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Some works on the Generalized Andrica’s Conjectures

Lionel Laurore - March 25, 2020 - lionel@luxcarta.com

The Andrica’s conjecture affirm that for every prime number i/m — i/E < 1 (I.1) and more precisely, that
the upper bound of this function is reached for p, = 7. Another conjecture, called generalized Andrica’s
conjecture, affirm that, for every prime number, there is an only real number x, such as: (pn+1)*- (pn)x=1 (1.2),
and the minimum value of x=x(pn) is obtained for p, = 113. Florentin Smarandache in 2000 [8], has listed a set
of conjectures linked to Andrica’s conjecture such as (pn+1)1/% - (pn)¥/k< 1/k (1.3) for all p, and all k>2. David
Lowry-Duda in 2017 [4], has formulated the following open question : For any constant C, what is the smallest x
such as (pn+1)* - (pn)* = C (1.4). In 2018 Matt Wisser [1],[2] from Victoria University of Wellington has proposed
avariant of Andrica’s conjecture and presents an original approach to prove that Ln¥(pn+1) - Lnk(p,) has an upper

bound and gives some numerical values for k<5.

In the present work, we are going to establish a set of results regarding :

Part 1 : the generalized Andrica’s conjecture : Fn(x) = (pn+1)* - (pn)*=1.

We shall build some lower and upper bound functions X-(pn) et X+(pn) such as, for all pn, X-(pn) < x(pn) < X+(pn).
We shall study the behavior of these functions X-(pn) et X*(pn) and show under a weaker condition than Cramer’s
conjecture that x is minimal for p, = 113.

We'll give the proof that (pnt+1) /% - (pn)/k< 1/k for all k > 2.

We'll show that all x < 1, Fx(pn) = (pn+1)* — (pn)* has an upper bound for all x¢[0,0.475[ and Cramer’s conjecture
for all x¢[0.475,1].

Part 2 : We propose an alternative approach to prove that for all integer k, Lk(pn) = Lnk(pn+1) - Lnk(ps) has an
upper bound and we’ll build some lower and upper bound functions Li (pn) and Li*t(pn). We'll try to estimate the
integer sequence (pnx) such as Max, (Lk(pn)) = Lk(pnk). We'll propose some upper bound values of Lk(pn) for all
k<25. We'll deduce that for all integers k>0 and r>0, Gkr(pn) = Lnk(pn+1)r - Lnk(pn)r has an upper bound value.
We'll prove that Ly(pn) = Lny¥(pn+1) — Lny(pn)=1 has a solution y(pn)eR for all p, and we will propose an

approximation of y(pn).

Part 3 ; We'll generalize the different results obtained in part 1 and 2 to establish that the following functions on
prime number accept upper values :

Hix(pn) = (pPn+1)*Lnk(pn+1) - (pn)*.Lnk(pn) for all integer k>0 and real 0<x<1

Hxy(pn) = (Pn+1)%Lny(pns1) - (pn)*.Lny(pn) for all real numbers (x,y) such as 0<x<land y>0

We’ll study the relation between x and y which verify Hyy(pn) = (Pu+1)*Lny(pn+1) - (pn)*.Lny(pn)=1
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Part 1 : The Generalised Andrica’s conjecture
L.1 - Study of the equation (pn+1)*- (pn)*= 1

We define the function F,(X) = pp41* — pn® where xcR and p,, is the nst prime number and g, = pp4+1 — pn the
gap between the two consecutive primes p,, and p,1 -

We can express Fn(x) as following
Fu(X) = (Pn + 8n)* = P* =pn*. (1 + 5% —p,* =p, . (1 + )% 1)

We have obviously, Fn(0) = 0 and Fu(1) = pyyq — pn > 1 forall p,

According to the theorem of intermediate values, as Fn(x) is a continuous function in [0,1], there is at least one x
such as Fn(x) = 1 and 0 < x < 1. And as Fn(x) is a growing function, x is unique. x is a function of pn, x=x(p), but
to simplify the notation in the following, we’ll keep the notation x.

We can make a taylor serie expansion of F,(x)

X By _ X oy X X&n x(-1) (gn)? g}y _ o x
Fa() = o™, (1 + 5% — p % = p, % (1 + 22 4 X2 (p) +0(pn)) Pn

-5n ( _1) n 2 n 3
Fu() = x.po B2 4 X p (If—) +pg*.0 (E—) ) (15)

x.(x—1) gn 2 gn 3
As0<x<1,x1<0 and T.pn".(a) <0 and pnx.O(E) >0

So we obtain a upper bound of F,(x) given by : Ma(x) = x. pnx.i—:

We are going to find x such as Mn(X) = x.pp*. % =1 (1.6)
which gives the equation X.pn* = Z—: (1.7)
Before trying to estimate x, we are going first to study the function Fi/4(x) = pp+1 /% — py /4

Fus(x) = Ppas /4 = py/4 = BB o _Pe b Benchy B

According to the best known result due to Baker, Harman and Pintz (BHP), stating that for all p, > 113, g, <<
(pn)2 with a=0,525

0,525 21/40
Pn / 1

_ gn Pn _ —
F1/4(X)_ 4p,3/* < ap 3t T ap it T 4p,o/%0 <

1
4
o 1 :
So we can limit our approach to the values of x G[Z, 1] and we can write :

1
anx< x-pnx< pnx

We replace by (1.7) : %pnx < % < pp* (1.8)
Which gives two inequalities to estimate x :
In (22 1 In (220
Pn x gn’ _ 4 _ In(gn) _ Pn 1 x gn’ _ 1 _ In(gn/4) _
g Pn F XS Tl Ty T Xe A > P @ X<y =l e TN

So we obtain a lower X, and upper x: values for x and we are going to show that :



p
(Bmy  InCgy In (22)

In
Xo g_n — gn n (Pn & — gn
Fu(X0) < Xo-Pn e . Pp m 0, o o0 <1 forall pn
4pn In (2P0 4pn n 1n(ﬂ)
x, Bn X1.(x1-1) x; (En z_ In Cen) Tgﬁ) &n IH(E) ln(—4) ng) gn 2
Fn(Xl) > X1+ Pn B Pn + 2 +Pn K (pn) " In (pn) +Pn o Pn 2In(py) * In(py) *Pn g .(pn)
4In (2Bny  2p(2En)  y(En 41n (2P0 In(En In (&0 In(En
Fn(X1)> gn~ __ (gn). n(zl—)_& — gn .(1—g n(4)):4(1_n(4)).(1_g n(4))
In (pp) In(pn) In(pn) * pPn In (pn) 2ppIn(py) In (pn) 2pn-In(pn)
Using the Baker, Harman and Pintz (BHP) result, stating that for all p,, > 113, g, << (pn)? with a=0,525
In (g—f) _ In(gy)-1n(4) 0.525.In(py)-In(4) _ 21 gn-ln(ng') a.pn? 0.2625 1
In (pn) N In (pn) In (pn) < 40 and for Pn = 2 2pn.In(pn) 2pn < pn®475 < 5
In these conditions:  Fn(x1) >4.(1- %) .(1- %) =152>1 for all p, > 113
So we have proven that : Fn(Xo) <1 < Fu(x1) forall pn forall p, > 113 (1.9)
We are going to build a sequence (x;) such as xi+1 < x;and find an integer k such as F(xi+1) < 1 < F(xx)
In(22)41n(2En In( 4.( B2 ’ In(2.22
We define X, = Xot Xy — (gn) (gn) — ( (gn) ) — ( gn)
2 2In (pn) 21n (pn) In (pn)
e _ () () (2
We define x3 = —2>—% = —n In- = gn- /= In
2 21n (pn) 2In (pn) In (pn)
And we can generalize to xx+» defined by
Pn 2127 k=1 (py)2
Xt X ‘“(a)““(T () ()
Mz =T T 210 (p) I TTY ) R TY W)
We must find ksuchas F (xx2) =1
As 2%/2° 5 1% whenk — o, we can replace 21/2° by 1+¢ to simplify our analysis :
Pn
ln((1+£).ﬂ) In(@te)g) ln((1+s).ﬂ)
X &n __ gn n (pn &n — dn
Fa(Xks2) < Xgg2-Dn k+2.pn = oo Pn In (Pn) o (1+e).— o
To solve the equation Fy(xk+2) = 1 we have to solve the following equation :
Pn) ) _
(1+¢).(In(1+e) +1n (g) )= In(pn) (1.10)

For k high, € is small and we can make a taylor serie expansion of In(14+¢) =&+ 0(g2)

2 Pn —
(1+e).(e+0C )+1n(§)) = In(p,)
We can develop to obtain an estimation of €

e+ 0(*) +1n (?) teln (%) = In(p,) so g~ BB g 14en~ O (e_'p“;




Finally we obtain a first evaluation of x, noted X+ :

pn In(e.pn) In| Pn (,_1nEn)_
X+ ln< o _ln( e_g;:,)) (gn ( ln( e?;;,“) 1 In(gy) 1 n(l_—liln(éir;))) 111
(pn) = In(pn) - In(pn) T Iy In(py) (1.11)

Using a Taylor serie expansion, we can write (I.11) as follows :

2 3 3
+ — 1 _ ln@n) 1 In(gn) | _ 1 ( In(gn) 1n(gn) ; 1n(gn)
on = 1= e+ (i) () +o(iam))  wmno i) >0 au

We can extract from this formulation different functions given some lower bounds of x.

- — _ In(gn) _ %

X (pn) =1 In(e.pn) (1 2.ln(pn).ln(e.pn)) (1'13)
2— — _ In(gn) In(gn) — _ In(gn)

X (pn) =1 In(pn) + In(pp)In(epn) 1 In(e.pn) (114)

X3 (pp) = 1-— % which correspond to x, where we have already prove that F(x,) < 1

So we are going to demonstrate that F(X%) < 1 for all pn.

_ _ In(gn) _ In(gn)
Fa(X?7) < X27p, " B0 = (1 Jnten) ).pn(1 itepm) En = (1- Mt ) p, " Wepn. g,
n

In(e.pn) Pn In(e.pn)

_ In(gn)In(pn)

2— _ In(gn) In(e. In(gn) — _ In(gn)
Fo (X )<(1 m<e.pn>)-e ntepn) e !nien _(1 Lnten)

. e In(epn)

) In(gn)

We have only to show that for every positive y such a 0<y<1, the function g(y) = (1- y).ev<1
This is obvious because g(1)=0, g(0)=1and g'(y) =-y.ev< 0 for all y > 0.

So if we takey = l;’(‘i_gp’g), then F,(X?7) <1 and X2~ (p,) gives a good lower bound for x.

We present below in table 1.1, the numerical values of X+, F(Xt), X2-, F(X%), X- and F(X") for a set of the 300 first
prime numbers. We see that the local lower bounds are reach for the prime numbers corresponding to the first
occurrence of the maximal gaps. It means that, to find the lower bound of x, we can limit our study to this subset of
prime numbers, noted P, . Effectively, if we consider P; = {pic IP / gi = G}, for all piePg, if P, = Min{pic P¢ } then
X2 (p;) > X2~ (P,). In table .2, we presents the numerical values of X+, F(X+), X%, F(X%), X- and F(X-) for all prime
numbers corresponding to the first occurrence of the maximal gaps Gn=Maxi«n(g), up to pp =

218 209 405 436 543 corresponding to the maximal gap G,, = 906.



primes| Gaps | X (P,)] FOC(Pa))| X (P,)] FOC (Pa))| X' (Po)] FOX'(Po))
2 1 1 1 1 1 1 1
3 2 0,669711655 0,851328799 0,719719798 0,979732227 0,733992458 1,018887569
5 2 0,734369162 0,913957339 0,756327983 0,978907397 0,761156522 0,993683791
7 4 0,529417297 0,757405268 0,58650709 0,950360565 0,614413829 1,058090378
11 2 0,796006903 0,959235065 0,804687007 0,990823929 0,806080038 0,995978635
13 4 0,611132103 0,854182017 0,640641635 0,96977175 0,65151272 1,01563719
17 2 0,819173336 0,97155371 0,824944888 0,994853341 0,825749936 0,99814351
19 4 0,648544605 0,890454187 0,669532525 0,979875239 0,67624737 1,01012675
23 6 0,566736314 0,829998067 0,59669363 0,963347411 0,609663343 1,02671729
29 2 0,841286872 0,980732053 0,845027558 0,997705074 0,845477012 0,999762777
31 6 0,595903329 0,860562023 0,61969188 0,973172523 0,628978628 1,020617914
37 4 0,699345252 0,929961567 0,711865052 0,991030592 0,715118524 1,00749506
41 2 0,852946519 0,98458737 0,855858261 0,998758836 0,856179242 1,000332774
43 4 0,708835099 0,936055362 0,720107404 0,99262813 0,722917695 1,007218142
47 6 0,630576301 0,892033379 0,648305109 0,982959573 0,654392898 1,016096755
53 6 0,63950619 0,899263623 0,65587674 0,985093601 0,661309415 1,015208888
59 2 0,863487529 0,987527879 0,865772774 0,999449078 0,866004576 1,000665917
61 6 0,649422092 0,90687384 0,66437439 0,98726838 0,669148918 1,014302542
67 4 0,733645296 0,950124554 0,742082767 0,99600428 0,74396113 1,006498093
71 2 0,868290073 0,988707403 0,870324947 0,999686399 0,870523295 1,000762774
73 6 0,66132252 0,915432903 0,674692296 0,989606412 0,678764977 1,013293769
79 4 0,741818079 0,954191216 0,749446632 0,996866919 0,751079964 1,006235718
83 6 0,669346342 0,920856432 0,681719573 0,991016748 0,685368643 1,012646942
89 8 0,621136945 0,892404769 0,63712936 0,984190579 0,642822962 1,018941877
97 4 0,751324442 0,958585794 0,758083885 0,997722624 0,759465317 1,005905712
101 2 0,876557025 0,990520698 0,878207956 0,999992617 0,878357746 1,0008563
103 4 0,753973197 0,959747982 0,760503701 0,997933869 0,761820831 1,005808709
107 2 0,877812781 0,990773432 0,879410316 1,000028695 0,879553637 1,000863072
109 4 0,75642073 0,960798364 0,762744664 0,998118895 0,764004535 1,005717102
113 14 0,539221472 0,831800413 0,561683725 0,964797943 0,57240055 1,034955938
127 4 0,7627909 0,963428556 0,768599099 0,998556077 0,769719252 1,005469944
131 6 0,695029908 0,936409558 0,704569735 0,994667638 0,707097175 1,010669337
137 2 0,88291395 0,991742404 0,884307184 1,000149681 0,884426453 1,000872585
139 10 0,611998449 0,889916672 0,627255531 0,983946511 0,632876861 1,020888288
149 2 0,884551402 0,992034558 0,885883209 1,000180362 0,885995474 1,000869959
151 6 0,702230988 0,940299 0,711067952 0,995469009 0,71333738 1,010126917
157 6 0,704146838 0,941300687 0,712803196 0,995666927 0,715007704 1,00998303
163 4 0,772505548 0,96716211 0,777585945 0,999106284 0,778517158 1,005070231
167 6 0,707132841 0,942834691 0,715512963 0,995962963 0,717619289 1,009759075
173 6 0,708812846 0,943683353 0,717040334 0,996122975 0,719092994 1,009633229
179 2 0,887974146 0,992617131 0,889183806 1,000232819 0,889282473 1,000856487
181 10 0,628525257 0,902158096 0,64179952 0,987379747 0,646396638 1,018630613
191 2 0,889136777 0,992806655 0,890306823 1,000247261 0,890401178 1,000849636
193 4 0,778642353 0,969356219 0,783297911 0,999386971 0,784123543 1,004805318
197 2 0,889682523 0,992894198 0,890834295 1,000253482 0,890926677 1,000846049
199 12 0,605150756 0,887737822 0,619879636 0,983504692 0,625445908 1,022176909
211 12 0,608790594 0,89050073 0,623090885 0,984302072 0,628423311 1,021616198
223 4 0,783633964 0,971051668 0,787963048 0,999580332 0,788710039 1,004584036
227 2 0,892116331 0,993273821 0,89318906 1,000277083 0,893273037 1,000827337
229 4 0,784526848 0,971346766 0,788799294 0,999611799 0,78953287 1,004543987
233 6 0,722252552 0,950110752 0,729329077 0,997241903 0,730990879 1,008630809
239 2 0,892974434 0,993403562 0,894020235 1,000283863 0,894101395 1,000819744
241 10 0,644925644 0,913196615 0,65642027 0,990190948 0,660157912 1,016532036
251 6 0,725419908 0,951535051 0,732242786 0,997466235 0,733821846 1,008395949
257 6 0,726410345 0,951973595 0,733155245 0,997533484 0,734709123 1,008322648
263 6 0,727371048 0,952395895 0,734040915 0,99759742 0,735570677 1,008251616
269 2 0,894893477 0,993686211 0,895880792 1,000296307 0,895955921 1,000801044
271 6 0,728608418 0,952935373 0,735182516 0,997677911 0,73668166 1,008160234
277 4 0,790716984 0,973326565 0,794611078 0,99980549 0,795256827 1,004263202
281 2 0,895584491 0,993785504 0,896551324 1,00029991 0,896624369 1,000793765
283 10 0,653509368 0,918555794 0,664143345 0,991444209 0,667486611 1,015479812
293 14 0,604941746 0,889725659 0,618681633 0,984111231 0,623878645 1,02223408

Table 1.1




1.2 - Behaviour of the lower bound function X2-(pn) :

We see in tables 1 and 2 that the minimum value of X2, x, X+ are reached for p, = 113. To analyse the behavior of
the function X2-(p,), we compute the derivative. We suppose that X2~ (p) is a derivable function of p on R and
g=g(p) is a derivable function of p

dXZ_: In(g) g’ _ In(g) ( _ g’.p.ln(e.p))
dp pin(ep)* gln(ep) pln(ep)*’ gln(g)

aX?~ _ 1n(g)
dp  p.ln(e.p)?
all pi ¢ P, and the smallest value of X2-(p;) is obtained for the smallest pi ¢ Py , represented by p,_ . If we consider

> 0 means, considering an even number g=g,, for all p; ¢ P, , X?~(pi) is a growing function for

the integer sequence (Gn) defined previously and Py, the prime number corresponding to the first occurrence of
Gn, we can insure that for all pi ¢ P , Minp; Pg,, (XZ_(pi)) = X27(P,). It means that we can limit the research of

the lower value of x to the prime numbers belonging to the integer sequence (P,). In the following of this work

P, will systematically represent the prime number associated to the first occurrence of the maximal gap G, .

ox>— g
og gln(e.p)

can be positive or negative depending on the values of two consecutive prime gaps. If gn+1< gn

2_
then g'~ gn+1- gn < 0 and aax_g > 0 which means that X2-(pn) < X2-(pn+1). But in contrary, if gn+1> gn then we’ll

not be able to conclude. It means that we have only to look at the situation where g, is strictly growing. It is

exactly what's happen in the integer sequence (Gy).

In reality, we must find the first prime number P,such as :

_ GpgPn_gIn(ePp_q) _ GpoyPpgIn(ePp_y)
1 Gy In(Gy2) =0 and 1 Gy InGry) <0 (1.15)

If we look at in table 1.2 and the two graphics below, the first prime P, which satisfy (I.15) is P,=113 for which
X27(P,) = 0,539221472 is the minimal value of X?~.

1-(PAG/GAP)*In(eP)/In(G)

2,000000

0,000000
-2,000000 O 5 0 15 20 25 30 35

-4,000000
-6,000000
-8,000000
-10,000000

(Pn+1-Pn).[dX-2(Pn)/dPn]
0,500000

0,000000
0 10 15 20 25 30 35

-0,500000

-1,000000

On these two graphics, the horizontal axis correspond to the values of In(P,). We can see that the first P, for which
ax2-
dp

= 0 and positive before and negative after is for 4<In(P,)<5 which correspond to P, = 113 is table L.2.



We give below the behavior of the lower and upper bound functions of X*, F(X*), X*, F(X¥), X and F(X) for all p,
corresponding to the first occurrence of G.

Primes| Gaps |

x (e

F(X'(Pn))|

x@a)

X% (Py) F(X*(Pn)) F(X'(Pn))

2 1 1,000000 1,000000 1,000000 1,000000 1,000000 1,000000

3 2 0,669712 0,851329 0,719720 0,979732 0,733992 1,018888

7 4 0,529417 0,757405 0,586507 0,950361 0,614414 1,058090

23 6 0,566736 0,829998 0,596694 0,963347 0,609663 1,026717

89 8 0,621137 0,892405 0,637129 0,984191 0,642823 1,018942

113 14 0,539221 0,831800 0,561684 0,964798 0,572401 1,034956

523 18 0,601854 0,890154 0,614518 0,984072 0,619362 1,022454

887 20 0,615332 0,900121 0,626233 0,986536 0,630201 1,019937

1129 22 0,615019 0,9004 64 0,625563 0,986457 0,629406 1,019729

1327 34 0,569466 0,871111 0,582356 0,977503 0,587896 1,026978

9551 36 0,647444 0,920507 0,654226 0,989804 0,656410 1,013193

15 683 44 0,645021 0,919440 0,651544 0,989145 0,653664 1,012908

19 609 52 0,636959 0,915312 0,643627 0,987907 0,645864 1,013504

31 397 72 0,623349 0,908074 0,630200 0,985549 0,632621 1,014446

155921 86 0,656224 0,925360 0,661166 0,989084 0,662703 1,009780

360 653 96 0,669146 0,931515 0,673424 0,990210 0,674687 1,008237

370 261 112 0,658623 0,926558 0,663168 0,988930 0,664568 1,008975

492 113 114 0,664253 0,929244 0,668554 0,989489 0,669849 1,008386

1349 533 118 0,684380 0,938347 0,687908 0,991353 0,688887 1,006572

1357 201 132 0,677083 0,935139 0,680776 0,990561 0,681831 1,006997

2010 733 148 0,677890 0,935502 0,681465 0,990510 0,682483 1,006763

4 652 353 154 0,691984 0,941594 0,695074 0,991745 0,695903 1,005659

17 051 707 180 0,705811 0,947223 0,708410 0,992755 0,709067 1,004612

20831 323 210 0,700475 0,945092 0,703137 0,992208 0,703826 1,004782

47 326 693 220 0,711147 0,949306 0,713508 0,993033 0,714091 1,004139

122 164 747 222 0,724647 0,954356 0,726682 0,994015 0,727155 1,003462

189 695 659 234 0,728062 0,955585 0,730002 0,994.222 0,730446 1,003274
191912 783 248 0,725325 0,954602 0,727303 0,994.004 0,727761 1,003358

387 096 133 250 0,734215 0,957750 0,736001 0,994597 0,736398 1,002973

436 273 009 282 0,729972 0,956264 0,731805 0,994260 0,732220 1,003079
1294 268 491 288 0,742373 0,960524 0,743954 0,995050 0,744292 1,002586
1453 168 141 292 0,743099 0,960765 0,744663 0,995089 0,744996 1,002553

2 300942 549 320 0,744273 0,961154 0,745790 0,995126 0,746111 1,002469
3842610773 336 0,747843 0,962323 0,749284 0,995322 0,749583 1,002327
4302 407 359 354 0,746821 0,961991 0,748266 0,995243 0,748568 1,002339

10 726 904 659 382 0,753261 0,964057 0,754579 0,995594 0,754846 1,002104
20678 048 297 384 0,759593 0,966025 0,760809 0,995941 0,761048 1,001916

22 367 084 959 394 0,759318 0,965941 0,760533 0,995919 0,760772 1,001915

25 056 082 087 456 0,754554 0,964464 0,755812 0,995615 0,756065 1,002003

42 652 618 343 464 0,758997 0,965843 0,760183 0,995857 0,760417 1,001871
127976 334 671 468 0,768638 0,968726 0,769685 0,996357 0,769880 1,001616
182 226 896 239 474 0,771201 0,969468 0,772211 0,996481 0,772397 1,001551
241 160 624 143 486 0,772639 0,969882 0,773625 0,996546 0,773806 1,001512
297 501 075 799 490 0,774081 0,970290 0,775047 0,996613 0,775222 1,001477
303 371 455 241 500 0,773505 0,970130 0,774476 0,996584 0,774653 1,001485
304 599 508 537 514 0,772532 0,969850 0,773511 0,996529 0,773690 1,001499
416 608 695 821 516 0,774959 0,970536 0,775905 0,996645 0,776077 1,001441
461 690510011 532 0,774693 0,970460 0,775638 0,996628 0,775809 1,001441
614 487 453 523 534 0,776848 0,971073 0,777765 0,996728 0,777930 1,001394
738 832927 927 540 0,777905 0,971364 0,778808 0,996770 0,778969 1,001364
1346 294 310 749 582 0,779923 0,971921 0,780790 0,996847 0,780943 1,001308
1408 695 493 609 588 0,779913 0,971918 0,780779 0,996853 0,780931 1,001312
1968 188 556 461 602 0,781622 0,972376 0,782464 0,996921 0,782611 1,001257
2614941 710 599 652 0,781022 0,972208 0,781861 0,996888 0,782008 1,001265
7177 162611713 674 0,787163 0,973907 0,787928 0,997128 0,788057 1,001148
13 829 048 559 701 716 0,789695 0,974480 0,790426 0,997223 0,790547 1,001087
19 581 334 192 423 766 0,789873 0,974651 0,790595 0,997211 0,790715 1,001003
42 842 283 925 351 778 0,794473 0,976006 0,795146 0,997574 0,795255 1,001007
90874 329411 493 804 0,798144 0,976349 0,798778 0,997467 0,798879 1,000671
171 231 342420521 806 0,801857 0,977203 0,802456 0,996582 0,802549 1,000580
218 209 405 436 543 906 0,799831 0,976318 0,800438 0,997131 0,800533 1,000244

Table 1.2




We are going to try to estimate the minimum value of X2-(pn) using different upper bound of g, and/or Gn.

1.2.1 - Baker, Harman and Pintz result

The best known result due to Baker, Harman and Pintz giving an upper bound value of gn: gn < Gn <<(pn)2 with
a=0,525

2= N __ g InG@) o InGwd _ G-anptl
Xoip () == 1= 36p 5 ™ 1 ey = e 1720475

This approach can only let us conclude that x is always higher than 0,475.

1.2.2 - Cramer’s conjecture (under RH)
Cramer stated that g, = O(In2(pn)) .
It means that for p, enough high, gn < Gn < O(In2(pn)) < In2+¢(p,) with £>0

2- __ 1_ InGw _ In(n***pn)) _  _ @+e)In(n(pn) _
Kerm(Pn) == 1= 5> 1 In(e.pp) ! ntepm — Xma(Pn)

We are going to calculate the derivative of the function M1(pn) using (15)

dXm, (pn) _ (2+8)In(n(pn)) _ _(2+8)In’(pn) _ (2+&).(In(In(pn))In(pn)- In(e.pn)

dpn Pn.In(e.pp)? In3(pp).In(epn) PrIn(py). In(e.py)?
d m n
To find the lower bound of Xp,, (p,), we have to solve the equation X?(p) =
In(In(pp)).In(pn) — In(e.pn) = 0 (1.16)

To simplify (I.16), we replace by y=In(pn). So we have to find Y which verify :

In(y).y—y—-1=0
An estimation of Y is given by In(pn) =y = (e2+ 2.e)1/2= 3.58 and g, = In2(p,) = 12.82
On table 1.4 below, we gives the numerical values of X, (py) for all P» corresponding to the first occurrence of
a maximal gap and with e=0.5. We see that the minimal value of X, (pp) is reached for p, = 23 which is the
closest prime of the solution of (1.16).
For pn> 10 726 904 659, we have x > X2-(pn) > m1(pn) > 0.6 and we know that for all p,up to 1015 (as stated in
table 1.2) the lowest value of x is given for p, = 113 (and g, = 14), of course under the condition of Cramer’s

conjecture.

I.2.3 - Weaker hypothesis on maximal gap upper bound

Cramer has conjectured that g, < O(In2(pn)) under Riemann hypothesis, and this statement hasn’t never been
contradicted by numerical computation up to very large numbers. If nobody up to now, has succeed on this point,
we can think that the probability to find any prime number such as g, > In"(p») for any real r>2, is very low. In
these conditions, we are going to show that if there is atleast a real r, such that g, < In"(p,) for all prime numbers,
then we'll prove that we can build a lower bound function Xy, (p,) of X2-(pn), which is growing and higher than

0.6 for all p, enough large.

If we suppose that there is a real r, such that g, < In*(pn), we can write :

XZ—(pn) == 1-— In(gn) >1— In(In"(pn)) _ 1— rin(In(pn)) _ er(pn)

In(e.pn) In(e.pn) In(e.pn)



We easily see that the functions Xy, (p,) has a lower bound for p, = 23 for all real r>0 and that the limit of
m(pn) when p, tends toward oo, is 1. So, there is for each real r, a prime pn,such as for any prime number p,
higher than pnr, X2-(pn) > 0.6. As it has been calculated on all prime numbers below 218 209 405 436 543 that
the lowest value of x has been reached for p, = 113, we can conclude that if there is a real r, such that g, < Inr(pn),
which is a much more weakest hypothesis than Cramer’s conjecture, then the generalized Andrica’s conjecture

will be verified, if and only if we can prove that for p,> 218 209 405 436 543, X2~ (P,) > 0,6.

To insure this condition, we have to find p,< 218 209 405 436 543 such as X2~ (P,) > Xm, (Pn) > 0,6.

_ rinn (pp)) rIn(In(py))
n(epn) 00 In(e.pn)

Which is satisfy for all p, > 16533787 ~ 41 193 733 which is coherent the numerical values of X;, (p,) in table 3.

> 0,4

This finish to establish that under the g, < Inr(pn) with r=2.5, the minimum value of x is reached for p, =113.

1.2.4 - Upper bound of x thanks to Lower bound on maximal gaps

In 1931, Erik Westzynthius [13] proved that maximal gaps grows more than logarithmically.

n

Limsup ln(an) = oo which imply that for n enough large G, > In (p,)

In these conditions we can define for all P, an upper bound function of X2~ (P,) independent of G,,.

In(Gp) __In(In(Py))

2- — —
X (Pn) =1 In(e.Py) In(e.Py)

= XMl(pn)

The Graphic below shows the evolution of X2~ (P,) surrounded by the lower and upper bound functions

Xm1 (Pn) and XM1 (Pn)

Xml(Pn)I XZ-(Pn)I XMl(Pn)
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We give below the behavior of the lower and upper bound functions Xm1, F(Xm1), Xm1, F(Xum1) of X2, F(X2-), for all

pn corresponding to the first occurrence of Gn.

Primes| Gaps | Ln(P,) | Xm1(Pn) F(Xm1(Pn)) X*(Py) | F(X* (Po)) | Xm1(Pn) | F(Xm1(Pn))
2 1 0,69 1,541171088 0,944224262 1 1 1,216468435 1,013547875
3 2 1,10 0,887964266 0,972790415 0,669711655 0,851328799 0,955185706 0,991653064
7 4 1,95 0,435038938 0,646085363 0,529417297 0,757405268 0,774015575 0,942802451
23 6 3,14 0,30915947 0,501750404 0,566736314 0,829998067 0,723663788 0,93699799
89 8 4,49 0,31606466 0,544656826 0,621136945 0,892404769 0,726425864 0,94854812
113 14 4,73 0,321954074 0,559151858 0,539221472 0,831800413 0,728781629 0,950513065
523 18 6,26 0,368381864 0,655514074 0,601854215 0,890153941  0,747352746 0,960716153
887 20 6,79 0,385217119 0,684714704 0,615332318 0,900120577  0,754086848 0,963413106
1129 22 7,03 0,392814909 0,696991051 0,615019462 0,900463798  0,757125964 0,964538042
1327 34 7,19  0,397856421 0,704838152 0,569466487 0,871110994  0,759142569 0,965258269
9551 36 9,16  0,455126154 0,779200356 0,647444164 0,92050724 0,782050462 0,972397117
15683 44 9,66 0,468115076 0,792913799 0,645021429 0,919439877  0,78724603 0,973822721
19609 52 9,88 0,473781404 0,798606188 0,636959143 0,915312439 0,789512562 0,974427525
31397 72 10,35 0,48535278 0,809735209 0,623349481 0,908074421 0,794141112 0,975632633
155921 86 11,96 0,521242266 0,840682918 0,656223564 0,925360302 0,808496907 0,979138011
360653 926 12,80 0,538060372 0,853662182 0,669146357 0,931515118 0,815224149 0,980669673
370261 112 12,82 0,538567801 0,854040818 0,658623112 0,926558073 0,81542712 0,98071484
492113 114 13,11 0,543984662 0,858038 0,664253312 0,92924402 0,817593865 0,981193239
1349533 118 14,12 0,562155146 0,870877496 0,684379777 0,938346626  0,824862058 0,982748459
1357201 132 14,12 0,562252856 0,870944278 0,677083335 0,935139132  0,824901142 0,982756618
2010733 148 14,51 0,568919576 0,875446017 0,677890351 0,935502058  0,827567831 0,98330822
4652353 154 15,35 0,582443168 0,884256345 0,69198383 0,941593507  0,832977267 0,984396545
17051707 180 16,65 0,601666374 0,896074454 0,705810832 0,94722331 0,840666549 0,985873904
20831323 210 16,85 0,604459938 0,897725542 0,700475184 0,945091969  0,841783975 0,986081864
47326693 220 17,67 0,615477106 0,904077702 0,711147249 0,949306378 0,846190843 0,986885518
122164747 222 18,62 0,627401596 0,910672158 0,724646546 0,954356428 0,850960638 0,987725887
189695659 234 19,06 0,632664021 0,913491391 0,728062423 0,955585458 0,853065608 0,988087026
191912783 248 19,07 0,632800768 0,913563916 0,725324968 0,954602135 0,853120307 0,988096394
387096133 250 19,77 0,640855053 0,917770579 0,734215264 0,957750126 0,856342021 0,988637526
436273009 282 19,89 0,642189298 0,918455169 0,729971915 0,956264032 0,856875719 0,988725927
1294268491 288 20,98 0,653837626 0,924285628 0,742372686 0,960523725 0,86153505 0,989481196
1453168141 292 21,10 0,655028989 0,924867293 0,743098577 0,960765261  0,862011596 0,989556879
2300942549 320 21,56 0,659669076 0,927107083 0,744273299 0,961154306  0,86386763 0,98984848
3842610773 336 22,07 0,664686723 0,929483461 0,747843175 0,962322969  0,865874689 0,990159333
4302407359 354 22,18 0,665770629 0,929990609 0,74682144 0,961990597  0,866308252 0,990225822
10726904659 382 23,10 0,674255309 0,933885169 0,753261311 0,964057438  0,869702124 0,990736961
20678048297 384 23,75 0,680062453 0,93647434 0,759592713 0,966024682 0,872024981 0,991078734
22367084959 394 23,83 0,680741857 0,936773278 0,759317567 0,965940595 0,872296743 0,991113901
25056082087 456 23,94 0,681718544 0,937201517 0,754554244 0,964464486 0,872687418 0,991178036
42652618343 464 24,48 0,686208291 0,93914777 0,758996737 0,965842515 0,874483316 0,991422653
127976334671 468 25,58 0,695051167 0,942875706 0,768638097 0,968725502 0,878020467 0,991942406
182226896239 474 25,93 0,69777919 0,943997636 0,7712014 0,969467998 0,879111676 0,992058754
241160624143 486 26,21 0,699903979 0,944862366 0,772638824 0,969881535 0,879961592 0,992191315
297501075799 490 26,42 0,701474411 0,945496231 0,774080862 0,970290184 0,880589765 0,992284775
303371455241 500 26,44 0,70161964 0,945554867 0,773505452 0,970129848  0,880647856 0,9923172
303371455241 500 26,44 0,70161964 0,945554867 0,773505452 0,970129848  0,880647856 0,9923172
304599508537 514 26,44 0,701649646 0,945566833 0,772532494 0,969849825  0,880659859 0,992296219
416 608 695 821 516 26,76 0,703955334 0,946489245 0,774958971 0,970535994  0,881582134 0,992393494
461690510011 532 26,86 0,704703251 0,946786523 0,774692824 0,970460176  0,8818813 0,992500305
614 487 453 523 534 27,14 0,706762396 0,947600275 0,776848219 0,971072674 0,882704958 0,992622375
738832927 927 540 27,33 0,708072866 0,94811371 0,777905459 0,97136426 0,883229146 0,992671967
1346 294 310 749 582 27,93 0,712251117 0,949732125 0,779922999 0,971920967 0,884900447 0,992843628
1408 695 493 609 588 27,97 0,712561223 0,949851453 0,779913156 0,971918106 0,885024489 0,992889404
1968 188 556 461 602 28,31 0,714827535 0,950713396 0,781621809 0,972376347 0,885931014 0,992797852
2614941710599 652 28,59 0,716721888 0,951429009 0,781022338 0,972208023 0,886688755 0,993087769
7177 162611713 674 29,60 0,723233148 0,953845501 0,787162734 0,973907471 0,889293259 0,99395752
13 829 048559701 716 30,26 0,727287703 0,955310345 0,789694676 0,974479675  0,890915081 0,992370605
19581334 192423 766 30,61 0,729384733 0,956071854 0,789873231 0,974651337  0,891753893 0,992919922
42842283925351 778 31,39 0,733976712 0,957698822 0,794472824 0,976005554  0,893590685 0,997802734
90874 329411493 804 32,14 0,738226866 0,959186554 0,798144279 0,976348877  0,895290747 0,992675781
171231342 420521 806 32,77 0,741692363 0,960258484 0,801857154 0,977203369  0,896676945 1,008789063
218209 405 436 543 906 33,02 0,742991698 0,960548401 0,799831139 0,976318359  0,897196679 0,989257813

able 1.3




.3 — Proof of the inequation (pn+1)/% - (pn)/¥< 1/k and (pn+1)P/9 - (pn)?P/4< p/q

Florentin Smarandache, has listed some conjectures derived from the Andrica’s conjecture, such as the fact that
(pn+1) k= (pn)/k < 2/k for k>2. We are going to prove that for all integer k>2, this assertion is true.

We'll start by using the Taylor serie expansion of (1.5) :

-8n x(x-1) gn\? gn\3
Fo(x) = x.pyX.— + ———.p X(—) +pX.O<—>
n(X) L 2 n\p, n -~ )

2
Asx-1<0,F,(x) = x.p,~ 's—“ — pp*.0 (Ig)—“) and as according to Baker, Harman and Pintz result: g, << (pn)0-525

x :En x—0,475

F.(x) = x.pp S~ < X.Pn

If we replace x by 1/k with k>2, then p,* %75 < 1and Fu(1/k) < 1/k.

So for any k>2, we can conclude that (pnt+1)/k - (pn)V/k < 1/k. But we cannot conclude for k=2 except if we use
p p 14 14
the Cramer’s conjecture. The same approach applied to F,, (g) = Pn+1? — Pn? let us to show that p,;19 —pp? <

S for all rational numbers such as s < 0,475

1.4 - Study of the equation (pn+1)* - x=C

In 2017, David Lowry-Duda [4], has formulated the following question : for any constant C, what is the smallest
x such as (pn+1)* - (pn)* = C With the same approach developed before, we are going to build some lower and

upper bound functions of x satisfying the condition Fi(X) = (pn+1)*- (pn)x =C

We can start from the Taylor serie expansion of (5) :

Xx(x—1 2 3
Fa(x) = x.pp*.22 4 ¥.pnx- (g_n) +pn".o(§_n> )

Pn 2 Pn n
Resolving F,(x) = C correspond to solve, at the first degree of the Taylor serie expansion the following equality:
Fpo(x) = x. pnx.g—n =C
Pn
Which can writen: x. pnx.;—“ =1 withh, = g?“ (1.18)

By analogy to the previous development, the following function give a good upper bound of x :

In (hp)
+ _ 4 Intp) ln(l_ln(e.pn))
Xe (o) =1 105 ) (1.19)
And with the same Taylor serie expansion, we build the following lower bound function :
- _ 1 _ ln(yp) _ In(hy)

Xe (pn) =1 In(e.pn) ( 1 2.ln(pn)ln(e.pn)) (1.20)
X2 (pp) = 1-— fom) (1.21)
X3 (pn) = 1— 2n) (1.22)

In(pn)



Several situations can be studied :

If C is an even number, and pn, enough large :

for all pn such as g, =C, x = Xct(pn) = Xcl"(pn) = X (pn) = X3 (pn) =1
for all p, such as g, < C, X < Xc3(pn) < Xc2(pn) < Xc(pn) < Xct(pn)
for all p, such as g, > C, X3 (pn) < Xc2(pn) < Xcl(pn) < x < Xct(pn)

If Cis real different from an even number, and p, enough large :
for all p, such as g, < C, X < Xc3(pn) < XcZ(pn) < Xcl(pn) < Xct(pn)
for all p, such as g, > C, Xc3*(pn) < Xc2(pn) < Xcl*(pn) < x < Xc+(pn)

We give below some numerical results for C=2, C=6, C=II for the primes numbers up to 300 (tables 1.4, 1.6, 1.8)

and for all primes numbers corresponding to the first occurrence of maximal gaps (tables 1.5, 1.7, [.9). We have

shown in paragraphe .2 that the local minimal values of lower bound functions of x(p,) was necessary reached

for the prime numbers corresponding to the first occurrence of a maximal gap. Thus, we can limit our research

of the lower bound of x(pn) to the set of these prime numbers.



for C=2, we can see that the minimum value of x is obtain for p, = 113

Primes
2
3
5
7

11
13
17
19
23
29
31
37
41
43
47
53
59
61
67
71
73
79
83
89
97
101
103
107
109
113
127
131
137
139
149
151
157
163
167
173
179
181
191
193
197
199
211
223
227
229
233
239
241
251
257
263
269
271
277
281
283

293
Table 1.4

Gaps
1

BN AN RAROON AN ADNBARAIADNOOBARDNBANBADNDN

[
NG\-P_P

X*(Pn)
1,409383891
1
1
0,764708648
1
0,805566051
1

0,824272302
0,734345587
1
0,75222926
0,849672626
1
0,854417549
0,773488896
0,778964232
1
0,78504414
0,866822648
1
0,792340854
0,87090904
0,797260638
0,74742463
0,875662221
1
0,876986598
1
0,878210365
0,660244738
0,88139545
0,813008444
1
0,728798554
1
0,817423766
0,818598464
0,886252774
0,820429323
0,821459414
1
0,740350297
1
0,889321177
1
0,715291167
0,717915698
0,891816982
1
0,892263424
0,829699932
1
0,751813676
0,831641987
0,832249271
0,832838323
1
0,833597014
0,895358492
1
0,757813442
0,708703612

FIX*'(P,))
2,047543071
2
2
1,82846929
2
1,904538249
2

1,931595547
1,855595552
2
1,884605669
1,959584518
2
1,963700645
1,913560699
1,920051171
2
1,926805701
1,972905887
2

1,93429832
1,97547282
1,938983339
1,903309751
1,978189478
2
1,978897069
2
1,979532434
1,817742928
1,981105304
1,952107477
2
1,893592701
2
1,955307871
1,956126249
1,983290352
1,957374732
1,9580629

2
1,906233094
2
1,984546253
2
1,885862617
1,888844041
1,985501459
2
1,98566631
1,963213628
2
1,91744136
1,964339812
1,964685416
1,965017703
2

1,96544145
1,986761185
2
1,922813073
1,883783703

X(Ps)
1,53457703
1
1
0,77894565
1
0,812937487
1

0,829516913
0,745602614
1
0,761169648
0,852801988
1
0,857235182
0,780152716
0,78511767
1
0,790664616
0,868931813
1
0,797366598
0,872816023
0,801911848
0,754531516
0,87735197
1
0,878619122
1
0,879791255
0,672455603
0,882847425
0,816594689
1
0,736251878
1
0,820745816
0,821852626
0,887522821
0,82357965
0,824552367
1
0,746835103
1
0,890485025
1
0,722948513
0,725350252
0,892899219
1
0,893331503
0,832360236
1
0,75742917
0,834206944
0,834784915
0,835345761
1
0,836068451
0,89633199
1
0,763008516
0,716173381

FOX(Pn))
2,500299469
2
2
1,921360642
2
1,960658639
2

1,975152393
1,954348804
2
1,968050494
1,989476527
2
1,991419411
1,98101106
1,983743732
2
1,986490392
1,995446505
2
1,989395506
1,996458623
1,991120615
1,984302176
1,997455854
2
1,997700996
2
1,997915371
1,962793959
1,998420629
1,995461529
2
1,985141461
2

1,9963813
1,996605911
1,999053945
1,996939732
1,997119019
2
1,989208521
2
1,999375905
2
1,98534376
1,986279277
1,999597239
2
1,999633221
1,99834495
2
1,992415578
1,998583378
1,998654245
1,998721341
2
1,998805406
1,999854469
2
1,99379594
1,986495674

X"(Pn)
1,504935371
1
1
0,781651372
1
0,814055938
1

0,830224758
0,748098163
1
0,762987424
0,853155612
1
0,857542302
0,781367259
0,786206617
1
0,791626554
0,869139947
1
0,798192084
0,872997811
0,802654421
0,756012191
0,877506507
1
0,878766674
1
0,879932575
0,676192115
0,882973494
0,817115401
1
0,737949777
1
0,821214944
0,822308738
0,887628155
0,824016048
0,824977973
1
0,748233754
1
0,89057871
1
0,72480446
0,72713097
0,892984196
1
0,893414991
0,832706901
1
0,758574261
0,834536813
0,835109666
0,835665608
1
0,836382068
0,896405712
1
0,764036418
0,718038098

F(X'(Pn))
2,386283217
2
2
1,939467764
2
1,969302797
2
1,98109976
1,976881952
2
1,985429737
1,992881241
2
1,994462982
1,993542509
1,995220373
2
1,996878923
1,997684108
2
1,99858656
1,998470257
1,99956698
2,001583035
1,999226843
2
1,999408977
2
1,999566641
2,009317475
1,999930906
2,001832747
2
2,006579199
2
2,002248005
2,002343674
2,00036675
2,00248084
2,002551759
2
2,007553049
2
2,000574287
2
2,010201154
2,010321934
2,000708134
2
2,000728979
2,002967465
2
2,008046611
2,003029037
2,003045661
2,003060619
2
2,00307822
2,000849419
2
2,008137117
2,012963731



Primes Gaps

2

3

7

23

89

113

523

887

1129

1327

9 551

15 683

19 609

31397

155921

360653

370 261

492 113
1349533

1357 201
2010733
4652353

17 051707
20831323

47 326 693

122 164 747

189 695 659
191912 783

387 096 133

436 273 009
1294268 491
1453168 141
2300942 549
3842610773
4302407 359

10 726 904 659
20678 048 297
22 367 084 959
25056 082 087
42 652 618 343
127976 334 671
182 226 896 239
241160624 143
297 501075 799
303 371455 241
304 599 508 537
416 608 695 821
461690510011
614 487 453 523
738832927 927
1346 294 310 749
1408 695 493 609
1968188556 461
2614941710 599
7177162 611713
13 829 048 559 701
19 581 334 192 423
42 842 283 925 351
90874 329 411 493
171231342 420 521
218209 405 436 543

Table 1.5

1

2
4
6
8

112
114
118
132
148
154
180
210
220
222
234
248
250
282
288
292
320
336
354
382
384
394
456
464
468
474
486
490
500
514
516
532
534
540
582
588
602
652
674
716
766
778
804
806
906

X*(Py)
1,409383891
1
0,764708648
1
0,74742463
0,660244738
0,697334538
0,704336039
0,70134897
0,654092857
0,715637772
0,710042588
0,700645609
0,684395688
0,709719093
0,719390173
0,708771355
0,713390161
0,730237193
0,722923567
0,722569141
0,734370677
0,745078709
0,739302677
0,748268365
0,759973562
0,762614517
0,759857059
0,76758106
0,763146727
0,773906306
0,774466944
0,77500256
0,777889325
0,776721104
0,782027354
0,787596014
0,787232318
0,78234195
0,786204209
0,794720666
0,796941664
0,798114001
0,799360966
0,798767553
0,797790876
0,799932376
0,799574122
0,801476767
0,802373792
0,803883803
0,803836491
0,805272143
0,804445595
0,809813177
0,811869856
0,811804383
0,815873821
0,81905969
0,822380232
0,820207947

F(X* (Pn))
2,047543%
2,000000"
1,828469"
2 r
1,903310"
1,817743"
1,8779447
1,887031"
1,8854357
1,840721
1,901025
1,896989
1,889575
1,876054
1,897357
1,904783
1,896689
1,900272
1,912693
1,907433
1,907180
1,915600
1,922837
1,918983
1,924920
1,932282
1,933883
1,932211
1,936834
1,934203
1,940482
1,940799
1,941102
1,942716
1,942066
1,944985
1,947956
1,947766
1,945155
1,947223
1,951623
1,952735
1,953317
1,953931
1,953638
1,953156
1,954211
1,954037
1,954968
1,955390
1,956132
1,956086
1,956792
1,956404
1,958916
1,959724
1,959641
1,961945
1,962341
1,963440
1,962402

X (P)
1,530278251
1
0,778933874
1
0,754530833
0,672453768
0,704651831
0,710775283
0,707693494
0,662412781
0,72004951
0,714394162
0,705178964
0,6892055
0,713242647
0,722467068
0,712078731
0,716523928
0,732814968
0,72564192
0,725220644
0,736668582
0,74703
0,741319151
0,750061221
0,761520553
0,76409272
0,761368882
0,768946946
0,764556702
0,7751245
0,775672451
0,776176768
0,779007006
0,777844819
0,783055931
0,788545719
0,788182139
0,783331223
0,787137939
0,795544507
0,797736786
0,798891566
0,800122851
0,799533385
0,798564043
0,800680394
0,800321949
0,802202736
0,803088363
0,804572378
0,804524282
0,805941896
0,805114334
0,810424135
0,812454713
0,812382996
0,816413866
0,819569007
0,822861539
0,820697478

FX'(Pn))
2,483489"
2,000000"
1,9212827

2 r
1,984294"
1,962771"
1,986836"
1,989505 "
1,9893787
1,979271
1,991679
1,990571
1,988964
1,985722
1,988831
1,989747
1,988086
1,988644
1,990572
1,989528
1,989280
1,990597
1,991543
1,990729
1,991648
1,992802
1,993003
1,992693
1,993401
1,992900
1,993852
1,993891
1,993878
1,994093
1,993964
1,994363
1,994800
1,994760
1,994300
1,994603
1,995246
1,995400
1,995474
1,995557
1,995512
1,995429
1,995581
1,995549
1,995675
1,995727
1,995807
1,995816
1,995885
1,995796
1,996159
1,996231
1,996216
1,996460
1,996704
1,996399
1,996460

X' (Pn)
1,504935371
1
0,781651372
1
0,756012191
0,676192115
0,706572305
0,71241456
0,709329902
0,665023514
0,721117553
0,71547438
0,706351815
0,690539387
0,71411858
0,723199397
0,712904392
0,717290295
0,733398526
0,72627854
0,72584262
0,737178752
0,74744147
0,741756429
0,75043341
0,761823377
0,764378182
0,761664998
0,769203997
0,764828242
0,775346203
0,775891186
0,776389213
0,779206095
0,778046253
0,783235047
0,788706052
0,78834282
0,783503196
0,787296811
0,795678053
0,797864025
0,799015145
0,800243055
0,799654634
0,798687156
0,800798012
0,800439786
0,802315848
0,803199107
0,804678133
0,804629947
0,806043905
0,805216696
0,810514648
0,812540265
0,812467669
0,816490906
0,819640204
0,822927392
0,820765405

F(X"(Py))
2,386283
2,000000
1,939468

2
2,001583
2,009317
2,016411
2,016443
2,017078
2,024794
2,014257
2,014497
2,015504
2,017238
2,012239
2,010516
2,011575
2,010868
2,008635
2,009255
2,009040
2,007639
2,006340
2,006635
2,005786
2,004868
2,004625
2,004758
2,004229
2,004407
2,003721
2,003678
2,003578
2,003385
2,003412
2,003089
2,002818
2,002821
2,002969
2,002779
2,002410
2,002313
2,002261
2,002207
2,002222
2,002247
2,002165
2,002168
2,002097
2,002054
2,001975
2,001979
2,001916
2,001928
2,001701
2,001572
2,001617
2,001755
2,001221
1,998901
2,000854



for C=6, we can see that the minimum value of x is obtain for p, = 113

Primes
2
3
5
7
11
13
17
19
23
29
31
37
41
43
47
53
59
61
67
71
73
79
83
89
97
101
103
107
109
113
127
131
137
139
149
151
157
163
167
173
179
181
191
193
197
199
211
223
227
229
233
239
241
251
257
263
269
271
277
281
283
293

Table 1.6

Gaps
1

B NBNSREOCNNPRONBABAOONOOOOBRNRAAONORARNBANBARNN

-
» a

NGB ONGOOOD NGNS

=
» o

X*(Pn)
2,058242006
1,523494642
1,421014918
1,137636617
1,323321409
1,113736569
1,286603481
1,102794113
1
1,251554356
1
1,087935876
1,233074253
1,085160274
1
1
1,216367147
1
1,077903757
1,208755295
1
1,075513371
1
0,947585875
1,072732938
1,195652486
1,071958227
1,193662161
1,071242369
0,852062077
1,069379214
1
1,185576998
0,913922341
1,182981698
1
1
1,066537862
1
1
1,177556778
0,917588793
1,17571405
1,064742961
1,174849064
0,889859589
0,890874896
1,063283009
1,17099157
1,063021857
1
1,16963151
0,921227198
1
1
1
1,166589897
1
1,061211358
1,165494666
0,923131487
0,87316228

F(X*'(P,))
5,429906392
6,279179845
6,035992942
6,151373262
5,908912743
6,060056777
5,89107396
6,03128825
6
5,888990462
6
6,00564521
5,893177274
6,002480583
6
6
5,899630067
6
5,996376034
5,903289359
6
5,994995501
6
5,977776104
5,993741732
5,910462811
5,993455674
5,911636083
5,993214656
5,875588741
5,992687926
6
5,916590652
5,958413851
5,918237827
6
6
5,992144091
6
6
5,921755142
5,965123858
5,922969918
5,991946542
5,923543232
5,941454746
5,943445086
5,991860772
5,926121447
5,991852051
6
5,927037897
5,970746538
6
6
6
5,929099076
6
5,991842954
5,929844679
5,973316491
5,929747823

X(Pn)
3,10659915
1,650509009
1,476323569
1,142505599
1,345138467
1,116258489
1,301106116
1,104588543
1
1,260952561
1
1,089006641
1,240389471
1,086124382
1
1
1,222108243
1
1,078625458
1,213867347
1
1,076165893
1
0,947891898
1,07331113
1,199799933
1,072516838
1,19767546
1,071783313
0,854376912
1,069876047
1
1,189077032
0,914673123
1,186327412
1
1
1,066972444
1
1
1,180595631
0,918242025
1,178653382
1,065141205
1,177742486
0,891005475
0,891987446
1,063653328
1,173686421
1,063387331
1
1,172258712
0,92179287
1
1
1
1,169070169
1
1,061544469
1,167923484
0,923654811
0,874578435

F(X'(Pn))
21,74110049
8,1143397
6,924027768
6,243963571
6,340889005
6,115366452
6,212492739
6,074183009
6
6,125926799
6
6,035182245
6,092458931
6,029901259
6
6
6,068456519
6
6,018754134
6,059288768
6
6,015857986
6
5,988006088
6,012926397
6,045829524
6,012188683
6,044023433
6,011536331
5,957195907
6,009965669
6
6,037280999
5,985599727
6,035309206
6
6
6,007902132
6
6
6,031470359
5,98978191
6,030249782
6,00678832
6,029690898
5,985502296
5,986591551
6,005981607
6,027304619
6,005846195
6
6,026503441
5,993047127
6
6
6
6,024784511
6
6,004977441
6,024189531
5,994441196
5,987533272

X"(Pn)
2,543549878
1,616783094
1,464286901
1,142099131
1,341327456
1,116082006
1,29881495
1,104474247
1
1,259622578
1
1,088947715
1,239419575
1,086072903
1
1
1,221394318
1
1,07859003
1,213251092
1
1,076134793
1
0,947903029
1,073284535
1,199327458
1,072491404
1,197222345
1,071758916
0,854633893
1,069854198
1
1,188696405
0,914719187
1,185968058
1
1
1,066954078
1
1
1,180277804
0,918280285
1,178348792
1,065124808
1,177443963
0,891097225
0,892075631
1,063638409
1,173413838
1,063372666
1
1,171994852
0,921824446
1
1
1
1,168825047
1
1,06153147
1,167684855
0,923683274
0,874710848

F(X"(Pn))
10,5221896
7,584732868
6,721071099
6,23618524
6,263337329
6,11148054
6,16062283
6,071442248
6
6,091847141
6
6,033553165
6,065666496
6,02843409
6
6
6,047209406
6
6,017653723
6,040272447
6
6,014862043
6
5,988378494
6,012042673
6,030257081
6,011334522
6,028932603
6,010708848
5,966322392
6,009204811
6
6,024040102
5987271634
6,022626979
6
6
6,007235363
6
6
6,019902831
5991229191
6,019044938
6,00617653
6,018653565
5,989042782
5,990024499
6,005412106
6,016993372
6,005284034
6
6,016440156
5,994294363
6
6
6
6,0152609
6
6,004464349
6,014855284
5,995592238
5,992964216



Primes Gaps

2

3

7

23

89

113

523

887

1129

1327

9551

15 683

19 609

31397

155921

360 653

370 261

492 113
1349533

1357 201
2010733

4 652 353

17 051707
20831323

47 326 693

122 164 747

189 695 659
191912 783

387 096 133

436 273 009
1294268 491
1453168 141
2300942 549
3842610773
4302407 359

10 726 904 659

20 678 048 297

22 367 084 959
25056 082 087
42 652 618 343
127976 334 671
182 226 896 239
241160624 143
297 501 075 799
303 371455 241
304 599 508 537
416 608 695 821
461690510011
614 487 453 523
738832927 927
1346 294 310 749
1408 695 493 609
1968 188 556 461
2614941710 599
7177 162 611713
13 829 048 559 701
19 581 334 192 423
42 842 283 925 351
90 874 329 411 493
171231342 420 521
218209 405 436 543

Table 1.7

1

2
4
6
8

112
114
118
132
148
154
180
210
220
222
234
248
250
282
288
292
320
336
354
382
384
394
456
464
468
474
486
490
500
514
516
532
534
540
582
588
602
652
674
716
766
778
804
806
906

X*(Py)
2,058242006
1,523494642
1,137636617

1
0,947585875
0,852062077
0,848667269
0,845403599
0,838178003

0,78822248
0,823722082
0,813098687
0,801586268
0,781151637
0,794507502
0,799024737
0,788254439
0,791270225
0,802919477
0,795578617
0,793383347

0,80155224
0,807316822
0,800842798

0,80710394
0,815965557
0,817378289
0,814589129
0,820464596

0,81572756
0,823885912

0,82418463
0,823707286
0,825511345

0,82411095
0,827620454
0,831980195
0,831476152
0,826384423

0,82932703
0,836060561
0,837739018
0,838491201
0,839428983
0,838807036
0,837824465
0,839514287
0,839010045
0,840512091
0,841155181

0,84186078

0,84175408
0,842757036
0,841570579
0,845713281
0,847016685
0,846564437
0,849793598
0,852209834

0,85490854
0,852504422

F(X* (P,))
5,429906"
6,279180"
6,1513737
6 r
5,977776"
5,875589 "
5,908727"
59102337
5,903176"
5,829161"
5,893108"
5,879643"
5,863506"
5,832065"
5,854218"
58611437
5,844720"
5,849460"
5,866924 "
5,856108"
5,852798"
5,864978"
5,8732177
5,863960"
5,8729227
5,885023 "
5,886890"
5,883188"
5,890909 "
5,884707 "
5,895270"
5,895646"
5,895045”
5,897307"
5,895553 "
5,899918"
5905194 "
5,904594 "
5,898393 "
5,902001"
5,909994 "
59119227
59127887
5913854 "
5,913157"
5,912019"
5,913938"
5913364 "
5,915078"
5,915800"
5916552 "
5,916491"
5917507
5,916248"
5,920593"
59217687
5,922028"
5,925537"
5,926880"
5,926758"
5,926270"

X'(Pn)
2,866061886
1,648218643
1,142504221

1
0,947891897
0,854376846
0,850496592
0,847164103
0,840040717
0,791341083
0,825417441
0,814906704
0,803577822
0,783464388
0,796273279
0,800603046
0,790002852

0,79293231
0,804295318
0,797058268

0,79485401
0,802834785
0,808431623
0,802019622
0,808156669
0,816874985
0,818253133

0,81549035
0,821279622
0,816581001
0,824625054
0,824917223
0,824428159

0,82620113

0,82480828

0,82826374
0,832574466
0,832072025
0,827013848
0,829922079
0,836585996
0,838246733
0,838988842
0,839916953

0,83929843
0,838321792
0,839995603
0,839492538
0,840980636

0,84161682
0,842308497
0,842201675
0,843193754
0,842009506
0,846115356
0,847403427
0,846949048
0,850152996
0,852549622
0,855229702
0,852833878

F(X'(Pn))

16,014810"
8,077333"
6,243937"7
6 L4
5,988006"
5,957194"
5,989845"
5,993858"
5,994376"
5,985179"
59977227
5,996559 "
5,994940"
5,991114"
59924277
5,992530"
5,990487"
5,990842"
5,992226"
5,990875"
5,990153 "
5,991180"
5991524 "
5,990203 "
5,991011"
5,992201"
5,992285"
5,991808"
5,992566"
5991734
59927787
5,992796"
5,992606"
59927737
5,992524"
5,992884"
5,993418"
5,993330"
59925227
5,992887"
5,993708"
5,993896"
5,993975"
5,994065"
5,993990"
5,993830"
5,994028"
5,993950"
5,994139"
5,994158"
5,994213"
5994184 "
5,994255"
5,994110"
5994431
5,994385"
5,994690"
5,995544 "
59947517
5,989502"
5,990967 "

X' (Pn)
2,543549878
1,616783094
1,142099131

1
0,947903029
0,854633893
0,850705001
0,847369574

0,84026971
0,791865722
0,825647376
0,815169162
0,803887921
0,783869076
0,796559867
0,800852551
0,790296933

0,79320713
0,804507851
0,797296933
0,795094253
0,803034526
0,808599324
0,802203672
0,808315238
0,817004643
0,818376748
0,815619959
0,821392529

0,81670286
0,824725193

0,82501628
0,824525938
0,826293587
0,824902615
0,828348764
0,832650733

0,83214876
0,827097728
0,829999832
0,836651557
0,838309343
0,839049885
0,839976413
0,839358572
0,838383083
0,840054217
0,839551506

0,84103729
0,841672384
0,842362112
0,842255317
0,843245716
0,842062179
0,846162176
0,847448031
0,846993555
0,850193597
0,852587312
0,855264594
0,852870339

F(X*(Pn))
10,522190
7,584733
6,236185
6
5,988378
5,966322
5,999155
6,003693
6,005682
6,011824
6,012051
6,013720
6,015665
6,019382
6,015162
6,013566
6,015356
6,014543
6,011818
6,012900
6,012893
6,011076
6,009526
6,010190
6,009002
6,007640
6,007329
6,007592
6,006786
6,007173
6,006112
6,006054
6,005963
6,005685
6,005764
6,005280
6,004834
6,004853
6,005179
6,004866
6,004240
6,004074
6,004001
6,003903
6,003960
6,004004
6,003845
6,003869
6,003773
6,003685
6,003605
6,003611
6,003494
6,003448
6,003296
6,002960
6,002899
6,003174
6,002075
5,996338
5,998291



for C=Pi, we can see that the minimum value of x is obtain for p, = 113.

We see on the table below thatif g, = 2 < Pi, F(X) > Piand if g, > Pi, F(X) < Pi

Primes
2
3
5
7
11
13
17
19
23
29
31
37
41
43
47
53
59
61
67
71
73
79
83
89
97
101
103
107
109
113
127
131
137
139
149
151
157
163
167
173
179
181
191
193
197
199
211
223
227
229
233
239
241
251
257
263
269
271
277
281
283
293

Table 1.8

Gaps
1

B NANPOONAONBRAINOOORNAONOOBRNANRANNDN

Nooe R

X*'(Py)
1,676095911
1,215181579
1,173057463
0,918000053
1,132900713
0,932239016
1,117807872
0,938758217
0,84354238
1,103400988
0,854075
0,947610328
1,095804774
0,949263952
0,866595898
0,869820607
1,088937346
0,873401379
0,953587177
1,085808507
0,877698791
0,955011301
0,880596306
0,829700568
0,956667803
1,08042262
0,957129353
1,0796045
0,957555841
0,739090927
0,958665855
0,889871004
1,076281108
0,80489337
1,075214314
0,892471416
0,893163256
0,960358652
0,894241543
0,894848217
1,07298441
0,813203878
1,07222696
0,961428002
1,071871409
0,787047219
0,789010281
0,962297799
1,070285793
0,962453386
0,899701484
1,069726742
0,821450815
0,900845261
0,901202922
0,901549845
1,068476493
0,901996677
0,963532029
1,0680263
0,825767142
0,776304067

F(X*'(Pn))
3,109610634
3,269237792
3,196864583
3,06885969
3,152011303
3,104472295
3,142352513
3,116602868
3,041234565
3,136835205
3,063801823
3,128563169
3,135267926
3,13023641
3,085728826
3,090533658
3,134550798
3,09547948
3,13384254
3,134419133
3,100890737
3,134803465
3,104228109
3,06765524
3,13579185
3,134440559
3,136043721
3,134468498
3,136267711
2,96776685
3,136812637
3,113341969
3,13464088
3,052445198
3,134714708
3,115500538
3,11604776
3,137544029
3,116878641
3,117334532
3,13489494
3,063901666
3,134963542
3,137948792
3,13499695
3,04021041
3,043049855
3,138247927
3,135154771
3,138298732
3,120695722
3,135213663
3,07389015
3,121417706
3,12163827
3,121849885
3,135351002
3,122119098
3,138629597
3,135402251
3,078612859
3,034231667

X'(Py)
2,039899064
1,236319435
1,182368483
0,919727951
1,136584206
0,933134102
1,120257341
0,939395117
0,847446301
1,104988635
0,857175703
0,947990384
1,097040615
0,949606152
0,868907159
0,871954869
1,089907291
0,875350807
0,953843339
1,086672189
0,879441958
0,955242908
0,882209576
0,8329313
0,956873027
1,081123345
0,957327628
1,080282562
0,957747844
0,746291477
0,958842202
0,89111491
1,076872457
0,808750749
1,075779591
0,893623688
0,894291982
0,960512903
0,895334255
0,895921028
1,073497844
0,816560041
1,07272358
0,961569355
1,072360272
0,791331011
0,793169442
0,962429241
1,070741107
0,962583109
0,900624233
1,070170627
0,824357092
0,901734939
0,902082432
0,902419572
1,068895553
0,902853917
0,963650265
1,068436667
0,828455841
0,780709022

F(X(Pn))
5,291108782
3,424594516
3,276355629
3,086279455
3,191327206
3,114985026
3,171610684
3,124767172
3,094383925
3,158356801
3,108715059
3,134178215
3,153335756
3,135446133
3,12205467
3,124843884
3,149826777
3,127640459
3,138086025
3,148520428
3,130592003
3,138756585
3,132342382
3,125024359
3,13942367
3,14665469
3,139589085
3,14641042
3,139734353
3,101765403
3,140079567
3,13674593
3,145514977
3,126434796
3,145258735
3,137680859
3,137909445
3,140520467
3,138249433
3,138432182
3,144768539
3,130978742
3,144615342
3,14075025
3,144545663
3,127258147
3,128309868
3,140911807
3,144251679
3,140938445
3,139685926
3,144154338
3,134517937
3,139930998
3,140003953
3,140073078
3,143948001
3,140159764
3,141105412
3,143877421
3,136023673
3,129085497

X'(Py)
1,906391423
1,233648572
1,181410632
0,919828444
1,136286752
0,933176679
1,120080331
0,939422364
0,847907725
1,104886979
0,85751452
0,948004199
1,096966924
0,949618184
0,869135645
0,872160207
1,089853349
0,875532663
0,95385155
1,086625747
0,879598494
0,955250096
0,882350678
0,833352228
0,956879155
1,081087899
0,957333483
1,080248592
0,957753456
0,747853748
0,958847217
0,891214492
1,076844002
0,809339405
1,075752752
0,893713564
0,894379406
0,960517105
0,895417962
0,896002699
1,073474152
0,817046779
1,072700889
0,961573099
1,07233804
0,792056236
0,79386583
0,962432641
1,070720835
0,96258645
0,900690972
1,070151014
0,824757051
0,901798493
0,902145015
0,902481225
1,068877353
0,902914387
0,96365322
1,068418956
0,828815545
0,781500223

FX'(Ps))
4,371742995
3,40461796
3,268097053
3,087295278
3,18813544
3,115485905
3,169487759
3,125116892
3,100722641
3,156974576
3,113660026
3,134382508
3,152255598
3,135629452
3,125667713
3,128163912
3,148975342
3,13065684
3,138222148
3,14776061
3,133272457
3,138879362
3,134812921
3,132573997
3,139532171
3,146035732
3,139693836
3,145811095
3,139835725
3,131589337
3,140172519
3,13862689
3,144990896
3,137876353
3,144757319
3,139417321
3,139608895
3,140601576
3,13989237
3,140043942
3,144312258
3,140823564
3,14417372
3,140824468
3,144110806
3,142230523
3,142808566
3,140980741
3,143846113
3,141006464
3,14106377
3,143758761
3,142951476
3,141257579
3,141314795
3,141368786
3,14357414
3,141436169
3,141167322
3,143511172
3,143782552
3,146423629



Primes

2

3

7

23

89

113

523

887

1129

1327

9551

15683

19 609

31397

155921

360 653

370 261

492 113
1349533
1357201
2010733

4 652 353

17 051707
20831323

47 326 693

122 164 747

189 695 659
191912 783

387 096 133
436273 009
1294 268 491
1453168 141
2300942 549
3842610773
4302 407 359
10726 904 659
20678 048 297
22 367 084 959
25056 082 087
42 652 618 343
127 976 334 671
182 226 896 239
241160 624 143
297 501075 799
303 371455 241
304 599508 537
416 608 695 821
461690510011
614 487 453 523
738832927927
1346 294 310 749
1408 695 493 609
1968 188 556 461
2614941710599
7177 162 611 713
13829 048 559 701
19581 334 192 423
42 842 283 925 351
90874 329411493
171 231342420521
218 209 405 436 543

Table 1.9

Gaps

112
114
118
132
148
154
180
210
220
222
234
248
250
282
288
292
320
336
354
382
384
394
456
464
468
474
486
490
500
514
516
532
534
540
582
588
602
652
674
716
766
778
804
806
906

X*(Pn)
1,676095911
1,215181579
0,918000053

0,84354238
0,829700568
0,739090927
0,759539599
0,762321619

0,75759231

0,70922661
0,760065643
0,752403621
0,742137094
0,724167056
0,744571224
0,752123824
0,741442741
0,745402629
0,760113121
0,752788301
0,751677199
0,761985544
0,770661579
0,764598639
0,772452628
0,782988976
0,785125072
0,782354583
0,789318747
0,784759988
0,794450338
0,794903314
0,795022554
0,797464275
0,796200619

0,80076832
0,805840056
0,805418671
0,800445534
0,803929771
0,811713359
0,813711347

0,81471098
0,815830856
0,815225714
0,814246615
0,816202453
0,815784191

0,81752217
0,818314815
0,819494175
0,819422451
0,820680244
0,819705756
0,824569854

0,8263169
0,826092444
0,829816487
0,832686
0,835750937
0,833483358

F(X*(Py))

3,1096117
3,2692387
3,068860"
3,0412357
3,067655"
2,9677677
3,0224237
3,0293957
3,025820"
2,969019"
3,0339407
3,0267737
3,0162977
2,996706 "
3,019652"
3,0274447
3,016480"
3,020635"
3,0353247
3,028170"
3,027070 7
3,0371297
3,0451837
3,039600"
3,0468017
3,0559917
3,057790 "
3,0554537
3,0612587
3,0574847
3,065390"
3,065749 7
3,0658437
3,067759 "
3,0667717
3,0703087
3,0741237
3,0738117
3,0700617
3,072699 "7
3,0783947
3,0798117
3,0805187
3,0813017
3,080879 "
3,080186"
3,0815637
3,081260"
3,0824647
3,0829957
3,0838207
3,083776"
3,0846147
3,0839317
3,0872277
3,0882877
3,088165"
3,0909127
3,092896"
3,093506"
3,0927737

X'(Pn)
2,005827961
1,236255033
0,919727777

0,84744591
0,832931159
0,746290839
0,764158215
0,766482808

0,76177219
0,715105693
0,763206519
0,755576595
0,745500864
0,727841017

0,74729947
0,754524738
0,744049668
0,747875448
0,762151542
0,754952238
0,753801499
0,763830503
0,772240875
0,766242773
0,773917546
0,784253518

0,78633622
0,783596407
0,790441084
0,785924379
0,795457207
0,795900248

0,7959971
0,798393632
0,797136815
0,801627629
0,806633621
0,806213059
0,801277085
0,804715091
0,812406452
0,814380561
0,815365953
0,816472793
0,815871399
0,814899061
0,816833755
0,816415944

0,81813553
0,818918758
0,820077495
0,820005289
0,821248201
0,820274197

0,82508968
0,826815381
0,826586534
0,830277841
0,833121494
0,836162509
0,833903266

F(X'(Pw)
5,0416187
3,4241127
3,0862787
3,094379 7
3,1250227
3,1017537
3,1302427
3,1333387
3,1333587
3,1231317
3,1354617
3,1341617
3,1324127
3,1287087
3,1312177
3,1318617
3,1299817
3,130489"
3,1323067
3,1311047
3,1306787
3,1319527
3,1327357
3,1317157
3,1326397
3,1338577
3,1340297
3,1336517
3,1344087
3,1337787
3,1348047
3,1348387
3,1347697
3,1349797
3,134806"
3,1352137
3,1357027
3,135645"
3,135056 "
3,1353937
3,1361257
3,1362957
3,1363717
3,1364647
3,136410"
3,1363007
3,1364677
3,1364287
3,136564"
3,1366287
3,1367027
3,1367117
3,1367827
3,1366427
3,1371157
3,1370397
3,1369487
3,1381847
3,138000"
3,1354987
3,135864"

X' (Pn)
1,906391423
1,233648572
0,919828444

0,84790773
0,833352228
0,747853748
0,765064316
0,767287607
0,762600385
0,716570397
0,763821057
0,756221915
0,746220404
0,728696524
0,747876203
0,755013718
0,744609189
0,748396067
0,762550279
0,755391495
0,754235107
0,764187947
0,772533304
0,766557038
0,774186229

0,78447256

0,78654354
0,783812269
0,790628728

0,7861241
0,795620677
0,796061682

0,7961548
0,798541898
0,797287277
0,801762081
0,806754073
0,806333943
0,801407443
0,804835671
0,812507935
0,814477335
0,815460075
0,816564393
0,815963887
0,814993094
0,816923626
0,816506117
0,818222118
0,819003587
0,820158809
0,820086574
0,821326771
0,820353329
0,825159791

0,82688184
0,826652506
0,830337926
0,833177115
0,836213974
0,833956603

F(X"(Py))
4,371743
3,404618
3,087295
3,100723
3,132574
3,131589
3,151828
3,153838
3,155104
3,162722
3,155712
3,156457
3,157816
3,160260
3,155318
3,153561
3,154887
3,154117
3,151633
3,152419
3,152255
3,150661
3,149219
3,149636
3,148642
3,147545
3,147268
3,147446
3,146806
3,147053
3,146221
3,146171
3,146067
3,145838
3,145880
3,145491
3,145156
3,145162
3,145368
3,145132
3,144666
3,144549
3,144484
3,144420
3,144437
3,144473
3,144372
3,144366
3,144291
3,144244
3,144117
3,144146
3,144033
3,144075
3,143913
3,143890
3,143631
3,144104
3,143677
3,143555
3,141357



We can conclude that we have reached to build a function X2-(p,) which give a good approximation and a good
lower bound of x(pn) which verify Fi(x) = (pu+1)* - (pn)* = 1, for any prime number pn. We have proved that
x(pn) couldn’t be lower than 0.475 and under Cramer’s conjecture or the weaker hypothesis g, < Ink(p,), we have
proposed, x(pn) reached a lower bound for p, = 113. We have also proved that F,(1/k) = (pn+1)1/k - (pn)/k <
1/k for all integer k>2 and for k=2 if we take the weaker hypothesis g, < In¥(p,). And at last, we have also build
a lower bound function X¢2-(pn) of x(pn) verifying Fn(x) = (pn+1)* - (pn)* = C. We are going, in the following part,
to study the behavior of the functions Fx(pn) = (pn+1)* - (pn)*and show that Fx(pn) are positive upper bounded

functions which tends toward 0 for all 0<x<1.

L.5 - Study of F = (po+1)*— (pn)*forx <1

In this paragraph, our goal is to study the function Fx(pn) = (pn+1)* - (pn)* for 0<x< 1. We’ll show that for
x<0,475, Fx(pn) is an upper bounded function which tends towards 0 when p, 20 and for 0,475<x< 1, under
Cramer’s conjecture or the weaker condition proposed above, Fx(pn) is a bounded function which tends toward
0 when p, 2 o0. We'll build an upper bound function My(pn) of Fx(pn) and we’ll analyse the behavior of Mx(pn).
We'll also build a lower bound function mx(pn) of Fx(pn). We'll analyse the behavior of mx(p,) and gives an
estimation of p’nx giving the maximal value of mx(pn). Finally, we ‘Il try to estimate the value of p’,x such as for

all pn> p'nx, Fx(pn) <Mx(pn)< m«(p’nx) and will gives the maximal values of Fx(pn) for different 0<x< 1.

1.5.1 -Upper bound function of F

We are going to show that for any real x such as 0 < x < 1, the function Fx(pn) = (pn+1)* = (pn)* has an upper
bound and tends toward 0 when n = oo, considering two different situations.:
1- Using the Baker, Harman and Pintz result, g, < pa0525, we'll prove that for any real x suchas 0 < x < 0.475,
Fx(pn) = (pn+1)* - (pn)* has an upper bound and tends toward 0 when p, > .
2- Based on Cramer’s conjecture or the weaker condition on prime gaps proposed in 1.2.3, we’'ll state that
for any real x such as 0,475 <x <1, Fx(pn) = (pn+1)* - (pn)* has an upper bound and tends toward 0 when
pn 200 .

We start from the Taylor serie expansion of (1.5)

2
Fi(py) = x.pnx.i—’;— an.O(i—z) < X.pnx.i—z (1.22)

For the same reasons than the one exposed in paragraph 1.2, the research of an upper bound of (.22) can be

reduced to all primes corresponding to the first occurrence of maximal gaps.

Replacing in (1.22), g, by Gn, we can establish a new upper bound function of Fx(pn) :

n Gn
Fx(pn) < X-pnx-i_rl < X.an.E= Mx(pn)



Due to BHP result : G, < pn? with a =0,525 then:

IFaP) = Myl < 2.0 (22)" < 0 (-222) < 0(2252) = o) (1.23)

For all x < 0,95, | Fx(pn) - Mx(pn) | - 0whenn > o

Thanks to that, we can focus our study to the behavior of My(pn) which appears as a good estimation of Fy(p,,).

If x < 0,475, we can write :

X
1-a-x
Pn

Fx(pn) < Mx(pn) < X-an-F;Ln =

limn—woFX(pn) < limn—woMX(pn) < lirnn—>oo (ﬁ) =0

If 0,475< x<1, based on Cramer’s conjecture on the weaker condition proposed in 1.2.3, where there is a real r

such as Gy< In'(pn) then:

F(Pn) < My(pn) < X.pp* 2Bn) —  J0(Pn)
xPn xPn Pn o

1-x
Pn

. . . In"(pn
limp o Fy(Pn) < iMoo My () < ity op (%222 = 0

The table 1.10 below presents the digital values of Fy(p,,) for different values of x<1 and for all prime numbers
corresponding to the first occurrences of the maximal prime gaps G, up to P, < 218 209 405 436 543. Then for

all 0<x<1, F4(p,) is a bounded positive function which tends forward to 0 when n oo, Thus, there is one pnx

such as Fx(pn,x) = Maxpey (Fx(Pn)) and Fx(pni) < Mx(pnx) < Maxn Mx(pn)

We are now going to study more in detail the first and second derivatives functions of Fx(pn) and Mx(pn) to try

to better estimate the values of pnxwhere F'x(pn) ® M’x(pn) = 0 and F’x(pn) = M"x(pn) < 0.

li 1 Gn G;l Gn
My (pn) = Xz-pnx P + X.Pn -E_ X-pnx-m
Gn (Gn (1-x) Gn _ (1-%)
M (pn) = x. an- n (G_n - an) = My(pn)- (G_n - an)
As specified above, G’» can be estimate by AGn/Apn :
MX( Il) HG;I MX( n) AGKI n
M)/((pn) = p—:(pG_n_(l_X)) = p—:(mg—n—(l—X)) (124)

Regarding the second derivative M”"«(pn), we have :

o) = o). (3~ 52 ¢ o (8- (2) +422)

Pn?

. Gh _ (1-x))? Gn  (Gh\® , (-
Mx(pn) = Mx(pn)- (G_n - Q) + Mx(pn)- (G_n — (G_n) + (—X))

Pn Pn?
" Gn 2(1-x)Gh 1-x)(2—
Mi(Pn) = My(pp). (g2 — 20 + C2C0) (1.25)

We are looking pnsuch as M'x(pn) = 0 and M"«(pn) <0



If M'x(pn) = 0 is equivalent to % - (1});74) = (0. Then we can replace in (25), % = (11);)() (1.26)
" Gn 1—
My (pn) = Mx(pn)-(G—n— %) (1.27)

!

We can write (1.26) as follow (IG_“X) = % and using the approximation of (24), G, = % , we have to find all p,

AGp pn
has: —L 2~ (1-x 1.28
such as or G ( ) (1.28)

To simplify the notation, we’ll write G, and G,, two consecutive gaps of this integer sequence and

pn and p,4the two primes numbers associated to these gaps.

In table 1.7, we can see that the highest value of Fx(pn) is reached for the first p, satisfying to the following

s AGp  Pn AGp+ Pn+

conditions : — . =>1-x and — —<1-x

Apn Gn Apn+ Gn+

A
For x = 0.1, 1-x = 0.9 then the first p,, for which F(jn . g_n <09isp, =7
n n

. . AGy Ppn .

For x = 0.2 up to x = 0.5, the first p,, for which —.— < 1 —xisp, = 23

Pn Gn



primes| Gaps |46G,P,/G,.4p, | n(P) | 0950 0900 o085 0800 0700 o600 0500 0400 0300 0200 0,00

2 1 0,69
3 2 15000 110 1774 153 15494 12157 09275 06933 05040 03518 02303 01340 0,085
7 4 08750 19 3406 2893 28452 20662 14531 10013 06709 04316 02603 0139 0,056
B 6 047 314 434 3899 3815 25031 15817 09792 05893 03405 01845 00888 00321
8 8 0331 449 6059 4576 44487 25853 14378 07833 04149 02110 01006 00426 0,013
13 14 20179 473 10469 7807 75799 42997 23311 12381 06393 03169 01473 00608 0,018
522 18 02835 626 1249 8648 8335 41038 19169 08771 03902 01667 00667 00237 00063
887 20 02437 679 1354 9120 87662 41074 1809 07%08 03339 01353 00514 00174 00044
1129 22 04241 703 1469 979 94031 43066 1840 0793 03258 01289 00478 00158  0,0039
1327 38 2354 719 22531 14890 142831 64401 27420 11436 04637 01805 00659 0,024 00052
9551 36 00645 916 21626 1295 123065 4,69 16112 05522 01840 00589 00177 00047 00009
15683 44 04650 966 25785 15069 142788 50972 16972 0553 0175 00534 00153 00039  0,0007
19609 52 07688 988 30,135 17416 164838 57609 18758 05983 0,185 0052 00154 00038  0,0007
3137 72 07399 1035 4075 23,006 21,7235 7,2601 2255 06863 02031 00577 00154 00036  0,0006
155921 86 02038 1195 44934 23412 219308 62948 16661 04320 01089 00263 00060 00012  0,0002
360653 9 01835 1280 48099 24033 224178 53420 14462 0348 00799 00178 00037 00007 0,0001
370261 112 55052 128 56042 27,964 260820 6859 16740 03981 00920 00204 00042 0,008  0,0001
42113 114 00709 1311 56237 27,665 257665 66309 15645 03616 00812 00175 00035 00006 0,001
1349533 118 0053 1412 55347 25888 239902 5609 11965 02500 00508 00099 (00018 00003  0,0000
1357200 132 187722 1412 618% 28943 268205 62680 13362 02790 0057 00110 00020 00003 0,000
2010733 148 03326 1451 68048 31201 2885% 6495 13315 02673 0052 00098 00017 (00003  0,0000
4652353 154 00685 1535 67,899 29,853 27,4340 57158 1072 01989 00357 00062 00010 00001  0,0000
17051707 180 0198 1665 74372 30643 280388 51524 08528 01383 00218 00033 00005 00001 0,000
20831323 210 07874 1685 85903 35042 320315 57752 0933 01483 00230 00034 00005 00001 0,000
47326693 220 00812 1767 86376 33819 307864 51344 07673 01123 00160 00022 (00003 00000 0,000
122164747 222 00147 1862 83,125 31,039 281220 42850 05826 00776 00100 00012 00001 00000 0,000
189695659 234 01441 1906 85711 31,308 283037 41371 05381 0068 00085 00010 00001 00000 0,000
191912783 248 48864 1907 90786 33,142 29,9605 43744 05684 00723 00090 00011 00001 00000 0,000
387096133 250 00159 1977 88363 31146 280571 3,824 04642 00551 00064 00007 00001 00000 0,000
136273009 282 10067 1989 99080 34715 31253 4207 0S051 00502 00068 00007 (00001 00000 0,000
1294268491 288 00314 2098 95833 31800 284743 34680 03723 00392 00040 00004 00000 0,0000  0,0000
1453168141 292 01253 21,10 96,603 31871 285209 3435 03646 00379 00038 00004 00000 00000 0,0000
2300942549 320 02375 2156 103461 33,358 297833 34345 (03481 00346 00033 00003 00000 00000 0,000
3842610773 336 01187 22,07 10588 33275 296331 32546 03134 0029 00027 00002 00000 00000 0,000
4302407359 354 04758 2218 11098 34664 30852 3,324 03191 00298 00027 00002 00000 00000 0,000
10726904659 382 0,124 23,10 114357 34140 302473 30134 02618 00223 00018 00001 00000 (00000  0,0000
20678048297 388 00108 2375 11,245 32,138 28,3809 26566 02162 00172 00013 00001 00000 0,0000  0,0000
22367084959 39 03361 2383 113634 32717 288809 26833 02166 00171 00013 00001 00000 00000  0,0000
25056082087 45 12669 2394 130841 37,438 33,0295 30358 02423 0018 00014 00001 00000 00000 0,000
12652618343 464 00418 2448 12968 36122 317831 27773 02102 00156 00011 00001 00000 00000 0,000
127976334671 468 00128 2558 123769 32642 285641 22486 01525 00101 00007 00000 00000 0,0000 0,000
18222689239 474 0045 2593 123160 31912 27,8764 21220 01389 00083 00006 00000 (0,000 0,0000 0,000
241160624143 486 01010 2621 12452 31816 27,7535 20571 01309 00082 00005 00000 00000 0,0000  0,0000
207501075799 4% 00431 2642 124235 31412 27,3717 19888 01240 00076 00004 00000 00000 0,0000  0,0000
303371455241 500 10336 2644 126647 31990 27,8731 20215 01257 00077 00005 00000 00000 00000  0,0000
304599508537 514 67558 2644 130,167 32872 286414 20764 01291 00079 00005 00000 00000 0,0000  0,0000
416608695821 516 00144 2676 128643 31983 27,828 19579 01180 00070 00004 00000 00000 (0,0000  0,0000
461690510011 532 03080 2686 13,953 32638 283778 19776 01180 00069 00004 00000 00000 0,0000 0,000
61448745353 53 00151 27,14 130569 31837 27,6421 18747 01087 00062 00003 00000 00000 0,0000 0,000
738832927927 540 00660 27,33 130,825 3L607 274170 18272 01040 00058 00003 00000 00000 0,0000 0,000
1346204310749 582 01599 27,93 136833 32081 27,7452 17466 00936 00049 00003 00000 (0,000 0,0000 0,000
1408695493609 588 02304 27,97 137,931 32,266 27,8983 17487 00933 0049 00002 00000 (00000 0,0000 0,000
1968188556461 602 00818 2831 133872 31,947 275765 16744 00864 00044 00002 00000 (00000 00000 0,000
2614941710599 652 03101 2850 148285 33631 28,9893 17134 00859 00042 00002 00000 00000 0,000  0,0000
7177162611713 674 00513 2960 145746 31426 26953 14473 0065 00029 00001 00000 00000 0,0000  0,0000
1380048559701 716 01220 3026 149821 31266 267268 13485 00572 00024 00001 00000 (00000 00000 0,000
19581334192423 766 02222 3061 157522 32,307 27565 13457 00552 00022 00001 (00000 0,000 00000 0,000
;2842283925351 778 0028 3139 153857 30339 257971 11689 00443 00016 00001 00000 00000 0,0000  0,0000
9874320411493 804 00612 3214 153141 29080 246304 10390 0035 00013 00000 00000 (00000 00000 0,000
171231342420521 806 00053 32,77 148645 27,35 23,0850 09169 (00303 00010 00000 00000 00000 00000 0,000
218200405436543 906 05127 3302 165125 30002 252910 09818 00317 00010 00000 00000 0,000 00000 0,000

Table 1.10




L.5.2 -Lower bound function of Fx(pn) :

Our purpose is to build a lower bound function of F,(p,) and to estimate the lowest prime P, ,,x where the upper
bound function becomes lower than the maximal value of the lower bound function. It means that the maximal
value of Fy(p,) will necessarily occur for a p,<P, max. And if Py . <218 209 405 436 543 we’'ll be able to
compute and find the highest value of F,(p,) in this interval and to conclude that this value is a global maximal

value for F, (p,).

Starting from the Taylor serie expansion of (5)

x 8n _ (A-x) gn
Fx(Pn) > X.Pn “Pn 1 > -Pn)
As specified in the previous paragraph, we can limit our study to the prime numbers corresponding to the first
occurrence of maximal gaps. As previously, P, is the prime number associated to the first occurrence of the
maximal gap G,,.

F (P,) > X.an.g—:(l - %‘;—) (1.29)

In 1931, Erik Westzynthius proved that maximal gaps grows more than logarithmically.

Limsup m%‘)‘n) = oo which imply that for n enough large G, > In (P,) (1.30)

Thanks to BHP result G, < P, with a=0,525 and (1.30), we can define a lower bound function of Fy(p,):

x Gn(q _ A0 Gn x In(Pw) (1 (1= P\ _
FX(Pn)> X'Pn .Pn(l 2 .Pn) > X.Pn" Py (1 2 .Pn)_ mX(Pn)

In(P,, 1-
mX(Pn) = X:T—)B( - Z(Pnlx—)a)

We are going to estimate the first derivative of my(P,):

MR = (s — (1 =) ) (1= L0 4 e (0

PHZ—X zpnl—a Pnl—X ZPnZ—a

mi(B) = e (1= (1= 0 (B))- (287 = 1 =) + (1 =%).(1 ~ ). In(P,))
mi(B) = o (1= (1= 0(B)). (28,7 = (1 =) + (1 =%).(1 ~ ). In(P,))

m.(P,) = — ((ZPnl"a — (- x)) —(1-x) (2Pnl‘a —@2- a)).ln(Pn)> (131)

an3—a—X .
The maximal value of m,(P,) is reached for mj(P,x) = 0, and P, satisfying to:

(1-x) (1-x)

2P, 173 (1-x) 1 TZp 1 1 I aoam 1
In(P,x) = = = . - = —2 (1.32)
) 1-a — (2-3) - (2-a) -
a-0(2Pa' - -0)) 01— AR T ()



- 1-x)
1 2e(1-a)/(1-x)
1-x"; (2—a) 1
ThusP,x = e 2e1-a)/(1-%)  ~ e(-v = P, Inthe table 8 below, we give for different x, the numerical values

|mx(pn)_mx (p’n)l

of Py, P'nx» My(Pax), My (P'nx),- We can see that < 1.5% for 0.1<x<0,9

my(pn)
X Py my(P'nx) Ppx= my (Pnx) Imy (Pr,x)-mx(P'nx)|/mx(Pnx)
0,1 3 0,030024624 4 0,030445391 1,38%
0,2 3 0,071653628 5 0,072093963 0,61%
0,3 4 0,129666555 7 0,129622113 0,03%
0,4 5 0,211916534 9 0,210941533 0,46%
0,5 7 0,332310923 13 0,330249272 0,62%
0,6 12 0,518160095 21 0,515412608 0,53%
0,7 28 0,831952717 45 0,829582868 0,29%
0,8 148 1,457830517 204 1,456915542 0,06%
0,9 22026 3,309482719 23385 3,309463809 0,00%

We can see in table .11 above that the upper bound of the lower bound function my(p,) of Fy(P,) is correctly
estimated if we compare with the upper bounds of my(p,,) appearing in the table 1.13 and 1.15.

.5.3 -Estimation of Pno such as for Pn>Pno Mx(Pn)< Maxpn mx(Pn):

As specified above, the local maximal values of Fy(P,) are reached only for the prime numbers (P.), where P, is

the first occurrence of a maximal gaps Gn. If we consider a maximal gap G, we define P; = {pic P / gi = Gn} and
P, = Min{pie P } and Py = {PncP such as P, = Min{pic P; } }. We consider Pyx such as Fy(Pyx) =
Maxpncp(an) Fx(P,). Our approach is to show that there is one P,, enough large such as for all P,>Pn,, Fx(Pn)<

Mx(Pn)< MaXpn mx(Pn) = mX(P,n,X)-

1
In the previous paragraph, we have shown that FX(Pn,k) was correctly estimated by FX(P’n,k) = Fy (em) .

We are going to search the best value of a= a (x)>1, such as :

[04 1 (04
M, (e(lTX)) < my (e(l-x)) and Py, = e(G—® (1.33)

We can consider the two different cases define at the beginning of this study :

For 0<x<0,475, then G, < P,® witha = 0,525

G P,? In(P’ 1-—x
X.PX.— <x.PX =< X.(—;l’_xx).<1 — (—1_)a>
P, P, P'hx 2P, x

1 < ln(P’n,X) (1_ (1—i(_)a>

1-x—-a ; 1-x°
Pn P n,x

2P«

And we can replace P, and P’ , by their expression defined in (33) :

_1
1 ln(e(l-X)> | <1 4w )

k(1—x-a) < e (1-a)
e 1-x 2.e(1-x)

1-x e(1—-x)

And finally : a> n EE) (1.34)

— 0
a=x 1_(12;@.9(1-;()




Table 1.12 below, gives the for value of a(x) for different values of x<0,475

X 0,05 0,10 0,15 0,20 0,25 0,30 0,35 0,40 0,45
oL 2,88 2,89 2,92 2,99 3,11 3,36 3,84 5,08 11,56
Table .12

o

Thanks to that, we can now estimate the values of P,, = e(*-® and we ‘ll compare with the numerical values of

table .13

2,89

For x=0.1, a =2.89 and p,,x = €3-® ~ 25. So we can see in the table below that F,(p»)<0,059 for all P, < 25

1

and for P, > 25, we have proved here that Fx(pn)< Mx(pn)< Maxpn m«(pn) = mx(eG—%). The nearest and lowest

prime satisfying to this condition is P, = 89

2,99

Forx=0.2, « =2,99 and ppox = e 08 =~ 42.So we can see in the table below that Fx(P,)<0,14 for all P, < 42 and

1

for P,> 42, we have proved here that Fx(pn)< Mx(pn)< Max,,» mx(pn) = my(e(@-%). The nearest and lowest prime
satisfying to this condition is P, = 89

3,36

Forx=0.3,a=3,36 and ppox = €°7 ~ 121.So we can see in the table below that Fx(p,)<0,27 for all P,<121 and

1

for P,>121, we have proved here that Fx(pn)< Mx(pn) < Maxpn my(pn) = mx(e(—%). The closest and lowest prime
satisfying to this condition is P, = 523.

5,08

For x=0.4, a =5,08 and p,,x = €°6 ~ 4753. So we can see in the table below that Fx(p.)<0,44 for all P,< 4753

1

and for P,> 4753, we have proved here that Fx(ps)< Mx(pn)< Maxp, mx(ps) = mx(e(@—9). The closest and lowest
prime satisfying to this condition is P, = 9551.

11,56

For x=0.45, « =11,56 and pyox = €055 ~ 143397 866 765. So we can see in the table below that Fx(p»)<0,55
for all P,< 143 397 866 765 and for P, > 143 397 866 765 , we have proved here that Fx(pn)< Mx(pn)< Maxpn

1

my(pn) = mx(e(G—®). The closest and lowest prime satisfying to this condition is P, = 1 294 268 491.

Remark: The value of P, obtained for x=0,45 seems to be over-estimated but it's due to the fact that the
formulation of o contains an undefined for x = 1-a. This is only due to the fact we use the BHP result as upper
bound for (Gn). For all x values not to close from 1-a, the estimation of P,, 4 is quite good and totally coherent

with the numerical results of table 1.13 below.

We can conclude that for all x<0.475, Fx(pn) is a bounded function who tends toward 0 when p, >0 and the
upper bound of Fy(p.) for every x is reached for p, < 218 209 405 436 543 and thus can be estimated

numerically for all x<0.45.



Primes

2

3

7

23

89

113

523

887

1129

1327

9551

15683

19609

31397

155921

360 653

370 261

492113

1349533

1357201

2010733

4652353

17 051707
20831323

47326 693

122 164 747

189 695 659
191912783
387096 133

436 273 009

1294 268 491
1453168 141
2300942 549
3842610773

4302 407 359

10 726 904 659

20 678 048 297
22367 084 959
25056 082 087

42 652 618 343
127976 334 671

182 226 896 239
241160 624 143
297501 075799
303 371455 241
304 599 508 537
416 608 695 821
461690510011
614 487 453 523
738 832927 927
1346 294 310 749
1408 695 493 609
1968 188 556 461
2614941710599
7177162611713
13 829 048 559 701
19581334192 423
42 842 283 925 351
90874 329411 493
171231342 420 521
218 209 405 436 543
1189459 969 825 480
1686 994 940 955 800
1693 182318746370
43 841 547 845 541 000
55350776 431 903 200

Table 1.13

Gaps

114
118
132
148
154
180
210
220
222
234
248
250
282
288
292
320
336
354
382
384
394
456
464
468
474
486
490
500
514
516
532
534
540
582
588
602
652
674
716
766
778
804
806
906
916
924
1132
1184
1198

Ln(Pn)

0,69
1,10
1,95
3,14
4,49
473
6,26
6,79
7,03
7,19
9,16
9,66
9,88
10,35
11,96
12,80
12,82
13,11
14,12
14,12
14,51
15,35
16,65
16,85
17,67
18,62
19,06
19,07
19,77
19,89
20,98
21,10
21,56
22,07
22,18
23,10
23,75
23,83
23,94
24,48
25,58
25,93
26,21
26,42
26,44
26,44
26,76
26,86
27,14
27,33
27,93
27,97
28,31
28,59
29,60
30,26
30,61
31,39
32,14
32,77
33,02
34,71
35,06
35,07
38,32
38,55

m,(py,)

Fulpn)

X= 0,450

0,2261
0,2675
0,2359
0,1655
0,1534
0,0888
0,0722
0,0656
0,0614
0,0266
0,0214
0,0193
0,0156
0,0075
0,0051
0,0050
0,0044
0,0027
0,0027
0,0022
0,0015
0,0008
0,0007
0,0005
0,0003
0,0002
0,0002
0,0002
0,0002
0,0001
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

0,424
0,541
0,451
0,298
0,453
0,257
0,214
0,206
0,291
0,105
0,097
0,102
0,109
0,054
0,038
0,044
0,038
0,023
0,025
0,023
0,015
0,009
0,009
0,006
0,004
0,003
0,003
0,002
0,002
0,001
0,001
0,001
0,001
0,001
0,001
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000

My(p)

0,4378
0,4286
0,4161
0,4022
0,3998
0,3848
0,3798
0,3775
0,3760
0,3579
0,3534
0,3515
0,3474
0,3337
0,3268
0,3266
0,3243
0,3162
0,3162
03131
0,3066
0,2968
0,2953
0,2893
0,2825
0,2794
0,2793
0,2745
0,2737
0,2663
0,2656
0,2625
0,2592
0,2584
0,2526
0,2485
0,2480
0,2473
0,2440
0,2374
0,2353
0,2337
0,2325
0,2324
0,2323
0,2305
0,2299
0,2283
0,2272
0,2239
0,2236
0,2217
0,2202
0,2147
02112
0,2094
0,2053
0,2015
0,1983
0,1971
0,1889
0,1873
0,1873
0,1726
0,1716

m,(p,)

Fyl(pn)

X= 0,400

0,1868
0,2133
0,1782
0,1172
0,1074
0,0576
0,0457
0,0410
0,0381
0,0149
0,0117
0,0105
0,0083
0,0037
0,0024
0,0023
0,0020
0,0012
0,0012
0,0010
0,0006
0,0003
0,0003
0,0002
0,0001
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

0,3518
0,4316
0,3405
0,2110
0,3169
0,1667
0,1353
0,1289
0,1805
0,0589
0,0534
0,0552
0,0577
0,0263
0,0178
0,0204
0,0175
0,0099
0,0110
0,0098
0,0062
0,0033
0,0034
0,0022
0,0012
0,0010
0,0011
0,0007
0,0007
0,0004
0,0004
0,0003
0,0002
0,0002
0,0001
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

My(p)

0,3684
0,3457
0,3162
0,2857
0,2806
0,2501
0,2404
0,2361
0,2333
0,2012
0,1938
0,1906
0,1840
0,1632
0,1532
0,1529
0,1497
0,1388
0,1387
0,1347
0,1265
0,1147
0,1130
0,1063
0,0990
0,0958
0,0957
0,0908
0,0900
0,0829
0,0822
0,0794
0,0764
0,0758
0,0708
0,0674
0,0670
0,0664
0,0638
0,0588
0,0572
0,0560
0,0552
0,0551
0,0551
0,0538
0,0534
0,0522
0,0515
0,0492
0,0491
0,0479
0,0469
0,0434
0,0414
0,0403
0,0380
0,0359
0,0342
0,0336
0,0296
0,0288
0,0288
0,0226
0,0222

m,(py)

Fulpn)

X=0,300

0,1210
0,1287
0,0965
0,0558
0,0499
0,0231
0,0173
0,0152
0,0139
0,0045
0,0033
0,0029
0,0022
0,0008
0,0005
0,0005
0,0004
0,0002
0,0002
0,0002
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

0,2303
0,2603
0,1845
0,1006
0,1473
0,0667
0,0514
0,0478
0,0659
0,0177
0,0153
0,0154
0,0154
0,0060
0,0037
0,0042
0,0035
0,0018
0,0020
0,0017
0,0010
0,0005
0,0005
0,0003
0,0001
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

M,(py)

0,2475
0,2134
0,1733
0,1368
0,1312
0,1003
0,0915
0,0877
0,0852
0,0603
0,0553
0,0532
0,0490
0,0370
0,0320
0,0318
0,0303
0,0254
0,0253
0,0237
0,0204
0,0163
0,0157
0,0136
0,0115
0,0107
0,0107
0,0094
0,0092
0,0076
0,0075
0,0069
0,0063
0,0062
0,0053
0,0047
0,0046
0,0045
0,0041
0,0034
0,0032
0,0031
0,0029
0,0029
0,0029
0,0028
0,0027
0,0026
0,0025
0,0023
0,0022
0,0021
0,0020
0,0017
0,0015
0,0014
0,0012
0,0011
0,0010
0,0009
0,0007
0,0006
0,0006
0,0004
0,0004

my(pn)  Fupn) Mylpn)

X= 0,200

0,0696 0,1340 0,1479
0,0690 0,1396 0,1171
0,0464 0,0888 0,0844
0,0236 0,0426 0,0582
0,0206 0,0608 0,0545
0,0082 0,0237 0,0358
0,0059 0,0174 0,0309
0,0050 0,0158 0,0289
0,0045 0,0214 0,0277
0,0012 0,0047 0,0161
0,0008 0,0039 0,0140
0,0007 0,0038 0,0132
0,0005 0,0036 0,0116
0,0002 0,0012 0,0075
0,0001 0,0007 0,0059
0,0001 0,0008 0,0059
0,0001 0,0006 0,0054
0,0000 0,0003 0,0041
0,0000 0,0003 0,0041
0,0000 0,0003 0,0037
0,0000 0,0001 0,0029
0,0000 0,0001 0,0021
0,0000 0,0001 0,0019
0,0000 0,0000 0,0016
0,0000 0,0000 0,0012
0,0000 0,0000 0,0011
0,0000 0,0000 0,0011
0,0000 0,0000 0,0009
0,0000 0,0000 0,0008
0,0000 0,0000 0,0006
0,0000 0,0000 0,0006
0,0000 0,0000 0,0005
0,0000 0,0000 0,0005
0,0000 0,0000 0,0004
0,0000 0,0000 0,0003
0,0000 0,0000 0,0003
0,0000 0,0000 0,0003
0,0000 0,0000 0,0003
0,0000 0,0000 0,0002
0,0000 0,0000 0,0002
0,0000 0,0000 0,0002
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0001
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000
0,0000 0,0000 0,0000

m,(p)

Fy(pn)

X= 0,100

0,0300
0,0277
0,0168
0,0075
0,0064
0,0022
0,0015
0,0012
0,0011
0,0002
0,0002
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

0,0585
0,0562
0,0321
0,0135
0,0188
0,0063
0,0044
0,0039
0,0052
0,0009
0,0007
0,0007
0,0006
0,0002
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

M,(py)

0,0662
0,0482
0,0309
0,0186
0,0170
0,0096
0,0078
0,0072
0,0067
0,0032
0,0027
0,0025
0,0021
0,0011
0,0008
0,0008
0,0007
0,0005
0,0005
0,0004
0,0003
0,0002
0,0002
0,0001
0,0001
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000



Mg, 45(Pn) Fo,a5(Pn) Mg 45(P,)

0,6000
0,5000
0,4000
0,3000
0,2000
0,1000

0,0000
0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00 40,00 45,00

—@— mx(pn) —@—Fx(pn) —@®—Mx(pn)

mo,3(pn) Fo,3(pn) Mo,3(pn)
0,3500
0,3000
0,2500
0,2000
0,1500
0,1000
0,0500

0,0000
0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00 40,00 45,00

—@—mx(pn) —@—Fx(pn) —@—Mx(pn)

m0,1(pn) F0,1(pn) M0,1(pn)

0,1200
0,1000
0,0800
0,0600
0,0400
0,0200

0,0000
0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00 40,00 45,00

—@®— mx(pn) —@—Fx(pn) —@®—Mx(pn)

We can see on the graphics and table above that Fx(pn) is under Mx(pn) for all pn >113 and independently of
the x. We can also see in the three graphics above, that the upper bound functions Mx(pn) (in grey)
becomes always lower than the maximal value of mx(pn) (in blue).



For 0,475<x<1, then from Cramer’s conjecture, G, < In? (P,)
(we could also use the weaker condition where we suppose there is reR such as G,, < In"(P,) )

2 -
x.PnX.%<x.1>nX.ln Pn) &, 1““;‘;"2.(1 ) )

P, Pnx 2Py 2

In2 (Py) < In(Pryx) (1_ (1-x) )

Pnl—X P’n,xl_x . ZP’n,Xl_a

And we can replace p, and p’, x by their literal expression :

o 1
In? (em) ln(em> (1 _ a-w )
. .

e < i-a)
2.e(1-%)
e®1 (1-x)
1< (1 — X) =z <1 - —a-a (135)
2.e(1—%)
As (1.35) is an implicite function of o, we are going to estimate a, in the table below
o\x 0,5 0,55 0,6 0,65 0,7 0,75 0,8 0,85 0,9 0,95
5,2000 0,9170 0,8406 0,7629 0,6832 0,6009 0,5151 0,4250 0,3296 0,2278 0,1184
5,3396 1,0000 0,9167 0,8319 0,7450 0,6552 0,5617 0,4634 0,3594 0,2484 0,1291

54776 1,0909 1,0000 0,9075 0,8127 0,7148 0,6127 0,5055 0,3920 0,2709 0,1408
5,6293 1,2020 1,1019 1,0000 0,8956 0,7876 0,6752 0,5571 0,4320 0,2986 0,1551

5,7990 1,3422 1,2304 1,1167 1,0000 0,8795 0,7539 0,6220 0,4824 0,3334 0,1732
5,9934 1,5262 1,3991 1,2697 1,1371 1,0000 0,8573 0,7073 0,5485 0,3791 0,1970
6,2224 1,7803 1,6320 1,4811 1,3264 1,1665 1,0000 0,8250 0,6398 0,4422 0,2298
6,5029 2,1578 1,9781 1,7952 1,6077 1,4139 1,2120 1,0000 0,7755 0,5359 0,2785
6,8657 2,7824 2,5507 2,3148 2,0730 1,8232 1,5629 1,2895 1,0000 0,6911 0,3591
7,3796 4,0263 3,6910 3,3497 2,9998 2,6383 2,2616 1,8659 1,4470 1,0000 0,5196

8,2595 7,7483 7,1029 6,4462 5,7728 5,0771 4,3522 3,5908 2,7846 1,9244 1,0000
Table 1.14

5.3396

For x=0.5, a~5.3396 and p,,x =€ °5 =~ 43442. S0 we can see in the table below that Fx(p,)<0,671 for all p,

1

< 43442 and for pn > 43442, we have proved here that Fx(pn)< Mx(pn)< Maxp, mx(pn) = mx(eG-9). The closest

prime value satisfying this condition is P, = 31397

5.6293

Forx=0.6, a~5.6293 and ppo,x =€ %¢ = 1294001 . Sowe can see in the table below that Fx(p.)<1,24 for all

1

pn< 1294 001and for p.> 1 294 001, we have proved here that Fx(pn)< Mx(pn) < Maxyn mx(pn) = my(e—). The
closest and lowest prime value satisfying this condition is P, = 1349 533

5.9934

Forx=0.7,a~5.9934 and p,,x = € %3 =~ 474608 114.So we can see in the table below that Fx(pn)<2,75 for all
pn <474 608 114 and for pn, > 474 608 114, we have proved here that Fyx(pn)< Mx(pn)< Maxpn mx(pn) =

1
my(e(—9). The closest and lowest prime value satisfying this condition is P, = 387 096 133

6.5029

For x=0.8, a=~6.5029 and p,,x =€ °2 =~ 132089389169 128 . So we can see in the table below that
Fx(pn)<2,75 for all p, < 132089 389 169 128. and for p, > 132 089 389 169 128., we have proved here that

1
Fx(pn) < Mx(pn)< Max,n my(pn) = mx(e(-®). The closest and lowest prime value satisfying this condition is P,=

90 874 329 411 493

We can conclude that for all 0,475<x<1, under Cramer’s conjecture , Fx(pn) is a bounded function who tends
toward 0 when p, >0 and the upper bound of Fx(pn) for every x is reached for p,, < 218 209 405 436 543 and
thus can be estimated numerically for all 0,475<x<0,8.



Primes Gaps In((Pn)

2

3

7

23

89

113

523

887

1129

1327

9551

15683

19609

31397

155921

360 653

370261

492113

1349533

1357201

2010733

4652353
17051707
20831323

47 326 693

122164 747

189 695 659
191912783

387 096 133

436 273 009

1294 268 491
1453168 141
2300942549
3842610773

4302 407 359
10726 904 659

20 678 048 297

22 367 084 959
25056 082 087
42652618343
127976 334 671
182226 896 239
241160 624 143
297 501 075 799
303 371 455 241
304 599 508 537
416 608 695 821
461690510011
614 487 453 523
738 832 927 927
1346294310749
1408 695 493 609
1968 188 556 461
2614941710599
7177162611713
13 829 048 559 701
19581334192 423
42 842 283 925 351
90 874 329 411 493
171231342 420 521
218209 405 436 543
1189 459 969 825 480
1686 994 940 955 800
1693 182318 746 370
43 841 547 845 541 000
55350776 431 903 200

Table 1.15

114
118
132
148
154
180
210
220
222
234
248
250
282
288
292
320
336
354
382
384
394
456
464
468
474
486
490
500
514
516
532
534
540
582
588
602
652
674
716
766
778
804
806
906
916
924
1132
1184
1198

0,69

1,10

1,95

3,14

4,49

473

6,26

6,79

7,03

7,19

9,16

9,66

9,88

10,35
11,96
12,80
12,82
13,11
14,12
14,12
14,51
15,35
16,65
16,85
17,67
18,62
19,06
19,07
19,77
19,89
20,98
21,10
21,56
22,07
22,18
23,10
23,75
23,83
23,94
24,48
25,58
25,93
26,21
26,42
26,44
26,44
26,76
26,36
27,14
27,33
27,93
27,97
2831
28,59
29,60
30,26
30,61
31,39
32,14
32,77
33,02
34,71
35,06
35,07
38,32
38,55

my(pn)

Fulpn)

X= 0,900

0,8596
1,4130
2,0392
2,5635
2,6379
3,0049
3,0926
3,1268
3,1478
3,2966
3,3073
3,3092
3,3077
3,2546
3,2029
3,2011
3,1804
3,0966
3,0961
3,0597
2,9761
2,8348
2,8120
2,7166
2,6034
2,5502
2,5488
2,4635
2,4490
2,3167
2,3027
2,2471
2,1856
21721
2,0641
1,9879
1,9789
1,9659
1,9054
1,7838
1,7457
1,7158
1,6936
1,6915
1,6911
1,6584
1,6477
1,6183
1,5996
1,5395
1,5350
1,5023
1,4748
1,3803
1,3213
1,2908
1,2241
1,1627
1,1128
1,0942
0,9709
0,9470
0,9468
0,7473
0,7345

1,569
2,893
3,899
4,576
7,807
8,648
9,120
9,794

14,890

12,956

15,069

17,416

23,006

23,412

24,033

27,964

27,665

25,388

28,943

31,201

29,353

30,643

35,042

33,819

31,039

31,308

33,142

31,146

34,715

31,300

31,871

33,358

33,275

34,664

34,140

32,138

32,717

37,438

36,122

32,642

31,912

31,816

31,412

31,990

32,872

31,983

32,638

31,837

31,607

32,081

32,266

31,947

33,631

31,426

31,266

32,307

30,339

29,080

27,356

30,002

25,742

24,820

30,500

20,250

24,750

My(pn)

09732
2,8053
6,4667

11,5753

12,5365

18,8574

21,0336

22,0177

22,6723

30,2305

31,9657

32,7220

34,2617

38,9228

40,9883

41,0488

41,6876

43,7122

43,7225

44,4101

45,6936

47,2048

47,3884

48,0100

48,4784

48,6099

48,6127

48,7144

48,7193

48,6073

48,5795

48,4409

48,2349

48,1826

47,6727

47,2176

47,1586

47,0715

46,6382

45,6210

45,2623

44,9680

44,7421

44,7208

44,7164

44,3704

44,2548

43,9279

43,7134

42,9952

42,9398

42,5264

42,1690

40,8589

39,9795

39,5057

38,4236

37,3683

36,4707

36,1257

33,7034

33,2046

33,1993

28,6346

28,3162

my(p,)  Filpn)
X= 0,800

0,6637 1,2157
1,0130 2,0662
1,3096 2,5031
1,4459 2,5853
1,4537 4,2997
1,4247 41038
1,3916 4,1074
1,3737 4,3066
1,3610 6,4401
1,1712 4,6049
1,1183 5,0972
1,0943 5,7609
1,0436 7,2601
0,8750 6,2948
0,7918 59420
0,7893 6,8959
0,7622 6,6309
0,6709 5,6096
0,6705 6,2680
0,6370 6,4965
0,5698 5,7158
0,4766 51524
0,4634 5,7752
0,4124 571344
0,3595 4,2860
0,3370 4,1371
0,3364 4,3744
0,3031 3,8324
0,2978 4,2207
0,2526 3,4680
0,2482 34357
0,2314 3,4345
0,2138 3,2546
0,2101 33524
0,1822 3,0134
0,1643 2,6566
0,1623 2,6833
0,1594 3,0358
0,1465 2,7773
0,1229 2,2486
0,1161 2,1220
0,1109 2,0571
0,1072 1,9888
0,1069 2,0215
0,1068 2,0764
0,1015 1,9579
0,0998 1,9776
0,0953 1,8747
0,0925 1,8272
0,0838 1,7466
0,0832 1,7487
0,0787 1,6744
0,0751 1,7134
0,0636 1,4473
0,0570 1,3485
0,0538 1,3457
0,0472 1,1689
0,0415 1,0390
0,0373 0,9169
0,0358 0,9818
0,0268 0,7144
0,0253 0,6641
0,0252 0,8123
0,0144 03672
0,0138 04414

My(pn)

0,7751
2,0527
4,2010
6,5681
6,9457
8,9636
9,4835
9,6906
9,8187

10,7470

10,8140

10,8253

10,8135

10,4655

10,1344

10,1227
9,9919
9,4718
9,4687
9,2469
8,7485
7,9370
7,8099
7,2890
6,6942
6,4234
6,4163
5,9941
59234
5,3009
5,2368
4,9873
47179
4,6598
42079
3,9030
3,8677
3,8169
3,5859
3,1427
3,0097
2,9075
2,8328
2,8259
2,8245
2,7162
2,6815
2,5866
2,5270
2,3407
23272
2,2289
2,1483
1,8817
1,7243
1,6456
1,4800
1,3351
1,2230
1,1824
0,9311
0,8858
0,8853
0,5515
0,5328

m,(py)

Fypn)

X= 0,700

0,5039
0,7146
0,8278
0,8028
0,7886
0,6649
0,6164
0,5941
0,5792
0,4096
03722
0,3562
03241
0,2315
0,1927
0,1916
0,1798
0,1431
0,1429
0,1306
0,1074
0,0789
0,0752
0,0616
0,0489
0,0438
0,0437
0,0367
0,0356
0,0271
0,0263
0,0234
0,0206
0,0200
0,0158
0,0134
0,0131
0,0127
0,0111
0,0083
0,0076
0,0071
0,0067
0,0066
0,0066
0,0061
0,0060
0,0055
0,0053
0,0045
0,0044
0,0041
0,0038
0,0029
0,0024
0,0022
0,0018
0,0015
0,0012
0,0012
0,0007
0,0007
0,0007
0,0003
0,0003

0,9275
1,4531
1,5817
1,4378
2,3311
1,9169
1,8209
1,8640
2,7420
1,6112
1,6972
1,8758
2,2554
1,6661
1,4462
1,6740
1,5645
1,1965
1,3362
13315
1,0772
0,8528
0,9369
0,7673
0,5826
0,5381
0,5684
0,4642
0,5051
03723
0,3646
0,3481
03134
03191
02618
02162
02166
02423
0,2102
0,1525
0,1389
0,1309
0,1240
0,1257
0,1291
0,1180
0,1180
0,1087
0,1040
0,0936
0,0933
0,0864
0,0859
0,0656
0,0572
0,0552
0,0443
0,0365
0,0303
0,0317
0,0193
0,0175
0,0214
0,0063
0,0074

My(pn)

0,6076
1,4785
2,6865
3,6687
3,7881
4,1941
4,2001
41984
4,1858
3,7609
3,6013
3,5254
3,3596
2,7700
2,4666
2,4573
2,3575
2,0203
2,0185
1,8953
1,6488
1,3137
1,2670
1,0893
0,9099
0,8355
0,8337
0,7260
0,7089
0,5691
0,5557
0,5055
0,4542
0,4436
0,3656
03176
03122
0,3047
02714
02131
0,1970
0,1851
0,1766
0,1758
0,1756
0,1637
0,1599
0,1499
0,1438
0,1254
0,1242
0,1150
0,1077
0,0853
0,0732
0,0675
0,0561
0,0470
0,0404
0,0381
0,0253
0,0233
0,0232
0,0105
0,0099

m,(pn)

Fulpn)

X= 0,600

0,3744
0,4935
0,5125
0,4366
0,4190
0,3040
0,2675
0,2517
0,2415
0,1403
0,1214
0,1136
0,0986
0,0600
0,0459
0,0456
0,0416
0,0299
0,0298
0,0262
0,0198
0,0128
0,0119
0,0090
0,0065
0,0056
0,0056
0,0044
0,0042
0,0029
0,0027
0,0023
0,0019
0,0019
0,0013
0,0011
0,0010
0,0010
0,0008
0,0006
0,0005
0,0004
0,0004
0,0004
0,0004
0,0004
0,0003
0,0003
0,0003
0,0002
0,0002
0,0002
0,0002
0,0001
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

0,6933
1,0013
0,9792
0,7833
1,2381
0,8771
0,7908
0,7903
1,1436
0,5522
0,5536
0,5983
0,6863
0,4320
0,3448
0,3981
0,3616
0,2500
0,2790
0,2673
0,1989
0,1383
0,1489
01123
0,0776
0,0686
0,0723
0,0551
0,0592
0,0392
0,0379
0,0346
0,0296
0,0298
0,0223
0,0172
0,0171
0,0189
0,0156
0,0101
0,0089
0,0082
0,0076
0,0077
0,0079
0,0070
0,0069
0,0062
0,0058
0,0049
0,0049
0,0044
0,0042
0,0029
0,0024
0,0022
0,0016
0,0013
0,0010
0,0010
0,0005
0,0005
0,0006
0,0001
0,0002

My(py)

0,4667
1,0432
1,6830
2,0074
2,0238
1,9224
1,8300
1,7819
1,7480
1,2893
1,1748
1,1246
1,0225
0,7182
0,5881
0,5843
0,5449
04221
0,4215
0,3805
0,3044
0,2130
0,2014
0,1595
0,1212
0,1065
0,1061
0,0861
0,0831
0,0598
0,0578
0,0502
0,0428
0,0414
0,0311
0,0253
0,0247
0,0238
0,0201
0,0142
0,0126
0,0115
0,0108
0,0107
0,0107
0,0097
0,0093
0,0085
0,0080
0,0066
0,0065
0,0058
0,0053
0,0038
0,0030
0,0027
0,0021
0,0016
0,0013
0,0012
0,0007
0,0006
0,0006
0,0002
0,0002

m,(py)

Fupn)

X= 0,500

0,2701
03313
0,3085
0,2308
0,2165
0,1351
01128
0,1037
0,0979
0,0467
0,0385
0,0352
0,0292
0,0151
0,0106
0,0105
0,0093
0,0061
0,0061
0,0051
0,0036
0,0020
0,0018
0,0013
0,0008
0,0007
0,0007
0,0005
0,0005
0,0003
0,0003
0,0002
0,0002
0,0002
0,0001
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

0,5040
0,6709
0,5893
0,4149
0,6393
0,3902
0,3339
03258
0,4637
0,1840
0,1756
0,1855
0,2031
0,1089
0,0799
0,0920
0,0812
0,0508
0,0567
0,0522
0,0357
0,0218
0,0230
0,0160
0,0100
0,0085
0,0090
0,0064
0,0068
0,0040
0,0038
0,0033
0,0027
0,0027
0,0018
0,0013
0,0013
0,0014
0,0011
0,0007
0,0006
0,0005
0,0004
0,0005
0,0005
0,0004
0,0004
0,0003
0,0003
0,0003
0,0002
0,0002
0,0002
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

My(pn)

0,3484
0,7156
1,0250
1,0678
1,0512
0,8567
0,7735
0,7352
0,7097
0,4297
03726
0,3488
0,3025
0,1810
0,1363
0,1351
0,1224
0,0858
0,0856
0,0743
0,0546
0,0336
0,0311
0,0227
0,0157
0,0132
0,0131
0,0099
0,0095
0,0061
0,0058
0,0048
0,0039
0,0038
0,0026
0,0020
0,0019
0,0018
0,0015
0,0009
0,0008
0,0007
0,0006
0,0006
0,0006
0,0006
0,0005
0,0005
0,0004
0,0003
0,0003
0,0003
0,0003
0,0002
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000



mo’s(pn) F0,5(pn) MO,S(pn)

1,2000
1,0000
0,8000
0,6000
0,4000
0,2000

0,0000
0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00 40,00 45,00

—@— mx(pn) —@—Fx(pn) —@®— Mx(pn)

m0,7(pn) F0,7(pn) M0,7(pn)
4,5000
4,0000
3,5000
3,0000
2,5000
2,0000
1,5000
1,0000
0,5000

0,0000
0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00 40,00 45,00

—@— mx(pn) —@—Fx(pn) —@— Mx(pn)

mo,g(pn) Fo,g(pn) MO,Q(pn)

60,0000
50,0000
40,0000
30,0000
20,0000
10,0000

0,0000
0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00 40,00 45,00

—@— mx(pn) —@—Fx(pn) —@— Mx(pn)

Under Cramer’s conjecture (in grey), we see that for all prime up to the 66th maximal gap, Fx(pn) remains under
My (pn). For x<0,85, the value of Pno will be lower than the prime number Pn,max corresponding to the highest
known maximal gap Gn,max= 1550. In theses conditions we can see the grey curve be under the maximal value
of the blue one, which insure that the upper bound of Fx(pn)is reached for a prime number lower than Pn,max .



Part 2 : Study of Lk(pn) = Ln¥(pn+1) - LnK(py) as a variant of Andrica’s conjecture

In 2018 Matt Wisser [1] [2] from Victoria University of Wellington has proposed a variant of Andrica’s conjecture.
He developed an original approach to estimate some upper bounds of the function Lk(pn) = Ink(pn+1)-Ink(pn). We
propose a new approach to prove that for all k, Lk(pn) is a bounded function which tends toward 0 when n - co.
As we have processed in Part 1, we intend to build a lower and an upper bound functions Ly, (p,) and L{. (py,), to
state that these functions are bounded and tends toward 0 when n->oo. We'll try to estimate the prime number
Pp, k such as for all prime P, > Py_, Li (pn)< Maxpn Ly (py) - And we'll conclude, if Pho < Py max Which is the
prime number associated to the highest maximal gap known Gy, ,,x = 1550, that Lk(p,) has an upper bound and
that this upper bound is reached for P, < P, ,,4. We'll also state a recurrence relation on k to the upper bound of

Lk(pn) with the upper bound of Li.1(pn).

In a second time, we'll prove that for all p,, there is a real y such as Ly(pn) = In¥(pn+1)-In¥(pn)=1 and try to build

an explicite formulation of y(pn) .

I - Upper and Lower bound functions of Lk(pn) :

We are first going to factorize Lk(pn) :

Li(pn) = In®(py41) — In*(py) = (In(pn+1) — In(py))- Ty In¥ " (pyy1). In' =2 (py)

As pnt+1> pn then Ln(pn+1) > Ln(pn), Thus we can give a first lower and upper bounds estimation of Fx(pn) :

k-lnk_l(pn)- (1n(pn+1) - ln(pn)) < Lk(pn) <k 1nk_l(pn+1)- (ln(pn+1) - ln(pn)) (H'l)

We are going to use a Talor serie expansion of Ln(pn+1) - Ln(pn) :

In(pp+1) — In(py) = In <pn. (1 + %)) —In(p,) = In (1 + %) = %. (1 - %) +0 (%)3

2 (1-12) <In(puss) ~In(py) < 2

We can replace into (I1.1) :
kI (pp). £ (1 = 22) < Li(pn) < k0¥ (ppyn) B

k-1 k-1
o, . (®n) (p“).gn. (1 - zgﬁ) < Ly(pp) <k I Pn+1) =

Pn Pn+1 Pn
k.@.gn. (1-£2) < 1) < k.%.gn. (1+2) (11.2)

If we consider the function My (p,) =k. lnk_p# , (I1.2) can be written :
Mic(Pn)- 8- (1 = £2) < LiPn) < Mic(Pns1)-8n- (1 +22) (113)

In*~1(py)

n

we can easily see that the function is decreasing for all p, > ekt, thus My(pp+1) < Mx(pn)



Mi(Pn)-8n- (1= 22) < LiPn) < Mic(pn)-gn- (1+5)  forp, > ext (11.4)

(1-a0) <wboma < (13

thanks to BHP result, we know that g, < p,? witha = 0.525

(1 B anll_a) < M]:((:r)l-)gn < (1 + pni‘a)

_ 1 Lk(pn) _ 1
2pyt2 Mk (Pn)-8n pn'™
Thus, limlim, _ (ﬁ) = 1 which imply that for n enough large, My (p,). g, and Ly (p,) have the same
k\Pn/-&5n

behavior.

An interesting corollary of this result is the fact that the value of p, i such as Lk(pn,k) = Maxp; ¢ p Lk (p;) must

be higher than ek1. the proof of this point will be presented in the next paragraph.
Our purpose is now to build two function Ly (p,) and L{:(p,) independent from g,:

As for all integer, g»> 2 and t g, < p,® witha = 0.525:

I (pn) (1 In*"*(pn) 1
2k. (1 anl—a) < Li(py) < k (1+ - ) (IL5)

1—a 1—a
Pn Pn

Ink~1(py) 1 . .
_a) and L} (pn) = k. s .(1 + pnl-a) which satisfy

k-1
then we can define : Ly (p,) = 2k In*"" (pn) (1 __1

Pn 2pp?

L (Pn) < Lx(pn) < Li(py) for p,> ekl (1.6)

Thus we have built two functions Ly (p,)and Lf.(p,), independent from g,, satisfying to (I11.6), which are two
positive bounded functions which tends toward 0 when n—>co. Thus we can state that for all integer k, Lk(pn) has

an upper bound and tends toward 0 when n—>co.

II - An approach based on the maximal gaps integer sequence

For the same reason exposed in Part 1, we can limit our study to prime numbers corresponding to the first
occurrence of maximal Gy . gaps show that we can concentrate our analysis on maximal gaps. We'll write (Gn)
the integer sequence corresponding to all maximal gaps and (Py), the integer sequence of prime numbers

corresponding to the first occurrence of all element of (Gy).

For each Gy ¢ (Gn), we define Pg = {p; ¢P/g; = Gy} and Py = Min]pGN (pi)
We can rewrite (I11.4) as following :

Gn &n &n Gn
Mic(Pn)-8n- (1= 52) < Micpn)-8n- (1= 22) < Lic(Pn) < Micpn)-gn- (1 +22) < M) G (1+2)  (11.7)

As our purpose is to estimate as well as possible p, x such as Lk(pn,k) = Maxp; . p Lk(p;), we can conjecture that
Pnk € (Py). To try to state this hypothesis, we suppose that p, x € (Py), there is Gy such as p,x € Pg, and by

definition p,, x > Py. It's easy to prove that Lk(pn,k) < Ly (Py) -



Li(Py) — Li(pnx) = In®(Py + Gy) — In*(Py) — (In*(ppx + Gn) — In®(pyx))
Lic(B) = Lic(Pnic) = (I (pc) = In(Py) ) = (In¥(pyc + Gy) — In*(Py + Gyy))
We can remark that In®(x + d) — In®(y + d) is decreasing when d grows, for x>y>ek1,

We can also insure that p,, and Py cannot be lower than ek, Effectively My (Py) is a strictly growing function
up to p,=ek! and Gy is also a growing function. So for all p,<ek!, the product My(Py).Gy of two growing

function is also a growing function. Which imply that the maximum value cannot be smaller than ek1.

Thus we can conclude that p, ,>Py>ekland Ly (Py) — Lk(pnlk) > 0 which contradict our hypothesis Ly (pn,k) =
Maxy; « p Lx(pi) and p, x & (Py). We can conclude that p, i € (Py) and limit our study to prime numbers belonging

to the integer sequence (Py).
We can verify in tables I1.1, I1.2 and I1.3 that for k <25, p, . > ¥~ and then belong to (Py).

In these conditions, (I.7) can be written :

G G
My (Py). Gy. (1 — ﬁ) < Li(Py) < My(Py). G- (1 + ﬁ) (IL8)
- _ Ly _ 4 Gn e
We have also: 1 2PN1 - <1- zp M (P).Cn <1+ Py <1+ puia (11.9)

From (I1.8) we can state that the behavior of Ly (Py) will be correctly represented by the behavior of My (Py). Gy.

Effectivelly, we have :

L (Py) — My (Py). Gy | < Mk(PN).GPN = k. In*"1 (By). 2 o <k - TN ith a=0,525

Which tends towards to 0 when N> oo

Thanks to Erik Westzynthius (1.30) result regarding Maximal gaps and BHP result, we can write, In(Py) < Gy <
Py®and replace into (11.8)

M, (Py). In(Py). (1 - #) < Li(Py) < My (Py). Py?. (1 + PN%)

Ink=1(Py) 1 (pN) 1
len(PN) (1 - W) < Lk(PN) < k —N (1 + ﬁ)

Ink(Py)
Pn

k.

(1- TR ") < Li(By) < k.= (PN).(1 + PN%) = LE(PY) (1L10)

We can define a new lower bound function which satisfy (I1.10) only for prime numbers belonging to (Pn):

2— _ lnk(PN) _ 1
L () = k= .(1 szl—a) (IL11)

We presents in table II.1 and I1.2, the numerical values of L™ (Py),Lx(Py) and L} (Py) for k<10 and for all
Pnm<218 209 405 436 543. We have computed for all Py € (Py), and all k<30, the numerical values of
L2~ (Py), Li(Py) and Lf(Py) and the results are summarized in table 1.3 which present the upper bound of these

three functions.



Primes

2

3

7

23

89

113

523

887

1129

1327

9551

15683

19 609

31397

155921

360653

370261

492113
1349533
1357201
2010733
4652353

17 051 707
20831323

47 326 693

122 164 747

189 695 659
191912783
387096 133

436 273 009
1294268 491
1453168 141
2300942 549
3842610773
4302 407 359
10726 904 659

20 678 048 297
22 367 084 959
25 056 082 087
42 652618 343
127 976 334 671
182 226 896 239
241160 624 143
297 501 075 799
303 371 455 241
304 599 508 537
416 608 695 821
461690510011
614 487 453 523
738 832 927 927
1346 294310 749
1408 695 493 609
1968 188 556 461
2614941710599
7177162611713
13 829 048 559 701
19581334 192 423
42 842 283 925 351
90874 329 411 493
171231 342 420 521
218 209 405 436 543

Gaps

148
154
180
210
220
222
234
248
250
282
288
292
320
336
354
382
384
394
456
464
468
474
486
490
500
514
516
532
534
540
582
588
602
652
674
716
766
778
804
806
906

In(Pn)

0,69
1,10
1,95
3,14
4,49
4,73
6,26
6,79
7,03
7,19
9,16
9,66
9,38

10,35

11,96

12,80

12,82

13,11

14,12

14,12

14,51

15,35

16,65

16,85

17,67

18,62

19,06

19,07

19,77

19,39

20,98

21,10

21,56

22,07

22,18

23,10

23,75

23,83

23,94

24,48

25,58

25,93

26,21

26,42

26,44

26,44

26,76

26,86

27,14

27,33

27,93

27,97

28,31

28,59

29,60

30,26

30,61

31,39

32,14

32,77

33,02

LZ(P) Ly(P,)
k= 1,000

0,260
0,305
0,258
0,133
0,050
0,042
0,012
0,008
0,006
0,005
0,001
0,001
0,001
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000

0,405
0,511
0,452
0,232
0,086
0,117
0,034
0,022
0,019
0,025
0,004
0,003
0,003
0,002
0,001
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000

L'(P,)

1,237
0,946
0,554
0,276
0,133
0,117
0,054
0,041
0,037
0,034
0,013
0,010
0,009
0,007
0,003
0,002
0,002
0,002
0,001
0,001
0,001
0,001
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000

L7(P) Lo(P,)
k= 2,000

0,360
0,671
1,005
0,836
0,450
0,394
0,150
0,104
0,087
0,078
0,018
0,012
0,010
0,007
0,002
0,001
0,001
0,001
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000

0,726
1,383
1,963
1,507
0,780
1,118
0,425
0,303
0,272
0,364
0,069
0,054
0,052
0,047
0,013
0,007
0,008
0,006
0,002
0,003
0,002
0,001
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000

L'(P,)

1,715
2,078
2,157
1,733
1,191
1,107
0,673
0,562
0,516
0,488
0,239
0,198
0,182
0,153
0,082
0,059
0,058
0,052
0,035
0,035
0,029
0,021
0,012
0,011
0,008
0,005
0,004
0,004
0,003
0,003
0,002
0,002
0,002
0,001
0,001
0,001
0,001
0,001
0,001
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000

L*(P) Ls(P,)
k= 3,000

0,375
1,105
2,932
3,933
3,031
2,792
1,406
1,057
0,922
0,840
0,242
0,172
0,148
0,106
0,033
0,017
0,017
0,014
0,006
0,006
0,005
0,002
0,001
0,001
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000

0,993
2,843
6,419
7,355
5,303
8,026
3,999
3,092
2,868
3,938
0,948
0,785
0,776
0,737
0,237
0,131
0,149
0,119
0,052
0,058
0,047
0,023
0,009
0,009
0,004
0,002
0,001
0,001
0,001
0,001
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000
0,000

L'(P,)

1,783
3,424
6,296
8,151
8,018
7,850
6,318
5,718
5,445
5,264
3,284
2,875
2,704
2,369
1,470
1,129
1,119
1,021
0,733
0,732
0,641
0,482
0,306
0,285
0,212
0,150
0,127
0,127
0,098
0,093
0,062
0,059
0,050
0,041
0,039
0,028
0,021
0,021
0,020
0,016
0,010
0,009
0,008
0,007
0,007
0,007
0,006
0,006
0,006
0,005
0,004
0,004
0,003
0,003
0,002
0,002
0,001
0,001
0,001
0,001
0,001

LA(P)  L(P,)
k= 4,000
0,346 1,226
1,619 5,253
7,608 18,723
16,444 31,911
18,142 32,044
17,601 51,218
11,731 33,467
9,568 28,032
8,645 26,920
8,056 37,824
2,954 11,590
2,221 10,107
1,947 10,232
1,464 10,175
0,524 3,771
0,297 2,230
0,292 2,550
0,240 2,086
0,118 0,984
0,117 1,095
0,088 0,900
0,048 0,479
0,018 0,195
0,015 0,193
0,008 0,103
0,004 0,047
0,003 0,034
0,003 0,036
0,002 0,020
0,001 0,020
0,001 0,008
0,001 0,008
0,000 0,006
0,000 0,004
0,000 0,004
0,000 0,002
0,000 0,001
0,000 0,001
0,000 0,001
0,000 0,001
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000

L(P,)

1,648
5,015
16,336
34,078
47,986
49,479
52,731
51,753
51,035
50,471
40,124
37,034
35,634
32,703
23,431
19,259
19,137
17,850
13,798
13,778
12,410
9,858
6,784
6,394
4,993
3,722
3,239
3,227
2,577
2,479
1,735
1,670
1,432
1,204
1,159
0,848
0,675
0,657
0,631
0,524
0,355
0,312
0,282
0,262
0,260
0,260
0,232
0,223
0,201
0,188
0,151
0,148
0,131
0,118
0,081
0,063
0,056
0,041
0,031
0,024
0,022

L*(P)  Ls(Py)
k= 5,000

0,300 1,440
2,223 9,198
18,506 51,377
64,451 129,858
101,790 181,534
104,009 306,445
91,787 262,572
81,182 238,235
75,959 236,855
72,408 340,571
33,839 132,794
26,822 122,069
24,050 126,433
18,955 131,710
7,838 56,362
4,755 35,675
4,680 40,875
3,929 34,176
2,076 17,354
2,068 19,335
1,602 16,331
0,917 9,195
0,375 4,058
0,326 4,065
0,182 2,267
0,092 1,092
0,066 0,814
0,066 0,855
0,039 0,494
0,036 0,506
0,016 0,216
0,014 0,199
0,010 0,150
0,007 0,104
0,006 0,100
0,003 0,051
0,002 0,030
0,002 0,028
0,002 0,030
0,001 0,020
0,000 0,008
0,000 0,006
0,000 0,005
0,000 0,004
0,000 0,004
0,000 0,004
0,000 0,003
0,000 0,003
0,000 0,002
0,000 0,002
0,000 0,001
0,000 0,001
0,000 0,001
0,000 0,001
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000
0,000 0,000

Ls"(P,)

1,428
6,887
39,735
133,565
269,239
292,380
412,592
439,115
448,412
453,655
459,638
447,201
440,243
423,275
350,207
308,035
306,711
292,442
243,456
243,191
225,147
189,182
141,215
134,687
110,304
86,643
77,183
76,945
63,707
61,658
45,509
44,032
38,583
33,224
32,137
24,471
20,042
19,565
18,893
16,023
11,333
10,123
9,250
8,644
8,589
8,578
7,749
7,494
6,825
6,425
5,270
5,191
4,644
4,223
3,004
2,401
2,131
1,625
1,250
1,000
0,918



L(P,) Ly(P,) Ly*(P,)
1,400000
1,200000
1,000000
0,800000
0,600000
0,400000
0,200000

0,000000
0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00

—e—112-(Pn) —@—L1(Pn) —@—L1+(Pn)

L32-(Pn) L3(Pn) L3+(Pn)
9,000000
8,000000
7,000000
6,000000
5,000000
4,000000
3,000000
2,000000
1,000000
0,000000

0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00

—e—132-(Pn) —@—L3(Pn) —@—L3+(Pn)

L>(P,) Ls(P,) Ls*(P,)

500,000000
450,000000
400,000000
350,000000
300,000000
250,000000
200,000000
150,000000
100,000000
50,000000
0,000000

0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00

—e—152-(Pn) —@—L5(Pn) —@—L5+(Pn)



Primes Gaps In(Pn)

2

3

7

23

89

113

523

887

1129

1327

9551

15683

19609

31397

155921

360653

370261

492113

1349533
1357201
2010733
4652353
17051707
20831323

47326 693
122164 747

189 695 659
191912783
387096 133

436 273 009
1294268 491
1453168 141
2300 942 549
3842610773
4302407 359
10726 904 659
20678 048 297
22367 084 959
25056 082 087
42652618 343
127976 334 671
182226 896 239
241160 624 143
297501075799
303371455241
304 599 508 537
416 608 695 821
461690510 011
614 487 453 523
738832927927
1346294310749
1408 695 493 609
1968 188 556 461
2614941710599
7177162611713
13 829 048 559 701
19581334192 423
42 842 283 925 351
90874 329411493
171231342 420521
218 209 405 436 543

1
2
4
6
8
14
18
20
22
34
36
44
52
n

1,10
195
314
449
473
626
6,79
7,03
719
9,16
9,66
9,88

1035

1196

12,80

128

13311

14,12

14,12

1451

1535

16,65

16,85

1767

18,62

19,06

19,07

1977

19,89

2098

21,10

21,56

2,07

2,18

23,10

2375

238

239%

2,48

25,58

25,93

2621

2642

2644

2644

26,76

26,36

27,4

21,33

793

297

2831

2859

29,60

3026

3061

3139

214

2,77

33,02

P kP
k=6
293 1562
4321 13581
242,50 507,52
54828 987,30
590,03 1760,25
689,46 1977,66
661,26 1943,72
640,71 2000,59
624,79 2943,90
372,14 1460,68
310,93 141528
285,24 1499,76
235,52 1636,73
112,46 808,73
73,02 547,79
72,01 628,92
61,80 537,51
3516 293,9
3505 327,63
27,89 284,44
16,89 169,41
750 81,09
660 82,21
38 48,08
205 2441
152 18,62
150 19,57
093 11,72
085 12,08
0,40 5,43
0,36 5,04
0,26 3,88
0,18 2,75
0,17 2,65
0,08 1,40
0,05 0,84
0,05 0,81
0,05 0,86
0,03 0,57
001 024
0,01 0,18
0,01 0,15
0,01 013
0,01 0,13
0,01 0,13
0,01 0,10
000 010
0,00 0,08
0,00 0,07
0,00 0,04
0,00 0,04
0,00 0,03
0,00 0,03
0,00 0,01
0,00 0,01
0,00 0,01
0,00 0,00
000 000
0,00 0,00
0,00 0,00

I'G'( Pn)

9,08
2,79
502,55
145022
1658,63
3099,19
3576,77
378,31
3914,50
504,76
5184,13
5221,50
525935
5024,96
47981
471916
459945
41374
412091
3921,3
3485,39
281,77
273,70
233924
1936,05
176541
1761,05
1511,70
147,93
1145,81
111474
998,07
879,87
855,45
678,22
571,24
559,49
542,86
47061
347,82
3149
290,93
274,03
51
72,19
28,79
11,53
m3
210,70
176,62
17427
157,77
144,91
106,70
87,19
78,26
61,22
821
39,34
36,38

L (P
k=7
376
98,10
887,09
2871,19
3254,19
5034,98
5236,64
525417
5241,45
3978,83
3504,29
3289,14
2845,10
1568,82
1090,06
1077,14
945,00
579,08
577,43
472,34
302,52
14573
129,70
79,63
44,48
373
33,49
21,38
19,79
9,68
8,96
6,58
4,65
430
2,29
1,44
1,37
1,26
0,86
0,39
0,30
0,25
0,21
0,21
0,21
0,16
0,15
0,12
0,11
0,07
0,07
0,05
0,04
0,02
0,01
0,01
0,00
0,00
0,00
0,00

L7(Pn)

26,04
350,19
192924
5220,60
9830,64
1448176
15417,97
16428,65
2474035
15620,46
15953,04
172%,12
1977424
11282,06
8177,63
9408,07
8219,09
48408
5397,55
4816,38
3034,46
1575,30
16163
991,32
530,28
414,12
435,41
27028
28047
132,88
124,02
97,68
70,72
68,62
37,84
B34
2,59
24,01
16,37
716
553
457
392
3.9
4,04
3,18
303
283
213
1,44
1,40
1,10
0%
0,44
028
023
012
0,07
0,04
0,04

|.7’(P")

11,64
210,64
183837
759,42
9147,84
263287
28325,01
31017,26
3283924
5408454
58427,14
£0209,26
63534,03
70097,91
70607,9%
70593,75
70329,69
67909,04
£7889,57
£6400,17
6242934
5481870
53549,61
4823045
4205936
3925873
39185,64
3487479
34162,58
28047,25
2743740
25100,83
22654,68
213872
1827482
15829,77
15555,24
15164,95
1343873
10378,13
9527,42
8895,70
8446,17
840534
8396,92
7766,02
7568,16
7040,50
6717,67
5754,82
5687,33
5210556
483387
3685,03
3077,84
279,33
224174
1807,82
150427
1401,26

L' (P
k=8

472

218,17

3178,81

1472884

17581,48

36019,30

40623,45

42208,05

43073,80

41672,65

38688,66

3715312

33667,98

21438,39

15940,59

15784,02

14 154,97

9341,56

9318,66

783492

5308,07

2773,34

249792

1608,36

946,56

734,83

729,89

483,13

449,85

232,12

216,04

162,12

117,16

109,01

60,38

39,20

37,20

34,50

24,16

11,44

897

7,39

6,38

6,29

6,28

5,04

4,69

3.8

337

2,20

2,13

1,68

137

0,66

0,41

031

0,18

0,10

0,06

0,05

I'G( Pn)

0,9
887,47
7186,9
27042,67
53784,42
103881,28
119802,58
132157,00
203673,00
163636,11
176153,16
195398,12
234027,85
154175,87
119587,86
137864,34
12311338
78091,37
87107,05
79891,56
5324316
29978,81
31127,60
20021,95
112849
9021,05
9490,72
610803
6376,78
3186,19
2990,22
2406,54
1783,77
173959
998,71
633,66
615,11
657,00
458,03
209,38
163,95
136,94
118,35
119,05
122,02
97,25
094
75,48
66,56
45,83
4,76
35,64
31,16
14,9
962

7,87

436

251

1,53

182

I'ﬁ'( Pn)

14,61
468,45
6587,65
38958,37
4942331
161911,22
219732,28
249169,17
269870,13
566 040,93
645 057,84
680 106,16
751841,20
957906,35
1032544,28
1034 457,75
1053 455,39
1095 490,68
1095 616,30
1101408,36
1095394,72
1043231,90
1031332,98
974121,90
895065,57
855209,19
854137,36
788137,82
776711,88
672 531,66
661539,67
618 386,42
571400,68
561 246,73
482372,18
429707,60
423 651,09
414989,12
375921,18
303339,11
282322,13
266451,32
255013,22
253 968,26
253752,64
237 466,30
232304,92
218408,94
209 808,96
183 683,07
181823,65
168572,88
157 955,87
124667,27
106 432,58
97739,74
80417,23
66404,69
56 343,98
52873,76

L*(Py)
k=9
583
477,60
11213,04
74376,47
93503,79
253 648,96
310213,90
333769,59
348 445,95
429643,00
42046344
41311347
392190,81
283383,77
229466,93
227679,9%
208711,79
148 341,04
148 036,66
127 930,69
91681,02
51953,66
47 356,69
31976,95
19828,90
15757,31
15660,94
10747,58
10067,92
5478,90
5127,61
3931,48
2908,93
2720,29
1568,93
1047,35
997,45
929,31
665,30
329,21
261,59
217,75
189,65
187,22
186,72
151,78
141,77
117,17
103,57
69,11
67,02
53,38
43,9%
21,89
13,84
10,83
6,21
3,62
2,29
1,92

I'9( Pn)

70,12
222099
2636616
13789%,13
289676,44
733524,70
916 359,89
1046500,25
1650525,16
168742677
1914688,03
2172964,32
272643961
2073982,03
1721500,70
1988676,48
181529471
1240069,70
1383791,82
1304493,63
919616,60
561600,24
590 131,61
398.069,70
236.402,01
193.443,34
203638,79
135878,93
142715,60
7520645
7097037
58361,48
4428763
83411,9
25949,49
16932,27
16490,98
17697,9
12612,13
6024,19
478,22
40377
351754
3540,76
3629,66
292,23
2808,10
230499
2046,42
1440,00
1408,64
1135,16
1002,34
498,32
327,37
271,05
154,02
90,66

56,36

5,72

I'9'( Pn)

18,06
1025,51
23237,49

196 728,69
262 848,56
1140183,50
1677947,21
1970360,88
2183117,28
5835854,41
7010407,45
7562 244,54
8758029,82
12885509,90
14863 609,71
1492175191
15532959,13
17396 039,05
17405017,38
17984091,47
18919651,21
19543 104,15
19552 489,53
19367 158,70
18750273,26
18338719,21
18326 901,16
17532879,70
17383201,20
15874345,20
15701 074,20
14996 586,65
14186 790,54
14,006 050,01
12533 487,63
11482380,55
11357964,35
11178 740,42
10351327,71
8727672,95
823521877
7856 269,26
7579252,81
7553778,50
7548518,36
7147 697,60
7019193,14
6669567,11
6450446,30
5771216,16
5722 062,26
5368481,79
5080855,37
4151690,17
3622 966,62
3365306,17
2839702,38
2401 065,00
2077447,29
1963918,44

|-1oz-(Pn)

LlO(Pn)

k=10

711
1032,63
39064,92
370943,27
491142,99
1764151,49
233964872
2606773,00
2783957,72
4374912,04
451312959
4536786,35
4512141,15
3831372,11
3262426,14
324367091
303941493
232652633
2322684,51
2063096,93
1563 964,48
961244,31
886726,07
627906,00
41025734
333721,22
331882,29
23613850
22543,29
12772657
120197,00
9 165,92
71331,67
67047,37
40262,17
27641,03
26411,14
2472426
1809346
935,04
7536,41
634093
5567,03
5499,81
5486,02
4512,20
4230,70
353374
3144,75
214446
208,95
167898
139,44
719,86
465,14
368,27
216,69
129,44
83,51

70,54

114,05
5506,51
95572,66
694500,55
1540977,73
511561917
692263313
8184529,90
13210408,61
17186035,23
20554673,79
23866 556,99
31371060,15
27554880,26
24475540,70
2833226426
264358%3,78
19448.857,54
21711668,55
21037 201,65
1568753546
10390706,57
11049.869,00
781657944
4891126,65
4096900,53
4315457,17
298543874
3154614,12
175324713
166362524
1397860,31
1086002,36
106997998
665922,07
446867,71
436660,23
470852,05
342998,91
171188,27
137773,33
117582,75
103254,13
104012,66
106 640,41
87021,44
83800,50
69518,56
6213934
44688,25
2378319
35704,88
31843,50
16390,19
11006,13
9217,38
5371,63
323750
202,25
1934,00

I'W’(Pn)

2,04

2217,28
80956,67
981159,50
1380652,30
7930079,45
12655 162,20
15388710,20
17442321,22
59424 567,56
75247 630,68
8304809835
100760818,09
171192 657,36
211322075,49
212584 619,46
226202 404,52
272833 081,69
273 083 466,63
290023 646,05
322745782,40
361585 663,45
366108 815,85
380297 509,83
387940676,17
388392301,76
388378 630,61
38522042513
384241732,24
370069 993,32
368 050 833,01
359194 655,62
347882 453,98
345209 302,01
321637435,59
303037099,66
300744 462,57
297 408 928,69
281514185,13
248012 451,27
237252 246,33
228780924,70
222482091,58
221898318,42
22177768075
21248844775
209 469 574,20
201154 546,65
195 866 638,42
179089 667,12
177852 409,26
168857 450,85
161414 614,01
136553357,83
121803 302,42
114.441341,57
99037922,95
85746 029,54
75651481,95
72046 29,31



Le*(P,) Le(P,) Lg*(Py)

6000,000000
5000,000000
4000,000000
3000,000000
2000,000000

1000,000000

0,000000

0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00

—e—162-(Pn) —@—L6(Pn) —@—L6+(Pn)

LBZ-(Pn) Ls(Pn) L8+(Pn)

1200000,000000
1000000,000000
800000,000000
600000,000000
400000,000000

200000,000000

0,000000
0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00

—e—162-(Pn) —@—L8(Pn) —@—L8+(Pn)

L1o>(P,) Lio(P,) Lyo*(P,)

450 000 000
400 000 000
350 000 000
300 000 000
250 000 000
200 000 000
150 000 000
100 000 000
50 000 000
0

0,00 5,00 10,00 15,00 20,00 25,00 30,00 35,00

—e—1102-(Pn) —@—L10(Pn) —@&—L10+(Pn)



I1.3 - Behaviour of the lower and upper bound functions L?(p,) and L+x(ps)

As our purpose is to estimate the value of P,, when L+x(Pn) becomes lower than Maxy; ¢ p L: (PI\ZI‘) =12 (PI\ZU_(),
we need to P{} and thus compute the first derivative of L§~ (Py)

First derivative of LZ(pn)

dLy~ (Py)
dPy

5 Ink"1(Py)

= 2k2. 7

_ (PNl—a _ % (PNl—a -1

If we define PI\ZJ( as the prime number for which L4~ (PIEI() = MaXp Py, 127 (Py), Py x must satisfy :

+ g).ln(pN) -2

dLi™ (PR)

— s 1-a _ 1 1-a _
T 0 which imply Py k(PN 1+

g) In(Py) =5 =0

If Py is large, then Py = eK gives a first estimation. But a better estimation can be given by :

121 k@-1)
k|l —2
o \i-GG k@D

P (11.12)
First derivative of L+i(pn)
dLi(Py) Ink=2(pPy) - (1 a)
SN = (k- 1). . (At = L2 (' + 2).In(Ry) + 1)
If we define P{y, as the prime number for which L} (Pyy) = Maxp,p,,,, Lt (Pn), Py x must satisfy :
dLy (P — 1-a
‘;(PN M) _ 0 whichimply Pyl™® — &2 (Bl + 2).In(Py) +1 =0
k-1
If Py is large, then Py = e1-agives a first estimation. But a better estimation can be given by :
=iy
Py & et-ali-zel K (I1.13)
. + . - + +
k [Gn| P’ Nk Py Pk L’ N,k(P2 ) Ly k(P L
1] 2 4 3 1 051
2 | 4 10 7 4 0,88 1,96 218
3 | 6 2 113 39 357 3,51 831
4 | 14 64 113 406 1740 51,22 5287
5 | 34 167 1327 3897 10051 34057 469,29
6 | 34 440 1327 34737 674,21 2943,90 526050
7 | 34 1166 1327 29 647 5163,60 2474035 7065762
8 | m 3113 31397 2479105 4452646 23402785 110219069
9 [ 7 8350 31397 20510675 42733121 2726 439,61 19552555,81
10| 72 2487 31397 168 935 955 4520 49,10 3137106015 388457 386,43
11 | 112 60725 370261 1388758205 52276 549,54 399 607 495,22 8541447 795,12
12 | 112 164318 370261 11407170239 656 291 636,80 5589614 319,57 205 891790 335,23
13 | 148 445269 2010733 93666 147312 889052239057 83 617 440 511,50 5398 385 259 19999
14 | 48] 12077% 2010733 769 001833 747 129275721 735,77 1306 983 392 428,00 152 949 269 629 900,00
15 | 210]  3278408] 20831323 6313174159 164 2008483436 48793 22526 940 330 496,00 4656 405 979 805 580,00
16 | 210 89030327 20831323 51827 276 934671 33206 213701 666,20 404931625 041 920,00 151588979 197 246 000,00
17 | 210] 24185331 20831323 425 466 247153 719 582112367 132 113,00 7250 390 520 168 450,00 5 254 836 747 375 160 000,00
18 | 282 65714327 436273009 3492772409 868 440 10785 36 340923 100,00 139301911 911 203 000,00 193 244 272 347 804 000 000,00
19 | 282] 178579276 436273009 28673 113 449 022,000 210 596 296 266572 000,00 2925199 322 721 030 000,00 7514 032 201 733 600 000 000,00
20 | 354 485337734 4302407359 235 385 214 084396 000 4322390 679 783 290 000,00 61730375 961 021 500 000,00 308 016 993 282 465 000 000 000,00
21 | 456] 1319121962 25056082087 1932339407 684920000 93031549951 990 100 000,00 1466708 506 822 120 000 000,00 13275698 427 130 100 000 000 000,00
22 | 456] 3585455134 25056082087  15863083359450 200000 2095 254 447 482860 000 000,00 36 791783 075 559 200 000 000,00 600175 065 414524 000 000 000 000,00
23 | 456] 9745761797] 25056 082087] 130224226867 788000000  49282311735643700000000,00 921000 003 891318 000 000 000,00 28398 068380 891800 000 000 000 000,00
24 | 456] 26490812582 25056082 087] 1069 044943 513 680000 000] 1208400 916738400 000000 000,00 _23 011592 656 012 300 000 000 000,00] 1403 541 844 533 810 000 000 000 000 000,00
25 | 464 72007876002] 42652 618 343] 8776071188 729 050 000 000] 30 837 322 738 430 800 000 000 000,00] 581 344 786 051 355 000 000 000 000,00] 72 326 194 190 570 200 000 000 000 000 000,00

Table I1.3



I1.4 - Estimation of such as for Py > L2~ (Py) < L2~ sz_

We are going to try to estimate for which value of p,, the upper bound function becomes lower than the maximum

of the lower bound function.

Lx(pn) < Lf;(pn) < L%(_ (pIZII() = MaxpnclP’L%(_ (Pn) (I1.14)

_1 _k(a-1
13 ekK@-1

1_@ ek(a—l)) . . . . . . .
z is a relatively complex formulation, we are going to use the following approximation

{
As PI\ZII( ~ e
P2~ ~ eK. Effectively for instance, for k=4, —2-—— =~ 1,04 and P2~ ~ eX = 55 and Pﬁ’}; ~ 64 . As in the

1_@. ek(a-1)

integer sequence (Py), P, = 23 and P; = 89 the approximation of PI\ZI_]_( proposed above is coherent.

So we have to estimate L (e = k-lnke;:k)- (1 - 2ek(11—a)) < L& (Rix)

(k1)
We are going to look for a real a>1 such as py, = e“@-a  which satisfy the following inequality

k 1( “Ek_li
In*"1f ¢ "(1-a
(k-1) k(k
£ a2\ 1 In¥(ek) 1 12— ( Kk
Li (e S a)) =k ea.(k—1) '(1 + ea.(k—i)) <k ek - 1- 2ek(i-a) ) — Ly (e )
1
(k-1)\ K71 1 k L \k—1
(etip) ke (1) « _ (1-a\ (K\k-1 (1 gekama <
s S k- a4 = <) N\
(1+ea-(k—1)) toak=1)
Kk 1 1
= ! N\k-1 —— 1 \k-1
1- K\k=1 [ 1 5ok 1-a\ k (1 75ka- 1-
For k>1 we can state that (kTi) . (g)k L. (#) > (kTi) o <Lfa)> > Ta
I+ a®&D I+ &D
1
k 1‘7k(11—a) k=t a _ 1-a 11
As for all integer k, (k—) . <2‘*—1> > 1 .So we have to solve — < —which givesa ~ —
-1 1+e(k—_1) e e 4
11 (k—-1)

The table beside gives for k<7, the numerical value of P, ~ e+ G- satisfying (11.14) and compare with Py, i

in table I.1 and table I1.2. We see that our estimation over-estimate the value of Py, k

k Pook Prox in table I11.1-11.2
2 327 523
3 106 825 9551
4 34 914 789 492 113
5 11 411 583 088 122 164 747
6 3729 772 743 500 10 726 904 659

110
We can conclude that for all p, > e+ G- and all integer k>1, Ly (p,) < Li:(py) < L&~ (p3x) which means

11 (k-1)
that Py < e®” @ for all integer k.

We have tested numerically all prime of the integer sequence (Pn) corresponding to the prime numbers
associated with the first occurrence of the maximal gaps, up to P, = 218 209 405 436 543 and G, = 906 . We

were limited by the accuracy of Excel. We intend in a future work to push the investigation up to P, =



18361375334 787 046 697 corresponding to the highest known maximal gap G, =1550 and n=
423731791997 205 041, to be able to gives upper bound of Ly (p,,) for some values of k>7.

Thanks to the previous results we can validate the following upper bounds of Li(pp) = In®(pp+1) — In¥(p,) for
k<7 (see table I1.3)

L1(pn) = In(pps1) — In(py) < 0,52 Ly (pn) = In?(pp41) — In?(py) < 2
L3(pn) =1In3 (pn+1) - 1n3(pn) <4 L4(pn) = 1n4(pn+1) - 11’14(})11) <52
Ls(pn) = lns(pn+1) - lns(pn) < 341 L6(pn) = 1n6(pn+1) - 1n6(pn) < 2944

Le(pn) = In” (Pn+1) — 1n7(pn) < 24741

I1.5 — Better bounds estimation from recurrence on k

We start from relation (11.4):
Mic(Pn)-gn- (1= 22) < LiPn) < Mi(pu)-gn (1+52)  for p, > ext
And according to BHP result, g, < (pn)2 with a=0,525
Mi(Pn)-gn- (1 = 355m5) < L(Pn) < Mic(pn)-gn- (1 + =) (1115)

The advandage of this formulation is the fact that we can establish a relation between Lk.1(pn) and Lk(pn) for all

pn and without gn. For Lk.1(pn), we can apply (I1.15):

1 1
Mg—1(Pn)-&n- (1 - W) < Lg—1(pn) < My_1(ppn)-&n- (1 + pnl‘“) (IL.16)

From (I1.15) and (I.16)we can get :

1

1_—_a
%.ln(pn) Clpp) < @ < X nbn) with  C(p,) = % <1 forallp (I.17)

Li-1(Pn)  k=1" C(pn) =

Consider for all integer k, P,k the prime number for which Fi(Pnx) is maximum. In this conditions, we have :

Li(Pnk-1) < Lx(Pnk) < Li(Pn)
Lk-1(Pnk-1) = Lk-1(Pnk-1) = Lk-1(Pnk)

Thanks to (I1.16 ) :

k Li(Pnk-1) Lk(Pnk) Lk(Pnx) k  In(Ppk)
L In(P P ' < k) < ' L '
k-1 n(Pog-1) C(Pnk-1) < Li1(Png—1) = Lke1(Pnk—1) — Lk—1(Pnx) ~ k-1 C(Pnk)
K _Li(Pnx)  _ _k  In(Pni)
ln(Pnk 1) C(Pnk 1) < Lk_l(Pnlk_l) < k—ll C(Pn‘k)
k k  In(P,
2 n(Pasct) CPako1) Lt (Prscn) < Li(Pa) <7 o Lica (Pa-a) (11.18)

We define two new lower and upper bound functions :



L (Pak) =

ln(Pnk 1)C(Pnk 1) Ly- 1(Pnk 1) and

L%(-l— (Pn,k) =

k—

k ln(Pn X)

C(P k) Lk 1(Pnk 1)

The table (I11.4) below, will give for each integer k up to 30, the numerical values of the lower and upper bounds
of Li(pnx) presented in (I1.18).

Thanks to (11.18), we can see that the lower bound of Lk(pnx) is only dependent of the level k-1and gives some

numerical values very close from Lk(pnk). It means that we can estimate Lx(pnx) from Lk—l(Pn,k—l) and P x4

without any information about prime gaps.

K Pnk  |Gaps L(P,) L{PL (P, Ly{P,) LX(P,) L{PJL(P,)
1 3 2 0,67

2 7 4 0,65 3,03676571 1,96 4,52 0,43426304
3 113 14 329 2,44040167 8,03 16,26 0,49369214
4 113| 14 43,32 1,18222958 51,22 59,07 0,86705919
5 1327 34 259,20 1,31394732 340,57 483,44 0,70447933
6 1327| 34 2798,49 1,05196132 2943,90 3085,98 0,95396059
7 1327 34 23518,28 1,05196240 24740,35 25934,32 0,95396157
8 31397 12 193612,23 1,20874515 234 027,85 295991,73 0,79065671
9 31397 712 2696 458,70 1,01111862 2726 439,61 2756 143,97 0,98922249
10 31397 12 31026 092,56 1,01111863 31371060,15 31712845,42 0,98922250
11 370261| 112 353 423 636,96, 1,13067564 399 607 495,22 443 967 035,74 0,90008371
12 370261| 112 5570 605 585,19 1,00341233 5589 614 319,57 5608 555 617,79 0,99662278
13 2010733| 148 77379 188 888,64 1,08061924 83617 440 511,50 88022 066 199,56 0,94995998
14 2010733| 148 1304994 775 159,13 1,00152385 1306983 392 428,00 1308 968 402 035,86 0,99848353
15 20831323 210 20293 666 177 617,60 1,11004784 22 526 940 330 496,00 23610 295 435 578,90 0,95411514
16 20831323 210 404728 764 895 014,00 1,00050122 404 931 625 041 920,00 405 134 344 485 731,00 0,99949962
17 20831323 210 7246 758 264 556 170,00 1,00050122 7250390 520 168 450,00 7254020 257 045 710,00 0,99949962
18 436273009 282 129 305 834 748 391 000,00 1,07730569 139301 911 911 203 000,00 152 740 268 939 947 000,00 0,91201824
19 436273009 282 2924 853 870 792 310 000,00 1,00011811 2925199 322 721 030 000,00 2925 544 719 503 790 000,00 0,99988194
20 4302407359| 354 61 248 838 739 379 200 000,00 1,00786198 61730375 961 021 500 000,00 68 305 940 868 206 000 000,00 0,90373363
21 25056082 087| 456 1437739 666 357 580 000 000,00 1,02014888 1466 708 506 822 120 000 000,00 1552027 277 194 470 000 000,00 0,94502753
2 25056082 087| 456 36791 148 800 458 500 000 000,00 1,00001724 36791 783 075 559 200 000 000,00 36792 417 582 700 100 000 000,00 0,99998275
23 25056 082 087| 456 920 984 122 302 756 000 000 000,00 1,00001724 921000 003 891 318 000 000 000,00 921015 883 428 386 000 000 000,00 0,99998276
24 25056082 087| 456 23011195 895 870 800 000 000 000,00 1,00001724 23011592 656 012 300 000 000 000,00 23011989 461 651 200 000 000 000,00 0,99998276
25 42652 618 343| 464 573 946 744 068 867 000 000 000 000,00 1,01288977 581 344 786 051 355 000 000 000 000,00 586 716 086 234 403 000 000 000 000,00 0,99084515
26 2614941710599( 652 14798 170 925 310 900 000 000 000 000,00 1,11625268 16 518 497 946 691 300 000 000 000 000,00 17 286 874 263 177 600 000 000 000 000,00 0,95555146
27 2614941710599| 652 490 465 738 715 257 000 000 000 000 000,00 1,00000123 490 466 342 952 388 000 000 000 000 000,00 490 467 598 386 435 000 000 000 000 000,00 0,99999744
28 2614941710599| 652 14542 905 529 616 300 000 000 000 000 000,00 1,00000187 14542 932 725 262 400 000 000 000 000 000,00 14542 960 671 127 900 000 000 000 000 000,00 0,99999808
29 19581334192 423| 766 430 665 088 119 679 000 000 000 000 000 000,00 1,05459080 454175 441 613 020 000 000 000 000 000 000,00 460 991 742 408 187 000 000 000 000 000 000,00 0,98521383
30 19581334192423| 766 14 379 621 528 494 800 000 000 000 000 000 000,001 0,99999813| 14379 594 583 688 900 000 000 000 000 000 000,00 14 379 642 481 382 800 000 000 000 000 000 000,00 0,99999667

I1.6 - Analysis of the integer sequence of k, (P,x):

When we look at the numerical results of the table (I1.3) and (11.4), we can see that the values of the prime

numbers corresponding to the maximal values of Ly (p,), is a growing integer sequence. We are going to prove

this assertion below .

If we consider that the relation (IL.17):

— - In(py). (1 - C(pn))-Li—1(pn) <i3

1
(1_2pn1_a

As C(py) =

1 ln(pn) C(pn) <

1Il(pn) C(pn) I-'k 1(pn) < Lk(pn) < k—1"

we have

Lk(pn) <k In(py)
-1(pn) k-1~ C(pn)
k_ In(pn)

C(pn) " Lk—l(pl’l)

1-C(pn)
1 (). Lic1 (Pn) = Lic(Pn) < 7+ 1N+ (Go222) Lir (pn)
1 3
_ —1_ 2pnT2 )\ _ Zpnl- @
1 C(pn) 1 1+pn1—a 1+p 1-a

(11.19)




then for p, >3 we have:

and % < C(py) <1

We can replace into (I1.19):

k In(pp 3k In(pp
0 <25 2 Lt (Pn) < g I0(Pw)- Lot () = LicPn) < g T2 L (o)
0 < 1_a< 1_ - Lk(pn) ?_a
Pn E-ln(pn)-]ﬂk—l(pn) Pn
k 1
I Lict (0w (1 = =) < L) < 5 I Lica (o)- (1~ =) (11.20)
1 3
(11.20) shows that Li(pn) = . In(py). Lic—1 (pn). < (pnl_a)> (p =) < —= a2y

Which means that we can link the behavior of Ly (p,,) to the behavior of Ly_; (p,)-We are going now to compute
the first derivative of the two parts of (11.21).

—de<p“>=]j‘Tl.<Lk_1(pn)< +In(py). 0 (= )>+1n<pn) “L—“’)) (1122)

dpn

de 1(Pn) _ -0

n

Considering the prime number p,x_;defined by Li_; (pn) = Maxp,_epLk—1(pn) and which imply

then:

dLg(Pnk-1) _ kK (Lk-1(Pnk-1)
=K 1-(— >0 (1L.23)

de—1(Pn,k—1)) _ _k Lici(Pnk-1)
dpn Pnk-1

+ ln(pn,k—1)- dpn k-1" Pnk-1
Which means that for all integer k, ppx—1 < Pnk

Then we can conclude that for p,xenough large, pnx-1 < pnk and we can verifie in tables 1 and 2 that it is true for
all pn .

IL.6 — Gkr(pn) = Ln¥(pn+1)" - Ln¥(pn)bounds estimation from recurrence on k

The function Gi:(pn) is linked to Ly(py) by : Gy r(pn) = In¥(ppi1)” — In¥(py)™ = 7% Ly (py)

All the proofs, in the previous paragraphs, regarding Ly (p,,) are systematically applicable to Gi(pn)
G1(pn) = In(Pps1)” —In(py)" < 0,52 %7 Gy(py) = In*(pp4q)” — In?(py)" < 2 %712
G3(pn) = In*(pps1)” = In®(pn)" <4 %1% Gy(pn) = In*(Pp41)” — In*(py)" < 52 71
Gs(Pn) = In®(Pns1)” —In®(pn)" < 341 %75 Gg(pp) = In®(Ppsq)” —In®(py)" < 2944 +r®

G,(pp) = In”(pps1)” — In”(py)" < 24741 + 17



1.7 - L = Ln¥(pn+1) - LnY =1 has a solution for all

As proved in (11.4), we can write for all real y ¢ R+

My (Pn)- 8n- (1 - —) < Ly(pn) < My (pp). gn- (1 + ) for p, > ek

With M, (pp) =y.
approximation of Ly (pp,) . We are going to show that My (p,). g, = 1 has a solution y=y(p,) for all py,.

-1
myp&. So we can focus our study on My (p,). g, which represent a very good

In¥Y~1(py,)

My(pn)-gn =Yy on gn=1 & y- lny_l(pn) = g (I1.24)

We have shown previously that 0< Ly (p,) < 1, so we can insure that if y satisfy (11.24), then y(p,)>1 for all p,

We can take the logarithm of booth parts of (11.24):
In(y) + (y = 1).In(In(p,)) = In (‘;—) (11.25)

We may have a first solution of (I1.25), supposing that In(y) is very small :

Ly G (11.26)
Yo ~ In(In(pp)) )

We can see in table I1.5 below that the values of y, correspond to the value of Ly_(p,) which is normal because
we have neglected the term In(y) into (11.25). For all p,, Ly (pn) >1

We are going to refine this first solution by searching € such asy; =y, — ¢,

ln(z—n) ln<g—2.ln(pn)>
Y1 — 1= m — & and Vi = m — & (1127)
We replace (11.27) into (11.24) and we obtain :
ln(p—“.ln(pn)> ln(gn)
_\&n ) n(in(pp))  ° —Pn
ninpy S | en) =

pn]
n n(pn) e] (g") goIn(In(pn)) _ pn

In(In(pp)) B ) gn

n "“ ln(pn) (1no)
_ —£o.In(In(py)) —
In(in(pn) € 1

(1
(1
Considering . ln(ln(pn)) enough small, we can replace e~€on(In(pn)) by its taylor serie expansion

n p“ ln(pn)

ln(ln(pn)) ~ & '(1 - 80'1n(1n(pn))) ~

n pn ln(pn) P
ln(ln(pn)) I B <ln <a.ln(pn)> + 1)

e
-



1“(2_2) ln(Z—;‘).ln(p—“.ln(pn)>

Which gives an estimationofe: g, = then y; —1=
In(In(pp)). ln(e ln(pn)> In(In(pp)). ln(e ln(pn)>

(11.28)

In table I1.5, we can see that the values of Ly _(py) are closer to 1, with Ly_(p,) > Ly, (pn) > 1. We are going to
iterate a second time this process to have a better estimation of y.

ln(Z—E).ln(p—“.ln(pn))

In(In(py)). ln(e ln(pn)>

We define y, = y; — & yo—1= (1.29)

If we replace y, into (11.24), we have :

In(Bn .ln<p—n-1n(Dn))
M — &1.In(In(py))
<e.g—2.ln(Pn)) Pn

gn

+1— &g

ln pn ln Pn ln(pn)>
In(In(pp)). ln e ln(pn)>
1

< ) | e
ln(g—z) -1+ ln(L(pn))) - 51-1n(1n(pn))
In(In(pp)). ln e ln(pn)>

Pn Pn
(22)in(B2ncp,) ) e
o1 (Pn)
+1— ¢ |.e en” 0 = Z—“
n
_ In(eIn(pp)) _
In Pn ln Pn ln(pn)> 1+7ln (e.p—n.ln(pn) g1In(In(pp))
+1—¢ |.e &n =1
In(In(pp)). ln e ln(pn)>
In(e.n(pp))
1_7
1n(g—2).ln(g—“.ln(pn)> 1n<e.p—“.1n(pn)>
+1— g |.e —ein(nGw) = ¢ &n (11.30)

In(In(py)). ln(e ln(pn)>

As before, we can replace e~con(In(Pn)) and the second term of (11.28) by its taylor serie expansion:

)
ln<e p—n.ln(pn)>

In(Bn .ln(p—n.ln(pn)>
(gn) o >+ 1- ¢ .(1 - sl.ln(ln(pn))) ~ e \é&n

ln(ln(pn)).ln(e.g—z.ln(pn)

(2
ln(g—:).ln(g—:.ln(pn)> ln(g_p_nil(pn)>\ o (14 ln(g—:).ln@—n.ln(pn))
~ €.

+1—e \ 60
\ln(ln(pn)).ln(e.g—g.ln(pn)> ln(e—ln(pn)>

)

In(Bn .ln(p—n.ln(pn)> n In(Bn .ln<p—".1n(pn)>
(gn) n 1— e ln(e.g—n.ln(pn)> ~ g, 1— (g )
ln(ln(pn)) ln(e ln(pn)> ln(e = ln(pn)>

Pn
]“(g:)
ln(g_:)'ln(g_g'ln(p“)> 1n<e.%.1n(pn)>
+1n e—ln(p ) ) n
ln(ln(Pn))

(ln(e—ln(pn)>+ln( )1 (g—;‘.ln(pn)>>



ln

ln(Z—E).ln(S—E.ln(p;ﬂ)

ln(e—ln(pn)
In(In(pn))

—()( \|\|
)

In table I1.5, y, seems to give a good estimation of y (represented by yr.r), with an accuracy better than 1,5% .

ln(g—;‘).ln(p—n ln(pn)> \
In(In(py)). ln(e ln(pn)> (ln(e -1 ln(pn)>+ln(p“) ln(pn ln(pn)) )

y, =1+



Primes

N W N

23

89

113

523

887

1129

1327

9551

15 683

19 609

31397

155921

360 653

370 261

492 113

1349533

1357 201
2010733

4 652 353

17 051707
20831323

47 326 693

122 164 747

189 695 659
191912 783

387 096 133

436 273 009
1294268 491
1453168 141
2300942 549
3842610773
4302407 359

10 726 904 659
20678 048 297
22367 084 959
25056 082 087

42 652 618 343
127976 334 671
182 226 896 239
241160624 143
297 501 075 799
303 371455 241
304 599 508 537
416 608 695 821
461690510 011
614 487 453 523
738 832927 927
1346 294 310 749
1408 695 493 609
1968 188 556 461
2614941710599
7177 162 611713
13 829 048 559 701
19 581 334 192 423
42 842 283 925 351
90874 329 411 493
171231 342 420 521
218209405436 543

Gaps In(Pn)

1

R BAN

18
20
22
34
36
44
52
72
86
96
112
114
118
132
148
154
180
210
220
222
234
248
250
282
288
292
320
336
354
382
384
394
456
464
468
474
486
490
500
514
516
532
534
540
582
588
602
652
674
716
766
778
804
806
906

0,69

1,10

1,95

3,14

4,49

4,73

6,26

6,79

7,03

7,19

9,16

9,66

9,88

10,35
11,96
12,80
12,82
13,11
14,12
14,12
14,51
15,35
16,65
16,85
17,67
18,62
19,06
19,07
19,77
19,89
20,98
21,10
21,56
22,07
22,18
23,10
23,75
23,83
23,94
24,48
25,58
25,93
26,21
26,42
26,44
26,44
26,76
26,86
27,14
27,33
27,93
27,97
28,31
28,59
29,60
30,26
30,61
31,39
32,14
32,77
33,02

Yo
-0,89
531
1,84
2,18
2,60
2,34
2,84
2,98
3,02
2,86
3,52
3,59
3,59
3,60
4,02
4,23
4,18
4,25
4,53
4,49
4,56
4,78
5,07
5,07
5,28
5,52
5,62
5,60
5,78
5,77
6,03
6,06
6,14
6,25
6,26
6,46
6,62
6,63
6,61
6,73
6,99
7,07
7,13
7,18
7,18
7,17
7,24
7,25
7,32
7,36
7,48
7,48
7,55
7,59
7,82
7,95
8,00
8,18
8,33
8,47
8,49

MYo

-0,47

10,87
1,60
2,02
2,53
2,25
2,80
2,96
3,00
2,83
3,51
3,59
3,59
3,60
4,02
4,23
4,18
4,25
4,53
4,49
4,56
4,78
5,07
5,07
5,28
5,52
5,62
5,60
5,78
5,77
6,03
6,06
6,14
6,25
6,26
6,46
6,62
6,63
6,61
6,73
6,99
7,07
7,13
7,18
7,18
7,17
7,24
7,25
7,32
7,36
7,48
7,48
7,55
7,59
7,82
7,95
8,01
8,18
8,34
8,46
8,50

€o
-1,43
2,88
0,38
0,34
0,33
0,29
0,30
0,30
0,29
0,28
0,29
0,28
0,28
0,28
0,28
0,27
0,27
0,27
0,27
0,27
0,27
0,27
0,27
0,27
0,26
0,26
0,26
0,26
0,26
0,26
0,26
0,26
0,26
0,26
0,26
0,26
0,26
0,26
0,26
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,25
0,24
0,24

0,53
2,44
1,46
1,84
2,28
2,05
2,54
2,68
2,73
2,58
3,23
3,31
3,31
3,32
3,75
3,95
3,90
3,98
4,26
4,22
4,29
4,51
4,81
4,81
5,01
5,26
5,35
5,34
5,51
5,50
5,77
5,80
5,88
5,99
6,01
6,21
6,36
6,37
6,36
6,48
6,74
6,82
6,88
6,92
6,92
6,92
6,99
7,00
7,07
7,11
7,23
7,23
7,30
7,35
7,57
7,70
7,76
7,93
8,09
8,23
8,25

0,23
1,93
0,95
1,15
1,35
1,25
1,46
1,51
1,53
1,47
1,71
1,74
1,74
1,74
1,89
1,97
1,95
1,97
2,07
2,06
2,08
2,16
2,27
2,27
2,34
2,43
2,47
2,46
2,52
2,52
2,62
2,63
2,66
2,70
2,70
2,77
2,83
2,83
2,83
2,87
2,97
2,99
3,02
3,03
3,03
3,03
3,06
3,06
3,09
3,10
3,14
3,14
3,17
3,19
3,27
3,31
3,34
3,40
3,46
3,50
3,51

-0,98
0,99
0,14
0,19
0,22
0,18
0,21
0,22
0,22
0,20
0,23
0,23
0,22
0,22
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,23
0,22
0,22
0,22
0,22

Y

1,52
1,44
1,33
1,65
2,06
1,87
2,33
2,47
2,51
2,37
3,01
3,08
3,09
3,10
3,52
3,73
3,68
3,75
4,03
3,99
4,06
4,28
4,58
4,58
4,78
5,03
5,12
511
5,28
5,28
5,54
5,57
5,65
5,77
5,78
5,98
6,14
6,15
6,13
6,25
6,51
6,59
6,65
6,70
6,70
6,69
6,76
6,78
6,84
6,88
7,00
7,01
7,08
7,12
7,34
7,47
7,53
7,71
7,86
8,01
8,03

My,
0,58
0,84
0,77
0,82
0,87
0,85
0,90
0,91
0,92
0,90
0,96
0,97
0,97
0,97
1,01
1,04
1,03
1,04
1,07
1,07
1,07
1,10
1,13
1,13
1,16
1,19
1,20
1,20
1,22
1,22
1,25
1,25
1,26
1,28
1,28
1,30
1,32
1,32
1,32
1,34
1,37
1,38
1,39
1,39
1,39
1,39
1,40
1,40
1,41
1,42
1,43
1,43
1,44
1,45
1,47
1,49
1,50
1,52
1,54
1,56
1,56

Yref
3,01
1,62
1,50
1,76
2,13
1,95
2,37
2,50
2,55
2,41
3,02
3,09
3,10
3,11
3,52
3,71
3,67
3,74
4,01
3,97
4,04
4,25
4,54
4,54
4,73
4,97
5,07
5,05
5,22
5,21
5,47
5,50
5,58
5,69
5,70
5,90
6,05
6,06
6,05
6,17
6,42
6,50
6,56
6,60
6,60
6,59
6,66
6,68
6,74
6,78
6,90
6,90
6,97
7,02
7,23
7,36
7,42
7,59
7,75
7,89
7,90

MYref
1,00
1,00
1,00
1,00
1,01
1,01
0,99
0,99
1,01
0,99
1,00
0,99
1,01
0,99
1,01
0,99
1,00
1,00
1,01
1,00
1,01
1,01
1,01
1,01
0,99
0,99
1,01
1,00
0,99
0,99
0,99
1,01
0,99
1,00
0,99
1,01
1,00
0,99
1,00
1,00
1,00
0,99
1,00
1,00
1,00
0,99
0,99
1,01
0,99
1,00
1,01
0,99
0,99
1,00
1,00
1,00
1,00
1,01
1,00
1,02
0,99

Yref-Y,
1,49
0,18
0,17
0,11
0,07
0,08
0,04
0,03
0,04
0,04
0,01
0,01
0,01
0,01
0,00

-0,02
-0,01
-0,01
-0,02
-0,02
-0,02
-0,03
-0,04
-0,04
-0,05
-0,06
-0,05
-0,06
-0,06
-0,07
-0,07
-0,07
-0,07
-0,08
-0,08
-0,08
-0,09
-0,09
-0,08
-0,09
-0,09
-0,10
-0,10
-0,10
-0,10
-0,10
-0,10
-0,10
-0,10
-0,10
-0,10
-0,11
-0,11
-0,10
-0,11
-0,11
-0,11
-0,12
-0,12
-0,12
-0,13



Part 3 : A third variant of Andrica’s conjecture

We propose in this part to study the behavior of a third variant of the Generalized Andrica’s conjecture
represented by the set of function Hy x(pp) = (Pns1)* InX(ppi1) — (pn)*.In*(p,) and the values of x¢R and keN
where Hy (py) is bounded.

I11.1 - Upper bound functions of Hy ,(p,) :

Hk,x(pn) = (pn+1)x- lnk(pn+1) - (pn)x-lnk(pn+1) + (pn)x-lnk(pn+1) - (pn)x-lnk(pn)

Hicx(Pn) = ((Pns)* = (Pn)): 10 (Pns1) + ()™ (I (Ppa1) — In*(py) ) (I.1)

Pn+1 Pn

n l k-1 n n
Hie () <- (% (n)*.£2) In(psa) + ()™, (kﬁg (1+ g—))

In"(pn+1) n In*"* (pp4s) n
Hie(Pn) < . ()% "2 g (14 82) 41 (p 2 2net) g, (1 4+ £2)

Pn+1 Pn+1 Pn

1 k-1 n n
Hk,x(pn) < (pn)*. - D ®ns1) .gn(x.In(pp41) +K). (1 + = )
n+1 Pn

k-1 k-1
As we have state in (I1.2), for all p, > ek™1, I Pnt) 10 (pn)

Pn+1 Pn

Hix(pn) < (pn)X-M.gn (x. <ln(pn) +1In (1 + %)) + k> _ (1 + &)

Pn Pn

x In*"1(py) ( ( gn 1(g 2) ) gn
Hix(Pn) < (pn) . 8n(x In(p,) + - (pn) +k ,(1 + pn)

k-1 2
Hix () < () 22 g, (x In(pp) + -+ (e nCpy) + K +30. B4 (£2))

In*"*(py,) (xIn(py)+k+2%) gn
Hk,x(pn) < (pn)x-%.gn. (X. ln(pn) + k) (1 + %i—n)

k+2x
Ink~1(p, X - .
Hyx(pn) < (P —®n) o (x In(py,) + K). (1 + (1_(11{”)5_>

Pn X+ERS;3

Thanks to BHP result about prime gaps, gn < p»® with a = 0,525.

k+2x
x In¥(py) 1 (X+1H(Pn))
Hix(Pn) < (pn)*. P2, gn.(x+ln(pn)).<1 e - (I11.2)
(X+1];:2X)) 2x
e can reformulate —*2*~=14+—-"—7-< or all integer k and all x<1and all prime number
w fi 1 L 1 2 forall integer k and all x<1and all pri b
X+m X'ln(pn)+k
: In¥(py) 2
We define My x(Pn) = ix .gn.(x+ ln(pn)) and € = e

Hix(Pn) < Myx(pn)- (1 + €) (1IL.3)



II1.2 - Lower bound functions of Hy , (p,)

We start from (I11.1) : Hix(Pn) = ((Pns1)* = (Pn))- 10" (1) + (Pn)* (I (re1) — In*(pyy)) (111.4)
As lrlk(pn+1) > lnk(pn) and lnk(pn+1) - lnk(pn) > k. 1nk_1(pn)- (ln(pn+1) - 1n(pn+1)

Hix ) > 0n)* ((1+22)" = 1) 10K nes) + K ()% 1057 (By). (11(Prs) = I(Ppsa)

Hicx(pn) > (o). ((1+ i—)x = 1) 105 (P 1) + k. () 10 (py). In (1 + £2)

Thanks to (1+§—:)X—1>x.§—2.(1—?.§—‘;) and ln(1+§—2)>§—2.(1—%.g—")

n 1- n — n 1 n
Hige (Pn) > (o) x B2 (1= 2. 22) nf(py 1) + K. (o). I (py). £2. (1 5. B2)

n n k 1 gn
Hyx(pn) > (pn)"-lnk(pn+1) En < ﬁ—) +ln(pn)'(1 —5.;‘;’—“))
n k 1 gn
Hiox(Pr) > (o)™ 10" Pi) o) < 5_)+1n(pn>-(1—5-%))
Hk,x(pn) > (pn)x-lnk(pn+1) En < ln(p ) 2p (X(l -x)+ (e ))>

. Kk . x(1-x)+ -
Hk,x(pn) > (pn)x- lnk(pn+1) i_n (X + ln(pn)) <1 - g_—kl(p)>

2
Pn +1n(pn)

Thanks to BHP result about prime gaps, gn < pn? with a = 0,525.

n K 1 XAt 1
Hie(Pn) > () In(pns1) £ (x4 155 (1—2lo T >>>ka<pn> (1-57=) @us)

n ln(pn>

x(l—x)+L X(1-X)+————
As we can easily verify that ———2®2 <1 thus 1 — > L ln(p“) >1-3 L
X+m Pn X+ ln(pn) Pn
We define ¢’ = %_a , wWe can state:
Mk,x(pn)- (1 - 8,) < Hk,x(pn) (111-6)
We can finaly give the lower and upper bound functions of Hy x(p,) :
Mk,x(pn)- (1 - 8,) < Hk,x(pn) < Mk,x(pn)- (1 + E) (IH'7)

As € and €' tends toward to 0 when n = oo, we can confirm that My 4 (p,) represents a good estimator Hy x(py)
and we can limit our study in the next paragraphs to Mix(p.) behavior.



I11.3 - Behavior of Mxx(pn)

k
At first, we can easily state that My x(p,) = lg (ﬁ’;) .En- (x + ln(l; )) is a bounded function, for all integer k and
x<1-a, which tends toward 0 when n—>co.
In*(pn) k . . In*(pn) k
0 < Mgx(pn) < bTax- (x + ln(pn)) and  lim, pMix(pn) <limp p <pn1-a-x : (x + ln(pn)) =0

We are going compute the derivative function of My 4 (py,)

To derivate My x(pn) we shall consider that g is a derivable function on R which satisfy g, = g(pn)

dMy x(pn) _ k-]nk_l(pn) _ _ lnk(pn) k _ lnk(pn) k lnk(pn) ' k

dpn ( pn?7% =% pnz‘x) n'( + ln(pn)) pnl™* "2 pnin2(py)  pplT* “'(X + ln(pn))
dMy x(pn) lnk_z(pn) k k

‘:lpn === <(k In(py) — (1 —x).1In%(py)). (X + ln(pn)).gn —k.gy +1n2(py).pp-&'n. (X + ln(pn))>

In(py)

dMyx(pn) _ InX"2(p,)
g'pnp = npnz_lj( <(k In(py) — (1 —x).1n%(py)). (X +

)_gn —kg,+ In?(py). pn- g'n- (X + 1n(l;n))>

dMyx(pn) _ InX"2(p,) g, g,
i) _ o) (x. (pn.g —1+x).In%(py) + k. (pn.g — 1+ 2x)In(py) + k(k— 1)) (11L.8)

If we consider that py, (i x) is the prime number such as My (p,,) is maximal then py, (i x)is a solution of the equality
X. (pn.gg—“ — 14x).I0%(py) + k. (pn.gg—“ — 1+ 2x)In(p,) +k(k— 1) =0 (111.9)

The positive solution of this equation is given by ;

' 2 ’ 2 ’
—k.(pn.gg—ri‘— 1+2x)+ \/kz (pn.gg—:—1+2X) —4—k(k—1)x.(pn.gg—:—1+x>

1I’1(pn) = ZX.(pn.gg/_r?_l-‘-X)
! . 2 ;
Or In(p,) = k'(l—zx—pn-gg—;l)—zjkz(1—2x—pn-gg—;’)/ +4k(k—1)x,(1_x_pn.gg_:)

2x.(1—x—pn.g—n)
gn

!

This previous formulation has the inconvenient to be undetermined when 1 — x — p,,. gg—“ =0

n

For this reason we propose the following formulation which avoid this question:

2(k-1)

(111.10)

!

1 \2 !
: 1'1) 4(k_1)x( : n) ( : n)
1-2x-po2n) 42X () pnn) +(1-2x—p, B0
< X~Pn gn X *~Pn gn + X~Pn gn

In(p,) = 2\[

(I11.10) gives an implicit formulation of In(p,) but we cannot obtain an explicit formulation. But it remains very
interesting to estimate the upper bounds of lower or upper bound functions for which we can replace the term

pn.gg—n by a derivative function. We are going to develop this point below.

n



I11.4 - Lower and upper bound functions independent from prime gaps :

As developed in Part 2, paragraph 11.3, we’ll limit our study to the set of prime numbers P, corresponding to the
first occurrence of each maximal gap Gj,.

Let’s define new lower and upper bound functions Hy, (P,) and Hf;X(Pn) totally independent from g,,.

k
Thanks to BHP result G, < P,® with a = 0,525: HY o (P) = oo (x+5 (‘; )) > My (Pn)
. . ] _ _Ink*ti(py) k
Thanks to Erik Westzynthius result G, > In(P,): Hp (Py) = S - (X D < Mg (Py)

Thus we can compete (I11.6):

Hice (B)- (1 = 3577) > Migx (Po)- (1 = 55775) < Higx (B) < Mix(Bu). (1 + 5=5) < Hif (Po). (1 +5=5)

Thanks (111.9) we are not obliged to compute again the first derivative of Hy, (P,) and Hy,(P,)

To get the prime P, corresponding to the maximal value of H{{,X (P,) we have only to replace G, by P, into (I11.9):
2(k-1)

In(Py o)) = ZJ

(1—2x—a)2+fg%§9£(1—x—a) +(1-2x-a)
The table II1.1 below gives the values P, (kxfor k and x. We can compare the values below with the prime

numbers corresponding to the upper bound of Hf(LIX(Pn) in tables II1.3 up to IIL.6.

k\x 0,10 0,20 0,30 0,40
2 20 124 8074 39478 306 814
3 318 5419 2793112 25 876 456 234 780 500
4 4750 218245 895312015 16 423 661 488 402 600 000 000
5 69774 8558992 279942 845 553 10302 943 121 513 000 000 000 000 000
6 1017 588 331665 944 86 553 563 248 745 6427 494 466 447 410 000 000 000 000 000 000
7 14781580 12 770 066 641 26 599 709 464 644 400 3997 491 307 593 910 000 000 000 000 000 000 000 000
8 214198646 489799265264 8145073594 203300000 2481516 795 284 010 000 000 000 000 000 000 000 000 000 000

To get the prime P, corresponding to the maximal value of Hi, (P,) we have only to compute the derivative :

dH_,X(Pn) 1 k_l( n)
zpn = npnz_li (—x(l —x).In%(p,) — k. (1 —2x— E) In(py) + kz) (111.10)

Who has the following solution :

2k

In(Py ) = d (I1L11)

(1—2x—§)2+4x.(1—x) +(1-2x-%)

The table I11.2 below gives the numerical values of P,':(k,x) estimated from (II.11) and must be compared with
the true values of P,':(k’x) as itis appearing in tables II.3 up to I[I1.6. The values below correspond to the integer
which gives the maximal value of Hy , (P,) while tables I11.3 up to I11.6 gives only the nearest prime corresponding

to a first occurrence of the maximal gaps.

k\x 0,10 0,20 0,30 0,40
1 3 5 7 12
2 10 16 28 59
3 31 55 115 305
4 95 193 476 1594
5 290 671 1978 8371
6 880 2337 8228 44076
7 2671 8150 34257 232451
8 8113 28426 142709 1227131



The table I11.3 below give the numeral values of Hx(pn), Hix(pn) and H+ix(pn) for k=1 and x ¢ {0.1, 0.2, 0.3,
0.4} for all prime numbers corresponding to the first occurrence of the maximal gaps Gu.

Primes Gaps In(Pn) H'101(Pn) H101(Pn) H'101(Pn) H102(Pn) Hio2(Pn) H'102(Pn) H103(Pn) Hios(Pn) H'ios(Pn) Hioa(Pn) HioalPn) H1o4(ps)

k 1 1 1 1 1 1 1 1 1 1 1 1
X 0,1 0,1 0,1 0,2 0,2 0,2 0,3 0,3 0,3 04 04 04
2 069 01114 10,4833 11,8023 00,1272 05724 2,0302 0,1446 0,6741 2,2815 10,1639 0,7903  2,5584
3 1,10 0,1844 10,6643 1,6031 0,2262 0,8520 19187 0,2752 1,0808 2,2860 0,3326 11,3589 2,7126
7

23 3,14 0,188 10,4252 0,7149 03216 0,7331 1,1404 0,5249 11,2150 1,7824  0,8342 19591 12,7426

89 449 0,1009 0,1968 0,4000 0,2070 0,4062 0,7727 04010 0,7909 1,4393 0,7484 11,4834 2,6133

113 14 4,73 0,0884 0,2787 03617 0,1873 0,5954 0,7227 0,3736 1,1958 11,3881 0,7165| 2,3090 2,5938

523 18 6,26 0,0345 10,1032 0,1940 0,0894 0,2678 0,4805 0,2137 0,6412 11186 0,4866 1,4626  2,5033

887 20 6,79 0,0243 10,0739 10,1581 0,0673 0,2050 0,4208 0,1710 0,5211 1,0449 0,4124 11,2585 12,4841

1129 22 7,03 0,0207 0,0665 0,1442 0,0589 0,1899 0,3966 0,1538 0,491 11,0137 0,3808 1,2298 2,4769

1327 34 7,19 0,018 10,0894 0,1357 0,0538 0,2608 0,3813 0,1431 0,6941 09936 0,3605 1,7516 2,4725

9551 36 9,16 0,0045 0,0180 0,0662 0,0168 0,0667 02403 0,0555 0,2207 0,7875 0,1727 10,6867 2,4360

15683 44 9,66 00031 0,0145 0,0557 0,0123 0,0567 0,2148 0,0431 0,1982 0,7443 0,1414 10,6500 2,4285

19609 52 9,88 0,0027 0,0142 0,0515 0,0107 0,0569 0,2042 0,0384 0,2038 0,7257 0,1289 10,6841 2,4250

31397 72 1035 00019 0,0131 0,0438 0,0080 00558 0,1838 0,0300 0,2102 0,6879 0,1059 0,7414 2,4172

155921 86 11,96 0,0006 0,0040 0,0253 0,0028 0,0204 0,1285 0,0127 0,0914 05729 0,0528 0,3809 2,3834

360653 96 12,80 0,0003 0,0022 0,0191 0,0016 0,0122 0,066 0,0080 0,0598 0,5198 0,0362 0,2720 2,3600

370261 112 12,82 0,0003 0,0025 0,018 0,0016 0,0140 0,060 0,0078 0,0687 0,5182 0,0357 0,3129 2,3592

492113 114 13,11 0,0002 0,0020 0,0172 0,0013 0,0115 0,0994 0,0067 0,0583 05012 0,0314 0,2735 2,3503

1349533 118 14,12 0,0001 0,0009 0,0122 0,0007 0,0056 0,0793 0,0038 0,0316 0,4447 0,0197 0,1646 2,3145
1357201 132 14,12 0,0001 0,0010 0,0122 0,0007 0,0063 0,0792 0,0038 0,0352 0,4444 0,019 0,1835 2,3143
2010733 148 14,51 0,0001 10,0008 0,0107 0,0005 0,0052 0,0724 0,0030 0,0307 04239 10,0163 0,1664 2,2988
4652353 154 15,35 0,0000 0,0004 0,0080 0,0003 0,0029 0,0599 0,0018 0,018 03827 0,0109 0,1098 2,2627
17051707 180 16,65 0,0000 0,0001 0,0052 0,0001 0,0013 0,0445 0,000 0,0094 0,3257 10,0058 0,0632 2,1998
20831323 210 16,85 0,0000 0,0001 0,0048 0,0001 0,0013 0,0425 0,0008 0,0096 0,3176 0,0053 0,0660 2,1895
47326693 220 17,67 0,0000 0,0001 0,0037 00001 0,0007 00352 0,0005 0,0059 0,2862 0,0035 0,0441 2,1454
122164747 222 18,62 0,0000 0,0000 0,0027 0,0000 0,0004 0,0282 0,0003 0,0032 0,2533 0,0022 0,0264 2,0915
189695659 234 19,06 0,0000 0,0000 0,0023 0,0000 0,0003 0,0255 0,0002 0,0025 0,2392 0,0018 0,0218 2,0656
191912783 248 19,07 0,0000 0,0000 0,0023 0,0000 0,0003 0,0254 0,0002 0,0027 0,2389 0,0018 0,0229 2,0649
387096133 250 19,77 0,0000 0,0000 0,0018 00000 0,0002 00216 0,0001 0,0017 0,2178 10,0012 0,0157 2,0225
436273009 282 19,89 0,0000 0,0000 0,0017 00000 0,0002 0,0210 00001 0,0018 0,2144 0,0012 0,0165 2,0152
1294268491 288 20,98 0,0000 0,0000 0,0012 00000 0,0001 00162 0,0001 0,000 0,1856 0,0007 0,0092 1,9474
1453168141 292 21,10 0,0000 0,0000 0,0011 0,0000 0,0001 0,0158 0,0001 0,0008 0,1827 0,0006 0,0088 1,9400
2300942549 320 21,56 0,0000 0,0000 0,000 0,0000 0,0001 0,0142 0,0000 0,0007 01717 0,0005 0,0074 1,9107
3842610773 336 22,07 0,0000 0,0000 0,0008 0,0000 0,0000 0,0125 0,0000 0,000 0,1602 0,0004 0,0059 1,8778
4302407359 354 22,18 0,0000 0,0000 0,0008 0,0000 0,0000 0,0122 0,0000 0,000 0,1578 0,0004 0,0058 1,8705
10726904659 382 23,10 0,0000 0,0000 0,0006 0,0000 0,0000 0,0098 0,0000 0,0003 0,1393 0,0002 0,0037 1,8112
20678048297 384 23,75 0,0000 0,0000 0,0005 0,0000 0,0000 0,0084 00000 0,0002 0,1273 0,0002 0,0026 1,7684
22367084959 394 23,83 0,0000 0,0000 0,0004 0,0000 0,0000 0,0082 00000 00002 0,1259 0,0002 0,0026 1,7633
25056082087 456 23,94 0,0000 0,0000 0,0004 0,0000 0,0000 0,008 00000 00002 0,239 10,0001 0,0028 1,7559
42652618343 464 24,48 00,0000 0,0000 0,0004 0,0000 0,0000 0,0070 0,0000 0,0001 0,1151 0,0001 0,0021 1,7211
127976334671 468 25,58 0,0000 0,0000 0,0002 0,0000 0,0000 0,0054 0,0000 0,0001 0,0987 0,0001 0,0011 1,6495
182226896239 474 25,93 0,0000 0,0000 0,0002 0,0000 0,0000 0,0050 0,0000 00001 0,0939 0,0001 0,0009 1,6266
241160624143 486 26,21 0,0000 0,0000 0,0002 0,0000 0,0000 0,0046 0,0000 0,0000 0,0903 0,0000 0,0008 1,6084
297501075799 490 26,42 0,0000 0,0000 0,0002 0,0000 0,0000 0,0044 0,0000 0,0000 0,0877 0,0000 0,0007 1,5949
303371455241 500 26,44 0,0000 0,0000 0,0002 0,0000 0,0000 0,0044 0,0000 0,0000 0,0874 0,0000 0,0007 1,5936
304599508537 514 26,44 0,0000 0,0000 0,0002 0,0000 0,0000 0,0044 0,0000 0,0000 0,0874 0,0000 0,0008 1,5934
416608695821 516 26,76 0,0000 0,0000 0,0002 0,0000 0,0000 0,0040 0,0000 0,0000 0,083 0,0000 0,0006 1,5732
461690510011 532 26,86 0,0000 0,0000 0,0002 0,0000 0,0000 0,0039 0,0000 0,0000 0,0824 0,0000 0,0006 1,5666
614487453523 534 27,14 0,0000 0,0000 0,0001 0,0000 0,0000 0,0037 0,0000 0,0000 0,0791 0,0000 0,0005 1,5483
738832927927 540 27,33 0,0000 0,0000 0,0001 0,0000 0,0000 0,0035 0,0000 0,0000 00770 0,0000 0,0005 1,5366
1346294310749 582 27,93 0,0000 0,0000 0,0001 0,0000 0,0000 0,0030 0,0000 0,0000 0,0707 0,0000 0,0004 1,4985
1408695493609 588 27,97 0,0000 0,0000 0,0001 0,0000 0,0000 0,0030 0,0000 0,0000 00703 0,0000 0,0004 1,4956
1968188556461 602 28,31 0,0000 0,0000 0,0001 0,0000 0,0000 0,0028 0,0000 0,0000 00670 0,0000 0,0003 1,4746
2614941710599 652 28,59 0,0000 0,0000 0,0000 0,0000 0,0000 0,0026 0,0000 0,0000 0,0643 0,0000 0,0003 1,4568
7177162611713 674 29,60 0,0000 0,0000 0,00010 0,0000 0,0000 0,0020 0,0000 0,0000 0,0556 0,0000 0,0002 1,3944
13829048559701 716 30,26 00,0000 0,0000 0,0000 0,0000 0,0000 0,0017 0,0000 0,0000 0,0505 0,0000 0,0001 1,3546
19581334192423 766 30,61 0,0000 0,0000 0,0000 0,0000 0,0000 00016 0,0000 00000 0,0481 0,0000 0,0001 1,3337
42842283925351 778 31,39 0,0000 0,0000 0,0000 0,0000 0,0000 0,0013 0,0000 0,0000 0,0429 0,0000 0,0001 1,2874
90874329411493 804 32,14 0,0000 0,0000 0,0000 0,0000 0,0000 0,0011 0,0000 0,0000 0,0384 0,0000 0,0000 1,2438
171231342420521 806 32,77 0,0000 0,0000 0,0000 0,0000 0,0000 0,0009 0,0000 0,0000 0,0350 0,0000 0,0000 1,2078
218209405436543 906 33,02 0,0000 0,0000 0,0000 0,0000 0,0000 0,0009 0,0000 00000 0,0338 0,0000 0,0000 1,1942

1
2
4 195 02433 0,6838 11766/ 10,3438 11,0018 11,5885 0,4761 1,4346 2,1231 0,6494 2,0193 2,8140
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The table I11.4 below give the numeral values of Hx(pn), Hix(pn) and H+ix(pn) for k=2 and x ¢ {0.1, 0.2, 0.3,
0.4} for all prime numbers corresponding to the first occurrence of the maximal gaps Gu.

Primes Gaps In(Pn) H01(Pn) Hz01(Pn) H'201(Pn) H2,02(Pn) Hzo2(Pn) H202(Pn) H203(Pn) Hzo3(Pn) H'203(Pn) Hz04(Pn) HaoalPn) H'204(pn)

k 2 2 2 2 2 2 2 2 2 2 2 2
X 0,1 0,1 0,1 0,2 0,2 0,2 0,3 0,3 0,3 0,4 0,4 0,4
2 069 01495 10,8322 12,1683 0,1656 09516 2,3922 0,1832 11,0866 2,6371 0,2025 11,2390 2,9048
3 1,10 10,3852 16955 2,9207 04523 2,0704 3,4020 0,5298 2,5198 3,9558 0,6192 3,0580 4,5922
7

23 3,14 | 1,0480 2,4263 3,4273 1,6282 13,8293 15,1982 24938 59530 7,8086 3,7760 9,1445 11,6367

89 449 0,7655 11,5055 2,7280 1,4189 2,8062 49294 25671 5,1036 8,7495 4,5608 9,1129 15,3159

113 14 4,73 0,7015 2,2359  2,5977 1,3407 4,3053 48413  2,4962| 8,0727 18,8479 4,5588 14,8435 15,9291

523 18 6,26 0,3491 11,0454 11,8438 0,8084 2,4260 14,1844  1,8028 54205 19,2022  3,9154 11,7951 19,7839

887 20 6,79 0,2634 08019 16268 0,6509 19841 3,9480 1,5427 4,7085 9,2441 3,5528 10,8571 21,1039

1129 22 7,03 0,2304 0,7425 1,5353 0,5864 1,8918 3,8410 11,4287 4,6143 19,2526  3,3790 10,9250 21,7066

1327 34 7,19 02103 1,0188 14765 0,5458 2,6482 3,7698 13546 6,5818 9,2549 3,2613 15,8681 22,1102

9551 36 9,16 0,0633 0,2515 0,9057 0,2080 0,8267 2,9489 0,6444 25620 99,0844 19223 7,6435 26,9926

15683 44 9,66 00459 0,2110 10,7985 0,1599 0,7351  2,7598 0,5233 2,4063 8,9898 16462 7,5706 28,1886

19609 52 9,88 00396 0,2102 0,7542 0,1417 0,7518 2,6770 0,4754 2,5225 89410 15316 §,1278 28,7208

31397 72 10,35 0,0290 0,2028 0,6680 0,1095 0,7662 2,5077 0,3867 2,7069 88,8265 1,3099 09,1707 29,8264

155921 86 11,96 0,0097 0,0697 04384 0,0439 0,3165 19846 0,1845 11,3311 83308 0,7403 5,3424 33,3924

360653 96 12,80 0,0053 0,0402 0,3498 0,0267 0,2007 1,7439 0,1229 0,9240 8,0178 0,5386 4,0497 35,1101

370261 112 12,82 0,0052 0,0459 03473 0,0263 0,2300 11,7367 0,1213 1,0619 8,0075 0,5331 4,6672 35,1622

492113 114 13,11 0,0043 0,0373 03215 0,0221 0,1930 11,6604 0,1054 09186 7,8944 0,4773 4,1593 35,7175
1349533 118 14,12 0,0021 0,0173 0,2435 0,0120 0,1002 1,4102 0,0635 05312 7,4722 0,3193 2,6723 37,5731
1357201 132 14,12 0,0021 0,0192 0,2431 0,0119 0,1116 1,4089 0,0633 05922 7,4697 0,318 2,9813 37,5830
2010733 148 14,51 0,0015 0,0157 0,2179 0,0094 0,0955 1,3199 0,0517 05281 7,2980 0,2713 2,7697 38,2560
4652353 154 15,35 0,0008 10,0083 0,721 0,0055 0,0555 1,1451 0,0335 0,3359 66,9224 0,1915 11,9222 39,5961
17051707 180 16,65 0,0003 0,0034 0,1187 0,0024 0,0262 09123 0,0168 0,1817 6,3279 0,1100 11,1891 41,4092
20831323 210 16,85 0,0003 10,0034 0,1120 0,0021 0,0265 0,8803 0,0151 0,1881 6,2359 0,1008 1,2566 41,6602
47326693 220 17,67 0,0001 0,0018 0,0883 0,0013 0,0156 0,7588 0,0097 0,1204 5,8603 0,0703 0,8754 42,6106
122164747 222 18,62 0,0001 0,0008 0,0668 0,0007 0,0080 0,6369 0,0057 0,0685 5,4329 0,060 0,5490 43,5533
189695659 234 19,06 0,0001 0,0006 0,0586 0,0005 0,0062 0,585 0,0045 0,0552 5,2382 0,0377 0,4633 43,9353
191912783 248 19,07 0,0000 0,0006 0,0584 0,0005 0,0065 05852 0,0045 0,0581 5,2331 0,0375 0,4882 43,9449
387096133 250 19,77 0,0000 0,0004 0,0474 0,0003 0,0040 055122 0,0030 0,0382 4,9289 0,0273 0,3447 44,4815
436273009 282 19,89 0,0000 0,0004 0,0457 0,0003 0,0041 05007 0,0028 0,0400 4,8779 0,0258 0,3658 44,5645
1294268491 288 20,98 0,0000 0,0002 0,0329 00001 0,0019 0,4057 0,0015 0,0210 4,4267 0,0156 0,2142 45,2074
1453168141 292 21,10 0,0000 0,0001 0,0318 0,0001 0,0018 0,3967 0,0014 0,0198 4,3801 0,0148 0,2046 45,2644
2300942549 320 21,56 0,0000 0,0001 0,0276 0,0001 0,0014 0,3624 0,0011 0,0163 4,1979 0,0119 0,1769 45,4691
3842610773 336 22,07 0,0000 0,0001 0,0236 0,0001 0,000 0,3275 0,0008 0,0125 4,0001 0,0094 0,1425 45,6583
4302407359 354 22,18 0,0000 0,0001 0,0228 0,0001 0,000 0,3202 0,0008 0,0123 3,9574 0,0089 0,1416 45,6946
10726904659 382 23,10 0,0000 0,0000 0,0172 0,0000 0,0006 0,2667 0,0005 0,0075 3,6226 0,0057 0,0951 45,9176
20678048297 384 23,75 0,0000 0,0000 0,0141 0,0000 0,0003 0,2335 0,0003 0,0050 3,3945 0,0042 0,0678 46,0037
22367084959 394 23,83 0,0000 0,0000 0,0137 0,0000 0,0003 0,2298 0,0003 0,0049 3,3679 0,0040 0,0668 46,0100
25056082087 456 23,94 0,0000 0,0000 0,0133 0,0000 0,0004 02246 0,0003 0,0053 3,3297 0,0038 0,0729 46,0177
42652618343 464 24,48 0,0000 0,0000 0,0112 0,0000 0,0002 0,2014 0,0002 0,0038 3,1550 0,0030 0,0561 46,0306
127976334671 468 25,58 0,0000 0,0000 0,0080 0,0000 0,0001 0,1605 0,0001 0,0019 28159 0,0017 0,0317 45,9429
182226896239 474 25,93 0,0000 0,0000 0,0071 0,0000 0,0001 0,1491 0,0001 0,0016 2,7130 0,0015 0,0266 45,8835
241160624143 486 26,21 0,0000 0,0000 0,0065 0,0000 0,0001 0,1407 0,0001 0,0014 2,6335 0,0013 0,0236 45,8263
297501075799 490 26,42 0,0000 0,0000 0,0061 0,0000 0,0001 01346 0,0001 0,0012 25752 0,0011 0,0212 45,7775
303371455241 500 26,44 0,0000 0,0000 0,0061 00000 00001 01341 0,0001 0,0012 25698 0,0011 0,0215 45,7727
304599508537 514 26,44 0,0000 0,0000 0,0061 00000 00001 01339 0,0001 0,0012 25687 0,0011 0,0220 45,7717
416608695821 516 26,76 0,0000 0,0000 0,0055 0,0000 0,0001 01254 0,0001 0,0010 2,4838 0,000 0,0187 45,6892
461690510011 532 26,86 0,0000 0,0000 0,0053 0,0000 0,0000 0,1227 0,0000 0,0010 2,4564 0,0009 0,0183 45,6599
614487453523 534 27,14 0,0000 0,0000 0,0049 0,0000 0,0000 0,1155 0,0000 0,0008 2,3816 0,0008 0,0157 45,5722
738832927927 540 27,33 0,0000 0,0000 0,006 0,0000 0,0000 0,1111 0,0000 0,0007 2,3343 0,0007 0,0144 45,5112
1346294310749 582 27,93 0,0000 0,0000 0,0038 0,0000 0,0000 0,0978 0,0000 0,0005 2,187 0,0005 0,0113 45,2890
1408695493609 588 27,97 0,0000 0,0000 0,0037 0,0000 0,0000 0,0969 0,0000 0,0005 2,1748 0,0005 0,0111 45,2708
1968188556461 602 28,31 0,0000 0,0000 0,0034 0,0000 0,0000 0,0902 0,0000 0,0004 2,0957 0,0004 0,0095 45,1303
2614941710599 652 28,59 0,0000 0,0000 0,0031 0,0000 00000 0,0849 0,0000 0,0004 2,0304 0,0004 0,008 45,0028
7177162611713 674 29,60 0,0000 0,0000 0,0022 0,0000 0,0000 0,0683 0,0000 0,0002 18121 0,0002 0,0053 44,4923
13829048559701 716 30,26 0,0000 0,0000 0,0018 0,0000 0,0000 0,0593 0,0000 00002 16813 0,0002 0,0040 44,1158
19581334192423 766 30,61 0,0000 0,0000 0,0016 0,0000 0,0000 0,0550 0,0000 00001 16152 0,0001 0,0035 43,9027
42842283925351 778 31,39 0,0000 0,0000 0,0012 0,0000 0,0000 0,0463 0,0000 0,0001 1,4748 0,0001 0,0024 43,3916
90874329411493 804 32,14 0,0000 0,0000 0,000 0,0000 00000 0,0393 0,0000 00001 13501 0,0001 0,0016 42,8625
171231342420521 806 32,77 0,0000 0,0000 0,0008 0,0000 0,0000 0,0342 0,0000 0,0000 1,2523 0,0000 0,0011 42,3901
218209405436543 906 33,02 0,0000 0,0000 0,0007 0,0000 00000 00324 0,0000 00000 1,2166 0,0000 0,0011 42,2034

1
2
4 195 08699 2,7080 3,5997 1,1505 3,7002 4,6827 15114 50168 6,0649 19744 6,7576 7,8248
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The table II1.5 below give the numeral values of Hx(pn), Hix(pn) and H+ix(pn) for k=4 and x ¢ {0.1, 0.2, 0.3,
0.4} for all prime numbers corresponding to the first occurrence of the maximal gaps Gu.

Primes Gaps In(Pn) H404(Pn) Haoa(Pn) H'a01(Pn) HaoalPn) Haoa(Pn) Hiaoa(Pn) Haoslpa)

k

N W N ox

23

89

113

523

887

1129

1327

9551

15683

19609

31397

155921

360653

370261

492113

1349533
1357201
2010733
4652353
17051707
20831323
47326693
122164747
189695659
191912783
387096133
436273009
1294268491
1453168141
2300942549
3842610773
4302407359
10726904659
20678048297
22367084959
25056082087
42652618343
127976334671
182226896239
241160624143
297501075799
303371455241
304599508537
416608695821
461690510011
614487453523
738832927927
1346294310749
1408695493609
1968188556461
2614941710599
7177162611713
13829048559701
19581334192423
42842283925351
90874329411493
171231342420521
218209405436543

114

154
180
210
220
222
234
248
250
282
288
292
320
336
354
382
384
394
456
464
468
474
486
490
500
514
516
532
534
540
582
588
602
652
674
716
766
778
804
806
906

0,69
1,10
1,95
3,14
4,49
4,73
6,26
6,79
7,03
7,19
9,16
9,66
9,88
10,35
11,96
12,80
12,82
13,11
14,12
14,12
14,51
15,35
16,65
16,85
17,67
18,62
19,06
19,07
19,77
19,89
20,98
21,10
21,56
22,07
22,18
23,10
23,75
23,83
23,94
24,48
25,58
25,93
26,21
26,42
26,44
26,44
26,76
26,36
27,14
27,33
27,93
27,97
28,31
28,59
29,60
30,26
30,61
31,39
32,14
32,77
33,02

4
0,1
0,1412
0,9056
6,2958
19,2095
28,0179
28,3587
24,0955
21,1981
19,8084
18,8730
8,9619
7,1722
6,4632
5,1542
2,2441
1,4076
1,3867
1,1786
0,6522
0,6500
0,5131
0,3067
0,1350
0,1187
0,0696
0,0371
0,0276
0,0274
0,0171
0,0157
0,0074
0,0069
0,0050
0,0035
0,0032
0,0017
0,0011
0,0010
0,0009
0,0006
0,0003
0,0002
0,0002
0,0002
0,0002
0,0002
0,0001
0,0001
0,0001
0,0001
0,0001
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000
0,0000

4
0,1
1,3785
6,2553
24,6023
47,7880
56,1295
92,5531
72,5281
64,7299
63,9972
91,7305
35,6263
32,9766
34,2914
36,0795
16,1932
10,5838
12,1394
10,2711
5,4587
6,0833
5,2372
3,0784
1,4597
1,4793
0,8664
0,4427
0,3394
0,3567
0,2156
0,2228
0,1022
0,0951
0,0740
0,0530
0,0513
0,0279
0,0171
0,0165
0,0175
0,0119
0,0052
0,0040
0,0033
0,0028
0,0028
0,0029
0,0023
0,0022
0,0018
0,0015
0,0010
0,0010
0,0008
0,0007
0,0003
0,0002
0,0002
0,0001
0,0001
0,0000
0,0000

4
0,1
1,9249
6,3239
23,5531
57,0093
92,5496
97,7462
121,5469
125,9694
127,3897
128,1407
126,2296
123,1723
121,5437
117,6754
101,4034
91,8914
91,5894
88,3179
76,8217
76,7582
72,3972
63,4522
50,8521
49,0629
42,1797
35,1325
32,1866
32,1116
27,8313
27,1501
21,5660
21,0330
19,0270
16,9852
16,5618
13,4654
11,5698
11,3598
11,0623
9,7595
7,4994
6,8816
6,4253
6,1020
6,0727
6,0667
5,6147
5,4734
5,0974
4,8679
4,1857
4,1380
3,8013
3,5357
2,7265
2,2983
2,0980
1,7060
1,3961
1,1775
1,1029

4
0,2
0,1539
1,0378
8,0030
28,1944
48,3192
50,3071
51,1567
47,8547
45,9847
44,6398
26,5850
22,5109
20,8064
17,5011
9,1262
6,2868
6,2119
5,4497
3,3733
3,3640
2,7736
1,8188
0,9234
0,8298
0,5322
0,3149
0,2460
0,2443
0,1640
0,1531
0,0815
0,0762
0,0581
0,0429
0,0401
0,0232
0,0156
0,0148
0,0139
0,0100
0,0051
0,0041
0,0034
0,0030
0,0030
0,0030
0,0024
0,0023
0,0019
0,0017
0,0012
0,0011
0,0009
0,0008
0,0004
0,0003
0,0002
0,0001
0,0001
0,0000
0,0000

4
0,2
1,5495
7,4428
32,2474
71,1639
97,3002
165,3386
154,2877
146,3169
148,7344
217,2857
105,7062
103,5176
110,4084
122,5238
65,8549
47,2721
54,3794
47,4925
28,2339
31,4839
28,3111
18,2559
9,9853
10,3440
6,6266
3,7553
3,0198
3,1776
2,0731
2,1703
1,1191
1,0545
0,8630
0,6531
0,6401
0,3835
0,2518
0,2455
0,2639
0,1897
0,0928
0,0744
0,0634
0,0556
0,0560
0,0574
0,0468
0,0450
0,0373
0,0334
0,0241
0,0236
0,0193
0,0172
0,0090
0,0061
0,0052
0,0031
0,0019
0,0012
0,0012

4
02
2,0958
7,2299
29,7854
83,0055
158,1961
171,8742
256,1542
282,4806
293,8588
301,2345
373,0930
385,3828
390,1355
398,5644
411,7784
409,9819
409,8388
407,9752
397,077
396,9992
391,1371
376,1413
347,7688
342,9823
322,5744
297,9588
286,3610
286,0542
267,5487
264,4070
236,2503
2333109
221,7897
209,2382
2065194
185,2361
170,7676
169,0853
166,6717
155,6607
1345112
128,1695
123,3003
119,7438
119,4168
119,3492
114,2028
112,5518
108,0548
105,2312
96,4382
95,7989
91,1839
87,4063
75,0072
67,7686
64,1764
56,6821
50,2102
45,2694
43,4954

4
0,3
0,1677
1,1884
10,1532
41,1918
82,6306
88,4271
107,0669
106,2976
104,9476
103,7393
76,9162
68,7796
65,1489
57,6964
35,8148
27,0108
26,7645
24,2112
16,7008
16,6649
14,3307
10,2775
5,9906
5,4989
3,8467
2,5161
2,0581
2,0472
1,4789
1,3984
0,8346
0,7894
0,6321
0,4921
0,4656
0,2961
0,2130
0,2047
0,1933
0,1475
0,0838
0,0698
0,0603
0,0540
0,0535
0,0534
0,0453
0,0429
0,0369
0,0335
0,0243
0,0238
0,0199
0,0171
0,0099
0,0069
0,0057
0,0037
0,0025
0,0017
0,0015

Ha03(pn)
4
0,3
1,7412
8,8485
42,1743
105,4614
167,2317
292,6146
323,5323
325,4163
339,8138
505,6714
305,8950
316,3351
345,7598
403,9773
258,4472
203,1034
234,3035
210,9957
139,7829
155,9678
146,2762
103,1599
64,7800
68,5465
47,8976
30,0013
25,2695
26,6226
18,6987
19,8237
11,4569
10,9267
9,3838
7,4926
7,4298
4,8968
3,4429
3,3840
3,6805
2,7959
1,5342
1,2758
1,1183
1,0022
1,0115
1,0375
0,8734
0,8499
0,7260
0,6615
0,5074
0,4996
0,4228
0,3894
0,2256
0,1642
0,1437
0,0926
0,0617
0,0426
0,0416

H+4,o.3(Pn)
4
0,3
2,2814
8,2610
37,6085
120,4170
268,5198
299,9011
532,9815
624,2001
667,3608
696,7438
1076,5731
1174,8350
1219,0293
1311,6145
1614,3622
1760,1761
1764,5678
1811,3290
1965,0270
1965,8335
2020,1502
2124,9257
2255,8086
2272,5209
2331,3485
2380,2286
2396,1393
2396,5026
2413,1453
2414,9626
2418,5155
2417,5693
2411,4321
2400,2624
2397,2125
2365,2358
2334,7990
2330,7718
2324,8094
2294,7549
2222,6822
2196,9703
2175,8066
2159,5259
2157,9929
2157,6756
2132,7036
2124,3537
2100,7368
2085,2291
2033,3331
2029,3341
1999,5001
1973,7495
1879,7695
1817,1603
1783,6172
1707,5668
1634,2322
1572,5505
1549,0261

H04(Pn)
4

04
0,1827
1,3601
12,8579
59,9385
140,3105
154,2490
221,5411
233,1290
236,3429
237,7933
218,4329
206,0269
199,8858
186,1706
137,0600
112,9572
112,2385
104,6253
80,2539
80,1291
71,8077
56,2274
37,5324
35,1774
26,8008
19,3426
16,5600
16,4917
12,8105
12,2637
8,1893
7,8389
6,5813
5,4017
5,1698
3,6115
2,7789
2,6925
2,5721
2,0730
1,3189
1,1383
1,0122
0,9267
0,9191
0,9175
0,8039
0,7696
0,6816
0,6301
0,4872
0,4778
0,4136
0,3657
0,2352
0,1761
0,1509
0,1064
0,0758
0,0569
0,0510

Ha0.4(p0)
4
04
1,9560
10,5122
55,0466
155,6287
285,3712
513,8584
670,7064
714,5713
766,0756
1160,7222
868,8813
947,7135
1060,9894
1303,6852
989,0825
849,3771
982,5817
911,7998
671,7148
749,9367
732,9596
564,3802
405,8610
438,5068
333,7095
230,6370
203,3215
214,4662
161,9736
173,8548
112,4159
108,5013
97,7004
82,2408
82,5056
59,7346
44,9271
44,5166
48,9842
39,2981
24,1339
20,8086
18,7700
17,1878
17,3820
17,8355
15,5034
15,2449
13,4093
12,4510
10,1531
10,0434
8,7950
8,3383
5,3559
4,1674
3,7773
2,6375
1,8969
1,3984
1,3972

H+4,o.4(Pn)
4
04
2,4829
9,4340
47,4181
174,1264
453,0728
519,9005
1097,6091
1363,2695
1497,0200
1591,1085
3051,1414
3513,1693
3734,2505
4226,5925
6173,5272
7357,0977
7395,9983
7823,7981
9439,8360
9449,3387
10119,8836
11623,1583
14131,6277
14536,3918
16241,7158
18297,3031
19278,8717
19305,0109
20902,8446
21178,8243
23730,2969
24006,0029
25106,6598
26345,7042
26620,1179
28852,4159
30467,3622
30660,9614
30940,9848
32254,2067
34964,7607
35833,7223
36521,0251
37034,8386
37082,6027
37092,4765
37856,4922
38106,5523
38800,5656
39246,4293
40689,0903
40797,4102
41594,0821
42266,6412
44621,1418
46117,2032
46898,7149
48625,4649
50238,2726
51559,8337
52056,1053
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60000
50000
40000
30000
20000
10000

0 5 10 15 20 25 30 35

—@—H-4,0.4(pn) —@—H4,0.4(pn) —@—H+4,0.4(pn) —0— Séried



The table I11.6 below give the numeral values of Hx(pn), Hix(pn) and H+ix(pn) for k=6 and x ¢ {0.1, 0.2, 0.3,
0.4} for all prime numbers corresponding to the first occurrence of the maximal gaps Gu.

Primes Gaps Ln(Pn) Hgqa(p,)

k

N W N x

23

89

113

523

887

1129

1327

9551

15683

19609

31397

155921

360653

370261

492113

1349533
1357201
2010733
4652353
17051707
20831323
47326693
122164747
189695659
191912783
387096133
436273009
1294268491
1453168141
2300942549
3842610773
4302407359
10726904659
20678048297
22367084959
25056082087
42652618343
127976334671
182226896239
241160624143
297501075799
303371455241
304599508537
416608695821
461690510011
614487453523
738832927927
1346294310749
1408695493609
1968188556461
2614941710599
7177162611713
13829048559701
19581334192423
42842283925351
90874329411493
171231342420521
218209405436543

0,69
1,10
1,95
3,14
449
4,73
6,26
6,79
7,03
7,19
9,16
9,66
9,38
10,35
11,96
12,80
12,82
13,11
14,12
14,12
14,51
1535
16,65
16,85
17,67
18,62
19,06
19,07
19,77
19,89
2098
21,10
21,56
22,07
22,18
23,10
3,75
23,83
23,9
24,48
2558
25,93
26,21
26,42
26,44
26,44
26,76
26,86
27,14
27,33
27,93
27,97
2831
28,59
29,60
3026
30,61
31,39
32,14
32,77
33,02

6

01
0,1012
1,6249
35,2061
276,4181
818,2723
917,1572
1352,3021
1394,2012
1394,9036
1389,4212
1058,8608
938,8883
884,5170
772,0976
444,3551
317,7653
314,3025
278,7088
177,9693
177,5051
147,7417
98,4099
50,6445
45,5584
29,2667
17,2673
13,4439
13,3547
8,8998
8,2985
4,3504
4,0572
3,0705
2,2426
2,0916
1,1840
0,7821
0,7440
0,6921
0,4923
0,2415
0,1915
0,1593
0,1387
0,1369
0,1365
0,1109
0,1036
0,0856
0,0757
0,0506
0,0491
0,0392
0,0323
0,0162
0,0103
0,0081
0,0047
0,0028
0,0018
0,0015

Hgoa(p0)
6
01
1,8435
18,4523
175,6583
741,2009
1670,7662
3067,6745
4092,1280
4271,0115
4518,8007
6776,4415
4210,9849
4318,0568
4694,1667
5405,8406
3206,5064
2389,3676
2751,4607
24288714
1489,5677
1661,2734
1508,0269
987,7817
547,6499
567,9119
364,4137
205,8925
165,0618
173,6712
112,5274
117,6429
59,7183
56,1575
45,5820
34,1438
33,3802
19,5840
12,6445
12,3013
13,1811
9,3333
44184
3,5015
2,9535
2,5717
2,5886
2,6535
2,1392
2,0520
1,6846
1,4960
1,0545
1,0317
0,8327
0,7365
0,3692
0,2443
0,2031
0,1167
0,0695
0,0437
0,0411

H+s,o.1(Pn)
6
01
1,3491
11,0107
126,7576
789,6860
2621,9458
3071,4789
6694,3586
8154,5310
8840,3565
9303,8144
14814,4846
16035,1271
16549,8877
17553,9798
20035,2244
207133281
20727,6991
20856,9997
20944,8509
20943,7946
20831,1346
20350,2262
19072,8521
18830,0763
177388254
16335,9764
15652,5173
15634,2863
14522,7544
14332,0829
12606,6929
12425,4083
11713,8774
10938,1964
10770,2674
9459,4605
8574,9918
8472,6422
8326,0044
7660,4505
6401,3368
6029,8147
5746,7596
5541,2988
5522,4639
5518,5760
5223,5065
5129,3871
4874,4257
47154219
4226,0359
4190,3089
3938,0807
3733,2967
3075,6456
2703,1794
2521,8511
2151,7719
1842,0381
1612,4370
1531,5679

Hi02(Pr)
6
0,2
0,097
1,8462
441124
396,9987
1371,0701
1578,9401
2767,7572
3027,9920
3112,5999
3157,0108
2998,3521
2809,0383
2712,6983
24945427
1713,0989
1343,1972
1332,3946
1218,9158
869,1100
867,3795
753,5763
5499724
325,9007
299,6009
2103372
137,4785
112,2364
111,6318
80,2295
75,7773
44,6461
42,1579
33,5161
25,8610
24,4135
15,2380
10,7957
10,3563
9,7513
7,3410
4,0468
3,3330
2,8554
2,5417
2,5143
2,5087
2,1073
1,9897
1,6953
1,5284
1,0886
1,0610
0,8769
0,7454
0,4163
0,2841
0,2317
0,1460
0,0933
0,0638
0,0552

Hg02(p0)
6
0,2
2,0628
21,7892
226,9630
1079,6680
2813,4369
5317,0823
8391,4008
9287,6348
10094,2330
15419,1836
11926,6430
12921,1014
14398,5088
17467,7510
12362,2513
10100,0274
11664,2144
10622,6562
72743119
8117,8615
7691,9253
5520,3173
3524,1630
3734,7004
2619,0051
1639,2682
1378,0222
1451,7139
1014,4060
1074,2495
612,8665
583,5262
497,5529
393,7361
389,6144
252,0354
174,5351
171,2254
185,7072
139,1659
74,0525
60,9312
52,9486
47,1426
47,5506
48,7649
40,6408
39,4126
33,3507
30,2011
22,6862
22,3015
18,6490
16,9978
9,4797
6,7221
5,7985
3,6185
2,3341
1,5690
1,5127

H+6,0.2(pn)
6
0,2
1,4617
12,4964
158,4278
1129,6739
4373,6000
5264,2110
13649,3834
17649,2333
19661,5077
21072,6264
41868,5913
47894,7019
50676,7788
56637,6293
771788616
87503,0153
87816,9561
911679118
102245,7588
102303,9439
106217,9072
113702,4449
122717,5188
123813,9216
127475,0024
130054,7526
130668,2320
130679,5618
130913,6210
130867,4403
129374,4799
129107,8162
127860,9073
126134,1802
125709,0009
121736,5635
118361,8258
117932,5998
117303,0690
114221,8600
107286,4625
104927,6248
103023,1865
101579,1608
101444,0932
101416,1549
99237,2497
98517,1476
96502,2039
95195,9753
90915,7047
90591,4319
88196,0679
86161,3997
78977,6558
74389,6306
71993,1527
66712,7640
61815,4184
57839,5095
56356,9856

Hi03(po)
6
03
0,1189
2,0970
55,2204
568,9033
2287,5916
2705,6455
5622,5643
6520,3630
6882,9137
7106,2480
8374,1425
8279,6409
8191,7631
7926,8751
6470,3246
5550,8140
5521,7011
5207,6508
4135,6542
41299144
3741,5591
2985,5155
2030,3929
1906,5093
1459,7371
1054,4356
901,6492
897,8888
694,7116
664,4543
438,7852
419,3888
349,8576
284,8278
272,0817
186,8279
141,7420
137,0905
130,6178
103,9358
64,2334
54,8832
48,4066
44,0390
43,6523
435727
37,8105
36,0842
31,6691
29,1030
22,0592
21,5998
18,4825
16,1791
10,0316
73248
6,1921
4,2296
2,9222
2,1341
1,8911

Hs03(pn)
6
03
2,3080
25,7222
292,9661
1569,0082
4717,2357
9172,3927
17078,8152
20024,3067
22345,2257
34756,1612
33316,9186
38090,7397
43486,6309
55513,9182
46693,2464
41739,3461
48339,5458
45384,4051
34614,9270
38652,3391
38191,0994
29966,9999
21955,8915
23765,7645
18175,8635
12572,8939
11070,3164
11676,5851
8783,7933
9419,5695
6023,2967
5804,9432
5193,6993
4336,5358
4342,1495
3090,1211
2291,5476
2266,5696
2487,5307
1970,3347
1175,4166
1003,3253
897,6295
816,8153
825,5555
846,9945
729,2070
714,7490
623,0229
575,0688
459,6941
454,0237
393,0483
368,9390
228,4092
173,3252
154,9834
104,8652
73,0879
52,4375
51,8633

H+e,0.3(Pn)
6
03
1,5835
14,1787
197,8552
1612,9772
7268,4543
8985,4963
27639,2746
37895,7331
433589233
47308,5026
116756,0355
140984,0625
152845,6337
179787,8425
291326,8593
361449,2809
363770,7134
389348,5984
486404,6818
4869759219
527257,5309
617129,0301
764466,3158
787817,3766
884616,7918
997452,3903
1049682,0700
1051057,5311
1133556,5656
1147482,7138
1271480,7611
1284349,7473
1334657,1475
1389203,7926
1400979,5879
1492560,8112
1554016,3737
1561106,8293
1571256,4653
1617166,0096
1702925,1440
1727788 6686
1746531,3479
1760005,0773
1761234,0743
1761487,6326
1780585,4932
1786611,1877
18027486286
1812658,1746
1842235,6365
1844301,5177
1858822,7315
1870151,5276
1902956,4695
1918107,5621
1924209,6679
1933153,6028
1935675,6475
1933367,4552
19314482166

H04(Pn)
6
04
0,1289
2,3811
69,0653
813,5806
3802,5337
4617,5203
11349,8532
13940,5329
15105,8644
15871,4540
23131,6676
24116,5990
24436,6903
24863,4530
24058,0869
22550,9585
22494,9818
21861,5267
19305,1558
19289,8388
18212,0817
15867,2057
12359,4356
11850,1794
9882,8468
7878,4414
7051,7356
7030,7975
5850,3362
5665,2946
4186,8183
4049,9355
3542,7977
3041,1162
2939,1070
2217,5349
1800,0516
1755,1084
1691,8964
1422,0214
983,8860
871,7316
791,2968
735,5779
730,5811
729,5519
653,7391
630,5012
569,8174
533,6319
430,1242
423,1260
374,6764
337,6625
232,1461
181,2597
158,7734
117,4828
87,6405
68,2781
62,0170

He4(p0) H+5,0.4(Pn)

6 6

04 04
2,5821 1,7153
30,3567 16,0832

371,8216 246,9110
2275,2833 2299,0437
7879,3599  12039,6189
15757,7493  15282,0393
34539,7706  55640,5140
42864,0226  80823,4948
49092,3532  94940,4540
77733,0544  105427,7152
92048,9763  322110,5030

110965,7605 4102179358
129742,4693  455503,0975
174146,3181  563451,6609
173620,8018 1082709,5063
169574,3151  1467936,9792
196934,6993 1481472,7957
190524,3903  1633975,9713
161582,5692  2270064,2816
180536,7186  2274084,2295
185896,3288  2565984,7872
159266,7563  3279465,5773
133650,2788 4653129,8511
147719,5667 4896461,5809
123055,9405 5988828,1845
93941,0758  7452440,0769
86580,1753  8209271,6526
91431,9308  8229946,3463
73970,4759  9545769,8981
80313,4850 9783527,1072
57473,3385 12132125,1839
56056,9294 12402516,3501
52593,4758 13515149,1216
46301,3427 14832468,4837
46905,1844 15133691,3546
36677,8711 17715712,9182
29101,4854 19735149,0004
29017,8838 19986090,3490
32221,0723 20352473,2553
26957,5928 22125580,0685
18004,2588 26084262,6671
15936,2129 27443128,1677
14673,4238 28550284,8996
13643,1504 29397101,8352
13816,8320 29476665,7242
14181,4883 29493131,2235
12607,9082 30786114,8650
12488,8496 31217520,1450
11209,9336 32436520,4074
10544,4336 33236778,7560

8963,3906 35921083,3120
8894,0313 36128643,6096
7967,7969 37681865,1845
7699,8906 39030475,9758
5285,7656 44037010,5108
4289,2188 47465799,3260
3973,8750 49339515,3268
2912,4063 53695357,9960
2192,0000 58054301,1021
1677,7500 61856175,3942
1700,2500 63341530,8038
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This question represent a generalization of the cases studied in paragraphs 1.1 and I1.7.

We are going to study the field of (x,y)eR? which satisfy to Hy x(pn) = (Pn+1)*.10¥ (pp+1) — (Pn)*. I (py) =1

y
We have state in 113 that that M, 4 (p,) = ]2 (ﬁ‘;) .8n- (x + ln(}; )) was representing a good estimation of

Hy x(pn) . So we are going to study the relation :

1InY (py,)

1-x °
Pn

y — X 1nY y — Pn
gn.(x+ln(pn)) 1 o p,~In (pn).(x+1n(pn)) o (111.12)

As before we start by taking the logarithm of the two parts of (I11.12) :

x.In(py) + y.In(In(p,)) + In (x + ln(};n)) =In (g) (II1.13)

(I11.12) gives an implicit relation between y, x and p,, and we have to build an as good as possible estimation of

y =y(X, pn) - We can obtain a first approximation yo of y, neglecting the term In (X + ln(}; )).

<1n(g—:) —x.ln(pn)>

Yo = In(In(pp))
(ln(];—:l‘)—x.ln(pn)>
We define Y1 =Yg — €= W — & (11114)

We now replace (111.14) into (I11.12):

X

ln(p—n)—x.ln(pn) - eln(In(py)) <ln(g—2)—x.ln(pn)>— eIn(In(pp))
gn A x —Pn

€ In(pn)In(In(py)) " gn

Pn

In(2n)-x1 n)— In(In(py
o g.ln(ln(pn)) - <n(gn) xIn(py) |- € n( n(p ))
) ln(pn)-ln(ln(pn))

=1

Considering € small, we apply a Taylor serie expansion of e~ eIn(In(pn))

(1 - s.ln(ln(pn))) . <x. In(pp)-In(In(py)) + In (g—n) —x.In(p,) — e.ln(ln(pn))> = In(py). In(In(py,))

_ (x—1).ln(pn).ln(ln(pn))+ln(g—;‘)—x.ln(pn)
€= ln(ln(pn)).(x.ln(pn).ln(ln(pn))+ln(g—:)—x.ln(pn)+1)

<ln(g—:)—x.ln(pn)> (x—1).ln(pn).ln(ln(pn))+ln(g—;‘) —x.In(py)

And 1= In(In(pp)) B ln(ln(pn)).(x.ln(pn).ln(ln(pn))+ln(g—:)—x.ln(pn)+1)

In table I11.7 below, we have the estimation of y given by y, for different values of x and in red the corresponding
value of Hy x(p,)- We see that y; gives a better estimation of y for the highest values of x.



Primes Gaps

2

3

7

23

89

113

523

887

1129

1327

9551

15 683

19 609

31397

155921

360653

370 261

492113
1349533

1357 201
2010733

4652 353

17 051707
20831323

47 326 693

122 164 747

189 695 659
191912783
387096 133

436 273 009
1294268 491
1453168 141
2300942 549
3842610773
4302407 359
10726 904 659
20678 048 297
22367 084 959
25056 082 087

42 652 618 343
127 976 334671
182 226 896 239
241160624 143
297 501075 799
303 371455 241
304 599 508 537
416 608 695 821
461690510011
614 487 453 523
738832927927
1346294310 749
1408 695 493 609
1968 188 556 461
2614941710599
7177162 611713
13 829 048 559 701
19 581 334 192 423
42 842283925351
90874 329 411493
171231342 420521
218209 405 436 543

1

148
154
180
210
220
222
234
248
250
282
288
292

336
354
382
384
394
456
464
468
474
486
490
500
514
516
532
534
540
582
588
602
652
674
716
766
778
804
806
906

In(Pn) Y(x=0,2) Ho.y(Pn Y(x=0,3) Hoz,y(Py Y(x=0,4) Hoa,y(Pn Y(x=0,5) Hosy(Py Y(x=0,6) Ho6y(Py Y(x=0,7) Ho7y(Ps Y(x=0,8) Hogy(Pn) Y(x=0,9) Hooy(Pn)

0,69
1,10
1,95
3,14
4,49
4,73
6,26
6,79
7,03
7,19
9,16
9,66
9,88
10,35
11,96
12,80
12,82
13,11
14,12
14,12
14,51
15,35
16,65
16,85
17,67
18,62
19,06
19,07
19,77
19,89
20,98
21,10
21,56
22,07
22,18
23,10
23,75
23,83
23,94
24,48
25,58
25,93
26,21
26,42
26,44
26,44
26,76
26,86
27,14
27,33
27,93
27,97
28,31
28,59
29,60
30,26
30,61
31,39
32,14
32,77
33,02

-0,138
1,066
1,166
1,400
1,676
1,579
1,866
1,960
1,988
1,891
2,332
2,381
2,378
2,381
2,683
2,832
2,789
2,846
3,052
3,018
3,067
3,232
3,454
3,448
3,602
3,791
3,864
3,849
3,986
3,974
4,182
4,200
4,263
4,348
4,355
4,508
4,632
4,639
4,619
4,714
4,918
4,980
5,025
5,062
5,060
5,053
5,110
5120
5,172
5,202
5,291
5,297
5,351
5,381
5,555
5,656
5,700
5,835
5,960
6,071
6,082

0,021 -0,040

0,915
1,271
1,460
1,529
1,911
1,819
1,818
1,841
2,068
1,875
1,914
1,959
2,043
1,992
1,980
2,021
2,012
1,978
2,004
2,016
1,996
1,990
2,015
2,003
1,985
1,986
1,995
1,985
2,001
1,989
1,989
1,996
1,996
2,002
2,001
1,996
1,998
2,015
2,012
2,004
2,003
2,004
2,003
2,005
2,008
2,007
2,009
2,008
2,008
2,012
2,013
2,013
2,020
2,018
2,021
2,025
2,024
2,025
2,020
2,033

0,773
0,989
1,096
1,304
1,174
1,414
1,493
1,512
1,395
1,796
1,830
1,818
1,803
2,070
2,200
2,153
2,204
2,389
2,354
2,392
2,539
2,733
2,721
2,858
3,027
3,090
3,074
3,197
3,181
3,367
3,383
3,435
3,509
3,513
3,647
3,757
3,763
3,739
3,824
4,005
4,060
4,100
4,132
4,129
4,122
4,172
4,181
4,226
4,253
4,330
4,334
4,382
4,405
4,559
4,647
4,683
4,803
4,913
5,011
5,017

0,136
0,846
1,412
1,427
1,413
1,684
1,570
1,558
1,568
1,704
1,560
1,578
1,601
1,644
1,602
1,590
1,612
1,605
1,582
1,596
1,600
1,585
1,577
1,589
1,580
1,568
1,567
1,572
1,565
1,573
1,564
1,564
1,566
1,565
1,568
1,566
1,561
1,563
1,570
1,568
1,562
1,561
1,561
1,560
1,561
1,563
1,562
1,563
1,561
1,561
1,562
1,563
1,562
1,565
1,563
1,563
1,566
1,564
1,563
1,561
1,563

0,045
0,652
0,823
0,793
0,939
0,782
0,980
1,045
1,056
0,924
1,284
1,304
1,285
1,255
1,486
1,597
1,549
1,593
1,757
1,720
1,749
1,879
2,044
2,026
2,146
2,295
2,349
2,332
2,440
2,421
2,584
2,597
2,640
2,703
2,704
2,819
2,916
2,920
2,893
2,967
3,126
3,173
3,207
3,235
3,231
3,224
3,268
3,274
3,314
3,337
3,401
3,405
3,446
3,463
3,596
3,670
3,700
3,804
3,898
3,984
3,985

0,261
0,946
1,593
1,397
1,323
1,519
1,403
1,388
1,392
1,478
1,368
1,376
1,389
1,412
1,379
1,369
1,382
1,377
1,360
1,368
1,370
1,359
1,351
1,358
1,351
1,343
1,341
1,344
1,339
1,343
1,336
1,336
1,337
1,336
1,337
1,335
1,332
1,332
1,337
1,335
1,330
1,329
1,329
1,329
1,329
1,330
1,329
1,329
1,329
1,328
1,328
1,329
1,328
1,329
1,327
1,327
1,328
1,327
1,325
1,323
1,325

0,114
0,760
0,670
0,491
0,580
0,401
0,560
0,611
0,616
0,471
0,791
0,797
0,771
0,728
0,923
1,016
0,965
1,003
1,146
1,108
1,128
1,239
1,376
1,353
1,455
1,584
1,628
1,611
1,704
1,682
1,822
1,833
1,865
1,918
1,917
2,012
2,095
2,097
2,068
2,131
2,267
2,307
2,335
2,358
2,355
2,347
2,385
2,389
2,423
2,442
2,494
2,496
2,530
2,542
2,654
2,715
2,738
2,826
2,905
2,979
2,974

0,394
1,351
1,827
1,369
1,253
1,398
1,287
1,271
1,272
1,330
1,244
1,248
1,255
1,268
1,243
1,234
1,242
1,238
1,226
1,231
1,231
1,223
1,217
1,220
1,215
1,209
1,208
1,209
1,205
1,208
1,203
1,203
1,203
1,202
1,202
1,200
1,198
1,198
1,201
1,200
1,196
1,195
1,195
1,195
1,195
1,196
1,195
1,195
1,194
1,194
1,194
1,194
1,194
1,194
1,193
1,192
1,193
1,191
1,190
1,189
1,191

0,163
1,183
0,533
0,190
0,228
0,028
0,151
0,189
0,187
0,032
0,311
0,304
0,272
0,215
0,375
0,449
0,397
0,429
0,549
0,511
0,521
0,615
0,723
0,695
0,779
0,888
0,923
0,905
0,983
0,958
1,075
1,084
1,106
1,148
1,144
1,220
1,289
1,290
1,258
1,309
1,423
1,456
1,478
1,497
1,493
1,485
1,516
1,518
1,546
1,562
1,601
1,603
1,630
1,635
1,727
1,775
1,790
1,863
1,927
1,987
1,978

0,535
2,452
2,137
1,344
1,198
1,306
1,204
1,190
1,189
1,228
1,161
1,162
1,167
1,174
1,154
1,147
1,152
1,150
1,140
1,143
1,143
1,137
1,132
1,134
1,130
1,126
1,124
1,125
1,123
1,124
1,120
1,120
1,120
1,119
1,120
1,118
1,116
1,116
1,118
1,117
1,114
1,114
1,113
1,113
1,113
1,114
1,113
1,113
1,113
1,112
1,112
1,112
1,112
1,112
1,111
1,110
1,111
1,110
1,109
1,107
1,108

0,185
2,053
0,415
-0,110
-0,120
-0,338
-0,249
-0,223
-0,232
-0,396
-0,159
-0,178
-0,216
-0,286
-0,161
-0,106
-0,160
-0,134
-0,036
-0,075
-0,074
0,001
0,081
0,048
0,114
0,203
0,228
0,210
0,273
0,245
0,339
0,345
0,357
0,388
0,382
0,439
0,494
0,493
0,458
0,498
0,589
0,615
0,631
0,646
0,641
0,633
0,658
0,657
0,680
0,692
0,718
0,719
0,739
0,739
0,810
0,844
0,852
0,909
0,958
1,006
0,992

0,678
5,580
2,554
1,321
1,154
1,235
1,144
1,131
1,130
1,156
1,104
1,104
1,107
1,111
1,095
1,090
1,093
1,091
1,084
1,086
1,086
1,081
1,077
1,079
1,076
1,072
1,071
1,072
1,070
1,071
1,068
1,068
1,068
1,067
1,067
1,066
1,065
1,065
1,066
1,065
1,063
1,063
1,062
1,062
1,062
1,063
1,062
1,062
1,062
1,062
1,061
1,061
1,061
1,061
1,060
1,060
1,060
1,059
1,058
1,057
1,058

0,174
3,589
0,318
-0,410
-0,464
-0,697
-0,642
-0,629
-0,643
-0,815
-0,621
-0,652
-0,696
-0,778
-0,689
-0,653
-0,708
-0,689
-0,613
-0,653
-0,660
-0,604
-0,553
-0,590
-0,542
-0,474
-0,459
-0,477
-0,429
-0,460
-0,389
-0,386
-0,383
-0,364
-0,373
-0,335
-0,293
-0,296
-0,334
-0,304
-0,237
-0,218
-0,208
-0,198
-0,203
-0,211
-0,192
-0,195
-0,179
-0,171
-0,156
-0,157
-0,144
-0,150
-0,099
-0,078
-0,078
-0,037
-0,003
0,032
0,013

0,815
16,624
3,131
1,300
1,119
1,180
1,100
1,089
1,087
1,106
1,065
1,064
1,066
1,068
1,056
1,052
1,054
1,053
1,048
1,049
1,048
1,045
1,042
1,043
1,041
1,038
1,038
1,038
1,037
1,037
1,035
1,035
1,035
1,034
1,034
1,034
1,033
1,033
1,033
1,033
1,031
1,031
1,031
1,031
1,031
1,031
1,031
1,031
1,030
1,030
1,030
1,030
1,030
1,030
1,029
1,029
1,029
1,029
1,028
1,027
1,027

0,118
6,181
0,247
-0,708
-0,804
-1,052
-1,029
-1,028
-1,049
-1,228
-1,076
-1,119
-1,169
-1,263
-1,211
-1,194
-1,250
-1,237
-1,183
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-1,240
-1,202
-1,181
-1,222
-1,192
-1,145
-1,139
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-1,026
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-1,020
-1,033
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-1,002
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-0,961

0,931
75,844
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1,091
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1,058
1,056
1,069
1,038
1,037
1,038
1,039
1,030
1,027
1,029
1,028
1,024
1,025
1,024
1,022
1,020
1,020
1,019
1,017
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1,017
1,016
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1,015
1,015
1,015
1,015
1,015
1,014
1,014
1,014
1,014
1,013
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Y(x,p,) for x=0.2 up to 0.9
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The horizontal axis correspond to In(Py)for all P, corresponding to the first occurrence of the maximal gaps.
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