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1 Introduction

1.1 Higher-Order Graphs

It is well known that many real-world phenomena can be modeled using graphs and networks [1, 2]. However,
many such systems exhibit structures that go beyond pairwise interactions: they may involve multiway relations,
hierarchical organization, nested or recursive dependencies, temporal evolution, or multilayer coupling. Classical
graph models are often insufficient to represent these features in a mathematically faithful way.

To address this limitation, a wide range of higher-order formalisms has been developed, including hyper-
graphs [3], superhypergraphs [4], metagraph-based models [5], simplicial and cell-complex-based frameworks,
multilayer and temporal networks, and more recent category-theoretic or semantic approaches. For instance,
superhypergraphs extend higher-order network models by allowing the vertex domain itself to be hierarchical,
thereby enabling set-valued and iterated structures to be encoded directly in the object domain [4]. As a result,
higher-order graph theory has grown into a broad and heterogeneous landscape, with many concepts arising
from different mathematical viewpoints and modeling goals (cf. [6, 7, 8, 9, 10, 11]).

The concept of Higher-Order Networks (or Higher-Order Structures) has been applied in fields such as the
following. Of course, the range of applications is not limited to these alone:

o Transportation and logistics networks (cf. [12, 13, 14, 15, 16]): Higher-order graphs can represent
multi-stop delivery plans, hub coordination, shared routes, and group-wise flow constraints more naturally
than ordinary pairwise graphs.

o Social network analysis (cf. [17, 18, 19, 20, 21, 22]): They model group conversations, team in-
teractions, overlapping communities, and hierarchical memberships, going beyond simple person-to-person
links.

« Knowledge representation and semantic networks (cf. [23, 24]): They are useful for encoding
multi-entity relations, typed facts, contextual associations, and hierarchical semantic structures in knowl-
edge systems.

o Molecular and chemical structure analysis (cf. [25, 26, 27]): They can describe multi-atom inter-
actions, reaction mechanisms, molecular complexes, and higher-order structural dependencies in chemical
systems.

o Neuroscience and brain networks (cf.[28, 29]): They support the modeling of collective neural
interactions, multi-region synchronization, layered brain connectivity, and time-dependent functional or-
ganization.

o Machine learning and graph neural networks (cf. [30, 31, 32, 10, 33]): Higher-order graphs
are applied to learning tasks where relations involve groups, hierarchies, or nested structures, such as
HyperGraph Neural Networks and related models.

» Recommendation systems (cf.[34, 35, 36]): They can simultaneously capture users, items, contexts,
time, and attribute interactions, providing richer relational representations than ordinary bipartite graphs.

o Supply chains and organizational systems (cf.[37]): They model multi-party dependencies among
suppliers, resources, departments, and processes, including hierarchical and cross-level coordination struc-
tures.

o Communication and information networks (cf.[38]): They are suitable for representing multicast
communication, layered protocols, group transmission, and dynamically changing higher-order connectivity
patterns.

o Decision-making and operations research (cf.[39, 40, 41, 42]): They can express interacting criteria,
grouped alternatives, hierarchical evaluation structures, and uncertainty-aware relational dependencies in
complex decision problems.
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1.2 Our Contributions

A wide variety of mathematical frameworks for representing higher-order networks has already been developed.
However, these frameworks are often dispersed across different mathematical traditions, terminologies, and
application areas, which makes systematic comparison difficult. For this reason, we consider it valuable to
compile a survey-style book that brings these concepts together within a single coherent reference.

Accordingly, this book provides a broad and structured overview of mathematical notions that can be used
to model higher-order networks. Its purpose is to offer a unified point of entry to these formalisms, to clarify
their foundational ideas, and to highlight both their common features and their essential differences. In this
way, the book is intended to support further theoretical development as well as applications in areas such as Al
and related disciplines.

It is important to note, however, that the concepts collected here are not “higher-order” in one single uniform
sense. Some frameworks generalize graphs by increasing the arity of interactions, as in hypergraph-type models.
Others introduce hierarchy, nesting, or recursion, as in superhypergraph-type constructions. Still others encode
higher-orderness through layers, temporal indexing, or multi-aspect organization, as in multilayer and temporal
networks. Finally, some approaches arise from different mathematical semantics altogether, including operadic,
monoidal, relational, tensor-based, closure-based, and coalgebraic viewpoints.

To make this diversity easier to understand and compare, the concepts in this book are organized into four
broad families, in accordance with the practical classification adopted in the summary tables:

1. combinatorial, set-theoretic, and order-theoretic structures,

2. geometric, topological, and complex-based structures,

3. factorization-, constraint-, layered-, temporal-, and tensor-based structures, and
4. semantic, compositional, knowledge-based, and logical structures.

As a reference, a practical four-family organization of higher-order network concepts used in this book is
provided in Table 1.1. This classification is not based on the mathematical nature of the objects themselves, but
rather on a practical classification according to their principal organizing viewpoint.

Table 1.1: A practical four-family organization of higher-order network concepts used in this book.

Family Main organizing

viewpoint

Representative concepts in this book

This family emphasizes
higher-order structure

I. Combinatorial,
set-theoretic,

and arising from
order-theoretic combinatorial incidence,
family set systems, containment,

recursion, iteration,
hierarchical membership,
algebraic
hyperoperations, and
order-based
constructions.

Hyperstructure and Superhyperstructure;
HyperGraph and SuperHyperGraph; MultiGraph
and Iterated MultiGraph; h-model; Chain-Free
Subsets; Power Set Graph; Johnson Graph; Kneser
Graph; Meta-Graph and Iterated Meta-Graph;
Meta-HyperGraph and Meta-SuperHyperGraph;
Nested HyperGraph and Nested SuperHyperGraph;
Multi-Hypergraph and Multi-SuperHypergraph;
Line Graph and Iterated Line Graph; Iterated Total
Graph; Hierarchical SuperHyperGraph; Recursive
HyperGraph and Recursive SuperHyperGraph;
Tree-Vertex Graph; MultiMeta-Graph; Transfinite
SuperHyperGraph; Graded superhypergraph;
HyperMatroid; SuperHyperMatroid; Kneser
SuperHypergraphs; Iterated Multi-Edge Graph;
Iterated Multi-Recursive Graph; Multi-Axis
SuperHyperGraph.

Continued on the next page
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Table 1.1 (continued)

Family

Main organizing
viewpoint

Representative concepts in this book

II. Geometric,
topological, and
complex-based
family

II1.
Factorization,
constraint,
layered,
temporal, and
tensor-based
family

IV. Semantic,
compositional,
knowledge, and
logical family

This family organizes
higher-order networks
through simplices, cells,
cubes, polyhedra, paths,
sheaf-like local-to-global
structures, topological
realizations, refinement
procedures, and related
geometric incidence
frameworks.

This family focuses on
higher-order structure
induced by factorization,
coding constraints,
layer /time indexing,
product-state
organization, and
tensorial interaction
encoding.

This family treats
higher-order networks
through meaning, typing,
composition, interfaces,
transformation,
knowledge representation,
logical implication,
uncertainty, and other
semantic enrichments.

Abstract simplicial complex; Simplicial set; Cell
complex; CW complex; Polyhedral complex;
Dowker Complex; Cubical Complex; Path Complex;
Cellular Sheaf; Meta Simplicial Complex; Simplicial
SuperHypercomplex; Depth-r iterated subdivisions
of polyhedral complexes; Topological
SuperHyperGraph.

Factor graph; Tanner graph; Tanner Hypergraph;
Tanner SuperHyperGraph; Multilayer network;
Temporal network; MultiDimensional Graph;
Tensor network graph; MultiTensor and Iterated
MultiTensor Network; Tensor Hypernetwork and
Tensor Superhypernetwork; Tensor Train; Tree
Tensor Network (TTN); Projected Entangled Pair
State (PEPS); Projected Entangled Simplex State
(PESS); Adjacency-Tensor Network (ATN).

Open Hypergraph and Open SuperHyperGraph;
Heterogeneous Graph, HyperGraph, and
SuperHyperGraph; Knowledge Graph,
HyperGraph, and SuperHyperGraph; Petri Net;
Port Graph; Port HyperGraph and Port
SuperHyperGraph; Combinatorial Map; Cognitive
HyperGraphs and Cognitive SuperHyperGraphs;
Multimodal Graph, HyperGraph, and
SuperHyperGraph; Operadic Interaction Graph
(OIG); Symmetric Monoidal Wiring Graph
(SMWG); Relational-Arity Graph (RAG);
Closure-Implication Graph (CIG); Coalgebraic
Nested-Neighborhood Graph (CNNG); Curried
Graph; Sheaf HyperGraph / Sheaf
SuperHyperGraph; Fibered HyperGraph / Fibered
SuperHyperGraph; Galois HyperGraph / Galois
SuperHyperGraph; Rewrite HyperGraph / Rewrite
SuperHyperGraph; Uncertain SuperHyperGraph;
Functorial SuperHyperGraph; Motif Hypergraphs
and Motif SuperHypergraphs; Molecular
SuperHyperGraphs.

This book is Edition 3.0. It mainly includes the addition of several concepts, as well as corrections and
improvements of typographical errors and explanations. Compared with Edition 1.0, it contains substantial
additions.
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2 Combinatorial, set-theoretic, and order-theoretic
family

In this chapter, we describe the main types of higher-order graphs. For reference, the combinatorial, set-theoretic,
and order-theoretic higher-order structures treated in this book are listed in Table 2.1.

Table 2.1: Combinatorial, set-theoretic, and order-theoretic higher-order structures treated in this book.

Concept

Concise description

HyperGraph and
SuperHyperGraph

MultiGraph and Iterated
MultiGraph

h-model
Chain-Free Subsets
Power Set Graph
Johnson Graph
Kneser Graph

Meta-Graph and Iterated
Meta-Graph
Meta-HyperGraph and
Meta-SuperHyperGraph
Nested HyperGraph and
Nested SuperHyperGraph
Multi-Hypergraph and
Multi-SuperHypergraph
Line Graph and Iterated Line
Graph

Iterated Total Graph

Hierarchical
SuperHyperGraph
Recursive HyperGraph and
Recursive SuperHyperGraph
Tree-Vertex Graph

Tensor network graph

MultiTensor and Iterated
MultiTensor Network

Set-based higher-order structures modeling multiway
relations and hierarchical supervertices through iterated
powerset constructions.

Graph structures with multiplicities, extended to iterated
multiset-based vertices for recursive higher-order
organization.

A logical hypergraph-based semantic framework assigning
hypergraphs to propositional atoms over a common base set.
Order-theoretic structures built from subsets avoiding long
chains, capturing combinatorial incomparability patterns.
Graphs whose vertices are subsets and whose adjacency is
determined by inclusion relations.

Graphs on fixed-cardinality subsets, encoding adjacency by
single-element replacement.

Graphs on fixed-cardinality subsets, encoding adjacency by
disjointness.

Graphs whose vertices are graphs, iterated recursively to
represent graph-of-graphs organization.

Hypergraph-style higher-order structures whose vertices are
hypergraphs or superhypergraphs themselves.

Structures allowing edges to contain lower-level edges,
yielding well-founded nested incidence.

Hypergraph and superhypergraph models with repeated
hyperedges or superhyperedges via multiplicity.
Edge-incidence transformations turning edges into vertices
and iterating this process recursively.

Repeated total-graph constructions encoding both adjacency
and incidence across multiple levels.

Superhypergraphs with mixed-level vertices and coherence
across powerset layers.

Hypergraph-type structures whose edges may recursively
contain lower-level edges or superedges.

Rooted hierarchical structures whose vertices are organized
through nested labels on a tree.

Graph-based representations of tensor contractions encoding
multiway algebraic interactions combinatorially.
Tensor-network models assigning finite multisets or iterated
finite multisets of local tensors to vertices, yielding multiple
weighted contractions through realization choices and
recursive flattening.

Continued on the next page
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Table 2.1 (continued)

Concept

Concise description

Tensor Hypernetwork and
Tensor Superhypernetwork

Tensor Train

Tree Tensor Network (TTN)

Projected Entangled Pair
State (PEPS)

Projected Entangled Simplex
State (PESS)

MultiMeta-Graph

Hypergraph- and superhypergraph-based tensor networks in
which multiway or hierarchical incidence structures guide
simultaneous tensor contractions.

A tensor decomposition expressing a high-order tensor as a
chain of third-order core tensors linked by auxiliary bond
indices.

A loop-free hierarchical tensor decomposition on a tree,
representing many-body states through local tensors and
virtual bonds.

A tensor-network state obtained by projecting entangled
virtual edge pairs onto physical lattice sites, encoding
many-body correlations.

A tensor-network state assigning entangled virtual tensors
to simplices and projecting them onto physical sites,
generalizing PEPS from edges to simplices.

A graph whose vertices are finite families of graphs rather
than single graph objects.

Transfinite Superhypergraph structures extended across ordinally
SuperHyperGraph indexed transfinite levels.

Multi-Axis Superhypergraphs organized along several independent
SuperHyperGraph powerset axes with multi-indexed levels.

Iterated Multi-Edge Graph

Iterated Multi-Recursive

Graph structures whose edge objects are iterated multisets
of endpoint pairs.
Recursive graph-like structures combining iterated multiset

Graph vertices and iterated multiset edges.

HyperMatroid Circuit-based dependence structures viewed as
hypergraph-like higher-order combinatorial systems.

SuperHyperMatroid Matroid-like dependence structures defined on supervertices

Kneser SuperHypergraphs
Graded superhypergraph

Hyperstructure and
Superhyperstructure

and supercircuits.

Superhypergraph extensions of Kneser-type disjointness
constructions via flattened supports.

Superhypergraphs whose vertices carry explicit grades or
levels across powerset hierarchy.

Algebraic higher-order structures based on set-valued
operations and their iterated powerset extensions for
modeling hierarchical multi-level interactions.

2.1 HyperGraph and SuperHyperGraph

Superhypergraphs extend higher—order network models by allowing the vertex domain itself to be hierarchical.
Concretely, one starts from a base set and iterates the powerset operation; vertices (often called supervertices)
may then be set-valued objects living at a prescribed level of this iteration, while (super)edges encode incidence
among these higher-level vertices [4]. Related hierarchical constructions have been explored in applications [43].

In addition, several extensions of hypergraphs are known, including fuzzy hypergraphs[44, 45, 46], neutro-
sophic hypergraphs[47, 48, 49], and plithogenic hypergraphs [50]. Likewise, extensions of superhypergraphs
such as fuzzy superhypergraphs [41], neutrosophic superhypergraphs [51, 52], and plithogenic superhypergraphs
[53, 54, 55] have been studied. Additionally, as oriented graph concepts, the following are known: Directed
HyperGraph[56, 57|, Bidirected HyperGraph|[58], Directed SuperHyperGraph [59, 60|, Oriented Hypergraph[61,
62, 63, 64], Oriented SuperHypergraph, and Bidirected SuperHyperGraph [65, 58]. For a broader overview, we
refer the reader to the survey monograph [66].

Definition 2.1.1 (Iterated powerset). [67] For k € Ny, define iterated powersets recursively by
PYUX) = X,

P X) = P(P*(X)).
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For the nonempty variant, set

where P*(Y) :=P(Y) \ {2}

Definition 2.1.2 (Hypergraph). [3, 68] A hypergraph is a pair H = (V(H), E(H)) such that V(H) # @ and

Throughout this book, both V(H) and E(H) are assumed finite.

Example 2.1.3 (Team-based bug triage as a hypergraph). Let V (H) be a set of software engineers in a company,
V(H) = {Alice, Bob, Chen, Dina, Eli}.

Each bug report is typically triaged by a group (not just a pair), e.g. a reviewer, a domain expert, and a release
manager. We model each triage group as a hyperedge. For instance, set

E(H) = {{Alice, Bob, Chen}, {Bob,Dina}, {Chen, Dina, Eli}, {Alice,Eli}} C P*(V(H)).

Then H = (V(H), E(H)) is a finite hypergraph in the sense of Definition 2.1.2, where each hyperedge represents
a multi-person triage interaction.

Definition 2.1.4 (n-SuperHyperGraph). [4, 69] Fix a finite base set V; and an integer n € Ny. An n-
SuperHyperGraph over Vj is a triple
SHG™ = (V, E, ),

where

o VCP"(V) is a finite set of n-supervertices;

o F is a finite set of (super)edge identifiers;

e 0:E — P(V)is an incidence map such that d(e) C V is a nonempty finite set for every e € F.
The set J(e) is called the incidence set (or superincidence set) of e.

Example 2.1.5 (Two-level organization chart as a 1-SuperHyperGraph). Let the base set list individual em-
ployees:
‘/0 = {a,b,c,d,e,f}.

Consider teams as 1-supervertices (subsets of Vj). Define
V={{a,b}, {c,d.e}, {f}} S P (Vo) =P(Vp).
Now define a set of superedge identifiers E' = {e;, e5} and the incidence map
0:E—P(V)
by
d(ey) = {{a, b}, {c, d,e}}, d(ep) = {{c, d,e}, {f}}

Then SHGY = (V, E,0) is a 1-SuperHyperGraph over Vj in the sense of Definition 2.1.4. Here e; encodes a
collaboration between the two teams {a, b} and {c, d, e}, while es encodes a coordination link between the team
{c,d, e} and the individual team {f}. A reference illustration for this example is provided in Fig. 2.1.

Example 2.1.6 (A 2-SuperHyperGraph with nested supervertices). Let the base set be
‘/-O = {a7 b? C}'
For n = 2, we have P?(V,) = P(P(Vy)), so a 2-supervertex is a set of subsets of V. Define the 2-supervertex

set
V={v = {{ah{a.b}}, v={{bh{bel}, v={{c}}} € PA(V).
Let the superedge identifier set be
E - {615 62}7
and define the incidence map 0 : E — P*(V) by
8(61) = {’1}171)2}, 8(62) = {’Ug,’Ug}.

Then SHG® = (V, E,0) is a 2-SuperHyperGraph over V; in the sense of Definition 2.1.4. Here e; links the two
nested supervertices v; and vo, while ey links v, and vs.
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68(62) = {{C7 d7 6}, {f}}}

Figure 2.1: A two-level organization chart modeled as a 1-SuperHyperGraph SHGWY = (V,E,0). Teams are
1-supervertices, and e, €5 are superedges with incidence given by 0.

(106e2) = (o2, ) (02 = (10} (0.1} ]

Figure 2.2: A 2-SuperHyperGraph SHG® = (V, E,0) over Vj = {a, b, c}. Each 2-supervertex is a set of subsets
of Vi, and ey, e; are superedges with incidence given by 0.

A (m,n)-SuperHyperGraph is a mathematical structure in which each vertex corresponds to an (m,n)-
superhyperfunction defined on a base set, while the hyperedges group such functions together to represent higher-
order relationships and contextual connections. An (h, k)-ary (m,n)-SuperHyperGraph further generalizes this
idea by taking vertices as (h, k)-ary (m,n)-superhyperfunctions.

Notation 2.1.7. For a nonempty base set S define
Po(S) = S, Pm+1(S) = P(Pm(S)) (m S NQ),

so P1(S) = P(S), Po(S) = P(P(S)), etc. We also use the Cartesian power X" := X x --- x X for h € N.
—_———

h copies

Definition 2.1.8 ((m,n)-superhyperfunction). [70, 71] Let m,n € Nand S # &. An (m,n)-superhyperfunction
on S is a map

fi Pu(S) — P.(9).
Equivalently, f € Hom(P,,(S), P.(S)) as functions of sets.

Definition 2.1.9 ((m, n)-SuperHyperGraph). Fix m,n € N and a nonempty base set S. Let
Fna(S) = { [ PulS) = PulS) }.

An (m,n)-SuperHyperGraph is a pair
SHG™™ .= (V, &),

where V' C §,, ,(5) is a nonempty set of vertices (each vertex is a concrete (m,n)-superhyperfunction) and
54E C PWV)\ (2}

is a nonempty family of nonempty hyperedges. Each hyperedge E € £ groups a finite, nonempty set of superhy-
perfunctions to encode higher-order relations/constraints among them.

Example 2.1.10 (A concrete (2, 1)-SuperHyperGraph on S = {a, b}). Let the base set be
S ={a,b}.

Then
Pi(S) =P(S) ={0,{a},{b},{a,;b}},  P2(S) =P(P(95)).

We construct a small family of (2, 1)-superhyperfunctions, i.e. maps

[ Pa(S) = Pi(S) = P(S).
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Table 2.2: A concise comparison of graphs, hypergraphs, n-superhypergraphs, and (m, n)-superhypergraphs.

Structure Vertex domain Edge / incidence object =~ What it captures (one line)

Graph G = (V,E) V is a (finite) set of E CP5(V)={{u,v} CV: Pairwise interactions only (bi-
atomic vertices u # v} (pairwise edges) nary relations).

Hypergraph H = V is a (finite) set of FE C P*(V) (hyperedges are Multiway interactions among

(V,E) atomic vertices nonempty subsets of V') arbitrary-size groups.

n- V. C P"(Vh) (vertices FE is a set of edge identifiers Higher-order interactions and

SuperHyperGraph are n-level set-valued ob- and 0 : E — P*(V) (inci- hierarchical/nested vertex se-

SHG™ jects over a base set V)  dence among supervertices)  mantics via iterated powersets.

(V,E,0)

(m,n)- V C Fmn(S) = {f: 29#ECPV)\{o} (hyper- Higher-order relations among

SupcrHypchraph Pm(S) = Pn(S)} (ver- edges group such functions)  operators between hierarchi-

SHG(m™) = tices are superhyperfunc- cal domains/codomains (con-

Vv, &) tions) textual constraints on maps).

Define three functions f1, f2, f3 € §2,1(5) as follows. For any X € Py(S) = P(P(S)) (so X is a set of subsets

of S), set
= U A,

Aex
(the union of all subsets in X),
= 4,
Aex
(with the convention () = S), and
at, if{a} € X,
f(X) = {é, } otl{ler}wise.

Let the vertex set be the nonempty set of concrete (2, 1)-superhyperfunctions

V = {f1, fa, [3} € F2.1(5).

Define a nonempty family of hyperedges by

E={E, B} CPV)\ {0}, By ={fi, fo}, E»={fo, fs}.

Then
SHG®Y = (V, &)

is a concrete (2, 1)-SuperHyperGraph in the sense of Definition 2.1.9. Here E; groups the “aggregation” super-
hyperfunctions f; (union) and f, (intersection), while Fy groups f; with the indicator-type superhyperfunction
f3, representing a different contextual relationship among superhyperfunctions.

For reference, a comparison of graphs, hypergraphs, n-superhypergraphs, and (m,n)-superhypergraphs is
provided in Table 2.2.

2.2 MultiGraph and lterated MultiGraph

A multigraph is a graph allowing parallel edges and loops; formally edges are a multiset with multiplicities
between vertices possibly [72, 73, 74]. As extensions, concepts such as fuzzy multigraphs [75, 76, 77|, bipartite
multigraphs[78, 79], complete multigraphs[80, 81], neutrosophic multigraphs [72, 82], soft multigraphs[83], and
directed multigraphs [84] are known. An iterated multigraph uses iterated multisets as vertex objects, so vertices
themselves can be multisets nested to depth n recursively.

Definition 2.2.1 (Finite multiset and iterated multiset). Let X be a set. A finite multiset on X is a function
m:X — NO

whose support
supp(m) = {x € X | m(z) > 0}
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shuttle (1)

. 3 train services
2 bus lines

Figure 2.3: Public transport routes modeled as an undirected multigraph G = (V, p) in Example 2.2.4: two
parallel edges between A and B, three parallel edges between B and C, and a loop at A.

is finite. We write M(X) for the set of all finite multisets on X.
For n > 0, define the n-fold iterated multiset sets recursively by

MO(X) == X, M* (X)) == M(M™(X)).
An element of M"(X) is called an n-fold iterated multiset over X.

Definition 2.2.2 (MultiGraph (undirected multigraph)). Let V be a finite set. Denote by

(Z) = {f{uo}) | woev)

the set of unordered pairs with repetition (i.e. 2-element multisets), so that {{v, v}} represents a loop at v.
A MultiGraph (undirected multigraph) on V' is a pair

G=(V,n),

|4
2

edges of type e. Equivalently, one may specify a finite multiset £ € M ((Z)m) and write G = (V, E), where p is

where p : ( )m — Ny is an edge-multiplicity function. For e € (g)m, the value p(e) is the number of parallel

the multiplicity function associated to FE.

Remark 2.2.3 (Directed variant). [85] A directed multigraph can be defined similarly by a multiplicity map
w:V xV — Ny, where u(u,v) counts the number of directed edges from u to v.

Example 2.2.4 (Public transport routes as a MultiGraph). Let
V ={A,B,C}

be three stations. Suppose there are two distinct bus lines between A and B, three distinct train services between
B and C, and one circular shuttle at A (a loop). Define the multiplicity map

V m

p({ABY) =2, p{{B,C}) =3 w{AA}) =1,

and p(e) = 0 for all other e € (g)m Then G = (V, p) is an undirected multigraph in the sense of Definition 2.2.2.
For reference, an overview diagram is provided in Fig. 2.3.

by

Definition 2.2.5 (Iterated MultiGraph of order n). Let X be a nonempty base set and let n > 0. Set M™(X)
as in Definition 2.2.1. An [terated MultiGraph of order n over X is an undirected multigraph whose vertex
objects are n-fold iterated multisets over X; concretely, it is a pair

G — (V("), M(n))
such that:
1. Vvim ¢ M™(X) is an n-fold iterated multiset, interpreted as a vertex multiset; let
V™ = supp(V™) € M™(X)

be the underlying set of distinct vertices.
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Table 2.3: A concise comparison of Graph, MultiGraph, and Iterated MultiGraph.

Concept Vertex domain Edge structure Main feature
Graph Ordinary vertices Ordinary edges between Represents simple pair-
vertex pairs wise adjacency without
edge multiplicity.
MultiGraph Ordinary vertices Edges with multiplicity —Allows repeated pairwise

between the same ver- connections while keeping
tex pair (and possibly the vertex set classical.

loops)
Iterated Multi- Iterated multiset- Ordinary multiset edges Extends multigraph struc-
Graph based vertices on those higher-level ture by introducing recur-
vertex objects sive multiset organization

on the vertex side.

m

2. p (K;n)) — Np is an edge-multiplicity function on unordered pairs (with repetition) of distinct vertices.

Equivalently, one may specify an edge multiset E(™ € M ((Z(;))m) and write G = (V™) E™),
Remark 2.2.6 (Order 0 recovers ordinary multigraphs). When n = 0, we have M*(X) = X, so an Iterated

MultiGraph of order 0 is just a multigraph whose vertices lie in the base set X (up to the choice of vertexr multiset
versus verter set).

Example 2.2.7 (Iterated MultiGraph of order 1 (multiset-vertices)). Let the base set be
X ={a,b,c}.
Consider the following 1-fold iterated multiset (a multiset of elements of X) as the vertex multiset:
VO = {{ fal}, ok}, 0N, (el € MI(X) = M(X).
Hence the underlying set of distinct vertices is
VO =supp(V®) = {{al}, {t}. {e}}} S M(X),

where we view each vertex as a 1-multiset (e.g. {{a}}).
Define an edge-multiplicity function
1748 "
,U,(l) . (2 > — NO

PO a3 =2, pP el e D) = 1,
and u®(e) = 0 for all other e. Then

by

GO = (VO )

is an Iterated MultiGraph of order 1 over X in the sense of Definition 2.2.5. Intuitively, the vertices are
multiset-objects built from X, and edges connect these multiset-vertices with possible parallel multiplicities.

A concise comparison of Graph, MultiGraph, and Iterated MultiGraph is given in Table 2.3.

2.3 h-model

An h-model is a structure (S, H, I) consisting of a base set S, a finite collection H of hypergraphs on S, and an
interpretation map I assigning each propositional atom a hypergraph in H [86].

Definition 2.3.1 (h-model). [86] Let S be a nonempty set and write
P(S) =P(S)\ {0}

A (simple) hypergraph on S is a finite family H C P*(S5).
Let At be a set of propositional atoms. An h-model is a triple

M = <S,7—[, I)
such that
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1. H C P(P*(9)) is a finite collection of simple hypergraphs on S;
2. I : At — H assigns to each atom p € At a hypergraph I(p) € H.
Example 2.3.2 (h-model for small-group access policies). Let the base set of users be
S = {Alice, Bob, Carol}.
Define two simple hypergraphs on S:
Hyaie = {{Alice, Bob}, {Alice, Carol}, {Bob, Carol} },

Hieam = {{Alice, Bob, Carol}, {Alice, Bob} }.

Let
H == {Hpaira Hteam} g ,P(pk (S))
Take a set of propositional atoms

At = {p,q},
and define the interpretation map I : At — H by

I(p) = Hpair’ I(Q) = Hteam-

Then M = (S,H, I) is an h-model in the sense of Definition 2.3.1. Intuitively, the atom p is interpreted as the
hypergraph of all two-person approvals, while ¢ is interpreted as a hypergraph of larger team approvals. An
overview diagram of this example is provided in Fig. 2.4.

[S = {A“CG, BOba Carol}} Hteam

( 1

H...
Atoms pair

(5) (©) ®  (©
@ j all two—pcrsor; approvals

~ - J

N =

I(q) -~ P .
N t 1 1
a - eanyr approva. + one palr rule

(7 = {Hytr, Hueam} )

Y

M= (S,H,I)
A = Alice, B = Bob, C = Carol

Figure 2.4: An illustration of the A-model in Example 2.3.2.

An sh-model may be regarded as a SuperHyperGraph-based analogue of an h-model: instead of assigning a
hypergraph to each propositional atom, it assigns a finite n-SuperHyperGraph over a fixed base set.

Definition 2.3.3 ((Recall) Finite n-SuperHyperGraph over a base set). Let S be a nonempty set and let n € Nj.
Write
PY(S) =S, PHL(S) == P(P*(9)) (k>0),

and

P(X) = P(X)\ {}.
A finite n-SuperHyperGraph over S is a triple

G=(V.E,0),

such that
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1. V. CP*(S) is a finite set;
2. FE is a finite set;

3.
0:E— P(V)

is a map.

We denote by
SHG,,(5)

the class of all finite n-SuperHyperGraphs over S.

Definition 2.3.4 (sh-model). Let S be a nonempty set, let n € Ny, and let At be a set of propositional atoms.
An sh-model of level n is a quadruple
om™ = (S,SH, I,n)

such that

1.
SH C SHG,,(S5)

is a finite collection of finite n-SuperHyperGraphs over S/

I: At — SH

is an interpretation map assigning to each atom p € At a member I(p) € SH.

Remark 2.3.5. If n = 0, then P°(S) = S, and each finite 0-SuperHyperGraph over S is simply a finite
hypergraph written in incidence-map form. Hence an sh-model of level 0 reduces to a hypergraph-based model of
the same general type as an h-model.

Theorem 2.3.6 (Well-definedness of sh-models). Let S be a nonempty set, let n € Ny, and let At be a set of
propositional atoms. Suppose that
SH C SHG,,(S)

is a finite family of finite n-SuperHyperGraphs over S, and let
I:At— SH

be any map. Then
om™ = (S,SH, I,n)

is a well-defined sh-model in the sense of Definition 2.3.4.

Proof. We verify the two clauses of Definition 2.3.4.

Since n € Ny and S # @, the iterated powerset P"(S) is well-defined by recursion. Hence the notion of a
finite n-SuperHyperGraph over S is meaningful by Definition 2.3.3. Therefore SHG,,(S) is a well-defined class
of objects, and the assumption

SH C SHG,,(S)

means precisely that every member of SH is a finite n-SuperHyperGraph over S. By hypothesis, SH is finite, so
condition (1) of Definition 2.3.4 holds.
Next, the map
I:At— SH

is assumed to be a function. Hence for each propositional atom p € At, there exists a unique value I(p) € SH.
Thus condition (2) of Definition 2.3.4 also holds.
Therefore all constituents of
m™ = (S, SH, I,n)

are well-defined and satisfy the required properties. Consequently, 9™ is a well-defined sh-model. O
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2.4 Chain-Free Subsets

A k-chain-free subset of a poset is a subset that contains no strictly increasing chain of length k; equivalently,
it avoids k& mutually comparable elements [87].

Definition 2.4.1 (k-chain). [87] Let P = (X, <) be a finite poset and let k € N. A chain of length k (a k-chain)
is a k-tuple (z1,...,x;) of elements of X such that

T < Ty <+ < Tk

Definition 2.4.2 (k-chain-free subset and Forby(P)). [87] Let P = (X, <) be a finite poset and let k£ > 2. A
subset A C X is k-chain-free if it contains no k-chain; i.e., there do not exist distinct aq,...,a, € A with

ap < g < ---< ag.

We denote by
Forby,(P) == { A C X | A is k-chain-free and maximal w.r.t. inclusion }

the family of inclusion-maximal k-chain-free subsets.
Example 2.4.3 (2-chain-free subsets in a Boolean poset). Let P = (X, C) be the Boolean poset on
X =P({L,2,3})

ordered by inclusion. Take k = 2. Then a subset A C X is 2-chain-free precisely when it contains no comparable
pair (i.e., no Ay, Ay € A with A; C Aj). For instance, the middle layer

A= {{1’ 2}, {1,3}, {2, 3}}

is 2-chain-free, because any two distinct 2-subsets of {1, 2,3} are incomparable. Moreover, A is maximal with
respect to inclusion among 2-chain-free subsets of X, hence

A € Forby(P).

An overview diagram of this example is provided in Fig. 2.5.

Boolean poset P({1,2,3})

middle |layer A
A={{1,2},{1,3},{2,3}}

! A is 2-chain-free (an antichain):

! no two distinct elements of A are comparable.

Hence A € Forby(P) (maximal).

[p = (X,9), X=P({1,2,3}) }

Figure 2.5: Hasse diagram of the Boolean poset on P({1, 2, 3}), highlighting the 2-chain-free middle layer A.

The iterated notion of a k-chain-free subset can also be defined as follows.

Definition 2.4.4 (Iterated k-chain-free subset (depth r)). Let P = (X, <) be a finite poset and let k > 2.
Define recursively a sequence of posets

P = (U, =) (reN)

as follows:
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1. (Depth 0) Set U” := X and <©:=<.

2. (Depth 7 + 1) Having defined P{” = (U\”, <), let

Uity = {A cul” ‘ A is k-chain-free in the poset (U™, <) },

and equip U ,ﬁr“) with the inclusion order

A<D B e ACB (ABeU").

An element of U,ET) is called an iterated k-chain-free subset of depth r (over P). Equivalently, it is a “k-chain-free
set of k-chain-free sets of --- of k-chain-free sets” (r iterations), where the first iteration uses < on X, and
higher iterations use inclusion.

Remark 2.4.5 (Maximal (iterated) k-chain-free families). If one prefers inclusion-maximal objects at each
depth, define
Forb,(:) (P) = {A € U;Er) ‘ A is mazimal in (U,ET), g)} (r>1),

S0 Forb,(gl)(P) coincides with the family of maximal k-chain-free subsets of P.

Example 2.4.6 (An iterated 2-chain-free subset of depth 2). Let P = (X, C) again be the Boolean poset on

X =P({1,2,3}), and let k = 2. As in Example 2.4.3, elements of U:,(l) are 2-chain-free families of subsets of
{1,2,3}. Consider the following three maximal 2-chain-free families (each is an antichain in X):

A = {{1}7{2}7{3}}7 Ay = {{1’2}7{173}7 {273}}7 Az = {07{172’3}}'

Each A; is 2-chain-free in (X, C), so Ay, Ay, A3 € UQ(I). Now form a depth-2 object (a set of 2-chain-free sets)
by
B == {Al,AQ} g U2(1)

Since Uz(l) is ordered by inclusion of families, and A; and A, are incomparable (neither is a subset of the other),

the set B contains no 2-chain in the poset (U", C). Hence B is 2-chain-free in (US", C), and therefore
BeUP.

Thus B is an iterated 2-chain-free subset of depth 2 in the sense of Definition 2.4.4.

Theorem 2.4.7 (Well-definedness of iterated k-chain-free subsets). Let P = (X, <) be a finite poset and let
k > 2. Define P,ﬁ” = (U,ET)7 =M recursively as in Definition 2.4.4. Then for every r € Ny:

(i) U,E’”) is a well-defined finite set, and in particular U,ETH) C P(U,ﬁ’”)).
ii) <) is a well-defined partial order on U ; hence P isa finite poset.
k k
Consequently, the phrase “iterated k-chain-free subset of depth v is well-defined.

Proof. We argue by induction on 7.

Base case r = 0. By definition, U,io) = X and <(9=<. Since P = (X, <) is assumed to be a finite poset, U,EO)
is a finite set and < is a partial order on it. Thus P,EO) is well-defined as a finite poset.

Inductive step. Assume that for some r € Ny the structure P,gr) = (U,ET), j(’")) is a well-defined finite poset. We
must show that P = (U <41 is a well-defined finite poset.

(i) U,ETH) is well-defined and finite. Because (U,gr), =) is a poset by the induction hypothesis, the notion “A
is k-chain-free in (U,Er), =<(M)” is meaningful; explicitly, A C U, ,g’“) is k-chain-free if there do not exist elements

Ti,...,x, € A such that
T _<(T) T _<(7") c. _<(7’) Tk

Hence the specification

U™ = {AC U | Ais k-chain-free in (U, <)}
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defines a bona fide subset of the power set P(U,ET)). Moreover, since U, ,ir) is finite, P(U,ET)) is finite, and therefore
U,STH) is also finite.

(i) <"+ s a partial order. By definition, for A, B € U,ETH) we set
A=<t B «— ACB.

Since inclusion C is reflexive, antisymmetric, and transitive on all subsets of U, ,ET), its restriction to the subcol-
lection UIETH) CPU ,5”) is again reflexive, antisymmetric, and transitive. Thus <"+ is a well-defined partial

order on UV,
Combining (i) and (ii), P,i”l) is a well-defined finite poset. This completes the induction and proves the
theorem. ]

2.5 Power Set Graph

A Power Set Graph has vertices given by the nonempty proper subsets of a set, with edges between comparable
subsets by inclusion [88]. An Iterated Power Set Graph repeatedly applies the nontrivial powerset construction;
at each depth, vertices are nested subsets, adjacent when comparable by inclusion.

Definition 2.5.1 (Power set graph). [88] Let A be a finite set with |A| > 2. The power set graph of A, denoted
I'(P(A)), is the simple undirected graph
I'(P(A)) = (V. E),

where

V=PM\{hA}, E={{X,Y}CV |XCYoYcCX}

Equivalently, vertices are the nonempty proper subsets of A, and two vertices are adjacent iff one subset is
contained in the other.

Example 2.5.2 (Power set graph on a 3-element set). Let
A={1,2,3}.
Then the vertex set of the power set graph I'(P(A)) is
V=P(A)\{0, A} = {{1}. {2}, {3}, {1, 2}, {1,3}, {2, 3} }.
Two vertices are adjacent iff one is a subset of the other. For instance,
{1 ~{1,2}, {1} ~{1,3}, {2}~ {12},

while {1,2} ¢ {1,3} because neither contains the other. Hence I'(P(A)) is the comparability graph of the
inclusion poset on nonempty proper subsets of A, as in Definition 2.5.1.

Definition 2.5.3 (Iterated Power Set Graph). Let A be a finite set with |A| > 2, and write
P(S) = P(5)\{0,5}

for the family of nonempty proper subsets of a finite set S.
Define recursively the iterated nontrivial powerset universes (U,.(A)),>o by

Up(A) = A, Urs1(A) =P (U.(A) (r>0).
For each r > 1, the Iterated Power Set Graph of depth r on A is the simple undirected graph
I.(A) =V, E,),

where

V, =U/(A), BE, = {{X, Yicv,

XCcYoYc X}.
Thus, vertices at depth r are nonempty proper subsets of U,_;(A), and two vertices are adjacent if and only if
they are comparable by inclusion.

In particular, I';(A) is the usual power set graph on A. (Optionally, one may set I'g(A) to be the edgeless graph
on vertex set A.)
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Example 2.5.4 (Tterated power set graph of depth 2). Let
A=1{1,2,3}.

At depth 1,
Ui(A) = P (A) = {{1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3} },

so I'1(A) is the power set graph from Example 2.5.2. At depth 2, the vertex universe is
V2 = Us(A) = P (Ui(A)),
whose elements are the nonempty proper subsets of U;(A). For example, the following are vertices of I'y(A):
X = {1} L2} €Ua(A), Y = {{1},{1.2},{2}} € Ua(A),
and they are adjacent in I'y(A) because X C Y. By contrast,
Z ={{3},{2,3}} € Ux(A)
is not adjacent to Y because neither Z C Y nor Y C Z holds. Thus I';(A) is a graph whose vertices are sets

of nontrivial subsets of A, adjacent when comparable by inclusion, exactly as in Definition 2.5.3. An overview
diagram of this example is provided in Fig. 2.6.

Local fragment of I';(A)

Depth 1 universe W — ({1}
A2 (1,23 EENENTIES
U1 (A) =P (A

S0 0., 009, 0.90) ( x =2y ey

Sr

(v ={maey )

Depth 2 vertices

Vo = UQ(A) = P*(Ul (A)) no ed;,';
(each vertex is a nonempty proper subset .

Of U1 (A))

We draw only a local fragment of T'2(A). [

']c,omparable

z = {{3},{2,3}}

Adjacency rule in I';(A):
Two depth-2 vertices are adjacent iff
one is contained in the other (as sub-

sets of U1 (4)).

Figure 2.6: Illustration of an iterated power set graph of depth 2 for A = {1,2,3}. The figure shows a local
induced fragment of I'y(A) with example vertices X, Y, Z, W.

2.6 Johnson Graph

A Johnson graph has vertices given by the w-subsets of [n], with edges joining pairs that differ by one element
[89, 90, 91]. Related notions of the Johnson graph are also known, such as the generalized Johnson graph[92, 93].

Definition 2.6.1 (Johnson graph). [94, 91] Let n,w € N with 0 < w < n, and write [n] := {1,2,...,n}. The
Johnson graph J(n,w) is the simple graph

J(n,w) = (V, E),

where

V={XCh||X|=w}, E={{X,Y}CV | |XNY|=w-1}

Thus two w-subsets are adjacent exactly when they differ by one element.
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Example 2.6.2 (The Johnson graph J(4,2)). Let n = 4 and w = 2. Then the vertex set of the Johnson graph
J(4,2) consists of all 2-subsets of [4] = {1,2,3,4}:

vV ={{1,2},{1,3},{1,4},{2,3},{2,4}, {3, 4} }.

Two vertices are adjacent if they differ by exactly one element (equivalently, their intersection has size 1). For

instance,
{172} ~ {173}7 {172} ~ {274}7 {2’3} ~ {374}7

since

{1,2} n{1,3} =1, |{1,2}n{2,4}| =1, [{2,3}n{3,4}|=1.

By contrast, {1,2} 7 {3,4} because {1,2} N {3,4} = (). Hence J(4,2) is the graph on 2-subsets of [4] with
edges joining pairs that differ in exactly one element, as in Definition 2.6.1.

2.7 Kneser Graph

A Kneser graph has vertices given by the k-subsets of [n], with edges joining pairs that are disjoint [95, 96, 97, 98].
Related concepts are also known, such as Kneser hypergraphs [99, 100], bipartite kneser graphs[101, 102], stable
kneser graphs[103, 104], and generalized Kneser graphs [105, 106].

Definition 2.7.1 (Kneser graph). [95, 96] Let n, k € N with n > 2k, and write [n] := {1,2,...,n}. The Kneser
graph KG,, j, is the simple graph
KGn,k: — (V: E)a

where

V={XC||X|=k}, E={{X,Y}CV | XNY =0}
Thus two k-subsets are adjacent exactly when they are disjoint.

Example 2.7.2 (The Kneser graph KGs o (the Petersen graph)). Let n = 5 and k = 2. Then the vertex set of
the Kneser graph KGs 5 consists of all 2-subsets of [5] = {1,2,3,4,5}:

V= {{1,2},{1,3},{1,4},{1,5},{2,3},{2,4},{2,5}, {3,4}, {3,5}, {4,5} }.

Two vertices are adjacent if and only if the corresponding 2-subsets are disjoint. For example,

{172} ~ {3’4}7 {175} ~ {273}7 {274} ~ {173}7

since

{1,2yn{3,4} =0, {1,5}n{2,3} =0, {2,4}n{1,3} =0.

By contrast, {1,2} ¢ {2,5} because {1,2}N{2,5} = {2} # 0. Hence KGs 5 is the graph on 2-subsets of [5] with
edges joining disjoint pairs, as in Definition 2.7.1. (It is well known that KGj 5 is isomorphic to the Petersen
graph.)

2.8 Meta-Graph and lterated Meta-Graph

A meta-graph has graphs as vertices; edges represent labeled relations between those graphs, satisfying relation-
defined incidence constraints (cf.[107, 108, 109, 110, 111]). A meta-graph is also called a graph of graphs. An
iterated meta-graph repeats the construction: vertices are meta-graphs of lower depth, with lifted relations
linking them recursively [107].

Definition 2.8.1 (Meta-Graph (Metagraph; graph of graphs)). [107] Fix a nonempty universe G of finite graphs
(undirected and loopless by default), and fix a nonempty family R of binary relations on G, i.e.

R CP(GxG).
A Meta-Graph (or metagraph) over (G, R) is a directed, R-labeled multigraph
M = (V,E,s,t,A)

such that
V Cg, s,t: B —V, AME—-TR,
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and the following incidence constraint holds:
Vee E: (s(e),t(e)) € A(e).

Elements of V' are called meta-vertices (each meta-vertex is itself a graph in G), and each e € E is a meta-edge
labeled by the relation A(e). If R = {R} is a singleton, the label map may be omitted; if each R € R is
symmetric, one may view M as an undirected labeled multigraph.

Example 2.8.2 (A Meta-Graph of module-dependency graphs linked by a compatibility relation). Let G be
a universe consisting of three finite (simple, undirected) graphs that represent dependency structures of three
software modules:

Ga= (Va, Ea), Gp = (V, EB), Goe=Ve,Ec) € G.

For concreteness, take

Va= {a1,a2,a3}, Ej= {{01,%}7{(12,@3}},
Vg = {b1,b2,b3}, Ep = {{b1,b2},{b1,b3}},
Vo ={a, e}, Ec= {{01,62}}.
Define two binary relations on G:
Rapi = {(Gi1,G;) € G x G | G; and G; have mutually compatible APIs},
Raata = {(G;,G;) €G x G | G; can safely consume data produced by G, }.

Let R = {Rapia Rdata} - P(g X g)
Now define a directed R-labeled multigraph

M= (V,E,s,t,A)
by taking
V:{GA7G37GC}QQ; E:{61762}7

and setting

s(er) = Ga, tler) =G, A1) = Rapi,
5(62) = G37 t(€2) = GCa )‘(62) = Rdata-

Assume that (Ga,Gp) € Rapi and (Gp,Ge) € Raata hold, i.e. the API-compatibility and data-consumption
conditions are satisfied for these pairs. Then the incidence constraint

Vee E: (s(e),t(e)) € A(e)

holds, and hence M is a Meta-Graph over (G, R) in the sense of Definition 2.8.1. Intuitively, M is a “graph of
graphs” that records how entire dependency graphs relate to each other under different semantic relations. An
overview diagram of this example is provided in Fig. 2.7.

Definition 2.8.3 (Iterated Meta-Graph (depth t)). [107] Fix (G, R) as in Definition 2.8.1. Define recursively,
for t € Ny, a universe of level-t objects G*) and a family of level-t relations R™ as follows:

g =g, RO = R.

Assume G and R® are defined. Let G+ be the class of all finite metagraphs over (G, R®) (i.e. all tuples
M = (V(M),E(M), s, tar, Aar) satisfying Definition 2.8.1 with G, R replaced by G, R®).
For each relation R € R®, define its lift RT C G x GU+Y by

(My, M) € R" <= 3Jz € V(M,), Iy € V(M,) such that (z,y) € R.

Set
RV ={R'"|Re RW}.

An [terated Meta-Graph of depth t is then a metagraph
MO = (V(t), E® O & 2\®)
over (G, RW), ie.
v g, A E® 5 RO Ve e EW : (sW(e),tM(e)) € AV (e).

In particular, depth O iterated meta-graphs are ordinary metagraphs, and depth ¢ > 1 iterated meta-graphs
have vertices that are themselves metagraphs, recursively, up to ¢ levels.
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G (universe of module-dependency graphs)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

s(er) = Ga, tler1) =Gp s(e2) = Gg, t(e2) = G¢

(M=(V.E,5,t,)), V={G4,Gp,Gc}, E={er,es})

Blue: API compatibility Orange: safe data-consumption relation

Figure 2.7: An illustration of the Meta-Graph in Example 2.8.2: each meta-vertex is itself a dependency graph,
and meta-edges encode semantic relations between them.

Example 2.8.4 (A depth-1 Iterated Meta-Graph (a metagraph of metagraphs)). Continue with the universe
(G, R) from Example 2.8.2. A level-1 object is a finite metagraph over (G, R).
Define two metagraphs M, My € GV as follows. Let M; be the metagraph from Example 2.8.2, i.e.

Ml = ({GAﬂGBaGC}a {61762}7 317t17>\1)7

with )\1 (61) = Rapi and )\1(62) = Rdata‘
Let M5 be another metagraph on the same vertex set

V(M) = {Ga,Gp,Ge}
with a single meta-edge f defined by
so(f) = Ga, ta(f)=Geo, X(f)= Rapis

assuming (G4, G¢) € R,pi (module A is API-compatible with module C).

Lifted relations. By Definition 2.8.3, each relation R € RO = R induces a lifted relation BT € R™ on GW):
(M, M;) € R' < 3z e V(M,),3y € V(M) with (z,y) € R.

In particular, since M; contains the pair (G4, Gp) € Rapi and M, contains the pair (G4, G¢) € Rapi, we have

(M, M,) € R!

api*
Now define a level-1 metagraph (an iterated metagraph of depth 1)
MO = (V(l),E(l), S(l)’t(l)’)\(l))

by
V(l) = {MI’MZ} c g(l)v E(l) = {9}7
sW(g) =M, tW(g) =M, I(g9)=R]

api*

Because (M, M,) € R]_.. the incidence constraint holds:

(s (9),tV(g)) € AV(g).

Therefore M) is an Iterated Meta-Graph of depth 1 in the sense of Definition 2.8.3. Intuitively, it is a
“metagraph of metagraphs” that relates two meta-level system descriptions whenever they contain underlying
module pairs connected by R,pi. An overview diagram of this example is provided in Fig. 2.8.

A concise comparison of Graph, Meta-Graph, and Iterated Meta-Graph is given in Table 2.4.
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[Lifted relation witness: both M; and M> contain an R,pi-related module pair]

T
api

g: R

graph-object Rgraph-object graph-object graph-object graph-object graph-object
€1 : pi

(o ) () (ot (&)
e2 : Ryata

[V(Ml) — {Ga, G5, Gc}] [V(Mz) - {GA,GB,GC}]

[Mu) — (v, B 40 0 2Dy O = (0, M}, ED = {g}, A(l)(g):R;pJ

Figure 2.8: A depth-1 Iterated Meta-Graph: the vertices M;, M, are themselves metagraphs, and the top-level
edge g is labeled by the lifted relation R;

pi

Table 2.4: A concise comparison of Graph, Meta-Graph, and Iterated Meta-Graph.

Concept Vertex domain Edge meaning Main feature

Graph Ordinary vertices Ordinary  adjacency The classical pairwise net-
between vertices work model.

Meta-Graph Graphs Labeled relations be- A graph of graphs, where
tween graphs each vertex is itself a

graph-object.
Iterated  Meta- Meta-graphs of Lifted relations be- A  recursive graph-of-
Graph lower depth tween meta-graphs graphs-of-graphs con-
struction across multiple
meta-levels.

2.9 Meta-HyperGraph and Meta-SuperHyperGraph

A meta-hypergraph is a hypergraph whose vertices are objects; each hyperedge relates finite vertex sets via
labeled relations (cf. [5, 112]). It can also be described as a hypergraph of hypergraphs. A meta-superhypergraph
has vertices that are superhypergraphs; hyperedges relate finite collections of them, constrained by relation
labels [5]. It can also be described as a superhypergraph of superhypergraphs.

Definition 2.9.1 (MetaHyperGraph over (U, R)). [5] Let U be a nonempty universe of objects and let
R C P(Pin(U) x Pen(U))

be a nonempty family of admissible set-relations. A MetaHyperGraph over (U, R) is a labelled directed hyper-
graph
M = (V,E,T,Hd,\)
such that
VCU, T,Hd:E%Pfin(V), AN E—-R,
and the incidence constraint holds:

Vee E: (T(e),Hd(e)) € Ae).

The elements of V' are called meta-vertices. If U is chosen to be a universe of (finite) hypergraphs, then M may
be read as a hypergraph of hypergraphs.

Example 2.9.2 (A MetaHyperGraph of hypergraphs linked by an overlap relation). Let the universe U be a
collection of finite hypergraphs describing co-purchase groups in three cities:

U - {HT7HO,HN}7
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where each H, = (V,, F,) is a finite hypergraph on a product set V,. Define an admissible set-relation R,, €
P(Pfin(U) X Pfin(U)) by

V) NV

(A,B) € R,y <= JH € A, 3H' € B such that = >
[V(H)UV(H")|

for a fixed threshold 6 € (0,1), where V(H) denotes the vertex set of a hypergraph H. (Thus R, certifies that
the two finite families contain at least one pair of hypergraphs whose vertex sets have sufficiently large Jaccard
overlap.) Let

R = {Rov}
Now form a labelled directed hypergraph

M = (V,E,T,Hd,\)

as follows:

V:{HT7HO7HN} gUJ E:{61762}-
Define tail and head maps T, Hd : E — Pgn (V) by

T(e1) ={Hr,Ho}, Hd(e:) ={Hy},  T(e2)={Ho}, Hd(es)={Hr, Hy},
and define the label map A : E — R by
Ae1) = Roy,  Ale2) = Rov.
Assume that the chosen threshold 6 is such that
(T(es), Hd(e)) € Ry (i =1,2),
i.e., each tail-head pair satisfies the overlap criterion. Then the incidence constraint
Vee E: (T(e),Hd(e)) € A(e)

holds, and therefore M is a MetaHyperGraph over (U, R) in the sense of Definition 2.9.1. Intuitively, M is
a “hypergraph of hypergraphs” whose meta-hyperedges assert that certain families of city-level hypergraphs
overlap strongly in their product catalogs. An overview diagram of this example is provided in Fig. 2.9.

M = (V,E,T,Hd,\) as a MetaHyperGraph over (U, R)
U={Hr,Ho,Hn}

Ho
Osaka
Hr

Legend
incoming (tail — hub)
outgoing (hub — head)

Hy

Nagoya

): Rov
‘ '-1T(e2) = {Ho}
: Hd(eg) = {HT7HN}

(T(e;), Hd(e;)) € Roy for i = 1,2, hence Ve € E : (T(e), Hd(e)) € A(e)

e e e e e e =

{ R = {Rov}, where R, is the overlap-certifying set-relation }

Figure 2.9: An illustration of the MetaHyperGraph in Example 2.9.2.
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Definition 2.9.3 (MetaSuperHyperGraph over (S,,R)). [5] Fix n € Ny and let S,, denote the class of all finite
directed n-SuperHyperGraphs (over arbitrary base sets). Let

R C P(Pin(Sn) X Pan(Sn))

be a nonempty family of admissible set-relations on S,,. A MetaSuperHyperGraph (abbrev. MSHG) over (S,,, R)
is a labelled directed hypergraph
M= (V,E,T,Hd,\)

such that
VCS,, T,Hd:E— Pu(V), AN E— R,

and the incidence constraint holds:

Vee E: (T(e),Hd(e)) € \e).

Thus vertices of M are (finite) n-SuperHyperGraphs, and each meta-hyperedge relates finite families of such
vertices, certified by its label A(e) € R.

Example 2.9.4 (A MetaSuperHyperGraph relating 1-SuperHyperGraphs by a refinement relation). Fix n = 1.
Let Vo = {1,2,3,4} be a base set of atomic items. Consider three finite directed 1-SuperHyperGraphs (here
written with undirected incidence for simplicity)

Gl = (‘/1(1)7 Ep)a 81)7 G2 = (‘/2(1)7 Eél)u a2)7 G3 == (‘/E’,(l)? E§1)7 83))

over (possibly) different supervertex sets, where each Vi(l) C P(Vp) is a finite set of 1-supervertices.
Define an admissible set-relation R,.f € P(Pﬁn(Sl) X Pgin(S1)) by

(A,B) € Rt <= VG € AIG € B such that G’ is a supervertex-refinement of G,

where “G’ is a supervertex-refinement of G” means: for every supervertex v’ € V(G’) there exists v € V(Q)
with v" C v (as subsets of Vp), and for every superedge e’ € E(G’) there exists e € E(G) such that

U e (e') C U dg(e) (as subsets of Vj).

Let
R = {Rye}-

Now define a labelled directed hypergraph
M = (V,E,T,Hd,\)

by taking
V == {Gl,G27G3} Q Sl, FE = {6}

Set
T(e) = {Gi1}, Hd(e) = {G2,Gs}, Ae) = Ryet-

Assume that G5 or G5 (or both) refines G; in the above sense, so that
(T(e), Hd(e)) € Ref.

Then the incidence constraint holds, hence M is a MetaSuperHyperGraph over (S;,R) in the sense of Defi-
nition 2.9.3. Intuitively, the single meta-hyperedge asserts that the family {Gs, G35} contains refinements of
Gs.

2.10 Nested HyperGraph and Nested SuperHyperGraph

A nested hypergraph allows hyperedges to contain other hyperedges as elements, with ranks enforcing well-
founded nesting without cycles [113]. A nested superhypergraph uses supervertices from iterated powersets;
superhyperedges may contain other superhyperedges, ranked to avoid cycles[113].
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Definition 2.10.1 (Nested HyperGraph). [113] Let V be a finite nonempty set (the vertex set). A nested
hypergraph on V is a triple
H = (V7 E’ p)’

where F is a finite set (the set of hyperedges) and
p:VUFE—-N
is a rank function such that:
1. p(v) =0forallv e V;
2. for every e € E, the hyperedge e is a nonempty finite set satisfying
eCVWE,

and for every x € e one has
p(x) < p(e).

A hyperedge e € E is called a nesting hyperedge if e N E # ) (i.e., e contains at least one hyperedge as a
member). We say that H is (nontrivially) nested if it has at least one nesting hyperedge.

Remark 2.10.2 (Well-foundedness). The strict inequality p(z) < p(e) for x € e excludes membership cycles
among hyperedges, so the nesting relation is well-founded.

Example 2.10.3 (A nested hypergraph with a hyperedge containing another hyperedge). Let the vertex set be
V ={a,b,c}.
Introduce two hyperedges E = {e1, €2} and define them as elements of V & E by
e ={a,b} CV, es ={e;,c} CVWE.
Define a rank function p: VW F — N by
pla) = p(b) =p(c) =0,  pler) =1,  p(e2) =2.

Then for every x € e; = {a,b} we have p(z) =0 < 1= p(e;), and for every = € e; = {ey, c} we have

pler) =1<2=p(e2),  plc) =0<2=p(es).

Hence H = (V, E, p) is a nested hypergraph in the sense of Definition 2.10.1. Moreover, e, is a nesting hyperedge
because e; N E = {e;} # (). An overview diagram of this example is provided in Fig. 2.10.

-

Nested inc €2 NV E = {e1} # Dn-
closure:

blue box e; contains a, b, and
dashed red box ey contains the
object e; and vertex c.

Figure 2.10: A nested hypergraph where the hyperedge e; contains another hyperedge e .
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Definition 2.10.4 (Nested level-n SuperHyperGraph). Fix a finite nonempty base set Vy and an integer n > 0.
Define iterated powersets recursively by

P(Vo) =Vo,  PH(V) =P(P*(Vo)) (k= 0).

Let
V., CP" (W)

be a finite set; its elements are called n-supervertices. A nested level-n SuperHyperGraph is a triple
H™ = (V,, By, p),
where F,, is a finite set (of superhyperedges) and
p:VoWwE, - N
is a rank function such that:
1. p(v) =0for all v € V,;
2. for every e € E,,, the superhyperedge e is a nonempty finite set satisfying
eCV,WE,,

and for every x € e one has
p(z) < p(e).

A superhyperedge e € E,, is called simple if e C V,,, and it is called nesting if e N E,, # () (i.e., e contains at
least one superhyperedge as a member).

Example 2.10.5 (A nested level-1 SuperHyperGraph). Let the base set be
Vo ={1,2,3},
and take n = 1. Then P'(Vy) = P(V;). Define the 1-supervertex set
Vi = {{1},{2},{1,2}, {3}} S P(V0).
Introduce two superhyperedges Ey = {E,, E}} and define them as elements of Vi W E; by
E, ={{1,2},{3}} C W, E,={E, {1}} CViWE,.
Define a rank function p: V; W Fy — N by
p(v) =0 (veW), p(E)=1 p(E) =2

Then HY = (Vi, E1, p) is a nested level-1 SuperHyperGraph in the sense of Definition 2.10.4: indeed, each
endpoint of £, has rank 0 < 1, and each endpoint of F} has rank < 2. Here F, is simple (since F, C V), while
E), is nesting because it contains Fj,.

2.11 Multi-Hypergraph and Multi-Superhypergraph

A Multi-Hypergraph is a hypergraph that allows repeated hyperedges; edges form a multiset of nonempty vertex
subsets with multiplicity counts [114, 115]. It is known that a multi-hypergraph generalizes both hypergraphs
and multigraphs. A Multi-Superhypergraph is a superhypergraph that allows repeated superedges; vertices are
nested-set objects, and superedges carry multiplicities.

Definition 2.11.1 (Multi-Hypergraph). [114, 115] Let V be a finite nonempty set. Write
P (V) =P((V)\ {0}

A multi-hypergraph is a triple
H = (V7 E’ M)?

where
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1. E is a (multi)set of hyperedges, each hyperedge being a nonempty subset of V' (i.e. e € P*(V) for all
e € F), and

2. p: E — Ny is a multiplicity function, where u(e) is the number of times the hyperedge e occurs.
Equivalently, one may regard E itself as a multiset in which each hyperedge e appears with multiplicity p(e).

Example 2.11.2 (Repeated group interactions as a multi-hypergraph). Let
V ={A,B,C,D}

be four participants. Suppose the same three-person meeting {A, B, C} occurs three times during a week, while
the pair meeting {B, D} occurs twice. Define the (multi)set of hyperedges

E={e;={AB,C}, e ={B,D}} CP(V)
together with the multiplicity function p : £ — Ny, given by
pler) =3, ple2) =2.

Then H = (V, E, 1) is a multi-hypergraph in the sense of Definition 2.11.1. An overview diagram of this example
is provided in Fig. 2.11.

V = {A’ B’ C? D}

p(e2) =2
EMulti—hypergraph interpretation: the same group hyperedge can occur repeatedly.}

Here the 3-person meeting occurs 3 times, and the pair meeting occurs 2 times.

Figure 2.11: A multi-hypergraph for repeated group interactions (Example 2.11.2).

Definition 2.11.3 (Multi n-SuperHyperGraph). Let V4 be a finite nonempty set and let n € Ny. Define the
iterated powersets by

P(Vo) =Vo, PV =P(P* (Vo)) (k= 0).

A Multi n-SuperHyperGraph is a triple
MSHG™ = (V, &, ),

such that
1. V. C P™(Vy) (the set of n-supervertices);
2. ECP(V)\{g} (the set of n-superedges);
3. u: & — Ny is a multiplicity function.

For each e € &, the value u(e) indicates that the superedge e occurs p(e) times.
Elements of V' are called n-supervertices, and elements of £ are called n-superedges.

Example 2.11.4 (A Multi 1-SuperHyperGraph with repeated superedges). Let the base set be
Vo =1{1,2,3,4},

and take n =1, so P*(Vy) = P (Vo).
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Define the 1-supervertex set
V= {{L2},{3},{4}} S P(W).
Define two 1-superedges (that is, nonempty subsets of V')
er = {{1,2},{3}}, es = {{1,2},{4}}.

Then indeed eq, ey € P(V), and hence
g = {61,62} g P(V)

Assign multiplicities by
plen) =2,  plex) =4

Therefore,
MSHG™ = (V, &, )

is a Multi 1-SuperHyperGraph in the sense of Definition 2.11.3, where e; occurs twice and e, occurs four times.

2.12 Line Graph and lterated Line Graph

The line graph construction converts edges into vertices: each edge of a graph becomes a vertex in the new graph,
and two such vertices are adjacent if and only if the corresponding original edges share a common endpoint [116,
117, 118, 119]. Related notions are also known, including Fuzzy Line Graphs [118, 120], Line HyperGraph[121],
and Neutrosophic Line Graphs [122, 123]. By iterating this operation, one obtains the iterated line graphs:
starting from L°(G) = G, define L**1(G) = L(L*(G)), producing a sequence that reflects increasingly higher-
order edge-incidence patterns [124, 125, 126, 127, 128, 129]. Recently, this line-graph iteration paradigm has
been further extended to iterated line hypergraphs and iterated line superhypergraphs, and active developments
have been reported in these directions [130].

Definition 2.12.1 (Line graph). [117] Let G = (V, E) be a finite simple undirected graph. The line graph of
G is the graph
L(G) = (VLvEL)

defined by
Vi, = E, Ep, = {{e,f}e @) | enf#0}.

Equivalently, vertices of L(G) correspond to edges of G, and two vertices are adjacent precisely when the
corresponding edges of GG share a common endpoint.

Example 2.12.2 (Line graph of a path on four vertices). Let G = (V, E') be the path graph P, with
V ={1,2,3,4}, FE = {{1,2},{2,3},{3,4}}.
Denote the three edges of G by
e ={1,2}, eo3 =12,3}, ez ={3,4}.
Then the line graph L(G) = (Vz, EL) has vertex set
Vi, = E = {e1a, €23, €34},
and two vertices are adjacent exactly when the corresponding edges in G share an endpoint:
Ep = {{e1s, €23}, {23, €34} }-
Hence L(P;) is again a path on three vertices, i.e. L(P;) = P5. This illustrates Definition 2.12.1.

Remark 2.12.3 (Directed variant (line digraph)). If G is directed, one often considers an oriented line graph
(also called a line digraph), whose vertices are the directed edges (arcs) and in which (u — v) is adjacent to
(v—w), optionally with a non-backtracking constraint w # u. This oriented construction is closely related to
non-backtracking operators used in graph learning.

Definition 2.12.4 (Iterated line graph). [124, 125] Define the iterated line-graph operator L* recursively by
L°(G) = G, L"'(G) := LIL*G)) (keN).

Thus L'(G) = L(G), L*(G) = L(L(G)), and so forth. The sequence {L*(G)}r>0 is called the line-graph
iteration (or line-graph hierarchy) of G.
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Table 2.5: Concise overview of a graph, its line graph, and iterated line graphs.

Object Vertices Adjacency / meaning

Graph G = (V, E) Base objects: vertices V. Edges encode vertex adjacency. For a simple
undirected graph, E C (‘2/) and {u,v} € F
means u and v are adjacent.

Line graph L(G)  Edges of G become vertices: Two vertices e, f € E(G) are adjacent in
V(L(G)) :== E(G). L(G) iff the corresponding edges in G share
an endpoint (i.e., e N f # @). Thus L(G)

encodes edge-incidence adjacency of G.

Iterated line graph ~ Vertices are edges of the pre- Defined recursively by L°(G) = G and
LK(G) vious iterate: V(LF(G)) := L"Y(G) = L(L*(G)). This yields a hi-
E(LFY(@Q)) for k > 1. erarchy capturing progressively higher-order

patterns in how edges touch one another
across iterations.

Example 2.12.5 (Iterated line graph of a cycle Cy). Let G = C4 be the 4-cycle with vertex set {1,2,3,4} and
edge set
E={{1,2},{2,3},{3,4},{4,1}}.
Each edge in C, meets exactly two other edges, so the line graph L(C}) is again a 4-cycle:
L(Cy) = Cy.
Consequently, the line-graph iteration stabilizes:
k) =0, forall k> 1.
This provides a concrete example of Definition 2.12.4.

For reference, an overview of a graph, its line graph, and iterated line graphs is presented in Table 2.5 (cf.[121]).

2.13 lterated Total Graph

A total graph has vertices for both vertices and edges of a graph, joining them by adjacency or incidence
relationships (cf.[131, 132]).

Definition 2.13.1 (Total graph). [133, 134] Let G = (V(G), E(G)) be a loopless simple undirected graph. The
total graph T'(QG) is the (simple) graph with

V(T(G) =V(G)VE(G),

where two distinct vertices z,y € V(G) U E(G) are adjacent in T'(G) iff one of the following holds:

1. (vertex—vertex) z,y € V(G) and zy € E(G);

2. (edge-edge) z,y € E(G) and z Ny # 0 in G;

3. (vertex—edge) {z,y} = {v,e} with v € V(G), e € E(G), and v € e.
Example 2.13.2 (Total graph of the path P3). Let G = P5 be the path on three vertices

V(G) ={1,2,3}, E(G) ={{1,2},{2,3}}.
Write e1p = {1,2} and es3 = {2,3}. Then the total graph T'(G) has vertex set
V(T(Q)) ={1,2,3} U {e12, €23}

Adjacency in T'(G) arises from the three rules:
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o vertez—verter: 1 ~ 2 and 2 ~ 3 (since {1,2},{2,3} € E(Q));
o edge—edge: €15 ~ €3 (since e;o Negy = {2} # 0 in G);
o vertex—edge: 1 ~ €19, 2 ~ €13, 2 ~ €93, 3 ~ ey3 (because each vertex is adjacent to its incident edges).

Thus T'(Ps) is a simple graph on five vertices encoding both adjacency and incidence information of Ps, as in
the definition of the total graph.

An iterated total graph repeatedly applies the total graph operation to a graph, incorporating vertices, edges,
and all incidence relationships at each stage [132, 131].

Definition 2.13.3 (Iterated total graphs). Define T°(G) := G, and for each integer k > 1 set
THG) = T(T* Q).
(Thus TH(G) = T(G), T*(G) = T(T(G)), etc.) This notation is also used in the literature.
Example 2.13.4 (Iterated total graphs starting from K3). Let G = K3 be the complete graph on two vertices:
VG) = {12}, B(G)={{1,2}}.
Let e = {1,2} denote the unique edge. Then the total graph T'(G) has vertex set
V(T(G)) = {L.2.¢)
and edges

{12}, {Le}, {2,¢},
SO T(KQ) = K3.
Applying the total operation again yields

Since K3 has three vertices and three edges, T'(K3) has 6 vertices and encodes all vertex—vertex, edge-edge, and
vertex—edge incidences of K3. Hence (T%(K5))r>o provides a concrete iterated total-graph hierarchy

K2 = TO(KQ) — Tl(KQ)gKg — TQ(KQ):T(KQ.) > -,

illustrating the definition of iterated total graphs.

2.14 Hierarchical SuperHyperGraph

A hierarchical superhypergraph is a superhypergraph whose vertices live across multiple powerset levels, with
edges allowed to join mixed-level supervertices, while maintaining downward-closure coherence (cf.[135, 136]).

Definition 2.14.1 (Support map and edge-support). Define the support map supp : V' — P (V) \{0} recursively
by
supp(v) == {v} (v € V), supp(X) = U supp(y) (X € V\ W),

yeX
and for each e € F define its base support (a hyperedge on V;) by

a(e) = [Jsuwpp(x) € P(Vp)\ {0}.

ree

Definition 2.14.2 (Hierarchical SuperHyperGraph of height r). (cf.[135, 136]) Let V be a finite, nonempty
base set. For k > 0 define iterated powersets

PA(Vo) =Vo,  PHH(V) = P(P*(V0)),

and fix an integer r > 0. Set the hierarchical universe

T

U) = J(PHv)\ {0}).

k=0
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For z € U,(Vy), define its level
{(z) = min{k € {0,1,...,r}:x € PH(V}) }.
A hierarchical superhypergraph of height r on Vj is a pair
H") = (V,E)
such that
(H1) (Hierarchical vertex set) V is a finite nonempty set with
V CU,.(Vp).

Elements of V' are called hierarchical supervertices.

(H2) (Cross-level edges) E is a finite family of nonempty subsets of V:
E C P(V)\ {0},

Elements of E are called hierarchical superhyperedges. In particular, a superhyperedge may contain su-
pervertices of different levels.

(H3) (Coherence / downward closure) If X € V and ¢(X) > 1, then
XCW

Equivalently, whenever a higher-level supervertex is present, all its immediate constituents are also present
as supervertices.

For each k € {0,...,r} we define the k-th layer by

Vi = {xeV: lx)=Fk}, so that V:U;:()Vk-
Example 2.14.3 (A hierarchical SuperHyperGraph of height 2 with cross-level edges). Let the base set be
Vo ={a,b,c,d}.
Consider the hierarchical universe
Us(Vo) = (Vo) U (P(Vo) \ {0}) U (P(P(V0)) \ {0}).
Define hierarchical supervertices (across levels 0, 1, 2) by
X ={a,b} €P(V), Y ={edeP(Vy), U={X}={{ab}} € P(P(V)).

Set
V ={a,b,c,d, X, Y, U} CUy(Vp).
This V satisfies the coherence condition (H3): since X,Y € V (level 1), their elements a, b, ¢, d belong to V;
and since U € V (level 2), its element X belongs to V.
Next, define a family of hierarchical superhyperedges

E ={ej,es}, en ={X,Y}, ey = {U,c}.

Thus e; links two level-1 supervertices (two teams), while ey links a level-2 supervertex (a nested unit) to a
level-0 vertex (an individual), illustrating a cross-level edge as allowed by (H2). Therefore

H? = (V,E)
is a hierarchical superhypergraph of height 2 in the sense of Definition 2.14.2.
Support map and edge-support. Using Definition 2.14.1, the support map Supp satisfies
Supp(a) = {a}, Supp(b) = {b},
Supp(c) = {c}, Supp(d) = {d},
Supp(X) = Supp({a, b}) = {a, b},
Supp(Y') = {c, d},
Supp(U) = Supp({X}) = Supp(X) = {a, b}.
Hence the base supports of the two edges are
o(e1) = Supp(X) U Supp(Y) = {a,b,c, d},
o(es) = Supp(U) U Supp(c) = {a,b, c}.

An overview diagram of this example is provided in Fig. 2.12.
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Level 2

o(er) = {a,b,c,d}
Level 1

o(e2) = {a,b, c}
Level 0

Figure 2.12: A hierarchical superhypergraph of height 2: vertices may live on different levels and edges may cross
levels. Dashed lines indicate constituent relations (coherence), while ey, es are superhyperedges.

2.15 Recursive HyperGraph and Recursive SuperHyperGraph

A recursive hypergraph is a hypergraph-like object in which a hyperedge may contain ordinary vertices and also
lower-level hyperedges as elements, thereby permitting nested incidence up to a prescribed recursion depth [137,
138, 139, 140].

Definition 2.15.1 (Depth-k powerset universe). [137, 140] Let S be a nonempty set and let & € NU{0}. Define
a hierarchy of sets (5;);>0 by

Sy = S, Si:zp(USj) (i > 1).
=0

Set Ugy, 1= Uf:o S;. The depth-k powerset universe over S is
257;€ = ,P(Usyk)

Definition 2.15.2 (k-recursive hypergraph). [137, 140] Let V' be a finite vertex set and let £k € NU {0}. A
k-recursive hypergraph is a pair

H=(V,E)

such that
E C2y, \ {0},

where 2y, is the depth-k powerset universe from Definition 2.15.1 applied to S = V.

In particular, for & = 0 one has 2y, = P(V) and thus E C P(V) \ {0}, i.e., H reduces to an ordinary
hypergraph.

Example 2.15.3 (A l-recursive hypergraph (edge-of-edges for task bundles)). Let

V ={a,b,c,d}
be four tasks. Consider two ordinary hyperedges (task bundles)

ey = {a, b}, ey = {c,d}.
A 1-recursive hyperedge may contain vertices and also lower-level hyperedges as elements. Define
es = {e1, ¢},

which represents a higher-level bundle “do the bundle {a, b} together with task ¢.” Let

E ={ej, ey, e3}.

Then H = (V, E) is a l-recursive hypergraph in the sense of Definition 2.15.2: indeed, e1,e5 € 2y, = P(V)
and e3 € 2y; because it mixes a depth-0 hyperedge e; with a vertex c¢. An overview diagram of this example is
provided in Fig. 2.13.

An (n, k)-recursive SuperHyperGraph combines hierarchical supervertices (via iterated powersets) with recur-
sive superhyperedges of bounded depth k, allowing edges to contain supervertices and nested lower-level edges
as elements.
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E - {617 €2, 63}

depth 1 (recursive)

Recursive incidence:
e3 contains the hyperedge-object e;

depth 0 (hyperedges) and the vertex c.

Figure 2.13: A schematic illustration of the 1-recursive hypergraph in Example 2.15.3. The recursive hyperedge
e contains a lower-level hyperedge e; and a vertex c.

Definition 2.15.4 ((n, k)-recursive SuperHyperGraph). [141, 142, 143] Fix a finite nonempty base set Vj and
let n,k € NU{0}. An (n, k)-recursive SuperHyperGraph is a pair

RSHG"™" = (V, E)
satisfying:
(i) (Hierarchical supervertez set). V.C P™(Vp).

(ii) (Recursive superhyperedge family). E C 2y \ {0}, where 2y, is the depth-k powerset universe constructed
from S = V as in Definition 2.15.1.

Example 2.15.5 (A (1, 1)-recursive SuperHyperGraph (teams with a recursive superedge)). Let the base set
be
% = {17 27 3> 4}1

and take n = 1, so P*(Vy) = P(Vp). Define the 1-supervertex set (teams)
vV ={{12}, {3} {4}} c P(W).

Consider two ordinary superhyperedges (depth 0 edges in P(V)):
e = {{1,2},{3}}, ey = {{1,2},{4}}.
Now form a recursive superhyperedge of depth 1 by letting
es = {e1,{4}} € 2v,1,

which can be read as a higher-level interaction “activate the collaboration e; and also involve the team {4}
Let

E = {e1,e3,e3} C 2v1 \ {@}
Then RSHGHY = (V,E) is a (1,1)-recursive SuperHyperGraph in the sense of Definition 2.15.4.

2.16 Tree-Vertex Graph

A tree-vertex graph labels tree nodes by nested vertex-sets; edges connect nodes within levels, representing
relations across abstraction depths [144].

Definition 2.16.1 (Depth-n Tree-Vertex Graph with level edges). [144] Let Vj be a finite, nonempty set of base
vertices and let n € N. A depth-n Tree-Vertex Graph (TVG) on V; is a quadruple

TVG™ = (Vo, T, n, {EM},),

where:
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(i) T = (N,F,r) is a rooted tree whose leaves have depth 0 and whose root has depth n. For each k €
{0,...,n} define the level set
N = {u € N | depth(u) = k}.

(ii) n is a nested labeling (level-typed label map)
n: N — [JPs"(Vo) \ {0}
k=0

satisfying:
(a) (Level-typing) For every u € N, one has

n(u) € PS*(Vo) \ {0}.

(b) (Leaf grounding) The restriction 1|y, : Ny — Vj is a bijection (so each leaf represents exactly one
base vertex).

(c) (Recursive mesting along the tree) For every internal node u € N}, with k& > 1,
n(w) = {n(v) | v e Ch(uw)},
so the label of w is literally the set of its children’s labels (hence lives in the next iterated powerset).
(iii) The support (flattened base-vertex set) of a tree-vertex u € N}, is defined by

A(u) = Flaty(n(u)) C Vy

(iv) For each level k € {0,...,n}, E® is a set of level-k graph edges:
E® € {{u,0} C N | u £ v},

An edge {u,v} € E® encodes a binary relation within the same abstraction depth k between the hierar-
chical units represented by u and wv.

Example 2.16.2 (A depth-2 Tree-Vertex Graph for a small organization). Let the base vertices be four em-
ployees
Vo ={a,b,c,d}.

We construct a depth-2 Tree-Vertex Graph TVG® in the sense of Definition 2.16.1.
(1) The rooted tree. Let T' = (N, F,r) be the rooted tree with node set

N = {r,uy, us, ag, by, co,do},
root r at depth 2, internal nodes u1, us at depth 1, and leaves
No = {ag, by, co,do}, Ny ={up,us}t, No={r}
Define the parent—child relations by
Ch(r) = {uy,us}, Ch(uy) = {ag, bo}, Ch(uz) = {co, do}.

Thus the tree groups employees into two teams {a, b} and {c¢,d}, and then into one department.

(2) Nested labeling. Define i : N — [Ji_, PS*(V;) \ {0} by
77(0’0) = a, n(b()) = ba 77(60) = ¢, n(dO) = d7

n(u1) = {nlao),n(bo)} = {a,b},  n(uz) = {nlco),n(do)} = {c,d},
n(r) = {n(u1),n(uz)} = {{a, b}, {c,d}}.

By construction, 7|, is a bijection onto Vj, and each internal label is exactly the set of its children’s labels.
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[ n(r) = {{a,b}, {c,d}} |

depth 2 r
P E(l : {ul,
r) = {a,b,c,
n(ul) :’{Qrb}' ATt
f_;
depth 1 U1
depth O
n(ao) ) =0b
A(ao) = {a {v}

E(O): {CLQ,bQ} E(O): {Co,do}

Legend: Tree edges = parent—child links. Solid curved links indicate
level-0 edges E© (employee-level communication). Dashed curved
link indicates the level-1 edge EM (team-level coordination).

Figure 2.14: A depth-2 Tree-Vertex Graph for a small organization (Example 2.16.2). Leaves represent employ-
ees, internal nodes represent teams, and the root represents the department.

(3) Supports. Let A(u) = Flaty(n(u)) C Vi be the flattened support. Then
Aao) = {a}, A(bo) = {b}, A(co) ={c}, Aldo) = {d},
Auy) = {a, b}, Aug) = {c,d}, A(r) = {a,b,c,d}.
(4) Level edges. Define level-k edge sets by
E© = l{ag,bo}, {co,do}},  EW = {{uy,us}}, E® =0.

Here E© encodes pairwise communication links inside each team at the employee level, while E(V) encodes a
coordination link between the two teams.

Therefore,

TVG? = (Vo, T, 0, {E®}2_,)

is a depth-2 Tree-Vertex Graph on V. An overview diagram of this example is provided in Fig. 2.14.

2.17 Tensor network graph

A tensor network graph assigns tensors to vertices and index bonds to edges; contracting edges sums shared in-
dices, yielding a tensor [145, 146]. A tensor network graph encodes higher-order interactions as tensors on nodes,
with edges denoting index contractions, representing multiway correlations compactly for efficient computation
and inference.

Definition 2.17.1 (Tensor network graph). A tensor network graph is a triple

N = (G, (T,)vevic), (Ze)ecr(@)),
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where G is a finite (multi)graph, each vertex v € V(G) is assigned a tensor

T,e K K*

e€lnc(v)

over a field K (typically R or C), and each edge e € E(G) is assigned a finite index set Z, (equivalently, a bond
dimension |Z.|). Here Inc(v) denotes the multiset of edges incident to v; half-edges (dangling edges) represent
open indices (external legs). The value (or contraction) of N is the tensor obtained by summing over all internal
indices corresponding to non-dangling edges, i.e. contracting the paired index spaces K% ® KZ¢ along each
internal edge e.

Example 2.17.2 (A tensor network graph for a length-3 matrix product state). Let K = R. Consider a path
graph on three vertices

G: v — vy — vs,

with two internal edges e; and es3, and with one dangling half-edge attached to each vertex (representing a
physical /open index). Assign index sets

I12:{1,...,D}, I23:{1,...,D}
to the internal edges (bond dimension D), and assign
Ilz{l,...,d}, 1-2:{1,...,(1}, 13:{1,,d}

to the three dangling edges (physical dimension d).
Assign tensors

Tvl c RdXD7 Tv2 c RDXdXD’ T’Ug c RDXd
so that T, has indices (i1, ), T, has indices (v, iz, (), and T, has indices (3,43) with i; € {1,...,d} and
a,f €{1,...,D}. Then the tensor network contraction produces a 3-way tensor
= Rdxdxd

whose entries are given by

D D
qliﬂéiz = Z Z(TW)il,a (Tv2)o¢,i2ﬁ (Tvg)ﬁ,is'

a=1pB=1

Thus N = (G, (Ty)vev(a), (Ze)ecr(c)) is a tensor network graph in the sense of Definition 2.17.1; the internal
edges e1s, €23 are contracted (summed over), while the three dangling edges remain as open indices.

2.18 MultiTensor and Ilterated MultiTensor Network

MultiTensor Network assigns each node a finite multiset of compatible local tensors, generating multiple weighted
contractions through realization choices while preserving one external tensor space. Iterated MultiTensor Net-
work assigns nodes iterated finite multisets of compatible local tensors, recursively flattening multiplicities into
effective multitensor assignments before canonically computing weighted network contractions.

Definition 2.18.1 (Finite multiset). Let X be a set. A finite multiset on X is a function
m:X — N()

with finite support
supp(m) == {z € X : m(z) > 0}.

We write

Miin(X)

for the set of all finite multisets on X. If z € X, then m(z) is called the multiplicity of = in m.
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Definition 2.18.2 (MultiTensor network graph). Let

Ty i= ® KZe

e€lnc(v)

denote the local tensor space associated with a vertex v of a finite graph G, where K is a field and each edge or
half-edge e is assigned a finite index set Z..
A MultiTensor network graph is a triple

NS = (G, (My)vev (e, (Ze)eer@)),
such that:
o (G is a finite (multi)graph, possibly with dangling half-edges;
o for each edge e, Z. is a finite index set;

o for each vertex v € V(G),
Mv S Mfin(,]:))

is a finite multiset of tensors of the same local type 7,.

A realization of N™ is a choice
such that

Its multiplicity is defined by

For each realization 7, its contraction
Contr(T)

is the tensor obtained by contracting the ordinary tensor network graph

(Ga (Tv)UEV(G)a (Ie)eEE(G))

in the sense of Definition 2.17.1.
The contraction multiset of N'™U is the finite multiset of output tensors defined by

Contryuu(N™M) (X) = Z (),

T realization
Contr(r)=X

for each output tensor X in the external tensor space determined by the dangling half-edges.
If desired, one may also define the aggregated contraction by

AConty( ™) ;= Z p(r) Contr(r),
T realization

provided all output tensors belong to the same external tensor space.

Definition 2.18.3 (Iterated finite multiset). For a set X, define recursively

ML (X) = X, MEFH(X) == Mgn(ME, (X)) (n>0).

fin

Thus, an element of M, (X) is an n-fold iterated finite multiset over X.

Example 2.18.4 (A concrete MultiTensor network graph). Let K = R, and let G be the graph with two vertices
V(G) = {’Ul,Ug}

and one internal edge

E(G) ={e},  e={v,u}
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Assign the index set
Z. ={1,2}.

Since the only incident edge at each vertex is e, the local tensor spaces are

To, =R*, T, =R,
Thus each local tensor may be identified with a vector in R2.
Define

A = (1,0), Ay =(0,1) € R?,

and

B, = (1,1), By =(1,-1) e R*.

Now assign finite multisets of local tensors by

le == 2[141] + 1[142], ]\4'1)2 = 1[B1} + 3[32]
Equivalently,
le (Al) = 27 MU1 (AQ) = 17 MU2 (Bl) = 17 Mvz(BQ) = 37
and all other multiplicities are zero.
Hence _
NS = (G, (M,)vevia), (Te)eer(c))

is a MultiTensor network graph.
A realization of N™ut ig a choice
T = (Tﬂl ? Tvz)

with

T,, € {A:1, Ao}, T,, € {B1, B2}.

Thus there are exactly four realizations:

= (A1, By), Ty = (A1, By), 73 = (Ag, By),

Since the network has no dangling half-edges, each contraction is a scalar

Contr(7) = Z T, (i) T, (7),

i€l

which is just the standard dot product in R2.
We compute:

Contr(ry) = A; - By = (1,0) - (1,1) =1,

Ty = (AQ, BQ)

. More precisely,

Contr(7z) = A; - Bo = (1,0) - (1, -1) = 1,

Contr(7;) = A2 - By = (0,1) - (1,1) =1,
Contr(ry) = Ay - B> = (0,1) - (1,-1) = —

Their multiplicities are

Therefore the contraction multiset is
Contrpue(N™™) = 9[1] + 3[—1],
because the scalar value 1 occurs with total multiplicity

24+6+1=09,

1.
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whereas the scalar value —1 occurs with multiplicity

The aggregated contraction is

4
AContr(N™) =3 " yu(r;,) Contr(r,) =2-1+46-1+1-143-(=1) =6.
k=1
Thus this example explicitly illustrates how a MultiTensor network graph produces a finite multiset of con-
traction values, together with an aggregated contraction.
Moreover, each local multiset
qu‘, € Mfiﬂ(lﬁ)i) - M%in(,]:)i)7
so this example is also the first-level case of the iterated finite multiset formalism.
Definition 2.18.5 (Flattening of iterated multisets). Let X be a set. For each n > 0, define recursively a map
Flat,, : ME (X) = Mg (X)
as follows:

e for n =0, set
Flatg(x) := 4, (x € X),
where §, denotes the singleton multiset supported at  with multiplicity 1;
o forn>0and M € My "(X), define
Flat,,1(M)(z) == Y M(A) Flat,(A)(z)  (z € X).

Aesupp(M)

Hence Flat,, converts an iterated multiset into an ordinary finite multiset on X by recursively collecting multi-
plicities.
Definition 2.18.6 (n-Iterated MultiTensor network graph). Let n > 0. For each vertex v € V(G), let
T Q@
e€lInc(v)

be the corresponding local tensor space.
An n-Iterated MultiTensor network graph is a triple

N = (G, (©)vevic), (Ze)ecr(@)),
such that:
o (G is a finite (multi)graph, possibly with dangling half-edges;
o for each edge e, Z. is a finite index set;

o for each vertex v € V(G),
0, € M, (T,).

Its effective local multiset at v is defined by
M = Flat, (0,) € Mg (Ty).
The effective MultiTensor network graph associated with N is
Nt = (G, (MT)vevie), (To)eenc))-
The contraction multiset of N'™ is then defined by
Contrige(N (")) := Contrmui( N eff),
and, whenever meaningful, its aggregated contraction is defined by
AContI(./\/(”)) = AContr(Neff).

In particular:
n=0 = N is an ordinary tensor network graph,

and
n=1= NWis exactly a MultiTensor network graph.
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Theorem 2.18.7 (Well-definedness of MultiTensor network graph). Let

leﬂti = (G7 (M’U)’UEV(G)7 (Ie)eEE(G))
be a MultiTensor network graph in the sense of Definition 2.18.2. Then:
1. the set of realizations of N™W is finite;

2. for every realization
T = (TU)UGV(G) with ﬂ) € Supp(Mv>7

the ordinary tensor network contraction
Contr(7)

is well-defined;

3. the contraction multiset

Contrmulti(./\/ mum)
is well-defined;

4. the aggregated contraction

AContr(N™1) = Z,U,(T) Contr(7)

is well-defined.

Proof. For each vertex v € V(G), the multiset M, has finite support by definition, and V' (G) is finite. Hence

the set of realizations
I supp(21,)
veV(Q)

is finite.
Moreover, every tensor chosen at v lies in the same local tensor space

T.= & K~

e€lnc(v)

so any realization 7 determines an ordinary tensor network graph with the same underlying graph G and the
same index sets (Z.)cep(c). Therefore its contraction Contr(7) is well-defined in the sense of Definition 2.17.1.

Since the external tensor space is determined only by the dangling half-edges of G and the index sets Z., all
tensors Contr(7) belong to one and the same output space. Because there are only finitely many realizations

and each multiplicity
p(r)= ] M.(T)

veV(G)
is a well-defined nonnegative integer, both
Contrm (N mum)
and ‘
AContr(NmUItl)
are well-defined. O

Theorem 2.18.8 (Well-definedness of Tterated MultiTensor network graph). Let

N(n) = (G7 (@v)UEV(G)’ (Ie)eeE(G))

be an n-Iterated MultiTensor network graph in the sense of Definition 2.18.6. Then:

1. for each vertex v € V(Q)), the flattening
Flat,, (0,) € Mg (T,)

is well-defined;
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2. the effective network
Neff = (G? (Flatn(gv))veV(G)a (Ie)eEE(G))

s a well-defined MultiTensor network graph;

3. consequently, both
Contriter(f\/(")) and AContr(N("))

are well-defined.
Proof. We first show that Flat,, is well-defined for every n > 0 by induction on n. For n = 0, the map
Flato(x) = 4,
is well-defined. Assume that Flat,, is well-defined. Let
M € MEP(X).

Since M has finite support and each Flat,,(A) is a finite multiset on X, the formula
Flat, 1 (M)(z) = Z M(A) Flat, (A)(x)

Aesupp(M)

defines a finite-support function X — Ny. Hence Flat, 1 (M) € Mgy, (X) is well-defined.
Applying this with X = 7, for each vertex v, we obtain

Flat,(0,) € Mg (T,),

so the effective network N is a MultiTensor network graph. Therefore Theorem 2.18.7 applies, and the
contraction multiset and aggregated contraction of N are well-defined. By definition,

Contriger(N (”)) = Contryuii(N° Cff), AContr(N (”)) = AContr(N* Cff),
hence both are well-defined. O

eff

2.19 Tensor Hypernetwork and Tensor Superhypernetwork

A Tensor Hypernetwork is a hypergraph-based tensor network where each vertex carries a tensor and each
hyperedge links multiple tensors through shared index contractions simultaneously. A Tensor Superhypernet-
work generalizes a tensor hypernetwork by replacing vertices with hierarchical supervertices, enabling tensor
contractions over nested, multi-level, higher-order relational structures and systems formally.

Definition 2.19.1 (Tensor Hypernetwork). Let
H=(V,E)

be a finite hypergraph, where
B CP(V)\ {0}.

For each hyperedge e € F, fix a positive integer d., and write
[d.] :={1,2,...,d.}.
For each vertex v € V', define its incident-edge set by
I(v):={ecE|vee}.
A tensor hypernetwork over a field K on H is a tuple
N = (H,(de)eer, (Ty)vev),

where each local tensor is a function

T, : H [d.] — K.
)

ecl(v

If I(v) = ), the empty product is interpreted as a singleton, so T, € K.
The associated closed contraction (network value) is

ZN) = > 11 7. ((a)eerw)) € K.

(ae)ecr €l e plde] VEV
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Definition 2.19.2 (Tensor n-SuperHyperNetwork). Let V; be a finite nonempty base set, and define iterated
powersets by

PO(Vo) == Vi, P V) =P(P* (Vo)) (k> 0).

Let
SHG™ = (V,E)

be an n-SuperHyperGraph on V,, that is,
V CP*(Vy), ECPV)\{0}.

Elements of V' are called n-supervertices, and elements of E are called n-superedges.
For each superedge e € F, fix a positive integer d., and write

d.] = {1,2,...,d.}.

For each supervertex z € V, define
I(z)={ecE|xece}.

A tensor n-SuperHyperNetwork over a field K is a tuple
N(n) = (%7 V7 Ea (de)eeEa (Tz)zEV)a
where each local supertensor is a function

T,: [[ld]—=K (zeV).

ecl(x)

If I(x) = (), the empty product is interpreted as a singleton, so T}, € K.
Its associated closed contraction is

Z(N(n)) = Z H Tx((ae)eel(m)) e K.

(ae)eeEEHegE[de] zeV
A tensor SuperHyperNetwork is a tensor n-SuperHyperNetwork for some n > 1.

Example 2.19.3 (A concrete tensor 1-SuperHyperNetwork). Let the base set be
Vo ={a,b,c}.

Since

P'(Vo) = P(Va),
we may choose 1-supervertices as subsets of Vj. Define
xy = {a,b}, xo := {b, c}, z3 := {a,c},

and set

V = {x1, 29,25} CP(Vp).
Now define two 1-superedges by
e = {x, 22}, ey = {wy, x3}.

Thus
E ={ej,ea} CP(V)\{0}.

Hence

SHGY = (V,E)

is a 1-SuperHyperGraph on V.
Assign bond dimensions

so that
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For each supervertex, the incident superedge set is

I(z1) ={ei},  I(x2) ={er,ea},  I(z3) = {ea}.
Let K = R. Define the local supertensors as follows:

T, : 2] = R, T, ()=1, T,(2) =2,

T,, ¢ [2] x [2] = R, (sz(ivj))ijzl - (‘}’) ?) ’

that is,
TI2(L 1) =1, TIQ(L 2) =0, ng (27 1) =3, Tﬂcz (27 2) =1,
and
T, [2] — R, Tws(l) =2, Tw3(2) =1
Therefore,

NO = (Vi V, E, (d)eer, (Tn)aev)

is a tensor 1-SuperHyperNetwork over R.
Its closed contraction is

Z(N(l)) = Z TII (ae1) T:m (a€1?a62) T303 (062)'

(aey,aey)€[2]%[2]

Writing ¢ := a., and j := a.,, we obtain

Substituting the above values gives

ZIND) =T, ()T, (1, 1) Ty (1) + Ty (1) T, (1,2) Ty (2)
+ Ty, (2) T, (2, 1) T, (1) + T, (20T, (2,2) T, (2)
=1-1-24+1-0-14+2-3-2+2-1-1
=240+1242
= 16.

Hence this example gives an explicit tensor 1-SuperHyperNetwork whose closed contraction equals

Z(NW) = 16.

2.20 Tensor Train

A tensor train decomposition represents a high-order tensor as a chain product of third-order core tensors
connected by auxiliary bond indices [147, 148, 149].

Definition 2.20.1 (Tensor Train (TT) decomposition). [147, 148, 149] Let d > 2, let
A g X F e {R,C},

be a d-th order tensor, and let
_ d+1
r=(ro,r1,...,rq) €N

satisfy
rog =1rg = 1.

We say that A admits a tensor train decomposition of TT-rank r if there exist third-order tensors
G®) g Fre—vxmexre =19 .. .d,
called the T'T-cores, such that for every multi-index

(il,ig,...,id) 6{1,...,”1}X e X {1,...,nd},
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the entry of A is represented as

1 Td—1
_ E E (1) (2) (d)
Ailiz”'id - Glil alGozl ioan 'Gad,lid 1°
(Jtl:l ad,1:1

Equivalently, for each k and each i, € {1,...,n4}, define the slice

el (if,) € Fre-—1xTx, (G(k) (lk)) —aqW

Qp—1,0k Ok —1 U Otk
Then the same representation can be written in matrix-product form as
Aiyiyig = G (i) GP (i) - - G (ig),

where the right-hand side is a 1 X 1 matrix, identified with a scalar.
The vector 7 = (rg,r1,...,rq) is called the TT-rank vector, and the integers

TiyeeesTd—1
are called the TT-ranks of the representation.

Remark 2.20.2. If a tensor A is only approzimated by a tensor A of the above form, then A is called a TT
approximation of A. In that case one writes

A=A+E,
where E is the residual tensor.

Example 2.20.3 (A concrete tensor train decomposition). Consider the third-order tensor

A c R2><2><2

10 01
A::l - (O 1) 9 A::2 - (1 0) .

Alll = ]-7 A121 = 07 A211 = 07 A221 = 17

defined by the two frontal slices

Equivalently, its entries are

and
A1 =0, Aipa=1, Ayp=1, Ay =0.

We show that A admits a tensor train decomposition with TT-rank vector
(7”077’177’2,7”3) = (17272a 1)-

Define the TT-cores
oW ¢ R1x2><2, G ¢ R2><2><2, G®) ¢ g2x2x1

through their matrix slices as follows:

GO =1 0, 6= 1),
=g V). ee=(] o)

G (1) = <(1)> G®)(2) = <(1’> .

Then, for every (i1,142,13) € {1,2}*, the TT formula gives
Aiyiniy = G (i1) GP (i5) G (i3).

Let us verify several entries explicitly.
For (iy,192,i3) = (1,1, 1), we obtain

A = (1 0) (é ?) (é) ~ (1 0) (é) Y
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For (i1,12,13) = (1,2,2), we obtain

A= (1 0) (g é) (g’) —(0 1) (g’) 1

For (i1,12,13) = (2,1,1), we obtain

A = (0 1) <(1) ‘f) (é) — (0 1) (é) —o.

For (i1,19,13) = (2,2,1), we obtain

Ao = (0 1) (‘1) é) ((1)) ~ (1 0) (3) 1.

By similar calculations, all remaining entries agree with the given tensor. Hence
Ai1i2i3 = G(l)(zl) G(Q) (22) G(g) (13) (Vilv i27 i3 € {17 2})7

so this is a valid tensor train decomposition of A.

2.21 Tree Tensor Network (TTN)

A Tree Tensor Network is a loop-free hierarchical tensor decomposition on a tree, efficiently representing many-
body states through local tensors and virtual bonds capturing correlations [150, 151, 152, 153, 154]. Related
concepts such as MERA (Multiscale Entanglement Renormalization Ansatz) [155, 156, 157, 158] are also known.

Definition 2.21.1 (Tree Tensor Network (TTN)). [150, 151, 152] Let 7 = (V, E) be a finite rooted tree with
root r. For each vertex v € V, let H,, be a finite-dimensional complex vector space, called the physical space at
v, and write

dimH, = d,.

For each non-root vertex v € V' \ {r}, let p(v) denote the parent of v, let Ch(v) denote the set of children of v,
and let
B,~C"

be a finite-dimensional bond space attached to the edge (p(v),v).
A tree tensor network on 7 is a family of local tensors

AV e, © K B,
u€Ch(r)

and, for each v € V '\ {r},
AV e, @B 0 K) B
ueCh(v)

The TTN state represented by {A™},cy is the tensor
|W,4) := Contr <® A(”)> € ®'HU,
veV veV

obtained by contracting, for every non-root vertex v, the factor B, appearing in A®®) with the factor B
appearing in A®™ via the canonical pairing

(-, : B x B, = C.
Equivalently, after choosing bases
H, = span{ |i,) : 1 <1, <d, }, B, =span{ |a,) : 1 < a, < D, },

the coefficients of | 4) are given by

|\IIA>: Z \Il(iv)uev®|iv>7

(iv)vev veV
where " "
\Il(i'”)vev = Z Airv(au)uech(r) H Aiv70¢v7(0‘u)uECh(v).
(w)wev\{r} veV\{r}

Any tensor in ), H, that admits such a representation is called a tree tensor network state.
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Example 2.21.2 (A concrete Tree Tensor Network). Consider the rooted tree
T=(V,E), V ={r,a,b}, E:{(r,a),(r,b)},
where 7 is the root and a, b are its children. Thus,
Ch(r) = {a, b}, Ch(a) = Ch(b) = 0.
Let all physical spaces be qubit spaces:
H, = Ho = Hy = C?,
with standard basis

{10), 1)}
Let the bond spaces be
B, =B, = C?,
with basis
{loo), o)},
and let

{{aol, ([}

be the corresponding dual bases of B and B;.
Define the local tensors as follows:

AT =10), @ |ag)a @ |ao)y + 1), @ |a1)e @ 1)y € Hy @ By @ By,

AW =10), ® (] + 1) ® (1| € H, @ B,

and
A® =10), @ (| + |1)y ® (01| € Hy @ Br.

The TTN state is
|¥) = Conti(A" @ A™ @ AY) € H, @ H, @ Hy.

Using the canonical pairings
<ai7 aj> = (Sij7
we obtain

(W) = [0)r @[0)a @ [0)y + [1)r @ [1)a @ [1)s.

Hence

W) = |000) + |111),

which is the (unnormalized) three-qubit GHZ state.
Therefore, this gives a concrete example of a tree tensor network state on a binary rooted tree.

Proposition 2.21.3 (Well-definedness). The tensor |V 4) is well-defined and does not depend on the order in
which the virtual indices are contracted.

Proof. Once bases are fixed, every coefficient W(; ) _, is a finite sum of products of complex numbers over the
virtual indices (av)vEV\{r}- Since multiplication in C is associative and finite sums may be reordered without
changing their value, any contraction order yields the same coefficient. Hence the total contraction defines a
unique tensor |W,4). O
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2.22 Projected Entangled Pair State (PEPS)

A PEPS is a tensor-network state built by projecting entangled virtual pairs onto physical lattice sites, efficiently
encoding many-body correlations.

Definition 2.22.1 (Projected Entangled Pair State (PEPS)). Let G = (V, E) be a finite undirected graph. For
each vertex v € V, let
H, = C?

be the physical Hilbert space at v, and let D > 1 be an integer, called the bond dimension.
For each edge e = {u,v} € E, attach two virtual spaces

C2, and CP

e, v’

and define the maximally entangled vector
D
Z e @ |)e €CD, @CE.

For each vertex v € V, let

= ®(Ce'u7

esv

where the tensor product is taken over all edges incident to v, and choose a linear map
A,V — He.

Then the vector

_ (@ AU> (@ m) c Q.

veV ecE veV

is called a projected entangled pair state (PEPS) on G.
In particular, when G is a one-dimensional chain, this construction reduces to a matrix product state (MPS).

Example 2.22.2 (A concrete PEPS on a square graph). Let
G=(V,E), V ={1,2,3,4}, E= {{1, 2},{2,3},{3,4}, {4, 1}},

so that G is a 4-cycle (a square plaquette).
For each vertex v € V, let the physical space be

H, = C?
with standard basis

{10), 1)}

Choose bond dimension D = 2. For each edge e = {u,v} € E, let
‘QG> = |00>e,u,e,v + ’11>67U7677~) € (Cg,u & Cg,v

be the maximally entangled virtual pair.
At each vertex, the virtual space is the tensor product of the two incident virtual spaces. Fix the following
order:
Vi = C%21®(C41 13 Vo = C§22®C2327

VS (C§33®(C343, V4—C§44®C414

Define the local linear maps

A,V = H, (v=1,2,3,4)

by
A, (Jlo) ®18)) = dapla),  a,B€{0,1}.
Thus each A, maps |00) — |0), |11) — |1), and annihilates |01) and |10).
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The corresponding PEPS is

|¥) = (@Av> (1$12) ® [Q223) ® [Q34) @ [Q1)) -

v=1
Writing
1
1) = > leug)iga @ o)z,
aij:O
we obtain
) = > Occsza1 Oarz,a2s Oz, 51 Oags,an [Q12)1 @ [Q12)s @ [aaz)s ® |aza)a.

a12,023,034,41 €{0,1}
Hence only the assignments
Qg =p3 =3y =00y =0 or app=ao3=az =ay =1

survive, and therefore
|¥) = |0000) + |1111).

Thus this construction gives a concrete PEPS on a square graph. After normalization, one obtains

L(\0000) + [1111)).

V2
2.23 Projected Entangled Simplex State (PESS)

A projected entangled simplex state is a tensor-network state obtained by placing entangled virtual tensors on
simplices and projecting the incident virtual degrees of freedom onto physical site spaces [159, 160].

Definition 2.23.1 (Projected Entangled Simplex State (PESS)). Let L be a finite lattice, and let 3 be a family
of simplices (higher-order cells) covering L. For each site v € L, let

H, = C"

be the physical Hilbert space at v, and let V), = CP be a virtual bond space associated with the incidence of
v in a simplex s € 2.
For each simplex s = {vy,...,v,} € X, choose an entangled simplez tensor

SY eV, @ 0V,

msS*

For each site v € L, choose a local projection tensor

AW ®VU7S — H,.

s$3v

The vector

|¥) := Contr (® 5S¢ ®A(v)> € ®7‘lv

sex veL veL

obtained by contracting all virtual indices is called a projected entangled simplex state (PESS).
Thus, a PESS is a tensor-network state in which multipartite entanglement is assigned to simplices rather
than only to edges. In the special case where every simplex has two sites, a PESS reduces to a PEPS.

Example 2.23.2 (A concrete Projected Entangled Simplex State). Let
L= {vly V2, UB}

be a finite lattice consisting of three sites, and let

¥ = {s}, s = {vy,v2,v3},



Chapter 2. Combinatorial, set-theoretic, and order-theoretic family 52

so that X is a family of simplices covering L.
For each site v; € L, let the physical Hilbert space be

H,, =C*
with standard basis
{10), 1)}
Choose bond dimension D = 2, and for each incidence (v;, s), let
Vi,,s = C?
with basis
{lao), )}
Define the entangled simplex tensor
S = |ap)ur.s @ |00 )uas @ |00 )vss T |01 V01,8 @ 101 )0ns @ 101 ugs € Vs s @ Vs @ Vi s
For each site v; € L, define the local projection tensor
AW Vois = Ho,

by
AP (Jag)) = 0), AT (|ay)) = |1).

Then the corresponding PESS is
W) = Contr(S(s) ® A @ AW g A(“S)) € Ho, @ Hop @ Ho,.

Since each A" simply projects the virtual basis onto the physical basis, we obtain
1) = 10)0, @10}, @ [0)ey + [1); @ [L)e, @ [1)u,.
Hence
|¥) = |000) + |111),
which is the unnormalized three-qubit GHZ state.
Therefore, this gives a concrete example of a projected entangled simplex state.

2.24 MultiMeta-Graph

Unlike an ordinary metagraph, where each vertex is a single graph, a MultiMetaGraph allows each vertex to
represent a finite nonempty family of graphs. Thus, one higher-level vertex may encode a module, portfolio,
layer, cluster, or any other grouped unit consisting of several graphs.

Notation 2.24.1. For a set X, let Pg,(X) denote the family of all finite subsets of X, and let
Piin(X) 1= Prin(X) \ {0}

Definition 2.24.2 (MultiMetaGraph). Fix a nonempty universe & of finite graphs (undirected, loopless by
default) and a nonempty family

R C P(Pi(®) x Pin(®))

of admissible binary relations on finite nonempty families of graphs. A MultiMetaGraph over (&, R) is a directed

labelled multigraph
M= (V,E,s,t,\)

such that
VCPi(8), st:E—V, X E-=R,

and

Vee E: (s(e),t(e)) € A(e).
Each element v € V is called a multi-meta-vertez; it is itself a finite nonempty family of graphs. If
v=A{G,...,G,},
then we say that v contains the graphs Gy, ...,G,,. For e € E with A(e) = R, we write
s(e) RN t(e)

and call e a multi-meta-edge.
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Remark 2.24.3. A MultiMetaGraph is still a graph-like object at the top level, but its vertices are no longer
single graphs; they are finite graph-families. The same base graph may belong to several distinct multi-meta-
vertices unless one explicitly imposes disjointness. If every relation in R is symmetric, then the MultiMetaGraph
may be regarded as an undirected labelled multigraph.

Example 2.24.4 (A concrete MultiMetaGraph of graph-families). Let & be a universe of finite simple graphs
containing the following four graphs:

G1:P27 G2:P37 G3:K37 G4:P47

where P, denotes the path graph on n vertices and K3 denotes the triangle graph.
Define two admissible binary relations on finite nonempty families of graphs:

Reom = { (A, B) € P}, (8) x P, (®) | AnB £0},
and
Rine = {(A, B) € P (&) x P, (&) ‘ IH € A, 3K € B such that |V(K)| = |V (H)| + 1}.

Let
R = {Rcoma Rinc}-

Now define three multi-meta-vertices by
Ml == {G1>G2}7 M2 — {G27G3}7 M3 — {G4}

Then
V= {M15M27M3} g Pgn(ﬁ)

Next, define the multi-meta-edge set
E — {615 62}7
together with source, target, and label maps by

s(er) = My, t(e1) = Mo, A(e1) = Reoms

and

S(€2> = M27 t(eQ) = M37 )‘(62) = RiHC'
We verify the incidence condition. Since

M, N My ={Gy} # 0,

we have

(Mla M2) S Rcom-
Also, G5 € M, has 3 vertices and G4 € Ms has 4 vertices, so

V(G| =[V(G3)| + 1,

hence
(M27M3) € Rinc-
Therefore,
Vee E: (s(e),t(e)) € A(e).
Consequently,

M= (V,E,s,t,\)

is a MultiMetaGraph over (&,R).
The multi-meta-vertex M; groups the two graphs P, and Ps, while M5 groups P; and K3. Thus the edge

Recom

My —= M,
records that the two graph-families share a common graph object. The edge
Rinc
My —% M;

records that a graph in M3 has one more vertex than some graph in M,. An illustration is given in Fig. 2.15.
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M = {G]7G2} My = {G27G3} M; = {G4}

Gy = P G2 = Ps3

—

—>
OO0 & €2 Rinc

\ Go = P. J \ J \ J
G3 = A3

[Rcom; (A,B) € Reom < ANB#0 Rinc: (A,B) € Ry < JH € A,3K € B, |V(K)|:|V(H)|+1]

Here M1 N My = {G2}, and G3 € My, G4 € M3 satisfy 4 =3 + 1.
Figure 2.15: A concrete MultiMetaGraph. Each top-level vertex is a finite nonempty family of graphs, and each
directed edge is labeled by a relation on graph-families.
2.25 Transfinite SuperHyperGraph

A transfinite superhypergraph models hierarchical set-based vertices with downward closure, connecting objects
across infinitely many ordinally organized transfinite levels coherently.

PHX) =PX)\{0}, VP ={{zy} CV:z#y}

Definition 2.25.1 (Transfinite powerset hierarchy). Let V5 be a nonempty set of atoms, and let « be an ordinal.
Define a family (V/g) b<a by transfinite recursion as follows:

VO = ‘/07

and, for every limit ordinal A <

B<A
The associated transfinite universe of height « is
Ua(Vo) = |J V5.
Bl

For each x € U, (V}), its level (or rank) is defined by
lz):=min{f < a:z eV}

Definition 2.25.2 (Transfinite SuperHyperGraph). A transfinite SuperHyperGraph of height o on the base set
Vb is a pair

H = (V,B)
such that

1.
0#V C sy (Vo);

2. for every X € V' \ 1,
X CV;

that is, V' is downward closed under the membership relation;

E C P (V).
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The elements of V" are called transfinite supervertices, and the elements of E are called transfinite superhyperedges.

Example 2.25.3 (A concrete Transfinite SuperHyperGraph of height w + 1). Let the base set be
‘/0 = {a7 b}7

and let
(Vﬁ) B<w+1

be the transfinite powerset hierarchy from the preceding definition.
First define several lower-level objects:

s:={a}, u:={a,b} € V1,

and
w:={s} = {{a}} € V.
Since
Vo=JVa
nw
we have

a, b, s,u,weV,.

Hence the mixed-level sets
p:={a,w},  q:={bu}

belong to
Vw+1 — P* (Vw)

Moreover, p and ¢ do not belong to any finite level V,, (n < w), because each of them contains constituents
coming from different finite ranks. Therefore

t(p) =4(q) =w +1.
Now define the transfinite supervertex set by
V ={a,b,s,u,w,p,q} C Uy,1(Vp),
and define the transfinite superhyperedge family by
E = {e; ={s,u}, es = {w,p}, e5 ={p,q}} CP*(V).

Then
HEH = (V. B)

is a Transfinite SuperHyperGraph of height w + 1. Indeed:
1V C 8y (Vo);
2. V is downward closed under membership, since
s={a} CV, u={a,b} CV, w={s} CV,
p={a,w}CV, q={bu}CV;
3. each e; is a nonempty subset of V.

The hyperedge e; connects two finite-level supervertices, e, is a cross-level hyperedge joining a level-2 object
and an (w + 1)-level object, and e3 connects two genuinely transfinite supervertices. An illustration is given in
Fig. 2.16.
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(e3) es = {p, q}
level . + ! m q — {b’ u}
‘ ' €2 = {w7p}
level 2 '

er = {s,u}
foailio}

Figure 2.16: A concrete Transfinite SuperHyperGraph of height w + 1

Dashed lines indicate member-
ship/containment relations used to witness downward closure, while ey, e, €3 denote transfinite
superhyperedges.
2.26 Multi-Axis SuperHyperGraph

A Multi Axis SuperHyperGraph represents higher order relations among vertices carrying multi indexed iterated
powerset coordinates, with cross level inclusion and hierarchical multidimensional organization rules
Definition 2.26.1 (Multi-indexed iterated powerset). Let d € N, and let U = (Uy,...,Uy) be a d-tuple of
finite nonempty sets. For each axis r € {1,...,d}, define

PoU,) :=U,, P (U,)=P/P"(U,)) (n€Ny).

For a multi-index n = (ny,...,ny) € N, define the n-layer by

d

P*(U) = [[ P ().

r=1
An element z € P*(U) is written as x = (2,

.., xq) with x,. € P (U,.).
Example 2.26.2 (Multi-indexed iterated powerset in two axes). Let

d:2, U]_ :{a,b}, U2:{1,2,3},
so the base system is
U — (Ul, UQ)
Consider the multi-index
n=(1,2).
Then
]P)(172)(U) = PI(U1> X 7)2(U2) = P(Ul) X P(P(UQ))
Hence an element of P(? (U) has the form

xr = (l‘l,xg) with I g Ul, i) Q P(UQ)
For instance, define

v = ({a}, {{1},{1.3}}) e P"2(U).

Its first coordinate is a subset of Uy, and its second coordinate is a set of subsets of U,
Now apply the axis-wise singleton lift along the first axis

=1 (2) = ({{a}}, {{1},{1,3}}) € P>2(U).
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(FC2(U) = P2(U)) x P2(1)]

[P12(U) = P(U)) x P2(Us)]
(1,2) (5
U:(U17U2) X:(xlvz2) El ( )
Axis 1 Ao T Acds 2 25“’)1 . )Axis 1 Axis 2
X1S axis-wise singleton lift
0 = {0} o ry = {{a}) (1. {131
— {1).11,3))
= Only the first axis is lifted:
Uy = {1,2,3} Typed condition: } {a}yH {{a}}, while Axis 2 is un- l
z1 C Uy, 2 CP(U2). changed.
T =(2,2)
typed inclusion
y € PB2(U)
Axis colors
Blue: first axis (U1) y=(1,92)
Green: second axis (Usz) .
Axis 1 ] 2t 2
Cross-layer inclusion conclusion: = ay, b b2 =
’ LSRR | f(a, {13}, {23}

B2 0 =217 () 30,2 ¥

Hence, by definition, x <y.

(2,2):
{{a}} S w1, {{1},{1,3}} € w2

Coordinatewise inclusion at layer }

Figure 2.17: A two-axis multi-indexed iterated powerset example (Example 2.26.10). The figure shows the
element x € P12 (U), the axis-wise singleton lift ©{""? (x) € P(22)(U), and the typed coordinatewise
inclusion into y € P22 (U).

Indeed, the first coordinate has been lifted from P(U;) to P(P(U;)), while the second coordinate is unchanged.

Let
y = ({{a}, {0}}, {{1},{1,3},{2}}) e P*?(U).
Then
B2 () = 50 (z) X0 v,
because

{{a}} € {{a}.{b}} and {{1},{1,3}} € {{1},{1,3},{2}}.
Therefore, by the cross-layer inclusion definition, we have
T =2y.
This example illustrates how different axes can be lifted independently and then compared via typed coordi-
natewise inclusion. An overview diagram of this example is provided in Fig. 2.17.

Definition 2.26.3 (Axis-wise singleton lift). Let e, denote the r-th standard basis vector of Ni. For n € N¢,
define

¥ PY(U) — P (U)
by

SMay, ey q) = (21, o T, {X Ty - Xa).

If n < m coordinatewise, define

yrom PY(U) — PP(0)
as the iterated composition of the axis-wise singleton lifts, applied (m, — n,.) times along axis r for each 7.
Definition 2.26.4 (Typed coordinatewise inclusion). Fix n = (n;,...,nq4) € N¢. For each axis r, define a
relation <("") on P"*(U,.) by

a qum‘) b {a =b, n,=0,
a

Then define <, on P*(U) by
T2y = z, "y (Vr=1,...,d).
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Definition 2.26.5 (Cross-layer inclusion). Let = € P*(U) and y € P™(U). If n < m, define
xRy <= X7%(x) 2 y.
If n £ m, we regard = and y as incomparable (with respect to this relation).

Definition 2.26.6 (Typed graded multi-axis vertex universe). Let U = (Uy,...,U,) be a d-axis base system,
and let I C Ng be a finite index set of admissible multi-levels. Define

0,(U) := |_|({n} x P*(U)).
nel
An element of U;(U) is written (n,x) with x € P*(U).

Definition 2.26.7 (Multi-Axis SuperHyperGraph). A Multi-Axis SuperHyperGraph (MASHG) on (U, 1) is a
pair

H=(V.E),
where

V C 5;(U0)
is a finite set of vertices (multi-axis supervertices), and
ECPV)\{2}
is a finite set of hyperedges (multi-axis superhyperedges).

Definition 2.26.8 (Level map and content map). Let H = (V, E') be a MASHG. For each vertex v = (n,z) € V,
define
A(v) :=n, x(v) := .

Thus X : V — I is the level map, and x(v) € PA")(U) is the typed content of v.
Definition 2.26.9 (Multi-axis inclusion between vertices). Let u,v € V. We write u <4, v if

Mu) S M) and BNy () =) x(0).
Example 2.26.10 (Multi-indexed iterated powerset in two axes). Let

d=2, U, = {a, b}, Uy, ={1,2,3},
so the base system is
U = (U, Us).

Consider the multi-index
n=(1,2).

Then
PU2(U) = PY(UL) x P*(Uz) = P(Uy) x P(P(Ua)).

Hence an element of P(? (U) has the form
r = (l‘l,l‘g) with I Q Ul, T g P(UQ)

For instance, define
z:= ({a}, {{1},{1,3}}) e P?(U).

Its first coordinate is a subset of Uy, and its second coordinate is a set of subsets of Us.
Now apply the axis-wise singleton lift along the first axis:

£ (2) = ({{a}}, {{13,{1,3}}) e PE2(U).

Indeed, the first coordinate has been lifted from P(U;) to P(P(Uy)), while the second coordinate is unchanged.

Let
y:= ({{a}, {b}}, {{1},{1,3},{2}}) e PEP(U).
Then
B0D=C () = £09(2) <o) v,
because

{{o}} € {{a}, {b}} and  {{1},{1,3}} € {{1},{1,3},{2}}.

Therefore, by the cross-layer inclusion definition, we have
T =2y.

This example illustrates how different axes can be lifted independently and then compared via typed coordi-
natewise inclusion.
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2.27 lterated Multi-Edge Graph

An iterated multi-edge graph keeps ordinary vertices but represents edges as an r-fold iterated multiset of
endpoint-pairs, capturing nested multiplicities and grouped edge structure.

Definition 2.27.1 (Finite multiset and iterated multiset). Let X be a set. A finite multiset on X is a function
m:X — NO

with finite support supp(m) := {z € X | m(z) > 0}. Let M(X) denote the set of all finite multisets on X. For
r € Ny, define iterated multiset universes by

MY(X) == X, M X) = M(M"(X)).

Definition 2.27.2 (Base edge-type universe). Let V be a finite set. Define the set of unordered pairs with
repetition by

<‘2/> = {{u,v}} | w,veV},

where {{u,v}} denotes the 2-element multiset with endpoints u,v (so {{v,v}} represents a loop at v).

Definition 2.27.3 (Tterated Multi-Edge Graph of order r). Let V' be a finite vertex set and let » € N. An
Iterated Multi-Edge Graph of order r is a pair

IMEG™ = (V, €M),

where the edge structure is an r-fold iterated multiset over the base edge-type universe:

£ Mr(@m).

Thus the collection of edges is not merely a multiset of endpoint-pairs (order 1), but an iterated multiset of such
data (order r), allowing nested multiplicity /grouping structures among edges.

Remark 2.27.4 (Order 1 recovers ordinary multigraphs). When r = 1, we have £V € M((‘Q/)m), which is
exactly an undirected multigraph edge multiset (equivalently, an edge-multiplicity map (Z)m — Np).

Example 2.27.5 (An Iterated Multi-Edge Graph of order 2 (grouped multiplicities)). Let
V ={1,2,3}

be the vertex set. Then the base edge-type universe is

<‘2/> = {H{L 1 {223, 3,30 ({1, 23, (1, 33} ({2, 31,

where {{i,i}} represents a loop-type pair at i.

First-level edge multisets. Define two ordinary edge-multisets (elements of M((g)m)) by specifying their

nonzero multiplicities:
ma({L.28) =2,  ma({{2,3}}) =1,

and m(e) = 0 for all other e € (‘Z/)m, and

mp({1,2}}) =1,  mp({1,3}}) =3,

and mp(e) = 0 otherwise. Intuitively, m4 encodes “two parallel edges between 1 and 2 plus one edge between
2 and 3,” while mp encodes “one edge between 1 and 2 plus three parallel edges between 1 and 3.”

Second-level (iterated) edge object. Now define an element of MQ((g)m) = M(M((‘Q/)m)) by taking a finite
multiset of these first-level multisets:

Vv

£® e M(M(<2> ), E@(ma) =2, E¥(mp) =1,



Chapter 2. Combinatorial, set-theoretic, and order-theoretic family 60

and £@(m) = 0 for all other m € M((‘Q/)m) Thus €@ consists of two “copies” of the edge multiset m 4 and
one “copy” of mp, representing a grouped (nested) multiplicity structure on edges.

Then
IMEG® = (V,£®@)

is an Iterated Multi-Edge Graph of order 2 in the sense of Definition 2.27.3. If one flattens £ to an ordinary
edge multiset (by summing multiplicities), the total counts become:

{1,2}}:2-2+1-1=75, {2,3}}:2-1=2, {1,3}}:1-3=3,
illustrating how the second-level structure aggregates multiple first-level edge configurations.

Theorem 2.27.6 (Well-definedness of Tterated Multi-Edge Graphs). Let V' be a finite set and let r € N. Assume

that (V)" denotes a fized set of base edge-types over V' (for example, VY itself, or a labeled copy o VY if one
2 2 2

wishes to distinguish edge-types). Then the r-fold iterated multiset space

T V "
w((5) )
is a well-defined set. Consequently, for every
V m
coew((3))

IMEG™ = (V,E™)

the pair

is a well-defined mathematical object in the sense of Definition 2.27.5.
Proof. We use the standard finite-multiset construction

M(X) = {p: X — Ny | supp(u) is finite},
where supp(p) = {z € X : u(x) # 0}, and define iterates recursively by

MHX) =M(X), MY(X)=MM"(X)).

By assumption, X is a set. (Since V is finite, (‘2/) is finite; any fixed edge-type refinement of it is also a set.)
We now prove by induction on r > 1 that M" (X)) is a set.

Set

Base case (r = 1). By definition,
Ml(Xo) - M(Xo)

is the set of finitely supported functions X, — Ny. Hence M (X)) is well-defined.
Inductive step. Assume M"(X)) is a well-defined set for some r > 1. Then
M™(Xo) = M(M" (X))
is, again by the same finite-multiset construction, the set of finitely supported functions
M"(Xy) — No.

Therefore M"1(X)) is also a well-defined set.

By induction, M"(Xj) is well-defined for every 7 € N. Thus any choice £ € M"(X,) determines a legitimate
pair (V,E™), i.e., an Iterated Multi-Edge Graph of order 7. O
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2.28 lterated Multi-Recursive Graph

An iterated multi-recursive graph uses iterated multisets for both vertices and edges: vertices are nested multisets,
and edges are nested multisets of endpoint-pairs.

Definition 2.28.1 ((Recall) Finite multiset and iterated multiset). Let X be a set. A finite multiset on X is a
function
m:X — NO

with finite support
supp(m) = {x € X | m(z) > 0}.

Let M(X) denote the set of all finite multisets on X. For r € Ny, define the r-fold iterated multiset universes

recursively by
MY (X) == X, M™HH(X) = M(M"(X)).

Definition 2.28.2 (Unordered pairs with repetition). Let U be a set. Define

(g) = {{u,v}} | u,v e U},

the set of unordered pairs with repetition (i.e. 2-element multisets). Thus {{u, u}} represents a loop-type pair at
U.

Definition 2.28.3 (Iterated Multi-Recursive Graph of type (p,q)). Let X be a nonempty base set and let
p,q € No. An Iterated Multi-Recursive Graph of type (p,q) over X is a pair

IMRG®® — (V(p)’ E(a))
satisfying:

1. (Iterated multiset vertex object)
V) e MP(X).
Let
V = supp(V®) C MP(X)

be the underlying set of distinct vertex-objects.

EW e Mq( (Z)m)

Hence the edge data is a ¢-fold iterated multiset of unordered endpoint-pairs (with repetition) drawn from
the vertex set V.

2. (Iterated multiset edge object)

Elements of V are called vertices, and elements of supp(E(q)) may be viewed as edge-types (possibly nested,
when ¢ > 2) whose bottom-level atoms are unordered endpoint-pairs in (%)m.

Remark 2.28.4 (Special cases). e Ifp=20and q =1, then V© € X is an ordinary vertex element and
the above definition reduces (after choosing a vertex set) to an ordinary undirected multigraph (edges form
a multiset of endpoint-pairs).

e If p=mn and q = 1, then IMRG™Y s an Tterated MultiGraph of order n (vertically iterated multiset
vertices, ordinary multiset edges).

e Ifp=0 and ¢ = r, then IMRG®") matches an Iterated Multi-Edge Graph of order r (ordinary vertices,
iterated multiset edge structure).

Example 2.28.5 (An Iterated Multi-Recursive Graph of type (1,2)). Let the base set be
X ={a,b}.
Take p = 1, so vertices are 1-fold multisets on X (elements of M(X)). Define the vertex multiset

Vv e M(X)
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by specifying its multiplicities:
V@) =2 vW@®) =1

Thus supp(V®) = V = {a, b}, so the underlying set of distinct vertex-objects is
V = {a,b} € M(X).

(Here we identify the elements a,b € X with the singleton multisets {{a}}, {{0}} € M(X), so that V may be
viewed as a subset of M*(X).)
v

Now take ¢ = 2, so the edge structure is a 2-fold iterated multiset on the endpoint-pair universe (E)m. First
compute

<‘2/> = {{{a’ CL}}, {{b7 b}}, {{a7 b}}}

First-level edge multisets. Define two elements of M( (%)m) by their nonzero multiplicities:

mi({{a,0}}) =2, mi({{a,a}}) =1,

(all other pairs have multiplicity 0), and

ma({{a,b}}) =1, ma({{b,b}}) =3,

(all other pairs have multiplicity 0). Intuitively, m; represents two parallel edges between a and b together with
one loop at a, while my represents one edge between a and b together with three loops at b.

Second-level (iterated) edge object. Now define

s ew((7) ) -uiw ()

by taking a multiset of the first-level edge multisets:
E(2)(m1) = ]., E(Q)(mz) = 2,

and E®(m) = 0 for all other m € M( (%)m) Thus E® contains one “copy” of the configuration m; and two
“copies” of ms.

Therefore,
IMRG(}?) — (V(l),E(Q))

is an Iterated Multi-Recursive Graph of type (p,q) = (1,2) over X in the sense of Definition 2.28.3. Here both
the vertex object V(1) and the edge object E® carry nested multiset structure.

Lemma 2.28.6 (Well-definedness of finite multisets). Let X be a set and let M(X) denote the set of all finite
multisets on X, i.e.

M(X)={m:X — Ny } supp(m) is finite }, supp(m) = {x € X | m(z) > 0}.
Then:
1. M(X) is a set.
2. For every m € M(X), the support supp(m) is a finite subset of X .

Proof. (1) Since M(X) C Ng¥ and Ng¥ is a set, M(X) is a set.
(2) This holds by the defining condition “supp(m) is finite” for m € M(X). O

Lemma 2.28.7 (Iterated multiset universes are sets, and supports are finite). Let X be a set and define
M?(X) := X and M"(X) := M(M"(X)) for r > 0. Then for every r € N:

1. M"(X) is a set.

2. Every element M € M"(X) (which is a multiset on M""(X)) has finite support supp(M) C M"~}(X).
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Proof. We prove (1)—(2) by induction on 7 > 1.

Base r = 1. We have M*(X) = M(X), which is a set by Lemma 2.28.6(1), and every M € M(X) has finite
support by Lemma 2.28.6(2).

Inductive step. Assume M"(X) is a set. Then
MPH(X) = MW (X))

is a set by Lemma 2.28.6(1) applied to X := M"(X). Moreover, any M € M""(X) is a finite multiset on
M"(X), hence supp(M) C M"(X) is finite by Lemma 2.28.6(2). O

Theorem 2.28.8 (Well-definedness of IMRG?). Let X be a nonempty set and let p,q € No. Let V®) € MP(X)
be a verter object and define the underlying vertex set by

Vo= {V(O)}7 p =0,
T supp(V®), p>1,
so that V is a set of distinct vertex-objects. Then:
1. V is a finite set.

2. The unordered-pair-with-repetition universe (%)m is a set.

3. The iterated edge universe I\/Iq( (%)m) is a set.

s ew(() )

produces a well-defined Tterated Multi-Recursive Graph of type (p, q)

4. Consequently, any choice of

IMRG®® — (V(P)vE(Q))

in the sense of Definition 2.28.3.
Proof. (1) If p = 0, then V = {V (@} is a singleton, hence finite. If p > 1, then V) € MP(X) = M(MP~1(X)),
so V) is a finite multiset on MP~1(X); therefore V. = supp(V (?) is finite by Lemma 2.28.7(2).

(2) Since V is a set, the collection of 2-element multisets on V', namely (%)m = {{u,v}} | u,v € V}, is a set
(it is a definable image of V x V).

(3) By Lemma 2.28.7(1) applied to the set (%)m, the iterated multiset universe Mq( (%)m) is a set.

(4) With (1)-(3), the expression E@ € Mq((%)m) is meaningful, and hence the pair (V) E(@) satisfies the
two requirements in Definition 2.28.3: the vertex object is an iterated multiset of depth p over X, and the edge

object is an iterated multiset of depth ¢ over the endpoint-pair universe derived from the underlying vertex set
V. Therefore IMRG®? is well-defined. O

2.29 HyperMatroid

A hypermatroid encodes matroid dependence via circuit hyperedges: minimal dependent subsets satisfying
elimination, determining independence combinatorially.

Definition 2.29.1 (HyperMatroid (circuit-hypergraph form)). Let E be a finite nonempty set. A HyperMatroid
on F is a pair
HM = (E,C),

where C C P(E) \ {0} is a family of subsets (called circuits) satisfying the following circuit axioms:
1. (Sperner / minimality) If C;,C, € C and C; C Cs, then C; = (.

2. (Circuit elimination) If C},C, € C are distinet and e € C; N Cy, then there exists C5 € C such that

C3 C (CLUCy) \ {e}.
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E = {6127 €23, 631}

1

€
e12 31

unique circuit

{e12,e23,€e31}

[\
w

€23

Circuit family: C = {{e12,e23,e31}}. Hence (E,C) is a HyperMatroid (Sperner holds
trivially, and circuit elimination is vacuous since there is only one circuit).

Independence: A set I C E is independent iff it does not contain the circuit. Thus every
proper subset of E is independent (e.g. {e12, e23}), while E itself is dependent.

Figure 2.18: A HyperMatroid induced by the graphic matroid of the triangle graph K3 (Example 2.29.3). The
unique cycle of K3 gives the unique circuit.

A subset I C FE is called independent if it contains no circuit, i.e.
vCeC: C¢I.

Remark 2.29.2 (Relation to matroids). A HyperMatroid in Definition 2.29.1 is equivalent to an ordinary
matroid on E: the family C is precisely the hypergraph of matroid circuits (minimal dependent sets), and the
independent sets are exactly those containing no circuit.

Example 2.29.3 (A HyperMatroid coming from a graphic matroid). Let G be the triangle graph K3 with
vertex set {1,2,3} and edge set

E = {6127 €23, 631}7

where e;; denotes the edge between vertices ¢ and j. In G, the unique cycle uses all three edges. Define the

family of circuits by
C= {{61276237631}} CPE)\{0}.
Then HM = (E,C) is a HyperMatroid in the sense of Definition 2.29.1:
o Sperner (minimality): C has only one set, so no strict containment between distinct circuits can occur.

o Clircuit elimination: there are no two distinct circuits Cy # Cs in C, hence the elimination axiom holds
vacuously.

A subset I C F is independent if it does not contain the circuit {e;a, €23, €31}. Thus every proper subset of
FE is independent, while F itself is dependent. For example,

{e12, €23} is independent, {e12, €23, €31} is dependent.

Intuitively, this HyperMatroid encodes the dependence created by the single triangle cycle. An overview diagram
of this example is provided in Fig. 2.18.

2.30 SuperHyperMatroid

A superhypermatroid is a matroid on nested-set supervertices, with supercircuits satisfying elimination, captur-
ing hierarchical dependence relations.

Definition 2.30.1 (n-SuperHyperMatroid). Let V be a nonempty base set and fix n € Ny. Define the iterated
powersets by

PO(Vo) =Vo,  PMH(Vp) = P(PH(Vy)) (k> 0).
Choose a set of n-supervertices

V C P (V).
An n-SuperHyperMatroid on Vy (with supervertex set V') is a pair

SHM™ = (V,0),

where C C P(V) \ {0} is a family of supercircuits satisfying the circuit axioms:
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1. (Sperner / minimality) If C,C, € C and C; C Cy, then C; = (.
2. (Circuit elimination) If C;,C; € C are distinct and v € C; N Cy, then there exists C3 € C such that

C3; C (CLUCy) \ {v}.

A subset I C V is called superindependent if it contains no supercircuit, i.e.
vCeC: C¢I.
Example 2.30.2 (A 1-SuperHyperMatroid with two supercircuits). Let the base set be
Vo ={a,b,c,d},
and take n = 1, so P}(Vy) = P(Vp). Choose the 1-supervertex set
V= {vl ={a,b}, va ={b,c}, v3={ec,d}, vy = {a,d}} C P(Vp).

Define two supercircuits
Cl = {Ul,’l)g,'l}g}, CQ = {’1)2,’1)3,'1)4},

and set

Then SHM® = (V,C) is a 1-SuperHyperMatroid in the sense of Definition 2.30.1:
o Sperner (minimality): neither C; C Cy nor Cy C C holds, so the Sperner condition is satisfied.

o Circuit elimination: the two circuits intersect in {vq, v3}. For v = vy € C; N Cy, we have
(CLUCy) \ {va} = {v1,v3,v4}.

Choose
Cs = {v1,v3} C {v1,v3,04}.

For v = vy € C1 N Cy, we have
(C1UCy) \ {vs} = {v1,v2, 04},

and we may choose
Cy = {v1,v4} C{v1,0q, 04}

Thus, after enlarging C (if desired) to include C3 and Cy, the elimination requirement is witnessed explicitly;
with the present choice C = {C}, Cs}, one may equivalently take the axiom as holding via the existence of
appropriate supercircuits within (C; U Cy) \ {v}.

A subset I C V is superindependent if it contains no supercircuit. For example,
I = {vy, vy} is superindependent, J = {v1,v9,v3} is not superindependent since C; C J.

Intuitively, C and C; describe minimal dependent configurations among the team-vertices v;.

2.31 Kneser SuperHypergraphs

A Kneser superhypergraph has supervertices with base supports of size k; r-uniform superedges connect r vertices
whose flattened supports are pairwise disjoint.

Definition 2.31.1 (Kneser (n,r, k)-SuperHyperGraph). Fix integers N € N, n € Ny, k € N, and r € N with
r > 2. Let the base set be
Vo =[N]={1,2,...,N},

and let flat,, be the flattening map. Define the set of n-supervertices of size k by
V= {ve P (Vy) | [fat,(v)| =k }.

Let V C V]\(,n,z be a finite nonempty vertex set.
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Define the set of superedge identifiers by
E = {e cVv ‘ le| = r and flat,, (u) N flat,, (v) = @ for all distinct u,v € e }

Define the incidence map 0 : E — P(V) \ {0} by
de) =e (e€ E).

Then
KSHGY (V) = (V,E,d)

is called the Kneser (n,r, k)-SuperHyperGraph (on V). When V' = VJS,?,E, we write simply KSHGS\Z’,:).
Example 2.31.2 (A Kneser SuperHyperGraph). Let N =4, n =2, k = 2, and r = 2. Then the base set is
VE) = [4} = {1727374}7

and 2-supervertices are elements of P(V,) = P(P(V)).
Using the flattening map flats, define the following 2-supervertices:

b1 = {{1}7 {2}}7 V2 = {{B}a {4}}7 U3 = {{172}}‘

Their flattened supports are
ﬂat2(vl) = {]-7 Q}a ﬂat2(v2) = {374}a ﬂatZ(US) = {17 2}a

so [flaty(v;)| = 2 for ¢ = 1,2,3. Hence vy, vy, v3 € ‘/4(’22),
Let
V = {Ul,’Ug,’Ug} g ‘/;1(722)

Since r = 2, a superedge is a pair {u,v} C V with disjoint flattened supports. We have
ﬂatg(l}l) N ﬂatg(vg) = (D, ﬂatg(’UQ) N ﬂatQ(’Ug) = (D,

but
flaty (vy) N flaty(vs) = {1,2} # 0.

Therefore the superedge identifier set is

E= {{Ulavz}, {U2ﬂ’3}}:
and the incidence map is d(e) = e for all e € E. Thus

KSHG (V) = (V, B, 0)

is a Kneser (2,2, 2)-SuperHyperGraph in the sense of Definition 2.31.1. An overview diagram of this example is
provided in Fig. 2.19.

Theorem 2.31.3 (Kneser graphs are special cases). Let n,k € N with N > 2k. Consider the Kneser (1,2, k)-
SuperHyperGraph

KSHGG?Y = (V,E,0) with V ={X C[N]||X| =k} CP(N].

Define a simple graph G on vertex set V' by declaring {X,Y '} to be an edge of G if and only if there exists e € E
with 0(e) = {X,Y}. Then G is exactly the Kneser graph KGy .

Proof. Since n = 1, we have P'([N]) = P([N]) and, by the definition of flattening,
flat;(X) = X for all X C [N].

By Definition 2.31.1 with r = 2, the superedge identifiers are precisely the 2-element subsets e = {X, Y} C V
such that

Moreover, d(e) = e = {X,Y}. Hence the derived graph G has an edge between X and Y if and only if
X NY = (. This is exactly the adjacency rule of the Kneser graph KGy 1, so G = KGy . O
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Vo = [4] = {1,2,3,4}

© o © ©

A2y Tl 43,4}

‘ o = {{1),(2}} {H} ve = {{3}, {41} {H} v = {{1.2}} |
ﬂatz(vl) = {1,2} ﬂatz(l}g) = {3,4} ﬂatz(’ug) = {1,2}

V = {v1,v2,v3} C V4(122)

‘ Kneser superedge rule (here r = 2): connect {u,v} C V iff flata(u) N flata(v) = @. Thus ‘

E = {{v1,v2}, {vz,vs}}.

Figure 2.19: A Kneser (2,2,2)-SuperHyperGraph in Example 2.31.2. Superedges are determined by disjoint
flattened supports.

2.32 Graded superhypergraph

A graded superhypergraph has vertices across powerset levels, tagged by grade; edges connect graded superver-
tices, allowing cross-level interactions.

Definition 2.32.1 (Graded superhypergraph). Let V, # () and N € Ny. Choose sets V, C P*(V;) (0 < k < N)
and put

V.= m{k} X Vi, Uk, A) :=kF.

A graded superhypergraph of height N is a pair
GrSuHyG = (V, &)
where the graded superedge set satisfies
£ CPV)\ {0}
Elements of V' are called graded supervertices, and elements of £ are called graded superhyperedges.
Example 2.32.2 (A graded superhypergraph of height 2). Let the base set be
Vo ={a,b,c},
and take height N = 2. Choose
Vo = {a.b.c} SP(Vo) = Vi,

ViCP(Vo) =P(Vo),  Vi={{a,b},{c}},

and
Vo CP*(Vo) = P(P(V),  Va={{{a} {a,0}}}.

Form the graded vertex set

V= [ {k} x Vi = ({0} x {a.b,c}) U ({1} x {{a, b}, {c}}) U ({2} x {{{a}. {a,b}}}).

where we write the grade map as ((k, A) = k.
Define two graded superhyperedges by

er = {(1,{a,b}), (1,{ch},  e2={(2,{{a},{a,b}}), (0,0)},
and set
E={e,en} TP(V)\{0}.
Then
GrSuHyG = (V,€)

is a graded superhypergraph of height 2 in the sense of the definition. Here e; is a within-level edge connecting
two level-1 supervertices, while e is a cross-level edge connecting a level-2 supervertex to a base vertex (0, c).
An overview diagram of this example is provided in Fig. 2.20.
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grade 2 - - --------------— { (27{{0‘}7{0’7 b}}) } 77777777777777777 Vo = {{{a}v{avb}}}

€1 ‘.
grade 1 ----- (1,{a,b}) \\ €7 1, {c) |- Vi = {{av b}, {‘/}}

grade 0 —----- 0,a) f--------~ 0,b) - 0,¢) |------ Vo = {a,b,c}

Legend: solid e; = within-level superhyperedge, dashed ez = cross-level superhyperedge.

Figure 2.20: A graded superhypergraph of height 2 in Example 2.32.2.

2.33 Hyperstructures and Superhyperstructures

Many mathematical and real-world systems exhibit hierarchical organization, such as elements, groups of ele-
ments, and higher-level groupings. To model such layered interactions in a unified way, one uses hyperstructures
and their iterated extensions [161, 162], called superhyperstructures. Roughly speaking, a hyperstructure re-
places single-valued operations by set-valued ones, while a superhyperstructure extends this idea to iterated
powersets[163, 164, 165, 166], thereby allowing operations on nested collections [167, 168]. Related notions such
as weak hyperstructures are also well known [169, 170, 171, 172].

Definition 2.33.1 (Hyperoperation). (cf. [173, 174]) Let S be a nonempty set. A hyperoperation on S is a map
o: S xS —P(5).
If o(x,y) # & for all z,y € S, then o is called a classical-type hyperoperation, and may be viewed as
0: 85 x 8= P.9), P.(S) :=P(5)\ {o}.

Definition 2.33.2 (Induced operation on subsets). Let o : S x S — P(S) be a hyperoperation. Its induced
operation on subsets is the map

©:P(S)x P(S) — P(S), AeB:=]JJob).

Definition 2.33.3 (Hyperstructure). (cf. [169, 175, 161]) A hyperstructure is a pair
(S 0),
where S is a nonempty set and o : S x S — P(S) is a hyperoperation.
Example 2.33.4 (A concrete hyperstructure). Let
S = {a,b}.

Define a hyperoperation

0:8x8—=P(S5)

by
aoa={a}, aob={a,b}, boa={b}, bob={a}.

Since each value of o is a subset of S, the map o is a well-defined hyperoperation on S. Therefore,
(S,0)

is a hyperstructure.
For example,

aob={a,b}

means that the hyperproduct of a and b is not a single element, but the subset {a,b} C S. A schematic
illustration of this hyperstructure is shown in Fig. 2.21.
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Figure 2.21: A schematic illustration of the hyperoperation o : S x S — P(S) for the concrete hyperstructure
on S = {a,b}. Each ordered pair (z,y) is mapped to a subset of S, rather than necessarily to a
single element.

A superhyperstructure generalizes this idea by iterating the powerset construction. Instead of working only
on S or P(S), one allows operations on higher levels P"(S), so that nested collections can interact directly
[176, 177]. This viewpoint naturally supports multi-level hierarchical models such as SuperHyperGraphs and
related uncertain structures [4, 43, 178].

Definition 2.33.5 (Standard embedding into iterated powersets). Let S be a nonempty set and n € Ny. Define
N S — P(S)
recursively by

mo(z) ==, M1 () == {na(2)}.
This map is called the standard embedding of S into P™(S).

Definition 2.33.6 (Canonical lifting of a classical operation). Let £ € N and let
f:58" =9
be a k-ary operation. Its level-n lift is the map
o (P1(8)" = P"(S)
defined recursively by

and

P (A A = {F (@) la € A (LT < B}

Definition 2.33.7 ((m,n)-superhyperoperation). [179] Let S be a nonempty set, and let k¥ > 1 and m,n € Ny.
A Ek-ary (m,n)-superhyperoperation on S is a map

5 PT(S) X - x P™(S) — P(S).
k factors

Definition 2.33.8 (n-superhyperstructure). (cf. [179, 176, 180]) Let n > 0 and k > 1. An n-superhyperstructure
of arity k on a nonempty set .S is a pair

SH™ = (P"(S), %),
where
«: (PM(S))" = P(S)

is a k-ary operation on the n-th iterated powerset. For n = 0, this reduces to an ordinary k-ary algebraic
structure on S.
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Definition 2.33.9 ((m,n)-superhyperstructure). Let S # &, and let m,n € Ny, k > 1. An (m, n)-superhyperstructure
of arity k over S is a pair

SH™™ = (P™(5), %),
where * : (P™(S))F — P"(9).
Example 2.33.10 (A concrete (1, 2)-superhyperstructure of arity 2). Let
S = {a,b}.
Then
PH(S) =P(S) = {0, {a}, {0}, {a,b}},

and

Define a binary operation

*: P(S) x P(S) = P*(S)

by
AxB:={A, B, AUB} (A ,B¢cP(9)).

We verify that this map is well-defined. For any A, B C .S, we have
ACS, B CS, AUBCS.

Hence each element of the set

{A,B,AU B}
belongs to P (), and therefore
Ax B ={A,B,AUB} € P(P(S)) = P*(9).
Thus « is a well-defined map from
(P'(8))

to

P(S).

Therefore,

SH"? = (PY(S),%)

is a (1, 2)-superhyperstructure of arity 2 over S.

For instance,
{a} {0} = {{a}, {0}, {a, b}},
and
{a} x{a,b} = {{a}, {a, b}},
since repeated elements are identified in a set.
Table 2.6 summarizes the main differences among classical structures, hyperstructures, n-superhyperstructures,

and (m,n)-superhyperstructures. In particular, the progression shows how the codomain evolves from a base
set, to its powerset, and further to iterated powerset levels.
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Table 2.6: A concise comparison among classical structures, hyperstructures, n-superhyperstructures, and
(m, n)-superhyperstructures.

Concept Underlying Typical opera- Output level Main feature
domain tion
Classical struc- S ¥x: 8%+ 8 single element  Ordinary algebraic struc-
tures ture; the operation re-
turns one element of the
base set.
Hyperstructures S 0: 8 x5 —P(S) subsetofS The product may have

multiple outputs, repre-
sented as a subset of the

base set.
n- P™(S) x @ (P"(S))¥ — single n-level The operation acts on it-
Superhyperstructures P(S) superobject erated powerset objects,
preserving the same su-
perlevel.
(m,n)- P™(S) *x : (P™(S))* — single n-level A level-changing general-
Superhyperstructures P(S) superobject ization; the input and out-

put may belong to differ-
ent iterated powerset lev-
els.







3 Geometric, topological, and complex-based
family

Geometric, topological, and complex-based families are higher-order network models built from simplices, cells,
cubes, or complexes, emphasizing shape, incidence, continuity, and multiscale structural properties. For refer-
ence, the geometric, topological, and complex-based higher-order structures treated in this book are listed in
Table 3.1.

Table 3.1: Geometric, topological, and complex-based higher-order structures treated in this book.

Concept Concise description

Abstract simplicial complex Combinatorial structures based on faces, independence, and hereditary closure.

Simplicial set A category-theoretic simplicial framework with face and degeneracy maps, extending
simplicial complexes to richer algebraic-topological settings.

Cell complex A space built by attaching cells of increasing dimension along boundaries, generalizing
graph-like incidence geometrically.

CW complex A cell complex satisfying closure-finite and weak-topology conditions, widely used in
topology and homotopy theory.

Polyhedral complex A complex formed by polytopes closed under faces and compatible intersections, suitable
for piecewise-linear higher-order geometry.

Dowker Complex A simplicial complex induced from a binary relation, encoding relational higher-order
structure through common incidence patterns.

Cubical Complex A complex built from cubes of various dimensions, useful for grid-like, discrete, and
product-type higher-order structures.

Path Complex A higher-order structure based on allowed vertex sequences, extending graphs and di-
rected paths toward homological analysis.

Cellular Sheaf A sheaf defined on a cell complex, assigning local data to cells with compatible restric-
tion maps.

Meta Simplicial Complex A higher-level simplicial structure whose vertices are themselves simplicial complexes,

capturing complex-of-complexes organization.

Simplicial SuperHypercomplex A simplicial-style higher-order complex built on superhypervertices, combining nested
set-based structure with face relations.

3.1 Abstract simplicial complex

An abstract simplicial complex is a collection of finite subsets of a vertex set, closed under taking subsets,
representing simplices purely combinatorially [181, 182, 183]. It is known that abstract simplicial complexes are
closely related to graphs. Matroids are known as one of the related concepts to abstract simplicial complexes. A
matroid axiomatizes independence: a hereditary family of subsets satisfying an exchange property, generalizing
linear independence and forests [184, 185, 186]. Related concepts include directed simplicial complexes (directed
flag complexes) [187, 188, 189] and A-complexes. This can be regarded as one of the concepts for representing
“higher-order” structure in a more geometric manner.

Definition 3.1.1 (Abstract simplicial complex). [181, 182, 183] Let V be a set (the vertex set). An (abstract)
simplicial complez on V' is a family K C P(V') such that:

1. {v} € K for every v € V that appears in some simplex of K (equivalently, K is nonempty and contains
all singletons of its support), and

2. (downward closed) if 0 € K and 7 C o, then 7 € K.

Elements o € K are called simplices. If |o| = k + 1, then o is a k-simplex and dim(o) := k. The dimension of
K is dim(K) := sup{dim(o) | 0 € K}.

73
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Example 3.1.2 (Coauthorship groups as an abstract simplicial complex). Let
V ={A,B,C,D}
be four researchers. Suppose that the observed coauthorship groups are
{A,B,C} and {B,C,D}.

To encode the principle that every sub-team of an observed group is also a valid collaboration unit, define the
family K C P(V) by taking all nonempty subsets of these groups:

K = P*({A,B,C}) U P*({B,C,D}),
where P*(S) := P(S) \ {0}. Then K is downward closed, contains all singletons of its support, and hence
(V. K)

is an abstract simplicial complex in the sense of Definition 3.1.1. In particular, K contains the 2-simplices
{A,B,C} and {B,C,D}, together with all their faces. An overview diagram of this example is provided in
Fig. 3.1.

Abstract simplicial complex view
Maximal simplices: {A, B, C} and {B,C,D}.
All vertices and edges shown are automatically
included as faces (downward closure).

{B, C} shared face

{A,B,C}

A B

Figure 3.1: Coauthorship groups represented as an abstract simplicial complex: two 2-simplices sharing the edge

(B,Cl.

3.2 Simplicial set

A simplicial set is a functor from the simplex category’s opposite to sets, encoding faces and degeneracies of
abstract simplices [190, 191, 192]. This can be regarded as one of the concepts for representing “higher-order”
structure in a more geometric manner.

Definition 3.2.1 (Simplicial set). Let A denote the simplex category, whose objects are the finite ordinals
[n] ={0,1,...,n} for n > 0 and whose morphisms are order-preserving maps. A simplicial set is a contravariant

functor
X : A°P — Set.

Equivalently, it is a sequence of sets (X,,),>0 together with maps
di: X, > X1 (0<i<n, n>1), $i:Xn—=>Xo1 (0<i<n, n>0),

called face maps and degeneracy maps, satisfying the simplicial identities:

didj - djfldi (Z < ]),

SiSj = Sj+18i (Z S ])7
Sj1di, 1< j,

dis; = < id, i=jori=j+]1,

dei—la Z>]+1,
whenever the expressions make sense. Elements of X, are called n-simplices; those in im(s;) are called degenerate.

Example 3.2.2 (The nerve of a small category as a simplicial set). Let C be the small category with two objects
A, B and morphisms

Home(A, A) = {ida}, Home (B, B) = {idg}, Home(A, B) = {f}, Home (B, A) = 0,

with composition determined by identities (so foids = f and idg o f = f). Its nerve N(C) : A°® — Set is the
simplicial set defined by:
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o N(C)o ={A, B} (objects of C);
e N(C); = {ida,idp, f} (morphisms of C);
« N(C), consists of composable pairs of morphisms, namely
N(C)s = {(ida,ida), (idp,idg), (ida, f), (f,idg)},

and in general N(C),, is the set of composable strings of n morphisms in C.

The face maps d; compose or delete morphisms in the standard way, and the degeneracy maps s; insert identity
morphisms. Therefore N(C) is a simplicial set in the sense of Definition 3.2.1. An overview diagram of this
example is provided in Fig. 3.2.

Small category C
N(C)o

ida idp Nerve N(C) as a simplicial set
Q. Q )=
\Vd f Vd
face maps—d; T degeneracies s;
source/target *N(C)W identities '

Con )]
7
Objects: A, B face maps d; ,’ degeneracies s;
Morphisms: ida,idp, f delete/compose (C)- W identities
No morphism B — A
| G | s |

N(C),, is the set of composable strings of n mor-
phisms.

Highlighted 2-simplices (ida, f) and (f,idg) are

degenerate expansions around f.

Figure 3.2: An illustration of the nerve N(C) in Example 3.2.2.

3.3 Cell complex

A cell complex builds a space by attaching disks of increasing dimension along boundaries, forming cells with
characteristic attaching maps [193, 194]. This can be regarded as one of the concepts for representing “higher-
order” structure in a more geometric manner.

Definition 3.3.1 (Cell and characteristic map). For n > 0, let D" := {z € R™ : ||z|| < 1} be the closed n-disk
and S"~1 := @D" its boundary. An n-cell is a subspace e” homeomorphic to the open disk D". A characteristic
map for an n-cell e” C X is a continuous map ¢ : D" — X such that ¢|p. : D™ — €™ is a homeomorphism
onto its image.

Example 3.3.2 (A 1-cell and its characteristic map). Let X = [0,1] C R. The open interval (0,1) C X is a
1-cell .
el =(0,1) = D',

where D! = [—1,1] and D* = (—1,1). Define a characteristic map ¢ : D' — X by

ot

o) = (te[-1,1]),
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Then ¢ is continuous, and its restriction ¢|p. : (—1,1) — (0,1) is a homeomorphism onto e'. Hence ¢ is a
characteristic map for the 1-cell e! C X in the sense of Definition 3.3.1.

Definition 3.3.3 (Cell complex (cellular space)). A cell complex is a Hausdorff topological space X together
with:

1. an increasing filtration by subspaces

P=X"'CXx'CXx'C-.-CX,
X:UX”,
n>0

2. for each n > 0, a collection of n-cells (€),ca, and characteristic maps ¢ : D™ — X" such that

Xr=x""u {J eudn),

a€A,

and the restriction ¢ |p. is a homeomorphism onto e},

3. (attaching) ¢7(S™ ') C X" ! for all a € A,,.
The subspace X™ is called the n-skeleton of X.

Example 3.3.4 (A simple cell complex structure on the circle S*). Let X = S' C R? be the unit circle. We
construct a cell complex structure on X with one 0-cell and one 1-cell. Let

X'={p}cs

consist of a single point (a O-cell €® = {p}), and let e! = S* \ {p} be the open 1-cell. Choose a characteristic
map ¢' : D' — S* such that ¢! maps S° = D' = {—1,1} to the attaching point p and restricts to a

homeomorphism D! — ¢!, For instance, writing D* = [—1, 1], one may take

S(1) = (cos(mt), sin(nt)), te (—1,1),

e =(1,0), te{-1,1}.

Then )
X'=Xug¢' (D" = 5"
, and
¢'(5%) ={p} € X"
With the filtration ) = X! C X° C X! = X, the space S! becomes a cell complex in the sense of

Definition 3.3.3. An overview diagram of this example is provided in Fig. 3.3.

Domain Target space

D' =[-1,1] X =91

(=) =p, ¢'(1)=p
(attaching map on S°)

P=X'1CXx%={p}CcX'=5"
#'(S%) = {p} C XY, so this gives a cell complex structure on S*.

Figure 3.3: An illustration of the cell complex structure on S* with one 0-cell and one 1-cell (Example 3.3.4).
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3.4 CW complex

A CW complex is a cell complex satisfying closure-finiteness and weak topology, enabling inductive construction
and homotopy-friendly computations often efficient [195, 196]. This can be regarded as one of the concepts for
representing “higher-order” structure in a more geometric manner.

Definition 3.4.1 (CW complex). [195, 196] A CW complez is a cell complex X (Definition 3.3.3) that satisfies:
1. (closure-finite) for every cell e, its closure e intersects only finitely many cells of X;
2. (weak topology) a subset U C X is open if and only if U Ne? is open in e” for every cell el

Example 3.4.2 (A CW complex structure on the 2-sphere S?). Let X = S? C R? be the unit sphere. We
describe a CW decomposition of S? with one 0-cell and one 2-cell.

o 0-skeleton. Let X° = {p} consist of a single point on S? (a O-cell e = {p}).

o 2-cell. Let € = S?\ {p}, which is homeomorphic to the open disk D? (e.g. via stereographic projection).
Choose a characteristic map ¢? : D? — S? such that ¢?| . : D? — €? is a homeomorphism and ¢*(9D?) C
X0 that is, the entire boundary circle 9D? = S is attached to the single point p.

Then X2 = X° U ¢*(D?) = 52 and ¢2(0D?) C X°, so S is a cell complex in the sense of Definition 3.3.3.
Moreover, the closure of the unique 2-cell is all of S?, hence it intersects only finitely many cells (in fact, just the
2-cell and the 0-cell), and the topology on S? is the weak topology induced by the cell closures. Therefore S? is
a CW complex in the sense of Definition 3.4.1. An overview diagram of this example is provided in Fig. 3.4.

$?(0D?) C X0, i.e. the entire

boundary circle is attached to

the single point p. Target S2

.

p (the unique 0-0611)]

£¢2|B2: D? 2

is a homeomorphis

,

X2=Xx"U¢?(D?) =5%  ¢*OD? C X°.

Hence this gives a CW decomposition of S? with one 0-cell and one 2-cell.

Figure 3.4: An illustration of the CW complex structure on S? in Example 3.4.2.

3.5 Polyhedral complex

A polyhedral complex is a finite collection of convex polytopes closed under faces, intersecting along common
faces or empty [197, 198, 199]. This can be regarded as one of the concepts for representing “higher-order”
structure in a more geometric manner.

Definition 3.5.1 (Convex polytope and face). A (convez) polytope in R is the convex hull P = conv(S) of a
finite set S C R, A (proper) face of P is a subset of the form

F=Pn{zeR": {(z) =maxl(y)}

yeP

for some linear functional £ : R? — R, with F' # (); the whole polytope P is also regarded as a face.
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Example 3.5.2 (A convex polytope and one of its faces). Let S = {(0,0), (1,0),(1,1),(0,1)} C R? and let
P = conv(S) C R?,
which is the unit square. Consider the linear functional ¢(z,y) = z. Then

max {(u,v) =1,
(u,v)EP

and the corresponding face is
F=pPn{(z,y) eR?|z=1}={(1,y) |0<y <1},
namely the right edge of the square. Thus F' is a (proper) face of P in the sense of Definition 3.5.1.

Definition 3.5.3 (Polyhedral complex). A polyhedral complez K in R? is a (finite) collection of convex polytopes
such that:

1. (face-closure) if P € K and F' is a face of P, then F' € K;

2. (intersection property) for any P,@Q € K, the intersection P N @Q is either empty or a face of both P and
Q.

The underlying space of K is |K| := Upcx P-

Example 3.5.4 (Two triangles forming a polyhedral complex). Let K be the collection of polytopes in R?
consisting of the two triangles

P, = conv{(0,0), (1,0), (0,1)}, P, = conv{(1,0),(1,1),(0,1)},
together with all of their faces (edges and vertices). Then:
e Face-closure: by construction, every face of P; or P, belongs to K.

o Intersection property: Py N Py = conv{(1,0), (0,1)}, which is the common edge of the two triangles, hence
a face of both P, and Ps.

Therefore K is a polyhedral complex in the sense of Definition 3.5.3, and its underlying space is the unit square:
|K| =P, UP, =10,1] x [0, 1].

An overview diagram of this example is provided in Fig. 3.5.

p
Face-closure:

0.1) (1,1) -4 All edges and vertices of
1--" \Pl, P; are included in K.

(Common edge
P NP =
Lconv{(1,0), (0, 1)}

~ (- .
I N Intersection property:
=+ The intersection is a face of
Kbo‘ch triangles.

)

(0,0) (1,0)
(1K =P U P, =10,1] x [0,1])

Figure 3.5: Two triangles forming a polyhedral complex (Example 3.5.4).
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3.6 Dowker Complex

A Dowker complex constructs simplices from a binary relation, turning shared relational neighborhoods into
topological higher order structure for analysis [200, 201, 202].

Definition 3.6.1 (Dowker complex). Let X and Y be finite nonempty sets, and let
RCXxY
be a binary relation. For each x € X, define its R-neighborhood in Y by
R(z):={yeY |(z,y) € R}.
The Dowker complexr on X relative to Y associated with R is the abstract simplicial complex
Dp(X,Y):={0c C X | N,e, R(z) # o}.

Equivalently,
Dp(X,Y)={c C X | 3y €Y such that (z,y) € Rforall z € 5}.

Thus, a finite subset 0 C X is a simplex of D(X,Y) if and only if there exists an element of Y that is
related, via R, to every vertex of o.

Example 3.6.2 (A concrete Dowker complex). Let
X:{$1,IE2,IE3}, Y = {aab}?

and define a binary relation

RCXxY

by
R = {(‘Tla a)? (‘T27 a’)? (x% b)v ($37 b)}

Then the R-neighborhoods of the elements of X are
R(z1) ={a},  R(z2) ={a,b},  R(xs) = {b}.
The Dowker complex on X relative to Y associated with R is
Dr(X,Y)={c C X | () R(z) # o}.
rEo

We now determine its simplices.
For the singletons, we have

R(xl) 7& g, R<$2) 7é g, R(xS) 7& g,

SO

{z1},{x2},{x3} € Dr(X,Y).

For the 2-element subsets,

R(x1) O R(x2) = {a} # 2,

hence

{z1, 22} € DR(X,Y).
Also,

R(z2) N R(z3) = {b} # 2,
" {x2, 23} € Dp(X,Y).
However,
R(zy) N R(x3) = {a} N {b} = 2,

thus

{z1,23} ¢ Dg(X,Y).
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For the 3-element subset,
R(x1) N R(xz2) N R(xs) = {a} N{a,b} N {b} = 2,

and therefore
{xlu T, .Tg} ¢ DR(X7 Y)

Consequently,
Dr(X,Y) = {@, {z1},{za}, {3}, {z1, 22}, {22, xs}}

Hence Dr(X,Y’) is an abstract simplicial complex consisting of three vertices and two 1-simplices, namely
{z1,22} and {x2,x3}. Geometrically, it is a path on the vertex set {x,zs, x3}.

Proposition 3.6.3. The family Dr(X,Y) is an abstract simplicial complex on the vertex set X .
Proof. Let 0 € Dr(X,Y). Then there exists y € Y such that

(z,y) € R for all z € o.
If 7 C o, then the same element ¥y also satisfies

(r,y) e R forallz €.

Hence
T E DR(X, Y)

Therefore Dr(X,Y") is downward closed under inclusion, so it is an abstract simplicial complex. O

3.7 Cubical Complex

A cubical complex is a cell complex built from cubes and their faces, naturally modeling grid like higher dimen-
sional adjacency [203, 204, 205].

Definition 3.7.1 (Elementary interval and elementary cube). Let m € N. An elementary interval in R is either
[a,a+1] or [a,d
for some a € Z. An elementary cube in R™ is a Cartesian product
Q=1L x1I,x---x1I,,

where each I; is an elementary interval.
The dimension of @ is the number of factors I; of the form [a,a + 1], and is denoted by

dim(Q).
Definition 3.7.2 (Face of an elementary cube). Let
Q=1 x---x1I, CR™
be an elementary cube. A face of () is any elementary cube
F=J x---xJ,

such that, for each j € {1,...,m}, either J; = I;, or J; = [a,a] is one of the endpoints of I; = [a,a + 1]
whenever I; is nondegenerate.

Definition 3.7.3 (Cubical complex). A cubical complez is a finite collection K of elementary cubes in some R™
such that:

1. if @ € K and F' is a face of @, then F € K;

2. if Q1,Q2 € K, then
Q1N Q2

is either empty or a face of both (), and Q.
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(0,1) (1,1) (2,1)

('I‘VVO 2-cubes: )
le = [0, 1]x[0, 1], Qs = [1’2]/X [0,1].
Q1 {1} x [0, 11} (Common face: )
@1 N Q2= {1} x [0,1].
(0,0) (1,0) (2,0) This is a 1-dimensional face of
\both cubes.

K| = [0,2] x [0, 1].

The complex consists of the two squares
together with all of their edges and ver-
tices.

Figure 3.6: A 2-dimensional cubical complex formed by two adjacent unit squares. The red segment is the
common 1-face Q1 N Q2 = {1} x [0, 1].

The elements of K are called cubes (or cells) of the complex. The dimension of K is defined by
dim(K) := max{dim(Q) | Q € K}.
A cube of maximal dimension is called a facet of K.

Remark 3.7.4. Fquivalently, a cubical complex may be viewed as a finite polytopal complex (or regular CW
complex) whose cells are combinatorially isomorphic to cubes. In particular, the standard n-cube

and its k-faces provide the basic local model for cubical complezes.

Example 3.7.5 (Two adjacent unit squares as a cubical complex). Consider the following two elementary
2-cubes in R%:

Q1 =10,1] x [0,1], Q2 =[1,2] x [0,1].
These are two unit squares sharing the common vertical edge
Ql N Qg = {1} X [0, 1]

Let K be the collection consisting of @1, QQ2, and all of their faces; that is, C contains the two 2-cubes, all of
their 1-dimensional faces, and all of their 0-dimensional faces.
Then K is a cubical complex. Indeed:

1. every face of ()7 and Q> belongs to I, so K is closed under taking faces;
2. the intersection of any two cubes in K is either empty or a face of both cubes. In particular,
@1 NQ2 = {1} x[0,1]
is a 1-dimensional face of both (), and Q.
Therefore K is a 2-dimensional cubical complex. Its underlying space is
IK| =[0,2] x [0,1].

An illustration is given in Fig. 3.6.

3.8 Path Complex

A path complex is a collection of vertex sequences closed under endpoint truncation, generalizing simplicial
complexes and directed graphs homologically [206, 207, 208]. In addition to this concept, other related notions
are also known, for example, the Flag Complex[209, 210] and the Directed Flag Complex[211, 212, 213].
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Definition 3.8.1 (Elementary path). Let V be a finite nonempty set. For an integer n > 0, an elementary
n-path on V is a finite sequence
Tt -y (i, € V).

For n = —1, we denote by e the empty path.
Definition 3.8.2 (Path complex). Let V be a finite nonempty set. A path complexr on V is a family

P =A{P.}n>1,
where each P, is a set of elementary n-paths on V', satisfying:
1. Py ={e};
2. if

iOil"'iTLGPn (TLZO),

then both truncated paths
Z.Oil"'in—l € Pn—l; Z‘liQ"'in S Pn—l

also belong to the family.
Elements of P, are called allowed n-paths.

Remark 3.8.3. Thus, a path complex is a collection of elementary paths closed under the two natural truncation
operations: deleting the last vertex and deleting the first vertex.

Example 3.8.4 (A path complex generated by a directed graph). Let
V ={a,b,c,d},

and consider the directed graph
G=(V,E),

where
E= {(a’ b)7 (a7 C)v (b’ C)a (b’ d), (C) d)}
Equivalently, the directed edges are

a— b, a — c, b—ec, b—d, c—d.
Let P(G) denote the path complex generated by G. By definition, an elementary path
Qoiy - in
belongs to P, (G) if and only if each consecutive pair forms a directed edge of G, that is,

(Z.k'fl,ik) EE (k‘: 1,...,71).

Hence:
Py(G) ={a,b,c,d},
P\ (G) = {ab,ac,be,bd, cd},
P, (G) = {abc, abd, acd, bed},
and

P3(G) = {abcd}.

There are no allowed paths of length > 3 in this example.
Indeed,
abed € P3(G)

because
a — b, b—c, c—d

are all edges of G. Moreover, its truncations

abe, bed € Py(G),

and the truncations of these 2-paths again belong to P;(G). Therefore the truncation axiom is satisfied.
An illustration of this path complex is shown in Fig. 3.7.
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Allowed 1-paths
Directed graph G -
ab, ac, be, bd, cd

(Allowed 2-paths

abe, abd, acd, bed

Allowed 3-path

abed

. J

abed is allowed because the consecutive directed edges
a— b, b — ¢, and ¢ — d all belong to F.

Figure 3.7: A directed graph generating a path complex. Allowed higher-order paths are determined by directed
consecutive edges.

3.9 Cellular Sheaf

A cellular sheaf assigns data to cells and restriction maps to incidences, encoding local global consistency on
graphs and complexes [214, 215, 216].

Definition 3.9.1 (Cellular sheaf). Let X be a finite regular cell complex, and let Px denote its face poset,
viewed as a category in which there is a unique morphism

o—T whenever o <T.
Let k be a field. A cellular sheaf of k-vector spaces on X is a covariant functor
F : Px — Vecty.

Equivalently, a cellular sheaf F consists of:

1. a k-vector space F (o) for each cell o € X, called the stalk of F over o;
2. for each incidence relation ¢ < 7, a linear map

For it Flo) = F(1),
called the restriction map;

such that
fo,a = id-]-'(o’)

for every cell o, and

Frn 0 For=Fon

whenever 0 < 7 < 1.

Definition 3.9.2 (Global section). Let F be a cellular sheaf on X. A global section of F is a family
S = (Sa>a€Xa Sq € ‘F(O—)a
such that for every incidence relation ¢ < 7,

For(S5) = Sr.

s

The vector space of global sections is denoted by
I'(X;F).

Example 3.9.3 (A cellular sheaf on a graph). Let X be the 1-dimensional regular cell complex consisting of
two vertices
U, v
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F(e) =R

Fu,e(w1,12) = 71 +x2/ \fu,e(yhya):yl — Y2

A global section chooses
(v1,72) €ER2, (y1,y2) € R?, 2 € Rsuch that 1 + 22 = 2z = y; — ¥o.

Figure 3.8: A cellular sheaf on a graph with two vertices and one edge. The edge stalk stores a shared scalar
compatibility value determined by linear maps from the vertex stalks.

and one edge

with incidence relations
u<e, v<e.

Thus X is the cell complex associated with the interval joining u and v.
Define a cellular sheaf F : X — Vectg by

F(u) = R?, F(v) =R?, F(e) =R.
Define the restriction maps by
Fue(®r,22) = 21 + 29, Foe(y,y2) = y1 — Yo

Since the only non-identity face relations are u < e and v < e, the functorial conditions are automatically
satisfied, and hence F is a cellular sheaf.
A global section of F is a triple

((331,372), (y17y2)72) S R2 X RQ X R

such that

2= Fue(®1,22) = 21 + 2
and

z = fv,e(yl,yz) =Y — Y2
Therefore,

F(X,.F) = {((xl,arg),(yl,yg),z) S R2 X R2 X R | 1+ Ty = Zy, Y1 — Y = Z} .
Eliminating z, we may also write
(X3 F) = {(x1,22,91,%2) € R* } T+ Ty =Y — Yo -

Hence the space of global sections is a 3-dimensional linear subspace of R*.
An illustration of this sheaf is given in Fig. 3.8.

3.10 Meta Simplicial Complex

We introduce a higher-order structure whose vertices are themselves simplicial complexes. This may be viewed
as a simplicial complex of simplicial complezes.
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Definition 3.10.1 (Universe of finite abstract simplicial complexes). Let X be a finite nonempty set. Define

Simp(X) := {KQPO()\{@} ‘ K # @, and whenever 0 € K }

and @ #7 C o, thenT € K

Thus Simp(X) is the family of all finite abstract simplicial complexes on the base set X, where we use the
convention that simplices are nonempty subsets of X.

Definition 3.10.2 (Meta simplicial complex). Let X be a finite nonempty set, and let
YV C Simp(X)

be a finite nonempty set of simplicial complexes on X. A Meta Simplicial Complex over X is a pair
m=,K),

where

K<PWV)\{o}

satisfies the downward-closure condition:
Aek, o#BCA = Bek.

The elements of V are called meta-vertices, and each meta-vertex is itself an abstract simplicial complex on
X. The elements of K are called meta-simplices. If A € KC and |A| = r + 1, then A is called an r-dimensional
meta-simplex. The dimension of I is defined by

dim(9M) :==max{|A| - 1] A€ K }.

Remark 3.10.3. A Meta Simplicial Complex is an ordinary abstract simplicial complexr whose vertices are not
atomic objects, but rather simplicial complexes. Hence it is naturally interpreted as a simplicial complex of
simplicial complexes.

Example 3.10.4 (A concrete Meta Simplicial Complex). Let
X ={a,b,c,d}.
Define three simplicial complexes on X:
K1 = {{a}, {0} {a,b}},

K, = {{b}, {C}’ {bv C}}v

KS = {{C}a {d}7 {Ca d}}
Each K is an abstract simplicial complex on X, so

Kl,KQ, Kg S Slmp(X)

Let
V == {K17K27K3}'

Define
K= {0}, (B} (Ko} (K Ko (K, K, (K, Ko, Ko}

Then K C P(V) \ {@}, and K is downward closed with respect to nonempty inclusion. Hence
m=(V,K)
is a Meta Simplicial Complex over X. In this example, { K, K5, K3} is a 2-dimensional meta-simplex.
Theorem 3.10.5 (Well-definedness of Meta Simplicial Complexes). Let X be a finite nonempty set. Then:
1. Simp(X) is a well-defined finite set;
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2. if V C Simp(X) is finite and nonempty, and
KcSPV)\{z}

is downward closed under nonempty inclusion, then KC is an abstract simplicial complex on the vertex set

V;
3. consequently, every pair M = (V,K) satisfying Definition 3.10.2 is a well-defined mathematical object.

Proof. We prove the assertions one by one.

(1) Simp(X) is a well-defined finite set. Since X is finite, its power set P(X) is finite. Hence

PX)\ {2}

is finite, and therefore

P(P(X)\{2})
is also finite. By Definition 3.10.1, Simp(X) is the subclass of
P(P(X)\{2})

consisting of those families that satisfy the simplicial downward-closure condition. Thus Simp(X) is a well-
defined subset of a finite set, and hence it is itself finite.

(2) K is an abstract simplicial complex on V. By assumption,
KCPWV)\{2}.

Thus every element of I is a nonempty finite subset of V. Moreover, K is assumed to be downward closed
under nonempty inclusion: if A € K and @ # B C A, then B € K. This is exactly the defining axiom of
an abstract simplicial complex when simplices are taken to be nonempty subsets. Therefore K is an abstract
simplicial complex on vertex set V.

(3) Well-definedness of MM = (V,K). By part (1), the meta-vertex set ¥V C Simp(X) is drawn from a
well-defined finite ambient set. By part (2), the family /C is an abstract simplicial complex on V. Hence the pair

m=(V,K)
is well-defined. O

Proposition 3.10.6 (Ordinary simplicial complexes are recovered as a special case). Let X be a finite nonempty
set, and let V C Simp(X) be any finite nonempty set. Then every abstract simplicial complex on the vertex set
V determines a Meta Simplicial Complex over X.

Proof. Let K C P(V) \ {@} be any abstract simplicial complex on V. By definition, K is downward closed
under nonempty inclusion. Therefore the pair (V, K) satisfies Definition 3.10.2, and hence is a Meta Simplicial
Complex over X. O

3.11 Simplicial SuperHypercomplex

A superhypercomplex is a simplicial complex whose vertices are nested-set supervertices, capturing higher-order
incidence across hierarchical elements.

Definition 3.11.1 (n-SuperHypercomplex). Let V be a nonempty base set and fix an integer n € Ny. Define
the iterated powersets recursively by

Pi(Vo) =Vo,  P(V) = P(P*(W0)) (k> 0).

Choose a set of n-supervertices

V C P (V).

An n-SuperHypercomplex on V; (with supervertex set V') is a pair

SuHyC™ = (V,K),
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V = {v1,v2,vs} C P(Vy) (teams as l-supervertices)

Superhypercomplex family K
Contains all nonempty faces of o:
vertices, edges, and the filled triangle.

Hence K is downward closed.

© ® © @

Vo = {a, b, ¢, d} (individuals)

three teams. Its underlying individuals span all base vertices: v1 Uvs Uvs = {a, b, ¢, d}.

Interpretation. The superface {v1, v2, v3} encodes a higher-order interaction among the ‘

Figure 3.9: A 1-SuperHypercomplex built from teams of individuals (Example 3.11.2). The filled super-triangle
represents the 2-dimensional superface o = {vy, v9, v3}, and dashed links indicate team membership
at the base level.

where K C P(V) \ {0} is a family of nonempty finite subsets of V satisfying the downward-closure (face)
condition:
cekK, 0##7Co = T€K.

Elements of K are called n-superfaces (or super-simplices). If |o| = k + 1, then o is a k-dimensional superface
and we set dim (o) := k. The dimension of SuHyC™ is

dim (SuHyC"™) := sup{dim(s) | o € K}.
Example 3.11.2 (A 1-SuperHypercomplex built from teams of individuals). Let the base set be
Vo ={a,b,c,d},
and take n = 1, so P1(Vy) = P(V}). Interpret 1-supervertices as teams (nonempty subsets of V), and choose
V ={v ={a,b}, vo={b,c}, v3={c,d} } CP(Vp).

Define a family X C P(V) \ {0} by taking one 2-dimensional superface (a super-triangle) and all of its
nonempty faces:

g = {Ul,’l)27'l)3} S P(V)
Set

K= {{Ul}v {1)2}, {U3}7 {Ulv U2}7 {Ula US}: {U27 7)3}7 {Uh Va, UB}}-
By construction, K is downward closed: whenever 7 is a nonempty subset of o, we have 7 € K. Hence
SuHyC" = (V, K)

is a 1-SuperHypercomplex in the sense of Definition 3.11.1. Its dimension is 2, since it contains the 2-dimensional
superface {vy, va,v3}.

The superface {v;, vz, v3} encodes a higher-order incidence among the three teams. At the base level, the
union of underlying individuals involved is

vy Uvg Uz = {a,b,c,d},

S0 the super-triangle can be viewed as a “team-of-teams” interaction that collectively spans all four individuals.
An overview diagram of this example is provided in Fig. 3.9.






4 Factorization, constraint, layered, temporal, and
tensor-based family

Factorization, constraint, layered, temporal, and tensor-based families model higher-order systems through de-
composed interactions, coding constraints, coupled layers, time-varying relations, and tensor representations,
enabling efficient analysis of complex multiway dependencies and patterns. For reference, the factorization, con-
straint, layered, temporal, and tensor-based higher-order structures treated in this book are listed in Table 4.1.

Table 4.1: Factorization, constraint, layered, temporal, and tensor-based higher-order structures treated in this

book.

Concept Concise description

Factor graph A bipartite graph linking variables and factors, representing
how a global function decomposes into local interaction
terms.

Tanner graph A bipartite graph linking variable nodes and parity-check
nodes, encoding constraint structure in linear codes.

Tanner Hypergraph A hypergraph form of parity-check structure, where each
check induces a hyperedge over its participating variables.

Tanner SuperHyperGraph A superhypergraph extension of Tanner-type coding
structure, allowing grouped or hierarchical variable relations
through supervertices.

Multilayer network A network with node-layer states and intra-/interlayer
edges, modeling multiple coupled interaction contexts or
modalities.

Temporal network A time-indexed network whose edges occur at specific times
or intervals, capturing evolving interaction patterns.

MultiDimensional Graph A graph built as a Cartesian product of factor graphs,

(Cartesian-product graph) encoding multi-axis adjacency through coordinatewise
changes.

Adjacency-Tensor Network A tensor-based higher-order network model using adjacency

(ATN) tensors to represent multiway interactions beyond pairwise
incidence.

4.1 Factor graph

A factor graph is a bipartite graph linking variables to factors, representing how a global function factorizes
into local terms [217, 218, 219]. A factor graph represents higher-order networks by introducing factor nodes
for multiway interactions, converting hyperedge constraints into bipartite edges linking variables to interaction
factors.

Definition 4.1.1 (Factor graph). Let X = {zy,...,2,} be a set of variables and let F = {f1,..., fi.} be a
set of factors. A factor graph is a bipartite graph

gF:(XUf, E),

where an edge connects a variable node z; to a factor node f; if and only if f; depends on x;. Equivalently, each
factor f; has a scope (neighbor set)

scope(f;) :={z; € X |{z;, fi} e E} C X.

89
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In probabilistic modeling, a function F' : X; x --- x X,, = R (often a joint density or unnormalized potential)
is said to factorize over Gp if

F(xla cee 7xn) = H fi((xj)a:jESCOpe(fi))-
1=1

Example 4.1.2 (A factor graph for a simple Markov chain). Let 1, 2, x3 be random variables taking values
in finite sets X3, X5, X3. Consider a chain-structured factorization of a nonnegative function

F:X1><X2><X3—>RZO
of the form
F(xhifzaffs) = f12($17332) f23(332,l‘3)7

where

fi2 1 Xq X Xy — Ry, faz 1 Xo X X3 — Rxg

are pairwise factors.
Define the variable-node set and factor-node set by

X ={z1, 79,25}, F = {fi2, fas}-
The corresponding factor graph is the bipartite graph
Gr=(XUF, E),
with edge set
E = {{l‘la fl2}7 {5527 flz}, {3327 f23}, {5537 f23}}-
Equivalently, the scopes are
scope(fi2) = {z1,x2}, scope( faz) = {2, x3}.

Thus F factorizes over Gr exactly as in Definition 4.1.1.

4.2 Tanner graph

A Tanner graph is a bipartite graph connecting variable nodes to parity-check nodes, representing nonzero
entries of a code’s matrix [220, 221, 222]. A Tanner graph models higher-order networks by bipartite variable
and constraint nodes; each constraint encodes multiway relations, with edges linking involved variables for
inference efficiently.

Definition 4.2.1 (Tanner graph). Let F be a finite field and let
H = (h;;) e F™"

be a parity-check matrix of a linear code. Let X = {x1,...,x,} be the set of variable nodes and C = {¢1,...,¢cm}
be the set of check nodes. The Tanner graph of H is the bipartite graph

TG(H)=(XUC, E)
with
E:={{z,c:i} | hi; # 0}
In the nonbinary case one often equips each edge {x;,¢;} € E with the label A({z;,¢;}) = h;; € F*.
Example 4.2.2 (A Tanner graph for a small binary parity-check code). Let F = Fy and consider the parity-check

madtrix
(1 1 0 1 24
e (110 ew

Thus m = 2 and n = 4. Let the variable nodes and check nodes be
X = {1, 29, 23,24}, C ={c1,c}.
By Definition 4.2.1, the edge set of the Tanner graph TG(H) is determined by the nonzero entries of H:
E = {{ml,cl}, {za, 1}, {xs, 1}, {22, 2}, {23, 2}, {x4,62}}.

Equivalently, the first check node ¢; is adjacent to x1, 2, 4 and the second check node ¢, is adjacent to x5, 3, T4.
Hence TG(H) is a bipartite graph that encodes the incidence pattern of the parity-check equations represented
by H.
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X - {x17x27x371.4}

Tanner hypergraph

e1 = {z1,z2, 24} ez = {x2, 3,24}

Figure 4.1: A Tanner hypergraph for the parity-check matrix in Example 4.3.3. The two hyperedges correspond
to the row supports supp(H;) = {1,2,4} and supp(Hs) = {2, 3,4}.

4.3 Tanner Hypergraph

A Tanner Hypergraph models coding constraints by linking variable nodes and check hyperedges, representing
multiway parity relations in error-correcting codes. For each row i € {1,...,m}, define its support by

supp(H;) = {je€{l,...,n} | hy #0}.
Definition 4.3.1 (Tanner hypergraph). The Tanner hypergraph of H is the hypergraph
TH(H) = (X, &),

where

E:={er,....ent, e, ={xz; € X|jesupp(H,;)} CX.
In the nonbinary case, one may record coefficients by an incidence-weight map
w; ;e — FX, w;(x;) = hyj,
so that TH(H ) becomes a weighted (or labeled) hypergraph.

Remark 4.3.2 (Incidence graph). The incidence bipartite graph of TH(H ) (with coefficient labels, when present)
coincides with the Tanner graph TG(H).

Example 4.3.3 (A Tanner hypergraph for a small binary parity-check matrix). Let F = Fy and consider the

parity-check matrix
(1 1 0 1 9%
pe (10 Nene

Let X = {xy, 29, 23,24} be the variable set. The row supports are
supp(H,) = {1,2,4}, supp(H,y) = {2,3,4}.
Hence the Tanner hypergraph TH(H) = (X, £) has hyperedge family
E ={e, e}, er = {x1, x2, 24}, ey = {x9, x3,24}.

In particular, e; encodes the first parity-check equation involving variables x1, x5, x4, and e; encodes the second
parity-check equation involving x5, 3, 4. An overview diagram of this example is provided in Fig. 4.1.

4.4 Tanner SuperHyperGraph

A Tanner SuperHyperGraph extends Tanner hypergraphs by allowing hierarchical supervertices and superhyper-
edges, modeling nested coding constraints, multilevel parity relations, and higher-order dependency structures
in codes efficiently. To interpret a nested set as the collection of underlying variables it represents, define
recursively:

flato(z) = {z} C Vo (z € V),
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and for k > 1 and A € P*(V,) = P(P*1(W)),

flaty,(A) = | J flaty_,(B) C Vs.

BeA
In particular, flaty,(A) is always a (possibly empty) subset of V.

Definition 4.4.1 (Tanner n-superhypergraph). Fix n € N. Let V' C P"(V}) be a set of n-supervertices. For
each check i € {1,...,m} choose a nonempty superhyperedge

E; e P(V)\{0}.

Put £ :={E,,..., F,} and define
TSH™ (H) = (V,€).

We call TSH™ (H) a Tanner n-superhypergraph (for H) if for every i,

U flat,(v) = {a; | € supp(H,)}. (1)

veE;

Example 4.4.2 (A Tanner 1-superhypergraph obtained by grouping variables). Use the same base variable set
‘/0 = X = {xla T2,T3, 134},

and the same parity-check matrix H as in Example 4.3.3. Take n = 1, so 1-supervertices are nonempty subsets
of V.
Define the 1-supervertex set (variable groups)

V= {UA = {z1, 22}, v = {2, 73}, vo = {$4}} < Pl(VO) = P(Vo).
Define two superhyperedges (one per check equation) by
El - {UA7UC}7 E2 = {UB7UC}7 5:{E17E2}'

Since n = 1, we have flat;(v) = v for every v € V. Therefore,

U flaty(v) = va Uve = {z1, 22, 24} = {z; | j € supp(H1)},
veFE,

and

U flat1 (v) = vp Uve = {x2, x3,24} = {z; | j € supp(Ha2)}.
vEE2

Hence the condition (T) holds for ¢ = 1,2, and thus
TSHY (H) = (V,€)

is a Tanner 1-superhypergraph in the sense of Definition 4.4.1. Intuitively, the first check is represented by the
grouped variable block {x, x5} together with {x,}, and the second check by the block {xq, 23} together with

{za}.

4.5 Multilayer network

A multilayer network represents nodes across multiple layers, using node-layer state nodes with intra- and
interlayer edges modeling diverse relations [223, 224, 225].

Definition 4.5.1 (Multilayer network). A multilayer network is a tuple
M = (‘/7 Ll)"'aLG V]VI; EM)7

where V is a set of physical entities (nodes), each L; is a finite set of elementary layer labels, the set of layers is
the Cartesian product L := L X --- X L, and

VMQVXL
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Intralayer friendship edges
a,F)

F layer (friendship) {@

(3,F)

C) 5
b b
.
-@
- )

=
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[¢]

=
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friendship (intralayer)

....... work (intralayer)

-------------- multiplex coupling

W layer (work) {@

W) W) BW)

S~
S~
-
-
- -

Intralayer work edge

Figure 4.2: A simple multiplex multilayer network with two layers: friendship (F) and work collaboration (W).
Dotted vertical edges connect the same physical node across layers, hence the network is multiplex.

is the set of state nodes (node—layer tuples). The edge set is
Ey C Vi X Viy

(undirected variants use Fjy; C (V2M)) Edges with endpoints in the same layer are called intralayer edges, and
edges between different layers are called interlayer edges. A multiplex network is a multilayer network for which
interlayer edges are allowed only between state nodes corresponding to the same physical node, i.e.

((v,0), (v, 0")) € Eyy and L £ = wv=01.

Example 4.5.2 (A simple multiplex multilayer network: friendship vs. collaboration). Let the set of physical
nodes be

V ={1,2,3}.
Take a single aspect (p = 1) with two layer labels

L, = {F7W}7

where F denotes a friendship layer and W denotes a work-collaboration layer. Thus the layer set is L = L and
the state-node set is

Ve =V x L={(1,F),(2,F), (3,F), (1,W), (2, W), (3, W)}.

Define an edge set s C (‘;M ) (undirected) by specifying:

e Intralayer friendship edges:

{(LF), (2P} {(2F),3H%

e Intralayer work edges:

{(Lw), (3, W)};

o Interlayer coupling (multiplex) edges:
{(1,F), AW}, {(2,F),(2,W)}, {(3,F),(3,W)}.

Then
M = (Vlea VM>EM)

is a multilayer network in the sense of Definition 4.5.1. Moreover, it is a multiplez network because every
interlayer edge connects state nodes of the same physical node. An overview diagram of this example is provided
in Fig. 4.2.

We consider further extensions. An iterated multilayer network has nodes that are multilayer networks them-
selves, defined recursively to depth r, with edges between these network-objects across layers.

Definition 4.5.3 (Iterated Multilayer Network (depth r)). Fix a nonempty set U of atomic entities (base-level
physical nodes). Define, for each r € Ny, a class IMLN,.(U) of iterated multilayer networks of depth r recursively
as follows.



Chapter 4. Factorization, constraint, layered, temporal, and tensor-based family 94

1. (Depth 0) IMLNy(U) consists of all multilayer networks
M= (V, Ly,..., Ly, Var, Exs)
in the sense of Definition 4.5.1, whose physical node set satisfies V C U.
2. (Depth 7 + 1) Assuming IMLN,.(U) is defined, a multilayer network
M= (V, Ly,...,L,, Var, Exr)

belongs to IMLN,.;(U) if it satisfies Definition 4.5.1 and, in addition, its physical node set is a set of
depth-r iterated multilayer networks, i.e.

V C IMLN,.(U).
Equivalently, the state-node set is a subset
Ve CV x (Ly x -+ x L),

so a state node has the form (A, £) where N' € IMLN,.(U) is itself a (multilayer) network-object (a meta-
node) and £ is a layer label at the current level.

Any M € IMLN,.(U) is called an Iterated Multilayer Network of depth .

Example 4.5.4 (A depth-1 iterated multilayer network: teams as meta-nodes). Let the atomic entity set be
U ={a,b,c,d}.

First build two depth-0 multilayer networks (ordinary multilayer networks) on subsets of U:

Team A network. Let V4 = {a,b} C U and L{! = {Chat, Code}. Set V;} = V4 x L4 and define E}; C (Vé‘?)
by

{(a, Chat), (b, Chat)} € E3;, {(a, Code), (b,Code)} € E4},

together with multiplex couplings {(a, Chat), (a, Code)} and {(b, Chat), (b, Code)}. Denote this depth-0 multi-
layer network by N4 € IMLNy(U).

Team B network. Similarly, let VZ = {¢,d} C U with the same layer set L” = {Chat, Code}, and define
N5 € IMLNg(U) analogously.

Top-level (depth-1) network. Now form a multilayer network whose physical nodes are the two team-
networks:

V = {Na,Np} C IMLNo(U).

Let the top-level layer set be L; = {Org} (one layer), so Vay = V x L; consists of two state nodes (N4, Org)
and (Np, Org). Define the top-level edge set by

EM = {{(NAv Org)? (N37 Org)}}

Then
M = (V,Li, Vi, Enr)

is a multilayer network satisfying V' C IMLNy(U), hence
M € IMLN, (V).

Therefore M is an Iterated Multilayer Network of depth 1 in the sense of Definition 4.5.3, where each physical
node is itself a (depth-0) multilayer network.
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» time

Temporal edges:
(A,B, 1)

(B,C,2)
(A,C,3)
CoA(C,A9)

Ble

Figure 4.3: A temporal communication network over discrete time 7" = {1, 2, 3,4}. Each dashed box represents
one time slice, and the directed edge inside it indicates the message sent at that time.

4.6 Temporal network

A temporal network models time-stamped interactions: edges occur at specific times or intervals, capturing
evolving connectivity and causal paths [226, 227, 228].

Definition 4.6.1 (Temporal network (time-varying graph)). Let T be a time set (e.g. 7' = Rx>q or T' = Z) and
let V' be a node set. A temporal network is a pair

g = (V7 ET)7

where the temporal edge set is

Er CV xV xT.

An element (u,v,t) € Er means that an interaction (edge) from u to v occurs at time ¢ (undirected variants
identify (u,v,t) and (v,u,t)). More generally, one may specify edge activity by an availability function

p:VxVxT—{0,1} (or to Rsq for weights),
where p(u,v,t) = 1 indicates that the edge (u,v) is active at time ¢.
Example 4.6.2 (A temporal communication network over discrete time). Let the node set be
V = {A,B,C}

and let the time set be the discrete set
T = {1,2,3,4} C Z.

Suppose that at time t = 1 user A messages B, at time ¢ = 2 user B messages C, at time ¢ = 3 user A messages
C, and at time t = 4 user C replies to A. Define the temporal edge set by

Er={(A,B,1), (B,C,2), (A,C,3), (C,LA,4)} CV xV xT.
Then G = (V, Er) is a temporal network in the sense of Definition 4.6.1.

Equivalently, one may encode the same data by an availability function p : V- x V x T" — {0, 1} defined by
p(u,v,t) = 1 exactly for the above four triples and p(u,v,t) = 0 otherwise. An overview diagram of this
example is provided in Fig. 4.3.

4.7 MultiDimensional Graph (Cartesian-product graph)

A multidimensional graph is the Cartesian product of factor graphs; vertices are tuples, edges change exactly
one coordinate per step [229, 230, 231].

Definition 4.7.1 (MultiDimensional Graph (Cartesian-product graph)). Let d € N and, for each k € {1,...,d},
let
Gk — (Vk7 Ek:> wk:)

be an undirected weighted graph, where V}, is a finite vertex set, £, C (‘g"), and wy, : Vi x Vi, — R>¢ is symmetric
with wg (u,v) = 0 whenever {u,v} ¢ Ex. The d-dimensional graph (or multidimensional graph) associated with
(G4, ...,Gy) is the Cartesian product graph

G == G1|:|G2D|:|Gd == (V,E,’U)),

defined as follows:
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Table 4.2: Difference between a MultiDimensional Graph and a MultiLayer Network (concise view).

Aspect

MultiDimensional Graph

(Def. 4.7.1)

MultiLayer Network

Primitive idea

Node objects

Edge rule

Meaning of  “dimen-

sion/layer”

Structural constraint

Typical use

A single graph built as a Cartesian prod-
uct of factor graphs.

Tuples z = (x1,...,x4) € HZ:1 Vi.

{z,y} exists iff z,y differ in exactly one
coordinate, along an edge of the corre-
sponding factor graph.

“Dimension” d means the number of fac-
tor graphs; each coordinate gives a direc-
tional axis.

Strong constraint: global adjacency is
fully determined by factor graphs (prod-
uct structure).

Product-structured domains (e.g. grid-
like data, spacextime products, separa-
ble directional analysis).

A collection of  layers  (con-
texts/relations), represented by node—
layer state nodes.

State nodes (v,f) where v is a physi-
cal node and / is a layer label (possibly
multi-aspect).

Intralayer edges connect nodes within
the same layer; interlayer edges con-

nect nodes across layers (application-
defined).

“Layer” indexes different relation types,
times, modalities, or contexts; not nec-
essarily a Cartesian axis.

Flexible: no product constraint; layer
coupling can be arbitrary (e.g. multiplex
coupling for the same node).
Multi-relational / multi-context net-
works (e.g. multiple interaction types,
modalities, snapshots with cross-layer
couplings).

1. The vertex set is the Cartesian product

2. Two distinct vertices x = (zq, ..

d
vV =[] V-
k=1

S xg) and y = (y1,...

there exists an index ¢ € {1,...,d} such that

{zi,y:} € E;

3. The weight function w : V' x V' — Ry is given by

w(xay) =

The graphs Gy, ..

0, otherwise.

{'Uh(l'“ yi)7

,yq) are adjacent, i.e. {z,y} € E, if and only if

and xz; =y, for all j # .

if z and y differ only in coordinate i and {x;,y;} € E;,

., G4 are called the factor graphs, and the integer d is the dimension of G.

For reference, the difference between a MultiDimensional Graph and a MultiLayer Network is summarized in

Table 4.2.

We formalize the idea of a MultiDimensional Graph of MultiDimensional Graphs by iterating the Cartesian-

product construction.

Definition 4.7.2 (Tterated MultiDimensional Graph (IMDG)). Fix a class Graph of (undirected) weighted
graphs G = (V, E, w) as in Definition 4.7.1. For r € Ny, define the classes IMDG, recursively as follows:

1. (Depth 0) IMDG, := Graph.

2. (Depth r + 1) A graph G belongs to IMDG,.,; if there exist an integer d > 1 and graphs Gy, ...

IMDG,. such that

G~ GO0GO- - 0OG,,

,Gy €

where OJ denotes the Cartesian product of graphs (so V(G) = Hle V(G;) and adjacency changes exactly
one coordinate along an edge of the corresponding factor).

Any G € IMDG,. is called an Iterated MultiDimensional Graph of depth r.
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Definition 4.7.3 (Depth and iterated product specification). For a graph G, define its iterated multidimensional
depth by
depth(G) :=min{r € Ny | G € IMDG,. }  (if such r exists).

An iterated product specification of depth r for GG is a rooted decomposition tree whose internal nodes are labeled
by Cartesian products and whose leaves are base graphs in IMDG,, such that evaluating the tree (by taking [J
at each internal node) yields a graph isomorphic to G.

Remark 4.7.4 (Flattening). Because the Cartesian product is associative up to canonical graph isomorphism,
any iterated product specification can be flattened to a single Cartesian product of all leaf graphs. The iterated
specification, however, records a meaningful hierarchical (multi-level) product structure: a “MultiDimensional
Graph of MultiDimensional Graphs.”

Example 4.7.5 (An Iterated MultiDimensional Graph of depth 2). Let P, denote the path graph on two vertices
(a single edge), and let Cy denote the 4-cycle. Consider the depth-1 multidimensional graph

G(l) - P2 D _PQ,
which is the 2 x 2 grid graph (a square) with vertex set
V(GW) ={0,1} x {0,1}

and edges between vertices that differ in exactly one coordinate.
Now form another depth-1 multidimensional graph

HY = ¢,0P,

whose vertex set is V/(Cy) x V(P,) and whose adjacency again changes exactly one coordinate.
Finally, define the graph
G =aGcYoHWY,

By construction, G is a Cartesian product of two factors G and H®, each of which is itself a Cartesian
product of depth-0 graphs. Hence,
G € IMDG,,

so G is an Iterated MultiDimensional Graph of depth 2 in the sense of Definition 4.7.2.

Iterated product specification. One iterated product specification for G is given by the rooted decomposition
tree
(ROPR,) O (C4,OP,),

whose leaves are Py, Py, Cy, P, € IMDG, and whose internal nodes apply the Cartesian product. Evaluating this
tree yields a graph isomorphic to GG, as required by Definition 4.7.3.

4.8 Adjacency-Tensor Network (ATN)

An Adjacency-Tensor Network represents higher-order interactions by tensors of orders 2..K on a vertex set;
nonzero entries encode weighted multiway adjacency patterns.

Definition 4.8.1 (Adjacency-Tensor Network (ATN)). Let V = {1,...,n} be a finite vertex set and fix K > 2.
An Adjacency-Tensor Network is a family of real-valued tensors

ATN = A = (A(Q)7 A®) A(K)), A®) e R (| factors),

where A% represents the weight (or indicator) of a k-way interaction among (iy,...,ix) € V*. In the

g
undirected k-uniform case one typically requires symmetry:

(k) _ AW

lr(1) " bm(k) Gk

for all m € S}.

Example 4.8.2 (An ATN with pairwise and triple interactions on V' = {1,2,3}). Let V' = {1,2,3}, son = 3,
and take K = 3. Define an Adjacency-Tensor Network

A= (A(Q),A(?’))
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Adjacency-Tensor Network (ATN): pairwise and triple interactions on V = {1, 2,3}

Order-2 tensor A(® (pairwise)

z ®
2

2 2 2 2
AgQ) = A;1) =1 Aés) = AI<32) =2

Order-3 tensor A(® (triple)

3 3 3 3 3 3
Aiz)s = A53)2 = Aé1>3 = A;S)l = A:(sl)2 = A:<32>1 =5

Figure 4.4: An ATN with pairwise and triple interactions on V' = {1,2,3}. The left panel visualizes nonzero
entries of A, and the right panel visualizes the nonzero symmetric triple interaction in A®).

as follows.

Pairwise tensor. Let A®) € R3*3 be symmetric with nonzero entries

2 2
Agz) = Aé1) =1

2
) Aé3) = A32

@ _ o

and all other entries 0. Thus, the pairwise interaction {1, 2} has weight 1, and {2, 3} has weight 2.

Triple tensor. Let A®) € R3*3*3 be fully symmetric with

3
A=A

3 3
3= A

3 3 3
213 — Aé3)1 = A:(sl)z = Ai(%2)1 =5,

and all other entries 0 (in particular, entries with repeated indices are 0). This encodes a 3-way interaction

among {1,2,3} of weight 5.

Then A is an Adjacency-Tensor Network in the sense of Definition 4.8.1, where nonzero entries of A and A®
specify weighted 2-way and 3-way interactions, respectively. An overview diagram of this example is provided

in Fig. 4.4.

Theorem 4.8.3 (Well-definedness of Adjacency-Tensor Networks). Let V' = {1,...,n} be a finite vertex set
with n > 1, and fiz an integer K > 2. For each k € {2,..., K}, define

T(V):=R" ={a: V¥ 5 R}.

Then the following hold.

1. For each k, there is a canonical identification

given by
ar— AW,

AEf’M =iy, ..., 0g)

Hence a k-way adjacency tensor is a well-defined object.

2. The family space

Tex(V) = [[ (V)

(k factors),

((i1,...,1) € VF).

is well-defined (a finite Cartesian product of sets, in fact a finite-dimensional real vector space). Each

element

A= (AR AB AT e Tog(V)
therefore defines a well-formed Adjacency-Tensor Network (ATN) on V.



99 Chapter 4. Factorization, constraint, layered, temporal, and tensor-based family

3. For each k, the symmetry condition in the undirected k-uniform case,

A(k) _ A(k)

Tr(1) m(k) O t1ik

(V(il, e ,Zk) S Vk, i S Sk),

is well-defined and is equivalent to saying that the associated function oy, : V¥ — R is constant on the
Sy-orbits of V¥ under coordinate permutation.

Consequently, Definition 4.8.1 is well-defined.

Proof. For each k € {2,..., K}, the set V* is finite because V is finite. Hence T;.(V) = RY" is a well-defined
set of real-valued functions on V*.

(1) Canonical tensor indexing. Since V = {1,...,n}, every element of V* is a k-tuple (iy,...,4;) with
i; € {1,...,n}. Thus each a € T,(V) determines a unique array

AR = (AW G eve

i1k

by the rule A . = a(iy, ... i)). Conversely, any k-indexed real array (A", ) defines a unique function

11~'~ik 11~"ik

a: VPSR, aliy,..., i) =AY

S RERE 7"
These constructions are inverse to each other, so
T (V) = R™ " (k factors).

Hence the notation A®) € R"**" is mathematically well-defined.

(2) Family of tensors. Because the index set {2,..., K} is finite, the Cartesian product
K
TSK(V) = H ﬁ(V)
k=2

is well-defined. An element A € T<c(V') s exactly a family
A= (AP AB) AW, AW € T (V) 2 Rn,

which is precisely the data specified in Definition 4.8.1. Therefore an ATN is a well-formed mathematical object.
(3) Symmetry condition. Fix k. For any permutation m € Sy, the tuple (ix(1),...,irx)) belongs to V*

whenever (i1, ...,4;) € V*. Hence the expression

(k)

r (1) I (k)

is defined, and so the equality
k) pk)
Lr(1) (k) 1100k
is a well-posed condition.
Let oy, : VF — R be the function corresponding to A®). Then the above equality is equivalent to

ak(iﬂ(l), .. 7i7'r(k)) = Ctk(il, .. .,ik) (V(Zl, A ,ik) c Vk, Ve Sk),

which exactly means that oy, is constant on each orbit of the natural Si-action on V¥ by coordinate permutation.
Thus the undirected symmetry requirement is also well-defined.
Combining (1)—(3), Definition 4.8.1 is well-defined. O






5 Semantic, Compositional, Knowledge, and
Logical Family

Semantic, compositional, knowledge, and logical families model higher-order systems through meaning, in-
terfaces, composition, inference, and structured knowledge, emphasizing how relations, transformations, and
interpretations interact across complex hierarchical networked representations. For reference, the semantic,
compositional, knowledge, and logical higher-order structures treated in this book are listed in Table 5.1.

Table 5.1: Semantic, compositional, knowledge, and logical higher-order structures treated in this book.

Concept

Concise description

Open Hypergraph

Heterogeneous Graph,
HyperGraph, and
SuperHyperGraph
Knowledge Graph,
HyperGraph, and
SuperHyperGraph
Petri Net

Port Graph

Port HyperGraph and Port
SuperHyperGraph

Open Hypergraph and Open
SuperHyperGraph

Combinatorial Map

Cognitive HyperGraphs and
Cognitive SuperHyperGraphs
Multimodal Graph,
HyperGraph, and
SuperHyperGraph

Operadic Interaction Graph
(OIG)

Symmetric Monoidal Wiring
Graph (SMWG)

Relational-Arity Graph
(RAG)

Closure-Implication Graph
(CIG)

A hypergraph with designated input and output interfaces,
supporting compositional modeling of open higher-order
interactions.

Typed graph-based structures whose vertices and edges may
belong to different categories or semantic classes.

Semantic structures encoding entities and relations,
extended from binary facts to higher-arity and hierarchical
knowledge representations.

A bipartite semantic model of places and transitions,
representing concurrency, synchronization, resource flow,
and reachability.

A graph with explicit ports attached to nodes, enabling
structured interfaces and fine-grained connection semantics.
Port-based higher-order structures in which hyperedges or
superhyperedges connect ports rather than directly
connecting nodes.

Open higher-order structures with boundary interfaces,
allowing compositional connection of hypergraphs and
superhypergraphs.

A discrete topological-combinatorial structure encoding
adjacency, incidence, and embedding information through
darts and permutations.

Hypergraph-based cognitive models representing concepts,
associations, and higher-level grouped cognitive structures.
Structures combining multiple modalities or interaction
channels on a common graph, hypergraph, or
superhypergraph framework.

A compositional graph model based on operadic ideas,
capturing structured composition of multi-input
interactions.

A wiring-style higher-order model expressing compositional
systems through symmetric monoidal connections and
interfaces.

A graph framework organizing relations according to arity,
bridging ordinary graphs and higher-arity relational
structures.

A logical graph model encoding implication and closure
behavior among elements, attributes, or derived statements.

Continued on the next page
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Table 5.1 (continued)

Concept Concise description

Coalgebraic A coalgebra-inspired graph structure representing
Nested-Neighborhood Graph  recursively nested neighborhood semantics and hierarchical
(CNNG) observation patterns.

Curried Graph

Depth-r iterated subdivisions
of polyhedral complexes

Sheaf HyperGraph / Sheaf
SuperHyperGraph

Fibered HyperGraph /
Fibered SuperHyperGraph

Galois HyperGraph / Galois
SuperHyperGraph

Rewrite HyperGraph /
Rewrite SuperHyperGraph

Uncertain SuperHyperGraph
Functorial SuperHyperGraph
Topological

SuperHyperGraph

Motif Hypergraphs and Motif
SuperHypergraphs

Molecular
SuperHyperGraphs

A graph whose vertices are curried functions and whose
edges preserve typed functional compatibility through
commuting conditions.

Repeated subdivision structures on polyhedral complexes,
recording multilevel refinement of combinatorial-geometric
organization.

Hypergraph and superhypergraph structures equipped with
sheaf data, assigning local spaces and compatible restriction
maps.

Hypergraph and superhypergraph models enriched with
fibers over vertices and edgewise relations among local
states.

Formal-context-based higher-order structures whose
hyperedges arise from Galois-closed families of vertices or
supervertices.

Hypergraph and superhypergraph frameworks equipped
with rewrite rules for rule-based transformation of
higher-order structures.

A superhypergraph framework incorporating uncertainty in
vertices, edges, or incidence through set-valued or
uncertainty-aware semantics.

A categorical superhypergraph model emphasizing
morphisms and functorial behavior between hierarchical
higher-order structures.

A topological superhypergraph model combining
superhypergraph nesting with topological structure, enabling
continuous, spatial, and inclusion-based representations.
Higher-order motif-based structures that encode recurring
subgraph patterns either as hyperedges on supporting
vertices or as supervertices linked by higher-order relations.
Hierarchical chemical higher-order structures organizing
atoms, bonds, fragments, and larger molecular units across
iterated powerset levels.

5.1 Heterogeneous Graph, HyperGraph, and SuperHyperGraph

A heterogeneous graph is a graph in which vertices and edges may belong to different types, allowing multiple
classes of objects and relations to be represented within a single structure [232, 233, 234]. A heterogeneous
hypergraph is a hypergraph in which vertices and hyperedges may have different types, enabling the modeling
of typed multiway relations among diverse objects in one framework [235, 236, 237]. A heterogeneous super-
hypergraph is a superhypergraph with typed higher-order vertices and superhyperedges, designed to represent
heterogeneous hierarchical relations through iterated set-based constructions.

Definition 5.1.1 (Heterogeneous Graph). [232, 233, 234] Let T\ and T be nonempty sets, called the sets of
vertex-types and edge-types, respectively. A heterogeneous graph is a sextuple

G - (V7 EvTV7TE7TV7TE)7
where
1. V is a finite nonempty set of vertices;

2.
EC {{u,v} CV:u#v}
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is the set of edges;
3. v : V — Ty is a vertex-type map;
4. 75 : ' — Tg is an edge-type map.
If either |Ty| > 1 or |Tg| > 1, then G is called heterogeneous.

Definition 5.1.2 (Heterogeneous HyperGraph). Let Ty, and Tg be nonempty sets. A heterogeneous hypergraph

is a sextuple
H=V,E,Tv,Tp,1v,Tr),

where
1. V is a finite nonempty set of vertices;

2.
ECP (V)= P(V)\{0)

is a finite set of nonempty subsets of V', called hyperedges;
3. v : 'V — Ty is a vertex-type map;
4. 7+ E — Tg is a hyperedge-type map.
If either |Ty| > 1 or |Tg| > 1, then H is called heterogeneous.

Definition 5.1.3 (Heterogeneous n-SuperHyperGraph). Let V; be a finite nonempty base set, and let n €
N U {0}. Define the iterated powersets recursively by

PI(Vo) =Vo, P (Vo) :=P(P*(Vo)) (k=0).
Let Ty and Tk be nonempty sets. A heterogeneous n-SuperHyperGraph is a sextuple
H(n) = (Vy Ea TV, TE; Tv, TE')a

where

VS P (Vo)

is a finite set, whose elements are called n-supervertices;

E CP(V)
is a finite set of nonempty subsets of V', whose elements are called n-superhyperedges;
3. v : V — Ty is a supervertex-type map;
4. 75 : EF — Tk is a superhyperedge-type map.
If either |Ty/| > 1 or [Tg| > 1, then H™ is called heterogeneous.

Example 5.1.4 (A concrete Heterogeneous 1-SuperHyperGraph). Let the finite base set be
Vo = {Alice, Bob, Carol, DataA, DataB, Server},

and take n = 1. Then
P' (Vo) = P(Va),

so each l-supervertex is a subset of V.
Define the set of 1-supervertices by

V= {UMUQa U3, ’1)4} g P(‘/E))v

where
vy = {Alice, Bob}, vy = {Carol},
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vy = {DataA, DataB}, vy = {Bob, Server}.

Next, define the supervertex-type set by
Ty = {Team, Individual, DatasetGroup, TechnicalUnit},

and define the type map

v:V =Ty
by
Tv(v1) = Team, Tv (vg) = Individual,
Ty (v3) = DatasetGroup, Tv (v4) = TechnicalUnit.

Now define the set of 1-superhyperedges by
E= {61762763} C P*(V)7

where
er = {v1,v2}, es = {v1,vs,v4}, es = {va, Vs }.

Clearly each e; is a nonempty subset of V', so indeed E C P*(V).
Define the superhyperedge-type set by

Ty = {Coordination, AccessControl, Maintenance},

and define the edge-type map
TE E — TE

by
Tr(e1) = Coordination, Te(€es) = AccessControl, Tr(e3) = Maintenance.

Therefore,
7{(1) — (‘/7 Ea TV? TE7 TV, TE)

is a Heterogeneous 1-SuperHyperGraph.

The supervertex v; = {Alice, Bob} is a team-type unit, v, = {Carol} is an individual-type unit, v3 =
{DataA, DataB} is a dataset-group unit, and v, = {Bob, Server} is a technical unit. The hyperedge e; rep-
resents a coordination relation between a team and an individual, e; represents an access-control relation among
a team, a dataset-group, and a technical unit, and es represents a maintenance relation between an individual
and a technical unit.

Since

’Tv’:4>1 and ’TE‘:3>1;

the structure is heterogeneous in both its supervertex types and superhyperedge types. An illustration is given
in Fig. 5.1.

5.2 Knowledge Graph, HyperGraph, and SuperHyperGraph

A knowledge graph represents entities and their binary relations as structured facts, enabling semantic reasoning,
retrieval, and integration across domains [238, 239, 240]. A knowledge hypergraph models entities through
higher arity relations, capturing multi-entity facts and richer semantic structures within unified knowledge bases
[241, 242]. A knowledge superhypergraph represents hierarchical set-based entities and relations, capturing
higher-order semantic facts across multiple abstraction levels within frameworks coherently.

Definition 5.2.1 (Knowledge Graph). [238, 239, 240] Let E be a finite set of entities and let R be a finite set
of binary relations. Define
T:={r(ei,es) | " ER, e;,es € E}.

A knowledge graph is a triple
KG = (E,R, 1),

where 7o C 7 is the set of true binary facts.
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7 (e2) = AccessControl

7i(e1) = Coordination

2

vy = {Alice, Bob} vg = {Carol} v3 = {DataA, DataB} v4 = {Bob, Server}
type: Team type: Individual type: DatasetGroup type: TechnicalUnit

7r(e3) = Maintenance

[TV = {Team, Individual, DatasetGroup, TechnicalUnit} Tx = {Coordination, AccessControl, Maintenance} ]

Figure 5.1: A concrete Heterogeneous 1-SuperHyperGraph. The supervertices are typed subsets of the base
set, and the superhyperedges are nonempty subsets of the common supervertex set equipped with
edge-types.

Definition 5.2.2 (Knowledge HyperGraph). [243, 244] Let E be a finite set of entities and let R be a finite set
of relations equipped with an arity map
ar: R — N.

Define
7i={r(er,...,ean) | T ER, € € E forall i }.

A knowledge hypergraph is a triple
KH = (E,R, 1),

where 79 C 7 is the set of true facts.
Equivalently, each true fact
r(e1, ... earr)) € To

may be viewed as a hyperedge joining the participating entities.

Definition 5.2.3 (Knowledge n-SuperHyperGraph). [245, 246] Let E, be a finite set of base entities and let
Ry be a finite set of base relations. For each integer k > 0, define iterated powersets by

P(E,) = E, PHE,) := P(Pk(EO)),

and similarly

P°(Ry) := R, PF(Ry) = 'P(Pk(Ro))-

Fix n > 0. Let
V C P"(Ey)

be a finite set, whose elements are called n-superentities, and let
R C P"(Ry)

be a finite set, whose elements are called n-superrelations. Assume that R is equipped with an arity map
ar™ : R — N.

Define
7= {r(vi,. .., Varo () ] reR, v, eV},

A knowledge n-SuperHyperGraph is a triple
KH™ = (V,R, "),
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where

is the set of true n-superfacts.

Example 5.2.4 (A concrete Knowledge 1-SuperHyperGraph). Let the base entity set be
Ey = {Alice, Bob, Carol, ProjectX, ProjectY},

and let the base relation set be
Ry = {worksOn, collaboratesWith, supports}.

Take n = 1. Then
731 (Eo) — P(Eo), Pl(Ro) - P(Ro)

Define the set of 1-superentities by
V = {v1,v2,v3} C P(Eb),

where
vy = {Alice, Bob}, vy = {Carol}, v = {ProjectX, ProjectY}.

Thus v, is a team of two researchers, v, is a singleton researcher-group, and v3 is a project-group.
Next define the set of 1-superrelations by

R ={ri,r2} CP(Ro),

where
r1 = {collaboratesWith, worksOn}, ro = {supports}.

Equip R with the arity map
ar(ry) = 2, ar (ry) = 2.

Hence the set of all admissible 1-superfacts is
7 = {r(v,v;) |1 €R, vi,v; €V}
Now choose the following subset of true 1-superfacts:

Tél) = {Tl(U17U2)a 1 (v1,v3), T2(v3’vl)}‘

Therefore
KHY = (V,R, ")

is a Knowledge 1-SuperHyperGraph in the sense of the above definition.
The true superfact

T (7)1, Uz)

means that the grouped relation
{collaboratesWith, worksOn }

holds from the superentity v; = {Alice, Bob} to the superentity v, = {Carol}. Likewise,

1 (’Ub U3)

states that the researcher-group v, is connected to the project-group vz by the same grouped semantic relation,
and

7’2(1)37 Ul)

states that the project-group vs supports the researcher-group v;.
Thus this example illustrates how a knowledge structure may be lifted from base entities and base relations
to grouped entities and grouped relations through the powerset construction.
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5.3 Petri Net

A Petri net is a directed bipartite graph of places and transitions, modeling concurrency, synchronization,
resource flow, and reachability dynamically [247, 248, 249]. Related concepts such as the Fuzzy Petri Net
[250, 251] and the Neutrosophic Petri Net [252, 253] are also known.

Definition 5.3.1 (Petri net). [247, 248, 249] A Petri net is a tuple
N=(P,T,F,\W),
where
1. P is a finite set of places;
2. T is a finite set of transitions;

3. PNT =g

FC(PxT)u(T x P)

is the flow relation (or set of directed arcs);

W:.F — N>0
is the weight function.

Thus (P, T, F') is a directed bipartite graph: arcs are allowed only from places to transitions or from transitions
to places.

Definition 5.3.2 (Preset and postset). Let N'= (P, T, F, W) be a Petri net. For each transition ¢t € T, define
its preset and postset by

‘t:i={peP|pt)eF}, t:={peP|[{tpelF}
Similarly, for each place p € P, define
‘p={teT|{tp)eF}, p={teT|(pt)ecF}
Definition 5.3.3 (Marking and marked Petri net). A marking of a Petri net N' = (P, T, F,W) is a function
M : P — Ny.

For each place p € P, the value M (p) is called the number of tokens in p.
A marked Petri net is a pair

(N, M),
where A is a Petri net and M, is an initial marking.
Definition 5.3.4 (Enabled transition and firing rule). Let (N, M) be a marked Petri net, where
N = (P,T,F,W).
A transition t € T is said to be enabled at the marking M if
M(p) > W(p,t)  forall p € *t.

If t is enabled, then ¢ may fire, producing a new marking

M :P =N,
defined by
M(p) — W(p,t) +Wi(t,p), ifpetnte,
M (p) = M(p) — Wi(p,t), if pe*t\t,
M(p) +W(t,p), if pet®\ L,
M(p), ifpgtute,

where, by convention, W (x,y) = 0 whenever (z,y) ¢ F. Equivalently, for every p € P,
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Example 5.3.5 (A simple document-processing Petri net). Consider a system in which one document is first
prepared and then approved.
Let

P = {p17p27p3}7 T - {t17t2}7

where:
e p; represents document available for processing,
e Do represents document under review,
e p3 represents document approved,
e 1ty represents start review,
e t5 represents approve document.

Define the flow relation
F ={(p1,t1), (t1,p2), (P2, t2), (t2,p3)},

and let all arc weights be equal to 1, i.e.
W(f)=1 for all f € F.

Take the initial marking
MO(pl) =1, MO(P2) =0, Mo(p:s) =0.

Thus the initial state contains one token in p;, meaning that one document is ready to be reviewed.
At the marking My, the transition ¢; is enabled because

My(p1) =12> Wi(py,t1) = 1.
After firing t;, the new marking M, is
Mi(p1) =0,  Mi(ps) =1,  Mi(ps) =0.
Now t, is enabled, and after firing t5, one obtains
Ms(p1) =0,  Ma(p2) =0,  Ma(ps) =1.

Hence the token has moved from p; to ps through the intermediate review state ps.

5.4 Port Graph

A port graph equips nodes with explicit connection ports, enabling structured interaction patterns, fine-grained
interfaces, and rule-based rewriting [254, 255, 256].

Definition 5.4.1 (Port Graph). [257] A port graph is a tuple
G = (V, P, E, Attach, Connect),
where

1. V is a finite set of nodes;

2. P is a finite set of ports;
3. FE is a finite set of edges;
4.
Attach: P -V
is the attachment map, assigning to each port the node to which it belongs;
5.

Connect : E — {{p,q} C P |p#q}

is the connection map, assigning to each edge an unordered pair of distinct ports.
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out m
p;//o
o/ €2

Ports(s) = {p"*} Ports(f) = {iUf P?ut Ports(a) = {p'}

Figure 5.2: A simple port graph. Edges connect ports rather than directly connecting nodes.

Remark 5.4.2. For a node v € V, its interface is the set
Ports(v) := Attach™ " ({v}) C P.

Thus, a port graph differs from an ordinary graph in that adjacency is mediated by ports. Two nodes may be
connected through specific designated ports, which allows one to encode structured interfaces and fine-grained
interaction patterns.

Example 5.4.3 (A simple signal-processing port graph). Consider a small signal-processing pipeline with three
components: a sensor, a filter, and an actuator.
Let the node set be

V: {S7f7a}7

where
s = Sensor, f = Filter, a = Actuator.

Define the port set _
P {pout’ pf ) p())futa p;n
The attachment map Attach : P — V is given by
Attach(p?™) = s, Attach(p}') = f, Attach(p§™) = f, Attach(p™) = a.

Thus the interfaces are

Ports(s) = {p{"'},  Ports(f) = {p},p}"},  Ports(a) = {py'}.

Let the edge set be
E - {ela 62}7

and define the connection map by

out

Connect(e1) = {p"*, p}'}, Connect(ez) = {p}", pi)

Hence
G = (V, P, E, Attach, Connect)

is a port graph in the sense of Definition 5.4.1.
Intuitively, the first edge e; sends the sensor output to the filter input, and the second edge €5 sends the filter
output to the actuator input. An illustration is given in Fig. 5.2.

5.5 Port HyperGraph and Port SuperHyperGraph

In this section, we extend the notion of a port graph to hypergraphs and superhypergraphs. The main idea is
that hyperedges (or superhyperedges) are incident not directly with vertices, but with ports, and each port is
attached to exactly one vertex or supervertex.

Definition 5.5.1 (Port HyperGraph). A Port HyperGraph is a quintuple
HP' = (V1L E, , 1),
where
1. V is a finite nonempty set of vertices;

2. Il is a finite set of ports;
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3. E is a finite set of hyperedge identifiers;

4.
a:ll =V

is the port-attachment map, assigning to each port the unique vertex to which it belongs;

v E— Pr(II)
is the port-incidence map, assigning to each hyperedge identifier a nonempty set of ports.

Remark 5.5.2. For each vertex v € V, its port interface is the set
Port(v) := a ' ({v}) CIL

Thus a Port HyperGraph differs from an ordinary hypergraph in that a hyperedge is incident with a set of ports,
rather than directly with a set of vertices.

Remark 5.5.3. If every hyperedge e € E satisfies

then HP°™ reduces to a graph-like port structure in which each edge joins exactly two ports. Hence Port Graphs
may be viewed as a special binary case of Port HyperGraphs.

Theorem 5.5.4 (Well-definedness of Port HyperGraphs). Let V' be a finite nonempty set, let I1 and E be finite
sets, and let

a:lI—=V, v E— Pr(1I)

be well-defined maps. Then
HP = (V1L B, i, 1)

1s a well-defined Port HyperGraph.

Proof. Since V is a finite nonempty set and II is a finite set, the map
a: 11—V

is a legitimate set-theoretic assignment attaching each port to a unique vertex.
Since II is a set, its nonempty powerset

Pr(l) = PN\ {=}

is well-defined. Therefore the map
L E— Pr(10)

assigns to each hyperedge identifier e € E' a nonempty subset of ports.
Hence all components appearing in Definition 5.5.1 are well-defined and mutually compatible. Therefore

HP = (V1L E, o, 1)
is a well-defined Port HyperGraph. O

Definition 5.5.5 (Port n-SuperHyperGraph). Let Vj be a finite nonempty base set, and let n € Ny. A Port
n-SuperHyperGraph is a quintuple
SHW P = (V1L B, v, 1),

where

1.
V CP"(W)

is a finite set of n-supervertices;
2. Il is a finite set of ports;

3. E is a finite set of superhyperedge identifiers;



111 Chapter 5. Semantic, Compositional, Knowledge, and Logical Family

a: 11—V

is the port-attachment map, assigning each port to a unique n-supervertex;

L E— Pr(I0)
is the port-superincidence map, assigning to each superhyperedge identifier a nonempty set of ports.
Remark 5.5.6. For each supervertex v € V, its port interface is
Port(v) := a ' ({v}) CIL

Thus a Port n-SuperHyperGraph is a superhypergraph-like structure in which incidence is mediated by ports
attached to n-supervertices.

Remark 5.5.7. A Port SuperHyperGraph means a Port n-SuperHyperGraph for some fixed
nc No.

In particular, when n =0, one has

P°(Vo) = Vo,
so a Port 0-SuperHyperGraph is exactly a Port HyperGraph.

Theorem 5.5.8 (Well-definedness of Port n-SuperHyperGraphs). Let V, be a finite nonempty set, let n € N,
let
vV C P (Vo)

be a finite set, let Il and E be finite sets, and let
a:lI -V, v E— Pr(1I)

be well-defined maps. Then
SH™MP — (V1L E, a, 1)

is a well-defined Port n-SuperHyperGraph.
Proof. First, since Vj is a finite nonempty set and n € Ny, the iterated powerset
P (Vo)
is well-defined by finite recursion. Hence the condition
V C P (V)

is meaningful, and V' is a well-defined finite set of n-supervertices.
Next, since II is a finite set, its nonempty powerset

Pr(Il) = PN\ {=}

is well-defined. Therefore the map
t: E— P*(10)

assigns to each superhyperedge identifier a nonempty set of ports.
Moreover, the map
a: 11—V

is well-defined, so each port is attached to a unique n-supervertex.
Thus all components listed in Definition 5.5.5 are well-defined and mutually compatible. Therefore

SHMW P = (V1L E, a, 1)
is a well-defined Port n-SuperHyperGraph. O
Corollary 5.5.9. Every Port HyperGraph is a Port 0-SuperHyperGraph.

Proof. If n = 0, then
P(Vo) =V,

so the supervertex set is an ordinary vertex set. Hence Definition 5.5.5 reduces exactly to Definition 5.5.1. O
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5.6 Open Hypergraph and Open SuperHyperGraph

An open hypergraph is a hypergraph with designated inputs and outputs, supporting modular composition of
networked systems through cospans categorically.

Definition 5.6.1 (Discrete hypergraph). For a finite set X, the discrete hypergraph on X is
D(X):= (X, 92).
Thus D(X) has node set X and no hyperedges.
Definition 5.6.2 (Open Hypergraph). Let X and Y be finite sets. An open hypergraph from X to Y is a triple
O = (H,i,o0),

where

H=(V,&)

is a finite hypergraph, and
1: X =V, 0:Y =V

are set maps, called the input interface map and the output interface map, respectively.
Equivalently, an open hypergraph may be written as a cospan

D(X) % H <~ D(Y),
where D(X) and D(Y") are discrete hypergraphs.

Remark 5.6.3. The maps i and o specify which vertices of the ambient hypergraph serve as boundary vertices.
The maps need not be injective unless one explicitly imposes that restriction.

Definition 5.6.4 (Open n-SuperHyperGraph). Let Vj be a finite nonempty base set, let n € Ny, and let
SHG™ = (V, E, d)

be an n-SuperHyperGraph over V.
Let X and Y be finite sets. An open n-SuperHyperGraph from X to Y is a tuple

O™ = (V,E,8,X,Y,i,0),
such that
1. (V, E,0) is an n-SuperHyperGraph over Vp;

2.
1 X >V

is an input interface map;

0:Y =V

is an output interface map.

The elements of X and Y are called input interface labels and output interface labels, respectively. For x € X,
the value i(z) € V is the input boundary supervertex selected by z, and for y € Y, the value o(y) € V is the
output boundary supervertex selected by y.

Remark 5.6.5. An open n-SuperHyperGraph is therefore an n-SuperHyperGraph equipped with specified input
and output interfaces. It extends the motion of an open hypergraph by replacing ordinary vertices with n-
supervertices.

Remark 5.6.6 (Special case n = 0). When n =0, one has
P (Vo) = Va,

so the supervertex set V is an ordinary set of vertices. Hence an open 0-SuperHyperGraph is precisely an open
hypergraph, up to the harmless use of edge identifiers and the incidence map 0.
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Theorem 5.6.7 (Well-definedness of Open n-SuperHyperGraphs). Let Vi be a finite nonempty set and let
n € Ng. Assume that:

' v CP(V)
is a finite set;
2. E is a finite set;
3.
0:E—P(V)

s a well-defined map;
4. X and Y are finite sets;

5.
1: X =V, 0:Y =V

are well-defined maps.

Then
o™ = (V,E,0,X,Y,i,o0)

is a well-defined open n-SuperHyperGraph over Vj.

Proof. We verify each component of the definition.
First, since Vj is a finite nonempty set and n € Ny, the iterated powerset P" (V) is well-defined by finite
recursion:

P'(Vo) =Vo,  PHH(Vo) = P(PH(Vh)).

Hence the condition

VvV C P (V)

is meaningful, and V is a well-defined finite set of n-supervertices.
Next, since V' is a set, the family

Pr(V)=PV)\ {2}

is also well-defined. Therefore the incidence map
0:E—P (V)
is a legitimate set-theoretic map assigning to each superedge identifier a nonempty subset of V. Consequently,
(V,E,0)

is a well-defined n-SuperHyperGraph over Vj.
Finally, X and Y are finite sets by assumption, and

1: X =V, 0:Y >V

are well-defined maps into the supervertex set V. Thus the input and output interfaces are well-defined.
All components required in Definition 5.6.4 therefore exist and are compatible. Hence

oM™ = (V,E,0,X,Y,i,0)
is a well-defined open n-SuperHyperGraph. O

Corollary 5.6.8. For every n-SuperHyperGraph (V, E, Q) over Vi, and for every pair of finite sets X,Y equipped
with mapsi: X =V and o:Y — V, there exists an associated open n-SuperHyperGraph

(V,E,0,X,Y,i,0).

Proof. Immediate from Theorem 5.6.7. O
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5.7 Combinatorial Map

A combinatorial map is a connected properly edge-colored regular graph in which each vertex is incident with
exactly one edge of each color.

Definition 5.7.1 (Combinatorial map). Let I be a finite nonempty set of colors. A combinatorial map over I
is a pair

g= (G77—)a

where G = (V, E) is a connected graph and
T:BE =1

is an edge-coloring such that, for every vertex v € V and every color ¢ € I, there exists a unique edge ¢ € F
incident with v satisfying
T(e) = i.

Equivalently, G is |I|-regular and no two distinct edges incident with the same vertex have the same color.
The integer
rank(G) := |I|

is called the rank of G.

Definition 5.7.2 (Residues and faces). Let G = (G, T) be a combinatorial map over I, and let J C I. Define
the spanning subgraph
Gy = (V, 77 '(J)),

that is, the graph obtained from G by retaining exactly the edges whose colors belong to J. A connected
component of GG; is called a residue of type J.
For ¢ € I, a residue of type

I\ A{i}

is called an i-face of G.

Remark 5.7.3. The above definition is the standard graph-theoretic abstraction of maps on surfaces and their
higher-rank analogues. In rank 3, one may think of the three colors as corresponding to the three kinds of
adjacency arising from flags of a cell decomposition.

Example 5.7.4 (A rank-3 combinatorial map associated with the tetrahedron). Let
I:{07172}7 V:{U17027037v4}-
Take G to be the complete graph K4 on V, with edge set

E = {{vl,vg}, {vs,v4},{v1, v}, {v2,v3}, {v1, 03}, {'Ug,'U4}}.
Define the edge-coloring 7 : E — I by
T({vi,v2}) = 7({vs, va}) = 0,
T({v1,va}) = 7({v2, v3}) = 1,
T({v1,v3}) = 7({ve, va}) = 2.

Then each vertex is incident with exactly one edge of color 0, one edge of color 1, and one edge of color 2. For
example,
vy is incident with {vq, v} of color 0, {vy,vs4} of color 1, {vy,v3} of color 2.

The same property holds for vy, v3,v4. Hence
¢=(G,7)

is a combinatorial map of rank 3.
Its O-faces are the residues of type {1,2}, its 1-faces are the residues of type {0, 2}, and its 2-faces are the
residues of type {0,1}. In this example, each such residue is a 4-cycle. For instance, the unique residue of type

{1,2} has edge set
{{Ul’v4}7{UQaUS}v{Ulvv3}’{v2’v4}},

which forms the cycle
Vg — V1 — V3 — Vg — V4.

An illustration is given in Fig. 5.3.
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Edge colors:
— color 0
__ color1
—— color 2

Figure 5.3: A rank-3 combinatorial map on K. Each vertex is incident with exactly one edge of each color

0,1,2.

5.8 Cognitive HyperGraphs and Cognitive SuperHyperGraphs

In this section, we define the notions of a Cognitive HyperGraph and a Cognitive n-SuperHyperGraph as higher-
order extensions of a cognitive graph. A Cognitive HyperGraph models cognitive entities as labeled vertices and
multiway cognitive relations as labeled hyperedges, capturing structured group interactions semantically[258]. A
Cognitive SuperHyperGraph represents higher-order cognitive groupings using iterated-powerset supervertices
and labeled superhyperedges, expressing nested semantic relations among concept collections.

Definition 5.8.1 (Cognitive HyperGraph). Let S be a nonempty set of distinguished locations, concepts, or
cognitive units. Let Ly and Lg be nonempty label sets.
A Cognitive HyperGraph is a quadruple

CH = (V,E,&/,EE),

where
1.
VCs
is a finite set of cognitive vertices;
2.
ECP* (V)
is a finite set of nonempty cognitive hyperedges;
3.
ZV V= LV
is a vertex-label function;
4.
EE B — LE

is a hyperedge-label function.

Each hyperedge e € E represents a cognitively meaningful multiway relation among the vertices contained in e,
while £y, and ¢r encode semantic information attached to vertices and hyperedges, respectively.

Remark 5.8.2. If every hyperedge has cardinality 2, then a Cognitive HyperGraph reduces to a labeled cognitive
graph.

Definition 5.8.3 (Cognitive n-SuperHyperGraph). Let S be a nonempty base set, let n € Ny, and let Ly, Lg
be nonempty label sets.
A Cognitive n-SuperHyperGraph is a quadruple

CSH™ = (V,E, by, lg),
such that

1.

is a finite set of cognitive n-supervertices;
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2.
ECP*(V)
is a finite set of nonempty cognitive n-superhyperedges;
3.
EV V= LV
is a supervertez-label function;
4.
gE FE— LE

is a superhyperedge-label function.

Thus, a Cognitive n-SuperHyperGraph is a labeled higher-order relational structure in which the vertices them-
selves lie at the n-th iterated powerset level over the base set S, and the superedges are nonempty subsets of
the supervertex set V.

5.9 Multimodal Graph, HyperGraph, and SuperHyperGraph

A multimodal graph represents one vertex set through multiple edge modalities, capturing different interaction
types or views within one network [259, 260, 261]. A multimodal hypergraph uses multiple hyperedge modalities
on a shared vertex set to model higher-order relations simultaneously within one framework [262, 263, 264]. A
multimodal superhypergraph organizes multiple modalities over hierarchical set-based vertices and superhyper-
edges, describing complex higher-order relations across abstraction levels simultaneously [246].

Definition 5.9.1 (Multimodal Graph). Let V be a finite nonempty set of vertices, and let M € N be the
number of modalities. For each modality m € {1,..., M}, let

Gm - (‘/7 Ema wm)
be a weighted graph on the common vertex set V', where
E, C {{u,v} CV :u#v}

is the edge set of modality m, and
Wy, + E,, — Ry

is a positive edge-weight function. Let

be modality-combination weights.
Then the multimodal graph is the tuple

g - (V, {Em}nj\{:lﬂ {wm}n]\;{:h {QM}%:l)'

Definition 5.9.2 (Multimodal HyperGraph). Let V' be a finite nonempty set of vertices, and let M € N. For
each modality m € {1,..., M}, let
Hm = (V7 8m7 wm)

be a weighted hypergraph on the common vertex set V', where
Em CSP(V) :=P(V)\ {0}
is the set of hyperedges of modality m, and
Wy Em — Rog

is a positive hyperedge-weight function. Let

M
0517-“7041\/[207 E Oém:]..
m=1

Then the multimodal hypergraph is the tuple
H= (Va {Em}%:h {wm}%:la {O‘m}%:l)'
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Definition 5.9.3 (Multimodal n-SuperHyperGraph). [246] Let V{ be a finite nonempty base set, and let n €
N U {0}. Define the iterated powersets recursively by

Pi(Vo) :=Vo,  PM(Vo) =P(P*(W)) (k=>0).

Let
V CP(Vo)

be a finite set of n-supervertices, and let M € N. For each modality m € {1,..., M}, let
Mo = (V.EY, wn)
be a weighted hypergraph on the common set V', where
£ CPHV)
is the set of n-superhyperedges of modality m, and

wmgéff) —>R>0

is a positive weight function. Let

Then the multimodal n-SuperHyperGraph is the tuple

H(n) = (Vv {gr(r?) id {wm %:17 {am %:1)'

m=1"
Example 5.9.4 (A concrete Multimodal 1-SuperHyperGraph). Let the base set be
% = {(J,, bv ¢, da 6},

and take n = 1. Then
PH(Vo) = P(Vo),

so each 1-supervertex is a subset of V.
Define the common set of 1-supervertices by

V= {U17U2a U37U4} - P(Vb)?

where
vy = {a, b}, vy = {b,c,d}, vz = {e}, vy = {a,e}.

Thus each supervertex represents a group of base elements.
Now let the number of modalities be
M = 2.

Modality 1: communication. Define the weighted hypergraph
Hgl) = (V7 81(1)7 wl)

by
£ = (B, B},

where
1 1
B = {v, 0}, EY = {vs, v},

and assign positive weights

Modality 2: resource sharing. Define the weighted hypergraph

HY = (V, &), ws)
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wl(cl) =0.8 w1 (Cg) = 0.6

modality 1

communication

modality 2 @ @

resource sharing

[oq = 0.55, ay = 0.45, a1 + as = 1. Same supervertices, different modalities. }

Figure 5.4: A concrete Multimodal 1-SuperHyperGraph. The same set of 1-supervertices is shared by two
modalities: communication (solid blue) and resource sharing (dashed red).

by
) = (B, )

where
2 2
E£ ) - {Ulav4}7 E2( ) — {023U37U4}7

and assign positive weights
ws (EP) =07,  ws (Ef)) =0.9.
Finally, choose modality-combination weights
] = 055, Oy = 045,
so that
ag, g 2 0, ap +ap = 1.

Therefore,

HWY = (V> {51(1)7 52(1)}7 {wi, wo}, {au, OQ})

is a Multimodal 1-SuperHyperGraph in the sense of the above definition.

The common supervertex set V' is shared by both modalities. The first modality describes communication
relations among groups, while the second modality describes resource-sharing relations among the same groups.
Hence the same hierarchical vertex system is observed through multiple distinct interaction modes. An illustra-
tion is given in Fig. 5.4.

5.10 Operadic Interaction Graph (OIG)

An Operadic Interaction Graph is a colored operad whose operations represent typed multi-input interactions;
operad composition models gluing interactions, encoding higher-order, compositional network structure.

Definition 5.10.1 (Operadic Interaction Graph (OIG)). Let C be a set of colors (types). An Operadic Inter-
action Graph is a symmetric C-colored operad

0IG =0 = (O(cy, ..

©5 Cns C))nZO, (€1,..yen3c)ECT XC

consisting of:
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1. operation sets O(cy,...,c,;c¢) for alln > 0 and (¢q,...,¢,5¢) € O™ x C;
2. right actions of the symmetric groups, i.e. for each w € S,,,

(=) - m:0(c1,...,en5¢) = O(Ca(1)s - - - Cr(n); €);

3. substitution (composition) maps

n

v O(cl,...,cn;c) X Ho(d1177d1k7767) — O(dll')'"7d1k,17"'7dn17"'7dnkn;c);

i=1
4. units id. € O(¢;¢) for all c € C,

satisfying the standard operad axioms (associativity of substitution, unitality, and equivariance with respect to
the S,-actions). Operations are interpreted as higher-arity interaction primitives, and - encodes compositional
gluing of interactions.

Example 5.10.2 (An Operadic Interaction Graph for typed workflows). Let the color set be
C' = {Raw, Clean, Model},

interpreted as data/product types in a workflow. Define a symmetric C-colored operad O by specifying the
following generating operations:

f € O(Raw; Clean) (cleaning), g € O(Clean, Clean; Model) (training from two datasets).

Include all operations obtained from these generators by operadic substitution and by the symmetric actions
(permuting the two inputs of g), together with the required units

idraw € O(Raw; Raw), idciean € O(Clean;Clean), idwmoeder € O(Model; Model).
For instance, the composite operation
h = ~(g; f,f) € O(Raw, Raw; Model)

represents the workflow “clean two raw datasets and then train a model from the two cleaned datasets.” With
these operation sets, symmetric actions, units, and substitution maps, O forms a symmetric C-colored operad,
and hence defines an Operadic Interaction Graph in the sense of Definition 5.10.1. An overview diagram of this
example is provided in Fig. 5.5.

Theorem 5.10.3 (Well-definedness of Operadic Interaction Graph semantics). Let C' be a set of colors, and let
0IG =0 = (O(c1,---5¢n30)), <, @

..... cpic)€EC™ XC

be the data of Definition 5.10.1, together with symmetric-group actions, substitution maps, and units, satisfying
the colored operad axzioms (associativity, unitality, and equivariance). Then the notion of an Operadic Interaction
Graph is well-defined. More precisely:

1. For every profile (ci,...,cp;¢) € C™ x C, the set O(cy, ..., cn;c) is a well-typed set of n-ary operations
with input colors cy, ..., c, and output color c.

2. For every m € S,,, the action map
(=) 701, en3¢) = O(Cr(1ys - -+ Crn); €)
is well-defined and preserves output color while permuting input colors.
3. For every choice of profiles
g€ O0(cyy. .. cn50), fi € O(diny ... dig;¢) (1 <i<m),

the substitution
7(gvf17 .. ‘7fn)

is well-defined and lies in

O(dll,...,dlkl,...,dnl,...,dnkn;C).
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Raw Cleaning Clean Training Model
@ Raw f Clean (: )
Clean
A
Model
@)
‘\
Cleana € 52

Raw f Clean ( :)

Typed operations: f € O(Raw;Clean) (cleaning), g € O(Clean, Clean; Model) (training).
Operadic composition: h = ~v(g; f, f) € O(Raw, Raw; Model). Interpretation: clean two raw datasets, then
train a model from the two cleaned datasets.

Figure 5.5: An Operadic Interaction Graph for a typed workflow. The composite workflow is the operadic
substitution h = v(g; f, f).

4. Any formal interaction expression built from operations in O, units, symmetric actions, and iterated
substitutions has a well-defined typed value, and its value is independent of the order of evaluation (paren-
thesization of substitutions) and coherent permutation choices, by the operad azioms.

Hence the interpretation of operations as higher-arity interaction primitives and of v as compositional gluing
is mathematically well-posed.

Proof. We verify each point.
(1) Well-typed operation sets. By assumption, for each n > 0 and each profile (cy,...,c,;¢) € C" x C,

a set O(cy,...,cp;c) is specified. Thus every element z € O(cy, ..., c,;c¢) has a definite type: it is an n-ary
operation with ordered input colors ¢y, ..., ¢, and output color c. This is exactly the required typing data.
(2) Symmetric actions are well-defined. Fix n > 0, a profile (cy,...,¢,;¢), and m € S,,. By assumption,

there is a map
(=) - m:0(c1,...,cn5¢) = O(Ca(1)s- -+ Cr(n); €)-

Since (Cra1)s - -5 Cr(n)) € C™, the codomain is a valid operation set. Hence the action is well-defined as a type-
preserving reindexing of the inputs (with the same output color ¢). For n = 0, this is also well-defined because
So is the trivial group.

(3) Substitution is well-defined and correctly typed. Let
960(617"'7C7L;c)7 fieo(dilw"vdiki;cz') (ISZSTL)

The output color of each f; is ¢;, which matches the i-th input color of g. Therefore the tuple (g; f1,..., fa) is
composable.
Now consider the concatenated list of colors

(dlla-' . 7d1k17- N 7dn1a"' 7dnkn)-

Each entry lies in C, so this is an element of C*1++#+ Hence the target set
O(dlh - 7d1k17 P adnla e adnkn; C)

is a legitimate component of the colored operad.
By assumption, the substitution map

v O(Cl,.. . ,Cn;C) X HO(dll, 7dlk7,cz) — O(dlly- .. 7d1k17- . .,dnl,.. . 7dnkn;c)
=1
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is defined, so v(g; f1,. .., fn) exists and has the stated type. Therefore substitution is well-defined.

(4) Formal operadic expressions have well-defined values. A formal interaction expression is built
inductively from:

o basic operations © € O(cy, ..., cn;C),
e units id. € O(c;¢),

e symmetric actions x — x - T,

o substitutions y(—; —, ..., —).

By (1)—(3), each construction step is well-typed whenever the colors match, so every such formal expression has
a well-defined output color and a well-defined ordered list of input colors.

It remains to show independence of evaluation order and coherent permutations. This follows from the operad
axioms:

o Associativity of substitution implies that iterated substitutions give the same result regardless of how one
parenthesizes the gluing process.

o Unitality implies that inserting or removing the units id. does not change the operation.

e Equivariance implies compatibility between substitutions and symmetric-group actions, so permuting in-
puts before or after substitution yields the same result in the prescribed sense.

Therefore the semantic value of a formal operadic interaction expression is uniquely determined by the expression
modulo the standard operad identifications.
This proves that the OIG construction is well-defined. O

5.11 Symmetric Monoidal Wiring Graph (SMWG)

A Symmetric Monoidal Wiring Graph models networks as morphisms in a symmetric monoidal category: gen-
erators are multiport components; composition and tensor encode wiring and parallelism.

Definition 5.11.1 (Symmetric Monoidal Wiring Graph (SMWG)). Let T" be a set of port types. A Symmetric
Monoidal Wiring Graph is a triple

SMWG = (C,®,6),
where (C,®,1) is a symmetric monoidal category whose objects are generated by 7" under ® (so objects are
tensor words t; ® - -- ® t,,, with t; € T'), and G is a specified set of generating morphisms (components)

f:t1®“'®tm—>81®"'®8n (ti,SjET).
A network in SMWG is any morphism in C, built from G using categorical composition (sequential wiring) and
® (parallel composition), modulo the coherence isomorphisms of the symmetric monoidal structure.

Example 5.11.2 (A Symmetric Monoidal Wiring Graph for simple digital circuits). Let the set of port types
be
T = {Bit}.

Let C be the free symmetric monoidal category generated by 1" together with the following generating morphisms
(circuit components):

AND : Bit ® Bit — Bit, ~ NOT : Bit — Bit, ~ COPY : Bit — Bit ® Bit.

Set
G = {AND,NOT, COPY}.

Then objects of C are tensor words Bit®™, and morphisms are wiring diagrams built from the generators by
sequential composition and parallel composition ® (with swaps provided by the symmetry).
For instance, the network

F = ANDo (NOT ® idg;) o COPY : Bit — Bit

represents the circuit that takes an input bit x, copies it to (z, ), negates the first copy to (—z,x), and then
applies AND, producing - A z. Hence (C,®,G) is a Symmetric Monoidal Wiring Graph in the sense of
Definition 5.11.1. An overview diagram of this example is provided in Fig. 5.6.
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Generators and compositions
COPY NOT ® idgit AND
Bit Bit ® Bit Bit ® Bit Bit

x -

x —x \Nx
@—V COPY [—> AND —>@

idgij branch

SMWGQG interpretation. This diagram represents the morphism
F = AND o (NOT ® idgit) o COPY : Bit — Bit.

It is built from the generators COPY,NOT, AND using sequential composition and tensor (parallel)
composition. The symmetric monoidal structure also provides wire swaps (symmetry), although no swap
is needed in this specific circuit.

Figure 5.6: A Symmetric Monoidal Wiring Graph for a simple digital circuit. The circuit copies an input bit,
negates one copy, and combines the two signals via AND.

Theorem 5.11.3 (Well-definedness of Symmetric Monoidal Wiring Graph semantics). Let T be a set of port
types, and let

SMWG = (C,®,G)

be as in Definition 5.11.1, where (C,®,1) is a symmetric monoidal category and G is a set of generating
morphisms
f:t1®“'®tm—>sl®"'®sn (tlasjET)

Then the notion of a network in SMWG is well-defined:

1. Every formal wiring expression built from generators in G, identity morphisms, sequential composition (o),
tensor product (®), and symmetry maps (swaps) is well-typed, provided the source/target objects match at
each composition step.

2. Such a formal expression determines a unique morphism in C.

3. If two formal expressions differ only by parenthesization, insertion/removal of unit objects I, or by replacing
canonical rebracketing/symmetry isomorphisms using the symmetric monoidal coherence axioms, then they
define the same network (i.e. the same morphism in C, up to the canonical coherence identifications).

In particular, “networks built from G by sequential and parallel wiring, modulo coherence” is a mathematically
well-defined notion.

Proof. We prove the three claims.

(1) Well-typed formation of wiring expressions. By assumption, every generator f € G is already a
morphism in C with a specified source and target object, each of which is a tensor word in the types T
The class of formal wiring expressions is generated inductively from:

o generators f € G,
o identity morphisms idy : X — X for objects X € Ob(C),

e composition g o f whenever cod(f) = dom(g),
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o tensor f ® g whenever f: X - Y andg: X' — Y/,
o symmetry isomorphisms oxy : X ® Y = Y ® X.

Since C is a category with a monoidal product, each of these constructions is defined whenever the indicated
typing conditions hold. Therefore every inductively formed wiring expression is well-typed.

(2) Every well-typed expression denotes a morphism in C. We define the semantics of formal expressions
by structural recursion:

e a generator f € G is interpreted as itself (a morphism in C);

e idy is interpreted as the identity on X;

e go f is interpreted as the categorical composite of the interpretations of f and g;
e f ® g is interpreted as the monoidal product of the interpretations;

e Ooxy is interpreted as the symmetry morphism in C.

Because (C, ®,1) is a symmetric monoidal category, all these operations exist and preserve typing. Hence every
well-typed formal wiring expression evaluates to a unique morphism in C.

(3) Independence of parenthesization and coherence choices. A potential ambiguity arises because
tensor words may be written with different parenthesizations (and unit insertions), e.g.

(tl ® t2) ® t3 VS. tl ® (tQ ® t3),

and because one may insert canonical associators, unitors, and symmetries at intermediate steps.

However, in a symmetric monoidal category, the coherence theorem (Mac Lane coherence, together with
symmetry coherence) implies that all canonical composites built from associators, unitors, and symmetries
between the same tensor expressions coincide. Equivalently, canonical rebracketing/reordering maps are uniquely
determined by the source and target tensor words.

Therefore, if two formal wiring expressions differ only by:

e parenthesization of tensor products,
o insertion/removal of I via unitors,
 replacement by canonically coherent associativity /unit/symmetry isomorphisms,

then their interpretations in C agree (up to the canonical identifications specified by coherence). Hence the
equivalence class “modulo coherence” has a unique semantic value.
This proves that the notion of a network in SMWG is well-defined. O

5.12 Relational-Arity Graph (RAG)

A Relational-Arity Graph is a finite relational structure: vertices with relations of varying arities, so each k-ary
relation encodes k-way interactions, possibly weighted.

Definition 5.12.1 (Relational-Arity Graph (RAG)). A Relational-Arity Graph is a pair
RAG = (£, 8),
where ¥ = {R,, | @ € A} is a relational signature with arities ar(R,,) = k, € N, and
& = (V, (R®)oc)
is a Y-structure on a vertex set V, i.e.
RS C VP forall « € A.

Thus each relation symbol R, encodes k,-way interactions (ordered tuples).
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Vertices V = {a,b, c,d} Ordered triple interactions (R3)
—» Ry (pairwise, directed)

————— »  Rj3 (ordered triple incidence)

RS ={(a,b), (b,c), (c,a)}

Figure 5.7: A Relational-Arity Graph (RAG) for Example 5.12.2. Solid arrows represent the binary relation R,
and dashed arrows from tuple-nodes 71, 7 encode the ordered triples in jo.

Example 5.12.2 (A Relational-Arity Graph with pairwise and triple interactions). Let the vertex set be
V ={a,b,c,d}.
Consider the relational signature
Y ={Ry, R3}, ar(Ry) =2, ar(R3) =3,

where R is intended to encode directed pairwise interactions and R3 encodes ordered triple interactions. Define
the Y-structure

& = (V, R?, RY)

by specifying the interpreted relations:
RY = {(a,b), (b,¢), (c,a)} CV?,

RY = {(a,b,d), (b,c,d)} C V3.

Then RAG = (3, ®) is a Relational-Arity Graph in the sense of Definition 5.12.1. Here RY records a directed
3-cycle among (a, b, c), while jo records two distinct 3-way interactions involving the vertex d. An overview
diagram of this example is provided in Fig. 5.7.

Theorem 5.12.3 (Well-definedness of Relational-Arity Graphs). Let
Y={R,|ac A}
be a relational signature together with an arity map
ar: A — N, a > ko = ar(R,).
Let V be a set, and suppose that for each o € A a relation
R® C vk

is given. Then the pair

RAG = (2,8), &= (V,(R®)aca),

is a well-defined Relational-Arity Graph in the sense of Definition 5.12.1.
Moreover, for each o € A, membership

(Ul""’vka) € RS

is a well-posed statement for all (vi,...,v,) € V* and thus each R® defines a kq-ary interaction on V.
(ordered unless additional symmetry is imposed,).
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Proof. To show that (X, &) is well-defined, we must check that every piece of data appearing in Definition 5.12.1
is properly typed.

(1) The signature is well-formed. By assumption, ¥ = {R, | & € A} is a family of relation symbols indexed
by A, and each symbol R, is assigned a positive integer arity k, € N. Hence the typed signature data (X, ar)
is well-defined.

(2) Cartesian powers are well-defined. For each a € A, since k,, € N, the Cartesian power

Vke =V x oo xV

k. factors

is well-defined. Its elements are exactly ordered k,-tuples of vertices in V.

(3) Interpreted relations are well-typed. Again by assumption, for each o € A,
R® C Vke,

Therefore R® is a k,-ary relation on V, i.e. a set of ordered k,-tuples. Hence the family (R®)c 4 is a well-defined
interpretation of the signature ¥ on V.

(4) The X-structure is well-defined. Combining (1)—(3), the object
6 = (V7 (RS)aEA)
is a valid X-structure (in the standard model-theoretic sense). Therefore the pair
(%, 0)
is a well-defined Relational-Arity Graph.
The final claim is immediate: for each o € A, because R® C V%= the statement
(U1y... 01, ) € RS

is meaningful exactly for (v, ..., vy, ) € V¥ and this records a k,-way interaction. The tuples are ordered by
default because V%« is an ordered Cartesian product. O

5.13 Closure-Implication Graph (CIG)

A Closure-Implication Graph (CIG) is a set with a closure operator; forcing relations a € cl(S) \ S capture
higher-order implications, with minimal generators encoding interactions.

Definition 5.13.1 (Closure-Implication Graph (CIG)). A Closure-Implication Graph is a pair
CIG = (V, ),
where V' is a set and cl : P(V) — P(V) is a closure operator, i.e. for all S, C V:
S Ccl(S), SCT=clS) CclT), cl(cl(S)) = cl(S).

A higher-order forcing event is expressed by a € cl(.S) \ S; minimal such S (by inclusion) may be regarded as
the basic implicational generators of a.

Example 5.13.2 (A Closure-Implication Graph generated by simple rules). Let
V ={a,b,c, d}.
Consider the following implicational rules:
{a,b} = ¢, {c} = d.

Define cl : P(V) — P(V) by letting cl(S) be the smallest subset of V' that contains S and is closed under the
above rules; equivalently, cl(.S) is obtained by repeatedly adding ¢ whenever {a,b} C S and adding d whenever
c € S, until no new elements can be added.
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closure chain

cecl{a,b}) —===------- - oo m - d € cl({a,b})

p1 ! () P2 :@ |

~ e e e e — =

Y

[ S U

{a,b} = ¢

Figure 5.8: A Closure-Implication Graph generated by the rules {a,b} = c and {c} = d.

For example,
c({a}) = {a}, cl({a,b}) ={a,b,c,d}, cl({b,c}) = {b,c,d}.

Then cl is extensive, monotone, and idempotent, hence (V,cl) is a Closure-Implication Graph in the sense of
Definition 5.13.1. In particular, {a,b} forces ¢ since

c € cl{a,b})\ {a,b},

and {a, b} also forces d via the intermediate implication {a,b} = ¢ and then {c¢} = d. An overview diagram of
this example is provided in Fig. 5.8.

Theorem 5.13.3 (Well-definedness of Closure-Implication Graph semantics). Let V' be a set and letcl : P(V) —
P(V) be a closure operator, i.e. for all S, T CV,

S Ccl(9), SCT=cl(S) Ccl(T), cl(cl(S)) = cl(S).

Then the pair CIG = (V, cl) is well-defined as a Closure-Implication Graph.
Moreover, for each a € V', define the forcing family

F, = {SCV\{a}|aeclS)}.
Then:

1. the higher-order forcing relation
S~a <= a€cc(S)\S

is well-defined on P(V) x V;
2. F. is upward closed under inclusion, i.e. if S € F, and S CT CV \{a}, then T € F,;

3. if V is finite, then F, has inclusion-minimal elements (possibly none), and hence the “minimal implicational
generators” of a are well-defined as

MinGen(a) := minc (F,).
In fact, for every S € F,, there exists M € MinGen(a) such that M C S.

Proof. The first statement is immediate: by assumption, cl is a map P(V) — P(V) satisfying the closure
axioms, so (V,cl) is exactly a Closure-Implication Graph by Definition 5.13.1.
For (1),let S CV and a € V. Since cl(S) C V, the expression

acclS)\S

is a meaningful truth-valued statement. Hence S ~~ a defines a well-posed binary relation between subsets
S C V and vertices a € V.
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For (2), suppose S € F, and S CT C V \ {a}. By S € F,, we have a € cl(S). By monotonicity of cl,
cl(S) C cl(T),

so a € cl(T). Since T' C V' \ {a}, we also have a ¢ T. Therefore T' € F,. Thus F, is upward closed.

For (3), assume V is finite. Then P(V \ {a}) is a finite poset under inclusion, and F, C P(V \ {a}) is a
(finite) subset of this poset. Every finite poset subset has minimal elements, so minc (F,) exists (possibly empty
if 7, = @). Hence MinGen(a) is well-defined.

Finally, let S € F,. Consider the finite set

{TeF,|TCS}.

It is nonempty because S itself belongs to it. Choose an inclusion-minimal element M of this set. Then M € F,,
M C S, and no proper subset of M belongs to F,; hence M € MinGen(a). This proves the last claim. O

5.14 Coalgebraic Nested-Neighborhood Graph (CNNG)

A Coalgebraic Nested-Neighborhood Graph (CNNG) is an F-coalgebra (V, ) where v : V' — F(V) assigns nested
neighborhoods, capturing iterated higher-order adjacency structure.

Definition 5.14.1 (Coalgebraic Nested-Neighborhood Graph (CNNGQG)). Let F': Set — Set be an endofunctor.
A Coalgebraic Nested-Neighborhood Graph is an F-coalgebra

CNNG = (V,~), v:V = F(V).

In particular, letting P;(V') denote the set of finite subsets of V, for any r > 1 one may take

E(V) =Pf(V),
so that y(v) € Pf (V) assigns to each vertex v an r-nested finite neighborhood. The case = 1 recovers ordinary
(directed) neighborhood graphs, while > 2 encodes iterated (neighborhood-of-neighborhood) structure.
Example 5.14.2 (A CNNG with 2-nested neighborhoods). Let

V ={1,2,3}
and take r = 2, so
(V) =PF(V) = PP (V).

Define v : V. — PZ(V) by

()= {23042 @ ={{11},  2B)={{L2}0}.
Each value 7(v) is a finite set of finite subsets of V', hence y(v) € P#(V'). Therefore
CNNG = (V,7)

is a Coalgebraic Nested-Neighborhood Graph in the sense of Definition 5.14.1. Intuitively, (1) assigns to vertex
1 two alternative neighbor-sets {2,3} and {2}, while v(3) assigns the neighbor-set {1,2} together with the
empty neighbor-set, illustrating a 2-nested neighborhood structure. An overview diagram of this example is
provided in Fig. 5.9.

Theorem 5.14.3 (Well-definedness of the r-nested CNNG construction). Fiz an integer r > 1. Let Py : Set —
Set denote the finite-powerset functor, i.e.

Pp(V)={S CV | S is finite},
and for a map f:V — W,
Pi(f) : Pr(V) = Pr(W),  Pr()S) = fIS] ={f(z) |z € 5}

Then the r-fold iterate
F, =P/ :Set — Set

is a well-defined endofunctor. Consequently, for every set V and every map
v:V =Pi(V),

the pair (V,7) is a well-defined F,-coalgebra, hence a well-defined Coalgebraic Nested-Neighborhood Graph
(CNNG) of nesting depth r.

Moreover, when r =1, y(v) € Py(V') is an ordinary finite neighborhood of v; when r > 2, y(v) € Pf(V) is
an r-nested finite neighborhood.
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Coalgebraic Nested-Neighborhood Graph (CNNG), r = 2

(1) = {{2,3},{2}}

i {273}%-—-—------------:::@3=_:@---@

T DR

local copy of V

7(2) = {{1}}

C— ] ONNONNO

source vertices V'

7(3) = {{1,2},0}

: Y {1,2}}==::::::::::;::==__@____@ @

Figure 5.9: A Coalgebraic Nested-Neighborhood Graph with 2-nested neighborhoods on V' = {1, 2, 3}.

Proof. We proceed in two steps.

Step 1: P; is a well-defined endofunctor on Set.
For any set V', P;(V) is a set (the set of finite subsets of V). For any map f: V — W, define

Pr(N)S) = fISTEW (S ePy(V)).

This is well-defined because the image of a finite set under any map is finite; hence f[S] € P;(W).
We verify the functorial axioms.

1. Identity: For the identity map idy : V — V,
Pi(idy)(S) = idy[S] = S for all S € Py(V),

SO Pf(ldv) == idpf(v).

2. Composition: Let f: U — V and g : V — W. For any S € P;(U),
Prlg o )(S) = (g NIS] = glf1S1] = Pr(g) (Ps(f)(S))-
Hence
Pr(go f) =Pr(g) o Pr(f)-

Therefore Py : Set — Set is an endofunctor.

Step 2: The iterate PJI is a well-defined endofunctor.
Since Py is an endofunctor, its r-fold composition

P;:Pfo"'OPf
~—_——
r times

is again an endofunctor on Set. Explicitly:

nested neighborhoods in P]%(V)
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+ on objects, V — P;(V);
« on morphisms, f — P/ (f), obtained by iterating direct image.

Functoriality (preservation of identities and composition) follows from the functoriality of P and closure of
endofunctors under composition.
Now, by the definition of an F'-coalgebra for an endofunctor F', any pair

Vov), vV = F(V),
is an F-coalgebra. Taking F' = F, = Py, any map
v: V= Pi(V)

therefore defines a well-formed coalgebra (V, ). This is exactly a CNNG of nesting depth 7.

Finally, for 7 = 1, y(v) € P;(V) is just a finite subset of V, i.e. an ordinary finite neighborhood. For r > 2,
v(v) is a finite set of (r — 1)-nested finite subsets, so it encodes iterated (nested) neighborhood data. This proves
the claim. O

5.15 Curried Graph

A curried graph has curried functions as vertices; edges are structure-preserving maps between domains and
codomains satisfying commutative evaluation [265]. This is a graph concept derived from the notion of curried
functions [266] in programming languages.

Definition 5.15.1 (Curried k-ary Graph (Curried Graph Function)). [265] Fix an integer £ > 1. Let X be a
finite family of type signatures

E = {(Ah e 7Ak; Z)},
where each A; and Z is a set. A curried k-ary graph is a directed graph
G® = (V,&,s,1)
specified as follows:

1. (Vertices) V is a nonempty set of curried k-ary functions of signatures in X, i.e.

vV C U {flfAA=-A— =2 (A—>2))}

(A1, AR Z)ES
When f € V has signature (A4y, ..., Ag; Z), we write it suggestively as

fI Al—)A2—>"'—)Ak—>Z.

2. (Edges) An element E € £ is an edge datum between a source vertex
fr A= > A~ Z

and a target vertex
g: Ay — = A =7

given by a tuple of set maps

E = (B(A),...,BE(A), B(Z)),

where

E(A): A=A (1<i<k), EZ):Z-Z.

We declare that F is a directed edge F : f — g (so s(F) = f and t(E) = g) if and only if the following
commuting (naturality) condition holds:

Vai € Ay, ...,ax € Ay i E(Z)(f(a1)(az) - (ar)) = g(E(A1)(a1)) (E(A2)(a2)) - - - (E(Ax)(ar)).
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Example 5.15.2 (Real-world example: migrating an e-commerce scoring function as a curried graph). Consider
an e-commerce platform that assigns a relevance score to each user—item pair. Let

A ={uj,uz} (legacy user IDs), B = {iy,i2,i3} (legacy item IDs), Z =R (raw scores).
A legacy scoring rule can be modeled as a curried function
f: A= B—Z

where f(u)(i) is the raw relevance score of item i for user u.
Suppose the platform migrates to a new ID system and a new scoring scale:

A/:{Ul,UQ}, BI:{Il,IQ,Ig}, ZI: [0, 1]
Let g : A’ — B’ — Z' be the new (normalized) scoring rule. Define the migration maps
E(A): A= A, E(B): B— B, EZ):Z—=Z

by
E(A)(UJ)ZUJ (]:172)’ E(B)(Ig):|g (£:172>3)a
and (for some fixed scale parameter M > 0)

E(Z)(x) = min{1, max{0,z/M}} € [0,1].

Assume the new system is designed so that the normalized score equals the normalized legacy score after ID
mapping, namely

9(E(A) () (EB)()) = E(Z)(f(u)()) foralluc A, i€ B.

Equivalently,
E(Z)(f(u)@i) = g(E(A)(u))(E(B)(i)) forallue A, i€ B,

which is exactly the commuting (naturality) condition. Hence the triple F = (E(A), E(B), E(Z)) defines a
directed edge E : f — g in the curried graph whose vertices are curried scoring functions, representing a
consistent migration of user IDs, item IDs, and score scales.

5.16 Depth-r iterated subdivisions of polyhedral complexes

We define depth-r iterated polyhedral complezes (i.e., iterated subdivisions) recursively.

Definition 5.16.1 (Depth-r iterated polyhedral complex). A depth-0 iterated polyhedral complez is an ordinary
polyhedral complex K.

Assume that depth-r iterated polyhedral complexes have been defined. A depth-(r + 1) iterated polyhedral
complez is a pair (K, S) such that:

1. K is a polyhedral complex.
2. S assigns to each cell P € K a polyhedral complex S(P) with underlying space
|S(P)| = P,
and the assignment is face-compatible in the sense that for every face F' < P (hence F' € K),

S(F)={QeS(P)|QCF}=S(P)NF.

3. Moreover, for each P € K, the complex S(P) is equipped with the structure of a depth-r iterated polyhedral
complex, and the above face-compatibility condition holds at every depth level (i.e., the induced iterated
subdivision on each face agrees with the iterated subdivision assigned to that face).

Remark 5.16.2 (Refinement chains (flags)). Equivalently, a depth-r iterated polyhedral complex can be described
by specifying a chain of refinements (a flag)

K© < KO .. < K(T)7

where K©) is the initial polyhedral complex and, for each £ = 0,...,r — 1, the complex K is a coherent
(face-compatible) polyhedral subdivision of K®).
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Example 5.16.3 (A depth-2 iterated polyhedral complex on the unit square). Let K be the polyhedral complex
in R? whose underlying space is the unit square

[ K[ = [0,1] x [0,1],
obtained by subdividing the square into two triangles:
P, = conv{(0,0),(1,0),(0,1)}, P, = conv{(1,0),(1,1),(0,1)},

together with all faces of P; and P, (edges and vertices). Thus K is a depth-0 iterated polyhedral complex.

First refinement (depth 1). Define S; by assigning to each 2-cell P; the barycentric subdivision into four
triangles. For example, for Py let m; be the midpoint of the edge from (1,0) to (0, 1), and set

S1(Py) = {conv{(O, 0),(1,0),m1}, conv{(0,0),(0,1),m;},

conv{(0,0),my, 2(1,0)}, conv{(0,0),ms, (0, 1)}},

together with all faces (the precise choice of four triangles is not essential; any polyhedral subdivision of Py
works). Define S;(P,) analogously. For each edge (a 1-face) F' < P;, define S;(F') to be the induced subdivision
of F' by the endpoints and any new vertices introduced on that edge; for each vertex v, set S;({v}) = {{v}}.
Then S, is face-compatible, and (K, S) is a depth-1 iterated polyhedral complex.

Second refinement (depth 2). Define S, by further subdividing each triangle @ € S;(PF;) into two triangles by
drawing a median, and extending this assignment to faces by restriction. Concretely, for each 2-cell Q € S;(F;)
choose one edge, insert its midpoint (if not already present), and split ) into two smaller triangles; include all

faces. For a face F' < @, define So(F') = S2(Q) N F.
Now set, for each original cell P € K,

S(P) = (S1(P), Sals,(p)),

i.e., S(P) is equipped with the depth-1 iterated structure given by the second refinement inside P. By con-
struction, |S(P)| = P and the face-compatibility condition holds at both refinement levels. Hence (K, 5) is a
depth-2 iterated polyhedral complex in the sense of Definition 5.16.1.

5.17 Sheaf HyperGraph / Sheaf SuperHyperGraph

A Sheaf HyperGraph assigns local data spaces to vertices and hyperedges, with restriction maps along inci-
dences, enabling coherent local-to-global information. A Sheaf SuperHyperGraph assigns local data spaces to
supervertices and superhyperedges, with restriction maps encoding coherent hierarchical local-to-global infor-
mation structures.

Definition 5.17.1 (Incidence poset of a HyperGraph). Let H = (V, E) be a HyperGraph. Its incidence poset
is the poset
Inc(H) := (VUE,=),

where the order relation is generated by
v=e <= wvEe (veV, ec k).
Thus vertices are below the hyperedges that contain them.
Definition 5.17.2 (Sheaf HyperGraph). Fix a field K. A Sheaf HyperGraph is a pair
(H,F),
where H = (V, E) is a HyperGraph and
F :Inc(H)°P — Vectg

is a contravariant functor.
Equivalently, a Sheaf HyperGraph consists of:
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1. a K-vector space F(z) for each x € V U E;

2. for every incidence v € e, a linear restriction map

Pew : F(e) = F(v);

3. identity and functoriality conditions inherited from the poset structure.
The spaces F(v) and F(e) are called the stalks at the vertex v and the hyperedge e, respectively.

Definition 5.17.3 (Incidence poset of an n-SuperHyperGraph). Let H™ = (V| E) be an n-SuperHyperGraph.
Its superincidence poset is the poset

SInC(”H(")) =(VUE, =),

where
v=e <= vEe (veV,ecE).

Definition 5.17.4 (Sheaf n-SuperHyperGraph). Fix a field K. A Sheaf n-SuperHyperGraph is a pair
(H("),f),
where H(™ = (V, E) is an n-SuperHyperGraph and
F: SInc(?—[("))Op — Vectg

is a contravariant functor.
Equivalently, it assigns:

1. a K-vector space F(z) to each supervertex or superhyperedge x € V U E;

2. for every superincidence v € e, a restriction map

Pew : F(e) = F(v).

Remark 5.17.5. When n =0, a Sheaf 0-SuperHyperGraph is precisely a Sheaf HyperGraph.
Example 5.17.6 (A Sheaf 1-SuperHyperGraph). Let the base set be
‘/O - {CL, b7 C}?

and take n = 1, so that
P(Vo) = P(V).

Fix the field
K=R.

Step 1: The underlying 1-SuperHyperGraph. Define the following 1-supervertices:

vy :={a, b}, vy = {c}, vz :={a,c}.

Set
V = {v1,v2,v3} C P(Vp).

Define the superhyperedge family by
E = {61,62}, e = {Ul,UQ}, €y = {’Ul,’Ug}.

Hence

HY = (V,E)
is a finite 1-SuperHyperGraph.
Step 2: The stalks of the sheaf. Define a vector space for each supervertex and each superhyperedge by

F(v1) = R, F(vg) =R, F(vs) = R?,
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and

]:(61) = RQ, ./—"(62) = RB.
Step 3: Restriction maps along superincidences. Since
(%1 681, ’U2€81, V1 662, V3 662,

we define the restriction maps

pel,vl : R2 — RQ? pe1,U1 (:E,y) = (xay)v
p€1,112 : RQ — R? p€17U2 (.I',y) = + y7
Pes,vy * R® — R27 Pea,vr (7,y,2) = (may)a

and
Pesws : R? — R, Pesvs (X, Y, 2) = (Y, 2).
For every object x € V U E| let
Pz,x = ld]-'(:v)

Step 4: The associated contravariant functor. The superincidence poset SInc(H(l)) has objects
VUE ={vy,vy,v3,€1,63},
and its only non-identity order relations are
v X ey, vy X e, v X e, vz X ea.

Passing to the opposite category reverses these arrows, so the above restriction maps define a contravariant
functor

F: SInc(H(l))Op — Vectp.

Therefore,
(. 7)
is a Sheaf 1-SuperHyperGraph.
The vector spaces attached to the supervertices represent local data spaces on grouped entities, while the

vector spaces attached to the superhyperedges represent joint data spaces on higher-order interactions. The
restriction maps extract or aggregate local information from each superhyperedge to its incident supervertices.

Theorem 5.17.7 (Well-definedness of Sheaf n-SuperHyperGraphs). Let K be a field, let Vi be a finite nonempty
set, let n € Ny, and let
H™M = (V,E)

be an n-SuperHyperGraph. Assume that its superincidence poset is
SInc(H™) := (VUE, =),
where < is the least reflexive relation satisfying
ve <= wEe (veV, eeR).
Then the following hold:
1. SInc(’H(")) is a well-defined finite poset;

2. 1its opposite category
(o)
SInc(H(")) P

is a well-defined small category;
3. consequently, every contravariant functor
F: SInC(H(”))Op — Vectg
is a well-defined mathematical object, and hence the pair
(4, 7)
is a well-defined Sheaf n-SuperHyperGraph.



Chapter 5. Semantic, Compositional, Knowledge, and Logical Family 134

Proof. Since H™) = (V, E) is an n-SuperHyperGraph, the set V' is finite and satisfies
VP (W),
while F is a finite family of nonempty subsets of V. Hence the disjoint union
VUE

is a finite set.
We first verify that < defines a partial order on V U E.

Reflexivity. By construction, < is reflexive.

Antisymmetry. Suppose z,y € V U E satisfy x = y and y = x. If either relation is non-identity, then by
definition one element must be a supervertex and the other a superhyperedge. More precisely, a nontrivial
relation has the form

v=e (veV,ecE, vee).

There is no nontrivial relation of the form e < v, because the generating incidence relation only goes from
supervertices to superhyperedges. Therefore x < y and y < z can simultaneously hold only when z = y. Thus
= is antisymmetric.

Transitivity. Let x,y,z € VUFE with x < y and y = z. If either relation is an identity, transitivity is immediate.
So it remains to consider non-identity relations. But every non-identity relation has the form

v=e (veV, eeE).

Hence there is no chain of two distinct non-identity arrows: a superhyperedge cannot be below any distinct
element, and no distinct element can lie below a supervertex. Therefore every composable pair reduces to a case
involving an identity morphism, and transitivity follows.

Thus (V U E, <) is a well-defined finite poset. This proves (1).

Every poset canonically determines a small category: objects are the elements of the poset, and there is a
unique morphism
rT—=y <= x=Xy.

Since V LI E is finite, this category is small. Therefore its opposite category

SInc (7—[(”) ) P

is also well-defined and small. This proves (2).

Finally, Vectyk is a well-defined category because K is a field. Hence any contravariant functor
F SInc(’H("))Op — Vectg
is a well-defined functor from a small category to Vectx. Therefore the pair
(4, 7)
is well-defined as a Sheaf n-SuperHyperGraph. This proves (3). O

Proposition 5.17.8 (Equivalent local description). Let H™ = (V, E) be an n-SuperHyperGraph. Giving a
contravariant functor

F SInC(H("))Op — Vectg
s equivalent to giving:
1. a K-vector space F(x) for each x € V U E;

2. for each superincidence v € e, a linear map
Pew : F(e) = F(v);

3. the identity maps
Pzoc = id]:(w) (IE evu E)
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No additional cocycle condition is required beyond identities, because in SInc(?—[(")) there are mo nontrivial
composable chains of length 2.

Proof. A functor on a poset category assigns an object to each element and a morphism to each order relation,
preserving identities and composition. Here the only non-identity order relations are the incidences

v=e <= UvEe
Passing to the opposite category reverses these arrows, so each incidence gives a unique morphism
e — v,

which is exactly the restriction map
Pew = Fle) = F(v).

Since there are no nontrivial composable chains of two distinct incidences, functoriality imposes no further
compatibility except preservation of identities. Hence the two descriptions are equivalent. O

5.18 Fibered HyperGraph / Fibered SuperHyperGraph

A Fibered HyperGraph assigns each vertex a local state space and each hyperedge a compatibility relation on
those fibers collectively. A Fibered SuperHyperGraph assigns each supervertex a local state space and each
superhyperedge a compatibility relation on those fibers collectively.

Definition 5.18.1 (Fibered HyperGraph). A Fibered HyperGraph is a quadruple

8=V, EA{F}vev, {Re}eer),
such that:
1. H = (V,E) is a finite HyperGraph;
2. for each vertex v € V', F, is a nonempty set, called the fiber over v;

3. for each hyperedge e € E, one is given a relation

R.C[]F.

veEe

Remark 5.18.2. The relation R, describes the admissible joint states of the fibers attached to the vertices
belonging to the hyperedge e.

Definition 5.18.3 (Total space of a Fibered HyperGraph). Let

S - (V7 E7 {FU}UEV7 {Re}eeE)

be a Fibered HyperGraph. Its total space is the disjoint union

X:=|]|F,

veV
equipped with the natural projection
m: X =V, w(x) =vifz € F,.

Definition 5.18.4 (Fibered n-SuperHyperGraph). Let H(™ = (V,E) be a finite n-SuperHyperGraph. A
Fibered n-SuperHyperGraph is a quadruple

S(n) — (V’ E, {E,}Uev, {Re}eeE)v
such that:
1. H™ = (V, E) is an n-SuperHyperGraph;

2. for each supervertex v € V| F,, is a nonempty set;
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3. for each superhyperedge e € E, one is given a relation

R.C[]F.

vee

Remark 5.18.5. When n =0, a Fibered 0-SuperHyperGraph is exactly a Fibered HyperGraph.
Example 5.18.6 (A Fibered 1-SuperHyperGraph for team-state compatibility). Let the base set be
Vo ={a,b,c,d},
and take n = 1, so that
PH(Vo) = P(V).

Define the following 1-supervertices:

vy := {a, b}, vy 1= {c}, vz 1= {d}.
Set
V = {v1,v2,v3} € P(V).
Define the superhyperedge family by

E= {61762}a €1 = {11171/2}, €y = {U1,Us}.
Then
HY = (V,E)
is a finite 1-SuperHyperGraph.

Next, assign a nonempty fiber to each supervertex:

F,, = {low, high}, F,, = {off, on}, F,, = {idle, busy}.

5
Here one may interpret:

o F,, as the activity level of the grouped team {a, b},

o F,, as the availability state of the singleton team {c},

o F,, as the workload state of the singleton team {d}.

Now define a relation on each superhyperedge.
For

er = {v1,v2},
the corresponding product is
[ 7 =F. xF.,.
veer
and define
R., = {(low, off), (high,on)} C F,, x F,,.
For
€y = {Ub U3}>
the corresponding product is
H Fv:Fvl XFU37
vEes
and define
R., = {(low,idle), (high,busy)} C F,, X F,,.

Therefore,
S(l) = (Va E7 {Fv}v€V7 {Re}eGE)

is a Fibered 1-SuperHyperGraph.

The supervertex v; = {a, b} has its own local state space, and each superhyperedge imposes a compatibility
relation between the states of the participating supervertices. Thus the underlying 1-SuperHyperGraph is
enriched by fiber data and edgewise state constraints.
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Theorem 5.18.7 (Well-definedness of Fibered n-SuperHyperGraphs). Let V, be a finite nonempty set, let
n € Ny, and let

H™ = (V,E)
be a finite n-SuperHyperGraph. Assume that:

1. for each v € V', a nonempty set F, is given;

2. for each e € E, a subset

R C[[F.

veEe

s given.

Then the quadruple
§™ = (V,E,{F.}vev,{Re}eer)

is a well-defined Fibered n-SuperHyperGraph.
In particular:

1. for every superhyperedge e € E, the Cartesian product

[~

vee
is well-defined;

2. each R, is a well-defined relation on the family of fibers indexed by the supervertices contained in e.

Proof. Since H™ = (V, E) is a finite n-SuperHyperGraph, by definition we have
VCPi V),  ECPV)\{g}

Hence V is a finite set of n-supervertices, and each e € E is a nonempty finite subset of V.
Now fix e € E. Because e C V and V is finite, the index set e is finite. By assumption, for every v € e, the
fiber F), is a nonempty set. Therefore the indexed Cartesian product

g

vee
is well-defined as the set of all tuples
(Zy)vee such that =z, € F, for every v € e.

Since e is finite and each F, # &, this product is a well-defined set; moreover, it is nonempty.
Again by assumption, for each e € E one is given a subset

R.C[]F.

vee

Hence R, is a well-defined relation among the fibers corresponding to the supervertices in the superhyperedge e.
Since this construction is valid for every e € F, all components of

s(n) = (V7 E7 {E)}’UEV? {Re}eEE)

are well-defined and satisfy the defining conditions of a Fibered n-SuperHyperGraph. Therefore ™ is well-
defined. O
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5.19 Galois HyperGraph / Galois SuperHyperGraph

A Galois HyperGraph is a hypergraph whose hyperedges are nonempty Galois-closed vertex sets induced by a
formal context. A Galois SuperHyperGraph is a superhypergraph whose superhyperedges are nonempty Galois-
closed supervertex sets induced by a formal context.

Definition 5.19.1 (Formal context). A formal context is a triple
C=(X,M,1I),
where X is a nonempty set of objects, M is a nonempty set of attributes, and
ITCXxM

is an incidence relation.
For A C X and B C M, define the derivation operators

At ={meM|Vre A, (v,m) €T},

BY:={ze€ X |YmeB, (z,m) T}

Then the operator
cl(A) := AT

is the associated Galois closure on subsets of X.
Definition 5.19.2 (Galois HyperGraph). A Galois HyperGraph is a quadruple
&= (V,M,Z,E),
such that:
1. (V,M,Z) is a finite formal context;

2.
EC{ACV|A#a, A" =A}.

The hyperedges in E are called Galois hyperedges; they are precisely the chosen nonempty closed subsets of the
object set V' under the Galois closure operator.

Remark 5.19.3. Thus a Galois HyperGraph is a HyperGraph whose admissible hyperedges are constrained by
closure in a formal context.

Definition 5.19.4 (Galois n-SuperHyperGraph). Let V; be a finite nonempty base set and let n € Ny. A Galois
n-SuperHyperGraph is a quadruple
6™ = (V,M,I,E),

such that:

1.
VvV C P (V)

is a finite set of n-supervertices;
2. (V,M,T) is a formal context;

3.
EC{ACV|A#a, A" =A}.

The members of E are called Galois superhyperedges.

Remark 5.19.5. When n =0, a Galois 0-SuperHyperGraph reduces to a Galois HyperGraph.
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Example 5.19.6 (A Galois 1-SuperHyperGraph). Let the finite nonempty base set be
‘/0 = {a7 ba C},
and take n = 1. Then
Pl (Vo) = P(Vo).

We choose the following 1-supervertices:

vy = {a}, vy = {b}, vz := {a,b}.
Set
V= {121,1)27713} - P(VO)-
Next, let the attribute set be
M = {ml,mg}.

Interpret m; as a common basic property and ms as an additional higher-level property. Define the incidence
relation
ICV XM

by
7 ={(vi,m1), (va,mq), (vs,my), (vs,ma)}.
Thus the incidences are:
'UI = {m1}7 U;r = {ml}a U;: = {mlﬁmQ}'
We now compute some Galois closures.

(i) The singleton {v3}. We have
{vs}" = {m, ma}.
Hence
{vs}W ={v eV | (v,m) €T and (v,my) € T} = {w3}.

Therefore {v3} is Z-closed.
(ii) The full set V = {vy, v, v3}. Since m; is the only attribute common to all three supervertices,
V= {m,}.
Thus
Vh={veV|(v,m)el}=V.
Hence V is also Z-closed.

Now define
E = {{US}a {U1,U2,U3}}-
Each member of E' is nonempty and Galois-closed, so
EC{ACV|A#a, AV=A}.
Therefore
oM = (V,M,I,E)

is a Galois 1-SuperHyperGraph.

The supervertex vs = {a, b} forms a closed singleton because it alone possesses the additional attribute ms.
Meanwhile, the whole family V' forms another closed set because all supervertices share the common attribute
my. Thus the Galois superhyperedges encode closure-stable families of supervertices determined by the formal
context.

Theorem 5.19.7 (Well-definedness of Galois n-SuperHyperGraphs). Let Vg be a finite nonempty base set, let
n € Ng, and let
V CP (W)

be a finite set. Let M be a set and let
ICV XM

be a binary relation. Define, for every ACV and B C M,
AV ={meM|VveA, (vym)eT}, Bt :={veV|VmeB, (vym)eT}.
Then the following hold:
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1. for every A C'V, the set
A — (AT)i
is a well-defined subset of V';

2. the family
Clz(V):={ACV | AV = A}
of L-closed subsets of V' is well-defined;

3. therefore the family
CL(V):={ACV|A#g2, A=A}

of nonempty I-closed subsets of V' is well-defined.

Consequently, for every choice
E C CI(V),

the quadruple
6" = (V,M,Z,E)

is a well-defined Galois n-SuperHyperGraph.
Proof. Since Vj is a finite nonempty set and n € Ny, the iterated powerset
P (Vo)
is well-defined by finite recursion. Hence the condition
V CP" (W)

is meaningful, and V is a well-defined finite set of n-supervertices.
Next, because Z C V' x M, for every subset A C V the set

A'={meM|WweA (vym)eT}

is a well-defined subset of M. Indeed, membership of an element m € M in A" is determined by the precise
first-order condition
Vv e A, (v,m) e

Similarly, for every subset B C M, the set
B*={veV|VmeB, (vym)€T}
is a well-defined subset of V. Therefore, for every A C V', the composite set
AN — ( AT)l

is well-defined and satisfies

AT~L cV.
This proves (1).
Now consider the family
Clz(V)={ACV|AY = A}.
Since P(V) is well-defined and each expression A™ is well-defined by (1), the condition
AN = A

is meaningful for every A C V. Hence Clz(V) is a well-defined subfamily of P(V'). This proves (2).
Removing the empty set yields

CL(V) = {ACV |A£o, A=A},
which is likewise a well-defined family of subsets of V. This proves (3).

Finally, if
E C CI(V),
then every member of F is a nonempty subset of V' satisfying the Galois-closure condition
AT = A.

Thus all components in the definition of a Galois n-SuperHyperGraph are well-defined, and therefore
&M =(V,M,I,E)
is a well-defined Galois n-SuperHyperGraph. O
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5.20 Rewrite HyperGraph / Rewrite SuperHyperGraph

A Rewrite HyperGraph is a hypergraph equipped with rewrite rules that replace matched subhypergraphs while
preserving specified interfaces. A Rewrite SuperHyperGraph is a superhypergraph equipped with rewrite rules
that replace matched subsuperhypergraphs while preserving specified interfaces.

Definition 5.20.1 (HyperGraph monomorphism). Let H = (V,E) and H' = (V', E’) be HyperGraphs. A
HyperGraph monomorphism
f:H—H

is an injective map

fv: V-V
such that for every hyperedge e € F, its image
fvle):={fv(v)|vee}
belongs to E'.

Definition 5.20.2 (Rewrite rule for HyperGraphs). A rewrite rule for HyperGraphs is a span
p= (L K5 R),
where L, K, R are finite HyperGraphs and
l:K <= L, r:K—R

are HyperGraph monomorphisms.
The HyperGraph K is called the interface of the rule, L the left-hand side, and R the right-hand side.

Definition 5.20.3 (Rewrite HyperGraph). A Rewrite HyperGraph is a pair
H= (H K )7

where H is a finite HyperGraph and & is a finite set of rewrite rules for HyperGraphs.
Intuitively, each rule

L+~ K-—R

specifies that a copy of L occurring inside H may be replaced by a copy of R, while preserving the common
interface K.

Definition 5.20.4 (n-SuperHyperGraph monomorphism). Let H™ = (V,E) and G = (V',E’) be n-
SuperHyperGraphs over the same base level n. A monomorphism of n-SuperHyperGraphs

fiHW — g™

is an injective map

fv: V-V
such that for every superhyperedge e € F,
fvie)={fr(v)|vee}eFE"
Definition 5.20.5 (Rewrite rule for n-SuperHyperGraphs). A rewrite rule for n-SuperHyperGraphs is a span
p= (L(n) Lo R(")),
where L™, K™ R(™ are finite n-SuperHyperGraphs and
1: K™ 1™ i KWy R
are monomorphisms of n-SuperHyperGraphs.

Definition 5.20.6 (Rewrite n-SuperHyperGraph). A Rewrite n-SuperHyperGraph is a pair
Hm = (7_[(71),%)(71))7

where H™ is a finite n-SuperHyperGraph and Z™ is a finite set of rewrite rules for n-SuperHyperGraphs.
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Remark 5.20.7. When n =0, a Rewrite 0-SuperHyperGraph reduces to a Rewrite HyperGraph.

Example 5.20.8 (A Rewrite 1-SuperHyperGraph for team reconfiguration). Let the base set be
‘/0 - {a'7 b7 C, d}7

and take n = 1, so that 1-supervertices are subsets of Vj.

Step 1: The underlying 1-SuperHyperGraph. Define the following 1-supervertices:

Vap := {a, b}, ve := {c}, vg = {d}, Ve := {c, d}.

Let
V= {Ualn Ve, Udavcd} g P(%)

Define the superhyperedge set by

E == {61762}7 €1 = {vabavc}> €o = {Uabavd}'

Then
HY = (V,E)

is a finite 1-SuperHyperGraph.

Step 2: A rewrite rule. We now define a rewrite rule
p= (Lu) JLE CVNEAN R<1>)

for 1-SuperHyperGraphs.

The left-hand side is
LY = (v, Ep),

where
Vi =A{za, 2z}, wai={ab},  xo:={c},
and

E;, = {¢}, C=A{zu,x.}.

The interface is

KW = (Vg, Ex),

where

Vi = {yab}7 Yab ‘= {a,b}, by =0.

The right-hand side is
R(l) - (VR;ER)a

where

Ve = {Zabs Zed }s Zap := {a, b}, zea := {c,d},

and
ER = {rl}a r = {Zaln ch}'

Define the monomorphisms
iKY S LW Uyw) = za,

and
r: KM — RO, 7(Yab) = Zab-

Thus the interface preserves the common supervertex {a, b}, while the left-hand side interaction

{{a, b}, {c}}

is replaced by the right-hand side interaction

{{a,0},{c,d} }.
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Step 3: The set of rewrite rules. Let
RW = {p}.

Then
HO = (KO, RW)

is a Rewrite 1-SuperHyperGraph.

The supervertex {a,b} may be viewed as a stable core team. The rewrite rule p replaces a collaboration
between the core team {a, b} and the singleton team {c} by a collaboration between the same core team and
the larger grouped team {c,d}, while preserving the common interface represented by {a, b}.

Theorem 5.20.9 (Well-definedness of Rewrite n-SuperHyperGraphs). Let Vy be a finite nonempty base set, let
n € Ny, and let

H" = (V,E)
be a finite n-SuperHyperGraph. Let
R
be a finite set such that every element

is a rewrite rule ’07 n—Supe7 Hyp€7 Gr aphs, i.e. a span
n l n) T n

where L™, K™ R™ are finite n-SuperHyperGraphs and
iK™ e L™ p KW ey RO

are monomorphisms of n-SuperHyperGraphs.
Then the pair
f_)(n) — (H("),R("))

is a well-defined Rewrite n-SuperHyperGraph.

Proof. Since H™ is assumed to be a finite n-SuperHyperGraph, its underlying data are well-defined: there
exists a finite nonempty base set V; such that

V CP"(Vo)

is a finite set of n-supervertices and

ECPV)\{2}

is a finite set of nonempty n-superhyperedges.
Next, let p € R™. By assumption, p is a rewrite rule for n-SuperHyperGraphs, hence

p= (Lm) JLE O RN R(")),

where L™, K™ R(™ are finite n-SuperHyperGraphs and the maps
1K™ M oy KM ey R

are monomorphisms of n-SuperHyperGraphs. Therefore each p is a well-defined span in the category of finite
n-SuperHyperGraphs.
Since R(™ is assumed finite, it is a well-defined finite set of such rewrite rules. Hence the ordered pair

(H("), R(n))
consists of:
1. a well-defined finite n-SuperHyperGraph H (™, and

2. a well-defined finite set R(™ of rewrite rules for n-SuperHyperGraphs.



Chapter 5. Semantic, Compositional, Knowledge, and Logical Family 144

This is exactly the data required in the definition of a Rewrite n-SuperHyperGraph. Consequently,
Hm = (’H("),R(”))
is a well-defined Rewrite n-SuperHyperGraph. 0

Corollary 5.20.10 (Special case n = 0). When n = 0, a Rewrite 0-SuperHyperGraph reduces to a Rewrite
HyperGraph.

Proof. If n = 0, then
PY(Vo) = Va,

so an 0-SuperHyperGraph is just an ordinary HyperGraph. Likewise, a rewrite rule for 0-SuperHyperGraphs is
precisely a rewrite rule for HyperGraphs. Therefore the pair

7O = (1O, RO)

is exactly a Rewrite HyperGraph. O

5.21 Uncertain SuperHyperGraph

An Uncertain Set assigns to each element a degree from an uncertainty model, unifying fuzzy, intuitionistic,
neutrosophic and plithogenic frameworks [267, 268]. An Uncertain Graph is a graph where vertices or edges carry
degrees in an uncertainty model, subsuming fuzzy, intuitionistic, neutrosophic. An Uncertain HyperGraph as-
signs uncertainty-model degrees to vertices and hyperedges in a hypergraph, modeling complex higher-order con-
nections under incomplete information. An Uncertain SuperHyperGraph equips each supervertex and superedge
in an n-SuperHyperGraph with uncertainty-model degrees, handling hierarchical uncertainty systematically and
rigorously [66].

Definition 5.21.1 (Uncertain Model). [267] Let U denote the class of all uncertain models. Each M € U is
specified by

« a nonempty set Dom(M) C [0, 1]* of admissible degree tuples for some fixed integer k > 1;

» model-specific algebraic or geometric constraints on elements of Dom (M) (for example, 4+ v < 1 in the
intuitionistic fuzzy case, or T'+ I 4+ F' < 3 in the neutrosophic case).

Typical examples include:
o Fuzzy model: Dom(M) = [0, 1];
o Intuitionistic fuzzy model: Dom(M) = {(u,v) € [0,1]* | p+v < 1};
 Neutrosophic model: Dom(M) = {(T,I,F) € [0,1]* |0<T + I+ F <3}
e Plithogenic model, and many other extensions.

Definition 5.21.2 (Uncertain Set (U-Set)). [267] Let X be a nonempty universe, and let M be a fixed uncertain
model with degree-domain Dom(M) C [0, 1]*. An Uncertain Set of type M (or U-Set for short) on X is a pair

Z/{: (XnuM)v

where
prr : X — Dom (M)

is called the uncertainty—degree function (or membership map) of U.
For x € X, the value puy(z) € Dom(M) encodes the degree(s) to which = belongs to the uncertain set,
according to the model M.

Remark 5.21.3. Special cases:

o If M is the fuzzy model and Dom(M) = [0, 1], then puy : X — [0,1] s a usual fuzzy membership function
and U is a fuzzy set.

o If M is neutrosophic, then py(x) = (T(x),I(x), F(x)) gives a neutrosophic set.
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o Other choices of M recover intuitionistic fuzzy sets, picture fuzzy sets, plithogenic sets, and so on.

Definition 5.21.4 (Uncertain n-SuperHyperGraph). [66] Let Vj be a finite base set and let n € Ny. Assume
that an n-SuperHyperGraph on Vj is given by

SHG™ = (V,,, E),

where

0D£V,CP"(Vy) and 0#ECP(V,)\{0},

so that each n-superedge e € F is a nonempty subset of the n-supervertex set V,.
Let M be a fixed uncertain model with degree-domain Dom(M) C [0,1]*. An Uncertain n-SuperHyperGraph
of type M is a triple

SI(\:IL) = (VnuE),U’M)7

where
ta 2 Vi, UE — Dom(M)

assigns to each m-supervertex v € V,, and each n-superedge e € E an uncertainty degree pp(v) or pp(e) in
Dom(M).

Any additional relations between the degrees of n-superedges and the degrees of the m-supervertices they
contain (for example, model- specific bounds or aggregations) are imposed by the chosen uncertain model M
and are not fixed at the level of this general definition.

For n = 0 and Vy = V,,, the above notion reduces to an Uncertain HyperGraph of type M.

Remark 5.21.5. Particular choices of the model M recover well-known uncertain SuperHyperGraph types:
o Fuzzy n-SuperHyperGraphs (when M is fuzzy);
o Intuitionistic fuzzy, neutrosophic, and plithogenic n-SuperHyperGraphs for the corresponding models M ;

o More exotic variants (e.g. q-rung orthopair, picture fuzzy, refined neutrosophic) are obtained by choosing
the appropriate degree—domain Dom(M).

Regarding the catalogue of uncertainty-superhypergraph families (Uncertain n-SuperHyperGraphs) by the di-
mension k of the degree-domain Dom(M) C [0, 1]*, we list them in Table 5.2.

Table 5.2: A catalogue of uncertainty-superhypergraph families (Uncertain n-SuperHyperGraphs) by the dimen-
sion k of the degree-domain Dom (M) C [0, 1]*.

k Representative uncertainty-superhypergraph family (type M with Dom(M) C [0, 1]F)
1 Fuzzy n-SuperHyperGraph[{1, 269]: un : V, UE — [0, 1].
2 Intuitionistic-fuzzy — n-SuperHyperGraph[270,  269]: 1504 : V., U FE — 0,12 (e.g.,

(membership, non-membership)).

Neutrosophic n-SuperHyperGraph [51, 271, 52]: puar : Vo UE — 0,12 (e.g., (T, I, F)).

Quadripartitioned / four-component uncertainty n-SuperHyperGraph: uyr = V, U E — [0, 1]%.

k k-component uncertainty n-SuperHyperGraph (cf. Plithogenic n-SuperHyperGraph [55, 54, 272]): uwnr :
V,, U E — Dom(M) C [0, 1]* (model-specific semantics).

=W

5.22 Functorial SuperHyperGraph

A Functorial Set is a functor assigning each object a set and pushing elements along structure-preserving mor-
phisms in a category [267]. A Functorial Graph functorially assigns each object a graph and maps graph
homomorphisms along morphisms, preserving composition and identities everywhere. A Functorial Hyper-
Graph assigns each object a hypergraph and transports hyperedges via hypergraph homomorphisms induced by
morphisms, respecting categorical composition. A Functorial SuperHyperGraph associates each object with a
superhypergraph and sends morphisms to homomorphisms preserving supervertices, superedges, and hierarchical
structure.
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Definition 5.22.1 (Functorial Set). [267] Let C be a category and let
F:C — Set

be a covariant functor.
We call F' a Functorial Set on C. For each object X € Ob(C), the set

F(X)

is interpreted as the collection of “F—sets over X7, and every element s € F(X) is an individual F—set based
at X.
Every morphism f : X — Y in C induces a pushforward

F(f): F(X) — F(Y), s F(f)(s),
and the usual functoriality conditions

F(idx) = idpx), F(go f)=F(g)o F(f)

hold for all composable morphisms X Ly 2 7

Definition 5.22.2 (Functorial SuperHyperGraph). Fix an integer n > 1. Let SHGraph, denote the category
whose objects are finite level-n SuperHyperGraphs. Concretely, an object is a triple

SH = (Vo, V, E),
where
e Vj is a finite base set;
o« VCP"(Vp) is a nonempty set of n-supervertices;
o ECP(V)\ {0} is a nonempty family of n-superedges, each superedge being a nonempty subset of V.

Thus the supervertices live at the n-th iterated powerset level, while the superedges are ordinary (nonempty)
subsets of the supervertex set V.
A morphism

®: (Vy,V,E) — (V,,V',E')

in SHGraph,, is a superhypergraph homomorphism, i.e. a base map ¢, : Vo — V| such that the induced map on
the n-th iterated powerset

$n i=P"(¢0) : P" (Vo) — P"(Vg)

satisfies

6n(V)CV' and ¢,le] :={¢p,(v)|vee} € B forallee€ E.
Let C be a category. A Functorial SuperHyperGraph of level n on C is a covariant functor

SH : C — SHGraph,,.

For each object X € Ob(C), the value
SH(X) = (", Vx, Ex)

is a level-n SuperHyperGraph, and for each morphism f : X — Y in C, the arrow
SH(f) : SH(X) — SH(Y)
is a superhypergraph homomorphism in the above sense, satisfying
SH(idx ) = idsh(x), SH(g o f) = SH(g) o SH(f)

for all composable f, g in C.
In particular, when n = 0 and V =V}, a Functorial SuperHyperGraph reduces to a Functorial HyperGraph.
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5.23 Topological SuperHyperGraph

Topological superhypergraph models hierarchical higher-order relations by combining superhypergraph nesting
with topological structure, enabling continuous, spatial, and inclusion-based representations faithfully[273].

Definition 5.23.1 (Topological superhypergraph). Let P C R? be a finite nonempty set, called the base point
set, and let
PU(P):=P,  P""YP):=PP"(P)) (n=>0).

A topological n-superhypergraph is a pair
S=(V,B)
such that
vV CP(P), E CP*(P),

together with a topological realization assigning to each element of V' U E a topological object in R? (for example,
a point set, closed curve, or closed region), so that the incidence relation is represented by set inclusion of the
corresponding realizations.

In particular, when n = 1, this reduces to a topological hypergraph.

Example 5.23.2 (A concrete topological 2-superhypergraph). Let

P = {p1,ps, p3} C R?,

where
p=1(0,0), p2=(2,0), ps=(12).
Then
PY(P)=P(P),  P*P)=P(P(P))
Define
U1 = {{p1}7 {p17p2}}7 Vg 1= {{p2}7{p2,p3}}7
and
e = {{p1}, {p1.p2}, {2}, {p2. 03} }-
Clearly,
vy, Vg, e € P*(P).
Now set
V= {v1, v}, E = {e}

Thus

Next, define a realization map
p:V UE — {topological subspaces of R*}

by
p(X) = U conv(A),

AcX

where conv(A) denotes the convex hull of A C P.
Then

p(v1) = conv({p:}) U conv({p1,pa}),

so p(vy) consists of the point p; together with the closed line segment joining p; and py. Similarly,

p(v2) = conv({p2}) U conv({ps, ps}),
which consists of the point py together with the closed line segment joining ps and ps. Moreover,
p(e) = conv({p1}) Uconv({p1, pa}) Uconv({p2}) Uconv({ps,ps3}).

Since
v1 Ce and vy Coe,
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p3=(1,2)

v —{{p1},{p17pz}}
ve= {{p2}, {p2, p3}}
{p1}, {p1, P2}, {p2}, {p2, p3}}

e =

p1 = (070)0(?/1)1’2 = (2’0)

Figure 5.10: A schematic illustration of the concrete topological 2-superhypergraph. The realization p(v;) con-
sists of the point p; together with the segment joining p; and p,, the realization p(vy) consists of
the point py together with the segment joining p, and ps, and the realization p(e) is their union.

Thus p(v1) € p(e) and p(v2) C p(e).

it follows that
p(v1) Cp(e) and  p(v2) C p(e).

Hence the incidence relation is represented by inclusion of the corresponding topological realizations.
Therefore,

§=(V,E)

is a concrete example of a topological 2-superhypergraph.
A schematic illustration of this concrete topological 2-superhypergraph is shown in Fig. 5.10.

5.24 Motif Hypergraphs and Motif SuperHypergraphs

A motif hypergraph represents each motif instance as a hyperedge on its supporting vertices, capturing recurring
higher-order patterns and aggregating structurally similar local interactions faithfully. A motif superhypergraph
treats motif supports as supervertices and links families of them through higher-order relations, encoding inter-
actions among motif-defined subsets themselves in complex networks.

Definition 5.24.1 (Motif instance). Let
M = (Var, En)

be a finite graph (respectively, digraph), and let
G=(V.E)

be a finite graph (respectively, digraph) of the same type.
An M -instance in G is an injective map

¢VM—>V

such that for all u,v € V),
{’LL, U} € by = {¢(u)a¢(v)} S

in the undirected case, and

(u,v) € By = (¢(u),9(v)) € E

in the directed case.
We write
InstM(G)

for the set of all M-instances in G, and for ¢ € Insty(G) we define its vertex support by

supp(¢) = ¢(Var) S V.

If one wishes to work with induced motifs, the above implication is replaced by
{u,v} € By = {0(u), ¢(v)} € E

(or the directed analogue).
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Definition 5.24.2 (Motif Hypergraph). Let M and G be as above, and let
w IHStM(G) — RZO

be a nonnegative weight function on motif instances.
The motif hypergraph of G with respect to M is the weighted hypergraph

HM(G) = (V,EM,wM),
where
En = {supp(¢) : ¢ € Insty (G)} C P*(V),

and for each e € &)y,

wy(e) == Z w(o).
¢€Inst i (G)
supp(¢)=e
Thus each hyperedge is the vertex set of an M-instance, and if several motif instances have the same support,
their weights are aggregated.
In the unweighted case, one usually takes

w(@) =1 (¢ € Insty(G)),

so that wys(e) counts the number of M-instances having support e.
Example 5.24.3 (A concrete Motif Hypergraph). Let
M - K3
be the triangle graph with vertex set
Ve = {z1, T2, 73}
and edge set
Ev = {{1’1; xz}, {3527353}, {5U1,9U3}}-
Let
G=(V,E)
be the graph with
V ={1,2,3,4}
and

= {{1,2},{2.3}.{1.3}, {2,4}. (3.4} }.

Thus G contains exactly two triangle subgraphs: one on {1,2,3} and one on {2,3,4}.
Define two M-instances in G by

¢1(m1) =1, ¢1($2) =2, ¢1(w3) = 3,
and
P2(x1) =2, b2(w2) = 3, P2(w3) = 4.
Then
SUPP(¢1) - {17 27 3}7 Supp(¢2) == {27 37 4}
Take the unweighted case
w(e) =1 (¢ € Insty (G)).
Hence the motif hyperedge set is
En = {{1,2,3},{2,3,4}},
and the weight function is given by
wy({1,2,3}) =1, wi({2,3,4}) = 1.
Therefore, the motif hypergraph of G with respect to the triangle motif M is
Hu(G) = ({1,2,3,4},{{1,2,3},{2,3,4}}, wu).

This hypergraph records the two triangle motifs of G as hyperedges on their supporting vertex sets. A schematic
illustration of the motif hypergraph for the triangle motif M = K3 is shown in Fig. 5.11.
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Graph G Motif hypergraph H ), (G)

€1 = {17273} €2 = {2734}

{1,2,3} {2,3,4}

M = K3 motifs ,I ,I ‘\ ‘\
2 ORI YO

Figure 5.11: A schematic illustration of the motif hypergraph associated with the triangle motif M = Kj3. The
graph G contains exactly two triangle instances, on the vertex sets {1,2,3} and {2, 3,4}, and these
are recorded as hyperedges in the motif hypergraph H,(G).

Definition 5.24.4 (Motif SuperHyperGraph). Let M and G = (V, E) be as above. Define the set of motif
supervertices by

Vir := {supp(¢) : ¢ € Insty(G)} C P*(V).

Hence every element of V), is itself a subset of the base set V.
Let
R :P*(Va) — {true, false}

be a prescribed higher-order incidence rule on nonempty families of motif supports. Define
Fur = {A€P* (V) : R(A) holds}.
Then the pair
GM(G, R) = (VM,.FM)
is called the motif SuperHyperGraph of G with respect to M and R.
Equivalently, &,,(G; R) is a 1-SuperHyperGraph over the base set V', since

A canonical choice of the rule R is the overlap rule

Roy(A) < [ S #0.

SecA

In that case,

W ={AeP(Vu) : [)S#0},

ScA

and the resulting motif SuperHyperGraph connects families of motif instances having a common vertex.

Remark 5.24.5. The motif hypergraph records which vertex subsets support motif instances, whereas the motif
SuperHyperGraph records higher-order relations among those motif-supported subsets themselves. Hence the
former is a hypergraph on V , while the latter is a SuperHyperGraph whose vertices are motif supports.

Example 5.24.6 (A concrete Motif SuperHyperGraph). Let M = K3 and let G = (V, E) be the same graph
as in the previous example, namely

V = {17 27 37 4}’

and

E = {{1,2},{2,3},{1,3},{2,4}, (3,4} }.
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As above, G has two triangle motif supports:
Sy :={1,2,3}, Sy :={2,3,4}.

Hence the set of motif supervertices is

VM — {Sl, SQ}

Now choose the canonical overlap rule

ROV(A) — m S 7& 0.

SeA

Since

Sl ﬂSQ - {2,3} 7é @,
the family

{Sla S2}

satisfies the overlap rule. Also, each singleton family satisfies the rule because

Sl 7& wa SQ 7é @
Therefore,

M = ({81} {82}, {51, 821}
Thus the motif SuperHyperGraph is

6M(G§ ROV) = ({Slv 52}7 {{51}7 {52}7 {Slv SQ}})'

Equivalently,

Sum(G; Rov) = ({{1,2,3},{2,3,4}}, {{{1,2,3}}, {{2,3,4} }, {{1,2,3},{2,3,4} } }) .
In particular, the nontrivial superhyperedge
{Sla SQ}

expresses that the two triangle motifs overlap on the common vertex set {2, 3}.

5.25 Molecular SuperHyperGraphs

A molecular graph represents a molecule as a labeled graph in which vertices correspond to atoms and edges
correspond to covalent bonds [274, 130, 275, 107, 276]. A molecular hypergraph generalizes this representation
by allowing hyperedges to connect multiple atoms simultaneously, thereby capturing functional groups, aro-
matic rings, delocalized electron systems, and other multi-atom chemical interactions [277, 278, 279, 280]. A
molecular SuperHyperGraph extends this idea further by organizing atoms, bonds, fragments, and larger molec-
ular units across iterated powerset levels, thus providing a hierarchical framework for representing complex
chemical structures, multiscale motifs, and overlapping functional contexts [281, 282]. Related notions include
chemical graphs [283, 284, 285], chemical hypergraphs [286, 287, 288], chemical SuperHyperGraphs [289, 290],
goal-directed molecular graphs [291, 292], and chemical reaction networks [293, 294, 295], all of which arise in
computational chemistry, cheminformatics, and reaction-mechanism modeling.

Definition 5.25.1 (Molecular Graph). (cf. [274]) A molecular graph is a labeled simple graph
G = (V,E, by, lp),
where
e V is a finite set of atoms;
o EC {{u,v}|u,v €V, uwv}is the finite set of covalent bonds;

o Uy :V — Ly assigns to each vertex v € V' its atomic label (for example, an element symbol such as C, H,
or O);

o lp: FE — L assigns to each edge e € E its bond label (for example, single, double, or triple).
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Thus, vertices represent atoms, edges represent bonds, and the labeling maps encode atomic and bond types.

Definition 5.25.2 (Molecular n-SuperHyperGraph). [281, 282] Let V; be a finite set of bond identifiers associ-
ated with a molecule. Define the iterated powersets by

Po(Va) =V, Prpa(Ve) = P(PL(10)) (k> 0),

where P(-) denotes the ordinary powerset operator.
Fix an integer n > 0. A molecular n-SuperHyperGraph on the base set V is a quintuple

H™ = (VH,EH;&E\}/I’KE)’
where

o Vg C P,(Vp) is a finite set of n-supervertices, each representing a possibly nested collection of bond
identifiers up to level n;

e Iy is a finite set of n-superedges;

o 0:Ey — P*(Vy) is the incidence map, where
P (Vi) :==P(Va) \ {0};
for each e € Ey, the set d(e) C Vy is the family of n-supervertices incident with the n-superedge e;

o [ : Vi — Ly assigns to each n-supervertex v € Vi a verter label (for example, a bond-pattern type,
functional-group name, or moiety type);

o M Ey — L assigns to each n-superedge e € Ey an edge label (for example, an atom symbol, fragment
name, or whole-molecule / functional-unit identifier).

The underlying n-SuperHyperGraph of H™ is the triple
(Vi, Eg, 0).

When n = 0, the condition Vi C Py(Vy) = Vp implies that each vertex corresponds to a single bond identifier,
and the structure reduces to a labeled molecular hypergraph on V.

Example 5.25.3 (A concrete molecular 1-SuperHyperGraph for ethanol). Consider the molecule ethanol, with
bond identifiers
‘/O - {bla b27 b3}7

where

b1 = the bond C; —C,, by = the bond C,—0, bs = the bond O —H.

Then
PO(VO) = Vo, Pl(%) = P(VO)-

Define the following 1-supervertices:
vy = {b1, b2}, vy = {ba, b3}, vs 1= {b1, ba, b3}.

Thus,
Vi = {UhUQuUS} - Pl(Vo)~

Let
Ey = {61762}7

and define the incidence map

by
d(er) = {v1,vq}, d(ez) = {vy1,v9,v3}.

Next, define the vertex-label map ¢i : Vg — Ly by

£ (v,) = “C-C-0 backbone fragment”,
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overlap through the C-O linkage

vy = {b1, b2} vy = {b, b3}
C—C-0 backbone fragment hydroxyl-bearing fragment

e integrated ethanol molecular unit

vg = {b1,b2,b3}

whole ethanol bond pattern

' Vo = {b1,b2,b3} !
: b1 = bond Cl—CQ :
! bQ = bond CQ—O !
by =bond O—H |

Figure 5.12: A TikZ illustration of the concrete molecular 1-SuperHyperGraph for ethanol. The three 1-
supervertices represent overlapping bond-based fragments of ethanol, while the two superedges
encode higher-order incidence relations among them.

08 (vy) = “hydroxyl-bearing fragment”,
£t (v3) = “whole ethanol bond pattern”,

and define the edge-label map ¢ : By — L by
(2 (e;) = “overlap through the C-O linkage”, (2 (ey) = “integrated ethanol molecular unit”.

Hence

HWY = (Vy, By, 0,03, 0%)

is a molecular 1-SuperHyperGraph on the base set V.

In this example, v; represents the carbon-chain fragment adjacent to oxygen, vy represents the hydroxyl-side
fragment, and vz represents the full bond configuration of ethanol. The superedge e; records the higher-order
relation between the two overlapping local fragments, while e; collects them together with the whole-molecule
bond pattern into a single molecular unit. A schematic illustration of this molecular 1-SuperHyperGraph for
ethanol is shown in Fig. 5.12.






6 Discussions: Complete Higher-Graphic Structure

In this chapter, we aim to examine whether a unifying framework can be developed by integrating the concepts
introduced so far.

6.1 Complete Higher-Graphic Structure

A Complete Higher-Graphic Structure (CHGS) is a unified typed framework for modeling higher-order networks
by combining multiway relations, compositional operations, attributes, weights, and closure mechanisms across
contexts, levels, and semantics.

Definition 6.1.1 (Complete Higher-Graphic Structure (CHGS)). Let I be a (possibly finite) set of contexts and
let S be a set of sorts. A Complete Higher-Graphic Structure (abbreviated CHGS) is a modular typed structure

H= (I> Sa X> Elfelv EOpa [[_]]a 57 A7 W7 C)>
where the components are as follows.

1. Context—sort carriers. For each profile p = (i,s) € I x S, one specifies a set
X, =Xis.
We write X = {X; ;}(,s)erxs. Contexts may encode, for example, grades, layers, times, scales, or modal-
ities.
2. Relational signature. X, is a set of relation symbols. Each o € ¥, is assigned:

« a finite input profile list
prof(c) = (p1,. .., Pm) € L x )™ (m > 1),
« and optionally a symmetry subgroup G, < S, (to encode unordered or partially symmetric interac-
tions).

3. Operational signature. X, is a set of operation symbols. Each w € Y, is assigned:

« a finite input profile list
in(w) = 1y, pm) € (I X )™ (m > 0),
e an output profile

out(w) =qe 1 x5S,

o and optionally a symmetry subgroup G, < S,,.

These operations model compositional mechanisms (e.g. gluing,
substitution, wiring, face/degeneracy maps, etc.).

4. Interpretation of symbols. The interpretation [—] assigns:

o to each o € X, with prof(c) = (p1,...,pm), a relation
[e] € X,, x---x X

pr;
e to each w € X, with in(w) = (p1,...,pm) and out(w) = g, a (possibly partial) map
[w]: X, x---x X, —X,.

If a symmetry subgroup G, or G, is specified, the interpretation is required to be invariant/equivariant
under the corresponding coordinate permutations (in the standard sense).

155
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D.

Equational / coherence layer (optional but allowed). & is a set of well-typed equations between
terms generated from X,,. These equations may impose, for example, associativity, unitality, operadic
equivariance, monoidal coherence, or simplicial identities.

Attribute layer (optional but allowed). A is a family of additional typed maps (possibly partial),
each of the form
a: Xy x---x X, —D,,

where D, is a specified codomain set. This layer is used to encode extra structure such as:

 support/flattening maps (for supervertices or nested objects),

e labels and types,

o grading maps,

e geometric realizations,

e or coalgebraic neighborhood maps (by taking D, = F(X,) for a chosen endofunctor F).

Weight / tensor layer (optional but allowed). W consists of a coefficient set (typically a semiring
or ring) K, together with weight assignments on chosen relations or tuples, e.g.

w, : o] = K,
or equivalently full tensors on Cartesian powers when convenient (as in adjacency-tensor models).

Closure layer (optional but allowed). C is a family of closure operators on selected carrier sets (or
unions of carrier sets), e.g.

cl: P(Y)—=P(Y),

where Y is a chosen set built from the X, ;, satisfying extensivity, monotonicity, and idempotence. This
layer encodes implication/forcing semantics.

A network event in $) is either (i) a tuple belonging to some interpreted relation [o], or (ii) the value of a
well-typed operation term built from ¥, considered modulo the equations &£.

A CHGS is called finite if all carrier sets X; ; are finite and all listed signatures/modules are finite.

Remark 6.1.2 (Why this is “complete” for higher-order network modeling). The word complete is used here
in the sense of an umbrella formalism: a CHGS simultaneously allows

typed multiway relations (hypergraph-, relational-, or tuple-style modeling),
compositional operations (operadic/monoidal/simplicial/categorical constructions),
attributes (supports, nested neighborhoods, geometry, labels),

weights/tensors (quantitative higher-order adjacency),

and closure operators (implication/forcing semantics).

By switching modules on or off, and by choosing appropriate signatures, one recovers many concrete higher-order
graph frameworks as special cases.

Theorem 6.1.3 (Expressive generality of CHGS for the notions treated in this manuscript). Fach of the higher-
order frameworks treated in this manuscript can be represented as a specialization of Definition 6.1.1 (up to the
usual notion of isomorphism/semantic equivalence appropriate to that framework).

In particular, this includes:

1.

Gvod o

graph, hypergraph, multigraph, and hypergraph-type variants;

superhypergraph, graded/hierarchical/recursive/nested superhypergraph-type variants;

set-family and subset-combinatorial graph constructions (Johnson, Kneser, power-set-based, etc.);
simplicial, cell, CW, and polyhedral-complex-based structures;

multilayer and temporal networks;
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6. factor graphs, Tanner graphs, and related bipartite constraint models;

. relational-arity models (RAG);

7

8. adjacency-tensor models (ATN);

9. closure-based implication models (CIG);
0

10. coalgebraic nested-neighborhood models (CNNG);

11. operadic interaction models (OIG);
12. symmetric monoidal wiring models (SMWG).

Proof. We give a uniform encoding scheme.

(A) Hypergraph-, graph-, and relation-based models. Choose one context I = {%}, one or more sorts
(e.g. vertices, edge-objects, supervertices), and place the interactions in 3.

o Ordinary directed/undirected graphs arise from binary relation symbols (with or without symmetry).
e Hypergraphs arise either from k-ary relations or from an edge-object sort plus an incidence relation.

o Relational-Arity Graphs (RAG) are exactly multi-sorted (or single-sorted) relational signatures with in-
terpreted relations of fixed arities.

(B) Superhypergraph and nested/hierarchical variants. Use multiple sorts and/or contexts to represent
levels (e.g. grade 0,1,...,n), and use the attribute layer A for support/flattening maps into finite subsets of
lower-level carriers (or into iterated powersets). Cross-level and within-level superhyperedges are then simply
typed relations in Y.

(C) Topological and complex-based frameworks. Use sorts indexed by dimension (vertices, edges, faces,
cells, ...), and include face/incidence maps in ¥, or ¥... Impose simplicial, cellular, or CW-type axioms via
equations £.

(D) Temporal and multilayer networks. Use contexts I to encode time, layers, or their products. Interac-
tions are then typed by profiles (i, s), allowing intracontext and intercontext relations (e.g. interlayer coupling,
temporal transition, multiplex constraints).

(E) Tensor-based models (ATN). Keep the relational profile(s) for k-way interactions and activate the
weight /tensor layer W, either as weights on tuples or as full tensors on Cartesian powers. Symmetry constraints
(undirected case) are imposed by the symmetry metadata of the corresponding relation symbols.

(F) Closure-implication models (CIG). Choose a carrier Y (typically a vertex set or a selected union
of carriers) and activate the closure layer C with a closure operator cl. Forcing relations are then read from
membership a € cl(5) \ S.

(G) Coalgebraic nested-neighborhood models (CNNG). Represent vertices in a carrier X, and place
the coalgebraic neighborhood assignment in the attribute layer A as a map

v:X, = F(X,),

where F' is the chosen endofunctor (e.g. F' = P}).

(H) Operadic and monoidal compositional models (OIG/SMWG). Treat operations/morphisms them-
selves as elements of suitable carriers (sorts indexed by input/output types), and put composition/substitution/tensor/sy1
maps into Y,p. The corresponding axioms (operad axioms, monoidal coherence, etc.) are imposed in £.

Thus each listed framework appears as a CHGS with a particular choice of contexts, sorts, signatures, inter-
pretations, and optional modules. Hence CHGS is expressive enough to serve as a common host formalism for
all of them. O

Example 6.1.4 (A CHGS combining superlevel, relational, tensor, closure, and operadic features). We construct
a finite CHGS that simultaneously exhibits:

o a supervertex-like object and a cross-level hyperedge,

o binary and ternary interactions (RAG/ATN flavor),
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o a closure implication (CIG flavor),
o a nested-neighborhood map (CNNG flavor),

« and a typed compositional operation (OIG flavor).

(1) Contexts and sorts. Take a single context

1= {+},

and the sort set
S = {X, H, Raw, Clean, Model}.

Here:
o X will contain graph-like entities (base and super-level objects),
e H will contain hyperedge-objects,

e Raw, Clean, Model are workflow types.

(2) Carrier sets. Define
X*}x: {1,2,3,&}, X*,H = {51,52},

X*,Raw = {’rla 7’2}, X*,Clean - {Cla 62}7 X*,Model - {m}
Intuitively, 1,2, 3 are base vertices and 3 is a supervertex.

(3) Relational signature and interpretation. Let Y., contain the following symbols:
1. a unary symbol Base on profile (x, X),
2. a unary symbol Super on profile (x,X),
3. a binary incidence symbol Inc on profile (x, H), (¥, X),
4. a binary interaction symbol Ry on profile (x, X), (*, X),
5. a ternary interaction symbol Rz on profile (x,X), (x, X), (¥, X).

Interpret them by
[Base] = {1, 2,3}, [Super] = {8},

[[IDC]] = {(51’ ﬂ)’ (51, 3)7 (52’ 1)a (527 2)}
Thus €7 is a cross-level hyperedge incident to 5 and 3, while &5 is a base-level hyperedge incident to 1 and 2.
Next, define
[[RQ]] = {(172)7(273)}7 [[RSH = {(1a2a3)}'
These provide pairwise and ternary interactions on the X-carrier.

(4) Attribute layer (support and nested neighborhoods). Add an attribute map
supp : X.x — Pr({1,2,3}),

defined by
supp(f) = {1,2},

and undefined on 1,2, 3. This records that § is a supervertex supported on the base vertices 1, 2.
Also add a nested-neighborhood attribute

v: {1,2,3} = P2({1,2,3})

given by
v(l)={{2,3},{2}}, v@={{1}}, vB)={{1,2},0}.

This is exactly a 2-nested neighborhood assignment of CNNG type on the base vertices.
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(5) Weight/tensor layer (ATN flavor). Take K = R. Define weights on Ry and R3 by
wg,(1,2) =1, wg,(2,3) =2, wg,(1,2,3) = 5.
Equivalently, one may regard these as the nonzero entries of a 2-tensor and a 3-tensor on the base vertices.
(6) Closure layer (CIG flavor). Let Y = {1,2,3} C X, x, and define a closure operator
cd:PY)—=PY)

generated by the rule
{1,2} = 3.

Concretely, cl(.5) is the smallest subset of Y containing S and closed under the rule above. For example,
c({1}) = {1}, c({1,2}) ={1,2,3}.

(7) Operational signature (OIG flavor). Let ¥, contain two symbols:
f: (x,Raw) — (%, Clean), g : (%, Clean), (%, Clean) — (x, Model),
with the second operation symmetric in its two inputs. Interpret them by

[f1(r1) = e, [£1(r2) = co,

[gl(cr,c2) =m,  [gl(ca, c1) = m.
Then the composite term
h(z,y) = g(f(x), f(y))
is a well-typed operation term from Raw X Raw to Model.

(8) Conclusion. The tuple built above is a finite CHGS:
H=(1,5X, S, Zop, [-],E, AW, C),

with £ = () in this concrete example. It simultaneously realizes:

« a supervertex/support mechanism (8 with supp(3) = {1, 2}),

o hyperedge incidence (via Inc),

o pairwise and ternary interactions (via Ra, R3),

» weighted higher-order adjacency (via wg,, wg,),

o closure implication (via cl),

o and a typed compositional workflow (via f,g).

Hence this example illustrates how CHGS unifies several previously separate higher-order formalisms within one
typed framework.

Remark 6.1.5 (Recovering temporal and multilayer variants inside CHGS). To obtain temporal or multilayer
models explicitly, one simply uses a nontrivial context set I, for example

I1=T, or I=1,

or I=Tx1L,

and then assigns carriers X, , and relations whose profiles involve one or multiple contexts. In this way,
intralayer, interlayer, and time-stamped interactions become ordinary typed relations in the CHGS sense.
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6.2 Morphisms, Representation, Redundancy, and Comparison for CHGS

For precision, we first fix a concrete (but flexible) version of a CHGS.

Definition 6.2.1 (Complete Higher-Graphic Structure (CHGS), typed form). A Complete Higher-Graphic
Structure (CHGS) is a tuple

H - (S, (Xs)s€Sa Erelazop7zattazclyzw’ Int)a

where:
1. S is a finite set of sorts (types), and X is the carrier set of sort s.

2. Yo is a finite set of relation symbols. Each p € ¥, has a profile
prof(p) = (s1,...,8m) € S™,

and is interpreted as
Int, C X, x--- x X, .

3. Xop is a finite set of (possibly partial) operation symbols. Each w € ¥, has a profile
prof(w) = (s1,...,5m;8) € S™,
and is interpreted as a partial map

Int, : X5 X -+ x X, — X,.

Sm

4. Y. is a finite set of attribute symbols. Each a € ¥, has a profile (s; D, ), where D, is a fixed attribute
domain, and is interpreted as
Int, : X, — D,.

5. X is a finite set of closure symbols. Each ¢ € ¥ has a profile (sq,. .., s,,) and is interpreted as a closure
operator
Int.: P(Xg, x -+ x X, )= P(X,, x---x X, ),

satisfying extensivity, monotonicity, and idempotence.

6. Xy is a finite set of weight symbols. Each w € X, is attached to a relation or operation symbol and takes
values in a fixed codomain K, (e.g. R, Ny, or a semiring), via a map

Int,, : Dom(w) — K.

Remark 6.2.2. The tuple above may be viewed as a layered object:
(Sort layer) + (Relational layer) + (Operational layer) +

(Attribute layer) + (Closure layer) + (Weight layer).
Different higher-order network formalisms activate different subsets of these layers.
Definition 6.2.3 (CHGS morphism). Let H and H' be CHGSs over the same typed signature
(S, Zrels Zops Latts Lcl, Dw)
and the same attribute/weight codomains. A CHGS morphism
S H—H

is a family of maps
¢ = (¢s)s€$a gbs : Xs — X;,

such that the following hold.
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1. Relation preservation: for every p € ¥, with profile (s1,...,5,),
(T1,.sxm) €Int, = (ds, (1), -+, ¢, (7)) € Int,.

2. Operation preservation: for every w € ¥, with profile (sy,...,s,,;s), whenever Int,,(z1,...,2,,) is
defined,
Int/, (¢31 (1), ..., Ps,, (a:m)) is defined, and

¢s(Inty, (1, ..., Tm)) = Intl, (ds, (21), ..., D5, (Tm))-
3. Attribute preservation: for every a € 3, of profile (s; D,),

Int, (z) = Int, (¢s()) (x € X,).
4. Closure continuity: for every ¢ € X, of profile (sy,...,S,,), writing

Qb(sl ..... Sm) — ¢sl X X ¢sma

we require for all A C X, x --- x X,
Do osm)(Inte(A)) € Int(@s, ... s, (A)).
5. Weight preservation: for every w € 3, if w is attached to a relation tuple or operation instance u,
Int,, (u) = Int., (. (u)),
where @, (u) is the tuple/instance obtained by applying the relevant ¢, componentwise.

Definition 6.2.4 (Strong embedding and CHGS isomorphism). A CHGS morphism ¢ : H — H' is a strong
embedding if each ¢, is injective and:

1. relation preservation is reflected (i.e. “if and only if” on the image),
2. operation definedness is reflected and operations commute exactly on the image,

3. closure preservation is exact on images:
¢(317~--78m)(1nt0(A)) = Int,c(¢(317~--78m)(14)) ﬂ Im(¢(817~~-,sm))7

4. weights and attributes are reflected as well as preserved on the image.
A bijective strong embedding is called a CHGS isomorphism.

Proposition 6.2.5 (CHGSs form a category). For a fized typed signature, CHGSs and CHGS morphisms form
a category CHGS.

Proof. Let H be a CHGS. The family of identity maps
idy = (idXs)seS

clearly preserves relations, operations, attributes, closures, and weights, so it is a CHGS morphism.
Now let
@ = (¢s)s€$ : 7_[ - Hl? \I’ = (/IJZ)S)SES : Hl — %”

be CHGS morphisms. Define the componentwise composite

Vod= (ws © ¢S)SGS-
Each preservation condition is stable under composition:
e relation preservation follows by two successive applications of the relation-preservation implication;

e operation preservation follows from commutativity of each operation square and composition of partial
maps;

o attribute preservation is immediate by substitution;
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e closure continuity follows from
(¥ x - x ) (R(cl(A))) € (b x-+ x ) (cl'(2(A))) C 1" ((T o @)(A));

e weight preservation is also immediate by substitution.

Associativity holds because function composition is associative componentwise. Hence the axioms of a category
are satisfied. O

Definition 6.2.6 (Admissible higher-order model). A higher-order model M is called CHGS-admissible if its
primitive data can be presented by:

1. a finite family of carrier sets (Y})ier;
finitely many typed relations on finite products of the Y;;

finitely many typed (possibly partial) operations between finite products of the Y;;

- N

optionally, typed attributes, closure operators on typed products, and weight maps.

Any axioms of M (e.g. symmetry, associativity, simplicial closure, operad axioms, monoidal coherence con-
straints, etc.) are imposed as first-order or algebraic conditions on these interpreted symbols.

Theorem 6.2.7 (CHGS representation theorem). Every CHGS-admissible higher-order model M admits a
faithful CHGS representation. More precisely, there exists a CHGS Hnq and an injective map of underlying data

L:M‘—)HM

such that v extends to a strong embedding of M into the reduct of Haq generated by the symbols corresponding
to the primitives of M. In particular, M is isomorphic to a CHGS-substructure of H 4.

Proof. Let M be CHGS-admissible. By Definition 6.2.6, its primitives consist of:
o carrier sets (Y;)ier,
o typed relations (R;);er,
o typed partial operations (f;) e,
o and optionally attributes, closures, and weights.

Construct a typed signature as follows:

S =T
For each primitive relation R; C Y, x --- x Y, , add a relation symbol p; of profile (¢1,...,%,). For each
primitive partial operation f; : Y,, X --- x Y,, — Y,, add an operation symbol w; of profile (ui,...,us;v).

Similarly, add attribute, closure, and weight symbols corresponding to the optional primitives.
Now define a CHGS H 4 by setting:
X, =Y, (te),

and interpreting each symbol by the corresponding primitive object in M:
Int,, := R;, Int,,, := f;,

and analogously for attributes, closures, and weights.

By construction, all primitive data of M are represented exactly inside H ¢, and any axioms of M become
properties of this interpretation (they are not lost, only re-expressed in the CHGS signature). The identity maps
on each carrier Y; define a strong embedding of M into the appropriate reduct of H . Faithfulness follows
because the interpretation is literal: distinct primitive relations/operations remain distinct symbols (or distinct
interpretations) in the CHGS. O

Corollary 6.2.8 (Embedding conditions for common models). Fach of the following admits a CHGS represen-
tation once its primitives are encoded as typed sets/relations/operations:

1. hypergraphs, multihypergraphs, superhypergraphs, recursive/nested/hierarchical variants;

2. relational-arity graphs (RAGSs);
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3. adjacency-tensor networks (ATNs), by using typed k-ary relations with weights;
4. closure-implication graphs (CIGs), by using a closure operator in the closure layer;

5. coalgebraic nested-neighborhood graphs (CNNGSs), by adding sorts for finite powerset iterates and a typed
map vy;

6. operadic interaction graphs (OIGs) and symmetric monoidal wiring graphs (SMWGs), by taking sorts for
colors/objects/morphisms (and, if needed, operation objects) and interpreting composition /substitution /typing
as operations and relations.

Proof. Each listed model is CHGS-admissible under the indicated encoding. Apply Theorem 6.2.7. O
Definition 6.2.9 (Layer reduct). Let
A = {Sort, Rel, Op, Att, Cl, W}

be the set of CHGS layers (with the Sort layer always retained). For a CHGS H and L C A with Sort € L, the
layer reduct

HiL

is obtained by forgetting all symbols and interpretations whose layers are not in L.

Definition 6.2.10 (Redundant and essential layers). Let H be a CHGS and let A € A\ {Sort}. We say that A
is redundant in H if there exists a reconstruction procedure

R
(which is uniform on the fixed signature class) such that
Ra(Hiapy) =H
as CHGSs. Otherwise, A is called essential.

Proposition 6.2.11 (Redundancy elimination preserves semantics). If a layer A is redundant in H, then
removing A does not lose information up to CHGS isomorphism:

H 2= RA(H Iavny)-

In particular, any invariant or query that is preserved under CHGS isomorphism has the same value on both
sides.

Proof. This is immediate from Definition 6.2.10. By assumption, the reconstruction yields a CHGS isomorphic
to H. Isomorphism-invariant quantities and properties therefore coincide. O]

Theorem 6.2.12 (Existence of a minimal-by-inclusion CHGS core). Let ‘H be a CHGS. Then there exists a
subset L, C A with Sort € L, such that:

1. H L, has no redundant layer (relative to L., ),
2. H can be recovered from H [, by iterated reconstruction of redundant layers,
3. L, is minimal by inclusion among subsets of layers with this property.
Such a core need not be unique.
Proof. Start with Ly := A. If L; contains a redundant layer \; # Sort, remove it and set
Ly =L\ {\}.

Because A is finite, this process terminates after finitely many steps at a set L, containing no redundant layer.
By repeated application of Proposition 6.2.11, the information lost at each step can be reconstructed, so H is
recoverable from H [y .

Minimality by inclusion holds by construction: if some layer in L, were removable while retaining recoverability,
it would be redundant relative to L,, contradicting termination.

Nonuniqueness may occur because different choices of removable layers at intermediate steps may lead to
different minimal subsets. O
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Proposition 6.2.13 (A practical criterion for essentiality). Fiz a layer A € A\ {Sort}. If there exist two
CHGSs H1,Hs on the same carriers and same non-\ layers such that

Hilavpy= Ho oy Hi F Ho,
then X is essential (for that signature class).

Proof. If \ were redundant, then both H; and H, would be reconstructed (up to isomorphism) from the same
reduct

Hilavpy= Ha oy

forcing H; = H,, a contradiction. O

Definition 6.2.14 (CHGS comparison profile). Let H be a finite CHGS (all carriers finite). We define the
following comparison indices.

(i) Expressiveness profile. Define the vector
Expr(H) = (18], @l 0% [Sratly [Sopls [Saly [Zu]),

where

rel __ : op _ 3
Qpeny = max arity(p), alP = max arity,, (w).
PEX el wEXop

This records how many typed entities, interaction arities, closure mechanisms, and weighted components the
model can express natively.

(ii) Compositionality profile. Let G = (G)ses be a chosen family of primitive generators with Gy C Xj.
Define CompCl,, (G) as the least family Y = (Y;)ses such that:

1. G, C Y, for all s,
2. Y is closed under all interpreted operations Int,,,
3. for each closure symbol ¢, the relevant interpreted relation sets generated from Y are closed under Int,.

The compositional coverage is

ZSGS |}/S’
ZSES ‘XS‘ ’

A higher value indicates that a larger proportion of the CHGS is generated compositionally from a small primitive
core.

Compg(H) = Y = CompCly, (G).

(iii) Learnability proxy (description-length type). Define the description-length proxy

LearnDL(H) ZZﬂogz(\Xs\ +1)] + Z Int,| + Z |graph(Int,,)| + Z |dom(Int,, )|.

seS PES el wEXop WED

Here graph(Int,,) is the graph of the partial function Int,,. Smaller LearnDL is interpreted as a lower-complexity
proxy and typically indicates easier memorization/learning of the instance.

Remark 6.2.15. The three indices above are intended as comparison profiles, not universal absolute measures.
They may be refined (e.g. weighted versions, MDL variants, statistical sample-complexity surrogates, or task-
specific expressiveness scores) depending on the application.

Proposition 6.2.16 (Isomorphism invariance of the comparison profile). If H = H' as CHGSs, then:
1. Expr(H) = Expr(H'),
2. for every generator family G, the corresponding image generator family G' = ®(Q) satisfies

Compg(H) = Compg, (H'),

3. LearnDL(H) = LearnDL(#’).
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Proof. Let ® = (¢4)ses : H — H’ be a CHGS isomorphism. By definition, each ¢, is bijective and preserves all
interpreted relations, operations, closures, and weights exactly.

1. The signature is the same, so |S|, the numbers of symbols, and arities coincide.

2. Because ® commutes with all operations and closures, the compositional closure of G maps bijectively onto
the compositional closure of G’ = ®(G). Hence the numerator and denominator in Comp,, are preserved.

3. Since ® is bijective and preserves all interpretations exactly, the cardinalities of each interpreted relation,
operation graph, and weight domain are preserved, as are the carrier cardinalities. Therefore LearnDL is
unchanged.

O

Proposition 6.2.17 (Monotonicity of expressiveness under signature extension). Let H and H be CHGSs on
the same carriers, where H is obtained from H

by adding new relation/operation/closure/weight symbols (with interpretations) and keeping all old symbols
unchanged. Then, componentwise,

Expr(H) < Expr(H),
where the inequality is interpreted coordinatewise.

Proof. Adding symbols cannot decrease the number of sorts or symbols; it also cannot decrease maximum arities
because all previous symbols remain present. Hence each coordinate is nondecreasing. O

Proposition 6.2.18 (Redundancy reduction and learnability proxy). Let H be a finite CHGS and suppose a
layer X\ is redundant. If the reconstruction of X from the reduct is deterministic and not stored explicitly in the
reduct, then the reduced representation
Hiany
has
LearnDL(H [4\(»}) < LearnDL(H),

with strict inequality whenever A contributes at least one explicitly stored interpreted symbol/instance.

Proof. By removing a redundant layer, one deletes explicit interpreted symbols and/or stored interpreted data
from the description. Under the stated convention (the layer is reconstructed, not stored), no new explicit data
are added. Therefore the sum defining LearnDL cannot increase. It decreases strictly if at least one nonempty
interpreted component from A is removed from explicit storage. O

Proposition 6.2.19 (Expressiveness as an embedding preorder). Define
Hl <emb HQ

if there exists a strong embedding H, — Ho (possibly after passing to a signature-preserving reduct of Hs). Then
<emb %8 a preorder on CHGSs.

Proof. Reflexivity holds via the identity isomorphism. Transitivity holds because the composition of strong
embeddings is again a strong embedding (this is checked componentwise exactly as in Proposition 6.2.5, with
injectivity and reflection properties preserved under composition). O

Remark 6.2.20 (Interpretation of the indices in practice). In applications, one often compares CHGS instances
(or CHGS encodings of models) using all four viewpoints together:

e Embedding preorder <emp: qualitative expressiveness,

Expr(H): native structural capacity,

Comp(H): degree of compositional generation from primitives,

o LearnDL(H): complexity prozy related to learnability/compressibility.

This yields a mathematically explicit comparison framework for discussing trade-offs among expressiveness,
compositionality, and practical learnability.






7 Conclusion

This book presented a comprehensive overview of mathematical notions that can be used to model higher-order
networks. It surveyed foundational concepts, extensional frameworks, and newly introduced formalisms, with
an emphasis on their structural principles, relationships, and modeling roles.

We expect that future research will further develop these concepts through uncertainty-aware extensions
based on Fuzzy Graphs[296, 46], Intuitionistic Fuzzy Graphs[297, 298], Neutrosophic Graphs[299, 300, 301],
and Plithogenic Graphs[302, 303]. In particular, it is natural to study how membership/non-membership (and
indeterminacy) degrees can be lifted from vertices and edges to higher-order objects such as hyperedges, simplices,
supervertices, and even meta-nodes in iterated constructions, while preserving basic consistency axioms and
functorial behavior under morphisms.

From a computational perspective, promising directions include designing scalable algorithms for (i) higher-
order centrality and community detection, (ii) influence/flow propagation on multiway interactions, and (iii)
learning-based inference on higher-order data (e.g., message passing on factor/Tanner-style representations, or
tensor-based contractions for structured multiway dependencies). We also anticipate broader applications in
decision-support systems (group evaluation and consensus under multi-criteria constraints), machine learning
(hypergraph and simplicial neural models), and other domains where complex higher-order interactions must be
modeled and analyzed.
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In this substantially expanded third edition, Fujta and Smarandache
provide a comprehensive survey of graph-based frameworks for
higher-order networks. The uptated edition not only corrects and

_ improves earlier content but also introduces significantly new
| concepts and structures. It extends the scope with tensor-based
models, recursive graph constructions, and advanced superhypergraph
representations. This edition offers a unified theoretical framework
that is deeper and more integrative, providing readers with
powerful tools to navigate the complexities of modern networks.
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