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Abstract. In the present paper we study some series concerning the following function of the 

Numbers Theory [1]: "s : N->N such that Sen) is the smallest k with property that k! is 

divisible by n". 

1. Introduction. The following functions in Numbers Theory are well - known : the 

function J..l.(n) of Mobius, the function ~(s) of Riemann (s(s) = f ~,s=cr+it e C), the function 

A(n) ofMangoldt (A(n) = { log~f' ifn= r ) etc. n=1 n 
0,1 n:;t: p . 

The purpose of this paper is to study some series concerning the following function of 

the Numbers Theory "[1] S : N->N such that Sen) is the smallest integer k with the propriety 

that k! is divisible by n". 

We first prove the divergence of some series involving the S function, using an unitary 

method, and then we prove that the series f 1 is convergent to a number S e 
0=2 S(2)S(3) ... S(n) 

(711100, 1011100) and we study some applications of this series in the Numbers Theory . 

Then we prove that series f -S 1 , is convergent to a real numbers s e(0.717, 1.253) 
n=2 (n). 

and that the sum of the remarkable series L Sen) is a irrational number. 
~n! 

2. The main results 

Proposition 1. If (Xn)r21 is strict increasing sequence of natural numbers, then the 

senes: 
co L Xn+l - Xn 

11=1 S(Xn) , 
(1) 

is divergent. 

Proof. We consider the function f[xn, xn+d -+R, defined by f(x) = In In x is meets the 
conditions of the Lagrange's theorem of finite increases. Therefore there is Cn e (xn, Xn+l) 

such that: 

InInXiM-l -Inlnxn = / (Xn - Xn+l). 
Cn nCn 

Because Xn < Cn < Xn+l, we have: 
Xn+l - Xn Xn+l - Xn 

In <lnInxn+l-lnInxn < I ,(V)neN, 
Xn+l Xn+l Xn n Xn 

ifxn:;t:. 1. 

We know that for each n eN*\{l}, S~n) ~ 1, i.e. 

0< Sen) < _1_ 
nInn - Inn' 

(2) 

(3) 

(4) 



from where it results that lim SI(n) = O. Hence there IS k>O such that 
n~<Xl n nn 

S(n). Sen) .. 
-1- < k, I.e., nInn > -- for any nEN , so 
n nn k 

1 <_k_ (5) 
xnlnxn S(xn)' 

Introducing (5) in (3) we obtain : 

Inlnxn+l -Inlnxn < kX~(x~;n, (V)n E N*\{ I}. 

Summing up after n it results: 

~ Xn+1 -Xn 1 
~ S(xn) > k(lnInxm+l -lnInxl). 

Because lim Xm = 00 we have lim lnlnxm = 00, i.e., the series: m-+«> ~<Xl <Xl L Xn+l -Xn 
n=1 S(Xn) 

is divergent. The Proposition 1 is proved. 

Proposition 2. Series ~ S(~) is divergent. 

Proof. We use Proposition 1 for Xn = n. 

Remarks. 

(6) 

• <Xl 

1) Ifxn is the n - the prime number, then the series L X;( -;n is divergent. 
n=1 Xn 

2) If the sequence (Xn)~l forms an arithmetical progression of natural numbers, then <Xl 
the series L x~( - ;n is divergent. 

n=l Xn 
<Xl 1 <Xl 1 

3) The series ~ S(2n+ 1)' ~ S(4n+ 1) etc., are all divergent. 

In conclusion, Proposition 1 offers us an unitary method to prove that the series having 

one of the precedent forms are divergent. 

Proposition 3. The series 
00 1 . 
~ S(2)S(3) ... S(n)ls convergent to a number s E (711100,1011100). 

Proof. From the definition it results Sen) ~ n!, (V)n EN*\{ I}, so S(~) ~ ~!' 

Summing up, beginning with n=2 we obtain: 
<Xl 1 <Xl 1 L > L -=e-2 

n=2 S(2)S(3). .. S(n) - n=2 n! . 

The product S(2) S(3) ... S(n) is greater than the product of prime numbers from the set 

{1:2, ... , n}, because S(p)=p, for p= prime number. Therefore: 
1 1 -n-<-n-, (7) 

n S(i) n Pi 
1=2 1=2 

where Pk is the biggest number smaller or equal to n. 

There are the inequalities : 



S~ 1 1 l' 1 
= ~ S(2)S(3). .. S(n) = S(2) + S(2)S(3) + S(2)S(3)S(4) + .... 1 

+ 1 + ... <l+--L+ 2 + 2 + 
S(2)S(3) .. S(k) 2 2·3 2·3· 5 2·3 ·5· 7 

2 Pk+l -Pk 
'2.3.5.7.11 +····+PlP2 ... Pk +.... (8) 

Using the inequality PIP2 ... Pk>P~+b (V)k ~ 5[5], we obtain: 
111'211 1 

S <2"+"3+5+-5 +2+2+····+-2-+··· (9) 
1 10 P6 P7 Pk+l 

. 1 1 1 1 1 
We symbolIse by P = 2 + 2 + .. , and observe that P < ~ + -2 + --:2 + ... 

P6 P7 b 14 1) 

where 

7t
2 1 1 1 

-6 = 1 +2"+2"+2"+'" (EULER). 
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Introducing in (9) we obtain : 

1 1 1 1 7t2 1 1 1 
S<2"+3"+15+105+6- 1-22"-32 -'" 122' 

. Estimating with an approximation of an order not more than ~, we find : 
10 

co 1 
0,71 < ~ S(2)S(3) ... S(n) < 0,79. (10) 

The proposition 3 is proved. 

Remark. Giving up at the right increase from the first terms in the inequality (8) we 

can obtain a better right ranging : 
co 1 
~ S(2)S(3) ... S(n) < 0,97. (11) 

co a. 

Proposition 4. Let a be a fixed real number, a ~ 1. Then the series ~ S(2)S(~) ... S(n) 

is convergent. 

Proof. Be (xkh~l the sequence of prime numbers. We can write: 
~ == 20. = 20.-1 
S(2) 2 

3<1 _~ 
S(2)S(3) - PIP2 

4<1 4<1 p~ 
S(2)S(3)S(4) < PIP2 < PIP2 

5<1 5<1 p~ 
---..::...--- < < ~-'-:-
S(2)S(3)S(4)S(5) PIP2P3 PIP2P3 

0;. 
6<1 60; P4 

S(2)S(3)S(4)S(5)S(6) < PI P2P3 < P IP2P3 

nO. n°; pa __ ..::...-__ < < k+I 
S(2)S(3). .. S(n) PI P2···Pk PI P2···Pk' 

where Pi ~ n, i E {I, ... , k}, Pk+I > n. 
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too. 

Therefore 
co a co (p p) a L n < 2a- I + L k+I - k . Pk+I < 

n=2 S(2)S(3) ... S(n) n=2 S(2)S(3) ... S(n) 
co a 

< 2a- 1 + L Pk+I . 
n=2 PIP2···Pk 

Then it exists ko EN such that for any k ~ ko we have : 
a+3 

PIP2···Pk > PhI· 
Therefore 
co ko-I a+1 
L n

a 
<2a- I + L Pk+I + L _1_ 

0=2 S(2)S(3) ... S(n) k=1 PIP2···Pk ~o P~+I· 

Because the series L + is convergent it results that the given series is convergent 
~Pk+I 

Consequence 1. It exists no EN so that for each n ~ no we have S(2)S(3) ... S(n»na. 
. na . na 

Proof. Because l~ S(2)S(3) ... S(n) = 0, there IS no EN so that S(2)S(3) ... S(n) < 1 

for each n ~ no. 
Consequence 2. It exists no EN so that: 

" S(2) + S(3) + ... + Sen) > (n ~ l)nn-l for each n ~ no . 

Proof. We apply the inequality of averages to the numbers S(2), S(3), ... , Sen) : 

S(2) + S(3) + ... + Sen) > (n _1)11-1 JS(2)S(3) ... S(n) > (n - 1)n:1 , \in ~ no. 

We can write it as it follows: 

1.. + 1.. 1.. 1.. 1.. -1...£ ~ ~ 14 - ~ a(n) h ( ) h 
2! 3! + 4! + 5! + 3! + ... - 2! + 3! + 4! + 5! + 6! + ... - ~ n! ' were a n IS t e 

number of ')olutions for the equation Sex) =:= n, n EN, ~ 2. 

It results from the equality S(x)=n that x is a divisor ofn!, so a(n) is smaller than den!). 

So, a(n) < den!). 

Lemma 1. We have the inequality: 

den) ~ n - 2, for each nEN, ~ 7. (12) 
P f B al a2 ak • h . b d roo. e n = PI P2 ... Pk Wit PI, P2, ... , Pk pnme num ers, an 

aj ~ 1 for each iE {l,2, ... , k}. We consider the function f: [1, co) ~R, f(x)= aX - x - 2, a ~ 2, 
fixed. It is derivable on [1, co) and f(x) = aXlna-l.Because a~2, and x~ 1 it results that 
aX ~ 2,50 aXIna ~ 2Ina = Ina2 ~ ln4 > lne = 1 , f(x) > 0 for each x E [1, co) and a ~ 2, fixed. 
But f(1) = a-3. It results that for a ~ 3 we have f(x) ~ 0 means aX ~ x+2. 

Particularly, for a = Pi, i E {1, 2, .. , k}, we obtain P( ~ ai + 2 for each Pi ~ 3. 
Ifn = 2" sEN-, then den) = 5 + 1 < 2'_2 = n-2 for 5 ~ 3. 
So we can assume k ~ 2, i.e. P2 ~ 3. The following inequalities result: 

al 1 PI ~ al + 
:12 1 P2 ~ a2 + 

ak > + 1 Pk - ak , 

equivalent with 
al > 1 01

2 1 > 1 ak 1 > 1 PI - a I + , P2 - - a2 + , ... , Pk - - ak + . (13) 
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By multiplying, member with member, of the inequalities (13) we obtain: 

p~t(P~2 _ 1) ... (p~k -1) ~ (al + 1)(a2 + 1) ... (ak + 1) = den). 

Considering the obvious inequality : 
> at (pa2 ) (pak ) n-2_PI 2-1 ... k- 1 

(14) 

(15) 

and using (14) it result$ that: 

n-2 ~ den) for each n ~ 7. 
Lemma 2. den!) < (n-2)! for each n EN, n ~ 7. (16) 

Proof. We carry out an induction after n. So, for n=7, 

d(7!) = d(24 .23 .5.7) = 60 < 120 = 5! . 

We assume that den!) < (n-2)!. 

d«(n+l)!) = d(n!(n+l) < den!) d(n+l) < (n-2)!d(n+I) < (n-2)!(n-I) = (n-I)!, 

because in according to Lemma 1, d(n+ 1) <n-l. 

Proposition 5. The series f S(I) is convergent to a number s E (0.717, 1.253). 
li=2 n! 

Proof. From Lemma 2 it results that a(n) < (n-2)!, so a(n) < (1 for every nE N, 
n! n n -1) 

<0 1 6 a(n) <01 
n~7andL--=L-+L . 

. 0=2 Sen)! 0=2 n! 0=7 (n - 1) 

Therefore f a(n) < 1..+ ~+.i. +~+ 14 + f _1_ (17) 
. 0=2 n! 2! 3! 41 5! 6! 0=7n2-n' 

GO 1 GO 1 
Because L -2-- = 1 we have there is a number s > 0, S = L S( )" 

0=2 n - n 0=2 n. 

From (17) we obtain: 

f_l_<391+1 __ 1 ___ I __ 1 1 

0=2 Sen)! 360 22_2 32-3.42-4 
1 1 +_I_=751_i::: 451 <1253. 
52 - 5 62 - 6 360 6 360 ' 

But, because Sen) ~ n for every n EN"', it results: 
<0 1 GO 1 • 
L S( ) , ~ L ,. = e - 2. 0=2 n. 0=2 n. 

Consequently, for the number s we obtain the range e-2 < s < 1,253, i.e., 0,717 < s < 

1,253. 

Because Sen) ~ n, it results L S(~) ~ L ( 1 )1' Therefore the series L S(~) is 
~ n. ~ n - 1 . ~ n. 

convergent to a number f 

Proposition 6. The sum f of the series L S(~) is an irrational number. 
~ n. 

Proof. Fr~m the above results that lim ± Sen) = 1. Under these circumstances that 
~i=2 n! 

f E Q, f> O. Therefore it exists a,b EN, (a,b)=I, so that f=~. 

L b fix d . Ob . a ~ SCi) "S(i) hi h et pea e pnme number, p > b, P ~ 3. Vlously, -b = L... -.-, + ~ -.-, w C 
1=2 1. ~ 1. 

leads to : 
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(p - I)!a = ~ (p - I)!S(i) + L (p -I)!S(i) . 
b 1=2 i! ~ i! 

(p - I)'a ~ (p - I)'S(i) 
Because p > b results that . E N and L .' EN. Consequently we 

b i=2 I! 

" (p - 1)' S(i) 
have ~ i! . E ~ too. 

(p -I)'S(i) 
Be a. = L ., . EN. So we have the relation 

~ 1. 

(P-I)!S(P) (P-I)!S(P+I) (P-I)!S(P+2) 
0.= p! + (p+I)! + (p+2)! + ... 

Because p is a prime number it results S(p )=p. 

So 
S(p + 1) S(p + 2) 

0.;= 1 + (p 1) + (P )(P )' + ... > 1 (18) P + P + 1 +2. 
We know that S(p+ 1) ~ P + I(\i)i ~ 1 , with equality only if the number p+i is prime. 

Consequently, we have 

1 1 1 1 1 1 1 1 1 P 2 ( 19) a. < + P + P(P+l) + p(p+l)(p+2) + ... < + + P +p2 + p3 + ... = p-l < 
From the inequalities (18) and (19) results that 1 <0.<2, impossible, because a. EN. 

The prQposition is proved. 
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