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ABSTRACT. For any positive integer n, let ken) be the smallest such that 
nk(n) 1S a factorial number. In this paper, we study the hybrid mean value of k(n) 
and the Mangoldt function, and a sharp asymptotic formula. 

1. INTRODUCTION AND RESULTS 

For any positive integer n, let k(n) be the smallest integer such that nk(n) is a 
factorial number. For example, k(l) 1, k(2) :-: 1, k(3) 2, k( 4) = 6, k(5) :-: 24, 
k(6) :-: 1, k(7) 720,···. Professor F. Smarandache [lJ asks us to study 
sequence. About this problern, we know very little. The problem is interesting 
u\..'"<.,,,-,-uc; it can help us to calculate the Smarandache function. 

For any prime nUIIlber p and positive integer 71, let Sp(n) be the smallest integer 
such that Sp (n)! is divisible by pn. Professor F. Smarandache [1] also asks us to 
study this sequence. It seems that k(71) relates to Sp(71). In fact, let n :-: pCY., 
then we have k(pCY.) :-: Sp (Ci) !/pCY.. Let n :-: p~l p~2 ... p~r, where Pl, P2, ... ,Pr are 
distinct prirne nUlnbers. It is not hard to show that 

In this paper, we study the hybrid mean value of k(n) and the lVIangoldt function, 
and give a sharp asymptotic formula. That is, we shall prove the following theorenls. 

Theorern 1. If x :2: 27 we have 

1 '2: Al(n) logk(n) :-: 2"x2 Iogx+O(x 2
), 

where 

n<x 

( ) _ { logp, Al 71 .. 
0, 

if 71 i8 a prime p ; 

otherwise. 
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Theorem 2. If x >: 2 J we have 

1 L A(n) log k(n) ~ ') log x + 0(x 2
), 

n<x ~ 

wher'e A(n) is the Nlangoldt function. 

It is an unsolved problem whether there exists an asyrnptotic formula for .L: log k(n). 
n<x 

We con~ ecture that 

L log k(n) ~ ~ 
n~x 

( 
x2 ) +0 -logx . 

2. SOME LEMMAS 

To complete the proofs of the tnE~Ort:.'!Ins, we need the following lemmas. 

Lernma 1. If x >: 2 we have 

log[x]! ~ xlogx x + O(logx), 

where [y] denotes the largest integer not exceeding y. 

Proof. This is TheoreIIl 3.15 of [2]. 

Lemllla 2. For any prime numberp and positive integern, let Sp(n) be the smallest 
'integer such that Sp (Tt)! 'is d'lv'is'ible by pn. Then we have 

Proof. It is obvious that Sp (n) ::; np. 
On the other hand, by Theorem 3.14 of [2] we have 

where IT denotes the product over prime numbers not exceeding x. Note that 
Pl <x 

pn I Sp(r0, we get 

This proves Lemma 2. 
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:3. PROOFS OF THE THEOREMS 

In this section, we complete the proofs of the theorems. From Lelnn1a 1 and the 
definition of k(n) we have 

I::A 1 (n)logk(n):-: I::logplog(p-1)! 

I:: logp [(p - 1) log(p - 1) - (p - 1) + O(log(p- 1))] :-: I:: [plog2 p + 0 (plogp)] . 

Let 

then 

a(n) {
I, 

0, 

if n is prime; 

otherwise, 

L a(n) :-: 7f(x) :-: r- + 0 (+) . 
n:Sx og x log x 

By Abel's identity we have 

p<x 

I::p log2 P ~ I:: a( n)n log2 n ~ 7f(x) . X log2 X - 1" 7f(t) (log2 t + 2 t) dt 
p~x n<x 2 

~ x2logx + 0(x2
) 1" (tlogt + ott)) dt 

We can easily get 

tlogtdt:-: -x2 1ogx + O(X2
), 1

x 1 

2 2 

Therefore 

Similarly we can get, 

So we have 

This proves Theorem 1. 
From Lemma 1, Lemma 2 and the definition of k(n) we have 

I:: A(n) log k(n) :-: logp log (Sp(a)!/pCt) 

I:: [ap log2 p + 0 (ap log p log a) ] = I:: I:: [aplog2 p + O(aplogploga)] . 
P(~<X 
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Note that 

L ap 10g2 p - L P 10g2 P 
p<x 

« 

and 

L ap logp log a :-: L aplogp log a 

« 

so we have 

L A(n) log k(n) 
nS;x 

This cornpletes the proof of Theorem 2. 
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