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ABSTRACT. The main purpose of this paper is to study the mean value properties of 
the square complement number sequence {S(n)}, and give an interesting asymptotic 
formula involving Sen). 

1. INTRODUCTION AND RESULTS 

For each positive integer n, we call 5(n) as a square complement number of 
n, if 5(n) is the srnallest positive integer such that n5(n,) is a perfect square. 
In [1], Professor F.Smaranclache asked us to study the properties of the 
sequence {5(n)}. About this problenl, we know very little at present. The 
purpose of this paper is to study the asymptotic property of this sequence, and 
obtain an interesting asynlPtotic formula involving square complement numbers. 
That is, we. shall prove the following result: 

Theorem. Let real number x ~ 3). S( n) denotes the sq'lJ,are complement number of 
n. Then we have the tL.'Jymptotic j'o'rm'uJa 

where d( n) is the div'isor function) E > 0 be any fixed real number) Cl and C2 are 
defined as follo'wing: 

C--' 1-6 ( 1) 
1 - 7T2 II (p + 1)2 ) 

p 

6 II (1 1) ("\' 2(2p + 1) Inp ) 
C2 =: 7T2 p - (p+l)2 7 (p-l)(p+l)(p+2) +2,-1 , 

the prod'uct and sU'mmation over all p·r·t'me P! I is the Euler!s constant. 
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2. PROOF OF THE THEOREM 

In this section, we shall complete the proof of the Theorenl. First we 
following: 

Len1ll1a. Let 'real 'n,'umbc',- :tJ 2:: 3) then we have the, asymptot'ic fo'tm'u.,la 

cl ( n) I p ( n ) I = c~ y In y + c; y + 0 ( y ) , 

whe'te p(n) 'is the Mobi'us function) c~ and are defined as following: 

I 36 II ( 1) 
c1 = p 1 ~ (p + 1) 2 ) 

Proof. Let T = ,fij, A(s) = 1] (1 - (ps ! 1)2)-

(See 2 of reference [2]) , we can obtain 

where f-l( n) is the lVIGbius function, c > 0 be any real number. 
lVIoving the integer<1tion line to Re( s) =: ~ + c, here s =: 1 is a second order pole 

of ((22(~s;) A( s) u;-) and the residue of this function at s = 1 is 

where c~ and c; are defined as following: 

I 36 II ( 
C1 =7[4 1 

p 

I 36 II ( 1) (""' 2Inp ""' 4In ) 
c2 = 'jf<1 P 1 - (p + 1)2 L: (p + 1) (p + 2) + L: 1 + 2, - 1 . 

L d(n)I/.L(n)1 = c~ylny c;y+ O(y!+E) 
n:S;y 

This proves the Lemlna. 228 



Now, we shall cornplete the proof of the Theorem. Froln the above vve 
have 

L d(S(n)) == L cl(S(ak2)) 
n<x ak'2 

= L cl(a)lp(a)1 
ak2::;x 

= L L d(a)Jp(a)1 

L (c~ x In x + c~ :2 + 0 (:1+2f.)) 
k::;vix 

(1) = c~((2)xlnx + (c;((2) + 2c~('(2))x + 0 (x~+f.). 

Let 

(2) Cl C;((2l =:2II(1 
p 

and 

(3) 1 . ) (\:'" 2(2p + 1) ln P 2 
(p + 1)2 L: (p 1) (p + 1) (p + 2) +. I 

Combining (I), (2) and, (3), we inlmediately deduce the asymptotic formula 

L cl(S('n)) = ClX lnx + C2X + O(x~+f.), 
n::;x 

This completes the proof of the Theorem. 
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