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ABSTRACT.  The sum of powers of positive divisors of an integer,
expressed in terms of the floor function, provides the basis Jor another
characterization of twin primes in particular, and of prime k-tuples
generally.  This elementary characterization is deployed in a software
test for prime k-tuples using Mathematica®.
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Introduction

Prime numbers [6] are integers > / divisible only by unity and itself. Thus, 2, 3,5, 7, 77, {3,
17,19, 23,29, 31, 37, 41, ... are the first few primes. And, twin primes [12] are those pairs
of primes, like (5, 7) or (13001, 13003), differing by 2.

There are exactly 27 412 679 such twins up to ten billion compared to 455 052 511 individual
primes below the same limit. The largest known twin primes are 665 557 035 - 2509 & 1,

each of 24 099 digits, discovered by David Underbakke and Yves Gallot [3] on November 28,
2000.

What condition is necessary for a number pair to be twin primes ? In 1949, P 4 Clement {4]
characterized twin primes by proving that for z > 2, the pair (n, n+2) of integers are twin
primes if and only if 4[(n—1)!+11+n = 0 mod n(n+2). Unfortunately, this test has no
practical application due to the high cost of computing the factorial function.

By comparison, the following alternative characterization, found by Ruiz in 2000 and reported
by Eric W Weisstein {17] on the Internet, is computationally friendlier.

Theorem 1 For a =z 0, thepair (», n+2) of integers are twin primes if and only if

(N e e R

where | x | is the floor function {8] [9] denoting the greatest integer not
exceeding x.

This article provides a proof of the above result, its generalization to other prime 4-tuples, and
the Mathematica® [16] (18] code for implementing the k-tuple primality test.

Preliminaries

This article is dependent on the following simple fact published in the following article of The

Smarandache Notion Journal: [14] and seldom explicitly mentioned in standard texts on

number theory. Known exceptions are those by Trygve Nagell [11] and David M Burton [2].
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Lemma 1 Forn>0, LEJ "Ln : J =/ or 0 according as / divides # or not.
i i

Proof We recall the division algorithm [15] which states that for any integers n and
i, with 7 positive, there are unique integers g (guotient) and r (remainder)
such that n = gi+r, where i > r > 0.

By the division algorithm, if i | n then r = 0 giving HJ =g, l_—"“—'_' =q-l.

i

Otherwise, i > r > 0 giving |_1J = L"T_,J =g. W

We now consider the two arithmetic functions [10] t(n) and o,(n) which are intimately related
to the above property. The divisor function T(n), the number of positive divisors of 7, is

expressed as Z '| 1, while the sum 6,(n) of the " powers of the positive divisors of » can be

written as Zd’” d®. Thus, t(n) = o, (n) and Lemma 1 implies the relationships:

- S
o T

In what follows, the arithmetic functions /%) and o) shall be defined only for positive
values of their arguments. And, / is neither prime nor composite.

Defining proper divisors of n as those excluding / and », we derive a more efficient version
of relation (1) with minimal change.

j r—
Lemma 2 Forn> 1,1t =2+ ZGEJ - Ln - IJJ where ; is the highest proper divisor
i

14

i=2

of n, the summation being 0 if j is nonexistent.

Proof Clearly, none of j+1, j+2, ..., n—1 are divisors of n and the constant 2
accounts for the cases i = / and 7 = » which are not proper divisors of . M

In general, it is sufficient to assume that j is EJ or L%_l according as » is even or odd. In

particular, it may be possible to choose the parity of i for specific cases of n.  Applying such
resources on Theorem 1, we readily obtain the example:

Corollary 1 For odd n > 7, the pair (i, n+2) of integers are twin primes if and only if

Sl ) -

where the summation is over odd values of i through ; = |_§J

We next establish two lemmas, including an extended expression for o (n+e), which will
become useful in proving Theorem 1 and its generalization.

Lemma 3 Ifa=0and n+2) > ¢ > 0, then
. < _a( n+e Ln-&e—] a
Calnt+e) = 1 — + (n+e
(n+e) 2/ 1\ p ; (n+e)
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Proof Clearly(n+2)>e>0—>2>n+621—> nee =/forl<j<e
n+/ n+j _
n+e n+e nte—{
so that Zi"“”fﬁ—{nn&g ID Zz - Zi”:(me)a
i=n-1 ! [ —

Thus ca(n+e) Z QYHBJ‘LYH?_ID by (2)

I

o
i=1 ! !

Lemma 4 Foraset {I, m, m, ..., my} of positive integers,
£ k
Yo m)=k+> mf
i=/ i=/
if and only if m,, m,, ..., my are all primes.
Proo The condition in the lemma is evidently sufficient. To prove equivalence,

we note that
Gg(m[) 1+ mf
by counting only the non-proper divisors of m; and therefore

Dom)= Y Iy mf 3)

over equal summation limits.

Without loss of generality, suppose now that ,(m,) > 1 + m{,

k k
that is k+Zm," —Zcra(m,.) > I+m]
i=1 i=2
k k
or Do (m) < (k=D+> m!
i=2 i=2

which contradicts (3), and therefore Ga(m,) =1 + m*.

Hence m, is prime. Similarly, the hypothesis Gaf(m;i) > 1+ m’ yields a
contradiction for each other / and the result follows. u

Proof of Theorem 1

If the pair (n, n+2) of integers are twin primes, then by definition,
Ca(n) + Ga(n+2) =2+ n" + (m+2)* e
From (2) and Lemma 3, we also have

| ca(n)+ca(n+2)=if°u"j2H”;”J+H_L";IJ},rm_z)“
Hence : Zj; ﬂ"‘:zJ [”ﬂ 2+n° +Z u””J L”I‘IJ] (5)

Conversely, if (5) holds then (4) is implied and Lemma 4 completes the proof. u
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A generalization

Aset {e;, e;, ..., ex} of positive integers is said to be admissible if n, nte;, n+e,, ..., nteis
not excluded by divisibility considerations as a possible sequence of primes. Thus, {2, 6}
and {4, 6} are admissible sets. But {2, 4} is not, as {1, nt+2, nt+4} is never a prime triplet
when n > 3. Hans Riesel [13] discusses a method of determining admissible sets.

Thegrem 2 Ifaz0,ey=0and {¢, e;, ..., e is an admissible set of positive integers in
the open interval (0, n-2), then (n, nte,, nte,, ..., n+ey) is a sequence of
primes if and only if

g g

i=} H

= i=l j=0
Proof If (n+ey, nte;, n+e,, ..., nter) is a prime (k+1)-tuple, then by definition
k k
Yo nre)=1+k+ D (n+e,) (6)
J=n =0

From (2) and Lemma 3, we also have

gaa(mj) _ Z{ZH*J

n+e; -1

\! &
: J‘}Z(He;)” 7
! ) =

Equating (6) and (7) and simplifying, we obtain

gia(iun@J“im _Jm ke ®

= i i

i=1 =0 !

Conversely, if (8) holds, then (6) is implied and Lemma 4 completes the
proof. H

A variation :

Theerem 2, as it stands, requires » > max{e,, e, ..., e;} — 2 through its dependence on the

open interval (0, n+2). However, that restriction may be removed by avoiding Lemma 3 in
the proof of the theorem.

Proof By Lemma 1, if (n+¢;) is prime, then
: k . - =
L At+e; nte; -1 “+ Fi=i
Z - - - =</ ifi=n
! i i )
’ 0 otherwise

Therefore, if (n+ey, n+e,, nte,,..., ntey) are all primes, then

if”fzﬂ"+_efJ_|~"+e{‘]‘Lumn” ©)
=l j=0 z z J)

as all other terms, involving non-divisors, vanish.

360



However, if any one of (n+ey, n+e,, nte,, ..., n+e;) is composite, then by
Lemma 1, (9) becomes

N

!

due to a proper divisor of the composite element. Thus, equality is only
possible for prime (k+/)-tuples. l

Software codes

The more common methods of preparing a list of twin primes do not rely upon any test for
such pairs. Instead, some sieve [5] [7] [13] method is employed to sift out all primes below a
required limit and a simple search then extracts the twins.

On the other hand, given a pair (, n+2) of integers, Corollary 1 represents a possible test to
simultaneously determine if they are twin primes without using a list of primes. It may not
be the fastest available twin-primality test but its implementation is fairly straightforward as
shown by the interactive Mathematica® dialogue:

Infl]:= n=200.0081; If[Sum[Floor([(n+2) /1i]- Floor [ (n+1) /i]
+ Floor[n/i]- Floor[{n-1)/i],{i,1,Floor{n/3],2}]
== 2 “True”, “False”]

Qutiil]= True

Note that the #loor [x/y] function may be replaced by its equivalent Quotient [x, y] which is
somewhat faster [1].

The following example is a non-optimwm implementation of Theorem 2 with @ = 3 to search
for prime quadruplets (1, n+2, n+6, n+8) below 10000.

Inf2]:= a=3; n=10000; e={(0, 2, 6, 8};

DolIf[Sum([i”a Floox{(j+ellk]1)/i], {k, Lengthlel}, (i, 311
== Length{e] + J"a + Sum[i”a Floor[(j+e[[k]] -1)/1i] ;.
{k, Length(el}, (i, j}], Print{Table[j+e[[k]],

{k, Length[el}111,(3, n}]

{5, 7,11, 133

{11, 13, 17, 19}

{101, 103, 107, 109}

{191, 193, 197, 199}

{821, 823, 827, 829}

{1481, 1483, 1487, 1489}

{1871, 1873, 1877, 1879}

{2081, 2083, 2087, 2089}

{3251, 3253, 3257, 3259}

{3461, 34583, 3467, 3469}

{5651, 5633, 5657, 5659}

{9431, 9433, 9437, 9439}
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