the set of poles associated with = € X.

A Variable-Polar Fuzzy Set on X with respect to P is a family
A={payz v € X},

where
pag: Pp —[0,1]

for every z € X.

Equivalently,

Ae ]lo,1]".

zeX

Hence, the number of poles is allowed to depend on the element z. If
|P:| =m for every z € X,

then the structure reduces to an ordinary fixed m-polar fuzzy representation.

A Variable-Polar Uncertain Set allows the collection of poles associated with an element to vary across
the universe while assigning an admissible uncertainty value to each active pole.
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Definition 3.9.2 (Variable-Polar Uncertain Set). Let X # @) be a universe, and let My = (Dom(M))
be a carrier model. Let
P={P,:x€ X}

be a family of nonempty finite pole sets.

A Variable-Polar Uncertain Set of type M on X with respect to P is a family
A=A{pa,:ze X},

where
WAz Py — Dom(M)

for every z € X.

Equivalently,
Ae H Dom(M)%=.
zeX

Thus, both the number and indexing of poles may depend on the element z, while every pole receives
an admissible uncertainty value from Dom(M).

Example 3.9.3 (Variable-Polar Uncertain Set for Personalized Medical Evaluation). Consider a
hospital evaluating several patients with different sets of relevant clinical risk factors. Let

X = {p1,p2,p3}

be the set of patients.

Take the fuzzy uncertainty model
Dom(M) = [0,1].

Because different patients may require different clinical criteria, assign a separate pole set to each
patient:
P, = {blood pressure, blood glucose, cholesterol},

P,, = {blood pressure, heart rate},

and
P,, = {blood glucose, cholesterol, body mass index, smoking risk}.
Define
tap,  Ppy —[0,1]
by

1A p, (blood pressure) = 0.80,
A p, (blood glucose) = 0.65,
1A p, (cholesterol) = 0.70.

Similarly, let
[ A p, (blood pressure) = 0.55, WA p, (heart rate) = 0.75,

and
1A ps (blood glucose) = 0.85,
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1A ps (cholesterol) = 0.60,
1A ps (body mass index) = 0.70,
A ps (smoking risk) = 0.90.

Thus,
A= {/'I’A7PI » HA,pa> :uA,Ps}

is a Variable-Polar Uncertain Set.

For example, patient p; is evaluated using three clinically relevant poles, whereas patient po is evalu-
ated using only two. Patient ps requires four poles because additional risk factors are relevant to the
assessment.

Hence, the Variable-Polar Uncertain Set allows both the number and the meaning of the uncertainty
poles to vary from one patient to another, making it suitable for personalized evaluation problems.

Remark 3.9.4. If
Dom(M) = [0, 1],

then a Variable-Polar Uncertain Set reduces to a Variable-Polar Fuzzy Set.

If, in addition,
|P:| =m for every z € X,

with a common identification of the pole sets with {1,...,m}, then
[T 00,17 = (fo,11™)*,
zeX

which recovers the ordinary fixed m-polar fuzzy representation.

3.10 Dynamic-Polar Uncertain Set

A time index by itself produces only a family of static polar sets. The following definition therefore
includes an explicit evolution law.

Definition 3.10.1 (Transition-Coherent Dynamic-Polar Fuzzy Set). Let X # ), let P # () be a finite
pole set, and let (T,T°,0) be a discrete time system, where T7° C T and o : T° — T is a successor
map. For every t € T°, prescribe a total evolution operator

& :0,1]F — [0,1]".
A Transition-Coherent Dynamic-Polar Fuzzy Set is a map
pa: X xT x P —10,1]

whose time sections
pap(@) = (pale,t,p)) p € 0,17

satisfy the evolution equation

paem(x) =& (,uA,t(x)) (re X, teT®).

It is dynamically nontrivial if some admissible trajectory has two distinct time sections.
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Definition 3.10.2 (Transition-Coherent Dynamic-Polar Uncertain Set). Let My = (Dom(M)) be a
carrier model, let X, P # () with P finite, and let (7,7°,0) be a discrete time system. For every
t € T°, prescribe a typed evolution operator

& : Dom(M)Y — Dom(M)”.
A Transition-Coherent Dynamic-Polar Uncertain Set of type M is a map
wa: X xT x P— Dom(M)

such that
fao) (@) = E(par(@)),  pag(e) = (nal@,t,p)) p-

Thus the admissible objects form the trajectory subspace
Dyn(X, T, P, M, &) = {in € Dom(M>*T*P : i, ) (2) = Ex ()}
not the entire flattened function space.

Example 3.10.3 (A Three-Step Traffic Trajectory). Let X = {z}, P = {¢,a}, and T = {to, t1,t2},
with o(tg) = t; and o(t1) = ta. In the fuzzy model set

&t (u,v) = (min{1,u + 0.10}, max{0,v — 0.10})

and
&, (u,v) = (0.8u, min{1,v + 0.20}).

Starting from g4 4, (x) = (0.60,0.40), coherence forces
pas () = (0.70,0.30), g, (z) = (0.56,0.50).

The three tables are therefore linked by a declared evolution rule rather than being independent
observations.

Proposition 3.10.4 (Trajectory Determination). If T = {to,...,tn} is a successor chain, then a
transition-coherent Dynamic-Polar Uncertain Set is uniquely determined by its initial section paz,
and the operators &,. It exists for every initial section because the evolution operators are total.

Proof. Apply the recurrence successively. Typedness at every step follows from the codomain of &,
and Lemma 2.3.3. O

3.11 Tree-Polar Uncertain Set

A rooted tree must constrain the polar degrees; merely recording the tree next to an arbitrary map
does not use its edges or root.

Definition 3.11.1 (Tree-Coherent Polar Fuzzy Set). Let 7p = (P, Ep,r) be a finite rooted tree,
oriented away from its root. For each internal vertex p, let Ch(p) be its nonempty child set and
prescribe an aggregation map

Agg, : [0,1]"®) —; [0,1].

A Tree-Coherent Polar Fuzzy Set on X is a map
pta: X x P—10,1]
satisfying, for every internal vertex p,
pa(@,p) = Agg, ((na(z,9))gecnp)  (z€X).

In particular, the root value is computed from its descendants through the tree, rather than supplied
independently.
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Definition 3.11.2 (Tree-Coherent Polar Uncertain Set). Let My = (Dom(M)) be a carrier model and
let Tp = (P, Ep,r) be a finite rooted tree. For every internal vertex p, prescribe a typed aggregation
map

Aggpr, Dom(M)*®) — Dom(M).

A Tree-Coherent Polar Uncertain Set of type M on X is the structure
A= (Tp,(Aggnrp)p>1a),  pra: X x P — Dom(M),
subject to

pa(z,p) = Aggyr, ((1a(r, ) gecnm))

for every z € X and every internal p. The tree and aggregation family are part of the structure and
must be preserved by an isomorphism.

Example 3.11.3 (Hierarchical Course Evaluation). Let the root r represent overall quality and let
its children py, ps represent teaching and design. In the fuzzy model take

a+b

Agg (a,b) = 5

For a course x, leaf values pa(x,p1) = 0.80 and pua(z,p2) = 0.60 force
pa(z,r)=0.70.
Changing an edge or the aggregator changes the admissible set of evaluations.

Proposition 3.11.4 (Leaf Determination). For a finite rooted tree with total aggregation maps, every
assignment of typed degrees to the leaves extends uniquely to a Tree-Coherent Polar Uncertain Set.

Proof. Proceed upward from the leaves. At each internal vertex the values of all children have already
been determined, so the prescribed total aggregation map gives one typed parent value. Finiteness
terminates the recursion at the root. O

3.12 Heterogeneous-Polar Uncertain Set

A Heterogeneous-Polar Fuzzy Set allows different poles to use different admissible fuzzy-degree do-
mains, thereby supporting heterogeneous membership representations within a single polar frame-
work.

Definition 3.12.1 (Heterogeneous-Polar Fuzzy Set). Let X # () be a universe, and let
P:{pla"'7pﬂl}7 le,

be a finite nonempty set of poles.

For every p € P, let
0# D, [0,1]

be an admissible fuzzy-degree domain, and denote the indexed family of degree-domains by

D = (Dy)pep-

A Heterogeneous-Polar Fuzzy Set on X with respect to D is a mapping

pa X — HDP.
peP
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Equivalently, for every x € X,
palx) = (MA,p(x))pGI_n

where
HAp: X — Dp

for every p € P.

Thus, different poles may employ different admissible fuzzy-degree domains.

A Heterogeneous-Polar Uncertain Set generalizes this construction by allowing each pole to employ
its own uncertainty model and associated degree-domain.

Definition 3.12.2 (Heterogeneous-Polar Uncertain Set). Let X # @) be a universe, and let

P:{pla"'7pm}a mZL

be a finite nonempty set of poles.

For each p € P, let
Mp,0 = (Dom(Mp))

be a carrier model. The carriers may have different mathematical types; no common finite-vector
realization is required. Denote the indexed family of uncertain models by

M= (Mp)peP~

A Heterogeneous-Polar Uncertain Set on X with respect to M is a mapping

pa: X — H Dom(M,,).
pEP

Equivalently, for every z € X,
pa(@) = (hap(®)),cps

where
pap: X — Dom(M,)

for every p € P.

Thus, each pole may employ a different uncertainty model, possibly with a different degree-domain
dimension k,,.

Example 3.12.3 (Heterogeneous-Polar Uncertain Set for Hospital Evaluation). Consider a health
authority evaluating several hospitals. Let

X = {hla h‘Qa h‘3}

be the set of hospitals, and let
P = {p1,p2,p3}

be the set of evaluation poles, where

p1 = Service Quality, p2 = Waiting-Time Reliability, ps = Patient-Safety Assessment.
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Suppose that different uncertainty models are appropriate for these three criteria.

For p1, use the fuzzy model M,, with

Dom(M,,) = [0,1].

For py, use an interval-valued model M, with

Dom(M,,) =1={[a,b]: 0 <a<b<1}.

For ps, use a single-valued neutrosophic model M, with
Dom(M,,) = [0,1]%,

whose components represent truth, indeterminacy, and falsity degrees.

Hence the heterogeneous degree-domain is

[0,1] x T x [0,1]3.

Define
pa: X —[0,1] x I x [0,1]?
by
pa(hy) = (0.85, [0.70,0.80], (0.90,0.15,0.10))
pa(ha) = (0.72, [0.55,0.70], (0.75,0.25,0.20))
and

14 (hs) = (0.90, [0.65,0.85], (0.82,0.30,0.12)).

For example,
HA py (hl) =0.85

is the fuzzy degree associated with the service quality of hospital A1, whereas
WA p,(h1) =[0.70,0.80]
is an interval-valued assessment of its waiting-time reliability. Furthermore,
1A ps(h1) = (0.90,0.15,0.10)

represents the truth, indeterminacy, and falsity degrees associated with its patient-safety assessment.

Therefore, 14 is a Heterogeneous-Polar Uncertain Set in which different poles employ different un-
certainty models according to the type of information being represented.
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Remark 3.12.4. Suppose that
M, =M for every p € P.

Then
[ Dom(M,) = Dom()*.
peEP

If
|P| =m < oo,

then, after choosing a bijection
P—{l,...,m},

the space Dom(M)? can be identified with
Dom(M)™.

Hence the Heterogeneous-Polar Uncertain Set reduces, up to the chosen indexing of the poles, to an
m-Polar Uncertain Set.

If every M, is a fuzzy model with
Dom(M,) = D, C [0, 1],

then the construction reduces to a Heterogeneous-Polar Fuzzy Set.

In particular, if
D, =10,1] for every p € P

and |P| = m, then the construction yields the usual m-polar fuzzy representation.

Remark 3.12.5 (Graph-Polar Uncertain Set versus m-Polar Uncertain Graph). A Graph-Polar
Uncertain Set and an m-Polar Uncertain Graph are conceptually different constructions.

In a Graph-Polar Uncertain Set, the graph
Gp = (P, Ep)
is defined on the set of poles P, and the uncertainty mapping
pa: X x P— Dom(M)

assigns uncertainty degrees to elements of X with respect to graphically related poles. Thus, the
graph describes relationships among the poles themselves.

By contrast, an m-Polar Uncertain Graph starts with a graph
G=(V.E)
and assigns m-polar uncertainty values directly to its vertices and edges, typically through mappings
wu:V — Dom(M)™, v:E — Dom(M)™.

Hence, the former uses a graph to organize the pole structure, whereas the latter equips an underlying
graph with multipolar uncertain membership information.
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3.13 Graph-Polar Uncertain Set

The graph version is defined by edge compatibility, so two graphs on the same pole set need not
determine the same admissible polar assignments.

Definition 3.13.1 (Graph-Coherent Polar Fuzzy Set). Let Gp = (P, Ep) be a finite simple graph.
For every edge e = {p, ¢}, prescribe a symmetric compatibility relation

C. C[0,1]%.
A Graph-Coherent Polar Fuzzy Set on X is a map
pna: X x P—[0,1]

such that
(:uA(xap)vﬂA(xaQ)) € C, (QS'EX, e:{p,q} GEP)'

It is structurally nontrivial if at least one C, is a proper subset of [0, 1]2.

Definition 3.13.2 (Graph-Coherent Polar Uncertain Set). Let My = (Dom(M)) be a carrier model
and let Gp = (P, Ep) be a finite simple graph. A typed edge specification is a family

C=(Cecrp,  CeC Dom(M) x Dom(M),
where each C, is symmetric. A Graph-Coherent Polar Uncertain Set is
A= (Gp,C,pua), pa: X x P— Dom(M),

such that
(na(z,p), palz,q) € Cpgy

for all x € X and {p,q} € Ep. Nonemptiness is an admissibility condition on C, not an automatic
consequence of Dom(M) # 0.

Example 3.13.3 (Threshold-Compatible Criteria). In the fuzzy model, assign to every edge e a
tolerance A, € [0,1] and put

Ce={(a,b) €[0,1]* : [a —b] < A}

Adjacent criteria must then have compatible evaluations. Removing an edge removes its constraint,
while decreasing A, strengthens it.

Proposition 3.13.4 (Constraint-Subspace Representation). The carrier of Graph-Coherent Polar
Uncertain Sets is the constraint subspace

{11 € Dom(M)**P : (u(, p), p(z, q)) € Cpqy for every x and {p,q} € Ep} .

It equals the entire flattened space exactly when the edge constraints impose no restriction (for example,

when every C, = Dom(M)?).

3.14 Adaptive-Polar Uncertain Set

An active-pole selector describes context dependence. Adaptation additionally requires a rule con-
necting consecutive contexts.

Definition 3.14.1 (Policy-Coherent Adaptive-Polar Fuzzy Set). Let X,C,P* # 0, let K C C x C
be a context transition relation, and let

II: X x C — Py (P*)
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be an active-pole selector. For every z € X and (¢,¢’) € K, prescribe an update map
Uy eer o [0, 1)@ —5 [0, 1)@,
Writing
On = {(z,¢,p) : p € (z,0)},
a Policy-Coherent Adaptive-Polar Fuzzy Set is a map pa : O — [0, 1] satisfying

KAz = Z/lm,c,c’ (,UA,I,C) ((Cy C/) c K)7

where pa s = (p1a(z, ¢ P))per(a,c)-

Definition 3.14.2 (Policy-Coherent Adaptive-Polar Uncertain Set). Let My = (Dom(M)) be a
carrier model and retain (X, C, P*, K, II) from Definition 3.14.1. For each x and (¢, ') € K, prescribe
a typed update map

UM, - Dom(M)"*) — Dom (M1,

x,c,c’

A Policy-Coherent Adaptive-Polar Uncertain Set of type M is a map
ta : Qn — Dom(M)
whose context sections satisfy

KAz, = u:i\,/[c,c’ (MA,OE,C) (‘T € X, (C, cl) € K)
For composable transitions, a consistent policy additionally satisfies

M M _ M
Z/{m7cl7cl/ oul.7c,cl - Z/[I,C,C//.

Example 3.14.3 (Context-Aware Triage Policy). Let C' = {croutine, Cemergency } With one transition
from routine to emergency. Suppose

II(z, ¢routine) = {blood pressure, temperature}

and
II(x, Cemergency) = {blood pressure, temperature, respiration}.

In the fuzzy model one possible update is

U

Z,Croutine;Cemergency

(a,b) = (a,b, max{a, b}).

The newly activated respiratory pole is therefore determined by the declared policy rather than
assigned independently.

Proposition 3.14.4 (Policy-Path Determination). Along any directed context path, the value at the
initial context and the update maps uniquely determine every later section. If the policy is consistent,
the result is independent of how a composable path is parenthesized.

3.15 Semipolar Fuzzy Set

A semipolar set in probabilistic potential theory is a countable union of totally thin sets, capturing
exceptional sets relevant to Hunt processes and balayage theory [196-198]. A Semipolar Fuzzy Set is
a fuzzy set whose every positive alpha-cut forms a semipolar subset of an underlying Hunt-process
state space at all levels.

Definition 3.15.1 (Semipolar Fuzzy Set). Let E # () be the state space of a Hunt process X, and
let
6(X)

denote the family of semipolar subsets of E.
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For a fuzzy set
wa: E—10,1],

define its a-cut by
Ag ={z € E: pa(z) > af, a € (0,1].

The fuzzy set A is called a Semipolar Fuzzy Set with respect to X if
A, € 6(X)

for every
a € (0,1].

Definition 3.15.2 (Semipolar Uncertain Set). Let E # () be the state space of a Hunt process X,
and let
6(X)

denote the family of semipolar subsets of E.
Let My = (Dom(M), spr) be a scored uncertain model.

For an Uncertain Set
wa: E— Dom(M),

define its a-cut by
A(IJ\ZIZ{JTEEZSM(/JA(x)) > aj, ac (0,1].

The Uncertain Set A is called a Semipolar Uncertain Set with respect to (X, M, spy) if
AM € 5(X)

for every
a € (0,1].

Example 3.15.3 (Semipolar Uncertain Set for Pollutant Hotspot Monitoring). Consider the random
movement of a pollutant particle in a two-dimensional environment. Let

E =R?,

and let X be standard planar Brownian motion, used here as a simplified stochastic model of particle
dispersion.

Suppose that three particular monitoring locations are identified as potential contamination hotspots:

21, 22, 23 € E.

Take the fuzzy uncertainty model
Dom(M) = [0,1]

with scalar evaluation map
SM (t) =t.

Define the Uncertain Set
wa: E—10,1]
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b
' pa(z1) =0.90,  pa(z2)=0.70,  pa(z3) = 0.40,
and
pa(z) =0
for every

x € E\{z1,29,23}.

The values represent uncertain degrees of contamination risk at the three monitoring locations.

For « € (0, 1], the corresponding a-cuts are

{z1,22,23}, 0<a<0.40,
{z1, 22}, 0.40 < o < 0.70,
{z1}, 0.70 < a < 0.90,
0, 090 < a < 1.

For planar Brownian motion, each singleton
{zi}
is a polar set. Therefore every finite set appearing above is polar, and hence semipolar. Consequently,
AM € 5(X)

for every
a € (0,1].

Thus A is a Semipolar Uncertain Set. In this interpretation, the model represents uncertainty con-
centrated at a finite collection of rarely hit spatial locations within a stochastic diffusion process.

Remark 3.15.4. If M is the fuzzy model with
Dom(M) = [0, 1]

and
SM (t) =1,

then
AM =z € E: pa(z) > a},

and the Semipolar Uncertain Set reduces to a Semipolar Fuzzy Set.

3.16 Pluripolar Fuzzy and Uncertain Sets

A pluripolar subset of a domain in C™ is locally contained in the negative-infinity locus of a nontrivial
plurisubharmonic function (cf. [199-203]). The word “pluripolar” below refers specifically to the full-
membership core; it does not assert that every nontrivial level cut is pluripolar.
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Definition 3.16.1 (Pluripolar Fuzzy Set). Let @ C C™ be a nonempty domain and let v € PSH(2)
satisfy u < 0 and u Z —oo on every connected component. Define

pa,(z) =1 —exp(u(z)),  exp(—o0)=0.
The pair (u,ua,) is a Pluripolar Fuzzy Set. Its full-membership core is
Core(Ay) ={z:pa,(z) =1} ={z 1 u(z) = —o0},
which is pluripolar. For 0 < a < 1, however,
[Aula = {2z pa, (2) =2 a} = {z : u(z) <log(l —a)}
is only a sublevel set and need not be pluripolar.

Definition 3.16.2 (Pluripolar Uncertain Set). Let M. = (Dom(M), sar, Par) be a coherent scored—
encoded model, and let u satisfy the hypotheses of Definition 3.16.1. Define

pia, (z) = @ar (1 — exp(u(z))).

Then
sm(pa, () =1 —exp(u(z)),

and the distinguished top degree is dj; = ®p/(1). The pair (u, 4, ) is called a Pluripolar Uncertain
Set of type M.

Proposition 3.16.3 (Exact Pluripolar Core). For every Pluripolar Uncertain Set,

{2+ 1a,(2) = diy} = {2 : u(z) = —o0}.

Proof. Coherence gives sy o &3y = id, hence @y is injective. Therefore ®p;(1 — expu) = Ppr(1)
holds exactly when exp u = 0, equivalently when u = —o0. O

Example 3.16.4 (Why Only the Core Is Pluripolar). On the unit ball
Q={zeC: sl <1},
take u(z) = log ||z||?, with u(0) = —oco. Then
pa,(z) =1 |z]*
and Core(A,,) = {0} is pluripolar. For 0 < o < 1,
[Aula = {2 |z]* <1 -}

has nonempty interior and is not pluripolar. This example is the reason for the term Pluripolar rather
than a claim about all a-cuts.

3.17 Self-Polar Fuzzy and Uncertain Sets

Projective polarity is an incidence-reversing duality between point and hyperplane sorts, not merely
an involution of an untyped set (cf. [204-206]).

Definition 3.17.1 (Self-Dual Incidence Space and Polarity). Let Z = (P, H,I) be an incidence space
with point set P, hyperplane set H, and incidence relation I C P x H. A polarity is a pair of inverse
bijections
mp: P— H, g H— P
such that
plh <= 7g(h)Irp(p).

Thus the duality reverses the two incidence sorts and preserves incidence.
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Definition 3.17.2 (Self-Polar Fuzzy Set). Let (Z,7p,7y) be as in Definition 3.17.1. A Self-Polar
Fuzzy Set is a pair
,U,p:P—)[O,l], ,U,HH—>[0,1]
satisfying
pu(p(p)) =pp(p) (P €P).
Equivalently, pup(mg(h)) = pu(h) for every h € H.

Definition 3.17.3 (Self-Polar Uncertain Set). Let My = (Dom(M)) be a carrier model. A Self-Polar
Uncertain Set of type M on (Z,7wp,my) is a pair

pup : P — Dom(M), g H— Dom(M)

such that
W OTp = lp and hence Wp OTH = lLH.

Isomorphisms must preserve both incidence and the two typed degree maps.

Proposition 3.17.4 (Classification by One Incidence Sort). Restriction to the point sort gives a
canonical bijection between Self-Polar Uncertain Sets and arbitrary maps P — Dom(M). The inverse

sends pp to g = pp o TH.

Example 3.17.5 (A Self-Dual Triangle). Let P = {p1,p2,ps}, H = {h1, ho, h3}, and declare p; 1 h;
exactly when i # j. The maps 7wp(p;) = h; and 7y (h;) = p; form a polarity. Choosing degrees
a; € Dom(M) and setting

pp(pi) =ai,  pua(h) = a;

produces a Self-Polar Uncertain Set.

Remark 3.17.6. If Y is only a set with an involution 7 : Y — Y| the condition po 7 = p defines an
involution-invariant uncertain set. Without point/hyperplane sorts and incidence reversal, it is not
called a projective self-polar set here.

3.18 Antipolar Fuzzy Set

Antipolar order describes arrangements of local electric dipoles or displacements that alternate in
direction, producing cancellation of macroscopic polarization while preserving ordered local polar
structure (cf. [207-209]). An Antipolar Fuzzy Set assigns degrees to paired opposite poles so their
weighted directional contributions cancel, producing zero net fuzzy polarization for every element
state.

Definition 3.18.1 (Antipolar Fuzzy Set). Let X # (), and let P # ) be a finite set of poles equipped
with a fixed-point-free involution

T:P—P
such that
7'2 = idp
and
T(p) #p

for every p € P.

Let

satisfy

for every p € P.
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For a mapping
pa:X x P—10,1],

define the net fuzzy polarization by

Qa(x) =Y palz,p)v(p).

peEP

The fuzzy set A is called an Antipolar Fuzzy Set if
Qa(z)=0

for every
rzeX.

Definition 3.18.2 (Antipolar Uncertain Set). Let X # ), and let P # 0 be a finite set of poles
equipped with a fixed-point-free involution

7T:P— P

satisfyin
e 7> =idp, T(p) #p

for every p € P.

Let
satisfy

for every p € P.
Let My = (Dom(M), spr) be a scored uncertain model.

For an uncertainty-degree function
pa: X x P— Dom(M),

define the net uncertain polarization by

Qa(w) = su(pale,p))v(p).

peP

The Uncertain Set A is called an Antipolar Uncertain Set if
Qa(z)=0
for every z € X.

Example 3.18.3 (Antipolar Uncertain Set for Local Dipole Balance in a Material). Consider several
microscopic regions of an antipolar material,

X = {I17x2,$3},

where each region may contain local electric dipoles oriented along opposite spatial directions.
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Let
P ={pio:P—s, P4y, P—y}

be the set of possible dipole-orientation poles. Define the involution

T(p—i-ac) = P—=zx, T(p—z) = P4z,
and
T(Py) =P—y,  T(P—y) = Dry-
Take
d=2
and define
v(erz) = 170)7 ’U(pfz) = (_170)>
U(p‘i‘?!) = (Oa 1)7 U(p—y) = (Oa _1)
Hence,

for every p € P.

Let the uncertainty model be the fuzzy model
Dom(M) = [0, 1]

with
SM (t) =t.

Suppose that the uncertainty degrees for region x; are

wa(zy,pre) = 0.80, pa(z1,p—z) = 0.80,

and
/’['A(xhp-‘ry) = 0507 /”'A('rhp—y) = 0.50.

Then
Qa(z1) =0.80(1,0) + 0.80(—1,0)

+0.50(0,1) 4 0.50(0, —1)
= (0,0).

Similarly, let
pa(r2,pia) = pa(r2,p—s) = 0.60,

pa(x2, pry) = pa(ze, p—y) = 0.75,

and
pa(x3, i) = pa(rs, p—z) = 0.90,

/le(xS,ery) = :U’A("Efiﬂp*y) = 0.30.

For each x; € X, the opposite directional contributions cancel pairwise, and therefore

Qa(x;) = (0,0).
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Hence,
Qa(x)=0 for every z € X,

so A is an Antipolar Uncertain Set.

This example represents a material in which local electric dipoles may be strongly present but occur
with balanced uncertainty degrees in opposite directions, resulting in zero net macroscopic polariza-
tion.

Remark 3.18.4. A sufficient condition for antipolarity is

sa(pa(z,p)) = sm(palz, 7(p)))

for every z € X and p € P. Indeed, each opposite pair then satisfies

sv (pa(z,p))o(p) + su (palz, 7(p))v(r(p)) = 0.

Remark 3.18.5. If
Dom(M) = [0,1]
and
SM(t) = t,
then

Qa(x) =Y palz,p)o(p),

peP

and the Antipolar Uncertain Set reduces to an Antipolar Fuzzy Set.

3.19 Cross-Polar Fuzzy Set

Cross-polarization refers to the component of an electromagnetic field orthogonal to a prescribed ref-
erence polarization and is commonly used to quantify undesired polarization components in antenna
radiation and scattering (cf. [210-212]). Motivated by this idea, a Cross-Polar Fuzzy Set separates
a Hilbert-space-valued representation into co-polar and orthogonal cross-polar components and asso-
ciates fuzzy membership degrees with their respective magnitudes.

Definition 3.19.1 (Cross-Polar Fuzzy Set). Let X # (), and let H be a real or complex Hilbert
space. Fix a unit vector
ueH, lul| = 1.

Let
P, : H — span{u}

denote the orthogonal projection onto span{u}.

Let o
zpa: X — By

be a mapping into the closed unit ball

By={z€H:|z| <1}

For every = € X, define the co-polar component by

23 (2) = Puza(z)
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and the cross-polar component by

259 (x) = za(z) — Pyza(x).

The corresponding fuzzy membership degrees are defined by

i (x) = |22 (@)

and
W () = 57 @)

The triple
Cross

A= (ZAv /‘5401 Ha )
is called a Cross-Polar Fuzzy Set.

If the inner product on H is taken to be linear in the first argument, then
P,z = (z,u)u.

Proposition 3.19.2 (Orthogonal Polar Decomposition). Under the assumptions of Definition 3.19.1,
the mappings
py, p5o% s X — [0,1]

are well-defined fuzzy membership functions.

Moreover, for every x € X,
25 (@) L (@),

and
(1 (@) + (15 (2))° = [|za(@)]|? < 1.

Proof. Fix x € X. Since P, is the orthogonal projection onto span{u},
23 (z) = Pyza(x) € span{u},

whereas
25°55(z) = za(x) — Pyza(x) € spanfu}t.

Therefore,
20 (x) L 25°%(2).

By the orthogonal decomposition theorem,
za(@) = 23 (x) + 237 (2),
and hence, by the Pythagorean identity,

lza(@)[? = 125 (@)1 + [z (@)1

Since o
ZA(x) € BH;
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we have
[za(@)] < 1.
Consequently,
0<% (2)]l <1
and
0 < [lz3°(=)] < 1.
Thus,
py (), 3> (x) € [0,1].
Finally,
(12 @)" + (15 (@) = llza(@)]* < 1.
Hence the Cross-Polar Fuzzy Set is well-defined. O

Definition 3.19.3 (Cross-Polar Uncertain Set). Let X # ), and let H be a real or complex Hilbert
space. Fix a unit vector
u€H, lul| =1,

and let
P, : H — span{u}

be the orthogonal projection onto span{u}.

Let
M, = (Dom(M), D)

be an encoded uncertain model.

Let B o
z4: X — By, By ={zeMH:|z|| <1}

For each x € X, define the co-polar component and cross-polar component by
23 (z) = Puza(z)

and
23 7%(z) = za(z) — Pyza(),

respectively.

Define the corresponding uncertainty degrees by

i () = @ar (|25 (2)]])

and
pA " (@) = Car([|25°%(2)]]) -

The structure
CrOSS)

A= (ZAv /1‘5407 12\
is called a Cross-Polar Uncertain Set of type M.
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Example 3.19.4 (Cross-Polar Uncertain Set for Antenna Polarization Evaluation). Consider a wire-
less communication system in which several antennas are evaluated according to their co-polarized
and cross-polarized signal components. Let

X ={a1,a2,a3}

be a set of three antennas.

Take the real Hilbert space
H =R

with the usual inner product, and choose the desired polarization direction
u=(1,0), llu|| = 1.
The orthogonal projection onto span{u} is therefore

Pu(xlva) = (xlv O)

Let the fuzzy uncertainty model be
Dom(M) = [0,1]

with the identity encoding map
D (t) =t

Suppose that the normalized polarization signals are
za(ar) = (0.80,0.30),

2a(az) = (0.60,0.60),

and
za(as) = (0.90,0.10).

Indeed,
llza(a;)]] <1, 1=1,2,3,

so all three signals belong to By.

For a4,

2% (a1) = P,(0.80,0.30) = (0.80,0),
whereas

25°%(a1) = (0.80,0.30) — (0.80,0) = (0,0.30).

Hence,

i (a1) = 0.80, 3% (a1) = 0.30.
Similarly,

uy (az) = 0.60, 1% (ag) = 0.60,
and

i (as) = 0.90, p3* (ag) = 0.10.
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Thus, the corresponding uncertainty evaluations are

Cross

Antenna | p§  p9
ay 0.80 0.30
as 0.60 0.60
as 0.90 0.10

In this example, antenna agz has a strong component aligned with the desired polarization direction and
a relatively small orthogonal component, whereas antenna as exhibits a larger cross-polar component.

Hence,
CrOSS)

A= (ZAMU‘%Oa 2y

is a Cross-Polar Uncertain Set representing aligned and orthogonal polarization components within
a unified uncertainty framework.

Proposition 3.19.5 (Encoded Orthogonal Polar Decomposition). Under the assumptions of Defi-
nition 3.19.3, the mappings
uy, 15 s X — Dom(M)

are well-defined.

Moreover, for every x € X,
250 (2) L 25°%(a),

and
1250 (@)|12 + [23°% (@)1 = [lza(2)]* < 1.

Furthermore, the class of Cross-Polar Uncertain Sets of type M is nonempty.

Proof. Fix x € X. By the defining property of the orthogonal projection P,,
P,za(z) € span{u},

and
za(x) — Pyza(x) € span{u}™t.

Therefore,
2%0(x) L 25°% (x).

By the Pythagorean identity,

lza(@)[? = 125 (@)1 + [z (@)II*.

Since o
za(x) € By,
we have
[za(@)|| < 1.
Consequently,
25 (@)]], [[24°% ()] € [0,1].
Because

Oy 2 [0,1] — Dom(M),
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it follows that
py () = ar([[25(2)]]) € Dom(M)

and
pA 7 () = P ([|24°%(2)]|) € Dom(M).

Hence both uncertainty-degree mappings are well-defined.

To establish nonemptiness, define
zo(x) =0 for every z € X.

Since B
0 € By,

this defines an admissible mapping -
20 - X — BH.

Moreover,
P,zo(z) =0,
SO
25°(x) = 257 (x) = 0.
Therefore,
5°(x) = () = B3 (0) € Dom(M),
Thus at least one Cross-Polar Uncertain Set of type M exists. O

Remark 3.19.6. If M is the fuzzy model with

Dom(M) = [0,1]

and
D (t) =t,
then
pi () = [[25 ()]
and

B (@) = 1257 @)l

Hence the Cross-Polar Uncertain Set reduces to a Cross-Polar Fuzzy Set.

3.20 BEC-Polarized Fuzzy and Uncertain Profiles

Channel polarization combines communication channels into synthetic channels of different reliability
[213,214]. The simple product/probabilistic-sum formulas below are exact for independent binary
erasure channels (BECs); for arbitrary fuzzy memberships they are only a t-norm/t-conorm transform
and are not identified with channel polarization.

Definition 3.20.1 (BEC-Polarized Erasure Profile). Let 1,65 : X — [0, 1] be erasure-probability
profiles of two independent BECs. One polarization step produces the bad and good synthetic-channel
profiles

e?(z) = e1(x) + ea(w) — e1(2)e2(2)

and
£8°°d(z) = &1 (x)ea ().

For identical inputs this is the usual BEC specialization of Arikan’s 2x 2 polarization kernel. Recursion
on blocks of length 2™ is defined by repeated application of this step.
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Definition 3.20.2 (BEC-Polarized Uncertain Profile). Let My, = (Dom(M), sy, @ar) be a coherent
scored—encoded model. Let 71,72 : X — Dom(M) be uncertainty profiles whose scores

az = sm(m(x)),  be=sm(n(z))
are explicitly interpreted as independent BEC erasure probabilities. Define
P4 (@) = ar(ag + by — azhy), NiOOd(x) = O (azbe).

Coherence guarantees that rescoring the outputs recovers the two synthetic erasure probabilities
exactly.

Proposition 3.20.3 (BEC Polarization Identities). For a,b € [0, 1],
0 < ab < min{a,b} < max{a,b} <a+b—ab<1

and
ab+ (a+b—ab)=a+b.

Consequently, the good synthetic BEC has no larger erasure probability and the bad synthetic BEC
has no smaller erasure probability than either input.

Remark 3.20.4. If a and b are generic fuzzy membership degrees with no channel semantics, the
same algebraic pair may be called the product—probabilistic-sum transform. The channel interpretation
requires the BEC and independence assumptions in the definitions above.

3.21 Circuit-Polar Fuzzy and Uncertain Sets

A signed incidence difference is a graph gradient. A circuit model additionally requires a constitutive
law and Kirchhoff conservation.

Definition 3.21.1 (Circuit-Polar Fuzzy Set). Let G = (V, E) be a finite directed graph with oriented
incidence matrix B = (bye), and let g : E — (0,00) be an edge-conductance map. For every z € X,
let

va(z, ) : V —=1[0,1]

be a fuzzy vertex-potential and let j(z,-) : V' — R be a prescribed injection satisfying ) ., ja (2, w) =
0. Define
Ay(z,e) = Z buweva(x,w), ia(z,e) = gle)Aa(z,e).
weV

The tuple (G, g,ja,va) is a Circuit-Polar Fuzzy Set when Kirchhoff’s current law holds:

waeiA(a:,e):jA(x,w) (zxeX, weV).
ecE

The normalized edge contrast

14+ Au(z,e
e = L2l
belongs to [0, 1], because vertex potentials lie in [0, 1].

Definition 3.21.2 (Circuit-Polar Uncertain Set). Let My, = (Dom(M), spr, ®ps) be a coherent
scored—encoded model. Retain (G, B, g, ja) from Definition 3.21.1 and let

na: X x V — Dom(M).

Set

UA(I,’UJ) = SM(WA(xaw))v AA(xae) = Z bwe'UA(wi)a iA($7e) = g(e)AA(xve)‘
weV

The tuple is a Circuit-Polar Uncertain Set if

Bia(z,) = ja(x,-)
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for every z. Its encoded edge-contrast degree is

P (x,¢) = Dy <1+AM> ,

2

Thus the typed uncertain construction preserves both Ohm’s law and Kirchhoff conservation instead
of using the incidence difference alone.

Proposition 3.21.3 (Circuit Energy Identity). FEvery Circuit-Polar Fuzzy or scored Uncertain Set
satisfies

Z va(z,w)jale, w) = Zg(e)AA(a:,e)2 > 0.

weV ecE

Proof. In matrix form, A = BTv, i = GA, and j = Bi. Hence v'j = v"BGBTv = ATGA. O

Example 3.21.4 (One Resistive Edge). Let u — v be one edge of conductance 1, with v4 (x,u) = 0.20
and va(z,v) = 0.80. Then

Ay(z,e) =0.60, ig(x,e) =0.60, ja(z,u)=-0.60, ja(z,v)=0.60,

and p4(x,e) = 0.80. Both node-balance equations hold.

3.22 Hysteretic-Polar Fuzzy Set

A Hysteretic-Polar Uncertain Set represents uncertainty whose intensity and polarity may depend on
the history of preceding input states, thereby capturing path-dependent polar uncertainty.

Definition 3.22.1 (Hysteretic-Polar Fuzzy Set). Let X # () be a universe and let U # () be a set of
input states.

Define the set of finite nonempty histories by
Hu)=Jur
n>1

For
h = (ulv' . 'au’n) S H(U)7

write

end(h) = uy,.

A Hysteretic-Polar Fuzzy Set on X is a pair of mappings
ma: X x H(U) — [0,1]

and
pa: X x H(U) — [-1,1],

where m 4 (x, h) represents the fuzzy membership intensity and p4(x, h) represents the signed polar-
ization state determined by the history h.

The associated positive and negative polar membership functions are defined by

ma(z,h)(1+pa(z,h))
2 )

/.LX(J?, h’) =
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and
ma(z,h)(1 —pa(z,h))

palz,h) = 3 :

The structure is called strictly hysteretic if there exist « € X and histories hq, ho € H(U) such that
end(hy) = end(h2),

but
(mA(fE, hl)apA(xv hl)) 7£ (mA(xv hg),pA(ﬁﬂ, hQ))

Proposition 3.22.2 (Hysteretic Polar-Mass Decomposition). Let
ma X X H(U) i [071}

and

pa: X X H(U) — [-1,1].
Then the associated functions

oot X X HU) — [0,1]

are well-defined. Moreover,
MX(% h) + /1';}(1'7 h) =ma(z, h)

for every
(z,h) € X x H(U).
Proof. Fix
(z,h) € X x H(U).
Since
palz,h) € [-1,1],
we have
0 < 1 +pa(x,h) <1
S——5 =
and
0< w <1.
< ) <
Because

ma(x,h) €[0,1],

it follows that
0 < ph(x,h) <1

and
0<py(z,h) <1

Thus both polar membership functions are well-defined.

Furthermore,
ma(z,h)(1+4 pa(x,h))
2
ma(xz,h)(1 —pa(z,h))
+ 2

Hz(xa h’) +:“Z(x7h) =

=ma(z,h).

Hence the total fuzzy membership intensity is preserved under the positive-negative polar decompo-
sition. O
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Definition 3.22.3 (Hysteretic-Polar Uncertain Set). Let X # () be a universe and let U # () be a
set of input states. Define the set of finite nonempty histories by

Hu)=Ju
n>1
For
h=(uy,...,u,) € H(U),
write
end(h) = up,
Let

Mse = (Dom(M), SM, q)]y[)

be a coherent scored—encoded uncertain model.

A Hysteretic-Polar Uncertain Set of type M is determined by the mappings
na: X x H(U) — Dom(M)

and
pa: X xH{U) — [-1,1].

Define the scalar uncertainty intensity by

ma(z,h) = sy (77,4(:5, h))

The positive and negative scalar polar components are

ma(z,h)(1+ pa(x,h))

+ h) =
qA(‘Ta ) 9

and

431y = A=A )

The corresponding polar uncertainty degrees are
MX(ma h) =Py (qz(ﬂ% h))

and
2 (5, h) = @ar (g3 (2, 1)

The structure is called strictly hysteretic if there exist © € X and hq, he € H(U) such that
end(hy) = end(hs),

but
(TIA(iE, h1)7pA(x7 h’l)) # (77A(1’a hZ)apA(xa h2))
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Example 3.22.4 (Hysteretic-Polar Uncertain Set for Magnetic Hysteresis). Consider a ferromagnetic
material whose magnetic response depends not only on the current external magnetic field but also

on its previous field history. Let
X ={z}

consist of one magnetic sample, and let the normalized magnetic-field states be
U={-1,0,1},

where —1, 0, and 1 represent negative, zero, and positive applied magnetic fields, respectively.

Take the fuzzy uncertainty model
Dom(M) = [0, 1],

with
spu(t) =t and D(t) =t.

Consider the two field histories
hy = (—1,0) and ho = (1,0)
Both histories end at the same current field:

end(hl) = end(hz) =0.

Suppose that the uncertainty intensity associated with the magnetic state is
na(z,h1) = 0.80, na(z, hy) = 0.80.

Hence,
ma(z,hi1) = ma(x, he) = 0.80.

Because of magnetic hysteresis, assume that the polarization depends on the preceding field direction:

pa(z, hy) = —0.50, pa(z, he) = 0.50.

For the first history,

gt (@, hy) = 0.80(12— 0.50) — 0.20,
and

gq(z,hi) = w = 0.60.
Therefore,

wh(z, hy) = 0.20, w(z, hy) = 0.60.

For the second history,
0.80(1 + 0.50)

ah(z, ho) = 2

= 0.60,

and
0.80(1 — 0.50)

= 0.20.
2

g, (z,he) =

Hence,
wh(z, he) = 0.60, wa (@, ha) = 0.20.
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Although
end(hy) = end(hs),

we have

(na(@, h1),pa(z, h1)) = (0.80,-0.50) # (0.80,0.50) = (na(z, ha),pa(®, h2)).

Thus, this is a strictly Hysteretic-Polar Uncertain Set. The example captures the physical fact that
a ferromagnetic material can exhibit different residual magnetic states at the same present magnetic
field depending on the field history that preceded it.

Proposition 3.22.5 (Encoded Hysteretic Polar-Mass Decomposition). Under the assumptions of
Definition 3.22.3, the mappings

qj{,qz : X xH(U) —[0,1]

and
phyops s X x H(U) — Dom(M)

are well-defined.

Moreover, for every
(z,h) € X x H(D),

we have
qj(‘ru h) + QZ(IE) h) = mA(fE, h) =SMm (WA(% h))

The class of Hysteretic-Polar Uncertain Sets is nonempty.

Proof. Fix
(x,h) € X x H(U).
Since
na(z, h) € Dom(M)
and
sy Dom(M) — [0,1],
we have
ma(z,h) €[0,1].
Also,
palx,h) € [-1,1],
SO
0 < 1+pa(x,h) <1
S——5 =
and
0< w <1.
< 5 <
Therefore,
¢k (x,h), g5 (z, h) € 0,1].
Since

@)/ 2 [0,1] — Dom(M),
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it follows that
,uj(x, h)=®y (qjg(x, h)) € Dom(M)

and
NZ(xa h) =®y (QZ (Iv h)) € DOIH(M)

Hence all induced mappings are well-defined.

Furthermore,

(@, h) + 5 (2, ) = MA@ DA Epale, b))

2
N ma(z,h)(1—pa(z,h))
2

=ma(x,h)
= sM(nA(x,h)).

Thus the total scalar uncertainty intensity is preserved by the positive-negative polar decomposition.

Finally, choose any
dy € Dom(M)

and define
no(x,h) =do,  po(xz,h)=0

for every (z,h) € X x H(U). These mappings satisfy all requirements of the definition, so at least
one Hysteretic-Polar Uncertain Set exists. O

Remark 3.22.6. If

Dom(M) = [0,1], sp(t) =t, Dpr(t) =t,
then
ma(z,h) =na(zx,h),
and
Mj(ﬂ?, h) _ ’ITLA(J?, h)(12+ pA(x’ h)) 7
(o ) = A= 1)

Hence the Hysteretic-Polar Uncertain Set reduces to a Hysteretic-Polar Fuzzy Set.

3.23 Stokes-Polar Fuzzy and Uncertain Sets

Stokes parameters provide a classical representation of polarization through an intensity component
and three directional polarization components [215]. Motivated by this representation, we introduce
Stokes-Polar Fuzzy and Uncertain Sets by combining a normalized Stokes state with fuzzy or typed
uncertainty information.

Definition 3.23.1 (Stokes-Polar Fuzzy Set). Define the normalized Stokes domain by

S = {(s0,51,52,83) €[0,1] x R®: s7 + 53 + 53 < s7}.

A Stokes-Polar Fuzzy Set on a nonempty universe X is a mapping

SA:X*)S.
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For every z € X, write
Sa(x) = (so(x),51(1:),32(90),53(1‘)),

where so(z) represents the normalized total fuzzy intensity, while

SA(ZL') = (Sl(x)v 52($)7 83(x))

is the corresponding Stokes-type polarization vector.

The degree of fuzzy polarization is defined by

\/sl(z)Q +s

N
—
8
N
(V]
»
w
—
8
N
S

0, so(z) = 0.

Proposition 3.23.2 (Normalized Stokes Bound). The normalized Stokes domain S is nonempty.
Hence, for every nonempty universe X, the class

SPF(X) =S¥

of all Stokes-Polar Fuzzy Sets on X is nonempty.

Moreover, for every Stokes-Polar Fuzzy Set Sy and every x € X,

0< DA(.%') <1.

Proof. Since
(0,0,0,0) €S,

the set S is nonempty. Consequently, the constant mapping
So: X — S, So(z) = (0,0,0,0),

shows that
SPF(X) # 0.

Now let

By definition,

If so(x) > 0, then

and therefore

If so(x) = 0, the defining inequality implies
s1(z) = s2(x) = s3(x) =0,

and hence, by definition,
Thus,

for every z € X. O
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Definition 3.23.3 (Stokes-Polar Uncertain Set). Let X # () be a universe, and let
My = (Dom(M))

be a carrier uncertain model.

Suppose that M is additionally equipped with a declared total Stokes encoding map

Ty, : [0,1)> — Dom(M).

Let
Sa: X —S

be a normalized Stokes-state mapping, where

Sa(z) = (so(x), s1(x), sa(x), 83(1‘))

Define the degree of polarization by

V51(2)2 + 52(2)2 + 55(2)?
DA(.’IJ) = So(x)

The associated uncertainty-degree mapping is defined by

pa: X — Dom(M), pa(x) =W (so(x), Da(x)).

The pair
A= (Sa,pa)

is called a Stokes-Polar Uncertain Set of type M.

Thus, Sa(x) retains the normalized intensity and directional polarization information, while p4(z)
encodes the intensity and degree of polarization as an admissible uncertainty value in Dom(M).

Example 3.23.4 (Stokes-Polar Uncertain Set for Optical Surface Inspection). Consider an industrial
optical inspection system evaluating reflected light from three manufactured surfaces,

X = {Ihl’g,l'g}.

Suppose that a polarimeter provides a normalized Stokes state for each surface. Take
Dom(M) = [0, 1]?
and define the Stokes encoding map by

\I/]w(a, b) = (a, b)

Let
Sa(z1) = (0.80,0.48,0,0),
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Sa(z2) = (0.90,0.54,0.36,0),

and
Sa(zs) = (0.60,0,0.30,0.30).
For x4,
0.48% < 0.802,
o)
SA((El) €S
Moreover,
1/0.482
D = = 0.60
A1) 0.80 )

and therefore
wa(z1) = ¥y (0.80,0.60) = (0.80,0.60).

For x4,
0.54% + 0.36% = 0.4212 < 0.90?,
and hence
SA(xg) €S.
Its degree of polarization is
V/0.542 4+ 0.362
D = — =~ 0.721.
Ale2) 0.90

Thus,
a(ze) = Up(0.90,0.721) = (0.90,0.721).

Similarly, for x3,
0.30% + 0.302 = 0.18 < 0.602,

and
1/0.30% + 0.302
D = ~0.707.
Alws) 0.60
Hence,

fia(zs) = ¥,,(0.60,0.707) = (0.60,0.707).

The resulting encoded uncertainty values are summarized by

Surface | sg Dy
1 0.80 0.600
To 0.90 0.721
T3 0.60 0.707

Here, sg represents the normalized reflected-light intensity, while D4 measures the normalized de-
gree of polarization. The Stokes-Polar Uncertain Set therefore combines intensity and polarization
information within a single typed uncertainty representation.
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Proposition 3.23.5 (Encoded Stokes Bound). Under the assumptions of Definition 3.23.3, for every
normalized Stokes-state mapping
Sp: X — S,

the degree of polarization satisfies

Da(z) €0,1] for every x € X.

Consequently,
(so(z),Da(z)) € [0,1)?,
and hence
pa(x) =W (so(x), Da(z)) € Dom(M).
Therefore,

pa: X — Dom(M)
is well-defined. Moreover, the class of Stokes-Polar Uncertain Sets of type M is nonempty.

Proof. Let
Sa(z) = (so(z),s1(z), s2(x), s3(z)) €S.

By the defining condition of S,

51(2)? + so(x)? + s3(2)? < s0(2)>

If so(z) > 0, then

SO

If so(x) = 0, then

and therefore

Dy (:E) =0
Thus,
DA(.I) S [0, 1]
in every case.
Since Sa(z) € S, we also have
5()(x) € [07 1]

Consequently,
(50(33)7 DA(£)) € [07 1]2

Because the Stokes encoding map is total,
Uy 2 [0,1)2 — Dom(M),

it follows that
pa(z) = W (so(x), Da(x)) € Dom(M).

Hence
s X — Dom(M)
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is well-defined.

Finally, the constant mapping
So: X —)S, So(.l?) = (0,0,0,0),

is admissible. Its associated polarization degree is

and therefore
to(x) = ¥r(0,0) € Dom(M).

Thus at least one Stokes-Polar Uncertain Set of type M exists. O

Remark 3.23.6. If
Dom(M) = [0,1]

and the Stokes encoding map is chosen as
Upr(a,b) =b,

then
pa(@) = Da(x).

Hence the construction reduces to a fuzzy membership representation obtained directly from the
normalized degree of polarization.

3.24 Free-Polar Uncertain Set

A Free-Polar Uncertain Set assigns uncertainty degrees to elements with respect to an arbitrary
nonempty collection of poles, allowing finite, countably infinite, or uncountable polar representations
within a unified uncertainty framework.

Definition 3.24.1 (Free-Polar Uncertain Set). Let X # () be a universe, and let P # () be an
arbitrary set of poles, with no restriction on its cardinality.

Let My = (Dom(M)) be a carrier model. A Free-Polar Uncertain Set of type M on X, indexed by
P, is a mapping
pa: X x P— Dom(M).

Equivalently, ;14 may be regarded as a mapping
fia: X — Dom(M)?,

where

~

fia(@)(p) = palz,p)
for every z € X and p € P.

Thus, each element x € X is assigned a P-indexed family

(MA('r’p))pGP

of admissible uncertainty degrees.
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Example 3.24.2 (Free-Polar Uncertain Set for Online Product Evaluation). Consider an online
marketplace in which several laptop computers are evaluated according to a potentially unrestricted
collection of user-defined criteria. Let

X ={l1,05,05}

represent three laptop models.

Let P be the set of all evaluation poles submitted by users. For example,

P :_) {ppricca Pbattery s Pperformance; Pportability pdurability}-

The cardinality of P is not prescribed in advance, and new evaluation poles may be added whenever
additional criteria are introduced.

For this example, consider the interval-valued uncertain model Mj with degree-domain
Dom(My) =I1={[a,b]: 0 <a<b<1}.

Define
pa: X xP—1

Suppose, for example, that the uncertainty evaluations of ¢, are
tuA(Elvpprice) = [065, 080],

114 (£1, Poattery) = [0.80,0.92],
/'LA(glvpperformance) = [085,095},

and
:U‘A(Elvpportability) = [070, 088]

For the second laptop, suppose that
:U’A(e%pprice) = [082, 093],

NA(‘€27pbattery) = [068, 082],

and
Ha (€2apperformance) = [072, 086]

For instance,
MA(glvpbattery) = [0807092}

indicates that the uncertain degree associated with satisfactory battery performance of laptop ¢; is
represented by the interval from 0.80 to 0.92.

Thus,
pa: X x P — Dom(Mj)

defines a Free-Polar Uncertain Set of type M.

This example illustrates that the collection of relevant poles need not be fixed or finite, while each
polar evaluation remains an admissible uncertainty degree under the selected uncertain model.
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Remark 3.24.3 (Finite-Polar Special Case). Suppose that
|P| =m < oc.

After choosing a bijection
p: P—{1,...,m},

every Free-Polar Uncertain Set
pa: X x P— Dom(M)

can be identified with the mapping
4 X — Dom(M)™

defined by
fa(e) = (palz, 07 (1), palz, ™ (m))).

Hence, for finite P, the Free-Polar Uncertain Set is equivalent, up to an indexing of the poles, to an
m-Polar Uncertain Set.

Remark 3.24.4 (Further Special Cases). If
Pl =1,

then a Free-Polar Uncertain Set is naturally identified with an ordinary Uncertain Set of type M.

If
Dom(M) = [0,1],

then
MA:XXP—>[0,1]

gives a Free-Polar Fuzzy Set.

If
Dom(M)=1={[a,b] : 0<a<b<1},

then the construction yields the interval-valued Free-Polar Uncertain Set used in Example 3.24.2.

The pole set P may also be countably infinite or uncountable.
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Chapter 4

Polarity with Structure

This chapter introduces and discusses polarity-based concepts equipped with additional mathematical
structures.

4.1 Classical Structure

A Hyperstructure is organized around the powerset and serves as a vehicle for modeling relations
among clements of a set [216-218]. Owing to its flexibility, the hyperstructure framework has been
investigated across several areas, including mathematics and chemistry [219,220]. A Superhyperstruc-
ture advances this idea by utilizing the n-th powerset to encode multi-layered hierarchical interactions,
thereby enabling deeper abstraction and greater structural complexity [221]. Because of this wide
scope, superhyperstructures have likewise been explored in mathematics, chemistry, and related disci-
plines [222,223]. Prominent instances include constructs such as the SuperHyperGraph [23,224-227].
We next record the n-th powerset, which underpins these structures.

Definition 4.1.1 (Iterated Nonempty Power Set). [221,228] Let H # ) be a set. Define
P*(H) = P(H) \ {0}.

Recursively, let

POH)=H

and
P(H)=P* (P*("_l)(H)) , n>1.

Thus, P*"(H) is the n-fold iterated nonempty power set of H.
Definition 4.1.2 (Classical Structure). Let H # () be a set. A Classical Structure on H is a system
¢=(H,QA),

where

Q={w;:1 €I}

is a family of finitary operations such that, for each 7 € I,
wiSHmi*)H, le].,
and A is a specified family of axioms imposed on these operations.

(0]
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Definition 4.1.3 (HyperStructure). Let H # () be a set. A HyperStructure on H is a system
f_) = (H7QH7AH)7

where
Qp ={w:icr}

is a family of hyperoperations such that, for each ¢ € I,
wl o H™ — P(H),  m;>1,

and Ay is a specified family of hyperaxioms.

Thus, unlike a classical operation, a hyperoperation may assign a nonempty set of possible outputs
to each input tuple.

Definition 4.1.4 (SuperHyperStructure). Let H # () be a set. A SuperHyperStructure based on H

is a system
6 = (H,Qsm,Asn),

where
QSH:{waIZ'GI}

is a family of SuperHyperOperations such that, for each ¢ € I,
WPt (P (H))™ — P (H),

where
m; > 1, r; > 1, n; > 1,

and Agg is a specified family of SuperHyperAxioms.

Hence, a SuperHyperStructure permits operations whose inputs and outputs belong to iterated levels
of the nonempty power-set hierarchy.

Remark 4.1.5. The three notions can be distinguished by the codomains of their operations:
H" — H (Classical Structure),

H™ — P*(H) (HyperStructure),

and
(P*"(H))™ — P*™(H) (SuperHyperStructure).

Accordingly, Classical Structures are single-valued, HyperStructures are set-valued, and SuperHyper-
Structures permit set-valued operations across iterated levels of the power-set hierarchy.

4.2 Multipolar Structure

A Multipolar Structure assigns multiple pole-indexed outputs to each input tuple through operations,
together with axioms governing their coordinated behavior. Throughout this section, for sets P and
Y, we use the notation

YP={f:P—Y}

for the set of all P-indexed families of elements of Y.

We also define the iterated nonempty power-set hierarchy by
P*(H) = P(H)\ {0},
P(H) = H,

and, recursively,
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Definition 4.2.1 (Multipolar Structure). Let H # ) be a set, and let

P:{pla"'apk}v k'Zla

be a finite nonempty set of poles.

A Multipolar Structure on H with respect to P is a system
M= (H,P,Qn, An),

where
Qu ={wM:icI}

is a family of multipolar operations such that, for every i € I,
wM . H™ — HF, m; > 1,

and Ay is a specified family of axioms imposed on these operations.

For every i € I and p € P, define the p-th polar component by

_ M
Wip = €Vp OW;

where
evp:HP—>H, evp(f) = f(p).

Thus,
Wip H™ — H.

Equivalently, one may write

%M = (wz‘,p)pep,
meaning that
wM(zy, . ) () = wip(T1, -y T,
for every
(X1, xm,;) € H™
and p € P.

Hence, each input tuple is assigned one output in H for every pole p € P. When k > 2, the structure
is genuinely multipolar.

4.3 Multipolar HyperStructure

A Multipolar HyperStructure assigns, for each input tuple, multiple pole-indexed nonempty output
sets, enabling simultaneous representation of several perspectives within a unified hyperstructural
algebraic framework across distinct polar components.
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Definition 4.3.1 (Multipolar HyperStructure). Let H # () be a set, and let

P:{pla"'apk}7 k217

be a finite nonempty set of poles.

A Multipolar HyperStructure on H with respect to P is a system
v = (H, P, Qyvp, Avm),

where
QMHZ{waZiGI}
is a family of multipolar hyperoperations such that, for every ¢ € I,

WM g (P, me >,

7

and Apsp is a specified family of hyperaxioms.

For every i € I and p € P, the corresponding polar hyperoperation is

wfp =ev, oszH,

and hence
wl'  H™ — P*(H).
Equivalently,
MH _ (, H

w; - (wi,p)pep7

where
WMH (g1, y Tm,; ) (P) = wfp(xl, ey Tmy)

for every p € P.

Therefore, for each input tuple and each pole p, the corresponding polar component assigns a
nonempty subset of H. When k > 2, several pole-dependent hyperoutputs are represented simulta-
neously.

4.4 Multipolar SuperHyperStructure

A Multipolar SuperHyperStructure extends multipolar and hyperstructural operations to iterated
levels of the nonempty power-set hierarchy, thereby allowing several pole-dependent higher-order
outputs to be represented simultaneously.

Definition 4.4.1 (Multipolar SuperHyperStructure). Let H # ) be a set, and let

P:{pla"'apk}7 k217

be a finite nonempty set of poles.

A Multipolar SuperHyperStructure based on H with respect to P is a system

Sy = (H,P,Qusu, Avsh),
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where
MSH . ;
Quse = {wMH 1ie 1}

is a family of multipolar SuperHyperOperations such that, for every i € I,
*7; m; *M5 P
WS (P (H)™ — (P*™(H))",

with
m; > 1, r; > 1, n; > 1,

and Apsspy is a specified family of SuperHyperAxioms.

For every i € I and p € P, define

wff = ev, owMSH
Then
wiph s (PTT(H)™ — P (H).
Equivalently,

meaning that
for every

and p € P.

Thus, each pole determines one SuperHyperOutput belonging to the n;-th iterated nonempty power-
set level.

Remark 4.4.2. The three constructions can be distinguished by the forms of their operations:

H™ — H” (Multipolar Structure),

H" — (77* (H)) P (Multipolar HyperStructure),

and
(P (H))™ — (P*™(H))" (Multipolar SuperHyperStructure).
If
P ={p},
then there are canonical bijections
HY =

(P*(H))" =P"(H),

and

(P (H))" =P (H).

Consequently, the corresponding constructions reduce, up to these canonical identifications, to the
ordinary Classical Structure, HyperStructure, and SuperHyperStructure, respectively.

For
|P| > 2,

the constructions represent genuinely multipolar structures.
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Example 4.4.3 (A Multipolar SuperHyperStructure). Let
H= {avbv ¢, d}a P= {p17p2},

and let
P*(H) =P(H)\ {0}.

Consider the binary multipolar SuperHyperOperation
WwMSH . (P*(H))* — (P*(H))".

Thus,

For every
A,B e P*(H),

define the two polar components by
wiH(A,B)=AUB

and
waH(A, B) = (AnB)U{d}.

Equivalently, define
WwMSH(A B): P — P*(H)

by
WwMSH(A B)(py) = AUB
and
WM (A, B)(p2) = (AN B) U {d}.
Since A, B # 0,
AUB # 0.
Moreover,

de (AnB)u{d}

and therefore

(AN B)U{d} # 0.

Hence
wy(A,B) e P*(H), j=1,2,
for all
A,B e P*(H).
Thus,

WMIH(A, B) € (P*(H)"

and the operation is well-defined.

For example, take
A ={a,b}, B = {b,c}.

Then
wMH (A, B)(p1) = AUB = {a,b,c},
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whereas
WMSH(A B)(ps) = (AN B)U {d} = {b,d}.

Since
P= {pl y pQ}a

we may identify this P-indexed function with the ordered pair

w7 (A, B) = ({a,b,c}, {b,d}).

Thus, the same pair of SuperHyperInputs produces two distinct pole-dependent SuperHyperOut-
puts. This example illustrates the essential feature of a Multipolar SuperHyperStructure: a single
SuperHyperOperation can simultaneously encode several higher-order outputs indexed by different
poles.

4.5 Free-Polar Structure

A Free-Polar Structure assigns outputs across an arbitrary collection of poles, allowing finite or infinite
polar representations within algebraic systems.

Definition 4.5.1 (Free-Polar Structure). Let H # () be a set, and let P # () be an arbitrary set of
poles, with no restriction on its cardinality.

A Free-Polar Structure on H with respect to P is a system
%: (H7P79F7AF)7

where
Qr ={wfiier}

is a family of free-polar operations such that, for each i € I,
wiF:H"”—>HP7 m; > 1,

and Ap is a specified family of axioms satisfied by these operations.

Equivalently,
F
w; = (wi,p)pepv

where
wm, : Hmi — H

for every p € P.

Thus, each input tuple is assigned a P-indexed family of outputs, and the set of poles may be finite,
countably infinite, or uncountable.

Remark 4.5.2. A Free-Polar Structure does not prescribe the cardinality of the pole set P. In
particular,
[Pl =1

gives an ordinary single-output structure, while
2<|P| <

gives a finite Multipolar Structure. Infinite pole sets are also admissible.
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Chapter 5

Some Multipolar Concepts

This chapter introduces several representative multipolar concepts, including graph-based and other
related mathematical structures.

5.1 m-polar Uncertain Graph

An m-Polar Fuzzy Graph assigns multiple fuzzy membership degrees to vertices and edges, repre-
senting several perspectives or criteria simultaneously within a unified graph-based mathematical
framework [229-232]. Bipolar Fuzzy Graphs [233-235] can be regarded as special cases of m-Polar
Fuzzy Graphs. In addition, Bipolar Neutrosophic Graphs [160,236,237] are known as closely related
polarity-based graph structures.

Definition 5.1.1 (m-Polar Fuzzy Graph). [238,239] Let
G*=(V,E)
be a simple graph, and let m € N. An m-polar fuzzy graph on G* is a triple
G =(G" ),

where
p:V—1[0,1]"

is an m-polar fuzzy membership function on the vertices, and
v:E—[0,1]™
is an m-polar fuzzy membership function on the edges such that, for every {u,v} € E and every
ie{l,...,m},
mi (v({u,v})) < min {m; (u(w)), 7 (p(v))},

where
m; + [0,1]™ — [0, 1]

denotes the projection onto the i-th coordinate.

Equivalently, writing
p() = (pa(v), ... pm(v)) and  v({u,v}) = (vi(u,v),... v (u,0)),
the defining condition is
vi(u,v) < min{p;(u), u;(v)}, i=1,...,m.

83



Chapter 5. Some Multipolar Concepts

An m-Polar Uncertain Graph extends this idea by replacing scalar fuzzy membership degrees with
admissible degrees from a prescribed uncertainty model.

Definition 5.1.2 (m-Polar Uncertain Graph). Let
G*=(V,E)
be a simple graph, let m > 1, and let
My = (Dom(M), <m, Vs A, Oar, 1M)

be a bounded-lattice uncertain model.

An m-Polar Uncertain Graph of type M on G* is a triple
Gu = (G*, pa,va),

where
pa: V. — Dom(M)™

and
va: E— Dom(M)™

satisfy, for every {u,v} € Eandi=1,...,m,

v (u,0) <ar 1% (w) Aar ) (v).

Equivalently, under the componentwise order and meet on Dom(M)™,

val{u,v}) <m pa(u) Am pa(v).

Remark 5.1.3. If
Dom(M) = [0,1], A = min,

then
pa:V —10,1]™, va: E—[0,1)7,
and the condition becomes ‘ ‘ A
v (u,v0) < mindpe) (u), 1) ()},

so the construction reduces to the corresponding m-Polar Fuzzy Graph.

5.2 m-polar Uncertain ideals

Various types of ideals incorporating uncertainty have been studied, including Fuzzy Ideals and
Neutrosophic Ideals [240,241]. An m-Polar Fuzzy Ideal assigns multiple fuzzy membership degrees
to elements of an algebraic structure while satisfying ideal-type closure conditions across every polar
component simultaneously [182,242,243].

Definition 5.2.1 (m-Polar Fuzzy Ideal). Let E be a ternary semiring and let m € N. An m-polar
fuzzy set on E is a mapping

piE— 0,17, (@) = (@), (@)

The set p is called an m-polar fuzzy ideal of E if, for all z,y,z € E and every ¢ € {1,...,m},

wiz +y) > min{p;(x), w;(y)},

and
pizyz) > max{p;(x), pi(y), pi(2)}-
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An m-Polar Uncertain Ideal assigns multiple uncertainty degrees to elements of an algebraic structure
while satisfying ideal-type closure conditions at every uncertainty pole.

Definition 5.2.2 (m-Polar Uncertain Ideal). Let E be a ternary semiring, let m > 1, and let
Mlat = (DOm(M), SM7 \/M7 /\M7 OM7 1M)

be a bounded-lattice uncertain model.

An m-Polar Uncertain Set on F is a mapping
pa: E— Dom(M)™,

written as
1 m
pa(@) = (ny @), 1§ (@),

The mapping p4 is called an m-Polar Uncertain Ideal of E if, for all z,y,z € E and every ¢ €

{1,...,m},
1 (@ +y) > 1) (@) Aar 1S (),
and
ub (xyz) > 1) (@) Var 1Y (9) Var 1 (2).

Equivalently, under the componentwise lattice operations on Dom(M )™,

NA(Z' + y) Zm ,LLA(CE) Am NA(y)»

and
pa(zyz) Zm pa(@) Vin pa(y) Vi pa(z).

Remark 5.2.3. When
m=1,

the construction reduces to an Uncertain Ideal of type M.

If
Dom(M) = [0,1], A = min, Vi = max,

then the defining conditions become

M%)(x +y) > min{,ufj)(x)a N(X)(y)}’

and
uy (ayz) = max{ud) (@), 1y (9), 1y ()},
for every ¢ = 1,...,m, yielding the corresponding m-polar fuzzy ideal formulation.

5.3 m-polar Uncertain topology

In the field of topological spaces, related concepts such as Fuzzy Topology [244,245] and Neutrosophic
Topology [246-250] have also been introduced and studied. An m-Polar Uncertain Topology is a family
of multipolar uncertain sets containing null and universal elements and closed under componentwise
arbitrary unions and finite intersections (cf. [251,252]).
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Definition 5.3.1 (m-Polar Fuzzy Topology). Let X # () be a set and let m € N. Denote by
Fn(X) ={p: X —[0,1]"}

the family of all m-polar fuzzy sets on X.

For p,v € Fp,(X), define their union and intersection componentwise by

(kv w)i(z) = max{p;(z), vi(z)},
and

(kA v)i(x) = min{p;(z), vi(z)},
foreveryz € X andi=1,...,m.

A family
T C Fn(X)

is called an m-polar fuzzy topology on X if:

1. 0,1 € 7, where

2. for every family {px}rea C 7,

\/M/\GT;

AEA

3. for every finite family pq,..., 1, € 7,

n
/\,Uj €T
j=1

The pair
(X,7)

is called an m-polar fuzzy topological space, and the members of 7 are called m-polar fuzzy open sets.

An m-Polar Uncertain Topology is a family of multipolar uncertain sets containing the null and
universal uncertain sets and closed under arbitrary unions and finite intersections.

Definition 5.3.2 (m-Polar Uncertain Topology). Let X # ), let m > 1, and let
Mclat = (DOIH(M), SM, \/Ma /\Ma OMa 1M)

be a complete-lattice uncertain model.

An m-Polar Uncertain Set on X is a mapping

pa: X — Dom(M)™.

Let
0r = (Oas,---,001), 1y = (Tagy -5 1pg).
Define the null and universal m-polar uncertain sets by
Ho (z) = 0pr, pxy () = 1m
for every z € X.

A family .
T < (Dom(M)™)

is called an m-Polar Uncertain Topology on X if:
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Hons WXy € T;
2. for every family
{/’[’AA})\EA g T7

the pointwise join

\ pa, €7,

AEA

where

(\/ u&) (@) = \/ pa,(2);

AEA AEA

3. for every finite family
MAN' "7,U/An € Ta

the pointwise meet

where

Here, all joins and meets in Dom(M)™ are taken componentwise. The pair
(X, T)
is called an m-Polar Uncertain Topological Space.

Remark 5.3.3. When
m=1,

the construction reduces to an ordinary Uncertain Topology.

If
Dom(M) = [0, 1],

with the usual order,
V) = max, Ay = min,

then
HA :XTA}[Ov”na

and the construction yields the corresponding m-polar fuzzy topological framework.

5.4 m-polar Uncertain Group

An m-Polar Uncertain Group assigns multiple uncertainty values to group elements while preserving
group-operation and inversion compatibility independently across all uncertainty poles simultaneously
within a framework (cf. [242,253]).
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Definition 5.4.1 (Bipolar Fuzzy Group). Let
(G,
be a group with identity element e. A Bipolar Fuzzy Group (or Bipolar Fuzzy Subgroup) of G is a pair
A= (uh, 1a),

where
ph:G—1[0,1], pa G — [-1,0],

such that, for all x,y € G,
ph (zy) > min{ph (x), wi (v)},

and

Here, pu}; and p, represent the positive and negative membership degrees of the elements of G,
respectively.

An m-Polar Uncertain Group assigns multiple uncertainty values to group elements while preserving
compatibility with the group operation and inversion at every uncertainty pole.

Definition 5.4.2 (m-Polar Uncertain Group). Let
(G,
be a group with identity element e, let m > 1, and let
Mot = (Dom(M), <ar, Var, A, Oar, 1ar)

be a bounded-lattice uncertain model.

An m-Polar Uncertain Group of type M on G is a mapping
pa: G — Dom(M)™

such that, writing
1 m
pal@) = (1 @), ... 15" (@),

the following conditions hold for every
z,y € G and i=1,....,m:
1 (wy) >ar p (@) Aar 1 (),

and ' _
Mz)(ﬂﬁ_l) >M MX) (z).

Equivalently, under the componentwise order and meet on Dom(M)™,

pa(zy) >m pa(®) Am pa(y)

and
,uA(xil) Zm :uA(x)
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Proposition 5.4.3 (Invariance under Inversion). For every m-Polar Uncertain Group A and every
T €GQG,
pa@™) = pa(a).

Proof. By definition,
pa(™t) Zm pa(@).

Applying the same condition to !, we obtain

pa((@= ™) =m pa@™h).

Since
it follows that

Therefore,

Remark 5.4.4. When
m=1,

the construction reduces to an ordinary Uncertain Group of type M.

If
Dom(M) = [0, 1], Ay = min, Vi = max,

then
HA G — [0, 1]m,

and the defining conditions become

1P (@y) > min{ul (@), 1 (1)},

and . .
uy @) = ) (@)
for every i = 1,...,m, yielding the corresponding m-polar fuzzy-group formulation.

5.5 m-polar Uncertain Lattice

An m-Polar Uncertain Lattice assigns multiple uncertainty values to lattice elements while preserving
join and meet compatibility across every uncertainty pole within one unified framework.

Definition 5.5.1 (Bipolar Fuzzy Lattice). (cf. [254-256]) Let
(L,V,N)

be a lattice.

A Bipolar Fuzzy Lattice on L is a bipolar fuzzy set

A= (u,p2),

where
phoL— 0,1,  py:L—[-1,0],
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such that, for all x,y € L,

i (xVy) > min{p} (z), 1k (v)},
ph(z Ay) > min{pd (), nd(y)},

and

pa(xVy) <max{py,(z), s (y)},
pp (A y) < max{p,(x), py(y)}

Equivalently, A is a bipolar fuzzy subset of L that is closed under the lattice operations V and A in
the bipolar fuzzy sense.

An m-Polar Uncertain Lattice assigns multiple uncertainty values to lattice elements while preserving
the lattice structure under each uncertainty pole.

Definition 5.5.2 (m-Polar Uncertain Lattice). Let
(L,V,N)
be a lattice, let m > 1, and let
Mot = (Dom(M), <ar,Var, Anr, Oar, 1ar)

be a bounded-lattice uncertain model.

An m-Polar Uncertain Lattice of type M on L is a mapping
wa: L — Dom(M)™
such that, writing
pal@) = (uy (@), 13" (@),

the conditions _ _ _

1 (@ v y) 2 i (@) A ()
and ‘ ‘ _

1Y @A y) Za ) (@) A ) )
hold for every

z,y €L and i=1,...,m.

Equivalently, using the componentwise order and meet on Dom(M )™,

pa(T NV Yy) Zm pa(x) Am pray)
and
MA(x N y) Zm MA(-T) Am MA(y)'

Remark 5.5.3. When
m=1,

the construction reduces to an ordinary Uncertain Lattice.

If
Dom(M) = [0,1], Ap = min, V) = max,

then
patL— (0,1,

and the defining conditions become

i (@ v y) > minguy (@), 1 ),
and . . '
i (@ A y) > min{u§ (@), 1% (1)},
for every i = 1,...,m, yielding the corresponding m-polar fuzzy lattice formulation.
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5.6 m-polar Uncertain automata

An m-Polar Uncertain Automaton assigns multipolar uncertainty values to state transitions, enabling
multiple perspectives of transition behavior within an automata simultaneously.

Definition 5.6.1 (Bipolar Fuzzy Automaton). [257-259] A Bipolar Fuzzy Automaton is a triple

A = (Q? E’ 5)7
where Q # 0 is a finite set of states, ¥ # () is a finite input alphabet, and
§=(0%,67)

is a bipolar fuzzy transition relation with

§T:QxTxQ—10,1]

and
i :QxXxQ—[-1,0]
For
p,q€Q and a €y,
the values
5t (p,a,q)
and
6 (pya,q)

represent, respectively, the positive and negative degrees of the transition from state p to state ¢
under the input symbol a.

An m-Polar Uncertain Automaton assigns multipolar uncertainty values to state transitions, enabling
multiple perspectives of transition behavior within an automata-theoretic framework.

Definition 5.6.2 (m-Polar Uncertain Automaton). Let @ # @ be a finite set of states, let ¥ # () be
a finite input alphabet, and let m > 1.

Let My = (Dom(M)) be a carrier model. An m-Polar Uncertain Automaton of type M is a triple

Ag\T/}I) = (Q7 275]\4)7

where
O i Q XX x Q — Dom(M)™

is an m-polar uncertain transition function.

For
p,q € Q, a € X,
write
ou(p,a,q) = (03 (b a,q), - 03 (b 0, ),
where

50:QxTxQ— Dom(M), i=1,...,m.

Thus, each possible transition
a
p—4q

is assigned m admissible uncertainty values, one for each pole.
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Remark 5.6.3. When

m=1,

the construction reduces to an ordinary Uncertain Automaton with transition function

O Q XX x Q — Dom(M).

I
Dom(M) = [0, 1],

then
op :Q x ¥ xQ—1[0,1]",

which gives the corresponding m-polar fuzzy transition representation.

5.7 m-Polar Uncertain Soft Sets

A Soft Set is a parameterized family of subsets of a universe and provides a flexible framework
for representing uncertainty, vagueness, and approximate information [26,260,261]. Several related
extensions have also been studied, including HyperSoft Sets [24,262-266], SuperHyperSoft Sets [?,
267-269], TreeSoft Sets [?,7?,270,271], ContraSoft Sets [272], and Soft Expert Sets [273,274].

Within the typed uncertain-model framework, an Uncertain Soft Set assigns an Uncertain Set to
each active parameter. Thus, parameterized uncertainty can be represented without requiring the
underlying uncertainty degrees to belong to a fixed finite-dimensional Cartesian cube.

Definition 5.7.1 (Uncertain Soft Set). [275] Let U # @ be a universe, let E # () be a parameter
set, and let
My = (Dom(M))

be a carrier uncertain model.

Define the class of all Uncertain Sets of type M on U by

Uncy (U) = {p: U — Dom(M)} = Dom(M)Y.

For a nonempty subset A C E, an Uncertain Soft Set of type M over U is a pair
(F7 A)’

where
F:A— UHC]V[(U)‘

Equivalently, every parameter e € A determines an Uncertain Set
F(e) : U — Dom(M).

Thus, for every e € A and u € U,
F(e)(u) € Dom(M).
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Representative specializations of Uncertain Soft Sets include Fuzzy Soft Sets [276,277], Intuitionistic
Fuzzy Soft Sets [278,279], Vague Soft Sets [280], Neutrosophic Soft Sets [281-283], Hesitant Fuzzy
Soft Sets [284-286], Picture Fuzzy Soft Sets [287-289], Spherical Fuzzy Soft Sets [290-292], and
Plithogenic Soft Sets [293], whenever the corresponding degree-domain is chosen as Dom(M).

An m-Polar Uncertain Soft Set extends this construction by assigning, under every active parameter,
an m-tuple of admissible uncertainty degrees to each element of the universe.

Definition 5.7.2 (m-Polar Uncertain Soft Set). Let U # () be a universe, let E # () be a parameter
set, let
My = (Dom(M))

be a carrier uncertain model, and let m > 1.

By Lemma 2.3.5, the natural m-polar carrier is
Dom(M)™.
Define the class of all m-Polar Uncertain Sets of type M on U by

Unc{™ (U) = {p: U — Dom(M)™} = (Dom(M)™)V .

For a nonempty subset A C E, an m-Polar Uncertain Soft Set of type M over U is a pair
(F, A),

where
F:A— UncM ().

Equivalently, for every e € A,
F(e) : U — Dom(M)™.

Writing
F(e)(u) = (pea(u), ..., prem(u)),
we have
pe.i(u) € Dom(M)
for every

e €A, u € U, ie{l,...,m}.
Thus, each active parameter determines an m-Polar Uncertain Set on U.
Remark 5.7.3 (Reduction to Ordinary Uncertain Soft Sets). If
m=1,
then there is the canonical identification
Dom(M)! = Dom(M).

Consequently,
Uncg\}[) (U) = UIICM(U)7

and a 1-Polar Uncertain Soft Set reduces to an ordinary Uncertain Soft Set of type M.
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Remark 5.7.4 (Fuzzy Specialization). If M is the fuzzy carrier model with
Dom(M) = [0,1],

then
F(e): U —[0,1]™

for every e € A. Hence the construction reduces to the corresponding m-polar fuzzy soft-set frame-
work.

Remark 5.7.5 (Finite-Dimensional Specialization). If, for a particular uncertainty model,
Dom(M) =D C [0,1]"

for some r > 1, then
Dom(M)™ = D™ C [0,1]™™.

Thus the finite-dimensional formulation based on D™ is recovered as a special case of Definition 5.7.2,
rather than being imposed on the general theory.

Related concepts include m-polar Fuzzy Soft Sets [142, 294, 295] and m-polar Neutrosophic Soft
Sets [296-298].

5.8 m-polar Uncertain Rough Set

Classical rough approximation uses an equivalence relation [299-301]. In the typed setting, reflexivity
is the minimum condition needed for the approximation sandwich.

Definition 5.8.1 (Reflexive Uncertain Rough Set). Let X # () be finite and let
Mpy = (Dom(M), <ar,Var, A, Nar, Oar, 1ar)
be a bounded De Morgan model. Define
a = b= Np(a) Vb
An M-valued relation Rys: X x X — Dom(M) is reflexive if
Ry (z,x) =1 (z € X).

For a reflexive Rp; and an Uncertain Set p4 : X — Dom(M), define

LR, ) (T) = /\ (Rar(z,y) =1 pa(y))

and

@) =\ (Bar(@,9) At pa(y)).
yex

The pair (R,;(A), Ry (A)) is the Reflexive Uncertain Rough Set of A. If Ry is also symmetric and
Ap-transitive, it is called an uncertain equivalence (or similarity) rough set.

Definition 5.8.2 (Reflexive m-Polar Uncertain Rough Set). Let m > 1, put Dom,, (M) = Dom(M)™,
and extend the De Morgan operations componentwise as in Lemma 2.3.5. An m-polar relation

R,, : X x X — Dom,,, (M)

is reflexive if
Rm(’I,ZE) = 1]\4 = (IM,...,IJW).
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For pa : X — Dom,, (M), define

,UEW(A)(J;) = /\ (RM(x:y) =m MA(?J))
yeX

and

17, (@) =\ (R (,9) Am pa(v)),

yex

where all operations are componentwise. This pair is the Reflexive m-Polar Uncertain Rough Set of
A.

Proposition 5.8.3 (Approximation Sandwich). For every reflexive uncertain relation,
Ry (A) <p A<y Ru(A)

pointwise. The same inequalities hold componentwise in the m-polar case.

Proof. In the lower meet, the term y = x equals Nps(1ps) Vasr pa(z) = pa(z), so the meet is no larger
than g4 (2). In the upper join, the term y = x equals 1p7 Apspa(z) = pa(z), so the join is no smaller.
Apply the argument coordinatewise for m poles. O

Remark 5.8.4 (Necessity of Reflexivity). Without reflexivity, the terms “lower” and “upper” need
not be ordered. For the fuzzy De Morgan model, take X = {z}, R(x,2) =0, and pa(z) = 1. Then

fr(a)(z) =1, MR(A)(m) =0.
The reflexivity condition in the revised definitions excludes this counterexample.

Remark 5.8.5 (Pawlak Specialization). If Dom(M) = {0,1}, Ny(a) = 1 — a, and Ry is the
characteristic function of an equivalence relation, the construction reduces to Pawlak lower and upper
approximations. With Dom(M) = [0,1], Vj; = max, Ay = min, and a reflexive fuzzy relation, it
gives the corresponding componentwise fuzzy rough approximation.
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Chapter 6

Conclusion

In this book, we introduced and systematically investigated several polarity-based extensions of un-
certain sets within a unified mathematical setting. In particular, we considered multipolar, iterative,
structural, dynamic, context-dependent, and other polarity-oriented formulations, and provided their
fundamental definitions, representative examples, common typed-construction lemmas, and structure-
sensitive properties. These models extend conventional uncertainty representations by allowing infor-
mation to be described through multiple, opposing, hierarchical, network-structured, heterogeneous,
and dynamically changing perspectives.

The proposed framework also clarifies that polarity can play different mathematical roles. Depend-
ing on the model, poles may function as indices of multiple criteria, represent opposite or counter-
properties, form hierarchical or graph-based structures, vary with time or context, or arise from
geometric and physically motivated notions of polarization. In this sense, the study provides a broad
foundation for organizing and comparing different polarity-based uncertainty models within a com-
mon framework.

As future work, further theoretical developments should investigate algebraic properties, structural
relationships, reduction principles, equivalence conditions, and transformations among the proposed
models. It would also be valuable to develop computational algorithms and practical implementations
for handling polarity-based uncertain information, together with complexity analyses and numerical
experiments for evaluating their behavior. Furthermore, detailed case studies in areas such as decision-
making, network analysis, engineering systems, information processing, and other uncertainty-aware
applications may help clarify the practical advantages, limitations, and applicability of the proposed
frameworks.
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Abstract

Fuzzy sets, neutrosophic sets, and uncertain sets have been generalized and studied from various
perspectives, including bipolar, tripolar, and m-polar frameworks. In this book, we introduce and in-
vestigate several polarity-based extensions of uncertain sets within a typed mathematical setting. We
distinguish recalled notions from book-specific lifts, prove representation results identifying construc-
tions that flatten to ordinary function spaces, and impose explicit coherence conditions on structural,
dynamic, and physically motivated models. The resulting framework clarifies which constructions
add genuine structure and which are alternative indexings of the same degree data.
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ABSTRACT

This book develops a unified mathematical framework

for polarity-based representations in uncertainty theory.
Moving beyond conventional bipolar, tripolar, and multipolar
models, it examines polarity as an organizing principle for
expressing multiple viewpoints, opposition, hierarchy,
geometric orientation, network structure, contextual
variation, heterogeneity, and temporal change.

The study introduces typed polar uncertain sets and
investigates representation results, coherence conditions,
structural invariants, and applications to graphs, algebraic
systems, topology, lattices, automata, soft sets, and rough
sets. The resulting framework provides a rigorous foundation
for comparing polarity-based models and developing new
methods in uncertainty representation and decision analysis.
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