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Florentin Smarandache

Explanatory Note

This book is a translation from Romanian of "Probleme Compilate si Rezolvate de
Geometrie si Trigonometrie" (University of Kishinev Press, Kishinev, 169 p., 1998), and
includes problems of 2D and 3D Euclidean geometry plus trigonometry, compiled and
solved from the Romanian Textbooks for 9th and 10th grade students, in the period
1981-1988, when | was a professor of mathematics at the "Petrache Poenaru" National
College in Balcesti, Valcea (Romania), Lycée Sidi El Hassan Lyoussi in Sefrou (Morocco),
then at the "Nicolae Balcescu" National College in Craiova and Dragotesti General
School (Romania), but also | did intensive private tutoring for students preparing their
university entrance examination. After that, | have escaped in Turkey in September 1988
and lived in a political refugee camp in Istanbul and Ankara, and in March 1990 |
immigrated to United States. The degree of difficulties of the problems is from easy
and medium to hard. The solutions of the problems are at the end of each chapter.
One can navigate back and forth from the text of the problem to its solution using
bookmarks. The book is especially a didactical material for the mathematical students

and instructors.

The Author
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Problems in Geometry (9" grade)

1. The measure of a regular polygon’s interior angle is four times bigger than

the measure of its external angle. How many sides does the polygon have?

Solution to Problem 1

2. How many sides does a convex polygon have if all its external angles are

obtuse?

Solution to Problem 2

3. Show that in a convex quadrilateral the bisector of two consecutive angles
forms an angle whose measure is equal to half the sum of the measures of

the other two angles.

Solution to Problem 3

4. Show that the surface of a convex pentagon can be decomposed into two

quadrilateral surfaces.

Solution to Problem 4

5. What is the minimum number of quadrilateral surfaces in which a convex

polygon with 9, 10, 11 vertices can be decomposed?

Solution to Problem 5

6. If (ABC) = (A'B'C’), then 3 bijective function f = (ABC) - (A'B'C") such
that for v 2 points P,Q € (ABC), |IPQIl = lIfF (P, If (@I, and vice versa.

Solution to Problem 6
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7. 1f AABC = AA'B'C' then 3 bijective function f = ABC — A'B'C’ such that
() 2 points P,Q € ABC, |IPQIl = II[f (P)Il. IIf (@), and vice versa.

Solution to Problem 7

8. Show that if AABC~AA'B'C’, then [ABC]~[A'B'C'].

Solution to Problem 8

9. Show that any two rays are congruent sets. The same property for lines.

Solution to Problem 9

10. Show that two disks with the same radius are congruent sets.

Solution to Problem 10

11. If the function f:M - M’ is isometric, then the inverse function f~1:M - M’

is as well isometric.

Solution to Problem 11

12. If the convex polygons L = Py, P,,...,B, and L' = P{,P;, ..., B, have |P, P, 4| =
|P,,P/.,| fori=1,2,..,n—1, and P,P, 1 Pyp = P[P P.,,, V)i=12,..,n—
2, then L =L and [L] = [L'].

Solution to Problem 12

13. Prove that the ratio of the perimeters of two similar polygons is equal to

their similarity ratio.

Solution to Problem 13

14. The parallelogram ABCD has ||AB|| = 6, ||AC|| = 7 and d(AC) = 2. Find
d(D, AB).

Solution to Problem 14




255 Compiled and Solved Problems in Geometry and Trigonometry

15. Of triangles ABC with ||BC|| = a and ||CA|| = b, a and b being given

numbers, find a triangle with maximum area.

Solution to Problem 15

16. Consider a square ABCD and points E,F,G,H,I,K,L, M that divide each side
in three congruent segments. Show that PQRS is a square and its area is
equal to ga[ABCD].

Solution to Problem 16

17. The diagonals of the trapezoid ABCD (AB||DC) cut at 0.
a. Show that the triangles AOD and BOC have the same areg;
b. The parallel through 0 to AB cuts AD and BC in M and N. Show that
[IMO]| = [|ON]].

Solution to Problem 17

18. E being the midpoint of the non-parallel side [AD] of the trapezoid ABCD,
show that ¢[ABCD] = 20[BCE].

Solution to Problem 18

19. There are given an angle (BAC) and a point D inside the angle. A line
through D cuts the sides of the angle in M and N. Determine the line MN
such that the area AAMN to be minimal.

Solution to Problem 19

20. Construct a point P inside the triangle ABC, such that the triangles PAB,
PBC, PCA have equal areas.

Solution to Problem 20

21. Decompose a triangular surface in three surfaces with the same area by

parallels to one side of the triangle.

Solution to Problem 21
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22. Solve the analogous problem for a trapezoid.

Solution to Problem 22

23. We extend the radii drawn to the peaks of an equilateral triangle inscribed
in a circle L(0,r), until the intersection with the circle passing through the
peaks of a square circumscribed to the circle L(0,r). Show that the points
thus obtained are the peaks of a triangle with the same area as the
hexagon inscribed in L(O, 7).

Solution to Problem 23

24. Prove the leg theorem with the help of areas.

Solution to Problem 24

25. Consider an equilateral AABC with ||AB|| = 2a. The area of the shaded
surface determined by circles L(4,a),L(B,a),L(4,3a) is equal to the area of

the circle sector determined by the minor arc (EF) of the circle L(C, a).

Solution to Problem 25

26. Show that the area of the annulus between circles L(0,r,) and L(O, 1) is
equal to the area of a disk having as diameter the tangent segment to

circle L(0,r,) with endpoints on the circle L(0, ).

Solution to Problem 26

27. Let [0A4],[0B] two L radii of a circle centered at [0]. Take the points € and
D on the minor arc 4BF such that AC=BD and let E,F be the projections of
CD onto OB. Show that the area of the surface bounded by [DF], [FE[EC]]
and arc CD is equal to the area of the sector determined by arc €D of the

circle €(0, ||0A]).

Solution to Problem 27
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28. Find the area of the regular octagon inscribed in a circle of radius r.

Solution to Problem 28

29. Using areas, show that the sum of the distances of a variable point inside

the equilateral triangle ABC to its sides is constant.

Solution to Problem 29

30. Consider a given triangle ABC and a variable point M € |BC|. Prove that
between the distances x = d(M,AB) and y = d(M, AC) is a relation of kx +

ly = 1 type, where k and [ are constant.

Solution to Problem 30

31. Let M and N be the midpoints of sides [BC] and [AD] of the convex
quadrilateral ABCD and {P} = AM n BN and {Q} = CN n ND. Prove that the
area of the quadrilateral PMQN is equal to the sum of the areas of triangles

ABP and CDQ.

Solution to Problem 31

32. Construct a triangle having the same area as a given pentagon.

Solution to Problem 32

33. Construct a line that divides a convex quadrilateral surface in two parts

with equal areas.

Solution to Problem 33

34. In a square of side [, the middle of each side is connected with the ends of
the opposite side. Find the area of the interior convex octagon formed in

this way.

Solution to Problem 34
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35. The diagonal [BD] of parallelogram ABCD is divided by points M, N, in 3
segments. Prove that AMCN is a parallelogram and find the ratio between

o[AMCN] and ¢[ABCD].

Solution to Problem 35

36. There are given the points 4,B, C, D, such that AB n CD = {p}. Find the
locus of point M such that ¢[ABM] = o[CDM].

Solution to Problem 36

37. Analogous problem for AB||CD.

Solution to Problem 37

38. Let ABCD be a convex quadrilateral. Find the locus of point x; inside ABCD
such that ¢[ABM] + o[CDM] = k, k — a constant. For which values of k the

desired geometrical locus is not the empty set?

Solution to Problem 38

10
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| Solutions

Solution to Problem 1.

180 (n—2) _, 180

=n=10
n 5 n
Solution to Problem 2.
> 90°
Letn =3 :>X1>90° = X1 + x, + x3 > 270° =3 ibl
Xy, Xg X Xt X2 X1+ x5 + X3 , SO n = 3 is possible.
x3 > 90°
>90°
Letn = 4 *1 . .
e : = x; + x5 + x5 + x4, > 360°, so n =4 is impossible.
X1,Xg,X3, X4 ¥ ext 0
x3 > 90
Therefore, n = 3.
Solution to Problem 3.
B
A C

11
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m(AEB) = m(D)-; m(C)

m(4) + m(B8) + m(C) + m(D) = 360°

m(4) + m(B) _ 180°— m(C) + m(D)
2 2
m(AEB) = 180° — @—@ =
m(é) + m(D) _ m(é) + (D)

= 180° — 180°
* 2 2

Solution to Problem 4.

Let EDC = A,B € int.EDC. Let M € |AB| = M € int.EDC = |DM c int. EDC, |[EA| N
|DM = @ = DEAM quadrilateral. The same for DCBM.

D

Solution to Problem 5.

9 vertices; 10 vertices; 11 vertices;

4 quadrilaterals. 4 quadrilaterals. 5 quadrilaterals.

12
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Solution to Problem 6.

We assume that ABC = A'B’C’ . We construct a function f:ABC — A'B'C’ such that

{f (B) =B’
ifPe |BA, f(P) € B'A’

P € |BC,f(P) € B'C' such that ||BP|| = ||B'P’|| where P’ = f(F).
The so constructed function is bijective, since for different arguments there are
different corresponding values and Vv point from A'B’C’ is the image of a single

point from ABC (from the axiom of segment construction).

If P,Q € this ray,

IBP|| = [|B'P’| e
1301l = 3oy = 1PQll = BRIl = IBPI = B~ IB'P'll = [P'Q'll = IF ), F (Il

If P,Q € a different ray,

IBP|| = [|B"P’||

IBQIl = IIB'Qll } = APBQ = AP'B'Q’ =|IPQll = IP'Q'll = IIf (P), f (.
PBQ = P'B'Q’

Vice versa.

Let f : ABC » A'B'C’ such that f bijective and ||PQ|| = |[f(P), f(Q)II.

Let P,Q € |BA and RS € |BC.

13
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IIPQIl = [IP"Q"|| .

IPS|| = [IP'S|| $ = APQS = AP'Q'S’ = QPS = Q’P'S’ = BPS = B'P'S’ (1)
QS| = 1Qs'll

IPS|| = |IP'S"]| , .

IRP|| = |[R'P'||} = APRS = AP'R'S” = PSB = PS'B' (2).

IPS|| = |IP'S"]|

From (1) and (2) = PBC = P'B'S’ (as diff. at 180°) i.e. ABC = A’'B'C".

Solution to Problem 7.

Let AABC = AA'B'C'.
We construct a function f : ABC - A'B'C’ such that f(4A) =A’,f(B) =B',f(C) =’
and so P € |AB| » P' = f(P) € |A'B’| such that ||AP|| = ||A’P’||;
P € |BC| - P' = f(P) € |B'C'| such that ||BP|| = ||B'P'||;
P €|CA| » P' = f(P) € |C'4A"| such that ||CP|| = ||C'P'|.
The so constructed function is bijective.

Let P € |AB| and a € |CA| = P' € |A'B’| and Q' € |C'A’|.

IAP|| = ||AP"]]
ICQll = IC'Q'l p = lIAQIl = IA'Q'[l; A = A" = AAPQ = AA'P'Q = |IPQ|l = [IP'Q|.
ICAIl = |IC"A"]]

Similar reasoning for (V) point P and Q.

Vice versa.

We assume that 3 a bijective function f : ABC — A'B'C’' with the stated

properties.

We denote f(A) =A",f(B) =B",f(C) =C"
= ||AB|| = A"B"|l, IBC| = |IB"C"||, |AC|| = ||A"C"||=AABC = AA"B"C".
Because f(ABC) = f([AB] u [BC] U [CA]) = f([AB]) U f([BCD) v f([CA]D)
=[A"B"JU [B”C"][C"A"] = A"B"C".
But by the hypothesis f(ABC) = f(A’'B’C’), therefore
A"B""C" = AA'B'C' = AABC = AA'B'C'.

14
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Solution to Problem 8.

If AABC~AA'B’C’ then (V) f: ABC - A'B'C’ and k > 0 such that:
|IPQI| = k11 (P), F(@)II.P,Q € ABC;

IABI _ IIBCI _ lIcAl _ |AB|| = k||A'B’||
AABC~AA'B'C’' = IAB/Il Bl Al 78 = ||BC|| = k||B'C']] .
A=A;B=B;C=C [CA|l = k||C’A"||

We construct a function f: ABC —» A'B'C’ such that f(A) =A’,f(B) =B',f(C) = (',
if P € |BC| - P € |B'C’| such that ||BP|| = k||B'P'||;
if P € |CA| > P € |C'A'| such that ||CP|| = k||C'P'||; k — similarity constant.

C

Let P,Q € AB such that P € |BC|,Q € |AC| = P’ € |B'C’| and ||BP|| = k||B'P'||
Q' €|A'C’l and [ICQIl = kIIC'QIl (1);
As ||IBC|l = k||B'C’|| = |IPC|| = [IBC|| — |IBP|| = k||B"C’|| — k||B"P’|| =
= k(lIB'C'|| — [IB"P'|l) = kI[P'C'|| (2);
c=C (3).
From (1), (2), and (3) = APCQ~AP'C'Q" = ||PQ|| = k||IP'Q’|| .
Similar reasoning for P,Q € ABC.
We also extend the bijective function previously constructed to the interiors of

the two triangles in the following way:

C

Let P € int. ABC and we construct P’ € int. A’B’C’ such that ||AP|| = k||A’P’|| (1).
Let Q € int. ABC - Q' € int. A'B’C’ such that BAQ = B'A’Q’ and ||4Q|| = k||4'Q’|| (2).

15
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From (1) and (2),
AP _ AQ = k,PAQ = P'/A’Q' = AAPQ ~ AA'P'Q’' = ||PQ|| = k||P'Q’||
AIPI_AIQI_ ) Q— Q Q Q Q - Q )

but P, Q € [ABC], so [ABC] ~[A'B'C'].

Solution to Problem 9.

a. Let |0A and |0'A’ be two rays:

o

Let f:|0A - |0'A" such that f(0) = 0" and f(P) = P’ with ||OP|| = ||O'P'|.

The so constructed point P’ is unique and so if P = Q = ||OP|| # ||0Q]|| =
[IO'P'|| # ]]0'Q'|| = P’ # Q" and (V)P' € |0'A’ () a single point P € |0A such that
[lOP|| = |0"P'||.

The constructed function is bijective.

If P,Q € |0A,P € 0Q| - P'Q" € |0'A’ such that ||OP|| = [|0'P'[|; |0Q]l = [0'Q'|| =
IPQII = ll0Qll = [IOP]| = [[0°Q"l = [I0P’|| = [IP'Q"[I(V)P; Q € |OA

= the two rays are congruent.

b. Let d and d’ be two lines.

Let 0 e d and 0’ € d'. We construct a function f:d — d’ such that f(0) = 0’ and
f (JOA) =|0'A" and f (JOB) = |0'B’ as at the previous point.
It is proved in the same way that f is bijective and that ||PQ|| = ||P'Q’|| when P

and Q belong to the same ray.

16
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If P,Q belong to different rays:

loP|| = ||0"P'|l

ot = IPQI = 1IOP + [l0QII = l0"P'|| + 1|0"Q"|| = |IP'Q’
||0Q||:”0Q”} IPQIl = lloPIl + lloQIl = l0"P'|| + |0’ Q"I = IP"Q"ll

and so the two rays are congruent.

Solution to Problem 10.

We construct a function f: D — D’ such that f(0) = 0', f(A) = A" and a point
(V) P € D - P' € D' which are considered to be positive.

From the axiom of segment and angle construction = that the so constructed
function is bijective, establishing a biunivocal correspondence between the elements

of the two sets.

Let Q € D -» Q' € D' such that ||0Q’'|| = ||0Q||; AOQ = A’0Q'.

As:
loP|| = ||lO"P’||
loQll =110Q'll ; = A0PQ = P'0'Q" = |IPQIl = IIP'Q"I,(V) P,QED =D =D".
POQ =P'0'Q’

Solution to Problem 11.

7

17
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f:M - M’ is an isometry = f is bijective and (V) P,Q € M we have ||PQ|| =

, f —bijective = f — invertible and f~! - bijective.
1P'Q'll = £ (P); (@Il = lIPQII }:>
IF2 P 1@ = |[F~HFP). T (F @) = lPell
1P'Q'Il = ||[F 2 (F(PY), FH(F @), WP, Q" € M,

therefore f~1: M’ —» M is an isometry.

I£(P), f(Q)I

Solution to Problem 12.

i =1,2,...,n,and if P €

We construct a function f such that f(P) = P/, i

|P;, Piyql.

The previously constructed function is also extended inside the polygon as
follows: Let 0 € int.L — 0’ € int.L' such that OBP,, = 0'P",P',., and ||OP;|| =
|0"P’;||. We connect these points with the vertices of the polygon. It can be easily
proved that the triangles thus obtained are congruent.

We construct the function g:[L] - [L'] such that

{f(P), ifPeL
g(P)=1{0,ifP=0
P',if P € [P,0P;,,] such that
POP=PO0'P' (V)i=1,2,..,n—1

The so constructed function is bijective (V) P,Q € [L]. It can be proved by the

congruence of the triangles POQ and P'0'Q’ that ||PQ|| = ||P'Q’||, so [L] = [L]

= /f two convex polygons are decomposed
in the same number of triangles
respectively congruent

they are congruent.

18
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Solution to Problem 13.
L=PP,.. Py L =PP;..P;

L~L'"= (3)K > 0 and f:L — L' such that ||PQ|| = k|If (P)f(Q)]l (V)P,Q € L,
and P/ = f(P).

Taking consecutively the peaks in the role of P and Q, we obtain:

1Pl = Kllpipyl = A2l
|17/ Py |
|| P, Ps |
|P2Ps]| = kPPl = v=r=m =
213 243 ||P2P3 ”
b =
”Pn—lpn”
1Paci Pl = KIIPp_ 1 Pyl = il —
n-1'n n-1in ”Pn_lpn”
1B Pyl
IB.Pil = kPPl = 55 =
m TR )
[P1P ]| [Py P3| [Py P || + [Py Psl| + -+« + |[Py—1 Pyl + [|BPLIl P
—1 k = = = e = [ pp—
PRl (PPl WP/ Pl + 1P Pl + -+ (| Py Poll + BRI P
Solution to Problem 14.
D C
A F B

o[ADC] =22 = 7; 6[ABCD] =2 -7 = 14 = 6||DF|| = ||DF|| = == L.
2 6 3

Solution to Problem 15.

19
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h=b-sinC < b;
o[ABC] = % is max. when h is max.
max.h = b when sinC =1

= m(C) =90 = ABC has a right angle at C.

Solution to Problem 16.

A E F B
M G
L H
|
j
D C
|IMD|| = ||DI|| = MDI — an isosceles triangle.

= m(fMI) = m(m) = 450 :
The same way, m(FLA) = m(AFL) = m(BEH) = m(EHB).
IRK[| = |ISPIl = |[PQIl = lIQRIl = [IRS|| = SRQP is a square.

2 2
IAB|| = @ |AE|| = 22, |MI|| = [+ 4422 _ 282
3 9 9 3

2 2
2RI =% = |RIZ =% = |RI|| = % = &2

9 18 32 6
ISR]| =222 222 - &2,

2

o[SRQP] = =~ = 26[ABCD].

Solution to Problem 17.

IDCII - IAETN

2
IDC|l - |1BF|| + = o[ACD] = o[BCD]

o[ACD] =

O'[BCD] = |
2
IAE|| = |BF )

20
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od[AOD] = c[AMO] + 6[MOD]
otamo) = oppo) =ML IOELL ) WOMICIOPI + 001 _ o
2 2
o14001 = ofaaog) = 12211001

The same way,

ON|-h
otpocy <101

Therefore,
[lOM|| - h _ ION|| - h
2 2

o[A0OD] = g[BOC] = = |[OM]| = ||ON].

Solution to Problem 18.

lAE|| = |[ED]| ;

We draw MN L1 AB; DC;
h

IEN|| = |[EM|| = 3;

AB|| +||DC|))-h ||AB|l-h ||DC||-h AB|| +||IDC[)-h 1
(II4B]| 2|| D-h 4|| _|| 4|| _ (148]] il D = 2 ol4BCD}

Therefore, [ABCD] = 20[BEC] .

o[BEC] =

Solution to Problem 19.

o[AEDN'] is ct. because A,E,D,N' are fixed points.

Let a line through D, and we draw || to sides ND and DE.

No matter how we draw a line through D, o[QPA] is formed of: 6[AEDN] +
o[NPO] + o[DEQ].

We have o[AEDN] constant in all triangles PAQ.

21
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Let's analyse:

, _IN'D|l-hy  NIEQ'll-h, |IN'D]] IEQII
o[PN'D] + o[DEQ] = 3 + > = L HIND h,

[IN'D]| h IN'D]|
=T (h1 +h_j. hz) = 2h, [(hy — hy)? + 2hy hy].

AAMN is minimal when h; = h, = D is in the middle of |PQ|. The construction is

thus: AANM where NM || EN'. In this case we have |ND| = |DM|.

Solution to Problem 20.

_ IIBCII- 1144

o[ABC] = 3

Let the median be |AE|, and P be the centroid of the triangle.

Let PD 1L BC. g[BPC] = IIBCIIZM ‘
AA' 1 BC ) , IPDIl _IIPEIl 1 |AA"|
= AA’' | PD = APDE~AAA'E 5 ———=——=—-= ||PD|| = = g|BPC
PD 1 BC} I A~ jaey 3> PPl olBPC]
AA’
_liBcl- I 3 I _ 1B - 144 1 4BC]
- 2 ~3 2 —3° '

We prove in the same way that ¢[PAC] = o[PAB] = %a[ABC], so the specific

point is the centroid.

22
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Solution to Problem 21.

Let M,N € AB such that M € |AN|.
We take MM' || BC, MN' || BC.

AAMM'~AABC oLAMM ] (AM)
~ :) —— —
o[ABC] ~ \AB

2
o[AMM'] = L, (1AM _ 1 lAM|| = MABI ) gnn'~naBC =
37" \Il4B]| 3’ V3

o[ABC]

a[ANN'] <IIANII

2
2
||AB||> HANINT _2 v = s

2 3
o[ANN'] = ga[ABC]}

Solution to Problem 22.

lOD|| = a, |0All = b ;

o[ACM'M] = o[MM'N'N] = 6[NN'BA] = 2 6[ABCD] ;
oloDC] ||OD||*> a - o[oDC] a? o[oDC]
= = — = —t
o[0AB] _|[OAI2 b _ o[0AB]—o[0DC] b2 —a? _ o[ABCD]
2
a

= M

b2_a2

AODC~AOAB =
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ponc~nomm = 210PCL _ (10DIN' | olobd) e
aloMM'] — \||loM]|| o[OMM'] — o[ODC] ~ ||OM||?
aloDC] a? agloDC] a?
~ SlbcMm] oMl —a2 1 “fomir-a @
? @ 3olaBcD] a
AONN'~AODC — aloDC] _JloD||  a? - a[IDC] _a?
g[DNN’] ~ |lON]| ~ [ION|| " 6[ONN'] = a[0DC] ~ ||ON||?
a[oDC] a? a[oDC] a?
(3)

— = — =
o[DCNN'] ~ ||ON||? — a? ION]|? — a?

%J[ABCD]

We divide (1) by (3):

2 ONII? — a2 a? + 2b?
2 loMif-a _, 3||ON||?> — 3a* = 2b* - 2a* = ||ON||* = ——.
3 b2 — 42 3

Solution to Problem 23.

3r2V2
I0All = 7 - IDE|l = 27; Opexagon = —5— (1)

DEFO a square inscribed in the circle with radius R =

=1, =RV2=|DE|=PV2=2r=R=rV2
lOM|| =R =1V2

V3
loM|| - |ON||sin120 T™V2:'17V2-5> 1243
_ 2 _
2 B 2 )
r2\/§_3r2\/§
2 2

o[OMN] =

o[MNP] = 36[OMN] = 3 )

From (1) and (2) = o[MNP] = Ohexagon-
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Solution to Problem 24.

D

4B = [|BC]| - |BA|
We construct the squares BCED on the hypotenuse and ABFG on the leg.

We draw AA’ L BC.

o[ABFG] = ||AB||?

o[A'BDH] = ||BD|| - |IBA'|| = IBCI| - IBA"|| ...

Solution to Problem 25.

0(s,) = o[ABC] — 30[sect. ADH]

2 2
o[ABC] = : f = (2a1 V3 =a?V3
2

o[sect. ADH] = 7m(57—1)

m(DH) = 125 m(DH) = 0600 = 2

25




Florentin Smarandache

o(s,) = o[sect. AEG] — o[sect. ABC] — o[sect. ECF] — o[sect. GBF]

(Ba)? =« 2 n 9a? wa® ma?

= —60—a*V3—-—-—-120=— - —a*V3————
2180 a*V3-—155 2 37 ¢ 3 3
3ma 2ma

=——-———d\3 @

From (1) and (2)

= 0(s1) +a(sy) = 3 - — = =

Solution to Problem 26.
B
'.
NZAN

IAD|1? = 1§ —f
o[L(0,1)] = nr?
o[L(0,1y)] = nr¥
olannulus] = nrf —nrf = n(@r? —r?) (1)
o[disk diameter||AB||] = n||AD||?> = n(+} — %) (2)

From (1) and (2) = o[annulus] = o[disk diameter].

Solution to Problem 27.
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a[CcDD'C’

g[CDD'C'] = 04eg[CDBD'C'] — 044 [DBD']

We denote m(AC) = m(BD) = a = m(CD) = % —2a
r2
Osect. = 0} (a —sina)
r? r?
o[CDBD'C'] = > [ — 2a — sin(r — 2a)] = iy [T — 2a — sin(r — 2a)]
r2
0y = 0} (2a — sin 2a)

r? r?
o[CDD'C'] = o[CDBD'C'] — ¢[DBD'] = 5 (r — 2a —sin2a) = 5 (2a — sin2a)
2 r2
= 7(71— 2a —sin2a — 2a + sin 2a) = 7(n—4a)
[CDEF] o[cDD'C'] 12 (- 4a) r? m ) ) o
= == — = —|— —
o 5 7 (n—4a >3~ 2a
r2 . r’m
ofsect. COD] = —m(CD) = — (E —2a) (2)

From (1) and (2) = o[CDEF] = o[sect.COD].

lo.FIl = lOEI

bc
o[square] = ||DE||? = ||0A]||?> = > = V[ABC]

Solution to Problem 28.

o[A0B] = = -

r24/2
olorthogon] = 8- = 24/ 212
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Solution to Problem 29.

o[ABC]| = d[AMB] + o¢[AMC] + 6[MBC(C]
= ah, = ad; + ad, + ad;
d, +d, + d3; = h, (a is the side of equilateral triangle)
o3 )
).

=d;+d, +d; = aT‘E (because h, =

Solution to Problem 30.

ABC — given A= a, b, c, h — constant

ah
olABC] =—
o[ABC] = 6[AMB] + a[AMC]
=>ah—cx+by=> + by = b=>c +b =l=kx+ly=1
2 2 T T T == T Y T xTy=S

c b
wherek—ﬁandl—a.

Solution to Problem 31.
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AA"IINN'" | DD’

We draw A4’ L BC;NN' 1L BC;DD' 1 BC = } = MN'median line in

IAN]| = |IND|
the trapezoid AA'D'D = [[NN'| = L4122 opepy = 1IN
A H i j ] o i
f ! ! 4| . T
~ oBaM) + olh DG = IEC! ( A4 + Jmmf) LIBCLINN e

o[BCN]=c[PMQN] + o|BPM] + a[MQC] -
e{BCN|+ a{MDC] = oc[BAP] - o[ BPM] + a[MQC) + o[CDQ}

= o[PMQN] = ¢[BPA] + o[CDQ].

Solution to Problem 32.

First, we construct a quadrilateral with the same area as the given pentagon. We
draw through C a parallel to BD and extend |AB| until it intersects the parallel at M.

o[ABCDE] = o[ABDE] + ¢[BCD],

o[BCD] = o[BDM] (have the vertices on a parallel at the base).

Therefore, c[ABCDE] = oc[AMDE].

Then, we consider a triangle with the same area as the quadrilateral AMDE.
We draw a parallel to AD, N is an element of the intersection with the same
parallel.

o[AMDE] = o[ADE] + ¢[ADE] = o[ADE] + 6[ADN] = o[EDN].

29
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Solution to Problem 33.

IAE] = lIEC]]

|EF||BD = o[BDF] = o[BDE]
o[ABFD] = ¢[ABED] (1)
o[ADE] = o[DEC] equal bases and the same height;
o[ADE] = o[DEC]
o[ABED] = 6¢[BEDC] (2)
o[DEF] = o[BEF] the same base and the vertices on parallel lines at the base;

o|DCF} 4 ¢|DEC) +o|ECF|+ o[ DEF] £ 0| DEC]+o|ECF|+o|BEF) = «|BEDC) {3}

(1),(2),(3) = ¢[ABFD] = o[ DCF|
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Solution to Problem 34.

ODCF = ACBE = CFD=CEB

— . = m(CFN)+ m{ECB) = 90° =
m(CEB) + m{ECB) = %°

= m{CNF) =% = CELDF

| =]
CR=ER |CN] =|MB]
m(MBE) = m(NCF) } = ADCF = ABME = .
— INF| = |ME|
m{NEB) +m(CFN)
D {5 '
i F
! I
#
Pay o
&
[+ ) F
.-""Il"l:'il
# 1
.l"" 1
. |
A E B

It is proved in the same way that:

|CN| = |NB| = |4Q| = |DP!
|NF| = [ME| = [NQ|=|PE} | =
|CE| = |NB| = |AG| = |DF|

= [PN| = |[NM| = QM| = |PQ]

= MNPQ rhombus with right angle= MNPQ is a square.

\DG| = |FB| \GI| = |IF]
DIiG=FIB } = ADGI = ADFI = |GC| = |CF| = AGIC = AFIC =
GDI = FBI HC| = |IC| com.

= GCl=FCI= I £|AC)

It is proved in the same way that all the peaks of the octagon are elements of the

axis of symmetry of the square, thus the octagon is regular.

l . 1 1 1 \-"E
==, i L= —, |l e — _———
ICF) = 5, IRF| = 4. [CRI = /3 + 3¢

4
G WA 111 1 4 1
INFil+ —= - === INFl = s — = ——
WWH- =g 3 g7 iNl=5 = 2,/3
T
I=EC!l=v4—+l=%
, W . ) 1
||BM:.-1’;-=1 = [BM] = —=
ot
=S L L 512
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Consider the square separately.

P i T h

B |

el

2 =95t
::=J'q_.-"§
i
A4+ T =
V5
24VE)= = =iz — L
Vo Vv5(2+ /2)
1
--I:r[!;!!m!'."u’.f"]_-3
2
s,;‘? | |
. i . 1
S=o|QMNF] - 48 === = - -
| v’-] o 5 T5(6+4v2) 5 53423
Sl 3+2¢2-1 1 1+v2) 2 (14v2(3-2vT) 2
3 3+2v2 5 3422 5 3-8 =(3-2v2+3v2—4) =

2
= =2 — 1.
E{Vr J

Solution to Problem 35.

g/

A B

lloM]|| = |[INM]| = ||NB]|
IDC||?=> AMOC = ANBA = ||MC|| = ||AN]||

It is proved in the same way that ADAM = ABCN = ||[MC|| = ||NC]|.
Thus ANCM is a parallelogram.
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o[40B) = OAI- 108 sne

HOAY - |ODY sin(x — a)
2

F[ABCD! = [|0A| - |OBsina+ [OA] - |OD] sie a = |OAf - sinaf |OA| + 0D} =

alAOD] =

= ||0A]l - | DB} - sine

' wr - . . DE| . s[ABCD AMOCNT
T ANCM| = ||0A]] - |MN}lsinea = ||04]] - ysma = [—3-— J = %‘tm =3

Solution to Problem 36.

To determine the angle a:
. EMY 4= | M F

SR ME YT T PM
sina | EM| . .

- = = —
ond  |MF| k= sing = ksinja —a) =

=% gina = k506008 o + K oos @ sin o
We write

Py 1 —
i=ig%=.‘- ll.—=k5]‘.l1n.- 1-¢ 2 -mn:bhiu:lsa--kﬂ{l-—i'msa}-i—

I e TE

kcosa — 1 = /{k—1)* + 2k(1 — cos a)

ksing =0 = §; 3 = —

kcosa

thus we have established the positions of the lines of the locus.

I iME]
a[ABH}:%&_
WO Dl - I MEF
IT{CDM]=L2"HF|!
r \ r Mo jlju'E.il |CE|‘|
FlABM| = g ! _-s‘l_,—'lBi.l,:n_rE — 1CDI- [MF! | _
(4BM) = o{CDM] = |ABI|- |ME|| = [CDI| [MF] = {20 = 1

constant for 4, B, C,D — fixed points.

We must find the geometrical locus of points M such that the ratio of the

distances from this point to two concurrent lines to be constant.
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IMEL — k. Let M' be another point with the same property, namely IMET)
IMFI| [|MrFr|
MELAR
= ME || M'E' —
M'E'LAB = EMF = M F
IME]  [IM'EY = &MEF ~ AMEF
MFLCD IMEL _IME] B
= MF | M'F |MF]  JIMF
M'F'LCD

= FEM = F'E'M" = PEF = PE'E"

_ IPE] _ [EF]
WPE B F A
|EF| _ HEMY
\EF B
|FE| _ [EM]
= WPEl  E'M| } = APEM ~ APE'M' = EPM = E'PM'
PEM = PEM"

P,M,M' collinear = the locus is a line that passes through P.

When the points are in <CPB we obtain one more line that passes through P.
Thus the locus is formed by two concurrent lines through P, from which we

eliminate point P, because the distances from P to both lines are 0 and their ratio is

indefinite.

Vice versa, if points N and N’ are on the same line passing through P, the ratio

of their distances to lines AB and CD is constant.

| IEMI _ [[PM]
ME || M'E' = APME ~ APM' kil N | Ll _
| ME = = B T Eary | e ey
H ¥ ] ) " l'F"Hl 1PM - ”F’H’Fl - [HF R i
MF | M'F' = APMF ~ APM'F = A NEMT LM
| [Far] 1P

|EM| _ [E°M")

T My T FPM

Solution to Problem 37.
We show in the same way as in the previous problem that:

MBI IMEN kK
[|[MF|| IMF|| + |IME|| 1-k 1+k’

and the locus of the points which are located at a constant distance from a given

line is a parallel to the respective line, located between the two parallels.

If ||AB|| > ||CD|| = d(MAE) < d(MCD).
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Then, if
ME ME k ME k kd
— =k = = =>—=—=>ME:—,
MF MF —-ME 1-—k d 1-k 1-k

thus we obtain one more parallel to AB.

Solution to Problem 38.

Solution no. 1

We suppose that ABCD is not a parallelogram. Let {I} = AB n CD. We build E €

(IA such that IE = AB and F € (IC such that IF = CD. If M a point that verifies
o[ABM] + o[CDM] = 1 (1), then, because a[ABM] = ¢[MIE] and a[CDM] = o[MIF], it

results that o[MIE] + o[MIF] = k (2).

We obtain that o[MEIF] = k.
On the other hand, the points E, F are fixed, therefore ¢[IEF] = k' = const. That

is, co[MEF] = k — k' = const.
20k _ const., which shows that M

Because EF = const,, we have d(M,EF) = o
belongs to a line that is parallel to EF, taken at the distance @ .

Therefore, the locus points are those on the line parallel to EF, located inside the

quadrilateral ABCD. They belong to the segment [E'F'] in Fig. 1.

Reciprocally, if M € [E'F'], then 6[MAB] + ¢[MCD] = o[MIE] + o[MIF] =
o[MEIF] = o[IEF] + o[MEP] = k' + T20K)
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In conclusion, the locus of points M inside the quadrilateral ABCD which occurs

for relation (1) where k is a positive constant smaller than S = ¢[ABCD] is a line

segment.

If ABCD is a trapeze having AB and CD as bases, then we reconstruct the

reasoning as AD N BC = {I} and ¢[MAD] + ¢[MBC] = s — k = const.

If ABCD is a parallelogram, one shows without difficulty that the locus is a

segment parallel to AB.

Solution no. 2 (lon Patrascu)

We prove that the locus of points M which verify the relationship ¢[MAB] +

a[MCD] = k (1) from inside the convex quadrilateral ABCD of area s (k c s) is a line

segment.

Let's suppose that AB N CD = {I}, see Fig. 2. There is a point P of the locus which
belongs to the line CD. Therefore, we have (P; AB) = % . Also, there is the point

Q € AB such that d(Q;CD) = i—z

Now, we prove that the points from inside the quadrilateral ABCD that are on

the segment [PQ] belong to the locus.

P, T

Let M € int[ABCD] n [PQ]. We denote M, and M, the projections of M on AB and
CD respectively. Also, let P; be the projection of P on AB and Q; the projection of

Q on CD. The triangles PQQ, and PMM, are alike, which means that

MM, MP

e g ¥
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and the triangles MM;Q and PP, Q are alike, which means that

MM,

_ M
P, Pg

By adding member by member the relations (2) and (3), we obtain

MM, MM, _MP+MQ

=1 (4).
Q@1 PP PQ ®

Substituting in (4), QQ, = % and P, = % , we get AB-MM,; + CD - MM, = 2k, that
is o[MAB] + o[MCD] = k.

We prove now by reductio ad absurdum that there is no point inside the
quadrilateral ABCD that is not situated on the segment [PQ], built as shown, to
verify the relation (1).

Let a point M’ inside the quadrilateral ABCD that verifies the relation (1), M’ ¢
[PQ]. We build M'T n AB, M'U || CD, where T and U are situated on [PQ], see Fig. 3.

We denote Mj, T;, U, the projections of M;,T,U on AB and M;,T,, U, the

projections of the same points on CD.

We have the relations:
M'M}-AB + M'M} - CD = 2k (5),
TT,-AB +TT,-CD = 2k (6).
Because M'M; = TT; and M'M; = UU,, substituting in (5), we get:
TT,-AB + UU, - CD = 2k (7).

From (6) and (7), we get that TT, = UU,, which drives us to PQ |l CD, false!
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Problems in Geometry and Trigonometry

39. Find the locus of the points such that the sum of the distances to two

concurrent lines to be constant and equal to L.

Solution to Problem 39

40. Show that in any triangle ABC we have:
a. bcosC+ccosB=a;b.bcosB+ccosC=acos(B-2C).

Solution to Problem 40

41. Show that among the angles of the triangle ABC we have:

b%-a?
a. bcosC —ccosB = - ;

b. 2(bc cosA + ac cosB + ab cosC = a? + b% + ¢2.

Solution to Problem 41

42. Using the law of cosines prove that 4m§ = 2(b? + c?) — a? where m, is the

length of the median corresponding to the side of a length.

Solution to Problem 42

43. Show that the triangle ABC where aTJ’C = cotg is right-angled.

Solution to Problem 43

44. Show that, if in the triangle ABC we have cot4 + cotB = 2 cotC = a? +
b? = 2¢2.

Solution to Problem 44

45. Determine the unknown elements of the triangle ABC, given:
a. A B and p;
b. a+b=m,A and B;
c. a,A;b—c=a.

Solution to Problem 45
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46. Show that in any triangle ABC we have tanA%Btang = % (tangents

theorem).

Solution to Problem 46

47. In triangle ABC it is given A = 60° and gz 2 ++/3. Find tanBZ;C and angles
B and C.

Solution to Problem 47

48. In a convex quadrilateral ABCD, there are given ||AD|| = 7(¥6 —V2),|ICD]|| =
13,||BC|| = 15,C = arccos%, and D = % + arccos% . The other angles of the

quadrilateral and ||AB]|| are required.

Solution to Problem 48

49. Find the area of AABC when:
a. a=17,B = arcsin E,C = arcsin E;
25 13
b. b=2,4¢€135°C € 30°
cC. a=7,b=5,c=6;
d. A€18°b=4,c=6.

Solution to Problem 49

50. How many distinct triangles from the point of view of symmetry are there

such that a = 15,c = 13,s = 247

Solution to Problem 50

51. Find the area of AABC if a =6, A € 60°, b+ ¢ = 3 + V3.

Solution to Problem 51

52. Find the area of the quadrilateral from problem 48.

Solution to Problem 52
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53. If S, is the area of the regular polygon with n sides, find:

S3,54,S6,Ss,S12, S20 in relation to R, the radius of the circle inscribed in the

polygon.

Solution to Problem 53

54. Find the area of the regular polygon ABCD ...M inscribed in the circle with

1 1 1
laBll  llacll ~ llapll -

radius R, knowing that:

Solution to Problem 54

55. Prove that in any triangle ABC we have:

a. r= (p—a)tang;

A
b. §= (p—a)tan;;
A B c
C. p=4Rcos—-cos=cos—;
2 2 2
A B c
d. p—a=4RcosEcosEcosE;

e. m2 =R?*(sin? A+ 4cosAsinBsinC;

hqe = 2RsinBsinC.

—

Solution to Problem 55

56. If I is the center of the circle inscribed in triangle ABC show that ||AI|| =
4RsinZsin .
2 2

Solution to Problem 56

57. Prove the law of sine using the analytic method.

Solution to Problem 57

58. Using the law of sine, show that in a triangle the larger side lies opposite

to the larger angle.

Solution to Problem 58

59. Show that in any triangle ABC we have:
acosC —bcosB

) + C=0,a #b;
a acosB —bcosA cos @
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sin(A—B)sinC  a®—b?
"1+ cos(A—B)cosC a?+ b2’

+ B+ A+BB =2 5
c.(a c)cos4 a cos( 4)— €C0S - COS .

Solution to Problem 59

60. In a triangle ABC, A € 45°,||AB|| = q, ||AC|| = ?a. Show that tan B = 2.

Solution to Problem 60

61. Let A',B’,C’ be tangent points of the circle inscribed in a triangle ABC with
its sides. Show that ZA2¢1_ =
o[ABC] 2R

Solution to Problem 61

. . . A a
62. Show that in any triangle ABC sin < o=

Solution to Problem 62

63. Solve the triangle ABC, knowing its elements A, B and area S.

Solution to Problem 63

64. Solve the triangle ABC, knowing a = 13, arc cosg, and the corresponding

median for side a,m, = %\/15\/§ .

Solution to Problem 64

65. Find the angles of the triangle ABC, knowing that B — C = 2?” and R = 8r,
where R and r are the radii of the circles circumscribed and inscribed in the

triangle.

Solution to Problem 65
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 Solutions

Solution to Problem 39.

Let d, and d, be the two concurrent lines. We draw 2 parallel lines to d, located
on its both sides at distance L. These intersect on d, at D and B, which will be
points of the locus to be found, because the sum of the distances d(B,d;) +

d(B,d;) = L + 0 verifies the condition from the statement.

We draw two parallel lines with d, located at distance [ from it, which cut d; in A

and C, which are as well points of the locus to be found. The equidistant parallel
|DO| = |0B]|

lines determine on d, congruent segments = 140| = |oC|'

in the same way ABCD
is a parallelogram.

IcC’ll = d(C, dy)

ABOC, '~
IBB'|| = d(B,d;)

} = licern =)

= ABOC is isosceles.

= ||0C|| = ||OB|| = ABCD is a rectangle. Any point M we take on the sides of this
rectangle, we have ||Ry,d4|| + ||M, d;|| = [, using the propriety according to which
the sum of the distances from a point on the base of an isosceles triangle at the
sides is constant and equal to the height that starts from one vertex of the base,

namely [. Thus the desired locus is rectangle ABCD.

Solution to Problem 40.
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BD
AABC : cos B= ”TH = ! BD|f = ccos B

£4DC : cosC= 250 Do) — beos
a=||BD|| +|DC|| = ccos B+ beosC

f b c {E:=msinB
=M =

sinA _ sinB  snC c=msinC

me+cmC=msinBc¢sB+mainCm&C=r—;-[?sinBcosB+EsinCmsC}=

- %{sin?ﬂ +5in2C) = % -2sin(B + C)cos(B — C) _—ﬂhiﬁn;w ~ A)cos(B - C) =

= acos(B - C).

Solution to Problem 41.

at+ B -2 at + B -2
aloos = —————gicos B = —— .~
) %b Sac
bmc_cmﬂza_a2+62—c’_cra‘+c2—b’=d“+b’—c’-a’—c"+£ﬂ_
2ab 2ac 2a -
_ W -2 B -
- 2a - a
2
b) 2bccos A + 2accos B + 2abcos :25‘:!:12__“:+
2be
a4 -p g+ - :
+2ac——— + 2ab TMB =+l - +d+ - +al 4 =al s by P
Solution to Problem 42.
2 _ 2,9 ,a )
mg =c®+ 22CCOSB,
a? + c? — b?
4m2 = 4c? + a® — 4accos B = 4c? + a? — dac——— = 4c? + a® — 2a — 2¢? + 2b?

2ac
=2c¢?+2b% —a? = 2(b* + c?) — a?.
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Solution to Problem 43.

Using the sine theorem, a = msin A.

a b o«
sinA sinB sinC

=m=b=msnB

c=msin

94 A+C A—-C
a+c¢ msinA+msinC _ sinA+sinC st 9 cos 5 B
b msin B zin B EﬁnE:mE
2 2
T B A=C B A=-C A—-0C
sm(i—hg}cosT GOGEWE—-—--— w08 —5—
smEcosE B sinEms— B gin —
2 73 2, 2 2 | o ATC s B
cos 2 2 2
Ctg—:
smE
LA-C_B
2 2
A—C B A=B+C 24=180° A =090°
T=—E=>A—B=CorA—C=B= or = or = or
A+B=C 2C=180° ¢ =90°

Solution to Problem 44.

_ s A cosB cos ('
cigA+ g B=2cgC=> 7+ o5 =205
bW+ —a?
s d= g
al 4 =B
B —_—
cos o
a’+ ¥ -
(= ——
cos 5%
T b e

sinA  smB  sinC
By substitution:
2 =2+ - F) =22 =a’ + I

- ﬂ . b +* )
=m=sinA=—sinB=—sin( =
m m

[

g

T
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Solution to Problem 45.

a. Using the law of sine,

a b _ e ath+e _
5 sind  sinB  sinC  sinAd+sinB Lsind
_ p
" sinAd+sin B4 sin
2psin A B 2psin B o 2psinC

o= — T : b= " < = — - .
sin.A + sin B + sin € amfi-i-ﬁmﬂ-!-amﬂ'ﬂ sin A +sin B4 sinl
i C=7—(A+ H

b.
o b a4 b _ M _ msinAd
“snA  snB snA+snB snA+snB  smArsnB
b = msin B
- sind +sin B
asinl’  asn(d4 4+ B) a &
L= === = - ar — = —
sim A sin A sinAd  =m
C.
a b e & e @ b-e d a
“and  sinB  snC'sinB  sul -EEILH—aEnﬂ' T sinB—sinT 515'!".‘_-"1::’
:c-sinﬁ—ain{,‘=dsmd=;,
. B0 B+ dsinA
=% Fain o8 =
2 2 a
H+C=r—A=B;C=%w§=mB;C_sing
Therefore,
5 4 - A d;ﬁ A - A
1T giN — = = = = =
7 =3 s:nza:rsz—asm 5 —cos

asinB

We solve the system, and find B and C. Then we find b = o and c=b—d.

Solution to Problem 46.

a b c a=msind .
- = — = — =m . 1
sinA sinB  sinC b =msinB

. A—B A+ B . C
a—b msinA—msinB sind—sinB 2sin 7 C0S— . A — BSinx
= - . = . . = p— =an
a+b msinA+msinB sinA+sinB ZSinA;BcosAzB 2 cos%
A—-B Cc
= tan tanE.
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Solution to Problem 47.

Using tangents’ theorem,

b+e '8 2 tgi
; A o A V3 1
Aéﬁﬂ'#m(g)—gﬂ #tg"—?—ﬁ
b_2+v3 _b-ec_2+v3i-1_1+V3
e 1 bte 2+vV3+1  3+3
B=C 1++/3 1 B-C B—(=090°
= fe =1 — 45°
2 34v3 L #F( 2 ) 52}{B+C"—_12D"
V3

2B =210° = p(B) = 105° = pu(C) = 120° — 105° = 15°

So
(€)= g uB ==
HEI= 1 = 0y
Solution to Problem 48.
A
iIBBI|‘=13’—15‘—2-13-15m0=133+15=-2-13.15§=
rl 2 311 2 2
=13% 4 15 =2:13:15. — =137 4+ 15" ~ 18- 11 = 19 =
= ||BD| = 14
In ABDC we have
14 15 . e 16-sind
m—c—-m;nnﬂ.ﬁ'(ﬂ:
Z33)(65 + 1 T s
W= I_E:.'{fﬁﬁ 33)(65 + 33) _ fr_ s
65 637 V65 "6

56
= 15'65_15-5ﬂﬂ3-5-L4--1_E
14 14-65  14-5.13 13

144 169 — 144 5

m?ﬁﬂﬂ':-"/ ~ T8 = T R
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sin BDC = arceos -i

13
e ™ 5 i o0ow
sin ADER = E—-—azccmﬁ—a.rccosﬁ= 3
In AADB,
V2
2
+196 — 93(+/2 — 2) = 98(4 — /12) — 98(\/ 12— 2) + 196 = 98(4 — T2 — T2+ 2) + 196 =

= |AB* = 49(v6 — V2P +14* — 214 - T(vE — V) TS = 49(6 + 2 — 2T+

= 196(3 — +/12) 4+ 196 = 196(4 — 2v/3) = 196{+/3 — 1%,

[ AB]| = 14(v/3 - 1)

In AADB we apply sine’s theorem:

IADY _ 1AB] | TvB-v2) _ 14(v3-1) _28(vB-1)
sin ABD  sin} sin ABD v2 o V2
2
. _NW1-2) W3- 1 = ®
sic ABD = B - BB 2 = u(ABD) = g
] * I2x=2x-3r T
”EA}=A_E_I=T=E
(DY = 2 imr = mmﬁ 33 l4x [ + 33}
=Ll = e = - — - _— I ——— = | ARCCOE — COOE ===
T 12 13 B3 1z o eyg TR R
o a
5# 12
= — BT = ——
o= 1s 13
cuﬂﬁ=§-‘hsinﬂ:§
. . 5 33 1256 07 3.13 3
4 1T = — L e — ——J— = B e —
cosla + 5} =csacos§ —simesinf = o e - e T TG 3 3.5 5
a-~,.1_w-an:ma§
B
B T
)= -7 - = A= = 5
F(D: 5 T+a.r:.cm5 12+a.rcc,us3-; E+um3a

Or we find u(DBC) and we add it to % .

Solution to Problem 49.

. 24 . 24 7
a) B:a.rcsmgé-smB_%:}cmB_E

12 12 &
C =aresin — =Fs5sinC=—-=cosC ==

13 13 13
sinA:slnI':r—{B+C]]=sin{B+C}=siansC’+sinCwsB=%-;—3+%—g5-—=
120484 204
o325, 325

47




Florentin Smarandache

2412 -

a*sin BsinC 29 5r3
§="%dna = 5. _ﬁ?‘?
325

by b=2A€135°,C €30° = B e 15
V2
2

sind =sin45 =

sin(C =

. 17 30° _ EaL rz 1 2+1 21
S =sm T = =3\ 2~ \{

() -4

b | -t

2l 2 V2] T 2

vz 1
#&Qsin_dsinﬂud’?'ﬁ _ \/f __\/E{:\fﬁ—i—lj
= 2snB _z\/?_; 1 V3- 2

dAci8,b=4c=6

H(A}=%U

24 = 36°,34 € 54°

sine = cos(90° — a)

sin 30° = cos 54° = sin24 = cos 34 = 2sin Acos A = cos(dcos* A —3) =

= 4sin A +2sinA—1=10

-2+ V20 2325 -1+5
8 - 3 - 4

sin A =

. —1+/5
sind = "

, because m(4) < 180° and sin4 > 0.

Solution to Problem 50.

48




255 Compiled and Solved Problems in Geometry and Trigonometry

acsinE 48 16
=24 = sin B = B 6
Be J 16 _ (ﬁ&—lﬁ){ﬁs—lﬁ]
o8 657
INCE m_:r___g
“ ¥ 65 65 65
7-9 2, qe2
¥=13+15"-2-13-15- T =13% + 157 — 376 = 304 — 378 = 16,
b=4
2 7-9 N
9-13‘+15 +2-13-15. = -394+3?5—?;2 4193

b=

[EN]

193. -

Solution to Problem 51.
1
¢“=b3+c’—2bcme.4:~ﬁ=61+cz—%:§
= 2 _ 9be — be = (b+ c)* — 3be
6=(b+c) —2bc—be=(b+c) = (3+V3) -
b+ec=3++3
9463 +3—3be=6=2(1++3)=
b+c=3++3
be=2+2v3
_ 3+43+ 3-1) —
3+v’§:|:2«.,,"4 2v3 _ 2\#'( =3'+v“§:l:2{v’3 D
1 =143
=

1‘922

}==-zz-sx-rp:n-;:»f—{3+ﬁ}z+2+w’§=u:-

= r]rz =

b=1+V3sic=2saub=2gic=1++3
2p=v6+1+vV3+2=3+V3+2=34+V3+v6=p=
S = \/p(p—a)(p = B)(p—c)-

3+vV3I+vE
2
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Solution to Problem 52.

D 13 C
|AD}| = 7(+/6 — V2)
ICD|| =13, IBC| =15
At problem 9 we've found that
IBD|| = 14, [|AB| = 14(v3 — 1)
With Heron's formula, we find the area of each triangle and we add them up.

o{ABC D] = ¢c|{ABD) + s[BDC]

Solution to Problem 53.

The formula for the area of a regular polygon:

Sﬂ:.ﬂstanz—ﬂ
2 n
; 2
n_a:-ssz-az 2;’ 3~’fﬁ

n_4—>-54-—R251n-E-—233

= r]
ﬂ=ﬁ=§'5ﬂ.=g Sin%:sfﬂ

&
n=8=#53=§ 1iu-——--2\'r.ﬁ.ﬂ

'."1212!?-3]2:— “R:Slﬂ_'—aﬂﬂ

n_zu:-Sgt}_—R’ mﬁ-mff?'f =§{ﬁ—1)&“
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Solution to Problem 54.

m(AB) = 2d = m{AOB) = 24

In ABOM:

. iBM|| |BM| = Rsine

= = = 1
"PCTBOI T yAB) = 2Rsina @)
In ANOC:
U

sin 2a = H = INC|| = Rsin2a = ||AC|| = 2Ra (2)
In APOD:

. _ 1bPj o

ginda = 10D = [|DP|| = Rsin3a
§ADj| = 2Rsin3c . (3)

Substituting (1), (2), (3) in the given relation:

1 1 1 1 1 i
2Rsina  2Rsin2a 2Rsinda  sine  sinZa  sinda

1 1 1 1  sinda—sina  2sina-cosa

sin2a  sma  sioda = sin2a  sina-sin3a  sine-sin3e = 2sin 20 cos 2 =
7
=sin3a==-sin4a=sin3ai-sin4a—5iﬂ3a=ﬂ=}isin—‘;t;ﬂs-:g:ﬂ'@sing:
or
m?a _
5 =
sm%#;—!"ﬂ
which is impossible.
T T «m T - 2%
m?_l};\-?_.-z-aa-?am{AE}-?
_ m(complete circle) 2w 7
T om@) @ "
Thus the polygon has 7 sides.
7 L 2
S = ER:SIH—?“
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Solution to Problem 55.

A_ [o-0G-q 5_fmp—aJ#tg_1w—b}@—c>'

a)sing = be ) be

A | (p—b){p—e) (p—a)?(p—b)(p—c}
(P—ﬂJtEE—EP—ﬂ-]\l Py .\l oo —a) =

_ Jplp—a)p—bilp—c) 9 __
e

(.

5 A . A
b};—[ﬂ-ﬂ]tggffg—m?—ﬂ]isz

plp—a) B _ J'P{P"bjm-*=v"’{”“° R="% g
s

| O

A_ !— B
d"“?“‘, be 25V o ab IS

A B _C_abc Jﬁ{p—a}(p— B)(p—c) _ abe VPOp —alp - B)p - <)

4R cos 5 cos - cos 5 JETE s abe
pS -
E—P
A B C _ak [plp-aP(p—b)ip—c) abc p—a
d}-‘:RcmEoosEcmé—- 5 h beacah =g abe
S=p—a
, a b
sznd—ﬁ sin B = — 3B sinC = R
-
cmﬂ=%
2 b?+cz—a b e
= - . “= a — i — —
R*(sin® A + 4 cos Asin Bsin C) R;(*IR'J 2be ‘3R ER)
B -t S Lt ) e
= Iz = 3 T
ah 25 abe b c
5= z = = = oem—m T = —
[)S§=—F=h=— R= 15, gz =sinB, o= =sinC
b ¢ be  be  2beS 2§
] - ———— = —— — ———— o -‘_'—'Fc.
?Rsin BsinC =2K- 5E 3R 2R g.f_bc.. ahe a *

Solution to Problem 56.

abe

_
5
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We apply the law of sine in AABI:

PADY BT _ |IABY
B B - A sinBIA
f=H1] 3— I1m E

— A+ A . c P

= 2 — - Ed o — o 2 - — — —

m{BIA) = 180 5 180° — 90° + 5 = 90° + 3

R I . - [
sin BTA = sin(90° + 5) = sin{180° — 90° — o) = sin(90° - 2} = cos 5

The law of sine applied in AABC:

HARI . ¢ € B
s‘:ffl =2R = {|AB|=2Hsin O =4Hsin 3 S8 5 sin o
C
% = 4R sin —EB- sin 3
Tk 2
Solution to Problem 57.
A
. l s
C’ Al0.0) D B(c.0)

In AACC": sin(180° — A) = @ = ||CC’|| = bsinA; cos(180° — A) = b cos A.

So the coordinates of C are (—bcosA,bsinA).
The center of the inscribed circle is at the intersection of the perpendicular lines

drawn through the midpoints of sides AB and AC.

-ngc;.:—-a-tg—"‘: ctg A
E(O - E;cos.{ 0 -i-ﬁ;lnfi] _ E(-ba:ﬁ, bsi;lﬁl)
The equation of the line EO:
g —to = m(—20) >y~ 00 = ctg Az + 24,
i p z
R=loali= \,i (%) * (Esi!; i ;:;) =
et B L beoosAd & cos?A
- VI+I.§iﬂ2A TS A T T SmrA
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I[c’ cos? A 1
=.,.—=]1+ 8+ 2eecos A) =
\ 1 ( Tsinfd) T e At e )

1 F

1 a
= ——{ -i-ﬁz ‘= f =
\/4sin’ft£‘“ Fotdbecos A} =\ g

a @
=tmaA> =5

If we redo the calculus for the same draw, we have the following result:

(bcosA,bsinA).

-
C
|
E/
(8]
! >
A o B
= {gA = !
Mac = 8 :mo‘g_—tg,-i
(OF) :2sinA= —2zcos A+ B
e —ccond+ by |
0(5- QT) s ljoa] = k=
_Jf+b*+c3cosﬂ—25ccoss‘i_
T4 4sin® A -
1 a
= . {2 sin? 2 cos? 2 _ -
Jm( sin® A + <7 cos? A + b* — 2bccos A) TV

using the law of cosine.

Solution to Problem 58.

a b ¢
sinA  sinB sinC

2R.

We suppose that a > b. Let's prove that A > B.

a b a sin A

= = = — :
sinA sinB b sinB =>smA

Shoisq
@ b

sin

™~ >1=A,B,C € (0,m) = sinB > 0= sinA4 > sinB

A-B A+B A+B_1800—C

= sinAd —sinB > 0 = 2sin cos >0=

2 2 2
C

=900 ——.
2
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A ; . -
COS%B = cos (90Clrc - g) = smg > 0, therefore AZ—B >0=A>B;

( n<A—B<n)
2 2 2)

Solution to Problem 59.

a)a =2RsinA,b=2RsinB

2RsinAcos A - 2Rsin Becos B sin Acos A —sin Bcos B
- - +~cosC = cosC +
2Rsin Acos B—2Rsin Becos A
) PR
75024 - 5sin2B 25in(A — B) cos(A + B)
=2 +cosC = —- e
sin(A — B) sin(A - B)

cos(A+ B) 4+ cos C = cos(180° — C) + cosC = —cosC + cosC =0

sin Acos B —sin Bcos A

+cosC =

C o) e

b. We transform the product into a sum:
cos(A— B —C)—cos(A—B+C) .

1
sinfid — B)sinC = 3 —5[—m2A+C05251=

(B+C=180° - A, A+C =180° - B)
a? -5
T iR (1)

1+ch[.4—BjmsC‘=1+m(ﬂ_5+c};m{‘4‘5+c}é

_ 2+ cos(180 — 2B) + cos(24 — 180)
P

(A+B=180°—B, B+(C=180° - A)

« 2—coe28 ~cos24 2—1+2sin®B-14+2sin? 4 2
= 5 = 5 =sin® 4 +sin° B = (fﬁ'} +
r

AN -
“\2R Py 2}
From (1) and (2) =

a® — B
Y =a2—t’:~2
a® + b gt
4K
B 3B
f]{d‘l‘ﬂ)msq+btl§ts(ri+—)=qm£+bcm§+hcm(‘4+%) B

4 4 =CCOST-E-

1
3B
+acos (B-— e ) + boos (.‘1-!—,—3;3)

We consider the last two terms:
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B

cos(B-— ?) + beos (A+ %) = 2Rsin Acos (B - 37) + 2Rsin B cos (A

. 3By . 3B / 3B
in .4+B——-—)+ (A-B+—-) : -ﬁ) in (A
=QRF ( 3 sin P . sin |\A + B N +sin (J-i b+

2 ' 2

ol 3By | . o 3B\ . 3B
-afi(120-2 )i (a-ne 2 .
sin + B 4)-;-31::{A+B+ 4)+sm(A B+ 4)+sm(ﬁl B+—4—-) =
. 3B
=‘ZRM{A+E}MT—E‘Rsin(w-ﬂ'}mﬁ%qriﬁsincmss—g:cms%+.:.:¢33;;B-=
_ (.. B, 3B\ _ B . B B
—c(m4-rcos 4)—2c¢osz+ma334:2ccos-2-cosi
Solution to Problem 60.
We apply the law of cosines in triangle ABC:
. 8 23 V2 8a® 44 Sa?
[BC=a’+ 2o -2 - 2= .g. 22 =g 4 = _ 2% _
1 BCH a+ga a 3 a 3 a’ + 3 3 3
1BCY = 2¥3
3
2 =
1ACY® = [ABIF + BCY — 2| ABJI| BCll cos B = E% —ats 5%— 2. 22
F I 2 2 [
ﬁﬂ_v‘_ﬁ'&?:aui_ﬂi ba* | epot 3 2 1 VB
2 g 9 9 9 247 YER
smB=v]—-costB = vr -—-‘-J—=2%-(5
25 5
th:sinB 2V5 5_ 5
cos B 5 V5

Solution to Problem 61.

ANl = [B]| = [lIC|| = r

IC' 1 AB o '
IA" L BC} = IA'B'C" inscribable quadrilateral

m(A'IC") = 180 — B = sin(A4'IC") = sinB
Similarly, A'IB" = sinC and C'IB’ = sin A.
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risin A

2

) a
o =2R=sinA= 3R

Pl g
o[B'C'] = —513 =

iR

oBC'T =

a

In the same way,

o[A'BI] = ﬁ{a +b+4e)

clABCl=s=rp

oABC] _ratb+c) 1
sIABC] 4R = rp

F

R’

[

Solution to Problem 62.

0<A=><§<§=>sin§>0;

. ,A4 1—cosA

. A |1—cosA S o = 2
Sty = 2 b? + c% — a?
C0SA=———

2bc
b? — a? + c?
LA 1 2he a?—(b—-c)* a? _A< a

= sin® == — = sin—

SN2 2 abc  “4bc "2 2be

Solution to Problem 63.

C=n—(A+B)
g = a?sinBsinC

~  2sina } = We find a.
A, B, C are known
2 = b —p =218 | the same way, we find c.
sina sinb sinA

Solution to Problem 64.

4 f i6 3
A: - el 1 = —— T =
arccm5=>ms_ﬁ1 5:;»5111,4 v‘l 3 =

az+b’+c3—?rb¢mad=:«-159=341—26¢%=>%=841~—169:b

= be = 420
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b2+c2=841}:>{b=21 or{b=20
c=20

bc = 420 c=21
a bsinA
SnA _snB T RP=—

We find B.
C =180° - (A+ B)

3
21 . = L
= 63 63
s N + Rt — il
sin B 13 & = B = arcsin 85

4 . 63 3 63
= * — ( - —) = [’0° — ( mn — i _)
180¥ arccos F + arcsin o 20 arcsin s + arcsin &5

We find the sum.
Or

20 - 12

. .12
smB-—I-ﬁ——ﬁ%E—arcsmﬁ

==

I
C = 180" = a.rt;sin%—!—a.rcsin—g
—5 B
a a
. . 5 12 4 '
sm{c:-q—ﬁ}=sinacos,3+sm_ﬂco@a=?:- +—*—=J6E--'}cr+5=arcsin-i£

513 13 5 65 65

63
= 180° — in—
C R0® — aresin 3

Solution to Problem 65.

r 1
g = —_——=
Sr#R 3
We already know that
" i inBan €
R— Sll’lZSII’IZSII’l2
mE—C‘ mﬂB+C’
L yen 2 2
g—#SInE B =
q__}l 5 Ay 2n ]8&"-—4)_4_1 A( T An
== — | cos — —¢ = = sint — | cos — — sin —
g = “¥ny 6 T 2 g~ M3 3 M9)7
::-1 ESIHA(I 5 A)
= Sz g
B 282 2
A
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1=8t— 162 =162 —8t+1=0=

1
#4—-1"=0=2t=~
4

,A_y{mA_fl 1 V15
MITY TV T T
A A V15 5
smA—?sm-E-cnﬁ-é———‘g——#d—ucsm—é—
E'-i-«tf?=:r—m.‘\t‘.alm—1"';-E
2
H—C'm?
From this system we find B and C.
o 15
23—?— m-—s-—
3“5“ 11.'1.1"::3'::&’"{ig
6 2 8
2r Az 2x 1 ) = 1 . 15
C=B—T—F-T—§Mcsmv'l_a8—ﬁ—2arﬁu; g
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Other Problems in Geometry
and Trigonometry (10" grade)

66. Show that a convex polygon can’'t have more than three acute angles.

Solution to Problem 66

67. Let ABC be a triangle. Find the locus of points M € (ABC), for which
o[ABM] = o[ACM].

Solution to Problem 67

68. A convex quadrilateral ABCD is given. Find the locus of points M €
int. ABCD, for which ¢[MBCD] = a[MBAD].

Solution to Problem 68

69. Determine a line MN, parallel to the bases of a trapezoid ABCD (M €
|AD|, N € |BC|) such that the difference of the areas of [ABNM] and [MNCD]

to be equal to a given number.

Solution to Problem 69

BD CE AF
DB
DC

70. On the sides of AABC we take the points D,E, F such that A==

Find the ratio of the areas of triangles DEF and ABC.

Solution to Problem 70

71. Consider the equilateral triangle ABC and the disk [C (0%)] where 0 is the

orthocenter of the triangle and a = ||AB||. Determine the area [ABC] —

[e(03)}

Solution to Problem 71
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72. Show that in any triangle ABC we have:

b2+c?,
a. 1+ cosAcos(B—-C) = TR
b. (b?+c? =a?)tanA = 4S;

. (A
b+c sm(5+C)_
C. 7 = = '
2ccos; sin(4+B)

d p =r(cot§+cot§+cot€2);
e. coti+cotZ+cots="2,
2 2 2 r

Solution to Problem 72

73. If H is the orthocenter of triangle ABC, show that:
a. ||AH|| = 2R cos 4;
b. allAH|| + b||BH|| + c||CH|| = 4S.

Solution to Problem 73

74. If O is the orthocenter of the circumscribed circle of triangle ABC and I is

the center of the inscribed circle, show that ||0I]|?> = R(R - 27).

Solution to Problem 74

2r

75. Show that in any triangle ABC we have: cos? ? >—.

Solution to Problem 75

76. Find z™ + zin knowing that z + i = 2sina.

Solution to Problem 76

77. Solve the equation: (z+ 1)"— (z—1)" = 0.

Solution to Problem 77

78. Prove that if z < % then [(1+)z3 +iz| <

B w

Solution to Problem 78
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79. One gives the lines d and d'. Show that through each point in the space

passes a perpendicular line to d and d'.

Solution to Problem 79

80. There are given the lines d and d’, which are not in the same plane, and
the points A € d,B € d'. Find the locus of points M for which pryM = A and
prgM = B.

Solution to Problem 80

81. Find the locus of the points inside a trihedral angle abc equally distant

from the edges of a, b, c.

Solution to Problem 81

82. Construct a line which intersects two given lines and which is perpendicular

to another given line.

Solution to Problem 82

83. One gives the points A and B located on the same side of a plane; find in
this plane the point for which the sum of its distances to A and B is

minimal.

Solution to Problem 83

84. Through a line draw a plane onto which the projections of two lines to be

parallel.

Solution to Problem 84

85. Consider a tetrahedron [ABCD] and centroids L, M, N of triangles
BCD,CAD,ABD.

a. Show that (ABC) Il (LMN);

b. Find the ratio olasc] .
o[LMN]

Solution to Problem 85
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86. Consider a cube [ABCDA'B'C'D']. The point A is projected onto A'B,A'C,A'D
respectively in Ay, A,, A;. Show that:
a. A'C 1 (4,A4,A5);
b. AA; L AjA, AAs L AsAy;

c. AA;A,A5 is an inscribable quadrilateral.

Solution to Problem 86

87. Consider the right triangles BAC and ABD (m(FZTC)) = m((4BD) = 90°)
located on perpendicular planes M and N, being midpoints of segments

[AB], [CD]. Show that MN L CD.

Solution to Problem 87

88. Prove that the bisector half-plane of a dihedral angle inside a tetrahedron
divides the opposite edge in proportional segments with the areas of the

adjacent faces.

Solution to Problem 88

89. Let A be a vertex of a regular tetrahedron and P, Q two points on its

surface. Show that m(PAQ) < 60°.

Solution to Problem 89

90. Show that the sum of the measures of the dihedral angles of a tetrahedron

is bigger than 360°.

Solution to Problem 90

91. Consider lines d;, d, contained in a plane a and a line AB which intersects
plane a at point C. A variable line, included in @ and passing through C all
d,, d, respectively at MN. Find the locus of the intersection AM n BN. In

which case is the locus an empty set?

Solution to Problem 91
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92. A plane « intersects sides [AB],[BC],[CD], [DA] of a tetrahedron [ABCD] at
points L, M, N, P. Prove that ||AL|| - ||BM]|| - |ICN|| - ||PD|| = ||BL]| - ||[CM]| -
IDNI| - [[AP]].

Solution to Problem 92

93. From a point A4 located outside a plane a, we draw the perpendicular line
AO, O € a, and we take B,C € a. Let H, H, be the orthocenters of triangles
ABC,0BC; AD and BE heights in triangle ABC; and BE,; height in triangle
OBC. Show that:

a. HH, 1 (ABC);
o[22

AD

DH;

= 1.
H.B

|| BE
EE;

Solution to Problem 93

94. Being given a tetrahedron [ABCD] where AB L €D and AC L BD, show that:
a. llABII? + IcDII? = IBCII> + 11AD1|? = lICAII* + |IBDI|%;
b. The midpoints of the 6 edges are located on a sphere.

Solution to Problem 94

95. It is given a triangular prism [ABCA'B'C’'] which has square lateral faces. Let
M be a mobile point [AB'], N the projection of M onto (BCC") and A" the
midpoint of [B'C"]. Show that A'N and MA" intersect in a point P and find

the locus of P.

Solution to Problem 95

96. We have the tetrahedron [ABCD] and let G be the centroid of triangle
BCD. Show that if M € AG then v[MGBC] = v[MGCD] = v[MGDB].

Solution to Problem 96

97. Consider point M € the interior of a trirectangular tetrahedron with its

vertex in 0. Draw through M a plane which intersects the edges of the
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respective tetrahedron in points 4, B, C so that M is the orthocenter of

AABC.

Solution to Problem 97

98. A pile of sand has as bases two rectangles located in parallel planes and
trapezoid side faces. Find the volume of the pile, knowing the dimensions
a’,b’" of the small base, a,b of the larger base, and h the distance between

the two bases.

Solution to Problem 98

99. A pyramid frustum is given, with its height h and the areas of the bases B

and b. Unite any point ¢ of the larger base with the vertices 4,B,A’,B’ of a

side face. Show that v[0A'B'A] = Y2u[0ABB'].

Solution to Problem 99

100. A triangular prism is circumscribed to a circle of radius R. Find the area

and the volume of the prism.

Solution to Problem 100

101. A right triangle, with its legs b and ¢ and the hypotenuse a, revolves by
turns around the hypotenuse and the two legs, V;,V,,V5; S;,S,, S5 being the
volumes, respectively the lateral areas of the three formed shapes, show

that:

1 1 1.

&y

b 5245 _ 5*Ss
S3 Sy Sy

Solution to Problem 101

102. A factory chimney has the shape of a cone frustum and 10m height, the
bases of the cone frustum have external lengths of 3,14m and 1,57m, and

the wall is 18cm thick. Calculate the volume of the chimney.
Solution to Problem 102
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103. A regular pyramid, with its base a square and the angle from the peak of
a side face of measure « is inscribed in a sphere of radius R. Find:
a. the volume of the inscribed pyramid;
b. the lateral and total area of the pyramid;
c. the value a when the height of the pyramid is equal to the radius of

the sphere.

Solution to Problem 103
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| Solutions

Solution to Problem 66.

Let 44,4, ... A, the vertices of the convex polygon. Let's assume that it has four
acute angles. The vertices of these angles form a convex quadrilateral A;A A, A,,.
Due to the fact that the polygon is convex, the segments |4;Ax|, |AxAm|, |AmAnl,
|A,A;| are inside the initial polygon. We find that the angles of the quadrilateral are

acute, which is absurd, because their sum is 360°.
Another solution. We assume that A;A; A, A, is a convex polygon with all its

angles acute = the sum of the external angles is bigger than 360°, which is absurd

(the sum of the measures of the external angles of a convex polygon is 360°).

Solution to Problem 67.
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Let |AA'| be the median from A and CQ 1L AA’, BP 1L AA'.
ABA'P = CA'Q because:

PBC = BCQ alternate interior
PA'B=CA’Q vertical angles
BA'=A'C
= ||BP|| = ||QC]| and by its construction BP L AA’,CQ L AA’.
The desired locus is median |AA’'|. Indeed, for any M € |AA’| we have ¢[ABM] =
o[ACM], because triangles ABM and ACM have a common side |AM| and its

corresponding height equal ||BP|| = ||QC]|.

Vice-versa. If c[ABM] = a[AC'M], let's prove that M € |AA’|.

Indeed: 6[ABM] o[ACM] = d (B,AM) = d(C,AM), because |AM| is a common
side, d (B,AM) = ||BP|| and d(C,AM) = ||CQ|| and both are perpendicular to AM =
PBQC is a parallelogram, the points P, M, Q are collinear (P, Q the feet of the
perpendicular lines from B and C to AM).

In parallelogram PBQC we have |PQ| and |BC| diagonals = AM passes through
the middle of |BC|, so M € |AA'|, the median from A.

Solution to Problem 68.

Let O be the midpoint of diagonal |AC| = ||A0]| = ||OC]|.

o[A0D] = o[COD] (1)

1ol = llocl|

Because {IlOD'lI common height

o[AOB] = a[COB] ()
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the same reasons; we add up (1) and (2) =

o[ADOB] = o[DCBO] (3),
so 0 is a point of the desired locus.

We construct through O a parallel to BD until it cuts sides |BC|and |DC| at P
respectively Q. The desired locus is |PQ|.

Indeed (V)M € |PQ| we have:
g[MBAD| = ¢[ABD|+ ¢[BDM) = ¢[ABD]+ ¢|BOD] = ¢[ABOD).
a[BDO] = o[BDM] because M and Q belongs to a parallel to BD.
o[BCDM] = o[PQC) + o|PMB] + o[MQD] = o[PQC] + o[PBO) + o[OMB] +
o[MQD] =

g[OMB| = ¢[OM D]
= a[PQC] + o[PBO] + o[OM D] + o([MQD] = 5s|0BCD)

B,D € a parallel to OM.
oc[MBAD] = ¢[ABOD]
So and ¢[BCDM] = ¢[0BCD]} = ¢[MBAD] = o[BCDM].
and from (3)

Vice-versa: If c[MBCD] = o[MBAD)], let's prove that M € parallel line through 0 to

BD. Indeed:
o[BCDM] = o[MBAD] _ _
and because d[BCDM] + oc[MBAD] = ¢[ABCD] } = olMBCD] = o[MBAD] =
So, from (1) and (2) = o[MBAD] = 6[ABOD] = o[ABD] + o[BDO] = [ABD] +

o[ABCD] 2)

d[BDM] = o[BDM] = M and O are on a parallel to BD.

Solution to Problem 69.

We write ||EA|| = aand ||ED|| = b, ||EM|| = x.

o EMN] _+* N IMNCD] 22— # 2
o[EDC] ¥ e[EDC] T B 2)
olEAB]  o* - [ABCD] o -P 3
s[EDC] ¥ ~ olEDC] B (3)
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We subtract (2) from (3)
- c[ABCD] - a[MNCD)
o[ECD]
et N ofABNM] a° -zt 4
@ JlECD] = % )

a

We subtract (2) from (4)
- o[ABNM] - o[MNCD] &% —2?-22-F?
ol EDC] - b2 N Kk _
from the hypothesis ¢[ABNM] —o[MNCD] =k aEDC]

_at+ b -2 kb* 2 B 5 . (a¥+ b )a[EC D] — k¥
= 7 Ecp ¢ V=== SIECD]
From the relation (3), by writing [ABCD] — S = ¢[ECD] = % .
We substitute this in the relation of x? and we obtain:
2 :_ zﬂ-i_bz 2"(ﬂ-g+b=]s_k{ﬂx"'62}
=g+ b kb-——sz = = 3 =
2 _ (s —k)a® + (s + k)¥?
> ° g = |EM| = \/{*’“ "}“’;(H’"}“
= l|EM

and taking into consideration that ||[EM|| = ||DM|| + b, we have

[(s —k)a? + (s

so we have the position of point M on the segment |DA| (but it was sufficient to

find the distance ||EM|]).

Solution to Problem 70.

¢

We remark from its construction that EQ||AB||RD, more than that, they are
equidistant parallel lines. Similarly, EQ, PD, AC and AB,EQ,RD are also equidistant

parallel lines.

70




255 Compiled and Solved Problems in Geometry and Trigonometry

(lAPl = |PFl = {FB|; | AE|| = [ER]| = | RCY],
KBQI = [iQDl = | DCY).
We write o[BFQ] = S.

Based on the following properties:

e two triangles have equal areas if they have equal bases and the same

height;

two triangles have equal areas if they have the same base and the third
peak on a parallel line to the base,
we have:

o{ABC] = o{AFE] + o|FER) + 6|FBO]+ 6IF RD] + 6[DRC] = 95
o|[FEL] = o{FER] — a|[ELR) = 25 — o[ELR)
o{FDL) = o[FRD) — ¢[RLD] = 25 — o[RLD] }

by addition

= o[DEF]| =45 — (¢[ELR} + olRLD]) = 45§ — § = 3§.
o[DEF] _ 35 _ 1

olaBC] ~ 9s ~ 3 °

(If necessary the areas S can be arranged).

Solution to Problem 71.

0B|| =“T“§ (BB' median)
In AMOB'":

a3
Y s,
WMOB':——S—:T:‘;'“(_MOB’:E,
3 .

So (MON) ==

S
We mark with X the disk surface bordered by a side of the triangle outside the
triangle.
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o[2] = o[circle sector MON] — 6[MON]
a? ta? a3 _a? <n \/§)
3 2/

If through the disk area we subtract three times o[X], we will find the area of the

9.6 9-2 9-6 4-9 18 \3

disk fraction from the interior of ABC. So the area of the disk surface inside ABC is:
wral 3:1’ (rr v"ﬁ) ra? _'n'_a" , a:’v‘ﬁ_ :'r_az a3

ERC Y R TR R T
The desired area is obtained by subtracting the calculated area form ¢[ABC].
So:

a®v3 wa® 263 263 we®  ol3 ma?  a?
e R T H i St Lk

Solution to Problem 72.

b?+c?
4R?

a. 1+cosA-cos(B—C) =

1 + cos Acos(B — C) = 1 + cos[x — (C + B)j cos(B — C) = 1 — cos(B + C) - cos(B — C) =
1—%[ms23+m20]=!-%{2005’B—1+2m5“€—1]-—*2——ms23—cm20=sin23+
‘zcdiﬂésii__bi c? bz‘i‘cz

ten s Tam T a4
48
b. We prove that tanA—m.
A A, [9EHE=9
g A = sind ZMEME _ (be)? - 25 =
cosA  2cos?id—1 P8 &(2;0(?—6}—5-:)
be be:
_ 25 _ 25 _
= 2p(p—a)— be\ n+5+c_b+i:—a_ -
S = D e
45 48

abtac—al+ P tbc-batbetE—ac—2bc B+ —at

AL e
baic mn{—2—+ﬂ'}A+Bz_c bt sm(g-rl:'}

C} = e = " ==
2% A sin(A+ B) 9% A sin (7
2 2

si.uAEcosC+sinCcc:sA

ﬁ —

R n 2 -—-—.-‘-[b+c}sinc=‘2£?sinicnsim5(?+
9 A sin 2 2
cCos

2

2¢sin (7 cos® g = (b+c)sin(C = csin Acos (7 +2r:sin(—'ms2§
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LA
a b ¢ ac 2_"'2‘:0@25
A snB  sme R bragpesC=s——mpt =

2 _ _
=:rb+c=acosc+2msz§=;-b+c=aa +¥ cz_]_sz[p a)

2ab be = bres=
2opt o Opip—
= £ +25, + P(Pb dj=.*»2b’+2bc=az+6"'—cz+(G+5+°’){C+""“}2"
= All terms reduce.

d. Let's prove that cotg + cotg + cotC2 = g
Indeed

A B C _ A B C pp—a)
ctg~é—+ctg 3 +ctg~2—-c!.g;2 - cig 5 -clg 2 \-0p-0

F
L= | pp-d | pp-ap-Bp=d) _p s st _p
\p-ap- -5 Np-afp-0ip—cf 5§  p =
We now have to prove that:
ct é+-:‘ H+c1: C—ct 4 i B t ¢
Eg Ty Tty Ty ey ey =
A B
1 ! L A¥B A+B Bytigg
1:£++,,_E+g ;-_Lﬂ.t.‘?.‘tg 2 etA *
B2 83 ALK B3 83
t é-I-t E t i-t E
L BTG 1L BTy 1 1 _
g htgl g d gl 1_tgh. g o gl el gl
A B A B
1 i-—tg5- g tigs gy
— =
L f_l.t E*{I—i ﬂ,t E} t é.t E T —1 é.t —_
E5 83 g3 521 g5 85 (1-g5-187)

=4 B i B, e
tgo - tgg - (1 —tgg - tg5)

q.e.d.

Solution to Problem 73.
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a. Intriangle ABB': ||AB'|| = ccos A
In triangle AHB'":
cos HAB' = || AB'| : | AH|| = ||AH] =

__ A jlAF _ ccos A T.sin CCOBA
T s HAB' T\ snC & T
“ o8 (2 ") 3R

=2Rcos A = |AH|| =2Rcos A.
b) al|AHY + b| BH|| + clICH| = 2R(acos A+ bcos B + ccos C) "= 4 R?(sin Acos A+
+sin B cos B + sin C cos C) = 2R*(sin 2A + sin 2B + sin 2C).
We used:
sin 2A + sin 28 + sin 2C = 4 sin Asin Bsin (.

8in2A +sin2B +sm2C = 2sin(A + B)cos{A — B) + 2sinCeas 0 =
inC
= 2sin Clcos(A — B) — cos(A + B)] = 2sin C - 2sin Asin B = 4sin Asin Bsin C.

Solution to Problem 74.

Using the power of point I in relation to circle C(0,R)
= G| - [ IF| = |lAT| - LD (1)
WG - HFl| = (R — ||lO1)(iR + oI =

G- iIFl = R? - |OI]*.
Taking into consideration (1), we have |[IA| - ||ID]| = R? — ||OI||>.
We now find the distances [|IA|| and ||ID||
In triangle AIAP,
i 2)

Sy
We also find ||IID||: u(BID) = u(DBI) have the same measure, more exactly:

Al =
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m(BD) + m(AQ) _ m(A) + m(B)

w(BID) = - :
m (DTW) — m{DBI) Dedi |ID|| = | BD]. (3)

In AABD according to the law of sine, we have:

U-B—Zl—i =2R = ||{BD}| = 2R sin j)
sin — x:

2
So taking into consideration (3),

Dl = 2R sin g (4)

Returning to the relation ||IA|| - ||ID|| = R? — ||0I||. with (2) and (4) we have:

-

A
—3 -2Rsin T
sin —

2
R? — IO = | IO||? = R? —2Rr = [{IO||* = R(R — 2r).

Solution to Problem 75.

r=4Rsiu§sinESLn§#r:ERmE{mB;C-cosB:;C];‘r
——
s'mgl
. . A B-C Y . g A . B B-C
r—ERmn?oos 5 —2Rs=in E:&rﬂﬂsm E—?Rsmg-ms 5 +r>0 =
B-C -C -
=>&3_>ﬂ=>4R2ms2—§——SRr2l]=:-R’m’BE—G—ﬂﬂrzﬂécmzﬂzc2%

Note. We will have to show that

4. B . C_r
SRy SRSy T 4R
Indeed:

. A B . C Jip—bp—c) (p—a)(p—c) (p—a)p—b) _
mzs”"zmz‘\/ be ac ‘ ab =
_Kp-@p-Bp-9 _ S _ g _r

pabe piRS  pdR 4R

(by Heron's formula).
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Solution to Problem 76.

sin+vsinc g — 1
1

1 ; .
z+ = =231na#z=—-2{31nu}z+1=ﬂ=:-zu:
4
= zna=sina+v—cos?a=> z;; =sinaticose
So:
zy=slna +icosa
Zy =8lna —-tcose = 5

We calculate for z; and z,:
1

T+—=z2 + Y s "+l
zy z?—zl p =z, + 7, Lz s

so z™ +Zin takes the same value for z; and for z, and it is enough if we
calculate it for z;.
zr + ! = (sina+1cosa)” + ! = [cos il )+' i (F
1T T (sina +icosa) (2 a)rism E_G)H
1

{cos (%—a) + 15in

4=

(% _ )]n = cos|n (% - a)} + isinfn (% —a)]+
ek (% ) a)} ~isinln G -a)] = 2ooeln {% - a)] P2 2 cos (ﬂa - _2_).

Analogously:

22 4 77 = 2cosfn (a * %);

Solution to Problem 77.

E+1-(z=1V=a=(z+1"=(z-1)"= (;ii)ntl:‘h

o ZEE g, 2t
z=1 r—1

2kx . 2k
= z4+]l= (mT+imnETﬂ)z- (coa%z —i—t'sin&) =

= 8 —— + 15in — =
n n

f

2k k © 2k ke
= (ms—w—i—isinﬂﬂ—t—l)z: (1+cus&+isin—)=>
n n n n

. g km ., km k= [ k
= (-25m2—+215m—ms-—)z = 2c08? °%. 4 2isin ~% cos ¥
n 7l T m n n

N n n
= =
. o kR .. km km
—2sin® — <+ 21sip — cos —
s} T n

k'.rr( km . kfr)
2cos — [ cos — + 1sin —
n
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(we substitute —1 with i? at denominator)

kﬂ'( kr . 5::'.')
2cos — | cos — <+ 15in —
n n cos kT

_ n _ 1 kn . kT
TR B Lk om BT T e
215m—(m5—+:'sin—) £5in —
T T i) n
Solution to Problem 78.
L+ 4izf < (144 + izl E L+ 1%+ Ji] - o] =
Ji#il=2 :
Jifm1 3 e 1 1 1 1 3 3
= 2 i < . - - — = = { z < =
|22 +|z] <2 B+2 4+2 4=}~i11+z] -rtzj__4

Solution to Problem 79.

We construct a L d and A € a. The so constructed plane is unique. Similarly we

construct pLd'andALB, anB =a3A.

ald=>dla

From BlLd=d 1 a} = a is a line which passes through A and is perpendicular

to d and d'. The line a is unique, because a and B constructed as above are unique.

Solution to Problem 80.

We construct plane a such that A € @ and d L a. We construct plane 8 such that
BepBand d 1p.
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The so constructed planes @ and B are unique.
leta=anpf = acaso (V) MEea has the property pry;M = A.
a c f = (V)M € a has the property pryM = B.

Vice-versa. If there is a point M in space such that pryM = A and pryM =B =

Meaand MeB =Meanp =M€ a(a and B previously constructed).

Solution to Problem 81.

Let A€ a, BED, C € c such that ||0A]|| = ||0B]| = ||0C]||. Triangles OAB,OBC,0AC
are isosceles. The mediator planes of segments [|AB]|, ||AC||,||BC || pass through O
and 0’ (the center of the circumscribed circle of triangle ABC). Ray |00’| is the
desired locus.

Indeed (V) M € |00'| = M € mediator plane of segments |AB|,|AC| and |BC| =

M is equally distant from a,b and c.

Vice-versa: (V) M with the property: d(M,a) = d(M,b) = d(M,c) = M € mediator
plan, mediator planes of segments |AB|, |AC| and |BC| = M € the intersection of

these planes = M € |00’|.
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Solution to Problem 82.

i

- )

Let a, b, ¢ be the 3 lines in space.

L. We assume a—-—c and b—-c. Let a be a plane such that:

afle={C}
afla={A}siole
aflb= {B)

The construction is possible because +-c and b——c. Line AB meets a on p and it is
perpendicular to ¢, because ABc a and ¢ 1 a.
Il. If a L corb Lc the construction is not always possible, only if plane p(a, b)

is perpendicular to c.

.

¢ ™~

[. If a L ¢ and b=, we construct plane a L ¢ so thata c @ and b c a # @. Any

point on line a connected with point b N « is a desired line.

Solution to Problem 83.

We construct A’ the symmetrical point of A in relation to a. A"and B are on

different half-spaces, a n |A'B| = 0.

j.-.‘n
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0 is the desired point, because ||0A|| + ||OB|| = ||0A'|| + ||OB]| is minimal when
0 € |A'B|, thus the desired point is 0 = |A'B| N a.

Solution to Problem 84.

b

Let a,b,d be the 3 given lines and through d we construct a plane in which a and

b to be projected after parallel lines.

Let A be an arbitrary point on a. Through A we construct line b’||b. It results from
the figure b||a, @ = p(a,b").

Let B such thatd c p and B L a.

Lines a and b’ are projected onto B after the same line c. Line b is projected onto
p after b; and by |l c.

If by ¥ c,

ble=shibi={N} = aNpb.b) # 2 = ba £ 0,

absurd because b||a(b||b").

Solution to Problem 85.
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N is the centroid in AABD =

L is the centroid in ABCD =

From 1 and 2,

and from 2 and 3

= MN || PQ , ) .
= (LMN) | (PQS) = (ABC) = (LMN) || (ABC).

= ML | Q5

ofSPQ] s _1

c[ABC] 4s 4
because:

o[AQPF] = o[PQS] = o[@BS} = o[PSC] = s
So

o[ABC] _4 9 9

o[LMN] 1 4

Solution to Problem 86.

C D
E
| A 4,
-~ &
A
Br ‘!r
& A
A
C
""\-..,
-~ g
e
-
' o

BD 1 (AA'C) from the hypothesis ABCDA'B'C'D' cube (1).
A; midpoint of segment |BA'|
(ABA") isosceles and AA; L BA' ; |A;Az| mid-side in AA'BD = A;A5 || BD (2)
A; midpoint of [A'D|

From (1) and (2) = A4 || (AA'C) = A'C L AA5 (3)
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From AACA'":

|Adyly = HACILIAXY _ av2 0 avB
' ACH av'3 3

From AABA’:

. a’ a?y/2

I'IA.4. _—m =

i 1” ﬂ.ﬁ 2 1

Similarly

4] = ﬂ:n

In AACA'":

AR = [A4] - IACY = o = A% - aVF = |4a] = 2

and
A A = i,“—"—rh
(cosa = a‘:’: j{:[&.A'BC
2 2 2 2 z 2
: =% L% o9 V2 5«; B _23_ _af
HAlAEIl - 9 + 3 \r’('- v,v- = ﬁ

2a® o,
+2 =5 =2 PP 44,1 A4, pet (B)

| i E a
AAq? = A : Ad -1 = — = —

AAzl Az Aa.

A;A, A" right with m(4'4,A,) = 90 because
2

| ' a
IAAN® = A" + 442 & 5 =
2 2 2 2
R SR AT WA (4)

il
3 6 2 6
m

@) and (3) = A'C L (4,4,45).
A'C 1 (A,A,45)

As A'C L A,A (by construction)

} = A;A,A3;A coplanar = A;A,A3;A quadrilateral with

opposite angles A; and A; right = A;A4,43A inscribable quadrilateral.

Solution to Problem 87.
The conclusion is true only if ||BD|| = ||AC|| that is b = c.

. Vat + B2 a® | ) [
i[“cli=+ﬂz [MCH—'H’F"'TJ |MN|| = ;

MN 1 DC if

. 2482 ¥+ 2
fIMCII“=I]MN|1’+IINCH"#¢+4+c=*r R

+2 =4 +a’ ==V =3b=c
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Solution to Problem 88.

bisector plane

DY I{ABE)=b

= XD LAB
DDy LAB
CC'1(ABE)

= D, D'|C,C").
= C'CiLAB  €,C, D\ Dy
CCyLAB

m(DDy D) = m(C'C,C) =z
(b bisector half-plane)
In triangle DD, D"
» = AP
~ IDD | _, DD _ e
Hec DO, |ICG;
JCCy]
|DD| _ o[ABD]
= yeoy = aac; WY

i1Po _ DD
Heer — 0G|

sinz =

W ABED] = ZABE- 1D

3 L IDD|| _ o[ABED -,
N ! 1 T
VABEC] = "{*”‘EEL lec) ICCT ~ <[ABEC]

But
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o[DEC) - d(A,(DEC))

vIABED] =

3 _, Y[ABED] _o[BDE] _|\DE|i-d(B,DC) _
v[ABEC] = “iHEC]“f;A?(DB_CJ} v[ABEC] = o[BEC] |EC|i-d(B,DC)

_ IDEJ __ |v]ABED]| | DE|
=VEc| = |vaBEQ) ~ jEC; Y
o[ABD] |IDE]|

From 1, 2, 3 = =—— ¢g.ed.
olABC]  |EC||

Solution to Problem 89.

Because the tetrahedron is regular AB = ...

IBD| =t
jCP =1
HeQl =1
1 2 2 _ ! 2
cos QAP = cos(QTAP") = HAQY® + JAPTY” — QP

2AQ| - AP -
we increase the denominator

S BB+ 2—i -2 -B+ L _F+I"‘—Hl-ﬂg+t‘1h_£+ (I =4)(1— 1) }1=
= 212 - 212 T2 22 =2

= cos JAP > % = m(TAP) < 60°.

If one of the points P or Q is on face CBD the problem is explicit.

Solution to Problem 90.

We consider tetrahedron Oxyz, and prove that the sum of the measures of the
dihedral angles of this trihedron is bigger than 360°. Indeed: let 100’ be the internal
bisector of trihedron Oxyz (1000’ the intersection of the bisector planes of the 3

dihedral angles) of the trihedron in 4, B, C.
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The size of each dihedron with edges ox, oy, 0z is bigger than the size of the
corresponding angles of ABC, the sum of the measures of the dihedral angles of
trihedron Oxyz is bigger than 180°.

Let (a,b) be a plane L to oz at C; a L oz,b L oz, but |CA and |CB are on the same
half-space in relation to (ab) = m(C) < m(ab).

In tetrahedron ABCD, let ay,a,, a3, a4, as and ag be the 6 dihedral angles formed
by the faces of the tetrahedron.

mioy + oy + as) > 180 ‘
m{on ) + m{ag) + m(ag) > 180
m{ex) + m(as) + m(as) > 180

m(a..} +m{cr;} +m[Q'.5} > 180 J
according to the inequality previously established.

2(me) +miaz) + ...+ mlae)) > 4-180 = mlay) + ... + m(as) > 360°.

Solution to Problem 91.

4 /
f
!
=] { 4,
/
%. .
E N

We mark with a the intersection of planes (4,d;) and (B, d;). So
{A,d)N{B.d;) = a.

Let b be a variable line that passes through € and contained in a, which cuts d,
and d, at M respectively N. We have: MA c (A4,d;), MAN NB = P(MA and NB
intersect because they are contained in the plane determined by (4M, b)).

Thus P € (4,d,) and P € (B,d,), = P € a,so P describes line a the intersection of
planes (4,d,) and (B, d,).

Vice-versa: let Q € a.

In the plane (4,d,): QAnd, =M’

In the plane (B,d;): QBNnd, =N’
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Lines N'M' and AB are coplanar (both are on plane (Q, 4, B)). But because N'M' c
a and AB has only point C in common with @ = M'N'n AB = C.
So M'N’ passes through C. If planes (4,d;) and (B,d,) are parallel, the locus is the

empty set.

Solution to Problem 92.

Remember the theorem: If a plane y intersects two planes a and B such that
glla = (y na)||(y n B). If plane (LMNP)||BD we have:
iLal LB

LPIMN|BD = —— = ——— = ||LA| - |[PD{ = |AP||- |LE
, INCIH _ §INDj - . .
MNIBD = = = [|[BM|-INCl| =IND| - |MC}i

= |AL|}- i BM} - [ICN|| - {DPJi = {BLY| - {CM||- || DN|| - ||AP].
If (LMNP)||AC we have:

weDy . IALE _ LB

LM{PNJAC = 20l g HALL
IPNIAC = I5xT 8 1M ~ 1BM]

- { |CNI|- |DP) = | DN| - | 4P|
IIAL] - [BM]|| = [[BL]} - |C M|
= relation a.
Solution:
Let A',B’,C', D' the projections of points 4, B,C,D onto plane (MNPL).
For ex. points B’,L,A" are collinear on plane (LPMN) because they are on the

projection of line AB onto this plane.
hALY  jAady

ODALA' ~ ABLEB' = d—1
GO 281 = B
Similarly we obtain:

IPDIl _ |DD{| IICN|j _ |CC} |iBMY| _ | BB
AP~ A& [ND| ~ DD iMC| ~ jeCT)
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By multiplying the 4 relations,
WALl - I PDI- ICNY - [ BMI} _
ILBY - AP} - || DN - |MC})

1=

= relation (a) from d.

Solution to Problem 93.

M — Midpoint of |BC]|.

Solution to Problem 94.

(1) AB L CD (hypothesis)
DHI{ABC)= DH1Ab= ABLDH (2)
From 1 and 2
= ABL(CDH) = ABLCH = CH
height in AABC a
ACLBD (3}
DHL(ABC)= DH1AC = ACLDH (4)
From 3 and 4 AC L (BDH) = AC L BH = BH height in AABC b
From aand b = H orthocenter AABC. Let C; be the diametrical opposite point to
C in circle C(ABC)CC, diameter m(C;BC) = 90° but AH L BC = AH || BC,. Similarly
BH||C,4, so AHBC, parallelogram, we have:
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lAH|? + | BC|]? = [|BCIP + | BC? = [CC|* = (2R)?
similarly

IBHI|* + |ACI® = (2R)* (| BH| = | AB: ) By
diametrical opposite to B

ICH|? + |ABI = (2R} ([CHY = | BA])

but

|AH}? = {AD|* — | DH|
DHi{ABC)= |BH|*=[BD}* - | DH|?
|CH|? = {DCY* — || DH|?
by substituting above, we have:
|AD|? + ||[BCH® = (2R)* + |DH|]?
iBD* + |ACY? = (2R)’ + || DH|*
IDC|? + AB}* = (2R)* + || DH|?
Let N,M,Q,P,S,R midpoints of the edges of the quadrilateral NMPQ because:
NM||CD||PQ (median lines), QM||AB||PN (median lines), but CD L AB = MNQP
rectangle |NQ| n |PM| = {0}.
Similarly MSPR rectangle with |[MP| common diagonal with a, the first rectangle,
so the 6 points are equally distant from “0" the midpoint of diagonals in the two

rectangles = the 6 points are on a sphere.

Solution to Problem 95.

M arbitrary point on |AB’|

N = prigeenM

A" midpoint of segment [B'C’]

When M = B’, point P is in the position B'.
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When M = A, point P is in the position {P,} = [A’A;] N [AA"]
(A'A" A1 A rectangle, so P; is the intersection of the diagonals of the rectangle)
[The locus is [B'P,]].
Let M be arbitrary point M € |AB’|.
N = prigoeyM € | AL B
because:
(B'AA ) L(BCC.
By the way it was constructed
AA1LBC, AALCC' = AAL(B'C'C) =
= (V) plane that contains AA, is perpendicular to (B'CC"), particularly to (B'AA;) L
(B'C'C).
(1) [B'R}cC (B'A"A)}
because B',P € (B'AA")
(2} [B'R] C (A'B'A,)
from this reason B',P; € (A'B'A,).
From 1 and 2
= B'P, = (A'B'A,)n{B'A"A}
Let
{P} = |MA",N|A'N|
IMA"|C (B'A"A)si ¢ = Pe(B'A"A)N(A'B'A)= Pe|B'R| N =prpoaM
|A'N| C (A’B'Ay)

So (V) M € |B'A|
and we have
IMA"| NA'N

= ]B'Pﬂ-

Vice-versa. Let P arbitrary point, P € |B'P;| and
In plane
(B'A"A) - {M} = |B'A|n |A"P!
In plane
{B'A"Aq): {N} = |B'A)| n |A'P|
Indeed: A'A"” || (B'AA,) thus any plane which passes through A’A" will intersect

(B'AA,) after a parallel line to A’A"”. Deci MN||A'A" or MN||AA, as M € (B'AA,) =
MN 1 (B'CC™).
We've proved
(V)M € |B'A|
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and

N = price

we have

{P} = [MA"| 0 |A'N|

describes |B'P;| and vice-versa,

(ViP e [B'R]

there is M|B'A| and N|B’A,| such that

N = prgerey M

and P is the intersection of the diagonals of the quadrilateral A’'NMA".

Solution to Problem 96.

e[BCD,

o[CDG| = o[BDG] = ¢[BCG] = 3

known result
e[GO D)d{M,(BCD))

| J[MGCD] = 4
{ iucp - ABDGIM,(BCD)
mcBc) - ABEG40M, (BCD)

From 1 and 3
= viMGC D) = v]MGDB] = v[MBC.

Solution to Problem 97.

From the hypothesis:
OA1L0OB10OC1O0OA
We assume the problem is solved.

Let M be the orthocenter of triangle ABC.
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*a
L)
>

AB 1 (0cC)
Mo 1 (coch)

AO L (COB) = A0 1L BC, but AA’ L BC =

But CC' L AB = }=>ABJ_0M=>MOJ_AB(1)

BC 1 (404"

MO (AOA')} = BC 1L MO = MO 1 BC (2)

From (1) and (2) = MO 1 (ABC)
So the plane (ABC) that needs to be drawn must be perpendicular to OM at M.

Solution to Problem 98.

p‘l
-“"——-——---..._-.. PORTNIRY. 0§

s ."_’4‘\

A'N L AD, B'M 1 BC

1BM|| = =%, (|PM]| ==
v[BMPSB'] = — @b-bh

2 2 3
sispwrap) = ZSPELNEAN a—a b,

3 2 2
(b+b)h

V[BANMC'D'DyCy] = ———d
v[ABA'B'CDC'D'] = 2 [2 Ly “‘Tgb] + (2.0 =
%(Zab —2ab’ —2a'b’ + 3ab’ —3a'b’ + 3a'b + 3a'b") = g[ab +a'b' +

(a+a)(+b"].
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Solution to Problem 99.

R \
I \\
| e
/,-'!.i Y
T " v /
\ //
~ | ’/
|
\ /
l; B - h
v[0ABB] = ——
v[0A'B'A] = v[ABOO'A'B'] — v[ABB'0] — v[A'B'0'0] = g(B i) Bs_h _ bs_h :
N
So:

h

v[0A'B'A] 3VBb-VBb b

v[DABB] = Bh_ VB
3

1pr _\/I; ’
p —\/§=>v[0ABA]—\/—§ v[0ABB']

For the relation above, determine the formula of the volume of the pyramid
frustum.

Solution to Problem 100.

d(GG") =h=2R

Let I = ||AC|| = ||4D|| = 22 = ||6D|| =

W3
2 6

Figure GDMO rectangle = ||GD|| = [[OM|| =

Y3 - R=2V3R
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So, the lateral area is S; = 3-2vV3R - R = 12V/3R2.

2V3RV3

' 2R= 6V3R2.

v[ABCA'B'C'] = o[ABC] - 2R = 23R -

The total area:

S; = S, + 20[ABC] = 12v/3R? 4 2 - 3RV/3R? = 18V3R?

Solution to Problem 101.

Let V; and S; be the volume, respectively the area obtained revolving around a.
V, and S, be the volume, respectively the area obtained after revolving around b.

V3 and S5 be the volume, respectively the area obtained after revolving around c.

So:
_m-2(ICDI + IDBI) _m-i-a
1= 3 -3
Si=m-i-c+m-i-b=m-i-(b+c)
3 nc?h 3 nc?b? 3 nb?c?a
27 3 7 3 3qg2
S,=m-cra
- nb?c 3 nbh?%c? 3 nbh?%c?
37 3 7 3¢ 3a
53=T['b'a
Therefore:
1 1 1 9a? 9¢? 9¢?

V2 VE VZ  (mb%c?)?  (mb%c?)?  (mb3c?)?

S, S5 S;+S3 b ma(b+c) c*>+b*> a

c
= S —+—= PN =
S; S, Si b ¢ mi(b+c) b-c i

c?+b? _ a?
~ bc

Buti-a=b-c= , |AD]| = i.
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Solution to Problem 102.

r = ||0A|| =25 cm

R =||0'B|| =50 cm
2nr =157 =>r =0,25m
2R =3,14 =R =0,50m

[[CN|| =18 cm = 0,18 m
|A'B|| = 25 cm

|AB|| = /100 + 0,0625 = 10,003125

|AA’]| - IA'B]l ~ 10-0,25
IAB]| ~10,003125

ICNIl_ lICBI| - 0,18 |ICB]|

lA'M|| ~ |BA| 0,25 0,25

IA'M|| = 0,25

= ||[CB|| = 0,18

|o’C|| =R"=0,50—-10,18 = 0,32
||OP|| =r" =0,25-0,18 = 0,07

ml
V=?(R2+r2+Rr)

w10
V = T(O,SO2 + 0,252 + 0,50 0,25 — 0,322 — 0,072 — 0,32 - 0,07)

10
= = (0,4375 — 0,1297) = 1,026mrm3

Solution to Problem 103.

a
: aCOSE
Zsm?

VPl =

A
. a -

In AVAP: ||VA|| = PN
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a? a?
. a -~ 5 -
4 szf 2

In AVAO'": ||[VO'||? =

o'l = ac.Eaa
2sin
In AVOO": [|00'|| = “@ —
R2=f+ am_R Z:a_2+a2cosa_2aR\/m=>a: 4Rmsin2%
2 sin% Z2 4 sinZ% 2 Sin% sin% (2 cos? % + cos a)

a
= a = 4R+/cosa - sinE

a? cos% a? cos% a cos%
A =4 = 7~ = 16R? cos a sin® = - —7 = 8R? cosa sina = 4R? sin 2a
2-2 sinj sin7 sini

a
Ay = A+ a? = 4R%sin 2a + 16R? cosasinzi

av/cos a a +cosa
IVO'l=R=R=——-F7=R=4R cosasin? 7 = 2cosa=1=a=60°

25in7 2 sin7
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Various Problems

104. Determine the set of points in the plane, with affine coordinates z that
satisfy:
a. |z| =1,
b. < argzsg?n;zi 0;
C. argz > 4?”,2 * 0;

d |z+i|<2.
Solution to Problem 104

105. Prove that the n roots of the unit are equal to the power of the particular

root &;.
Solution to Problem 105

106. Knowing that complex number z verifies the equation z™ = n, show that
numbers 2, —iz and iz verify this equation.

Application: Find (1 — 2i)* and deduct the roots of order 4 of the number

—7 + 24i.
Solution to Problem 106

107. Show that if natural numbers m and n are coprime, then the equations

zm—1=0and z" —1 = 0 have a single common root.

Solution to Problem 107

108. Solve the following binomial equation: (2 — 3i)z° + 1+ 5i = 0.
Solution to Problem 108

109. Solve the equations:
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a)z*—=9:248=0
F=y
B8 204220

H=y

)2 +6(1+1)F+5461=0
2':=y'

Solution to Problem 109

110. Solve the equation z = z""1,n € N, where Z the conjugate of z.

Solution to Problem 110

111. The midpoints of the sides of a quadrilateral are the vertices of a

parallelogram.

Solution to Problem 111

112. Let M;M,;M5M, and N;N,N;N, two parallelograms and P; the midpoints of
segments [M;N;], i € {1, 2,3,4}. Show that P,P,P;P, is a parallelogram or a

degenerate parallelogram.

Solution to Problem 112

113. Let the function f:C - C,f(z) = az+ b; (a,b,c € C,a # 0). If M; and
M, are of affixes z; and z,, and Mj and M, are of affixes f(z,), f(z,), show
that |M;M; || = |al - [[M;M.||. We have [|[MiM;|| = (MM, ]| < |al = 1.

Solution to Problem 113

114. Prove that the function z — 7,z € C defines an isometry.

Solution to Problem 114

115. Let M;M, be of affixes z;,z, # 0 and z, = az;. Show that rays |[OM;, |OM,

coincide (respectively are opposed) & a > 0 (respectively a < 0).

Solution to Problem 115
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116. Consider the points M;M,M; of affixes z,z,z; and M; # M,. Show that:

Z3—Z1

a. M; e MM,

> 0;

Z2—7q

Z3—7Zq

b. M; e M\|M, & €ER.

Z2—7q

Solution to Problem 116

117. Prove Pompeiu’s theorem. If the point M from the plane of the equilateral
triangle M;M,M; ¢ the circumscribed circle A M;M,M; = there exists a

triangle having sides of length ||[MM, ||, |MM,||, ||MM;]||.

Solution to Problem 117
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| Solutions

Solution to Problem 104.

|z| =1 : . .
2l = JxTF )7 = x? +y? =1, so the desired set is the circle C(g1).

b. n<argz$32—n.

The desired set is given by all the points of quadrant lll, to which ray |0y is added,
so all the points with x < 0,y < 0.

4m
>—, 0
Aagz >3, 27 }=>4—n<argz<27r
argz € [0, 2m] 2

%?{a.rgz«:zﬂ

' 4
argz}?ﬂTz#ﬂ- "!?r
argz € [0, 27}

BEEm g T TTy T T3 T
Y silri‘i';lT s'mr ﬁ
B = — — T e —
3 3 2
4‘} Vﬁ
m03=~ﬁ—=v’§#ﬂﬂ:y=ﬁz
2

The desired set is that of the internal points of the angle with its sides positive

semi-axis and ray |OB.

d. |z+i| £2; z=x+yi, its geometric image M.

ziti=r4yit+i=x+(y+11
p4i|=y2t+ (y+ 1P <22 [OM|| <22+ (y+ 1) 4= [OM? < 4

where 0'(0,—-1).

Thus, the desired set is the disk centered at 0, _;, and radius 2.
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Solution to Problem 105.

km
Ek=¢ﬂf5&r‘+tsiﬂ£‘ k=0,1,...,rn—1
n n

P 2

£ = €08 — < 18I0 —
mn n

: 2r .. 2m\*
Ex = COS .‘cz—w+1smk£=(m&—r+zsmn—\" =5f E=23....n—-1
n n . n n/

Solution to Problem 106.

Let the equation z* = n. If z* = 4 (z is the solution) then: (—2)* = (-1D)*z*=1-n=

n, so - z is also a solution.

fizff=d's"*=1-n=n

= iz is the solution;

[—izf={—i!2"=1l-n=n

= —izis the solution;

{l—ii]‘:[l:l—if]!juzl:l"4i+4it]1=[i—4—41j3={ 3+ 4P =0+~ 16 =
=-T4+Mimz=1-—2

= is the solution of the equation z* = =7 + 24i.

The solutions of this equation are:

o= =7+ 24, k=0,1,23

but based on the first part, if z—1 — 2i is a root, then
—r=—142iz =244, -z =21

are solutions of the given equation.

Solution to Problem 107.

™ 2km ., 2kw
M —l=0=z= ﬁ:bzgzq:-s;-—-l—wmv—m:, k=0,...,m-=1

n/T 2km . 2kn
=1=0=z= xﬁ::-z;:cos%+asm£, k=0,....n-1
i

If there exist k and k' with z, = z,,, then
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_;‘Z _T’=2P,=mnik'm—kn=n;k', mik,

because (m,n) = 1. Because k' <n,k <m, we have k' =0,k = 0.

Thus the common root is z,.

Solution to Problem 108.

{2—3:‘}z°+1+5£=n=a-z‘5=;1:3?’:1-,‘
r=42

3 T i
tgt==1.¢ —_— 2 = - —
Z . E(z,w):‘-t 2w 2 y

7 :

T 2kr LLgnpy.

=2 msdﬁ—-l-ssiniﬁ— - ke0,...,5

Solution to Problem 109.

a)z%-02248=0 P =8
J Sy -9y +8=0= etc.
P=y ~=1
byzf —2:+2=0 =141
=y -+2=0= etc.
=y #i=1—1

)z +6(1+1)22+5+6i =10
) >y +6(l+ily+5+6i=0

12 =y‘
v ~6(1 +4) £ 20+ 481 —6(1 +1) £ /{4 + 6i)2 o
1,2 = = C.
1 2 2

Solution to Problem 110.

z=z+iy=>z| = 22+ 7 _
= |zj = |z
Z=x=—1y=> |zl = 1.r';i—|-y§

As:

P2l o 3] = [2Int - o [z =0
S T R L S
|2 —1=0

2=l
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From:

zZl=0= Va4 yi=0=21+ P =0=22=05iy=0=2=0+0

ziv? 1 =0= {!:i—1}[|z§““3+!z|“_4+.+.+ N=0=lzl=1=zt3+y'=1

positive

r=r+1
¥ }:&zi:mz+yi=1

The given equation becomes

2kw .. 2kr
2-z=zﬂ=bzﬂ=l=?zkzmﬁT{-;s[ﬂml‘k:ﬂ:l:“_1n_[

i

Solution to Problem 111.

A(z1), B(22),C(23), D(z4)

Ir'ai'!+32

:bM"\

B

We find the sum of the abscissa of the opposite points:

ntzm ntz wmTEaTEIatoa

2 2 2
22+33+z4+31 _ntntaat
2 2 2

zy+z; 3tz ntrn et
T

2 2 2 2

= MNPQ a parallelogram.
Solution to Problem 112.

In the quadrilateral M;M3;N;N; by connecting the midpoints we obtain the
parallelogram 0'P;0" P;, with its diagonals intersecting at 0, the midpoint of |0'0"|
and thus |P,0| = |0Ps]. (1)
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In the quadrilateral M,M,N,N, by connecting the midpoints of the sides we obtain
the parallelogram 0'P,0" P, with its diagonals intersecting in 0, the midpoint of

|0'0"| and thus |P,0| = |0P,]. (2)

From (1) and (2) P,P,P;P, a parallelogram.

Solution to Problem 113.

|M'M| = |z~ 21, deci M M| = |z; — 2| .

(MMl = f(z)— fln)l =lazg +b—az; — bj = [laz; —az| = |a(zz— )| = el ma=z| =
= |a| - [ My Ma]

If:

la| = 1= | MIM]|| = M M|

If:

MM = || M M|

= MM = |a| - | M M| = |a] =1
| MM = la] - || MM

Solution to Problem 114.
E=mrx4iy, ==y
Let M; and M, be of affixes z; and z,. Their images through the given function
M; and M; with affixes z; and z,, so
flzn) =5, fin)==5

(MM =lm— ol =lm -5 -l = 1...'{{3‘-1 —n P+l —n)? {1}

MM = |5 — 2= ‘l,-"r':-'l'z =z k(- (2
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From (1) and (2) = [IM M, || = |[M1M3]| or IMiM;|| = |Z521| = Nz — 21| =
|z, — z1| = [IM1 My]].

So f:C - C, f(z) = z defines an isometry because it preserves the distance

between the points.

Solution to Problem 115.
We know that the argument (az,) = argz;, + argz, — 2km, where k =0 or k = 1.
Because argz, = arg(az,),argz, = argz, + argz, — 2km.
a. We assume that
IOMy = |OM; = arg 2z, = arg z; => arg z; = arg z; + arg a — 2kw =
= arga = 2kr, arg € [0,2r] > argr =0 = a € |0z (poz.)= a > 0.
Vice versa,

a>0=arga =10 = argz; = args — 2ka => argz = argz; sau argz; =

= arg z; — 2m = |GM1 = iUMg

(1,
A

b. Let |OM; and |OM, be opposed = argz, = argz; +
= argz+7 = argzy +arga—2kr = arga =7

€ to the negative ray |0x' = a < 0. Vice versa,

a<0=>argo=7=>argz =argz +7 — 2w

argz, = argz, +

k=0ork=1= or = |0OM; and |OM, are opposed.
argz, = argz, — T
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M

= 4

Solution to Problem 116.
If n and n’ are the geometric images of complex numbers z and z', then the image

of the difference z-2z' is constructed on |OM,| and |[M'M| as sides.

We assume that M; € |M; M,
We construct the geometric image of z,-z;. It is the fourth vertex of the

parallelogram OM; M,Q,. The geometric image of z3-z, is Q,, the fourth vertex of the

parallelogram OM; M;Q,.

4
M M ;
—1 ;j :J' :f
.r' ‘r ]
3 - (22}
7, Q(z-z)
0Q, Il My M,
0Q, Il M{M; = @4, Q,, Q3 collinear =
M;M,Mjzcollinear
' | Z3— 7 T3 — 2
!OQ1=|OQ2:;'33—31=€Z[23“-31)=} £ a7 L
Zp — Iy g — Iy

Vice versa, we assume that
23— 23
=k>0;‘}23—zl=k(22—21), k)ﬂ

20 S0

Zy — 2y 27— 7

0Q; = 'OQz

3’).’”3 ﬁ OQl = IMJ lwz = IM,M;a = M; ¢ “ffp‘!;
Ml‘~’3 “ 002

If M3 and M, € the opposite ray to 0, then z3-z; = a(z,-z;) with a < 0.

We repeat the reasoning from the previous point for the same case.
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Thus, when M; € M;M,M5 + M, we obtain for the respective ratio positive,

€ R.

Z3—7Zq

negative or having M3 = M, so —
2741
Solution to Problem 117.

The images of the roots of order 3 of the unit are the peaks of the equilateral

triangle.

i -1-iV3
g 2

go=le=
But g; = €3, so if we write g, = ¢, then g, = g,.
Thus M, (1), M, (), M3(£?).
We use the equality:

(= 1)(e* ~€) + (z— el =€) = (2= £?)(1 — )
adequate (V)z € C.

I(z = 1)(€* =€) + (z ~ &)} — )| = |(z = €?){1 — £)|

But
(z = 1)(e? — &) + (2 — £)(1 =€) < |(z = 1)(e? — &)} + I(z — €)(1 — &2)]

Hz—=1)( —e) + (z—e)(1 = )] 2z = INe* =)l = |—(z — €)(1 — )|
Therefore,
I(z=1)( —€)f+ |(z — &)1 =€)} 2 l(z — £)(1 — €}
(z=1)(E=¢)|+{(z—e)1 =& 2 |z2—€%- |1 —¢]

N L SRRy Mo SR ey

2 2
-1+iv3 3 V3 9 3
—2=_. — ———— — Y — _2= —_ —— 3
1—¢ 1 5 55 |1 - €9 4+4 V3
l—emp_ilziv8_3 V3
a= 2 2 2
9 3
-—-.= —-I-—='II'_
|t —gj v4 1 V3.

By substitution:

lz—1]-vV3+jz—el-v32|z—¢¥ -3

but
MM = |z = 1|; IMM;}| = |z —¢f; [MM;]| = |z =&,
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thus
MM ||+ | MM, = [ MM,

Miz)

'

My ="
FAR

{

f

!
M
M (e

Therefore ||[MM,||, |IMM,||, |[MM]| sides of a A.

Then we use ||x| — |y|| < |x —y| and obtain the other inequality.
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Problems in Spatial Geometry

118. Show that if a line d is not contained in plane a, then d N a is @ or it is

formed of a single point.

Solution to Problem 118

119. Show that (V) «, (3) at least one point which is not situated in a.

Solution to Problem 119

120. The same; there are two lines with no point in common.

Solution to Problem 120

121. Show that if there is a line d (3) at least two planes that contain line d.

Solution to Problem 121

122. Consider lines d,d',d"”, such that, taken two by two, to intersect. Show
that, in this case, the 3 lines have a common point and are located on the

same plane.

Solution to Problem 122

123. Let A, B, C be three non-collinear points and D a point located on the
plane (ABC). Show that:
a. The points D, A, B are not collinear, and neither are D,B,C; D, C, A.
b. The intersection of planes (DAB), (DBC),(DCA) is formed of a single

point.
Solution to Problem 123
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124. Using the notes from the previous exercise, take the points E,F, G distinct
from A,B,C,D, such that E € AD,F € BD,G € CD. Let BC N FG = {P},GE n

CA = {Q},EF n AB = {R}. Show that P,Q, R are collinear (7. Desarques).
Solution to Problem 124

125. Consider the lines d and d" which are not located on the same plane and
the distinct points 4,B,C € d and D,E € d'. How many planes can we draw
such that each of them contains 3 non-collinear points of the given points?

Generalization.

Solution to Problem 125

126. Show that there exist infinite planes that contain a given line d.

Solution to Problem 126

127. Consider points A, B, C, D which are not located on the same plane.
a. How many of the lines AB,AC,AD,BC,BD,CD can be intersected by a
line that doesn't pass through 4,B,C,D?
b. Or by a plane that doesn't pass through A,B,C,D?

Solution to Problem 127

128. The points a and B are given, A, B € a. Construct a point M € a at an

equal distance from A and B, that € also to plan B.

Solution to Problem 128

129. Determine the intersection of three distinct planes a, 8, y.
Solution to Problem 129

130. Given: plane «, lines d;,d, and points A,B ¢ a Ud, Ud,. Find a point M €
a such that the lines MA, MB intersect d, and d,.

Solution to Problem 130
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131. There are given the plane «a, the line d ¢ «, the points A,B ¢ a Ud, and
C €a. let M €d and A', B’ the points of intersection of the lines MA, MB
with plane a (if they exist). Determine the point M such that the points

C,A', B’ to be collinear.

Solution to Problem 131

132. If points A and B of an open half-space o, then [AB] c . The property is

as well adherent for a closed half-space.

Solution to Problem 132

133. If point A is not situated on plane @ and B € a then |BA c |aA.

Solution to Problem 133

134. Show that the intersection of a line d with a half-space is either line d or

a ray or an empty set.

Solution to Problem 134

135. Show that if a plane a and the margin of a half-space ¢ are secant

planes, then the intersection o N a is a half-plane.

Solution to Problem 135

136. The intersection of a plane a with a half-space is either the plane « or a

half-plane, or an empty set.

Solution to Problem 136

137. Let A, B,C,D four non coplanar points and a a plane that doesn't pass
through one of the given points, but it passes trough a point of the line
|AB|. How many of the segments |AB|,|AC|,|AD|,|BC|,|BD|,|CD| can be

intersected by plane a?

Solution to Problem 137
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138. Let d be a line and «, 8 two planes such thatdnpg =0 and an g = @.
Show that if A € d and B € a, then d c |BA and a c |B8B.

Solution to Problem 138

139. Let |aA and |BB be two half-spaces such that @ # 8 and |¢A c |BB or
|aA N |BB = @. Show that a n B = 0.

Solution to Problem 139

140. Show that the intersection of a dihedral angle with a plane a can be: a
right angle, the union of two lines, a line, an empty set or a closed half-

plane and cannot be any other type of set.

Solution to Problem 140

141. Let d be the edge of a proper dihedron «a'B’, A€ a’-d, b € B'-d and
P € int. za'B’. Show that:
a. (Pd)nint.za'B’ = |dP;
b. If M €d, int. ZAAMB = int.a’'f’ n (AMB).

Solution to Problem 141

142. Consider the notes from the previous problem. Show that:
a. The points A and B are on different sides of the plane (Pd);

b. The segment |AB| and the half-plane |dP have a common point.

Solution to Problem 142

143. If <abc is a trihedral angle, P € int. zabc and A, B, C are points on edges
a, b, c, different from 0, then the ray |OP and int. ABC have a common

point.

Solution to Problem 143

144. Show that any intersection of convex sets is a convex set.

Solution to Problem 144
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145. Show that the following sets are convex planes, half-planes, any open or

closed half-space and the interior of a dihedral angle.

Solution to Problem 145

146. Can a dihedral angle be a convex set?
Solution to Problem 146

147. Which of the following sets are convex:
a. a trihedral angle;
b. its interior;
c. the union of its faces;

d. the union of its interior with all its faces?

Solution to Problem 147

148. Let o be an open half-space bordered by plane a and M a closed convex

set in plane a. Show that the set M n ¢ is convex.

Solution to Problem 148

149. Show that the intersection of sphere S(0,r) with a plane which passes

through 0, is a circle.
Solution to Problem 149

150. Prove that the int. $(0,r) is a convex set.

Solution to Problem 150

151. Show that, by unifying the midpoints of the opposite edges of a

tetrahedron, we obtain concurrent lines.

Solution to Problem 151
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152. Show that the lines connecting the vertices of a tetrahedron with the
centroids of the opposite sides are concurrent in the same point as the

three lines from the previous example.

Solution to Problem 152

153. Let ABCD be a tetrahedron. We consider the trihedral angles which have
as edges [AB,[AE,[AD, [BA, [BC,[BD,[CA, [CB,[CD, DA, [DB,[DC. Show that
the intersection of the interiors of these 4 trihedral angles coincides with

the interior of tetrahedron [ABCD].

Solution to Problem 153

154. Show that (v) M € int.[ABCD] (3) P € |AB| and Q € |CD| such that M €
IPQ.

Solution to Problem 154

155. The interior of tetrahedron [ABCD] coincides with the union of segments
|PQ| with P € |AB| and Q € |CD|, and tetrahedron [ABCD] is equal to the
union of the closed segments [PQ], when P € [AB] and Q € [CD].

Solution to Problem 155

156. The tetrahedron is a convex set.

Solution to Problem 156

157. Let M; and M, convex sets. Show that by connecting segments [PQ], for

which P € M; and Q € M, we obtain a convex set.

Solution to Problem 157

158. Show that the interior of a tetrahedron coincides with the intersection of
the open half-spaces determined by the planes of the faces and the

opposite peak. Define the tetrahedron as an intersection of half-spaces.

Solution to Problem 158
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| Solutions

Solution to Problem 118.

We assume that d na ={4,B} = d c a.

It contradicts the hypothesis > dna ={A}ordna = 0.

Solution to Problem 119.

We assume that all the points belong to the plane a = () for the points that

are not situated in the same plane. False!

Solution to Problem 120.

3 A,B,C,D, which are not in the same plane. We assume that AB n CD = {0} =
AB and CD are contained in the same plane and thus 4, B,C,D are in the same
plane. False, it contradicts the hypothesis = AB N CD = @ = (3) = lines with no

point in common.

Solution to Problem 121.

(@) A ¢ d (if all the points would € d, the existence of the plane and space would
be negated). Let @ = (dA), (3)B ¢ a (otherwise the space wouldn't exist). Let g =
(Bd),a # B and both contain line d.

Solution to Problem 122.
We show that d #d’ #d"” # d.

Let dnd’={A}=(d,d’)={§,CC‘;

dndlz{B}:{BEd:BEa,BEd’

B+ A d cx
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d'nd ={C} ,
c+B =C¢€4 Sceqcea”
d cx
C+A
d=d’
= or
d=d"

= d" c a, so the lines are located on the same plane «

dnd' ={A}=Aed
d'nd={A}=Aed"

common.

If }:> d' nd" = {A}, and the three lines have a point in

Solution to Problem 123.

a. D¢ (ABC).

. Ded,Aed,BeEd T
We assume that D, 4, B collinear = (3)d such that ’ ’ } $dc

A€ (ABC),B € (ABC)S ™
(ABC) = D € (ABC) - false. Therefore, the points D, A, B are not collinear.

b. Let (DAB)n (BCD) N (DCA) =E.

As the planes are distinct, their intersections are:
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= If (DAB) = (DBC)

(DAB) n (DBC) = DB
Eggg 2 Eggﬁ% i g? = A, B, C, D coplanar, contrary to the hypothesis.

We suppose that (3)M € E,M # D — M eDB}=>B & MD

M e DA A €MD
(false, contrary to point a.). Therefore, set E has a single point E = {D}.

} = A,B,D are collinear

Solution to Problem 124.

We showed at the previous exercise that if D € (ABC), (DAB) # (DBC). We show

that E, F, G are not collinear. We assume the opposite. Then,

EF c (DAB) G € (DBC)
- (DAB) = (DBC)

G ¢ EF } {Ge(ow)
= =

Having three common points D,B and G = false. So E, F,G are not collinear and

determine a plane (EFG).

PecBC=Pe(ABC) )
P e FG= Pe(EFG)
Re AB= Re (ABC)
Re EF = Re (EFG)
QeCA= Pc(ABC)
Q€ GE = P e (EFG) |

. P,Q, R € (ABC)(XEFG) =

= P,Q, R are collinear because € to the line of intersection of the two planes.
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Solution to Problem 125.

The planes are (4,d"); (B,d"); (C,d").

A B C

Generalization: The number of planes corresponds to the number of points on

line d because d' contains only 2 points.

Solution to Problem 126.

Let line d be given, and A any point such that 4 € d.

d

/

A M

d

We obtain the plane a = (4,d), and let M ¢ a. The line d' = AM,d" ¢ a is not
thus contained in the same plane with d. The desired planes are those of type

(Md),M € d’, that is an infinity of planes.

Solution to Problem 127.

a. (V) 3 points determine a plane. Let plane (ABD). We choose in this plane P €
|AD| and Q € |AB| such that P € |BQ|, then the line PQ separates the points A
and D, but does not separate A and B, so it separates P and D = PQ n |BD| =R,

where R € |BD|.

Thus, the line PQ meets 3 of the given lines. Let's see if it can meet more.
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We assume that

PQNBC ={E}= E € PQ C (ABD) = E € (ABD) }

E ¢ BC

it has two points in common with the plane.

= BC C(ABD)

B e({ABD)
=
{ B ¢ BQ

= A, B, C,D coplanar — false.

Thus,
BC{ABD) = {E}

= FE=B= Bc PQ
BCN(ABD) = {B}

false.

We show in the same way that PQ does not cut AC or DC, so a line meets at

most three of the given lines.

b. We consider points E, F,G such that E € |BC|,A € |DF|,D € |BG|. These points
determine plane (EFG) which obviously cuts the lines BC,BD and BD. FG does not

separate A and D or BD = it does not separate A or B = A € |BR]|.
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Let's show that (EFG) meets as well the lines AB,CD, AC. In the plane (ABD) we
consider the triangle FDG and the line AB.

As this line cuts side |FD|, but it does not cut |DG|, it must cut side |FG|, so AB N
|FG| = {R} = R € |FG| c (EFG), so AB n (EFG) = {R}. In the plane (BCD), the line
EG cuts |BC| and does not cut |BD|, so EG cuts the side |CD|, EG n |CD| = {P} =
P € EG c (EFG) = CD n (EFG) = {P}.

R € (EFG), R does not separate A and B
E separates B and C

€ (EFG) n AC = {Q}.

}:RenlACl:Q:QeRE:Q

Solution to Problem 128.

M

We assume problem is solved, if M 2 ;} =Sanp+0,=>anp =d.

As ||MA|| = |IMB|| = M € the bisecting line of the segment [4B].
So, to find M, we proceed as follows:

1. We look for the line of intersection of planes a and g, d. If a || B, the
problem hasn’t got any solution.

2. We construct the bisecting line d’ of the segment [AB] in the plane a.

3. We look for the point of intersection of lines d and d'. If d Il d’, the problem

hasn't got any solution.
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Solution to Problem 129.

fanp=0=anpny=0.If anp =d, the desired intersection is d Ny, which
can be a point (the 3 planes are concurrent), the empty set (the line of intersection
of two planes is || with the third) or line d (the 3 planes which pass through d are

secant).

Solution to Problem 130.
To determine M, we proceed as follows:

1. We construct plane (Ad,) and we look for the line of intersection with a4, d;.
If d; (/3), A neither does M.

2. We construct plane (Bd,) and we look for the line of intersection with «, d,’.
If d,’ does not exist, neither does M.

3. We look for the point of intersection of lines d;' and d,’. The problem has
only one solution if the lines are concurrent, an infinity if they are coinciding

lines and no solution if they are parallel.

Solution to Problem 131.

Bl

We assume the problem is solved.
a. First we assume that A.B, C are collinear. As AA" and BB' are concurrent lines,
they determine a plane B, that intersects a after line A'B’.

As
CeAB=Cen. =>CealU3=>CecAB
CeEa

and points C, A, B’ are collinear (V)M € d.
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b. We assume that 4, B, C are not collinear.

We notice that: (4A',BB") = B (plane determined by 2 concurrent lines).
BUua=d and Ced'.

757

To determine M we proceed as follows:

1) We determine plane (ABC);

2) We look for the point of intersection of this plane with line d, so d n

(ABC) = {M} is the desired point.
Then (ABC)na =d'.

AMMNa = {4} }%A’BE&

BMN3={B'} ' o

CE“‘}}# Ced
CEa

= A',B’,C’ are collinear.

Solution to Problem 132.

A€cand Beo = [AB]na # @.
Let 0 = |aA = |aB.
Let M € |AB| and we must show that M € o(V)M inside the segment.

We assume the contrary that M € ¢ = (3)P such that [AM]nd ={P} =P €
[AM] = P € [AB] = [AB] n a # @ false.

P € a, so M € o. The property is also maintained for the closed half-space.
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Compared to the previous case there can appear the situation when one of the

points A and B € a or when both belong to a.

fA€a,B€Eag|AB|Nna+ @ and we show as we did above that:
ABiC o
Ace = [AB|Colja
Beo

If:

A, Bea=>ABCa=[AB]Ca= [AB| C aljs.

Solution to Problem 133.

4

Me|BA= B¢ [MA - [MANe=2¢
= Me i '
So
|BA C leA

Let

Solution to Problem 134.

Let a be a plane and g,, g, the two half-spaces that it determines. We consider
half-space o;.
dNae=2
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1) dnCﬁ:@
AEA‘J'I_

Ndor# 2, fle Ae d;m =‘.-{
Aed

MEdﬁ{AﬁﬂCd}:} [AM]Na =2

2=>Meo, VVMed=dCon =
dla=2 Acom

:dnﬂ'1=d

3jdNae# @ =>dNa={P} =
P determines on d two rays, |PA and |PB where
P g |AB|

}:-TABIﬂa#B#
Pca

A and B are in different half-spaces.

We assume

A€ m

Z2L |PAC oA = |[PAC o, = oy [1d = |PA.
Fea

Solution to Problem 135.
—7
o

/)
l/’

Let o be an open half-space and p its margin and let d = a n B.

e —————

We choose points A and B € a - d, on both sides of line d =
= [ABINB £ ®
dc g

= A, B are on one side and on the other side of g and it means that only one of

} > [ABINB#©

them is on ¢.

We assume that A € ¢ = B € . We now prove a N o = |dA.
angoc|dA
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Let
McalNles=Mca Mce

A€o, B#¢ Beao

}:EMB;QB#Q: Mea }:e,
[MB] € d # ® = M and B are on one side and on the other side of line d = M is
on the same side of line d with A = M € |dA
= Mc|dl= (MAINd=0
o ras Mgce
aff=d ;=  MANB=¢g=>Mcl|fA= =
X Mca
[MA] C o

= MEanao, so|dAdcanog.

Solution to Problem 136.

Let o be the considered half-space and B its margin. There are more possible

cases:
Ied=¢
In this case it is possible that:
a)aflo =0
b acotd=(BAcafos O
Ace
Let

2Meag(ViMca=zoCr=alc=e

al1B=2

Mca= MA|Ca MAINBg=0
=
A€o

NaNB#Fo=aNf=d=ae

is a half-plane according to a previous problem.

Solution to Problem 137.

P
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The intersection of two planes is a line and it cuts only two sides of a triangle.

There are more possible cases:

1. d cuts |AB]| and |BC|

d' cuts |AB| and |AD|, a cuts |AD| so it has a point in common with (ADC) and let
(ADC)Na=4d".

d" cuts |AD| and does not cut |AC| = d"' cuts |DC]|

a cuts |DC| and |BC| = it does not cut |BD|. In this case a cuts 4 of the 6
segments (the underlined ones).

2. d cuts |AB| and JAC|, it does not cut |BD]|

d' cuts |AB| an |AD|, it does not cut |BD|

d" cuts |AD| an |AC|, it does not cut |DC]|

= a does not intersect plane (BCD). In this case a intersects only 3 of the 6
segments.

3. d cuts |AB|and |BC]|, it does not cut |AC]|

d' cuts |AB| an |BD|, it does not cut |DC|

a intersects |BD| and |BC]|, so it does not cut |DC]|

In ABDC = a does not intersect plane (ADC)

In this case a intersects only three segments.

4. d cuts |AB| and |AC|, it does not cut |BC]|

d' cuts |AB| an |BD|, it does not cut |AD]|

d" cuts |AC| an |DC|

a does not cut |BC| in triangle BDC. So «a intersects 4 or 3 segments.

Solution to Problem 138.
dig=o
Let

Med} [AM] c d
=

]:}-:@AM]H;?= e
Aed dNf=3a

= Mec|fA,(ViMecd=>dcC |54

Let
h’ INT
EU}Z’_ [ Blca}#:[a\"ﬂjﬂﬁ‘:@
Bea alf=@
aC |BB.
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7
57

Solution to Problem 139.
We first assume that « # g and |a4 c |BB.

%
. %
z'/
Is
F
rd
Fd

-

A{' >
{ 5

} = A€|8B =3B =34

As
A€ lad
A C |58
The hypothesis can then be written as a # 8 and |aA c |BB. Let's show that a n
B = @. By reductio ad absurdum, we assume that an g # @ = (3)d = a n P and let
0 €d, so 0 €aand 0 €. We draw through A and 0 a plane r, such that d € r, so
the three planes a, and r do not pass through this line. As r has the common
point 0 with @ and B, it is going to intersect these planes.
Ne=4 } s =
rN8=4
which is a common point of the 3 planes. Lines § and §’determine 4 angles in
plane r, having 0 as a common peak, 4 € the interior of one of them, let 4 € int.
hk. We consider C € int. hk.
Then C is on the same side with 4 in relation to &', so C is on the same side with

A in relation to a = C € |aA.
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But C is on the opposite side of A in relation to §, so C is on the opposite side of
A in relation to B = C ¢ |BA. So |aA & |BA — false — it contradicts the hypothesis =
Soanp=2a.

Solution to Problem 140.

Let d be the edge of the given dihedral angle. Depending on the position of a line
in relation to a plane, there can be identified the following situations:
dNea={0}

Ocd Ocy Y0a=d
= = =
Oca Oed Fhe=d

i

¥

|
| a
The ray with its origin in 0, so @ c 'y’ = d’d” thus an angle.
2dNna =92
alaF #0=afif=d

=d |jd"
aNY #@0=aly =4

;7

Indeed, if we assumed that d' nd” # ¢ = (3)0 ed’' nd".

N Oecd
:}{Oe.f =4 0cy = € }:’Gedﬂm
=

false — it contradicts the hypothesis.

o{o0e
aflv =&
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Or

aeNF =2
e}y =4"

=

in this case an B'y’ =d" - a line.

o alf =2:']

aIv' =2
Then a n By’ = 0.
3) dla=d

dna=d,buta#p a+y
a N B’y’” = d thus the intersection is a line.
bla=3  a=-.

In this case the intersection is a closed half-plane.

Solution to Problem 141.

1) int. af = leBN15A
Peintad = PcoB .
Pe|3A

‘In{Pd} =d g {PJ} ﬂ(ﬂB} is a half-plane ! Fe 133

= (Pd)\iaB = dP (+)
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ﬁi’

(Pd)Nf=d= (Pd) jﬁd is a half-plane

Pel|fA ] = (P)N|BA=|dP (sx)

From (*) and (**),

= (Pd)(laB(|6A=|dP = (Pd)(int. aF = |dP

2} {A_B,H}ﬂa = A M so they are secant planes g (A‘HB] f8A= LH'EIA

(AMB)( int. &'f’ = (AMB)\|aBN|8A = (AMB)N|eBIN{(AMB) N |8A] =
= IMBLANIMA, B = int. AMB.

Solution to Problem 142.
Med = McdP
M € (ABM)
& C (dP) } _ lePd =1MQ } _ IMQcldPC int.& B } .
INd=M Q€ ldP IMQ C & C (AMB)

}%[AMB}H{&P]:J’;:’ Mecd

IMQ C |AB| = {R}
IMQ < |dP

— 1dP(|AB] = {R} . |dPC(dP)  {dP)N|AB|={R}

= points A and B are on different sides of (dP).

= |MQ C int.(F") (WABM) = |MQ C int. AMB =

Solution to Problem 143.
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Let rays a = iﬂATB, ,3 = t{}A],C- 'ff' = JGA:IP

As P is interior to the dihedron formed by any half-plane passing through 0 of the
trihedral, so
Pe it
Bed = |BC|N~' = {Q}
Cexy
So
P c|0AP } _
Qe|OAP=Y
P and @ in the same half-plane det. 0A = P and Q on the same side of 04 (1)
P € int abe = P € [OAC, A=
= P and A are on the same side of (OBC) Ny’ = P and A are on the same side of
00 (2).
From (1) and (2) =

P cint. ADQ T~ 8V- 1401 1OP = (R} = R € |AQ], |AQ| C int. ABC

= R € int ABC = |OPN int.ABC = {R}.

Solution to Problem 144.

Let M and M’ be two convex sets and M N M’ their intersection. Let

S POEMNM PEQSPEMNQEM | papomes | |PQIC M
—_—
PeMNQeM PQlC M

= PRICMNM

so the intersection is convex.

Solution to Problem 145.

e

a. LetP,Qea; P+ Q= |PQ = PQ (the line is a convex set)

/

PQ c a, so |PQ| c a, so the plane is a convex set.
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b. Half-planes: Let S = |dA and P,Q € S = |PQ|nd = @. Let M € |PQ| = |PM| c
|PQ| = |PM|nd =@ = P and M are in the same half-plane = M € S. So
|PQ| c S and S is a convex set.

P

Let S' = [dA. There are three situations:

1) P,Q € |dA — previously discussed;

2) P,Qed= |PQ|cdcS’

3) Ped,Q¢d= |PQ| c|dQ = |PQ| c |dA c [dA sO [dA is a convex set.

@
M

P .

o

c. Half-spaces: Let 0 = |a¢A and let P,Q € 0 = |PQ| N a = @.

Let M € |PQ| = |PM| c |PQ| = |PM| N a = @.
Let ¢’ = [aA. There are three situations:
1) P,Q € |aA previously discussed;
2) P,QEa= |PQ|cacd
3) P€Ea, Q ¢ a.
PQed =[PQcs = |PQc

and so ¢’ is a convex set.

d. the interior of a dihedral angle:
int.a'B’ = |aA N |BB and as each half-space is a convex set and their intersection

is the convex set.
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Solution to Problem 146.

No. The dihedral angle is not a convex set, because if we consider it as in the
previous figure A€ B’ and B € «'.
(VP € int.o’, [dP|AB| # @

> (3)M € 4Bl aiM € int.dF |

=|AB| ¢ &P
Mg, Mga |

Only in the case of the null or straight angle, when the dihedral angle

becomes a plane or closed half-plane, is a convex set.

Solution to Problem 147.

a. No. The trihedral angle is not the convex set, because, if we take A € a and Q €
the int. bc determined by P € the int. abc, (3)R such that |OP n the int. ABC =
{R}, R € |AQ|,R ¢ abc.

So 4,Q € abc, but |AQ| & abc.

b. B = (0CA),y = (0AB) is a convex set as an intersection of convex sets.

Q) It is the same set from a. and it is not convex.
D) The respective set is [@A N [BB N [yC, intersection of convex sets and, thus, it

is convex.

Solution to Problem 148.

- A

Q!H
/@)

let o =|aAd and M c a. Let P,Q E M no.

We have the following situations:
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sl PQeoc= |PRCcoc oo M;
bl PG e M=[PQlC MCeoM;
S PEM@eEc = |PQ|CoC oM.

Solution to Problem 149.

S0.r)= {M e S [|oM) =},

S(0,r)Na={Me S/M € SIO.INMaN|OM] =} = (M e a/|[OM] =r} =
= {0, r)

Solution to Problem 150.

Let

.f}-rq = illt._‘;{l‘_?,rj =5 "'ﬂ'Pli cr, "qu| cr.
In plane (OPQ), let M € (PQ).
= [[OM| < JOP} < r
or =+ |OM]| < r
oMl < l0Q| <+

= M e 5(0,r}(vIM C|PQl= [PQ| C 5(0,r)

Solution to Problem 151.

Let: P midpoint of |AB|
R midpoint of |BC|
Q midpoint of |DC|
S midpoint of |AD]|
T midpoint of |BD]|
U midpoint of |AC|
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In triangle ABC:

|AC]
|RP| Lm. |PR] = %;I’H Il AC.

In triangle DAC:

iACH

15QI L. jisQ| = 1524,

5Q | AC.
= PRI = {SQ|l, PR || 5Q = PRSQ
= parallelogram = |PQ| and |SR| intersect at their midpoint 0.

. AB| [ ABY

is7y = 12EL yomy < 1ABH ) yory = oy

2 2 = =
ST || AB UR|AE - ST||UR

= STRU parallelogram.
= |TU| passes through midpoint 0 of |SR|.

Thus the three lines PR,SR,TU are concurrent in O.

Solution to Problem 152.

Let tetrahedron ABCD and E be the midpoint of |CD|. The centroid G of the face
ACD is on |AE| at a third from the base. The centroid G’ of the face BCD is on |BE|
at a third from the base |CD|.

We separately consider AAEB. Let F be the midpoint of AB, so EF is median in
this triangle and, in the previous problem, it was one of the 3 concurrent segments
in a point located in the middle of each.

Let O be the midpoint of |EF|. We write AO N EB = {G }and BG n EA = {G}.

\AF| = |FBi= |FH| m. in ABG' = |BH| = |HG (1)

OG' || FH

= 10 Lm. in AEFH = EG=G'H  (2)
(EO| = 1OF) :
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E
G O G
H
A 3 '
From (1) and (2)
= [EG| = EG*H;E;HB|=>!:E‘,—gi'i=% ~

= (' is exactly the centroid of face BCD, because it is situated on median |EB| at
a third from E. We show in the same way that G is exactly the centroid of face ACD.
We've thus shown that BG and AG' pass through point O from the previous
problem.

We choose faces ACD and ACB and mark by G" the centroid of face ACB, we
show in the same way that BG and DG" pass through the middle of the segment
I[MN| (|JAM| = |MC|,|BN| = |ND|) thus also through point 0, etc.

Solution to Problem 153.

We mark planes (ABC) = a, (ADC) = B,(BDC) =y, (ABO) = 6.

Let M be the intersection of the interiors of the 4 trihedral angles.

We show that:

M = int.[ABCD], by double inclusion.

1. PEM = P €int.abc nint.afd nint.dec Nnint.bfc = P € |aD N |yC n BB and
Pe|SAn|yCn|BB=Pe€|aD and Pe|fBand Pe|yC and P € |6C = P €
|aD n|[yC n BB NSA = P € int.[ABCD]. So M € [ABCD].

2. Following the inverse reasoning we show that [ABCD] c M from where the

equality.
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Solution to Problem 154.

M cint.[ABC D] = (3N cint. ABC

such that

M € DN|, N €int. ABC = ()P € 1AB|

such that N € |CP|, (ADB) n (DPC) = DP.

From N € |CP| and € |DN| S5 int. DPC => M € int. DPC = (3)0 € |DC].
So we showed that (3)P € |AB| and Q € |DC| such that M € |PQ|.

Solution to Problem 155.

Let M be the union of the open segments |PQ|. We must prove that: int. [ABCD] =

M through double inclusion.

1. Let M € int.[ABCD] = (V)P € |AB and Q € |CD such that M € |PQ| = M € M so
int. [ABCD] € M.

2. Let M e M = ()P € |AB| and Q € |CD| such that M € |PQ|. Points D,C and P
determine plane (PDC) and (PDC) n (ACB) = PC, (PUC) n (ADB) = PD.

As (V)Q € |CD| such that M € |PQ| = M € [PCD] = |(V)R € |PC| such that M € |DR|.

If P € |AB| and R € |PC| = R € int. ACB such that M € |DR| = M int.[ABCD] =

M c int.[ABCD].

Working with closed segments we obtain that (V)R € [ACB] such that M € [DR],

thus obtaining tetrahedron [ABCD].

Solution to Problem 156.

Let M € [ABCD] = (3) P € [ABC] such that M € [DP].
Let N € [ABCD] = (3) Q € [ABC] such that N € [DQ].
The concurrent lines DM and DN determine angle DMN.

The surface of triangle DPQ is a convex set.
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M < [DPQ|
=i

= |MN| c [DPQ)].
Ne {DF’Q] }

Let

0 € |[MN|= 0 ¢ |[DPQ] = ()R € [PQ)

such that 0 € [DR]. But [PQ] c [ABC] because P € [ABC] n Q € [ABC] and the
surface of the triangle is convex. So ()R € [ABC] such that

O € [DE] = 0 € [ABCD],(¥)O € |MN| = |MN| c [ABCD)

and the tetrahedron is a convex set.

Note: The tetrahedron can be regarded as the intersection of four closed half-

spaces which are convex sets.

Solution to Problem 157.

Let M be the union of the segments [PQ] with P € M; and Q € M.
Let x,x’ € M = (V)P € M; and Q € M, such that x € [PQ];

(P’ € M; and Q' € M, such that x' € [P'Q'].

From P,P' € M; = [PP']' € M; which is a convex set.

From Q,Q' € M, = [QQ'] € M, which is a convex set.

The union of all the segments [MN] with M € [PP'] and N € [QQ'] is tetrahedron
[PP'QQ'] c M.
So from x,x' € M = |xx'| € M, so set M is convex.

Solution to Problem 158.

The interior of the tetrahedron coincides with the union of segments |PQ|,P €
|AB| and Q € |CD|, that is int.[ABCD] = {|[PQ|\ P € |AB|,Q € |CD|}.
Let's show that:

int.JABCD} = |(ABC),DN{(ABD),CNi(ADC), BN
NYDBC), A.
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1. Let
M cint.JABCD|= P e |AB| Q€ {DC| M€ |PQ|

P € {(BDC), A }
=

P € |AB|= B # |AP| = |AP|(\BDC) = @ = ,
= B¢ {AP|= [AP|NY ) P e (BDC)

= [PQ| C |(BDC),A: M ¢ |[PQ| = M € (BDC),A (1)

P ciAB| = A ¢ |PB| = |[PBI{ADC) = @ = P € |(ADC), B; @ € (ADC) =

= |PQ| C |(ADC),B = M € {ADC),B (2)
Qe|DCl=De|QC = ;QCIfl{ABD} =2 = Qel(aBD).C ] =
P e (ABD)
= |PQ| C |(ABD),C = M € (ABD),C (3)

Q€ |DCl=C¢|DQ|= DQIN(ABC) =@ .
P € (ABC)

= |PQ| C{(ABC),D = M € |(ABC), D (4)

QE{(ABC],D}
= =

(1).{2).(3),(4) = M € |(BDC}, AN|(ADC), BN |(ABD),CN|{ABC), D
int.JABCD] C (BDC), AN {ADC), BNI(ABD),CN|(ABC), D.

2. Let
Mel{BDC) ANHADC BN(ABD), CN[{ABC), D=M g (BDC), AQY[{ADC),
BN[(ABD),C = M € int. abec = |DM|[ int. ABC = {N}.
If we assume N € |DM| = |DM| N (ABC) # @ = M and D are in different half-
spaces in relation to (ABC) = M ¢ (ABC), D, false (it contradicts the hypothesis).
So

M & [DN|,(3)N € mt.ABC ai. M € |[DN| = M € int. [ABCD)

and the second inclusion is proved.

As regarding the tetrahedron: [ABCD] = {[PQ] \ P € [AB] and Q € [CD]}.
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P = A,Q € [CD],[PQ] describes face [ADC]
If P =B,Q € [CD],[PQ] describes face [BDC]
Q = C,P € [AB],[PQ] describes face [ABC].

Because the triangular surfaces are convex sets and along with their two points P,
Q, segment [PQ] is included in the respective surface.

So, if we add these two situations to the equality from the previous case, we
obtain:

[4BCD] = [(BCD), AN[(ACD), BNi(ABD),C N{{ABC), D.
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Lines and Planes

159. Let d,d’ be two parallel lines. If the line d is parallel to a plane a, show

that d'||a or d' c a.

Solution to Problem 159

160. Consider a line d, parallel to the planes a and B, which intersects after the

line a. Show that d||a.

Solution to Problem 160

161. Through a given line d, draw a parallel plane with another given line d'.

Discuss the number of solutions.

Solution to Problem 161

162. Determine the union of the lines intersecting a given line d and parallel

to another given line d' (d # d').
Solution to Problem 162

163. Construct a line that meets two given lines and that is parallel to a third

given line. Discuss.

Solution to Problem 163

164. If a plane a intersects the secant planes after parallel lines, then « is

parallel to line g ny.

Solution to Problem 164

165. A variable plane cuts two parallel lines in points M and N. Find the

geometrical locus of the middle of segment [MN].

Solution to Problem 165
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166. Two lines are given. Through a given point, draw a parallel plane with

both lines. Discuss.

Solution to Problem 166

167. Construct a line passing through a given point, which is parallel to a

given plane and intersects a given line. Discuss.

Solution to Problem 167

168. Show that if triangles ABC and A'B'C’, located in different planes, have
AB || A'B',AC || A'C’" and BC |l B'C’, then lines AA’,BB’,CC' are concurrent or

parallel.

Solution to Problem 168

169. Show that, if two planes are parallel, then a plane intersecting one of

them after a line cuts the other one too.

Solution to Problem 169

170. Through the parallel lines d and d' we draw the planes a and a’ distinct

from (d,d’). Show that a || @’ or (ana’) Il d.

Solution to Problem 170

171. Given a plane a, a point A € a and a line d c «a.
a. Construct a line d’ such thatd' ca, Aed and d' |l d.
b. Construct a line through A included in a, which forms with d an angle

of a given measure a. How many solutions are there?

Solution to Problem 171

172. Show that relation « || B defined on the set of planes is an equivalence

relation. Define the equivalence classes.

Solution to Problem 172
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173. Consider on the set of all lines and planes the relation “x || y” or x =y,
where x and y are lines or planes. Have we defined an equivalence

relation?

Solution to Problem 173

174. Show that two parallel segments between parallel planes are concurrent.

Solution to Problem 174

175. Show that through two lines that are not contained in the same plane, we
can draw parallel planes in a unique way. Study also the situation when the

two lines are coplanar.

Solution to Problem 175

176. Let a and B be two parallel planes, A,B € a, and CD is a parallel line with
a and . Lines CA,CB,DB,DA cut plane B respectively in M,N, P, Q. Show

that these points are the vertices of a parallelogram.

Solution to Problem 176

177. Find the locus of the midpoints of the segments that have their

extremities in two parallel planes.
Solution to Problem 177
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| Solutions

Solution to Problem 159.

[

Ay

VRPN
fo A/

AEa \
dlla}=>d” I

Let d"IId =d" llaord ca.
d’ IId} ) J
4"l d =d|d

Solution to Problem 160.

letAea=>A€anAepB Wedraw through A, d' |l d.

dll a p
A€a, =d ca / r_
d||d} dcacﬁ} d—a} alld

dllﬁ} , anf =a d|ld

Solution to Problem 161.

a. If d  d' there is only one solution and it can be obtained as it follows:

Let A € d. In the plane (4,d") we draw d" || d'. The concurrent lines d and d"”

determine plane a. As d" || d = d || «, in the case of the non-coplanar lines.
p p
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b. If d Il d" || d", () infinite solutions. Any plane passing through d is parallel to
d", with the exception of plane (d, d").

c. d & d', but they are coplanar () solutions.

-.d:

Solution to Problem 162.

/ .

ek 44

Let A € d, we draw through A,d; || d'. We write a = (d,d;). As d, Il d' = d' || a.

Let M € d, arbitrary = M € a.

516, M€eé
dlla

contained in plane a.

We draw }=> 8 c a, so all the parallel lines to d' intersecting d are

letyca,ylld =y nd =B, so (V) parallel to d’ from «a intersects d. Thus, the

plane a represents the required union.
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Solution to Problem 163.

'\.\
\4 4
\g AV 4

dlld
d' Il ds

We draw d through M such that }=> d |l d5. According to previous

problem: d n d; = {N}. Therefore,

dNdy = {M}
dNd; = {N}
d |} ds

a. If ds Il dq, the plane a is unique, and if d, N @ # @, the solution is unique.

dll dy
nd, 9@

point two parallel lines d, d; to the same line d5. So there is no solution.

b. Ifd; |l ds (3) d because it would mean that we can draw through a

c. Ifdytds;andd,na =+, all the parallel lines to d, cutting d; are on the plane «
and none of them can intersect d,, so the problem has no solution.

d. Ifd,ca d,nd, # @, letd, nd, = {0}, and the required line is parallel to d;

drawn through 0 = one solution.

e. If d, € a,d; Il d,. The problem has infinite solutions, (V) || to d3 which cuts d;,

also cuts d,.
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Solution to Problem 164.

)

BNy=d
aff =d
afly=d:
d || d2

d |[dz=+di i 7
d Cj§

d:d] .
=d||a
dlci]‘

]#rgﬂ~,=d

Solution to Problem 165.

.

dy || d = (e = (dy, oz}

The problem is reduced to the geometrical locus of the midpoints of the
segments that have extremities on two parallel lines. P is such a point |MP| = |PN|.
We draw AB 1 d1 = AB?MPA = BPN = AMAP = ANBP = |PA| = |PB| = ||AP||?=

the geometrical locus is the parallel to d; and d, drawn on the mid-distance

between them. It can also be proved vice-versa.
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Solution to Problem 166.

Mgd , Mgd,.

Let d; ¥ d,. In plane (d, M) we draw dj || d;, M € dj. In plane (d,M) we draw
dy Il dy, M € dj. We note a = djd; the plane determined by two concurrent lines.

d i dy = d | a
di [ dy = dy || @

M € a the only solution.

Let d, Il dy N & dy, M € d.

d; = d} = dj
In this case di = dj = d and infinite planes pass through d;
d, Il d

a1 d} = d,, d, are parallel lines with (V) of the planes passing through d.
1

The problem has infinite solutions. But M € d; or M € d,, the problem has no
solution because the plane can't pass through a point of a line and be parallel to

that line.

Solution to Problem 167.

Let A be the given point, @ the given plane and d the given line.
a. We assume that d 4 a,d n a = {M}. Let plane (dA) which has a common point

M witha= (dA)na=4d:

We draw in plane (dA) through point 4 a parallel line to d'.
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alld
& de={M}
ald
dca

}:&-ﬂr‘gd.}‘-z
} =a|ladca

= a is the required line.
b. dl a,(dA)na¢®

All the lines passing through A and intersecting d are contained in plane (dA). But

all these lines also cut d' ||l d, so they can't be parallel to a. There is no solution.

¢ dlla(dd)na=0.

Let M ed and line AM c (dA); (dA) Nna=0 =>AMna=0 = AM || a, V)M € d.

The problem has infinite solutions.

Solution to Problem 168.

(ABC) and (A'B'C") are distinct planes, thus the six points 4,B,C,A’,B’,C’' can't be
coplanar.

AB || A'B" = A,B,A’,B" are coplanar.
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The points are coplanar four by four, that is (ABB'A), (ACC'A"), (BCC'B"), and
determine four distinct planes. If we assumed that the planes coincide two by two,
it would result other 6 coplanar points and this is false.

In plane ABB'A’, lines AA', BB’ can be parallel or concurrent.

First we assume that:

ANNBE = (S} = S € A4S c BB

S e (ABB'A’)
5 € (ACCAY)
5 e (BCC'B)
Se (ABB'A)

SEAA’:.*»{
3533‘#{'

is a common point to the 3 distinct planes, but the intersection of 3 distinct
planes can be only a point, a line or @. It can’t be a line because lines
(ABB'A)ACCAT) = A
(ABB'A{BCC'B') = BE'
(ACCT A (BCC'BY) = CC
= are distinct if we assumed that two of them coincide, the 6 points would be
coplanar, thus there is no common line to all the three planes. There is one

possibility left, that is they have a common point S and from
S e (ACCTA)
Se (CCBEY

=Ll =

allf=ali=0C

We assume dnNpB =0 =4d |l B = d € plane || B drawn through A = d c q, false.
Sodnp ={B}

Solution to Problem 169.
Hypothesis: a Il B,y N a = d;.
Conclusion: y n B = d,.
We assume thatyng =0 =y I B.
Let

Aca, ol d
A e d = = a=7
Ae~y, viI 8
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because from a point we can draw only one parallel plane with the given plane.

But this result is false, it contradicts the hypothesis y na =d; so y n B = d,.

Solution to Problem 170.

Hypothesis: d 1 d'; d c a;d" c a? a,a’ # (dd").
Conclusion: a || &' ord"” |l d.

As a,a’ #(dd) = a # d.

fand =0=ala

fana =0=anad =d".

d”d” dIIa' "
lfd’ca’:>dca}:>d lld.

Solution to Problem 171.

/i

a.ffAed thend =d. If A¢d, we draw through 4,d’ || d.

d
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b. We draw d; c a,A € d, such that m(d;d") = a and d c @, A € d,, such that
m(d,d") = a, a line in each half-plane determined by d’. So (3) 2 solutions

excepting the situation a = 0 or a = 90 when (3) only one solution.

Solution to Problem 172.
allpora=p < a~f

1. a =a = a~aq, the relation is reflexive;
2. a~f = B~ «, the relation is symmetric.
allpora=F=pFllaorf=a= [~

3. a~BNB~y = a~y.

fa=pnp~y = a~y.

a#fanda~f=allp

i B~y =B =yorBly

}:>a||y:>a~y.

The equivalence class determined by plane a is constructed of planes a' with a'~a,

that is of a and all the parallel planes with a.

Solution to Problem 173.

7
/
/

Z /
x,

No, it is an equivalence relation, because the transitive property is not true. For
example, x is a line, y a plane, z a line. From x ||y and ||z # x || z, lines x and z

could be coplanar and concurrent or non-coplanar.
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Solution to Problem 174.

dy || dy = {T)y = (did)

ally= AR
7 AB| CD
dMN~y=CD =
AC | BD
all §

= ABCD parallelogram.
So ||AC|| = [IBD]].

Solution to Problem 175.

&
— /dﬂ
T
d

/ ;
/af
s

We consider A € d and draw through it d, || d’. We consider B € d' and draw
d, Il d. Plane (d,d,) Il (dd,), because two concurrent lines from the first plane are
parallel with two concurrent lines from the second plane.

When d and d' are coplanar, the four lines d, d;, d, and d' are coplanar and the

two planes coincide with the plane of the lines d and d'.

Solution to Problem 176.

Let planes:
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G R,
= L P L L}
ep |8 “
(CDBE)
= CD|| PN (2)
CD 8
(CAB)
= AB || MN (3)
ol g

(DAB) } .
= AR | QF {4)
o @
From (1), (2), (3), (4) = MNPQ parallelogram.
Solution to Problem 177.

Let [AB] and [CD] be two segments, with A,C € @ and B,D € 8 such that |[AM| =

IMB| and |CN| = |ND|.

In plane (MCD) we draw through M,EF||CD = EC||DF = EFDC parallelogram
= |EF| = |CD|.
Concurrent lines AB and EF determine a plane which cuts planes a after 2 parallel
lines = EA||BF.

In this plane, |AM| = |BM]|.
EMA = BMF (angles opposed at peak)
EAM = FBM (alternate interior angles)

- AAME = ABMF = [EM| = |MF}
In parallelogram ECDF,
|CNI's |IND|, |EM| = |MF|=

MN || EC MN|a
MN | FD MN |3
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So the segment connecting the midpoints of two of the segments with the
extremity in @ and g is parallel to these planes. We also consider [GH] with G €
a,H € B and |GQ| = |QH| and we show in the same way that OM||a and OM||B. (2)

From (1) and (2) = M, N, Q are elements of a parallel plane to @ and 8, marked by
Y.

Vice-versa, let's show that any point from this plane is the midpoint of a segment,
with its extremities in @ and B.

Let segment [AB] with A € @ and B € § and |AM| = |BM|. Through M, we draw the
parallel plane with @ and g and in this plane we consider an arbitrary point O € y.

Through 0 we draw a line such thatdna={I} and dnp = {I}.

In plane (OAB) we draw A'B’ || AB. Plane (AA’'B'B) cuts the three parallel planes
after parallel lines =

AA[|OM || BB } .

Bej

In plane (A'B'I) = |A'0| = |0B’| = IA" || B'I and thus |£’0\| = IEE’I and JA'0 =
o 10A" = I0B’
IB'0 =

= AIOA' = OAIOB = |01 = (10| =
0 is the midpoint of a segment with extremities in planes @ and S.

Thus the geometrical locus is plane y, parallel to @ and g and passing through the

mid-distance between a and p.

154




255 Compiled and Solved Problems in Geometry and Trigonometry

Projections

178. Show that if lines d and d' are parallel, then pr.d |l prod’ or prod = pr,d’.

What can we say about the projective planes of d and d'?

Solution to Problem 178

179. Show that the projection of a parallelogram on a plane is a parallelogram

or a segment.

Solution to Problem 179

180. Knowing that side [0A of the right angle AOB is parallel to a plane «,

show that the projection of AOB onto the plane «a is a right angle.

Solution to Problem 180

181. Let A'B'C’ be the projection of AABC onto a plane a. Show that the
centroid of AABC is projected onto the centroid of AA’B’C’. Is an analogous

result true for the orthocenter?

Solution to Problem 181

182. Given the non-coplanar points 4, B, C,D, determine a plane on which the

points A4,B,C, D are projected onto the peaks of parallelogram.

Solution to Problem 182

183. Consider all triangles in space that are projected onto a plane a after the

same triangle. Find the locus of the centroid.

Solution to Problem 183

184. Let A be a point that is not on line d. Determine a plane a such that pr,d

passes through pr,A.

Solution to Problem 184
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185. Determine a plane onto which three given lines to be projected after

concurrent lines.

Solution to Problem 185

186. Let @, B be planes that cut each other after a line a and let d be a
perpendicular line to a. Show that the projections of line d onto a, are

concurrent.

Solution to Problem 186

187. Consider lines 0A,0B,0C L two by two. We know that [|0A]|| = a,
[|OB|| = b, ||OC|| = c. Find the measure of the angle of planes (ABC) and
(0A4B).

Solution to Problem 187

188. A line cuts two perpendicular planes a« and g at A and B. Let A" and B’ be
the projections of points A and B onto line a n B.
a. Show that ||AB||* = ||AA'||* + ||A'B'||* + ||B'B||%
b. If a,b,c are the measures of the angles of line AB with planes «, 8 and
[l4"B"]
|ABI|

with @ n B, then cos VTR and sin? a + sin? b = sin? c.

Solution to Problem 188

189. Let ABC be a triangle located in a plane a, A'B'C’ the projection of
AA'B'C' onto plane a. We mark with §,S’,S" the areas of AABC,
AA'B'C',AA"B"C", show that S’ is proportional mean between S and S".

Solution to Problem 189

190. A trihedral [ABCD] has |AC| = |AD| = |BC| = |BD|. M, N are the midpoints
of edges [AB],[CD], show that:
a. MN L AB,MN L CD,AB L CD
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b. If A,B’,C’',D' are the feet of the perpendicular lines drawn to the peaks
A,B,C,D on the opposite faces of the tetrahedron, points B, A", N are
collinear and so are A,B’,N; D,C',M; C,D', M.

c. AA',BB',MN and CC',DD’,MN are groups of three concurrent lines.

Solution to Problem 190

191. If rays [0A and [0OB with their origin in plane a, 0A L «, then the two rays
form an acute or an obtuse angle, depending if they are or are not on the

same side of plane a.

Solution to Problem 191

192. Show that the 6 mediator planes of the edges of a tetrahedron have a
common point. Through this point pass the perpendicular lines to the faces

of the tetrahedron, drawn through the centers of the circles of these faces.

Solution to Problem 192

193. Let d and d’ be two non-coplanar lines. Show that (3) unique points A €
d, A" € d’' such that AA" L d and AA’ L d'. The line AA' is called the common

perpendicular of lines d and d'.

Solution to Problem 193

194. Consider the notations from the previous problem. Let M € d, M' € d'.
Show that ||AA"|| < |[MM'||. The equality is possible only if M = A, M' = A"

Solution to Problem 194

195. Let AA' be the common L of non-coplanar lines d,d” and M e d, M' € d’
such that |[AM| = |A'M'|. Find the locus of the midpoint of segment [MM'].

Solution to Problem 195

196. Consider a tetrahedron VABC with the following properties. ABC is an
equilateral triangle of side a, (ABC) L (VBC), the planes (VAC) and (VAB)

157




Florentin Smarandache

form with plane (ABC) angles of 60°. Find the distance from point V to
plane (ABC).

Solution to Problem 196

197. All the edges of a trihedral are of length a. Show that a peak is projected
onto the opposite face in its centroid. Find the measure of the dihedral

angles determined by two faces.

Solution to Problem 197

198. Let DE be a perpendicular line to the plane of the square ABCD. Knowing
that ||BE|| = L and that the measure of the angle formed by [BE and (4ABC)
is B, determine the length of segment AE and the angle of [AE with plane
(ABC).

Solution to Problem 198

199. Line €D 1 plane of the equilateral AABC of side a, and [AD and [BD form
with plane (ABC) angles of measure B. Find the angle of planes (ABC) and
ABD.

Solution to Problem 199

200. Given plane a and AABC, AA’B’C’ that are not on this plane. Determine a
ADEF, located on a such that on one side lines AD, BE,CF and on the

other side lines A'D, B'E, C'F are concurrent.

Solution to Problem 200
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| Solutions

Solution to Problem 178.

Let d Il d’, B the projective plane of d.

= ] d *
. B
.
h r r
v ; 1 '
3 h r *
" ' - »
" ! N '
v 2 . .
H
- i i
0
- ' *

We assume that d' ¢ B, which means that is plane d,d' - a, = the projective
plane of d’ is B’. We want to show that pr,d Il pr,d’. We assume that pr,d n
prged’ ={P}= (3) M € d such that pr,M = P and (3)M' € d’ such that pr,M' = P.

PM 1 «
PM' 1«
lines. False.

} = in the point P on plane @ we can draw two distinct perpendicular

If B is the projective plane of d and B of d’, then B Il B’, because if they had a
common point their projections should be elements of pr,d and pr,d’, and thus

they wouldn’t be anymore parallel lines.

If dcBordcp’, thatis (d,d") L a = d and d' have the same projective plane

= pro,d = prgd’.

Solution to Problem 179.
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We assume that ABCD—a. Let A',B,C’, D’ be the projections of points 4,B,C,D.

pri
AB | DC=A'B' | D'C’

} = A',B’,C’, D' parallelogram.
AD || BC = A'D' | B'D’

If (ABCD) L a = the projection A',B’,C’,D' € the line (ABCD) n a = the

projection of the parallelogram is a segment.

Solution to Problem 180.

B/
O, A
1 o
/
B-
o A

If OA||a = proj,0A||0A = 0'A’||0A because (V) a plane which passes through
OA cuts the plane a after a parallel to 0A.

O’'A || 0A OALOB
OAL(OO'B)
=
O'A'|| 0A

00 LO'A' } 0ALOO }
= =

} = OYA'L{00'B) =

= 0'A’ L O'B' = A’'0'B’ is a right angle.

Solution to Problem 181.

In the trapezoid BCC'B’' (BB'||CCY),

IBM| = |MC|

= [BM'| = [MC]
MM'| BB’
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= A'M’' is a median.

MM' || AA" = MM'A'A trapezoid
IAG]|
laM||

1A'cll _ llAGll
=2,GG" || AA le'm’ll lIGM]|

= G’ is on median A'M' at 2/3 from the peak and 1/3 from the base.

Generally no, because the right angle AMC should be projected after a
right angle. The same thing is true for another height. This is achieved if the

sides of the A are parallel to the plane.

Solution to Problem 182.

Let A,B,C,D be the 4 non-coplanar points and M, N midpoints of
segments |AB| and |CD|.

M and N determine a line and let a plane « L MN, M and N are projected

in the same point 0 onto a.

A4 | MO || BB'.
= |A'0| = |0B|
|AM| = |MB
=
CC'j| DY || NO _
= [D'0| = i0C"]
|DN| = INC|

= A'B'C'D' a parallelogram.
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Solution to Problem 183.

A” C"

Cl

]
]
3
3
i
i
1
.
i
1
3
1
‘
1
]
1
'
3
“
.
.
s
H
*
i
T
.
'
B

Let A'B'C’, A"B"'C" two triangles of this type, with the following property:
pr, A'B'C’ = ABC, pr,A"B"C" = ABC.
pr,0' = G = ('GlLa
pr,G" =G = ("G la } :‘r-
= 6G'G =G6G" = G",G', G are collinear.
Due to the fact that by projection the ratio is maintained, we show that G" is the

centroid of 4,B,C.
IBGI _ [B:GY _
IGM[  |IGiM,

2.

Solution to Problem 184.

Let M € d and A ¢ d. The two points determine a line and let @ be a
perpendicular plane to this line, AM L « = A and M are projected onto « in the

same point A" through which also passes proj,d = proj,A € proj,d.
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Solution to Problem 185.

We determine a line which meets the three lines in the following way.
Let

Med,=08=(Md}, y={(Mda}siBNy=

=d=dCf, dNd={N}, d Ty, dNds = (P}.

W}_I_d\} 4a
S

4

a’

d’

Let now a plane

ald= pr,M = pr N = pr P =

=0 = prydi () proda() prods # @ = 4\ NdyNds =
= {0}.

Solution to Problem 186.

L e i e

Let an B =a and M € d. We project this point onto a and g:

MM la
MM'la = = al(MM' d)
dla
J.HJH”J.“-
MM"i8 = = aL{MM",d)
dia

= a L onto the projective plane of d onto B.
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(MM’ d)1d (MM d) || (MM",d)
= ==
(NM”,d)La

=+ (MM' d)=(MM" d) = {MM‘M’;}
Let

aN(MM M) = {0} =

pr,d = OM’
=
pr,d = OM"

= OM' n OM" = {0}, so the two projections are concurrent.

Solution to Problem 187.

A

0OCLOA OC L{OAB)
=
OC10B OM1AB

} = CM_LAE =

the angle of planes (ABC) and (0AB) is OMC = a.

IAB| = V&1 5 j0M] = wa

_ocl ¢ /T B
SoMT @ T @&
VET B

tE

Solution to Problem 188.
letanp =aand AA" L a, BB' 1 a.
all
Aca = AA' 1= AN LA'B=>
AA'La

= [AB|? = |AA* + |A'BI.
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As

EBE'la
= BB lo= proAB = AR =
Flex

= « of line AB with a, BAB' = a

AA'LB = prgdB=A'B =

= <« of line AB with g, ABA' = b

In the plane g we draw through B a parallel line to a and through A" a parallel line
to BB'. Their intersection is C, and ||A'B’|| = ||BC||, ||BB'|| = ||A'C]|. The angle of line
AB with a is ABC = c.

As AA’ L B = AA" L A'C = ||AC||? = ||AA'||1? + ||A'C||? = ||AA||? + ||B'B||*(1)

B'BCA rectangle
= A;Cﬂfi } = ACLCB.

= AACB is right in C.

We divide the relation (1) with ||AB||*:

HACH® _ (|A4® | IB'BJf?
IABY? — |lAB|? ~ ||AB]?

= sin’ e = sin? b + sin’ a.

Solution to Problem 189.

S'=Scosa —
, a € {a,?)
"= S'cosa
WSG—E S'r S;r
§u = o= = P = 55 = § = /557
s &
cos a —_—§
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Solution to Problem 190.

a |AC| = |BC| = AACB isosceles

= CM 1 AB (1
CM median } M
|AD| = |BC| = AABD isosceles
DM median } = DM L AB (2)
_AB L MN
From (1) and (2) = AB 1 (DMC) = AB L DC }
|g}f]| = |BD|} — BN L DC
D Imjjljgl = DC L (ABN) = DC L MN
- AN LD
AN median } = ¢
b.

DOLMN | DCL(ABN) |  (BODC)L(ABN) |  AA'C(ABN)
DC1AR DO C(BDCY AAL(BDC) A £ (BDC)

= A' € BN = B, A’, N are collinear.

In the same way:

From (ADC) L (ABN) = A,B’,N collinear
(ABC) L (DMC) = M, D',C collinear
(ABD) L (DMC) = D, C’,M collinear

C. At point a. we've shown that MN L AB
AA'L(BDC) } AA'LBN
=

BN ¢ (DB A'e BN
BB L{ADC) BB LAN

=3
AN C [ADC) B e AN

AA',BB" and MN are heights in AABN, so they are concurrent lines.
In the same way, DD’,CC’',MN will be heights in ADMC.
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Solution to Problem 191.

o

We assume that [0A4, [OB are on the same side of plane a.

We draw
BR 1o

=BR| A0=
AC Ley

(3) plane (AD,BB") = B = |0A, |0B are in the same half-plane.

AOLla = AOLOPB, m(BOB) < 9° = |0B C

int AOB".

In plane B we have m(40B) = 90° = m(BOB') < 90° = AOB acute.

We assume that [0A and [OB are in different half-planes in relation to « = A and B are
in different half-planes in relation to OB’ in plane § = |0B’ € int. BOA = m(A0OB) =

90° + m(BOB’) > 90° = AOB obtuse.

Solution to Problem 192.

We know the locus of the points in space equally distant from the peaks of ABCD
is the perpendicular line d to the pl. A in the center of the circumscribed circle of
this A, marked with 0. We draw the mediator plane of side |AC|, which intersects
this L d at point 0. Then, point 0 is equally distant from all the peaks of the
tetrahedron ||0A|| = ||OB|| = ||0C|| = ||0D||. We connect 0 with midpoint E of side
|AB|. From |0A| = |OB| = AOAB isosceles = 0C L AB (1).
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We project 0 onto plane (ABD) in point O,.
|OA| = |0B| = |0D|
|0)0, common side
= |0,A| = |BO,| = |D0O,| =

= 0, is the center of the circumscribed circle of AABD. We show in the same

As } = AOAO, = AOBO, = AODO,

way that O is also projected on the other faces onto the centers of the
circumscribed circles, thus through 0 pass all the perpendicular lines to the faces of
the tetrahedron. These lines are drawn through the centers of the circumscribed
circles. So b. /s proved.

From |0,A| = |0B,| = A0,AB isosceles 0,E L AB (2)
AB L (EOZO)}
|AE| = |EB|
= (E0,0) is a mediator plane of side |AB| and passes through 0 and the

From (1) and (2) =

intersection of the 3 mediator planes of sides |BC|,|CD|,|BD| belongs to line d, thus

O is the common point for the 6 mediator planes of the edges of a tetrahedron.

Solution to Problem 193.

Seeshcna.

Let M €d and §]||d’, M € 6. Let = (d,6) = d'||a.

Let
d” = pr.d'

=d||d=d"|d=dNd=
g |, e

= {A} otherwise d and d' would be parallel, thus coplanar. Let g be the projective

plane of line
fla
GNe=a"

d =

In plane B we construct a perpendicular to d" in point A and
AALE

= AA'Ld"
& || d"

168




255 Compiled and Solved Problems in Geometry and Trigonometry

Solution to Problem 194.

We draw
MM"Ld => M'M"Ld = M'M"LM"M = | M'M|| > | M'M"] = || A’A|l.

We can obtain the equality only when M = A and M' = A'.

Solution to Problem 195.

Let M € d, M’ € d’ such that |[AM| = |A'M'|. Let d"" = pr,d' and M'M" L d" =
MM'La=MM'"1LM'M.

M" [ A'A A'M| = |AM™] :

AM' || AM” }:, lAM = |A_u,rl } = AMI= A=

= AAMM' isosceles.

Let P be the midpoint of |[MM’'| and P’ = pr,P = PP' | M'M" = P’ is the midpoint
of MM", AAMM" isosceles = [AP' the bisector of M'AM. (PP") is midline in
AM'M'M = ||PP'|| =2 ”M’M” =~ ||A’A|| = constant,

Thus, the point is at a constant distance from line AP’, thus on a parallel line to
this line, located in the L plane a, which passes through AP'.

When M = A and M'= A" = ||AM|| = ||[N'A" = 0 = P = R, where R is the midpoint
of segment |4A'|. So the locus passes through R and because

AdLAP } = RPLAA =
RP || AP

= RP is contained in the mediator plane of segment |AA|.

So RP is the intersection of the mediator plane of segment |4A'| with the L plane
to a, passing through one of the bisectors of the angles determined by d and d’,
we obtain one more line contained by the mediator plane of [AA'], the parallel line
with the other bisector of the angles determined by d and d".

So the locus will be formed by two perpendicular lines.
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Vice-versa, let Q € RP a (V) point on this line and Q" = pr,Q = Q' € |AP' bisector.
We draw NN" L AQ' and because AQ' is both bisector and height = AANN"
isosceles = |AQ'| median = |NQ'| = |Q'N"|.

We draw
AN
AN

AN}
|AN]

NN LAY = } = AN = [A'N

QO NN =, N, N coplanar = NGO e (QOQINNTL = N 2 [(QO NN
As
e = 1|=&A'| lL|'~«'“'.p""'
.QQ|‘-2: t.—.z‘- ] -
QQF i! lerf‘.ﬂ,"ﬂ
= |Q'Q| midline in ANN'N"" = Q,N’, N collinear and |QN'| = |QN].

Solution to Problem 196.

D= prpg-Vsi E= prygV FD= pr .V
(VBCO) L{ABC) = VD L{ABC ) = d{V.a} = ||VD,

where o = (ABC).

VDL{ABC) —
= DELAB = m{VED)] = &60°
VELAR
=
VDLIABC) DFLAC = m(VF D =607
=
VFLAC VD common side

AVDE = AVDF = |ED| = |FD|
=5

A i = AEDB = AFDC = |BD| = |DC| = |BD)| = &
PN 8D} = |DC| = |BD] = 5

a . av3 a3
! | =—- o ——— =
|ED)| = 3 - sinet® = 5

oy
VD) = |ED|| - tg 60° = %F Vi :";_“
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Solution to Problem 197.

Let
O = prpacyVi VA = [VB| = VC|| = a} .
[[VOJ| common
= AVAQ = AVBO = AVBO = AVOD = 104! =
= |BO| = |00 =
= 0 is the center of the circumscribed circle and as AABC is equilateral = 0 is the

centroid =

_ 1 _ 1 av3 _ av'3
= 1OMi = 3IMOl=3 5 =75
Elz a
VM = IMC) = ot - % = 20
o) a3
cos _HoM|| " _ 1 - 13
AVOM = cos(VMO) = IV ﬂ =3 VMO = arceos 3
2
Solution to Problem 198.
|DE| =1
m{DBE) = §
AEDRB : ||DE) = lsin
| DB = I eos 3.
1AB|| = a = [|[DB|| = av2,
 NDB| cos
japy = 1251 _ teoof

v w2
In AAEB, right in A:

2 V=2

AADE (m(D) = 90°) tgp=%=ﬁ%—ﬁtgﬁ.

V2

gl = fp - B Poedd_ fie st
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Solution to Problem 199.

CE 1 BA  YoTa
DE 1 AB} = <pl. (ABC) and ABD are m(DEC).
av3

ABC equilateral = ||CE|| = =

ACBD: ||DB|j = — = || AD||
cos [

:_ [ 08 @ fsinS
DE powey 2—-1 ey

av/3
_lCol _ T3 V3eosg

“TICEI T Uf_ﬂ RGO

cos §

a -5

Solution to Problem 200.

We consider the problem solved and we take on plane a, ADEF, then points 0

and 0’ which are not located on a.

We also construct lines |DO, |FO, |EO respectively |DO’,|FO’,|EO’. On these rays we

take AABC and AA'B'C’. Obviously, the way we have constructed the lines AD, BE, CF

shows that they intersect at 0. We extend lines BA, BC,CA until they intersect plane
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a at points B, C respectively A. Then, we extend lines C'A’,C'B’, A'B" until they
intersect plane a at points A,, C, respectively B,.

Obviously, points A4, By, C; are collinear (because € a n (ABC)) and A,, B,,C, are as
well collinear (because € a n (A'B'C")).

On the other side, points D, F, A4, A, are collinear because:
Ay € AC{ACOD)
= 0, F, 4 € a[ACO),
ADFTC o

thus collinear (1)
4; € A C (A'C'ODF)
D FA:ica
= D, F, Ay € a[C'A'0) =
= D, F, A, collinear (2)
From (1) and (2) = D, F, A4, A, collinear. Similarly C,E, F, C, collinear and
Bi,E,D, D, collinear.
Consequently, DEF is at the intersection of lines A,4,, C,C, , B{B, on plane «,

thus uniquely determined.
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Review Problems

201. Find the position of the third peak of the equilateral triangle, the affixes

of two peaks being z; = 1,2, =2 +i.

Solution to Problem 201

202. Let z,z,,25 be three complex numbers, not equal to 0, + two by 2, and

of equal moduli. Prove that if z; + z,23,2, + 232,272, + 2 123 ER = 2,2,73 = 1.
Solution to Problem 202

203. We mark by G the set of n roots of the unit, G = {gy, €3, ..., €4,-1}. Prove
that:
a. &-§€G,(V)i,je{0,1,..,n—1};

b. €6, (v)ie{o1,..,n—1}.
Solution to Problem 203

204. Let the equation az* + bz*> + ¢ =0, a,b,c € C and arga + argc = 2argb, and

lal + |c| = |b|. Show that the given equation has at list one root of unity.
Solution to Problem 204

205. Let z4, z,, 23 be three complex numbers, not equal to 0, such that |z;| =

|z2] = |z3].

a. Prove that (3) complex numbers a and g such that z, = az,;, z; = Bz,
and |a| = |B] = 1;

b. Solve the equation a® + f*~a - f-a-B + 1 = 0 in relation to one of the
unknowns.

c. Possibly using the results from a. and b., prove that if zZ + zZ + zZ =
717, + 7,73 + 2,25 , then we have z, = z, = z; or the numbers z,, z,, z5

are affixes of the peaks of an equilateral A.

Solution to Problem 205
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206. Draw a plane through two given lines, such that their line of intersection

to be contained in a given plane.
Solution to Problem 206

207. Let a, b, ¢ be three lines with a common point and P a point not located

on any of them. Show that planes (Pa), (Pb), (Pc) contain a common line.

Solution to Problem 207

208. Let 4,B,C,D be points and a a plane separating points A and B, A and C,
C and D. Show that a n|BD| # @ and a n |AD| = @.

Solution to Problem 208

209. On edges a, b, c of a trihedral angle with its peak 0, take points 4, B, C; let
then D € |BC| and E € |AD|. Show that |OF c int. 2abc.

Solution to Problem 209

210. Show that the following sets are convex: the interior of a trihedral angle,

a tetrahedron without an edge (without a face).
Solution to Problem 210

211. Let A, B, C,D be four non-coplanar points and E,F,G,H the midpoints of
segments [AB],[BC],[CD], [DA]. Show that EF || (ACD) and points E,F,G,H

are coplanar.

Solution to Problem 211

212. On lines d,d’ consider distinct points 4,B,C; A',B’,C' respectively. Show

that we can draw through lines AA’, BB’,CC' three parallel planes if and only

1481l _ lBcl
4’8"l B’

Solution to Problem 212
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213. Let M, M' be each mobile points on the non-coplanar lines d,d’. Find the

locus of points P that divide segment |[MM’| in a given ratio.

Solution to Problem 213

214. Construct a line that meets three given lines, respectively in M, N,P and
for which % to be given ratio.

Solution to Problem 214

215. Find the locus of the peak P of the triangle M, N, P if its sides remain
parallel to three fixed lines, the peak M describes a given line d, and the

peak N € a given plane a.

Solution to Problem 215

216. On the edges [0A4,[0OB,[0C of a trihedral angle we consider points M, N, P
such that ||OM]| = A||0A|l, ||ON]| = A||OB]||, ||OP]| = A||OC]||, where A is a

positive variable number. Show the locus of the centroid of triangle MNP.

Solution to Problem 216

217. ABCD and A,B,C,D, are two parallelograms in space. We take the points
Ay, By, Cy, D, which divide segments [AA,],[BB,],[CC;],[DD,] in the same

ratio. Show that A,B,C,D, is a parallelogram.

Solution to Problem 217

218. The lines d,d’ are given, which cut a given plane a in A and A’. Construct
the points M, M’ on d,d’ such that MM’ || « and segment [MM'] to have a

given length (. Discuss.

Solution to Problem 218

219. Construct a line which passes through a given point A and that is

perpendicular to two given lines d and d'.

Solution to Problem 219
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220. Show that there exist three lines with a common point, perpendicular two

by two.

Solution to Problem 220

221. Let a b, c,d four lines with a common point, d is perpendicular to a b, c.

Show that lines a, b, ¢ are coplanar.

Solution to Problem 221

222. Show that there do not exist four lines with a common point that are

perpendicular two by two.

Solution to Problem 222

223. Letd L a and d' || d. Show that d’ 1 a.

Solution to Problem 223

224. Show that two distinct perpendicular lines on a plane are parallel.

Solution to Problem 224

225. Let d L a and d'[ll «. Show that d' L d.
Solution to Problem 225

226. Show that two perpendicular planes on the same line are parallel with

each other.

Solution to Problem 226

227. Show that the locus of the points equally distant from two distinct points
A and B is a perpendicular plane to AB, passing through midpoint 0 of the
segment [AB] (called mediator plane of [AB]).

Solution to Problem 227
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228. Find the locus of the points in space equally distant from the peaks of a

triangle ABC.

Solution to Problem 228

229. The plane a and the points A € a,B & a are given. A variable line d passes
through A4 and it is contained in plane a. Find the locus of the L feet from

B to d.

Solution to Problem 229

230. A line a, and a point A ¢ a are given. Find the locus of the feet of the

perpendicular lines from A to planes passing through a.

Solution to Problem 230

231. Consider a plane a that passes through the midpoint of segment [AB].

Show that points A and B are equally distant from plane a.

Solution to Problem 231

232. Through a given point, draw a line that intersects a given line and is L to

another given line.

Solution to Problem 232

233. Let a and B be two distinct planes and the line d their intersection. Let M
be a point that is not located on a U 8. We draw the lines MM; and MM, 1
on a and B. Show that the line d is 1L to (MM;MM,).

Solution to Problem 233

234. A plane a and a point A,A ¢ a are given. Find the locus of points M € a

such that segment |[AM| has a given length.
Solution to Problem 234
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235. Let 0,4, B, C be four points such that 0A L OB L 0C L DA and we write

a = ||0All, b = 1|0B]l, c = 1l0C|I.

a. Find the length of the sides of AABC in relation to a,b,c;

b. Find ¢[ABC] and demonstrate the relation ¢[ABC]? = 6[DAB]? +
a[0BC]? + o[0CA)%

c. Show that the orthogonal projection of point 0 on plane (4BC) is the
orthocenter H of AABC;

d. Find the distance ||0H]|.

Solution to Problem 235

236. Consider non-coplanar points A4, B,C,D and lines AA’,BB’,CC’,DD’
perpendicular to (BCD), (ACD), (ABD). Show that if lines AA" and BB’ are

concurrent, then lines CC', DD’ are coplanar.

Solution to Problem 236

237. Let A, B, C, D four non-coplanar points. Show that AB L €D and AC L BD
= AD 1 BC.

Solution to Problem 237

238. On the edges of a triangle with its peak 0, take the points 4, B, C such
that |0A| = |0B| = |0C|. Show that the L foot in O to the plane (ABC)

coincides with the point of intersection of the bisectors AABC.

Solution to Problem 238

239. Let a peak A of the isosceles triangle ABC (|AB| = |AC|) be the

orthogonal projection onto A“on a plane a which passes through BC. Show

that BA'C > BAC.

Solution to Problem 239

240. With the notes of 7heorem 7, let [AB’ be the opposite ray to [AB". Show
that for any point M € a-[AB" we have B”AB > MAB.

Solution to Problem 240
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241. Let a be a plane, A € a and B and C two points on the same side of a
such that AC L a. Show that CAB is the complement of the angle formed
by [AB with a.

Solution to Problem 241

242. Let a'B’ be a trihedral angle with edge m and A € m. Show that of all the
rays with origin at A and contained in half-plane g’, the one that forms
with plane a the biggest possible angle is that L p € m (its support is

called the line with the largest slope of g in relation to a).

Solution to Problem 242

243. Let a be a plane, ¢ a closed half-plane, bordered by «, a' a half-plane
contained in @ and a a real number between 0° and 180°. Show that there
is only one half-space B’ that has common border with &' such that g’ c o
and m(a'p’) = a.

Solution to Problem 243

244. Let (a’B") be a proper dihedral angle. Construct a half-plane y’ such that
m(a’f’) = m(y'B’). Show that the problem has two solutions, one of which

is located in the int.a’f’ (called bisector half-plane of a’g).

Solution to Problem 244

245. Show that the locus of the points equally distant from two secant planes
a, B is formed by two L planes, namely by the union of the bisector planes

of the dihedral angles a and B.

Solution to Problem 245

246. If @ and B are two planes, Q € B and d L through Q on a. Show that d c
B.

Solution to Problem 246
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247. Consider a line d c a. Show that the union of the L lines to «, which

intersect line d, is a plane L a.

Solution to Problem 247

248. Find the locus of the points equally distant from two concurrent lines.
Solution to Problem 248

249. Show that a plane a L to two secant planes is L to their intersection.
Solution to Problem 249

250. Let A be a point that is not on plane a. Find the intersection of all the

planes that contain point A and are L to plane a.

Solution to Problem 250

251. From a given point draw a L plane to two given planes.

Solution to Problem 251

252. Intersect a dihedral angle with a plane as the angle of sections is right.

Solution to Problem 252

253. Show that a line d and a plane a, which are perpendicular to another

plane, are parallel or line d is contained in a.

Solution to Problem 253

254. If three planes are L to a plane, they intersect two by two after lines

a,b,c. Show thata |l b |l c.

Solution to Problem 254

255. From a point A we draw perpendicular lines AB and AC to the planes of
the faces of a dihedral angle a’f’. Show that m(BAC) = m(a’f’) or
m(BAC) = 180° — m(a’B").

Solution to Problem 255
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| Solutions

Solution to Problem 201.

Ml —_— Zl = 1

MZ - Zl = 2 + l

My —z;=x+yi

AM;M,M; equilateral = ||[M; M, || = |IM{Ms]| = [IMoMs]| = |z, — 21| = |23 — 23| =

|zy — z3]
(x—22+@w-1)2=2 { x+y=2
— — 2 _ 2
=V2=JG-2+ 0 -1 :{ (1-x)2+y?=2 T2ty -2x=1
Sy=2-—x

[ 1-+3
2444 x2—4x—2x=15 ERENN
x x2—4x —2x = X1g =

12 =75 1443
Y2 >

Thus: M, (ﬁ—ﬁﬂ) or M, (%guf)

There are two solutions!

Solution to Problem 202.

zy =r(costy +isint;)

z, =r(cost, +isint,)

z3 = r(costs + isintz)

Z1F Zy FZ3 >t F L Ft3
Zy + 2,23 E R=>sint; + rsin(t, +t3) =0
Zy, + 2371 ER=>sint, +rsin(t; +t3) =0 =
Z3+ 2,2, E R=>sint; +rsin(t; +t,) =0

sint;(1 —rcost) + rsint-cost; =0
sint,(1 —rcost) + rsint-cost, =0
sint;(1 —rcost) + rsint-cost; =0

t, # ty, # t3
These equalities are simultaneously true only if 1 —r-cost =0andr -

sint=0,asr#0=>sint=0=>t=0=>cost=1=2>1—-r=0=>r=1,s0

z12253 = 1+ (cos0 +sin0) = 1.
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Solution to Problem 203.
a. ek=&+isin&,kE{O,l,...,n—l}.

n n
& = cosﬂ+ i sin2Z
n n

2m(i+j)

So

= €& = COS + isin

2D 1 je{01,..,n— 1}

‘Ejzcosm+isinm
n n

1 i+tj<n-1=i+j=k€e{0,1,..,n—1}= gg =g €G,

2) i+tj=n=¢gg =cos2m+isin2m=1=¢, € G,

3) i+j>n:>i+j=n-m+r,0§r<n,si£j=cos@+isin@=

2nr P 2nr 2nr . .. 2mr
cos (an + T) + isin (27rm + T) = Cos—— + isin——=¢ € G.

2mi . . 2mi
b. & =cos—+isin—
n n
— 1 cos0+isin0 2mi .. 2mi 2mi
gl=c=—pr—3z= cos(——) +lsm(——) = cos(2n——) +
Ei cosT+isinT n n n
.. 27 2mn—2mi . . 2mn—-2mi 2m(n—1) . . 2m(n-1)
L sin (27‘[ - T) = COST + 1 sin = CcosS + 1 sin ,

i€{01,..,n—1).
fi=0=>n—i=n=¢gl=¢gc€gyg.

|fii0=>n—iSn—lﬁh=n—iE{O,l,...,n—l}z)e_l=C0$2—Zh+

. . 2mh
isin— € G.
n

Solution to Problem 204.
a =ry(costy +isinty)
b = ry(cost, +isint,)
¢ =r3(costs + isints)

arga + argc = 2argh = t; + t; = 2t,

and la| +[c| = |b| = +1r3 =1,

5 —b +Vb? — 4ac
azc+bz+c=0=>2z, = a

—1,(cos t, + isint,) + /12(cos 2t, + i sin 2t,) — 4ry13(cos(t; + t3) + isin(t; + t3))
2ri(costy +isinty)
—1,(cos t, + isint,) ++/(cos 2t, + i sin 2t,) (17 — 4ry13)
2ri(costy +isinty)

Butm+r=rn=ri=r2+ri+ri+2nr=1r2—4rry =12 +rf +r2+2rry—

4ryrs = (rp — 13)>%
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Therefore:

—ry(cost, +isint,) + (cost, + isinty)(r; —13)
2ry(costy +isinty)

Z12 =

We observe that:

_ (costptisinty)(=2ry) _ _ .. _ _ _
22 = costirisint) [cos(t, — t;) + isin(t, — t;)] = cos[m + (t, — t;)] +

isin[r +t, —t;] and t, = 1.

Solution to Problem 205.

Let

zy = r{costy +isinty)
zz = r{cost; +1sinta), r£0
zy = r{cosis +1sinta)

Let
a=ry(costy + 1ginty)

g= ?‘5{1:05 ts + isints)

73 = az = rcosity +isinty) = r - ryfeos(t; + t4) + isin(ty + t4)] =

r=r-Ty ra=1 =1
o 4 1

f‘+1]=f3+2kﬂ' t4=t_‘;‘-tl+2k‘ﬂ t4=t:.—f;+2ka.‘
So a is determined.

23 = Bz, = rlcosts + isinda) = r - rafcos(t; +45) +asin(ty +t5)] =

r=r-.ry rg=1 Fi=1
= +

f1+f5=t3+2kf T5=t3—3|+2k7 t5=t3—f;+2kﬁ
So B is determined.

If we work with reduced arguments, then t, =t, —t; or t, =t, — t; + 2m, in the
same way ts.

b)a? +a(-f-1)+5*~8+1=0

ora = B+1 i\fﬁ'g+2ﬁ;1—¢53+4ﬂ~4 _ ﬁ+1:tv’?m _ §+1+5(§_1)J§

SLEL CESIY S, R

c) 21° + 22° + z5* = iz + Mz + iz
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According to a. (3) the complex numbers of modulus 1, @ and B such that z, = az;
and z; = Bz,.

In the given relation, by substitution we obtain:

n?+efn® + 322 = a2’ + azn? + 82 =

}:‘rl+a2+ﬁ1—a—ﬁ-'cr'3=ﬂ
21%&

a =1 and B = 1 verify this equality, so in this case z, = z3 = z,.
According to point b,

B+ -1)3
oy = 5 y

where B = x + iy, when
Bl=1= VF+y¥=1=

:2+y2=1 {1}

Cz+iy+ltiz+iy-DVE (2 +1-yv3) +ily+2vE - VE)
*= 2 = 2 =
lal=1

[ F F
i L] — 3 ' 3 —yv3
:]“'E\I(Mr) T(*_*_-f_’-*’;_v_{) Y s S

2

We construct the system:

z=0
Pyt =1 2+yt=1 z=1-yV3
& = = o
22+ -z -y/3=0 l—z—y/3=0 w2y —v3) =10

=l+f+l—o—-1l—-a=0=a=1

The initial solution leads us to z; = z, = z5.

and gives
1,43,
—E"'?l

By substituting,

= 2o — all +v31) +2(1 —3i) =0
_a+ V3) 3/ -2+ 23 _ (14 V3 £30 + V3i)

4 4

oy 2

_ 401+ V3i)
@ ==,
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|a| = 2 does not comply with the condition |a| = 1.
But

_—1

= =1
4 =T gk e |

SO

v@ 4r . 4r

— p— __+ i5in —

3’5 ;
— 'C!:E—";‘ $1n2—?r
2 " 3 T

1
;
A==3+

If
zy = r{costy +isint; ),

then

lo=of =r [ma(t +{T)+is‘ (f. +4#)_
g =al; = 1 3 i | I 3 ]

and then

ta=0Fz=r- [cos(f;-i— 3)+15m(t1+2;)]

If
M‘I (tl}: Mﬂ:ti]r M3“3}

are on the circle with radius r and the arguments are

ff+2—“
Ts %1 3)

4x
1 —_—
1+ 3

they are the peaks of an equilateral triangle.

Solution to Problem 206.

a. We assume thatdna # @ and d' na = {B}.
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Let d na = {A} and d' n @ = {B} and the planes determined by pairs of concurrent
lines (d,AB); (d',AB).
We remark that these are the required planes, because
d ¢ (d,AB), &' ¢ (d',AB) si (d,AB)NN(d,AB)} =
AB C a.

b. We assume d na = {A} and d'||a.
We draw through 4, in plane «, line d'||d and we consider planes (d,d"") and
(d',d") and we remark that
(d,d)Nid.d"})=d" C

c. Weassume dna=0andd na =@ and d' € direction d.
Let A € @ and d”||d = d"||d" and the planes are (d,d") and (d’,d""). The reasoning

is the same as above.

Solution to Problem 207.
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aNbNe= {0}
F € [Pa)

} = OFP C (Pa)
0 € (Pa)

F e (Pb)

_ =+ OF C (Pb)
O € (Pb)

P e (P}
O € (Pc)

= (Pa)(PBIN(Pc) = OP

} = OP C (Pc)

Solution to Problem 208.

o7
e /
\
bl / \ }/

/N

B C

-~

If @ separates points A and B, it means they are in different half-spaces and let
o =|ad and o' = |aB.
Because a separates A and C = C € o'.

Because a separates C and D = D € o.

From B € ¢’ and D € 0 = « separates points B and D

\BD|Na # @.
FromA€ocand D €0 = |BD|na = 0.

Solution to Problem 209.

B € (ab)

- == [BC]C |{a,b)c=
Cl{a,b).c
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= |OF C l{bc), A (2]
i D E ; lll: B
Celed | oBIC e B % l = [AD]  |(ac), B
B € |(ac),¢ A€ (a0
B E ¢ |(ac), B ;
, Eel@d:B L 4pic e, B= @B\ 0EC e B (3)
O € (a,c) O € {ac)

From (1), (2), (3)
Z» |OE C |(ab},cN|(bc). AN (ac), B =int. abe.

Solution to Problem 210.

B

a. int.(JVA,|VB,|VC) = |(VAB),C n |(VBC),An |(VAC), B is thus an intersection of
convex set and thus the interior of a trihedron is a convex set.
b. Tetrahedron [VABC] without edge [AC]. We mark with M; = [ABC]-[AC] = [AB,C N
[BC,AN |AC,B is thus a convex set, being intersection of convex sets.
HABC). VM,
is a convex set.
In the same way
(VAC), BlUM,
is a convex set, where
My = [VACT - [AC].
But [VABC] - [AC] =
(VAB), CN{(VBC), AN([{ABC), VUM:) N (I(VAC), BUM:)
and thus it is a convex set as intersection of convex sets.
c. Tetrahedron [VABC] without face [ABC]
[VABC! — [ABC! = [{VAB),CN(VBC). AN[{(VAC), BNI{ABC),

V is thus intersection of convex sets = is a convex set.
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Solution to Problem 211.

In plane (BAC) we have EF||AC. In plane (DAC) we have AC c (DAC) = EF||(DAC).
In this plane we also have HG||AC. So EF||HG = E,F,G,H are coplanar and because
llACIl

|EF|| = — = ||[HG|| = EFGH is a parallelogram.

Solution to Problem 212.

We assume we have «||B]|y such that AA’ c a,BB’ c,CC’ c y.

We draw through A" a parallel line with d: d"”||d. As d intersects all the 3 planes
A'cd" at A,B,C = and its || d" cuts them at A", B",C".

Because

i8] |ABj| = |AB"
a!lﬁll'r}z}i i = 1AB™ o
djjd HBCl = j|B"C"|}

Let plane (d’,d" ). Because this plane has in common with planes «, 8,y the points

A',B",C" and because «a || B || y = it intersects them after the parallel lines

. A.I'BH“ |!BHC}J‘|I
I C!Cl’l’ Td“! ” = | 2
| 4B = [BC - @
Taking into consideration (1) and (2)
lAB| _ |BC
lAaBy B

The vice-versa can be similarly proved.
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Solution to Problem 213.

Let

P eiMM,|
such that
IMP
|| P Ml
and

P e |INN'
such that
IINPi
P
So

IMP _ NP IMPY | PMY
Iemel PNy NP PN

k-

according to problem 7, three planes can be drawn || 8 || @ || y such that
MNCB, PP Ca, MN' CH.

Bla

= MN|a=d]a
MNCB
l 5> MNla=d|a
Mra"‘ﬂCT
and PP’ c a.

So by marking P and letting P’ variable, P’ € a parallel plane with the two lines,
which passes through P. It is known that this plane is unique, because by drawing
through P parallel lines to d and d' in order to obtain this plane, it is well
determined by 2 concurrent lines.

Vice-versa: Let P € a, that is the plane passing through P and it is parallel to d

and d'.
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(P",d) determines a plane, and (P",d") determines a plane = the two planes,
which have a common point, intersect after a line(P”,d)N (P",d") = QQ' where Q €
dand Q' ed'.

Because

dija=MQ|a={3)3

such that MQ c B, B]|a.

Because

da=MQ |a= (3

such that M'Q' c y,y||a.

So the required locus is a parallel plane with d and d'".

Solution to Problem 214.

M 3
Ay ”/ ‘
fy \ /,/
/ '\ 2
7
/ v
\
\ ¥
l.l

We consider the plane, which according to a previous problem, represents the
locus of the points dividing the segments with extremities on lines d; and d; in a
given ratio k. To obtain this plane, we take a point A € d;, B € d; and point C € AB

llACIl

such that sl = k. Through this point € we draw two parallel lines d; and d; which

determine the above mentioned plane a.
Let d, N @ = {N}. We must determine a segment that passes through N and with
its extremities on d; and d3, respectively at M and P. As the required line passes

through N and M

N € (N.di; _
Wedii b, an ¢ (V) (1)
M e (N, d)
The same line must pass through N and P and because
Ne(Nd _
W) NP (Na) (@)
P ¢ (N.,ds)

M, N, P collinear.
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From (1) and (2)
= MP C (N,d)\(N,ds) = MP = (Nd;) (2N}
Then, according to previous problem 8:

IMN|
we - *

and the required line is MP.

Solution to Problem 215.

Let AMNP such that
MP | dy, MN || dy, PN |jda. M cd Nca
Let AM'N'P’ such that
M ed N ga, MP || dy; M'N' || da:
PN | da.

Line MP generates a plane B, being parallel to a fixed direction d; and it is based
on a given line d. In the same way, the line MN generates a plane y, parallel to a
fixed direction d,, and based on a given line d. As d is contained by y = 0 is a
common point fora andy =any @ =any=d,0€d"

Nea } = N € ey
Neny
(V) the considered A, so N also describes a line d' c a.

Because plane y is well determined by line d and direction d,, is fixed, so d' = a n
y is fixed.

In the same way, PN will generate a plane §, moving parallel to the fixed direction
d; and being based on the given line d'.

As
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Qed Oe€d
= € > 0Nf#F2=>0e8né=d"
Oed Oed

PEMP=Peg
PePN=Pcd
(V)P variable peak, P € d".

Thus, in the given conditions, for any AMNP, peak P € d".

Vice-versa, let P’ € d". On plane (d’,d") we draw P',M'||PM = (M'P'N")||(PMN) =

}#PE;FHE

(dd") the intersection of two parallel planes after parallel lines M'N’||[MN and the so
constructed AM'P'N’ has its sides parallel to the three fixed lines, has M’ € d and
N' € a, so it is one of the triangles given in the text.

So the locus is line d"'. We've seen how it can be constructed and it passes

through 0.
In the situation when D||a we obtain
M M A
‘\".\ F“\'\l
# ’f ‘-r
N W
dc j
dycdp=0Nd=d"gd|d
dl &

In this case the locus is a parallel line with d.

Let MNP and M'N'P’ such that

MP |l d MP | d . MP | M'P'
MN | d; M'N' | d3 = MN|MN = AMNP ~ AMN'P =
NP |l ds N'P' || ds NP N'P'

MeB, Nca MecB Nca
= (MNP} || (M'N'P").
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We assume an B =dand let d N (MNP) = {0} and d n (M'N'P") ={0"} =

MNP = MO
{ ns S MO MO
(M'N'PYO 8 =M0O

a plane cuts the parallel planes after parallel lines.

In the same way, ON||O'N’ and because
MN || M'N' = LOMN ~ AO'M'N’

1OMl| _ JlON} _ IMN] IMPY _ [[MN]

= |OM'|]  JON||  JM'N'| L = AMNP ~ MN'P' = [IM'PY [[M'N']

OMN = O'MN' MNP = MIN'P!
MOP = MO P
> AOMP ~O'M'P (1) = __ e
MPO = M'P'C¥
We use the property: Let m; and 7, 2 parallel planes and A4,B,C c m; and A'B'C’ c
5 AB || A'B',

AC || A'C', ATB'C’ = AB'C, ||AB|| = | A'B"}l, [ AC|| = || A'C"|.

= =L

Let's show that BC||B'C’. Indeed (BB'C’) is a plane which intersects the 2 planes

after parallel lines.
B'C' || BC" } _  ABC"= ABC

AB| A'B’ ABC = ABC
B'C' || BC.

Applying in (1) this property = OP||0'P’. Maintaining OP fixed and letting P’

] = ABC = ABC" = |BC = |BC" =

variable, always OP||0'P'.=, so O'P' generates a plane which passes through d. We

assume fS||a.

a8

= [MN] = |M'N'|
MN | M'N'

MNN'M' parallelogram
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= MM' || NN

= MM' || (NN'P'P)

= (MPP'M")\(\(MN'P'P) = PP’

PP || MM = PF' | NN’

Considering P’ fix and P variable = PP’||a and the set of parallel lines drawn
PP'||B to a plane through an exterior point is a parallel plane with the given plane.

So the locus is a parallel plane with a and B.

Solution to Problem 216.

IOM{i . ON|
OM| = MOA|| = lls=— = X ||ON]| = M[OB]] = |lsmsr = A
o |OP]

!lOPﬂ = AloC), = ———-”GCH =X
In plane DAC we have:
jOM|| _ HOP|| -
o] ~jlocy — FMEAC
In plane DAB we have:
[OM| _ lION] -

- MN ;
oA~ joB) ~ MNIAB
In plane OBC we have:
||D“ui| _ HOP“ AT 1
foBy ~ joc) = Y EEC

From PM||AC and PN||BC = (MNR)||(ABC).
Let Q and D be midpoints of sides [MN| and |ABj.

JOMi| _ IMN] _ HMNY _ | MN]
104] = [AB] ~ HAB| ~ 4B !5 aoM@~o04D
OMQ = 0OAB

AOMN ~OAB = |

= MOQ = AOD = 0.Q, D

are collinear.

196




255 Compiled and Solved Problems in Geometry and Trigonometry

Concurrent lines 0D and OC determine a plane which cuts the parallel planes
pelico loP) _ IPQIl _ 2|PQI _ PG
= AQPQ ~ A0CD = == L 3 £ .
” (ocD) ¢ locl = €D ~ 3icD] ~ [CBY
= OPG' = 0CQ = AOPG ~ AOCQ = PO = COG = 0,G',G

are collinear.

So G’ € |0G = the required locus is ray |0G.
Vice-versa: we take a point on |0G,G", and draw through it a parallel plane

to (ABC), plane (M",N",P""), similar triangles are formed and the ratios from

the hypothesis appear.

Solution to Problem 217.

Let A,, B,,C,, D, such that

A4 _ BBy _ ICCall _ [IPDaft _

A2 sl [[BaBill |GGyl || Dalhl

Mark on lines AD; and BC; points M and N such that

AM]|
M € 1ADi i -

|| i !I
N  IBNYT
€ |BCy|, INCLY k

From
HAA'Z” _ HAMH _ 1, T.Tajes . .
|A24, ) IMD,] =k T oM || A,y {1)

. AALl]  jAM||
AM || AiDy = AAAM ~ AAAD Lo
MAD ’ T AA T IAD

Next is
1A M| k | B
[AD. ~ k1 AMi= ilADd @)
The same,
BB || BN|| 1
| = =k= ANIBC 3
| B2Bill (NG| 2V 4 Bl {3)
Ba N BCy = ABEBIN ~ ABBC,
IBBal _ | BN
BBy |B:Ch]i
As
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IBB:) A4l &
BBy~ JAA  k+ U

we obtain
HB NI k , = E .
= J.ni' IS —
B,Cy kE+1 = BN k+ 1rE'B1[:"1|,| (4}
From

Ay || BiCy = [[ADy ] | | Bredli

(1), (2), (3), (4) = A;M 1| BoN §i | A M| = || BaNi| = AsDoNM
is a parallelogram.

= AaBs || MN, || A2Ba|| | WM N = D,CoNM

is parallelogram.

= D:C; || MN, {D2Cof] |} {M N
So

A2By || DaCy si | AaDs]| || |1 DaCall = AaBaCabs

is a parallelogram.

Solution to Problem 218.
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We draw through A’ a line d"'||d. We draw two parallel planes with a, which will
intersect the three lines in B',B*,B and (’,C*,C. Plane (d,d") intersects planes a,

(B'B*B), (C'C*C) after parallel lines

AA' || BB* || CC* r
£ 4 HM“ =4 =
dyd
= ||BB*|| = |IC"C™].

Plane (d',d*) intersects parallel planes (B'B*B), (C'C*C) after parallel lines

= B'B" || C'C*, BB* || CC* = BB'B- = CC'C-.

So (V) parallel plane with @ we construct, the newly obtained triangle has a side of
a length and the corresponding angle to B'B*B is constant. We mark with a line
that position of the plane, for which the opposite length of the required angle is L.
With the compass spike at € and with a radius equal with [, we trace a circle arc
that cuts segment | C'C*| at N or line C'C*. Through N we draw at (d',d*) a parallel
line to d* which precisely meets d' in a point M'. Through M’, we draw the || plane
to a, which will intersect the three lines in M, M’, M*.

= NMT| M } = M*M'NC*

C*N | MM’

is a parallelogram.

VM| = [|C" M| ] o
NM' | CM

CM | C-M- }
oM = e M|

NM' || CM, [N M'|| = [CM]
2}

s

= CNM'M is a parallelogram.

= [MN|| = |CN} =1

and line MM', located in a parallel plane to a, is parallel to a.

Discussion:.

Assuming the plane (C'C*C) is variable, as | CC*| and CC'C* are constant, then
d(C'C*C) = b = also constant

If I < d we don't have any solution.

If Il =d (3) a solution, the circle of radius [, is tangent to C'C".

If 1 >d (3) two solutions: circle of radius [, cuts C'C* at two points N and P.
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Solution to Problem 219.

We draw through A planes @ L d and o' L d'".
As A is a common point

= afle # 0=
=Sana =A= A €A.
dia=diD } ‘
=

dle=>d1D
= A the required line
If @ # @' - we have only one solution.

If @ =a' (V) line from a which passes through A corresponds to the problem, so

(3) infinite solutions.

Solution to Problem 220.

0 &

Let d; L d, two concurrent perpendicular lines, d; N d, = {0}. They determine a
plane a = (d;,d,) and 0 € a. We construct on « in 0.

dyie, O €dy — dsldy, d3ids.
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Solution to Problem 221.

We use the reductio ad absurdum method.

Letd La,d La,d Ll c. We assume that these lines are not coplanar. Let a =

(b,c),a' =(a,b),a#a’ . Thend La, d La'

Thus through point 0, 2 perpendicular planes to d can be drawn. False = a,b,c are

coplanar.

Solution to Problem 222.

By reductio ad absurdum:

Letan b n ¢ n d = {0} and they are perpendicular two by two. From d L a,d L
a,d Lc = a,b,c are coplanar and b L a, ¢ L a, so we can draw to point O two
distinct perpendicular lines. False. So the 4 lines cannot be perpendicular two by

two.

Solution to Problem 223.

We assume that d—--a.
Ind'na={0} we draw line d" L a. Lines d' and d"' are concurrent and determine a
plane p = (d',d")andas 0' e B, 0' € a =
d'la=d"la (1)
a o
aﬂﬁ=u={ 5 = dio=dla
aC
dlid=dla (2)
From (1) and (2) = in plane B, on line a, at point 0’ two distinct perpendicular lines

had been drawn. False. So d'||a.
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Solution to Problem 224.

dliex
dio p=>did
d#d

Reductio ad absurdum. Let d } d'. We draw d"||d through O'.
d || d d'la
= =
dlio d Lo
= at point 0" we can draw two perpendicular lines to plane a. False.
So d||d".

Solution to Problem 225.

4

1
Fr
i
1
]
-
o

=
=

Let d L @ and d N a = {0}. We draw through 0 a parallel to d’, which will be
contained in «a, then d||a.

d'fjd,0ed" =2d"Ca,dla=dld" =dld.

Solution to Problem 226.

We assume f = anpf # @ and let A € a N f = through a point A there can be
drawn two distinct perpendicular planes on this line. False.

=allB.
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Solution to Problem 227.

A}

Let M be a point in space with the property ||MA|| = ||MB]|.

We connect M with the midpoint of segment [AB], point O.

= AAMO = ABMO = MOLAB.

So M is on a line drawn through 0, perpendicular to AB.

But the union of all perpendicular lines drawn through 0 to AB is the perpendicular

plane to AB at point 0, marked with a, so M € a.

Vice-versa: let M € «,

d=ABla=dLM0O

140! = [OM|
IMO| commonside . § = AAMO = ABMO = |MA! = ||MBJ.
MOLAB

Solution to Problem 228.

Let M be a point in space with this property:
IMA| = [MB)| = |MCY|

Let O be the center of the circumscribed circle AABC = ||0A|| = 0B]| = ||0C]||, so

0 is also a point of the desired locus.
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According to the previous problem the locus of the points in space equally distant
from A and B is in the mediator plane of segment [AB], which also contains M. We
mark with a this plane. The locus of the points in space equally distant from B and

C is in the mediator plane of segment [BC], marked B, which contains both 0 and
M.So anpB = O0OM.

ABla= AB1OM

= OML(ABC)
BCla= BC1OM

so M € the perpendicular line to plane (ABC) in the center of the circumscribed
circle AABC.

Vice-versa, let M € this perpendicular line

OM10A
OMi0RB '
= A0OMA = AOMB = AOMC = [[AM|| = ||BM]||
OM_10C ’
oA}l = {|OBY = |jOC}|

= ||CM]|, so M has the property from the statement.

Solution to Problem 229.

We draw L from B to the plane. Let O be the foot of this perpendicular line.
Let

BALd }  MOLd=

BO Lo

= m(OMA) = %° = M €

the circle of radius OA. Vice-versa, let M € this circle
= OMLAM, BOle = BM1AM = BM.d,

so M represents the foot from B to AM.
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Solution to Problem 230.

Let a be a plane that passes through a and let M be the L foot from A to a =
AM 1 a.
From
AM la
AA'la

so M € a perpendicular line to a in A', thus it is an element of the perpendicular

] = MA'La,

plane to a in A, which we mark as = and which also contains A.
AMla = ."LH.L;‘HA" =

M € the circle of radius AA" from plane T

!
|
1
N\
k
t

*Vice-versa, let M be a point on this circle of radius AA" from plane m.

MA'La
= AdA'la = AM1(M,a)
AMiIMA )

= M is the foot of a L drawn from A to a plane that passes through a.

Solution to Problem 231.

7
\\ ,,l
N
~ 4

Let A" and B’ be the feet of the perpendicular lines from 4 and B to «a
Ad' o
BR Lo
(3) a plane B = (AA',BB") and AB c 8

}:AA’H BB =
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Oepj
= =0caf=AB=0 A, F
0eca
are collinear.
In plane B we have
[lOA] = |OB|i
AOA' = BOB' | = AAOA' = BOB' = ||A4|| = |BBY

A right

Solution to Problem 232.

Let d,d’ be given lines, A given point. We draw through 4 plane a L to d'.

If a na ={B}, then line AB is the desired one, because it passes through A, meets d
and from d’'a d'AB.Ifd n @ = @ there is no solution.

If d c a, then any line determined by A and a point of d represents solution to the

problem, so there are infinite solutions.

Solution to Problem 233.
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dC a
icd
MM, Lo = MM, 1d
MM, 16 = MM, 1d

aflf=d=

} = dJ-{MMI ;H;}

Solution to Problem 234.

Let M be a point such that ||AM|| = k.
We draw AA' L a = A’ fixed point and AA" L A'M.
We write ||A4|| = a.
Then

IAM| = VIE—a = ot } .

A — fix

M € a circle centered at A’ and of radius Vk2 — a2, for k > a.
For k = a we obtain 1 point.

For k < a empty set.

Vice-versa, let M be a point on this circle =

JAM| = Vi —a?

144 = a

=k ~al+at=k

sOo M has the property from the statement.

} = jAM] =

Solution to Problem 235.

1) [AB|| = Va* + B; |BC| = VBT &, |CA| = V& &
OMLAR
2) = CMLAB
COL{OAB)
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In AOCM:

a’b? [c2a? + ¢2B® + a7pt
Ml = ! =4 y
oMy = o+ 2 = [EX P

[AB| - ICM] _ I;ﬂ” o
2 B 2

y fa2e + c?b3 + g2p2 -
al + B2
a’h’ + a’c’ + Be?
1 .

o|ABC] =

= ¢*[ABC] =
But

c[OAB] =

mg“‘-"lg-

a[BOC] = —; clCOA] = 52-‘5
2 2
o [ABC] = a;J + a:’ + 52:2 = 6*{AOB] + o*[DOC] + o*[COAL

3. Let H be the projection of 0 Icp. plane ABC, so

OHL1{ABC)= OHLAC

oOCiDA

= OCL(0OAB) == OC LAB
0CLOB

= ABL(OHC) = ABLCH =
H € corresponding heights of side AB. We show in the same way that AC L

BH and thus H is the point of intersection of the heights, thus orthocenter.
a?e? + b 4 bla? ab

4 [0H |- |CM] = OC] - 10M] » OR \/ ST = T
cab
S OH) = Yt abe
s e R e
Val+ B2
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Solution to Problem 236.

]
™~

First we prove that if a line is L to two concurrent planes = the planes coincide.

alao
GJ_,G = :5
aflf=a
Let
A=aNe, B=a8, M € d.
alo=>alAM
= NAABM
a!l3=al BRM

AABM has two right angles. False. We return to the given problem.

AA'L(BCD)= AA'LCD
, = CDL(AA", BB
BB'1(ACD)= BB'LCD
being concurrent, they determine a plane = CD L AB.
CC'L(ABD) = CC'LAB
DD’ L(ABC) = DD’ 1 AB

ABLCD
} = ABL(CDD’)
AB1DD
(CDCNCDD) = CD
ABLCD

ABiCC

} = AB'L(CDC")

C,D,C',D" are coplanar = CC’ and DD’ are coplanar.

209




Florentin Smarandache

Solution to Problem 237.

We draw
AAL(BCD)
AA'L BC
= DC1(ABA") = DCiBA
ABiLDC _

= BA’ height in ABCD (1)

AA'LBD

= BDI1({AA'C)= BD_AC
ACLEBD
= A'C height in AABC (2)
From (1) and (2) = A’ is the orthocenter AABC = 0A' 1 BC.
DA' 1 BC
= BO1(DAAY = BCLAD
AA'LBC :

Solution to Problem 238.

.
[
4h
4
LR
/’ W
7 AR
/ N N
7
4 A
\
/ O
’ 7 B T
7 -z N
L~ s NS
J 4 N
/ ”
Vi A

Let

00" L(ABC) = 00" LAD'
O0'LBO = AAQC,
o' LC

ABOO'" and ACOO' are right at 0"
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As |OA| = |0B| = |0C|}
|00'| common side

= AAOQ’ = ABOQ' = ACOC
= [|0A] = |BO| = ICO¥|| = O

is the center of the circumscribed circle AABC.

Solution to Problem 239.

Let D be the midpoint of [BC] and E € |DA' such that ||DE|| = ||DA]].
AD is median in the A isosceles

= ADLEBC

= A'D | B(
AAL e

{AD| = |DE! . -
= AADC = ADCE = DAC = DEC
IDC|  common _

DAC > DEC

being external for
ACA'E = DAC > BAC = 2DA'C > 2DAC = BA'C > BAC.

Solution to Problem 240.

Let M be a point in the plane and |AM’ the opposite ray to AM.

According to theorem 1
= B'AB < MAB =
= m(B'AB) < M'AB = m{B'AB) < m( M'AB) =

= —m(B'AB) > —m(M'AB) =

= 180° — m{B"AB) > 180° — m(M'AB) = m{B"AB) > m(MAB) = B"AB > MAB.

211




Florentin Smarandache

Solution to Problem 241.

a
\\-‘w

~,
e e o e e e

e e e e e o e e
N,

S
N
\\
x
&

We construct B on the plane
= BB'la
' =
AC La
= AC and BB' determine a plane g = (AC,BB") = AB c f and on this plane
M(CAB) = 90° — m(BAB").

Solution to Problem 242.

Let ray |AB c B’ such that AB L m. Let |AC another ray such that |AC c B'. We draw
BB' L @ and CC' L a to obtain the angle of the 2 rays with @, namely BAB' > CAC'.
We draw line |AA' such that AA" L a and is on the same side of plane a as well as
half-plane g".
AA' e = AA'dlm

ABlm = AA"1[F =

A'A"LAB
[AB is the projection of ray [AA" on plane B
§ = AAB < A AC = m(AAB) < m(AAC) = —m(AAB) > —m({AAC) = 90°—
—m(A'AB) > 90° — m{A7AC) = BAB' > CAC"

Solution to Problem 243.

Let d be the border of @' and A € d. We draw a plane L on d in 4, which we mark

asy.
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C=cC
0 =dle
dl=y

In this plane, there is only one ray b, with its origin in 4, such that m(c,b) = a.
The desired half-plane is determined by d and ray b, because from
diy=d.lb —

= mi{e’3") = mbc) = a.

dlc

Solution to Problem 244.

Let d be the edge of the dihedral angle and A e d. Wedraw a L d,aca’ and b L
d, b c B’ two rays with origin in A. It results d L (ab). We draw on plane (a,b) ray ¢
such that m(ac) = m(chb) (1).

Asd L (ab)=d Lc.

Half-plane y' = (d, ¢) is the desired one, because

(&) = m(&e)

m(YF') = m{c,b)

If we consider the opposite ray to ¢, c’, half-plane y" = (d, ¢") also forms

} = (o) = m{y'§'}.

concurrent angles with the two half-planes, being supplementary to the others.

213




Florentin Smarandache

Solution to Problem 245.

Let M be a point in space equally distant from the half-planes o', 8’ = |IMA|| =

[IMB|.
MAlLa= MALd
= di(MAB),

MB1f= MB.ld
where d = an .
Let
d{{MAB)= {0} =
diQA

= mia'(") =
diOB

= m(AOB).

I[MA| = |[MB| }
|OM| common side right triangle

= AMOA = AMOB=MOA = MOB=
= M € bisector of the angle.
ADB = M € bisector half-plane of the angle of half-planes o', .

If M" is equally distant from half-planes g’ and a" we will show in the same way
that M’ € bisector half-plane of these half-planes. We assume that M and M’ are on
this plane 1 to d, we remark that m(m’) =909, so the two half-planes are 1.

Considering the two other dihedral angles, we obtain 2 perpendicular planes, the 2

bisector planes.

Vice-versa: we can easily show that a point on these planes is equally distant form

planes a and .

214




255 Compiled and Solved Problems in Geometry and Trigonometry

Solution to Problem 246.

ol
Qep

li_l_ﬂ'

Qed |

y = d C .

Let an B = a. In plane B we draw

dla Qed.
As

dia

aLlf = m(dh) =90° = d'Lb ]

but

dic
d=4d
‘dlo

so from a point it can be drawn only one perpendicular line to a plane,
dCO=dCj3

Solution to Problem 247.

—_
Let
le.G'
dila ¢ = d | d; || d3 =
dyla
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the line with the same direction. We know that the union of the lines with the same
direction and are based on a given line is a plane. As this plane contains a

perpendicular line to «, it is perpendicular to a.

Solution to Problem 248.

|
—
|
! B g
@ i

Let @ = (d4,d;) the plane of the two concurrent lines and M is a point with the

property d(M,d,) = d(M, d,). We draw

M

/

o,
2

M’

MALd,, MBLd;, = |MA|| = ||[MB}.

Let

M = pi.M = AMAM' = AMBM = ||M'A| =
IM'B) = M’ €

a bisector of the angle formed by the two lines, and M is on a line @ which
meets a bisector = M € a plane L a and which intersects a after a bisector. Thus
the locus will be formed by two planes L a and which intersects a after the two
bisectors of the angle formed by d;, d,. The two planes are L.

IMAll = IM'B||

= [IMM’|| common side} = MALd,

And in the same way MB L d, = M has the property from the statement.

Solution to Problem 249.

e o = = e b —— o — —
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letBny=dand Med=MEep,Mey. We draw L from M to «a, line d'".

According to a previous problem

dcp
= d il
dCa

Solution to Problem 250.

-nr‘-ru—;——

Let B and y be such planes, that is
AEf, fla
Acy, 7la

From

14
Eﬁ}ﬁﬂﬂ?%@#
A€ny

are secant planes and 1 to a.
cZL al(fNy)=d, Acd

So their intersection is L through A to plane a.

Solution to Problem 251.

We construct the point on the two planes and the desired plane is determined by

the two perpendicular lines.

Solution to Problem 252.

Let anp =d and M € d. We consider a ray originating in M, a € a and we
construct a L plane to a in M, plane y.

Because
Mes

}-_—‘*ﬁﬂ’f#z
M e~
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and let a ray originatingin M, bcfny=bcpB,bcyAsaly = alb and the
desired plane is that determined by rays (a, b).

Solution to Problem 253.

ﬁ a

letanpB =aand dnp ={A}
We suppose that A¢ a. Let M €a, we buildb LB, MEb= Db C a.
b1, dif=d]b=d| o

If
Aea

= d C a.
dld

Solution to Problem 254.
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afiy=5
Qr]ﬁw [
vNB=a
mle
=rlc (1)
Tlj
Tla
= xlh )]
Ly }
Tt
T4 } wrla  (3)
Tly

From (1), 2), B) =all bl c.

Solution to Problem 255.

Let A €int.(a’f’),anp =d.
ABla = ABid

= di(ABC)
AC LB = AC1d

dN(ABC) = {0}
=1 d10C = m(ed) = m(BOC)

d1OB
ABO) = 90° _ —
m(4B0) = m(BAC) + m(@F) = 180°.
m(AC0) = 90°

>m(@F") = 180° — m( BAC)=m(BAC) = 180° - m(a )
Let 4 € int.(a”B"). We show the same way that
m(BAC) = 180° — m(a”B")
m(a”B") = 180° — m(a’B")
If A €int.(a”f") = m(BAC) = 180° — m(a”p").
If A €int.(a’f”) = m(BAC) = 180° — m(a’p").

} = m(BAC) = 180° — 180° + m(a’B’) = m(a’p").
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