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Abstract—Recently, FSmarandache  generalized  the
Atanassov’s intuitionistic fuzzy sets and other kinds of
sets to meutrosophic sets. Also, this author defined the notion
of neutrosophic topology on the non-standard interval. One can
expect some relation between the intuitionistic fuzzy topology
on an IFS and the neutrosophic topology. We show in this work
that this is false.

Index terms: Logic; Set-Theory; fuzzy sets; Topology;
~ Atanassov’s IFSs.

I. ON NEUTROSOPHIC TOPOLOGY
A. Introduction.

The neutrosophic logic is a formal frame trying to measure
the truth, indeterminacy, and falsehood.

Smarandache [1] remarks the differences between neutro-
sophic logic (NL) and intuitionistic fuzzy logic (IFL) and the
corresponding neutrosophic sets and intuitionistic fuzzy sets.
The main differences are:

a) Neutrosophic Logic can distinguish between absolute
truth and relative truth, because ‘

NL(absolute truthy=1* while NL(relative truth)=1. This has
application in philosophy. That’s why the unitary standard
interval [0,1] used in IFL has been extended to the unitary
non-standard interval |~0,1%( in NL.

Similar distinctions for absolute or relative falsehood, and
absolute or relative indeterminacy are allowed in NL.

b) In NL there is no restriction on T, I, F other than they
are subsets of |~0,1%(, thus:

~0<infT+infI+inf F <supT+supl+supF <3+,

This non-restriction allows paraconsistent, dialetheist, and
incomplete information to be characterized in NL (i.e. the
sum of all three components if they are defined as points,
or sum of superior limits of all three components if they are
defined as subsets can be > 1, for paraconsistent information
coming from different sources, or < 1 for incomplete infor-
mation), while that information can not be described in IFL
because in IFL the components T' (truth), I (indeterminacy),
F (falschood) are restricted either to ¢t + i + f = 1 if
T,1,F are all reduced to the points ¢, f respectively, or
to supT + sup I +sup F = 1 if T, I, F are subsets of [0,1].

c) In NL the components T, I, F can also be non-standard
subsets included in the unitary non-standard interval |0, 1%],
not only standard subscis mcluded in the umtaty standard

interval {0, 1] as-inIFL. .

In various recent papels [2-5], F Smarandachc generalizes
intuitionistic fuzzy sets (IFSs) and other kinds of sets to
neutrosophic sets (NSs). In [4] some distinctions between NSs
and IFSs are underlined.

The notion of intuitionistic fuzzy set deﬁned by K.T.
Atanassov [6-7] has been.applied by Coker [8] for study

intuitionistic fuzzy topological spaces. This concept has been
developed by many authors [9-22].

F. Smarandache also defined the notion of neutrosophic
topology on the non-standard interval [2].

One can expect some relation between the inuitionistic
fuzzy topology on an IFS and the neutrosophic topology. We
show in this chapter that this is false. Indeed, the complement
of an IFS A is not the complement of A in the neutrosophic
operation, the union and the intersection of IFSs do not coin-
cide with the corresponding operations for NSs, and finally an
intuitionistic fuzzy topology is not necessarily a neutrosophic
topology.

B. Basic definitions.

First, we present some basic definitions:

Definition I: Let X be a non-empty set. An intuitionistic
fuzzy set (IFS for short) A, is an object having the form A =
{< z,14.74 > [z € X} where the functions p4 : X — I
and 7, : X — I denote the degree of membership (namely
p4(z)) and the degree of nonmembership (namely 4(z)
of each element = € X to the set A, respectively, and 0 <
pa(z) +74(z) < 1 for each z € X. [6-7].

Definition 2: Let X be a non-empty set, and the IFSs 4 =
(< 2,4474 > Iz € X}, B={< 3,78 > | € X}.
Let

A={< 2,744 > |z € X}

ANB={<z,us App, 74 V18> |z € X}

AUB= {< z,ﬂ.AV}LB,'YA/\'YB>I$€X} [23]

Definition 3: Let X be a non-empty set. Let 0. = {<
£,0,1> |z € X} and 1. = {< z,1,0> |z € X}.[8].

Definition 4: An intuitionistic fuzzy topology (IFT for
short) on a non-empty set X is a famnly 7 of IFSs in. X
satisfying:

(@0.,1. €,

®) G1NG; € 1 for any G,,G2 €7,

(©) UG; e'rforanyfnmnly{G lieJ}cr.

In this case the pair (X, 7) is called an intuitionistic fuzzy
topological space (IFTS for short) and any IFS in 7 is called
an intuitionistic fuzzy open set (IFOS for short) in X. [8].

Muaon 5: Let T, IF be rcal standard or non-smndard
subsets of the non-standard unit interval | =0, 1*[, with
supT = tgyp , infT = ting
supI— i.np ’ infl = l;n(
SUPF fsup ,inf F = finr and ngyp = tsup"“mp"‘fmp
= tint + finf + finty



T, LF are called neutrosophic components. Let U be an
universe of discourse, and M a set included in U. An element
z from U is noted with respect to the set M as z(T,I, F)
and belongs to M in the folloing way: it is t% true in the set,
i% indeterminate (unknown if it is) in the set, and % false,
where ¢ varies in T, i varies in I, f varies in F. The set M
is called a neutrosophic set (NS). [5].

Remark. All IFS is a NS.

Definition 6: Let S, and S, be two (unidimensional) real
standard or non-standard subsets, then we defines:

S19S; = {z|z = 51 + 59, where s; € Syand s, € Sa},

85108, = {z|z = 5, — 59, where s, € Sjand s, € Sa},

5108, = {z|z = s; - 89, where s, € Sjand s, € Sa}. [1].

Definition 7: One defines, with respect to the sets A an B
over the universe U

1. Complement: if z(T},I,,F;) € A, then

z({1*}o T, {1*}o I, {1t} o Fy) € C(A).

2. Intersection: if z(Ty, 1), Fy) € A, z(Ty, I, F3) € B,
then

(11 0T, I OL,F,0oFk)e AnB.

3.Union: if z(Ty,I1, F1) € A, (T3, I, F;) € B, then

H(T10T:0T10T, 10 L,05,0L, 0 F,0F,0F) €
AUB,

[5].

C. Results.

Proposition 1. Let A be an IFS in X, and j(A) be the
corresponding NS. We have that the complement of j(A) is
not necessarily j(#).

Proof If A =< z,p4,74 > is z(ug(z),1 - py(z) -
vA(z),va(2)) € §(A).

Then

for 0. =<z,0,1>is z(0,0,1) € j(0.)

for 1. =<z,1,0> is z(1,0,0) € j(1.)

and for A =< z,94,p4 > is 2(74(2),1 - py(z) -
va@), ha(z)) € 5(A).

Thus, 1. = 0. and j( 1.) # C(j(0.)) because
2(1,0,0,) € 5( 1..) but ({1}, {1+}, (0+}) € C(3(0.).

Proposition 2. Let A and B be two IFSs in X,and j(A) and

J(B) be the corresponding NSs. We have that j(A)U Jj(B)is
not necessarily j(A U B), and j(A)N j(B) is not necessarily
J(AnB).

Proof. Let A =< z,1/2,1/3 > and B =< z,1/2,1/2 >
(i-e. p4, va, pg, vp are constant maps).

Then, AU B =< Zia V Bpy7a A 18 >=<
z,1/2,1/3 > and z(1/2,1/6,1/3) € j(A U B). On

the other hand, z(1/2,1/6,1/3) € j(A),z(1/2,0,1/2) €

3(B), =(1,1/6, 5/6) € j(A)® i(B),z(1/4,0, 1/6) € j(A)o
3(B) and =(3/4,1/6,2/3) € j(A)U j(B) .Thus j(AU B) #
i(A) 5(B).

Analogously, AN B =< z,p4 A pg,74 V75 >=<
%,1/2,1/2 > and 2(1/2,0,1/2) € j(A N B), but
%(1/4,0,1/6) € j(A)Nj(B).Thus, j(AN B) # j(A)Nj(B).

Definition 8: Let’s construct a neutrosophic topology on
NT =]~0,1*], considering the associated family of standard
or non-standard subsets included in NT, and the empty
set which is closed under set union and finite intersection
neutrosophic. The interval NT' endowed with this topology
gorms a neutrosophic topological space. [2].

Proposition 3. Let (X, 7) be an intuitionistic fuzy topolog-
ical space. Then, the family {§(U)|U € } is not necessarily
a neutrosophic topology.

Proof. Let 7 = {1..,0., A} where A =< r,1/2,1/2 >
then 2(1,0,0) € j(1.), z € (0,0,1) € 3(0.) and
2(1/2,0,1/2) € j(A). Thus {§(1.),5(0.),3(A)} is not a
neutrosophic topology, because this family is not closed by
finite intersections, indeed, £(1/2,0,0) € j(1.) N j(A), and
this neutrosophic set is not in the family.

II. OTHER NEUTROPHIC TOPOLOGIES
A. Introduction.

F. Smarandache also defined various notions of neutrosophic
topologies on the non-standard interval [2,5).

One can expect some relation between the intuitionistic
fuzzy topology on an IFS and the neutrosophic topology. We
show in this chapter that this is false. Indeed, the union and the
intersection of IFSs do not coincide with the corresponding
operations for NSs, and an intuitionistic fuzzy topology is
not necessarilly a neutrosophic topology on the non-standard
interval, in the various senses defined by Smarandache.

B. Basic definitions.

First, we present some basic definitions:

Definition 9: Let J € {T,I,F} be a component. Most
known N-norms are:

The algebraic product N-norm: N, _g g ebraic/(2,y) =
z-y

The bounded
max {0,z +y — 1}

The default (min) N-norm: Ny, _pinJ(z,y) = min {z, y}

N, represent the intersection operator in neutrosophic set
thwly. Indeed z A y= (T/\, I/\, FA).

5]

Definition 10: Let J € {T,I,F} be a component. Most
known N-conorms are:

The algebraic product N-conorm: N,_, g ebraic/(2, ¥) =
z+y—-z-y

The bounded . N-comorm: N,_sounded/(Z,¥)

N-norm:  Np_soundedJ (2, ) =

min {1,z +y} e
The - default (max) N-comorm: N._pnaJ(2,9) =
max’ﬁ, v}
N, represent the union operator in neutrosophic set the
oryIndeed zVy = (Tv, Iy, ) ’
(8]



C. Results.

Proposition 1. Let 4 and B be two IFSs in X, and Ji(A)

and j(B) be the corresponding NSs. We have that j (A)U j(B)
is not necessarily j(AUB), and j(A)N j(B) is not necessarily
J(ANB), for any of three definitions of intersection of NSs.

Proof. Let A =< z,1/2,1/3 > and B =< z,1/2, 1/2 >
(i.e. pg, va, pg, vg are constant maps).

Then, AUB =<z, 0, Vg, 74 Avg >=<z,1/2,1/3 >
and z(1/2,1/6,1/3) € j(A U B). On the other hand,
2(1/2,1/6,1/3) € 5(4),=(1/2,0,1/2) € j(B).

Then, we have that:

1) for the union operator defined by the algebraic product
N-conorm z(3/4,1/6,2/3) € j(A)U j(B) .

2) for the union operator defined by the bounded N-conorm
%(1,1/6,5/6) € j(A)U j(B) .

3) for the union operator defined by the default (max) N-
conorm z(1/2,1/6,1/2) € j(A)U j(B) .

Thus j(AU B) # j(A)U j(B),with the three definitions.

Analogously, AN B =< z,u, A By Y4 Vg >=<
,1/2,1/2 > and z(1/2,0,1/2) € j(AN B).

And, we have that:

1) for the intersection operator defined by the algebraic
product N-norm z(1/4,0,1/6) € j(A)n j(B) .

2) for the intersection operator defined by the bounded N-
norm z(0,0,0) € j(A)n j(B) .

3) for the intersection operator defined by the default (min)
N-norm z(1/2,0,1/3) € j(A)n j5(B) .

Thus j(AN B) # j(A)N j(B),with the three definitions.

Definition 11: Let’s construct a neutrosophic topology on
NT =]~0,1*[, considering the associated family of standard
or non-standard subsets included in NT, and the empty
set which is closed under set union and finite intersection
neutrosophic. The interval NT' endowed with this topology
forms a neutrosophic topological space. There exist various
notions of neutrosophic topologies on NT', defined by using
various N-norm/N-conorm operators. [2,5].

Proposition 2. Let (X, 7) be an intuitionistic fuzzy topolog-
ical space. Then, the family {j(U)|U € 7} is not necessarily
a neutrosophic topology on NT (in the three defined senses).

Proof Let 7 = {1.,0.,A} where A =< z,1/2,1/2 >
then z(1,0,0) € j(1.), z € (0,0,1) € 7(0.) and
2(1/2,0,1/2) € j(A). Thus r* = {j(l.,),j(O,..),j(A)} is
not a neutrosophic topology, because this family is not closed
by finite intersections, for any neutrosophic topology on NT.
Indeed,

1) For the intersection defined by the algebraic product N-

_norm, we have that 2(1/2,0,0) € j(1.) N j(A), and this
neutrosophic set is not in the family 7*. R

2) For the intersection defined by the bounded N-norm,
we have also that 2(1/2,0,0) € j(1.) N j(A), and this
neutrosophic set is not in the family 7*.

3) For the intersection defined by the default (min) N-
norm, we have also that £(1/2,0,0) € j(1.) N j(A), and
this neutrosophic set is not in the family *.

[II. INTERVAL NEUTROSOPHIC SETS AND TOPOLOGY
A. Introduction.

Also, Wang, Smarandache, Zhang, and Sunderraman [24]
introduced the notion of interval neutrosophic set, which is an
instance of neutrosophic set and studied various properties. We
study in this chapter relations between interval neutrosophic
sets and topology.

B. Basic definitions.

First, we present some basic definitions. For definitions on
non-standard Analysis, see [25] :

Definition 12: Let X be a space of points (objects) with
generic elements in X denoted by . An interval neutrosophic
set (INS) A in X is characterized by thuth-membership func-
tion T4, indeteminacy-membership function I4 and falsity-
membership function F4. For each point z in X, we have
that TA(.'E), IA(I), FA(:C) € [0, 1]. [24].

Remark. All INS is clearly a NS.

When X is continuous, an INS A can be written as
A= / (T(z),I(z),F(z)) /Jz, z€X

When X is discrete, an INS A can be written as
A=) (T(x:), (z:)F(z:)) [z, zi€X

Deﬁn;‘t—i;n 13: a) An interval neutrosophic set 4 is empty
if infTy(z) =supT(z) =0, infI4(z) =sup(z) =1,
inf F4(z) = sup F4(z) =0 for all z in X.

b) Let 0=<0,1,1> and 1 =< 1,0,0 > .[24].

Definition 14: (Complement) Let Cy denote a neutro-
sophic complement of A.

Then Cyy isa function Cy : N — N and Cy must satisfy
at least the following three axiomatic requirements:

1.Cx (0) =1 and Cy (1) = 0 (boundary conditions).

2. Let A and B be two interval neutrosophic sets defined
on X, if A(z) < B(z), then Cy (A(z)) > Cn (B(z)), for
all z in X. (monotonicity).

3. Let A be an interval neutrosophic set defined on X, then
Cn (Cn (A(z))) = A(z), for all z in X. (involutivity).[24].

Remark. There are many functions which satisfy the
requirement to be the complement operator of interval neu-
trosophic sets. Here we give one example.

Definition 15: (Complement Cy,) The complement of an
interval neutrosophic set A is denoted by A and is defined by

Ty(z) = Fa(z);

inf I, (z) =1 —sup I4(z);

sup I, (z) =1 — inf I4(z);

Fy(z) = Ta(z); ' for all z in X.

Definition 16: (N-norm) Let Iy denote a. neutrosophic in-
tersection of two interval neutrosophic sets A and B. Then'Iy.
is a fnction Iy : N x N' — N and Iy must satisfy at least
the following four axiomatic requirements:

l. Iy (A(z),1) = A(z), for all = in X. (boundary
condition). ‘

2. B(x} < C(z) implies Iy (A(z),B(z)) <
In(A(z),C(2)), for all z in X. (monotonicity).

|
|
|
|



3. In (A(z), B(z)) = In(B(z), A(z)), for all z in X.
(commutativity).

4, Iy (A(z), In(B(z),C(x))) =
In(In(A(z), B(2)),C(x)), for all =z in X.
(associativity).[WSmZSu].

Remark, Here we give one example of intersection of
two interval neutrosophic sets which satis es above N-norm
axiomatic requirements. Other diferent definitions can be given
for different applications

Definition 17: (Intersection Iy,) The intersection of two
interval neutrosophic sets A and B is an interval neutrosophic
set C, written as C = A N B, whose truth-membership,
indeterminacy-membership, and false-membership are related
to those of A and B by

inf Tc(z) = min(inf T4(z); inf T(z)),

sup Tc(z) = min(sup Ty(z); sup Tp(x)),

inf Ic(x) = max(inf I4(z); inf I5(z)),

sup Ic(z) = max(sup Ly(z);5up In(z)),

inf Fo(z) = max(inf F4(z);inf Fp(z)),

sup Fo(z) = max(sup F4(z);sup Fg(z)); for all z in X.

Definition 18: (N-conorm) Let Uy denote a neutrosophic
union of two interval neutrosophic sets A and B. Then Uy is
afunctionUy: N x N - N

and Uy must satisfy at least the following four axiomatic
requirements:

1. Un(A(z),0) = A(z), for all z in X. (boundary condi-
tion).

2. B(z) < C(z) implies Un(A(z),B(z)) <
Un(A(z),C(z)), for all z in X. (monotonicity).

3. Un(A(z), B(z)) = Un(B(z),A(z)), for all z in X.
(commutativity).

4, UN (A(x)r UN(B(z)r C(l'))) - =
Un(Un(A(z), B(x)),C(x)), for all z in X. (associativity).
[24].

Remark. Here we give one example of union of two interval
neutrosophic sets which satisfies above N-conorm axiomatic
requirements. Other different defnitions can be given for
different applications.

Definition 19: (Union Uy, ) The union of two interval neu-
trosophic sets A and B is an interval neutrosophic set C,
written as C = AUB, whose truth-membership, indeterminacy-
membership, and falsemembership are related to those of A
and B by

inf To(z) = max(inf T4 (z); infTB(a:)),

sup Tc(z) = max(sup Ta(z); sup T(z)),

inf Ic(x) = min(inf I4(z);inf I5(x)),

sup Ic(z) = min(sup I4(z);sup I(z)),

inf Fo(z) = min(inf F4(z);inf Fp(z)),

sup Fc(z) = min(sup F4(x);sup Fp(z)), for all z in X.

Then ,
for 0. =< ,0,1 > is j(0.) = j(< z,0,1 >) =<
0,0,1>#£0=<0,1,1>

for 1. =< z,1,0 > is j(1.) = j(< z,1,0 > ) =<
1,0,0>=1
Thus, 1. =0. and j( 1.)=1# Cn(j(0-)) because

Cn (1) =0#3(0.).

Definition 20: Let’s construct a neutrosophic topology on
NT =]~0,1%], considering the associated family of standard
or non-standard subsets included in NT, and the empty
set which is closed under set union and finite intersection
neutrosophic. The interval NT endowed with this topology
forms a neutrosophic topological space. [Sml].

Proposition 2. Let (X, 7) be an intuitionistic fuzzy topo-
logical space. Then, the family of INSs {§(U)|U € 7} is not
necessarily a neutrosophic topology.

Proof. Let 7 = {1.,0.,A} where A =< z,1/2,1/2 >
then j(1.) =1, j(0.) =< 0,0,1 ># @ and j(4) =<
1/2,0,1/2 >. Thus {j(1.),3(0~),5(A)} is not a neutro-
sophic topology, because the empty INS is not in this family.

IV. NEUTROSOPHIC PARACONSISTENT TOPOLOGY

The history of paraconsistent logic is not very long. It was
designed by S. Jaskowski in 1948. Without knowing the work
of this author, N.C. A. da Costa, from 1958, using different
methods and ideas, began to make statements about this type
of logic. After other logicians have developed independently,
new systems of paraconsistent logic, as Routley, Meyer, Priest,
Asenjo, Sette, Anderson and Benalp, Wolf (with da Costa
himself), .... At present there is a thriving movement dedicated
to the study of paraconsistent logic in several countrics. In the
philosophical aspect has meant, in some cases, a real opening
of horizons, for example, in the treatment of the paradoxes, in
efforts to treat rigorously dialectical thinking, in fact possible
to develop a set theory inconsistent. .. Because of this, there
is growing interest in understanding the nature and scope.

Jaskowski deductive logic led her to refer to several prob-
lems that caused the need for paraconsistent logic: _

1) The problem of organizing deductive theories that contain
contradictions, as in the dialectic: “The principle that no two
contradictory statements are both true and false is the safest
of all."

2) To study theories that there are contradictions engendered
by vagueness: "The contemporary formal approach to logic
increases the accuracy of research in many fields, but it would
be inappropriate to formulate the principle of contradiction of
Aristotle thus:"Two contradictory propositions are not true".

.- Wey fieed to-add:"in the same language"or "if the words. that

C. Results.

- Proposition 1. Let A be an IFS in X, and j(A) be the
corresponding INS, We have that the oomplcment of j(A) is
not necessarily j(4).
Proof If A=< x,pu4,74 > is j(A) =< pi4,0,74 > .

are Part of those have the same meaning®. This restriction is-

not always found in daily use, and also science, we often use
terms that are more or less vague.

3) To study directly some postulates or empirical theories
whose basic meanings are contradictory. This applies, for
example, the physics at the present stage.



Objectives and method of construction of paraconsis-
tent logics can be mentioned, besides those mentioned by
Jaskowski:

1) To study directly the logical and semantic paradoxes,
for example, if we directly study the paradoxes of set theory
(without trying to avoid them, as it normally is), we need
to construct theories of sets of such paradoxes arising, but
without being formal antinomies. In this case we need a
paraconsistent logic.

2) Better understand the concept of negation.

3) Have logic systems on which to base the paraconsistent
theories. For example, set up logical systems for different
versions and possibly stronger than standard theories of sets,
of dialectics, and of certain physical theories that , perhaps,
are inconsistent (some versions of quantum mechanics).

Various authors [26] worked on “paraconsistent Logics",
that is, logics where some contradiction is admissible. We
remark the theories exposed by Da Costa [27], Routley and
other [28], and Pefia [29-30).

Smarandache defined also the neutrosophic paraconsistent
sets [SmS5] and he proposed a natural definition of neutrosophic
paraconsistent topology.

A problem that we consider is the possible relation be-
tween this concept of neutrosophic paraconsistent topology
and the previous notions of general neutrosophic topology
and intuitionistic fuzzy topology. We show in this chapter that
neutrosophic paraconsistent topology is not an extension of
intuitionistic fuzzy topology.

First, we present some basic definitions:

Definition 21: Let M be a non-empty set. A general neu-
trosophic topology on M is a family ¥ of neutrosophic sets
in M satisfying the following axioms:

(@ 0. ==(0,0,1) ,1. =2(1,0,0) € ¥

b)IfABeVY, ,then ANBe V¥

(c) If a family {A;|j € J} C ¥,then UA; € .

]

Definition 22: A neutrosophic set 2(T, I, F) is called para-
consistent if inf(T) + inf(I) +inf(F) > 1.[4]

Definition 23: For neutrosophic paraconsistent sets 0_ =
%(0,1,1) and 1_ = z(1, 1,0).(Smarandache).

Remark. If we use the unary neutrosophic negation operator
for neutrosophic sets (5], ny(=(T,I, F)) = z(F,1,T) by
intérchanging the thuth T' and falschood F' components, we
have that ny(0) =1_.

Definition 24: Let X be a non-empty sct. A family & of
neutrosophic paraconsistent sets in X will called a neutro-
sophic paraconsistent topology if:

(@0_andl €&

) IfA,Bed thn ANBed -

;.- (c) Any union of a subfamily of paraconsistent sets of ® is

also in .

(Smarandache).

A, Results.
Proposition 1. The neutrosophic paraconsistent topology is

not an extension of intuitionistic fuzzy topology.
Proof. We have that 0. =< z,0,1> and 1. =< z,1,0 >
are members of all intuitionistic fuzzy topology, but
z(0,0,1) € j(0.) # 0_, and, z(1,0,0) € j(1.)# 1.

Proposition 2. A neutrosophic paraconsistent topology is
not a general neutrosophic topology.

Proof. Let the family {1_,0_} . Clearly it is a neutrosophic
paraconsistent topology, but 0.,1. are not in this family.
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