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ABSTRACT. Let n be a positive integer, ak( n) be the k-th complement number of n. 
In this paper, we study the mean value properties of the k-th complement number 
sequences, and give an interesting asymptotic formula. 
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1. INTRODUCTION 

For any positive integer n to find the smallest integer ak{n) such that nak(n) is 
a perfect k-power(k 2:: 2), we define that ak(n) is the k-th complement number of 
n. Let n = pfl p~2 ... pc:nm , then ak (n) pfl pg2 ... rm711 1 where Qi + f3i == O( modk) 
and f3i < k, i = 1,2" .. ,m. In problem 29 of [1], Professor F.Smarandach asked us 
to study the properties of the k-th complement number sequences. In this paper, 
we use the analytic methods to study the mean value properties of this sequences, 
and give an interesting asymptotic formula. That is, we shall prove the following: 

Theorem. For any positive n7J,mber x > I, we have the asymptotic formula , 

"""" d ( ak ( n) ) 1 ( 1 + ) ~ kXk g(k) + 0 xTk E: , 
nSx ¢(ak(n» 

where g(k) ~---- + ... + k 1 , d(n) k 1 . 2 ] 
~C T."'-U(p _ 1) P-k (p - 1) 

is the Dirichlet divisor junction, ¢(n) is Euler junction, e is any fixed positive 
number. 

Especially taking k = 2, we have 

Corollary. For any positive number x > 1, we have the asymptot-ic formula 

'" d(a2(n» _ t II ( 2) ( t+E:) ~ ¢( a2 (n») - 2x p 1 + v'P(p _ 1) + 0 x . 
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2. PROOF OF THE THEOREM 

In this section, we shall complete the proof of the Theorem. Let 

From the Euler product formula [2J and the definition of ak(n) we have 

where «(a) is Riemann-zeta function. Taking b = t + lO;X' T = 
formula [31 we have 

, then by Perron 

L d(a/;;(n)) = ~ rb+iT 
f(a)x

s 
da + 0 (xb) + 0 (xtl09X) 

¢(ak(n» 27f2 Jb-iT a T T 
n$x 

1 lb
+

iT 
X

S 

=: f(a)-ds + 0 (xfi;+e) . 
27ft b-iT a 

Taking a = lk + lo~x' we have 

~ ( [b+iT + ra
+

iT 
+ la-iT + l b

-
iT

) = Res [1(a) x
s

, ~l 
27f2 Jb:iT Jb+iT . a+iT a-iT S k 

= kxt IT [1 + k + k 1 + " . + 2 ] 
p p1;+k-2(p 1) (p - 1) P "''k 1 (p - 1) . 

Note that the estimate 
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1 lb
-

iT 
X

S 

-. 1(8)- ~ 
21n a-iT 8 

and 
1 I b+iT 

X
S x1;+C: 

. 1(8)« -T « 
27f~ a+iT 8 

we have 

Tills completes the proof of the Theorem. 
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