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Carlitz considered the numbers llk(q) which are detetmined by 

ifk=1 
ifk>l. 

These numbers llk(q) induce Carlitz's kth q-Bernoulli numbers 13k(q) = 13k as 

f30 = 1, q(q13 + Il- 13k = { ~ if k = 1 

ifk>1 

where we use the usual convention about replacing 13i by 13i (i ~ 0). 

Now, we modify the above number llm(q), that is, 

ifk=1 
ifk>l. 

where we use the usual convention about replacing Bi(q) by B,(q) (i ~ 0). 

In [1], I have constructed a complex q-series which is a q-analogue of Hurwitz's (-function. 
In this a short note, I will compute the values of zeta by using the q-series. 

Let Fq(t) be the generating function of Bi(q) : 

00 tk 

Fq(t) = LBk(q) k! for q E C with Iql < l. 
10=0 

This is the unique solution of the following q-difference equation: 

It is easy to see that 
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Thus we have: 

Hence, we can define a q-analogue of the (-function as follows: 

For sEC, define (seerl]) 

Note that, (q{s) is analytic continuation in C with only one simple pole at s = 1 and 

(q{1 - k) = - B~q) where k is any positive integer. 

Now, we define q-Bernoulli polynomial Bn (Xj q) as 

Let Tq(x, t) be generating function of q-Bernoulli polynomials. 

Note that 

Thus 

d
H1 I BIc+1 (Xj q) = d HI Tq(x, t) 
t t=O 

00 1 ( 1 ) Ic+l = -(k + 1) "([n]q% + [x])lcqn+% + ~ -
L..J logq q - 1 
n=O 

So, we can also define a q-analogue of the Hurwitz (-function as follows: 

For s E C,(see [1]) 

00 qn+% {I _ q)8 1 
(q(s,x) = ~ ([n]q% + [x])s - logq s-1 

00 qn+z (1 _ q)8 1 
-" - O<x~1. - ~ [n + xls log q s - 1 ' 

n=O J 

Note that, (q(s, x) has an analytic continuation in C with only one simple pole at s = 1. 

Remark. (q(s, x) is called q-analogue of Hurwitz (-function. 
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For u E C with u f; 0,1, let Hk(U : q) be q-Euler numbers (See [4]). It is known in [4] 
that Hk(u : 1) = Hk(U) is the ordinary Euler number which is defined by 

In the case U = -1, Hk( -1) = Ek is the classical Euler number is defined by 

Note that E2k = 0 (k ~ 1). In [4], lq(s, u) is defined by lq(s, u) = 2:::'=1 fnF- and lq( -k, u) = 
u~1 HI:(u : q) for k > 1. 

Theorem 1. For sEC, f E N\{1}, we have 

(1) 2:::'=1 (tnJf qn = -(;(s) + rW(;2(S). 

(2) (;(s) = dr 2:~=1 (;,(s, 7)' where (;(s) = 2:::1 fnf.-. 
It is easy to see that 

00 (_l)nqn 00 82i+1 [nJ2i+1 1 k-1 (1 _ q)21:-2j 82j+1 

L [nJ21:+1 ~ (2j + I)! + logq L 2k - 2j - 1 (2j + I)! 
n=1 ;=0 ;=0 

1 1:-1 62i+1 (1 _ q2)21:-21 1 

- log q L (2j + I)! 2k - 2j - 1 [2)21:-21 
;=0 

1:-1 (_1)j82;+1 ( . . 2 ) 
= ~ (2j + I)! -(q(2k - 2)) + (q2(2k - 2)) [2]21:-2j 

q 821:+1 I: 00 821+1 (-l)j q-1 -1 
-1+q(2k+1)!(-1) +.L (2j+1)! 1+q_1 H2j - 21:(-q ,q). 

]=1:+1 

If q -t 1, then we have 

00 (_l)n k-1 (-1)1 . (2 ) 
L n2k+1 sin(n6) = ~ (2j + I)! 82

]+1 221:-2j - 1 
n=1 ;=0 

. (271")21:-21 1 (;/21:+1 
(_1)1:-;+1 B. _ _ (_1)1: 

2· (2k - 2j)! 21:-2] 2 (2k + I)! . 

Let k = 2 and 8 = ~. Then we have 

~ (_l)n _ 5 (_1 __ ~ ~B) 
~ (2n + 1)5 - 71" 26 .5! 24. 3! + 12 4 • 
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It is easy to see that 

00 (_l)n 00 1 00 1 00 1 
L (2n + 1)5. = 2 L (4n _ 3)5 + L (2n)5 - L n5 -1 
n=1 n=1 n=1 n=1 

1 125 -1 = -(5 -) - --(5) - 1 
29 ' 4 25 • 

Thus we have 

1 1 (1 ) 5 5 (1 B2 7) (5) - 24 25 _ 1 ( 5, 4 - 1 = -2 1f' 26. 5! - 24. 3! + 12B4 . 

Therefore we obtain the following: 

Proposition 2. (5) - 24(2L1) (5, t) -1 is i7Tlltional. 
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